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“Any sufficiently advanced technology is
indistinguishable from magic.”

– Arthur C. Clarke

Fortunately for us, ray tracing is far simpler than magic.
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Preface

Today, we are connected more than ever. Whether we are indoors or outdoors, our
devices constantly communicate with each other through wireless signals. But
have you ever wondered how these signals travel from one device to another?
How do they navigate through buildings, trees, and other obstacles in their path?
How do we model the complex behavior of radio wave propagation? How do we
simulate it on a computer?

In this book, we will explore the fascinating world of radio wave propagation
modeling using a technique called ray tracing. Ray tracing is a powerful method
that allows us to simulate how radio waves interact with their environment. By
tracing the paths of individual rays, we can gain insight into how signals propagate,
reflect, diffract, and scatter in different scenarios.

To understand the title of this book, “Differentiable Ray Tracing for Radio Propa-
gation Modeling”, we will break it down into its three main components: radio
wave propagation, ray tracing, and differentiability.

The first component, radio wave propagation, is discussed in Part ‘Understand-
ing’ to provide the necessary background for constructing a ray tracing model.
Part ‘Building’ explains, as its name suggests, how to build a modern ray tracer
from scratch, covering the mathematical foundations and algorithms required
to accurately and efficiently simulate ray propagation, and explaining what dif-
ferentiability means in this context. To conclude, Part ‘Using’ explores practical
applications of differentiable ray tracing in radio propagation modeling.

Open-source commitment: The source code for building this book, along with
complementary material, can be found at

https://github.com/jeertmans/DiffeRT-thesis.

Any issues should be reported on the GitHub repository, and errata will be pub-
lished there as well.

https://github.com/jeertmans/DiffeRT-thesis


Contributions

This chapter provides a comprehensive overview of the original contributions
made during my thesis research.

1 Core Methodological Contributions

The primary focus of this thesis was the modernization of radio propagation
modeling through differentiable programming and machine learning. The core
methodological contributions can be summarized as follows:

▶ I developed the min-path-tracing method for exact multipath computation.
Paths are formulated as a constrained minimization problem that uses per-
interaction constraints, enabling flexible handling of complex geometries
such as spheres and metasurfaces. While computationally more expensive
than Fermat-based approaches, this method is well-suited for small-scale
simulations requiring geometric flexibility.

▶ I introduced a physics-inspired formulation for smoothing hard visibility
discontinuities in differentiable ray tracing. This technique eliminates zero-
gradient plateaus caused by visibility transitions and enables stable opti-
mization in heavily shadowed propagation scenarios.

▶ In collaboration with Profs. Vittorio Degli-Esposti and Enrico Maria Vitucci,
I introduced multipath lifetime maps, a novel representation of the spatial
distribution of multipath interactions. Based on the concept ofmultipath life-
time, this representation quantifies the stability of interactions with respect
to small scene perturbations.

▶ With Dr. Nicola Di Cicco and Profs. Vittorio Degli-Esposti and Enrico Maria
Vitucci, I developed a machine-learning-assisted ray tracing method us-
ing generative flow networks to predict valid interaction sequences. This
approach reduces reliance on exhaustive enumeration while learning geo-
metrical rather than electromagnetic properties, operating alongside (not
replacing) the ray tracer. Early results demonstrate promising potential for
accelerating large-scale simulations and motivate its applicability to variable
scene sizes.

▶ With Sophie Lequeu and Prof. Benoît Legat, I developed a GPU-efficient
differentiable path tracing framework using fixed-iteration optimization
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on planar diffraction–reflection sequences. Implicit differentiation is used
to shorten the automatic differentiation path, enabling efficient gradient
computation while maintaining parallelism and bounded memory.

2 Scientific Publications

In addition to the publications listed below, I have also contributed to the not-yet-
published book of the European Cooperation in Science and Technology (COST)
Intelligence-Enabling Radio Communications for Seamless Inclusive Interactions
(INTERACT) action. More specifically, I co-wrote the section on machine learning
techniques applied to the modeling of radio propagation. Several publications
below were first shared as reports within the aforementioned COST action.

BOOKPreprints

[1] Jérome Eertmans, EnricoM. Vitucci, Vittorio Degli-Esposti, Nicola Di Cicco,
Laurent Jacques, and Claude Oestges. “Transform-Invariant Generative
Ray Path Sampling for Efficient Radio Propagation Modeling”. Submitted
to npj Wireless Technology. 2026. doi: 10.48550/arXiv.2603.01655.

[2] Jérome Eertmans, Sophie Lequeu, Benoît Legat, Laurent Jacques, and
Claude Oestges. “Fast, Differentiable, GPU-Accelerated Ray Tracing for
Multiple Diffraction and Reflection Paths”. Accepted at EuCAP 2026 - 20th
European Conference on Antennas and Propagation. 2025. doi: 10.48550/
arXiv.2510.16172.

UsersConference Proceedings

[3] Jérome Eertmans, Nicola Di Cicco, Claude Oestges, Laurent Jacques, En-
rico M. Vitucci, and Vittorio Degli-Esposti. “Towards Generative Ray Path
Sampling for Faster Point-to-Point Ray Tracing”. In: 2025 IEEE Interna-
tional Conference on Machine Learning for Communication and Networking
(ICMLCN). 2025, pp. 1–6. doi: 10.1109/ICMLCN64995.2025.11140249.

[4] Jérome Eertmans, Claude Oestges, and Laurent Jacques. “Demonstrating
DiffeRT: An Open-Source Library for Optimizing Radio Networks with Dif-
ferentiable Ray Tracing”. In: 2025 IEEE International Conference on Machine
Learning for Communication and Networking (ICMLCN). 2025, pp. 1–2. doi:
10.1109/ICMLCN64995.2025.11139997.
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[5] Jérome Eertmans, EnricoM. Vitucci, Vittorio Degli-Esposti, Laurent Jacques,
and Claude Oestges. “Comparing Differentiable and Dynamic Ray Tracing:
Introducing the Multipath Lifetime Map”. In: 2025 19th European Confer-
ence on Antennas and Propagation (EuCAP). 2025, pp. 1–5. doi: 10.23919/
EuCAP63536.2025.10999736.

[6] Jérome Eertmans, Laurent Jacques, and Claude Oestges. “Fully Differen-
tiable Ray Tracing via Discontinuity Smoothing for Radio Network Opti-
mization”. In: 2024 18th European Conference on Antennas and Propagation
(EuCAP). 2024, pp. 1–5. doi: 10.23919/EuCAP60739.2024.10501570.

[7] Jérome Eertmans, Claude Oestges, and Laurent Jacques. “Min-Path-Tracing:
A Diffraction Aware Alternative to Image Method in Ray Tracing”. In: 2023
17th European Conference on Antennas and Propagation (EuCAP). 2023,
pp. 1–5. doi: 10.23919/EuCAP57121.2023.10132934.

FILE-ALT Journal Articles

[8] Jérome Eertmans. “Manim Slides: A Python package for presenting Manim
content anywhere”. In: Journal of Open Source Education 6.66 (2023). The
Open Journal publishes brief articles that undergo an open peer-review
process on GitHub issues., p. 206. doi: 10.21105/jose.00206.

[9] Jérome Eertmans, Claude Oestges, and Laurent Jacques. “DiffeRT2d: A
Differentiable Ray Tracing Python Framework for Radio Propagation”. In:
Journal of Open Source Software 9.98 (2024). The Open Journal publishes
brief articles that undergo an open peer-review process on GitHub issues.,
p. 6915. doi: 10.21105/joss.06915.

Each of the publications listed above was accompanied by open-source code and
tutorials, enabling readers to reproduce the results and figures presented in the
papers.

Finally, although it did not result in a publication, I developed a fast graph traversal
algorithm for generating path candidates in DiffeRT, as discussed in Appendix
B. For performance reasons, I implemented this algorithm in Rust and integrated
it into the Python codebase using PyO3. The Rust and Python implementations
are both open source, and the latter is packaged as differt-core and contains
other performance-critical components of DiffeRT, such as scene-file parsers, that
cannot be efficiently implemented in JAX.

https://doi.org/10.23919/EuCAP63536.2025.10999736
https://doi.org/10.23919/EuCAP63536.2025.10999736
https://doi.org/10.23919/EuCAP60739.2024.10501570
https://doi.org/10.23919/EuCAP57121.2023.10132934
https://doi.org/10.21105/jose.00206
https://doi.org/10.21105/joss.06915
https://pypi.org/project/differt-core/
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3 Conferences, Scientific Workshops, Seminars,
and Visits

Thanks to the support of my two supervisors and funding instruments like the
Fonds de la Recherche Scientifique - FNRS (FNRS) and the COST, I had the oppor-
tunity to:

▶ Participate in four international meetings and one doctoral school of the
COST INTERACT action.

▶ Attend and present at the following conferences: European Conference on
Antennas and Propagation (EuCAP) 2023 in Florence (Italy), EuCAP 2024
in Glasgow (Scotland), EuCAP 2025 in Stockholm (Sweden), International
Conference on Machine Learning for Communications and Networking
(ICMLCN) 2025 in Barcelona (Spain), and EuCAP 2026 in Dublin (Ireland)
(Best Propagation Paper Award).

▶ Attend the following workshops and seminars: the FNRS-Contact Group
on “Wavelets and Applications” (CGWA) online in 2021, the 42nd WIC Sym-
posium on Information Theory and Signal Processing in the Benelux in
Louvain-la-Neuve (Belgium) in 2022, the Technical Seminar on satcom from
the IEEE ComVT Benelux Chapter in Sint-Niklaas (Belgium) in 2022, the
Silicon Austria Labs (SAL) Symposium on 6G in Linz (Austria) in 2023.

▶ Co-organize the “Perspectives on Wireless Networks” workshop in Louvain-
la-Neuve (Belgium), with international speakers and attendance from 50+
researchers.

▶ Visit the University of Siegen (Germany) for two days in July 2023, and
the University of Bologna (Italy) for two weeks in April 2024 and for four
months in late 2024.

All the presentations I have given during these events are available on my personal
website∗. These include slides, papers, and recordings when available.

∗ https://eertmans.be

https://sites.google.com/view/pwn2025
https://eertmans.be/tags/presentation
https://eertmans.be/tags/presentation
https://eertmans.be


Contributions x

4 Open Source Software

As a strong advocate for open-source software in research, I have contributed to
and maintained several projects supporting my work.

My most significant projects are:

▶ DiffeRT (Githubjeertmans/DiffeRT): I developed and released the DiffeRT
library, a differentiable ray tracer designed for my research. It is built on
top of JAX to enable high-performance, differentiable code. It is fully open
source, along with its 2D variant, DiffeRT2d (Githubjeertmans/DiffeRT2d).

▶ ManimSlides (Githubjeertmans/manim-slides): I developed this open-source
presentation tool to produce higher-quality presentations at conferences,
which you can find on my personal website. I am proud to say that it is used
by other researchers and teachers around the world for teaching, conference
presentations, or thesis defenses; see the example gallery.

The “Projects” page on my personal website provides a broader overview of my
open-source contributions. The rest of my projects are available on my GitHub
profile (Githubjeertmans), some of which have received significant attention from
the community in terms of the number of stars and forks.

For all my projects, I have dedicated a significant amount of time to ensuring that
the code is well-documented, tested, and maintained to facilitate its use by other
researchers and developers.

I also believe that contributing to existing open-source projects is essential for
advancing the field. During my thesis, I have contributed code, bug fixes, and
documentation to several well-known libraries.

Here is a list of the most important contributions:

▶ Implementing the missing jax.scipy.special.fresnel function
(#jax/22843).

▶ Adding support for all modes in numpy.correlate for Numba’s just-in-time
(JIT) compilation (#numba/7543).

▶ Working on removing the dependency on FFmpeg in Manim†

(#manim/3501).

I have made many more contributions to various open-source projects, which can
be found at this URL (for printed versions, refer to my GitHub profile).

† While not directly related to my research, this contribution helped me develop Manim Slides, the
tool I use to present at conferences and workshops.

https://github.com/jeertmans/DiffeRT
https://github.com/jeertmans/DiffeRT2d
https://github.com/jeertmans/manim-slides
https://eertmans.be/tags/manim-slides/
https://manim-slides.eertmans.be/latest/gallery.html
https://eertmans.be/projects
https://github.com/jeertmans
https://github.com/google/jax/pull/22843
https://github.com/numba/numba/pull/7543
https://github.com/ManimCommunity/manim/pull/3501
https://github.com/search?q=author%3Ajeertmans+is%3Amerged+-org%3Ajeertmans+-org%3ALELEC210X+-org%3AUCLOUVAIN-CLUB-ELEC+-org%3AADE-Scheduler+-repo%3Aploum%2Flingi2401+&type=pullrequests
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5 Peer Reviews

I have performed peer reviews for the following journals and conferences:

▶ European Conference on Antennas and Propagation: EuCAP 2026 (5 re-
views).

▶ IEEE: Access (5 reviews), Transactions on Vehicular Technology (7 reviews),
Antennas and Wireless Propagation Letters (1 review), and Open Journal of
the Communications Society (1 review).

▶ Nature Partner Journals: Wireless Technology (1 review).
▶ The Open Journal: Journal of Open Source Software (1 review, see #joss-
reviews/9384).

Evidence of my reviews can be found on my ORCID profile: https://orcid.org/
0000-0002-5579-5360.

6 In This Book

All the figures in this book are original, except for the figures in Section 2.1 (History
of Ray Tracing). These figures are new or modified versions of the original figures
in the cited papers, and they were generated from data created with DiffeRT2d,
DiffeRT, or Sionna RT. Due to the nature of this writing, my contributions are
spread across several chapters. The following is a non-exhaustive overview of how
my publications relate to the content of this book:

▶ The min-path-tracing (MPT) [7] method is described in Section 3.1.2.
▶ The smoothing technique for a fully differentiable ray tracing framework [6]

and its applications are described in Section 4.4.
▶ The multipath lifetime map (MLM) [5] method is described in Section 7.2.
▶ The machine-learning-assisted generative path sampling method [1, 3] is

described in Section 7.1.
▶ The GPU-accelerated differentiable path tracing framework [2] is described

in Sections 3.1.3, 4.3.4 and 5.6.3.

This manuscript is written as a textbook and mainly focuses on the qualitative and
conceptual aspects of the methods, with a strong emphasis on physical intuition
and practical implications. Readers interested in mathematical details, algorithmic
implementations, and quantitative results are encouraged to refer to the original
publications cited throughout the book. My publications are open access and freely
available online through their preprint versions.

https://github.com/openjournals/joss-reviews/issues/9384
https://github.com/openjournals/joss-reviews/issues/9384
https://orcid.org/0000-0002-5579-5360
https://orcid.org/0000-0002-5579-5360
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The Propagation of
Radio Waves 1

The study of radio wave propagation establishes a connec-
tion between the theoretical foundation of electromagnetic
theory and the practical implementation of wireless com-
munication systems. In order to construct sophisticated
algorithms for ray tracing and channel modeling (topics
that will be addressed in the subsequent chapters of this
book), it is essential to first understand the fundamen-
tal physics governing the transmission of energy from a
source to a destination. This chapter serves as a short in-
troduction to the fundamental concepts required to under-
stand the propagation of radio waves, rigorously deriving
their behavior as they traverse free space, interact with
material boundaries, and navigate complex environments.
In the next sections, we assume that the reader is familiar
with vector analysis and basic electromagnetic theory. For
a more in-depth introduction to electromagnetic theory,
including the necessary background in vector analysis,
we recommend reading Griffiths’s Introduction to Electro-
dynamics [1], as well as Saunders and Aragón-Zavala’s [1]: Griffiths (2024), Intro-

duction to Electrodynam-
ics

Antennas and Propagation for Wireless Communication Sys-
tems [2] for more applied content on radio propagation.

[2]: Saunders et al. (2024),
Antennas and Propagation
for Wireless Communica-
tion Systems

Moreover, the present chapter takes great inspiration from
both of these textbooks, and we will often refer to them
for further reading.

The foundation of ray tracing is based on two pillars: the
concept of a radio channel and classical electrodynamics,
mathematically described by Maxwell’s equations. We first
define what we mean by a radio channel. Then, starting
from Maxwell’s equations, we derive the wave equation to
elucidate the oscillatory nature of electromagnetic fields.
From there, we examine the behavior of plane waves, in-
cluding their polarization and propagation through lossy
media. We then explore how these waves interact with
material boundaries through reflection and refraction, gov-
erned by Snell’s law and Fresnel’s equations, as well as
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other effects such as diffraction and scattering. Finally, we
introduce the fundamentals of antennas, which serve as
the sources and sinks of these radio waves, and establish
the basic link budget equation for line-of-sight communi-
cation.

1.1 Fundamentals of the Wireless
Channel

The wireless channel is the physical medium that connects
the transmitter and receiver, and understanding its char-
acteristics is crucial for the design and analysis of any
wireless communication system. Whether for cellular net-
works, satellite links, or local area networks, the channel
imposes fundamental limits on performance.

A generic communication system can be described by the
architecture proposed by Claude Shannon [3], usually de- [3]: Shannon (1948), A

mathematical theory of
communication

picted as consisting of five functional blocks: the informa-
tion source, the transmitter, the channel, the receiver, and
the destination (see Figure 1.1). The transmitter processes
the information into a signal suitable for the channel, while
the receiver’s task is to recover this information from the
received signal, which has been degraded by the chan-
nel.

The degradation caused by the channel can be mathemati-
cally modeled as a linear time-varying filter. The received
signal 𝑦(𝑡) is generally expressed as the convolution of

Transmitter

Channel

ReceiverSource Destination

Figure 1.1: Simplified schematic of a generic communication system where a podcaster broadcasts a
show to a listener’s smartphone through a wireless channel, inspired by [3, Fig. 1] and [2, Fig. 1.2].
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the transmitted signal 𝑥(𝑡) with the channel’s impulse re-
sponse ℎ(𝑡), corrupted by additive noise 𝑛(𝑡),

𝑦(𝑡) = ℎ(𝑡) ∗ 𝑥(𝑡) + 𝑛(𝑡). (1.1)

This formulation clearly distinguishes between two main
types of impairments: additive noise and multiplicative
fading effects.

1.1.1 Additive Noise

The term 𝑛(𝑡) represents additive noise, which generally
arises from thermal fluctuations within the receiver elec-
tronics or from external interference sources such as cos-
mic radiation and man-made signals. In many theoreti-
cal analyses, this noise is modeled as a Gaussian random
process. While noise sets a strict lower bound on the de-
tectable signal level, in many practical wireless scenarios—
particularly in dense urban settings—system performance
is constrained primarily by the complex multiplicative ef-
fects of the channel rather than simple additive noise.

1.1.2 Multiplicative Effects

The impulse response ℎ(𝑡) encapsulates the multiplicative
effects resulting from the complex propagation environ-
ment. As the radio wave travels from the transmitter to the
receiver, it interacts with physical objects through several
mechanisms:

▶ Reflection from large, smooth surfaces such as build-
ing facades or the ground.

▶ Transmission and absorption as thewave passes through
materials like glass, brick, or foliage, losing energy
in the process.

▶ Diffraction around sharp edges like building corners
or rooflines, allowing signals to reach shadowed ar-
eas.
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Figure 1.2: The three scales of signal variation, adapted from [2, Fig. 1.5].

▶ Scattering from rough surfaces or objects that are
small relative to the wavelength.

These interactions cause the signal to arrive at the receiver
via multiple paths, leading to constructive and destructive
interference known as fading. These variations occur over
different spatial scales, as illustrated in Figure 1.2.

▶ Path loss is the deterministic decay of average signal
power as the distance between transmitter and re-
ceiver increases. It represents the large-scale trend
influenced by the geometry of the environment and
free-space spreading.

▶ Shadowing representsmedium-scale variations caused
by specific obstacles blocking the direct path, such
as buildings or hills. Shadowing is often modeled as
a log-normal random process superimposed on the
path loss [2, Chap. 9]. [2]: Saunders et al. (2024),

Antennas and Propagation
for Wireless Communica-
tion Systems

▶ Fast fading consists of the small-scale, rapid fluctua-
tions in signal amplitude and phase occurring over
distances of just a fewwavelengths. This results from
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the vector addition of multiple signal copies arriving
at the receiver with different phases.

The next chapters will present how ray tracing can be
used to model these multiplicative effects by simulating
the physical interactions of rays with the environment,
providing a powerful tool for predicting channel behavior
in complex scenarios.

1.1.3 The Electromagnetic Spectrum

The electromagnetic spectrum is a fundamental resource
for wireless transmissions. Commercial and military radio
systems typically operate within the frequency range of
3 kHz to 300GHz. The choice of operating frequency in-
volves several trade-offs. For example, higher frequency
bands provide larger available bandwidths for high-speed
data transmission, but this comes at the cost of increased
path loss and weaker penetration capabilities through
building materials. As a rule of thumb, the free-space path
loss formula predicts that signal power decreases with the
square of both frequency and distance. Figure 1.3 and Table
1.1 provide a summary of the standard frequency bands
used in wireless communications [4]

[4]: (2025), ITU-R
Recommendation V.431:
Nomenclature of the
frequency and wave-
length bands used in
telecommunications

.

Throughout this book, exact frequency values are often sec-
ondary, as we operate under the assumption that the wave-

Frequency

Band VLF LF MF HF VHF UHF SHF EHF

3 kHz

100 km

30 kHz

10 km

300 kHz

1 km

3MHz

100m

30MHz

10m

300MHz

1m

3GHz

10 cm

30GHz

1 cm

300GHz

1mm

Free-space wavelength

Figure 1.3: Frequency spectrum used in wireless communications, adapted from [2, Fig. 1.6].
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Table 1.1: Naming conventions for frequency bands, reproduced from [2, Table 1.1].

Frequency Frequency
Band name range Band name range

Very low frequency (VLF) 3 – 30 kHz L band 1 – 2GHz
Low frequency (LF) 30 – 300 kHz S band 2 – 4GHz
Medium frequency (MF) 0.3 – 3.0MHz C band 4 – 8GHz
High frequency (HF) 3 – 30MHz X band 8 – 12GHz
Very high frequency (VHF) 30 – 300MHz Ku band 12 – 18GHz
Ultra high frequency (UHF) 0.3 – 3.0GHz K band 18 – 26GHz
Super high frequency (SHF) 3 – 30GHz Ka band 26 – 40GHz
Extra high frequency (EHF) 30 – 300GHz V band 40 – 75GHz

W band 75 – 111GHz

length is sufficiently small to justify the high-frequency
ray-optical approximation. The usage limits of this approx-
imation are detailed in Chapter 2.

For a comprehensive overview of historical developments
and wireless communication systems, we refer the reader
to [2, Chap. 1]. [2]: Saunders et al. (2024),

Antennas and Propagation
for Wireless Communica-
tion Systems

The previous section described the system-level consequences
of propagation through the channel response ℎ(𝑡) (path
loss, shadowing, and fading). We now move to the field-
level mechanism: Maxwell’s equations and constitutive
laws, which explain how these effects emerge from elec-
tromagnetic wave behavior in space.

1.2 Electromagnetic Foundations

The propagation of radio waves is governed by the laws
of classical electrodynamics. These laws, formulated by
James Clerk Maxwell in the 19th century [5], unify electric [5]: Maxwell (1865), VIII.

A dynamical theory of the
electromagnetic field

and magnetic phenomena into a single theoretical frame-
work. In this section, we review the fundamental field
equations and the constitutive relations that describe how
electromagnetic fields interact with matter.
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1.2.1 Maxwell’s Equations

The behavior of electromagnetic fields is described by
Maxwell’s equations. In their differential form, which ap-
plies at every point in space and time, they are given by

∇ ⋅ 𝐃 = 𝜌𝑣, (1.2)

∇ ⋅ 𝐁 = 0, (1.3)

∇ × 𝐄 = −𝜕𝐁
𝜕𝑡

, (1.4)

∇ × 𝐇 = 𝐉 + 𝜕𝐃
𝜕𝑡

, (1.5)

where 𝐄 is the electric field intensity (Vm−1), 𝐇 is the mag-
netic field intensity (Am−1), 𝐃 is the electric flux density
(Cm−2), 𝐁 is the magnetic flux density (T), 𝐉 is the elec-
tric current density (Am−2), and 𝜌𝑣 is the electric volume
charge density (Cm−3).

Gauss’s law (1.2) establishes electric charge as the source
of the displacement field [1, Chap. 2], while (1.3) asserts the [1]: Griffiths (2024), Intro-

duction to Electrodynam-
ics

non-existence of magnetic monopoles [1, Chap. 5]. Fara-
day’s law (1.4) describes how a time-varying magnetic flux
induces an electric field [1, Chap. 7]. Finally, the Ampère–
Maxwell law (1.5) introduces the displacement current,
which allows electromagnetic waves to propagate through
a vacuum [1, Chap. 5 & 7].

1.2.2 Constitutive Relations

Maxwell’s equations alone are not sufficient to solve for
the fields; they must be supplemented by constitutive rela-
tions that characterize the macroscopic properties of the
medium. For a linear, isotropic, and homogeneous material,
these relations are given by

𝐃 = 𝜖𝐄, 𝐁 = 𝜇𝐇, 𝐉 = 𝜎𝐄, (1.6)

where 𝜖 is the permittivity (Fm−1), 𝜇 is the permeability
(Hm−1), and 𝜎 is the conductivity (Sm−1).
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In free space, these parameters reduce to 𝜖0 ≈ 8.854 ×
10−12 Fm−1 and 𝜇0 ≈ 4𝜋 × 10−7Hm−1. The speed of light
in vacuum is then related to these constants by 𝑐 = 1

√𝜖0𝜇0
≈

3 × 108ms−1.

It is often convenient to express the permittivity and per-
meability relative to their free-space values

𝜖 = 𝜖𝑟𝜖0, 𝜇 = 𝜇𝑟𝜇0, (1.7)

where 𝜖𝑟 and 𝜇𝑟 are the dimensionless relative permittivity
(or dielectric constant) and relative permeability, respec-
tively.

Finally, we note that in anisotropic media, the relationships
between the fields depend on their direction, meaning that
𝐃 is not necessarily parallel to 𝐄, and 𝐁 is not parallel to
𝐇. In such cases, the scalar permittivity and permeability
must be replaced by tensors. However, since ray tracing
techniques are primarily developed for propagation in
large-scale homogeneous environments, we will restrict
our discussion to isotropic media in this book.

1.2.3 The Time-Harmonic Case

General time-varying electromagnetic fields can be com-
plex to analyze directly in the time domain. However, due
to the linearity of Maxwell’s equations, any arbitrary time-
dependent field can be expressed as a superposition of
time-harmonic (sinusoidal) components via the Fourier
transform. Therefore, it is often sufficient and more conve-
nient to solve Maxwell’s equations for a single frequency
𝜔 at a time.

For a time-harmonic field oscillating at angular frequency
𝜔 = 2𝜋𝑓, we can represent the instantaneous real-valued
field ℰ(𝐫, 𝑡) using a complex phasor 𝐄(𝐫) as

ℰ(𝐫, 𝑡) = Re [𝐄(𝐫)𝑒𝑗𝜔𝑡] , (1.8)
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where 𝑗 is the imaginary unit, 𝐫 is the position vector, and
Re [⋅] denotes the real part of the complex expression.

In this phasor domain, the time derivative operator 𝜕
𝜕𝑡 is re-

placed by multiplication with 𝑗𝜔. Consequently, Maxwell’s
equations in a source-free region (𝜌𝑣 = 0, 𝐉 = 0) simplify
to

∇ ⋅ 𝐄 = 0, (1.9)

∇ ⋅ 𝐇 = 0, (1.10)

∇ × 𝐄 = −𝑗𝜔𝜇𝐇, (1.11)

∇ × 𝐇 = 𝑗𝜔𝜖𝐄. (1.12)

Here, we have used the constitutive relations to express 𝐁
and 𝐃 in terms of 𝐇 and 𝐄.

For lossy media, where 𝜎 ≠ 0, the conductivity can be
incorporated into a complex permittivity

𝜖𝑐 = 𝜖 − 𝑗 𝜎
𝜔
. (1.13)

By substituting Ohm’s law (𝐉 = 𝜎𝐄) into Ampère’s law, we
obtain

∇ × 𝐇 = 𝑗𝜔𝜖𝐄 + 𝜎𝐄 = 𝑗𝜔 (𝜖 − 𝑗 𝜎
𝜔
) 𝐄 = 𝑗𝜔𝜖𝑐𝐄. (1.14)

This formulation allows us to treat lossy materials as for-
mally lossless dielectrics with a complex-valued permittiv-
ity.

1.2.4 The Wave Equation

By taking the curl of Faraday’s law

∇ × (∇ × 𝐄) = −𝑗𝜔𝜇(∇ × 𝐇), (1.15)

and substituting the Ampère–Maxwell law, we can de-
couple the electric and magnetic fields to obtain a single
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equation for the electric field

∇ × (∇ × 𝐄) = −𝑗𝜔𝜇(𝑗𝜔𝜖𝐄). (1.16)

Using the vector identity ∇ × (∇ × 𝐀) = ∇(∇ ⋅ 𝐀) − ∇2𝐀 and
the fact that ∇ ⋅ 𝐄 = 0 in a source-free region, we arrive at
the vector Helmholtz equation

∇2𝐄 + 𝑘2𝐄 = 0, (1.17)

where 𝑘 = 𝜔√𝜇𝜖 is the wavenumber (radm−1).

This equation describes the spatial variation of the field
intensity for a monochromatic wave and forms the basis
for the ray-optical approximations discussed in Chapter
2.

1.2.5 The Poynting Vector

Electromagnetic waves carry energy as they propagate.
The flow of electromagnetic power is described by the
Poynting vector 𝐒 (Wm−2), defined as the cross product of
the electric and magnetic fields

𝐒 = 𝐄 × 𝐇. (1.18)

The vector 𝐒 represents the instantaneous directional en-
ergy flux density (power per unit area) at a given point in
space. It points in the direction of energy propagation.

For theory and applications involving time-harmonic fields,
the instantaneous power oscillates at twice the frequency
of the wave. In most practical engineering problems, such
as calculating antenna radiation patterns or link budgets,
we are interested in the time-average power flow. For pha-
sor fields 𝐄 and 𝐇, the time-average Poynting vector is
given by

𝐒avg = 1
2
Re [𝐄 × 𝐇∗] , (1.19)
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where 𝐇∗ denotes the complex conjugate of the magnetic
field phasor. This quantity is fundamental for determining
the power density of plane waves, as we will see in the
following section.

1.3 Plane Waves

While Maxwell’s equations govern all classical electromag-
netic phenomena, solving them for arbitrary boundary
conditions can be analytically intractable. A powerful ap-
proach is to decompose complex fields into a superposition
of simpler components. Among these, the plane wave is
the most fundamental building block. Through spectral
decomposition, arbitrary wave fields can be expressed as
a weighted sum of plane waves.

Source

Spherical wavefronts
(near field)

Planar wavefronts
(far field)

Figure 1.4: Spherical
wavefronts from a
point source can be
approximated as locally
planar in the far-field
region.

In the context of radio propagation modeling, particularly
ray tracing, we frequently operate in the far-field region of
the transmitting antenna. Here, the spherical wavefronts
have expanded sufficiently to be approximated as locally
flat surfaces (see Figure 1.4). This plane wave approxima-
tion allows us to treat radio wave interactions with the
environment using simplified plane wave physics, which
is central to many methods discussed in this book.

1.3.1 Field Relationships

A uniform plane wave propagating in the +𝑧 direction is
characterized by having no field variations in the trans-
verse 𝑥𝑦-plane. The electric and magnetic fields are perpen-
dicular to the direction of propagation (forming a trans-
verse electromagnetic (TEM) wave) and are mutually or-
thogonal.

For a wave traveling in free space, if we align the electric
field vector with the 𝑥-axis, the corresponding phasor fields
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𝑧

𝑦

𝑥
Wavefront

𝐸𝑥

𝐻𝑦

Figure 1.5: Representa-
tion of a plane wave prop-
agating in the +𝑧 direc-
tion.

are

𝐄(𝑧) = 𝐸0𝑒−𝑗𝑘𝑧𝐱̂, (1.20)

𝐇(𝑧) = 𝐻0𝑒−𝑗𝑘𝑧𝐲̂, (1.21)

where 𝐸0 and 𝐻0 are the complex amplitudes at 𝑧 = 0. The
orthogonality condition is generally expressed as

𝐇 = 1
𝑍
(𝐤̂ × 𝐄), (1.22)

where 𝐤̂ is the direction of propagation and 𝑍 is the intrinsic
impedance of the medium (see below).

1.3.2 Wave Impedance

The ratio of the electric field magnitude to the magnetic
field magnitude is a constant of the medium known as the
intrinsic impedance 𝑍, where

𝑍 =
𝐸𝑥
𝐻𝑦

=
√
𝜇
𝜖
. (1.23)

In free space, this value is approximately

𝑍0 =
√

𝜇0
𝜖0

≈ 377Ω. (1.24)
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1.3.3 Phase Velocity and Wavelength

The speed at which the phase fronts of the wave propagate
is called the phase velocity 𝑣, with

𝑣 = 𝜔
𝑘
= 1

√𝜇𝜖
. (1.25)

The distance over which the phase changes by 2𝜋 radians
is the wavelength 𝜆

𝜆 = 𝑣
𝑓
= 2𝜋

𝑘
. (1.26)

As we will see later, it is common practice to compare the
dimensions of objects to the wavelength, rather than using
absolute values.

1.3.4 Power Density

The power carried by a plane wave can be calculated using
the time-average Poynting vector. Substituting the plane
wave expressions into the definition derived in the previ-
ous section, we obtain

𝐒avg = 1
2
Re (𝐄 × 𝐇∗) =

|𝐸0|2

2𝑍
𝐳̂. (1.27)

This indicates that power flows in the direction of prop-
agation and is proportional to the square of the electric
field amplitude.

1.3.5 Polarization Fundamentals

The polarization of a wave describes the locus of the tip
of the electric field vector as a function of time at a fixed
point in space. Figure 1.6 illustrates the three fundamental
polarization states.
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▶ Linear polarization is when the electric field oscil-
lates along a single line. This is the most common
case for simple dipole antennas.

▶ Circular polarization is when the electric field vector
rotates in a circle around the direction of propaga-
tion, see Figure 1.7. This is useful for satellite com-
munications as it is robust to ionospheric rotation.

▶ Elliptical polarization is the most general case, where
the field vector traces an ellipse.

𝑦

𝑥

𝐸𝑦

𝐸𝑥

Linear

𝑦

𝑥

Circular

𝑦

𝑥

Elliptical

Figure 1.6: Possible po-
larization states for a
plane wave propagating
in the +𝑧 direction.

Mathematically, the polarization state can be completely
described with the sum of two orthogonal linearly polar-
ized waves. For boundary interactions, these components
are defined relative to the plane of incidence, i.e., the plane
spanned by the incident propagation direction and the lo-
cal surface normal. This means that the electric field can be
represented by two components, usually denoted 𝑠 (from
senkrecht, German for perpendicular) and 𝑝 (parallel), or
by using the subscripts ⟂ and ∥. To avoid confusion, we
only use the latter notation in this book. In Chapter 2, this
decomposition is formalized using Jones vectors and ex-
plicit basis rotations between global and local interaction
frames.
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𝑦

𝑥
E(𝑡

, 𝑧0
)

𝑘𝑧0

𝑧

𝑦

𝑘𝑧0
𝜆

2𝜆

𝐸𝑦(𝑡, 𝑧) = 𝐸0 sin(𝜔𝑡 − 𝑘𝑧)

𝑧

𝑥

𝑘𝑧0
𝜆

2𝜆
𝐸𝑥 (𝑡, 𝑧) = 𝐸0 cos(𝜔𝑡 − 𝑘𝑧)

𝑧

𝑦

𝑥

Figure 1.7: Representation of a circularly polarized plane wave propagating in the +𝑧 direction.

1.3.6 Propagation in Lossy Media

In a lossy medium with conductivity 𝜎, the permittivity
becomes complex, leading to a complex propagation con-
stant 𝛾 = 𝛼 + 𝑗𝛽. The real part 𝛼 is the attenuation constant
(m−1), given by

𝛼 = 𝜔
√

𝜇𝜖
2
(
√
1 + ( 𝜎

𝜔𝜖
)
2
− 1), (1.28)

which causes the wave amplitude to decay exponentially
as

|𝐄(𝑧)| = |𝐸0|𝑒−𝛼𝑧. (1.29)

The distance 𝛿 = 1/𝛼 over which the amplitude decays to
1
𝑒 (about 37 %) of its initial value is called the skin depth.
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We generally identify two types of lossy media:

▶ Good dielectrics or insulators, where 𝜎 ≪ 𝜔𝜖. In this
case, the attenuation constant is low, approximately
equal to

𝛼 ≈ 𝜎
2√

𝜇
𝜖
, (1.30)

allowing penetration of the wave into the medium.
▶ Good conductors, where 𝜎 ≫ 𝜔𝜖. In this case, the

attenuation constant is high, approximately equal to

𝛼 ≈
√
𝜔𝜇𝜎
2

, (1.31)

and the skin depth is thus very small, meaning waves
are confined to the surface, which effectively makes
metals perfect reflectors.

We conclude this section by noting that, in ray tracing,
we typically consider wave propagation to occur in air,
which is treated as free space (a lossless medium). Except
for a few specific scenarios, such as modeling propagation
through dense foliage or thick walls, we generally do not
account for extended propagation within lossy media. Fur-
thermore, while the plane wave formulation suggests a
constant power density over distance, realistic sources ra-
diate spherical waves. To account for the resulting decrease
in power density due to spatial spreading, ray tracing mod-
els waves macroscopically as expanding spherical tubes
or individual rays. The plane wave approximation is then
strictly restricted to modeling local interactions, such as
reflections and transmissions at boundaries. This funda-
mental interplay between macroscopic spherical spreading
and local plane wave interactions will be further discussed
in the next section and in Chapter 2.

1.4 Fundamentals of Antennas

Before discussing how waves reflect and diffract, we must
understand how they are generated. Antennas act as the
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Transmitter

Guided
1D

waves

Transition
region

(antenna)

Free space
3D

waves

Figure 1.8: Antenna tran-
sition regions between
guided and free-space
waves, reproduced
from [2, Fig. 4.1].

interface between the guided waves in a circuit and the
free-space electromagnetic waves, converting electrical
fields traveling in a transmission line into radiated fields
(see Figure 1.8), and vice versa. While antennas are com-
plex devices and ray tracing methods are usually devel-
oped independently of their behavior, it is important to
understand how they work in order to understand both the
physical assumptions underlying ray tracing and how var-
ious antenna parameters are used to accurately estimate
the received power.

1.4.1 The Radiation Mechanism

Time-varying currents on a conductor generate electro-
magnetic fields. Fundamentally, the acceleration of charge
is the source of radiation. In the region immediately sur-
rounding the antenna, known as the near field, the electric
and magnetic fields are complex and reactive, storing en-
ergy rather than propagating it. However, at a sufficient
distance, the radiated fields dominate, detaching from the
source and propagating as waves.
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1.4.2 Far-Field Approximation

Near-field
region

Far-field region

𝐷

𝑑𝑓

Radiating fields
Reactive fields

Figure 1.9: Field regions
of an antenna, adapted
from [2, Fig. 4.3].

The region where the angular field distribution is essen-
tially independent of the distance from the antenna is
called the far-field (or Fraunhofer) region. This region be-
gins at the Fraunhofer distance 𝑑𝑓 (see Figure 1.9), defined
as

𝑑𝑓 =
2𝐷2

𝜆
, (1.32)

where 𝐷 is the maximum dimension of the antenna and 𝜆
is the wavelength.

In the far field (𝑟 > 𝑑𝑓), the spherical wavefronts emitted
by the antenna appear locally planar to a receiver. This
plane wave approximation will allow us to use the plane
wave reflection and transmission coefficients derived in
the next chapter for ray tracing applications, provided the
interactions occur far from the source.

1.4.3 Antenna Parameters
0°

45°

90°

135°
180°

135°

90°

45°

Figure 1.10: Example of a
far-field radiation pattern
for a directional antenna.

To characterize how an antenna converts guided waves
into free-space radiation (and vice versa), we define sev-
eral key parameters. A comprehensive discussion of these
concepts can be found in Saunders and Aragón-Zavala’s
book [2, Chap. 4].

[2]: Saunders et al. (2024),
Antennas and Propagation
for Wireless Communica-
tion Systems

Radiation Pattern and Intensity

As discussed previously, the time-averaged electromag-
netic power density is related to the strength of the electric
field. The radiation pattern of an antenna is a plot of the
far-field radiation from the antenna (see Figure 1.10). More
specifically, it usually represents the radiation intensity
𝑈 (measured in watts per unit solid angle). The radiation
intensity is intimately linked to the electric and magnetic
fields radiated by the antenna; it is obtained by multiplying
the time-averaged power density 𝑆 (the magnitude of the
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time-averaged Poynting vector) at a given distance 𝑟 by
the square of that distance,

𝑈 (𝜃, 𝜑) = 𝑟2𝑆(𝜃, 𝜑), (1.33)

where 𝜃 and 𝜑 are the polar and azimuthal angles, respec-
tively.

In the far field, because the power depends on the square
of the electric field strength, which decreases as 𝑟−1, the
dependence on the distance disappears, ensuring that 𝑈
depends only on the direction (𝜃, 𝜑).

Pattern Cuts

Although the radiation intensity 𝑈 is fundamentally a 3D
function of both 𝜃 and 𝜑, it is common practice for manu-
facturers to specify antenna patterns in terms of cuts, i.e.,
using two separate patterns along orthogonal directions.
The full 3D pattern in any other direction can then be ap-
proximated by assuming the pattern is separable into the
product of these two orthogonal functions, i.e.,

𝑈 (𝜃, 𝜑) = 𝑈𝜃(𝜃)𝑈𝜑(𝜑). (1.34)

Directivity

The directivity 𝐷(𝜃, 𝜑) of an antenna is defined as the ratio
of its radiation intensity in a specific direction to the mean
radiation intensity across all directions, i.e.,

𝐷(𝜃, 𝜑) =
𝑈 (𝜃, 𝜑)

1
4𝜋

2𝜋
∫
0

𝜋
∫
0
𝑈 (𝜃′, 𝜑′) sin 𝜃′ d𝜃′ d𝜑′

, (1.35)

where 𝜃′ and 𝜑′ are dummy integration variables.

Equivalently, it is the radiation intensity of the antenna
compared to that of an ideal isotropic antenna radiating
the same total power.
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Power Gain

The power gain 𝐺(𝜃, 𝜑), or simply the gain, is similar to
directivity but also accounts for the electrical efficiency
of the antenna. It is defined as the ratio of the radiation
intensity to that of an isotropic antenna radiating the same
total power captured by the real antenna. When the term
“gain” is used without specifying a direction, it typically
refers to themaximum power gain, which is the peak value
of 𝐺(𝜃, 𝜑), i.e.,

𝐺 ≝ max
𝜃,𝜑

𝐺(𝜃, 𝜑). (1.36)

Similarly, the maximum directivity is defined as

𝐷 ≝ max
𝜃,𝜑

𝐷(𝜃, 𝜑). (1.37)

The antenna gain and directivity are related by

𝐺(𝜃, 𝜑) = 𝜂rad𝐷(𝜃, 𝜑), (1.38)

where 𝜂rad is the antenna radiation efficiency.

Effective Area

For receiving antennas, we assess their performance with
the directional effective area𝐴𝑒(𝜃, 𝜑), which is an equivalent
area (m2) measuring how much power the antenna can
capture from an incoming plane wave with a given power
density 𝑆(𝜃, 𝜑), such that the received power 𝑃𝑟 is

𝑃𝑟(𝜃, 𝜑) = 𝐴𝑒(𝜃, 𝜑)𝑆(𝜃, 𝜑). (1.39)

In practical simulators, this relation is evaluated direction-
wise through the receive pattern and polarization projec-
tion, then integrated into the per-path power accumulation.
Under the reciprocity theorem, the directive gain and the
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effective area in any given direction are related by

𝐺(𝜃, 𝜑) =
4𝜋𝐴𝑒(𝜃, 𝜑)

𝜆2
. (1.40)

Consequently, their maximum values (peak gain 𝐺 and
peak effective area 𝐴𝑒) satisfy the standard relation

𝐺 =
4𝜋𝐴𝑒
𝜆2

. (1.41)

1.5 Wave Interactions at Boundaries

In a realistic environment, electromagnetic waves do not
propagate solely in free space. They encounter various
objects and interfaces between different media, leading
to complex interaction mechanisms, allowing the wave
to propagate in directions other than the initial one, but
also to reach non-line-of-sight locations. The four pri-
mary mechanisms are reflection, transmission, diffraction,
and scattering. Recently, a fifth mechanism involving pro-
grammable metasurfaces has emerged.

1.5.1 Reflection and Transmission

When a wave encounters a smooth interface between
two media with different electrical properties, solving
Maxwell’s equations results in two new waves, each at the
same frequency as the incident wave: a reflected wave and
a transmitted wave, where the energy of the incident wave
is divided between these two components, accounting for
any associated material losses. Both waves propagate in
the plane containing the incident propagation vector and
the surface normal (see Figure 1.11). This plane is called
the plane of incidence. In the more general case of diffuse
interactions where the outgoing wave deviates from the
specular direction, the plane containing the incident and
scattered wave vectors is distinctly referred to as the scat-
tering plane.



1 The Propagation of Radio Waves 23

Medium 1
𝜇1, 𝜀1

Medium 2
𝜇2, 𝜀2

Surface normal

Inc
ide

nt

wa
ve

Reflectedwave Tran
smitted

(refr
acted

) wave

𝜃𝑖

𝜃𝑟 𝜃𝑡

𝐸𝑖∥

𝐸𝑖⟂

𝐸𝑟∥

𝐸𝑟⟂ 𝐸𝑡∥

𝐸𝑡⟂

Wavefronts

Figure 1.11: Plane wave
reflection and transmis-
sion at a planar inter-
face between two media,
adapted from [2, Fig. 3.1].

In lossless media, Snell’s law of reflection states that the
angle of incidence equals the angle of reflection, i.e.,

𝜃𝑖 = 𝜃𝑟, (1.42)

where both angles are measured with respect to the surface
normal.

For the transmitted wave, Snell’s law of refraction states
that the angles of incidence and refraction are related by

𝑛1 sin 𝜃𝑖 = 𝑛2 sin 𝜃𝑡, (1.43)

where 𝑛1 and 𝑛2 are the refractive indices of the first and
second media, respectively.

The refractive index is defined as the ratio of the free-space
velocity, equal to 𝑐 for electromagnetic waves, to the phase
velocity in the medium, i.e.,

𝑛 = 𝑐
𝑣
= √𝜖𝜇

√𝜖0𝜇0
= √𝜖𝑟𝜇𝑟. (1.44)

In fact, Snell’s laws are a direct consequence of Fermat’s
principle, which we will discuss in Chapter 2.
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The split in energy between the reflected and transmitted
waves depends on the polarization of the incident wave
relative to the plane of incidence, the angles of reflection
and refraction, and the impedance of the two media. The
ratio of the reflected and transmitted electric fields to the
incident electric field is given by the Fresnel reflection and
transmission coefficients, defined as

𝑅∥ =
𝐸𝑟∥
𝐸𝑖∥

=
𝑍2 cos 𝜃𝑡 − 𝑍1 cos 𝜃𝑖
𝑍2 cos 𝜃𝑡 + 𝑍1 cos 𝜃𝑖

𝑅⟂ =
𝐸𝑟⟂
𝐸𝑖⟂

=
𝑍2 cos 𝜃𝑖 − 𝑍1 cos 𝜃𝑡
𝑍2 cos 𝜃𝑖 + 𝑍1 cos 𝜃𝑡

(1.45)

𝑇∥ =
𝐸𝑡∥
𝐸𝑖∥

=
2𝑍2 cos 𝜃𝑖

𝑍2 cos 𝜃𝑡 + 𝑍1 cos 𝜃𝑖
𝑇⟂ =

𝐸𝑡⟂
𝐸𝑖⟂

=
2𝑍2 cos 𝜃𝑖

𝑍2 cos 𝜃𝑖 + 𝑍1 cos 𝜃𝑡
, (1.46)

where 𝑍1 = √𝜇1/𝜖1 and 𝑍2 = √𝜇2/𝜖2 are the intrinsic
impedances of the first and second media, respectively.

In lossy media, the reflection and transmission coefficients
are complex, and the transmitted wave is attenuated as
it propagates through the medium. Snell’s law of reflec-
tion (1.42) still holds, while the law of refraction (1.43) must
be modified to account for the change in phase velocity,
see Balanis’s Advanced Engineering Electromagnetics [6] [6]: Balanis (2024), Ad-

vanced Engineering Elec-
tromagnetics

for more details.

To conclude this short introduction to reflection and trans-
mission, two special cases are worth mentioning.

First, if the wave travels from a dense to a less dense
medium (𝑛1 > 𝑛2), there exists an incidence angle, called
the critical angle, 𝜃𝑐, such that no energy is transmitted.
This phenomenon is called total internal reflection. This
angle is given by

𝜃𝑐 = arcsin
𝑛2
𝑛1
. (1.47)

For water to air propagation, where 𝑛1 ≈ 1.33 and 𝑛2 = 1,
this angle is approximately 48.6°, see Figure 1.12.
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Second, there exists a specific angle called the Brewster an-
gle, 𝜃𝐵, where 𝑅∥ = 0, meaning the reflected wave is purely
perpendicularly polarized and the parallel component is
fully transmitted. This angle is given by

𝜃𝐵 = arctan
𝑛2
𝑛1
. (1.48)

For air to water propagation, this angle is approximately
53°, see Figure 1.13.

1.5.2 Scattering

Reflection assumes the surface is smooth relative to the
wavelength. However, objects are never perfectly smooth,
and the roughness of a surface can significantly affect the
reflection properties of electromagnetic waves. Specifically,
when a wave impinges on a rough surface or an object with
height variations comparable in size to the wavelength,
scattering occurs. Rather than specular reflection, energy
is dispersed in many directions. A height difference of
Δℎ between two points on the surface induces a phase
difference on the reflected waves of

Δ𝜙 =
4𝜋Δℎ cos 𝜃𝑖

𝜆
. (1.49)

If this phase shift is below 90°, the surface can reasonably
be considered to be smooth. This threshold defines the
Rayleigh roughness criterion,

Δℎ < 𝜆
8 cos 𝜃𝑖

. (1.50)

Sp
ec
ul
ar

di
re
cti
on

𝜃𝑖

Smooth Rough Rougher
Figure 1.14: The effect
of surface roughness on
reflection, reproduced
from [2, Fig. 3.6].
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However, for accuracy, it is recommended to use a lower
threshold, such as 22.5°, which is a quarter of the Rayleigh
criterion, below which the surface is considered smooth.

When the surface is rough, the amplitude of the specular re-
flection component is significantly reduced. This reduction
can be quantified by multiplying the ideal smooth-surface
reflection coefficient by a roughness factor, which will be
discussed in more detail in Section 2.7.

1.5.3 Diffraction

Source

Figure 1.15: The
Huygens–Fresnel princi-
ple.

Diffraction is the mechanism that allows waves to bend
around obstacles and propagate into shadow regionswhere
no line-of-sight or reflected path exists. It is fundamen-
tally explained by the Huygens–Fresnel principle, which
states that every point on a wavefront acts as a source of
secondary spherical wavelets (see Figure 1.15).

One of the most common examples of diffraction is called
single slit diffraction, where a wave passes through a nar-
row opening (i.e., small with respect to the wavelength)
and spreads out on the other side. This can be observed in
Figure 1.16a. However, in the context of radio, especially
outdoor propagation, a more common example of diffrac-
tion is knife-edge diffraction, where a wave passes around
a sharp obstacle, such as a mountain or a building. This
can be observed in Figure 1.16b.

(a) Single slit diffraction. (b) Knife-edge diffraction.

Figure 1.16: Diffraction
phenomena found in sea
environments, Google
Earth images.
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Figure 1.17: Knife-edge
diffraction geometric
parameters, reproduced
from [2, Fig. 3.16].

Single Knife-Edge Diffraction

We first model diffraction of a plane wave over an absorb-
ing plane or knife-edge. The simple knife-edge diffraction
model mathematically formulates Huygens’ principle by
combining contributions from an infinite number of sec-
ondary sources in the region above the edge.

The final result expresses the propagation loss, or reduc-
tion in field strength in decibels, in terms of a diffraction
parameter 𝜈, which is defined as

𝜈 = ℎ′
√

2 (𝑑′1 + 𝑑′2)
𝜆𝑑′1𝑑′2

, (1.51)

where ℎ′ is the excess height of the edge above the line from
the transmitter to the receiver, 𝑑′1 and 𝑑′2 are the distances
from the projection of the edge on this line to the trans-
mitter and receiver, respectively, and 𝜆 is the wavelength,
as illustrated in Figure 1.17.

The propagation loss is then given by

𝐿𝑘𝑒(𝜈) = −20 log10 |
𝐄𝑑

𝐄𝑖
| = −20 log10 |𝐹 (𝜈)|, (1.52)

where 𝐄𝑑 is the diffracted field, 𝐄𝑖 is the incident field, and
𝐹(𝜈) is defined as

𝐹(𝜈) =
1 + 𝑗
2

∞

∫
𝜈

exp (−𝑗𝜋𝑢
2

2
) d𝑢, (1.53)
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Alternatively, its magnitude can be expressed in terms of
the Fresnel cosine and sine integrals, 𝐶(𝜈) and 𝑆(𝜈), which
integrate the real and imaginary parts of the integrand
from 0 to 𝜈. To avoid complex values, we can write the
squared magnitude of (1.53) as

|𝐹 (𝜈)|2 = 1
2
[(1

2
− 𝐶(𝜈))

2
+ (1

2
− 𝑆(𝜈))

2
] , (1.54)

where

𝐶(𝜈) =
𝜈

∫
0

cos (𝜋𝑢
2

2
) d𝑢, (1.55)

𝑆(𝜈) =
𝜈

∫
0

sin (𝜋𝑢
2

2
) d𝑢. (1.56)

While the Fresnel integrals lack closed-form analytical
solutions in terms of elementary functions, they can be
computed numerically or approximated using asymptotic
expansions, which are available in most scientific comput-
ing libraries, such as the Cephes C library, on which many
other libraries are built, such as SciPy’s scipy.special.fresnel
function.

The knife-edge diffraction loss 𝐿𝑘𝑒 is illustrated in Figure
1.18. Notably, 𝐿𝑘𝑒(0) ≈ 6 dB, which means that the power
is reduced by a factor of 100.6 ≈ 4 when the edge is situ-
ated exactly on the direct path between the transmitter
and the receiver. For values 𝜈 > 1, meaning for receivers
well within the shadow region, the attenuation increases
significantly and can be approximated as

𝐿𝑘𝑒(𝜈) ≈ −20 log10
1

𝜋𝜈√2
≈ −20 log10

0.225
𝜈

. (1.57)

The parameter 𝜈 itself is tied to the geometry of the direct
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Figure 1.18: Knife-edge
diffraction loss 𝐿𝑘𝑒(𝜈) as a
function of the diffraction
parameter 𝜈, reproduced
from [2, Fig. 3.15].

path relative to the edge, defined in Figure 1.17 as

𝜈 = ℎ′
√

2(𝑑′1 + 𝑑′2)
𝜆𝑑′1𝑑′2

= 𝛼
√

2𝑑′1𝑑′2
𝜆(𝑑′1 + 𝑑′2)

, (1.58)

where ℎ′ is the excess height, and 𝑑′1, 𝑑′2 the distances from
the source and receiver to the point of diffraction. For
many practical cases where 𝑑1, 𝑑2 ≫ ℎ, this expression can
be simplified in terms of distances measured along the
ground

𝜈 ≈ ℎ
√

2(𝑑1 + 𝑑2)
𝜆𝑑1𝑑2

= 𝛼
√

2𝑑1𝑑2
𝜆(𝑑1 + 𝑑2)

, (1.59)

where 𝛼 is the sum of the angles of elevation of the trans-
mitter and receiver with respect to the knife-edge, 𝛽 and 𝛾
in Figure 1.17, i.e.,

𝛼 = 𝛽 + 𝛾 . (1.60)

An equivalent geometric interpretation uses Fresnel zones.
Around the direct path, the first Fresnel-zone radius at a
point located at distances 𝑑1 and 𝑑2 from transmitter and
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Figure 1.19: First Fresnel zone around the direct path between two antennas.

receiver is

𝑟𝐹 ,1 =
√

𝜆𝑑1𝑑2
𝑑1 + 𝑑2

. (1.61)

See Figure 1.19 for an illustration of the first Fresnel zone.

When an obstacle intrudes deeply into this first zone,
diffraction loss rises rapidly. As a practical planning rule,
preserving most of the first-zone clearance strongly re-
duces excess diffraction attenuation.

Beyond Knife-Edge Diffraction

While knife-edge diffraction provides valuable physical
intuition and a tractable analytical solution based on Huy-
gens’ principle, it is fundamentally a simplified scalar
model. It assumes the diffracting edge is part of a perfectly
absorbing, semi-infinite screen and does not account for
the actual structure, material properties, or finite extent
of real obstacles. Moreover, it cannot handle oblique inci-
dence, multiple edges, or wedges with arbitrary exterior
angles.
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In practical propagation scenarios, especially those en-
countered in urban environments, we frequently deal with
complex geometries: building corners, rooftops, and ter-
rain features that diffract electromagnetic waves in ways
not captured by the knife-edge approximation. These sit-
uations require a more general, rigorous framework that
preserves the full vector nature of electromagnetic fields,
correctly handles polarization, and remains valid even in
transition regions near shadow boundaries.

Such a framework is provided by the geometrical theory
of diffraction (GTD) and its mathematically uniform exten-
sion, the uniform theory of diffraction (UTD). These high-
frequency asymptotic theories extend the ray concept to
include diffracted rays emanating from edges, vertices, and
other singular features. They provide dyadic diffraction
coefficients analogous to Fresnel reflection coefficients, en-
abling precise prediction of field strength and polarization
for arbitrary wedge geometries.

Because GTD and UTD form the foundation of modern de-
terministic ray tracing for radio propagation, their detailed
formulation, applicability conditions, and integration with
geometrical optics are thoroughly presented in Chapter 2,
where we develop the complete mathematical machinery
for ray-based channel modeling.

1.5.4 Interaction with Metasurfaces

Figure 1.20: Passive
metasurface, kindly
provided by Adam Abazi
from the UCLouvain
antenna group.

Traditionally, the propagation of radio waves in wireless
environments is dictated by the standard electromagnetic
interactions discussed above: reflection, scattering, and
diffraction. Standard specular reflection follows the con-
ventional Snell’s law (where the angle of incidence equals
the angle of reflection), scattering disperses incident en-
ergy diffusely across multiple directions, and diffraction
allows waves to bend around physical obstacles. In all
of these standard interactions, the environment acts as a
completely passive, unalterable medium that the commu-
nication system must adapt to.
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A paradigm shift in this domain is the introduction of
metasurfaces. Metasurfaces are the two-dimensional, pla-
nar equivalents of metamaterials, composed of dense ar-
rays of sub-wavelength scattering elements (or unit cells)
designed to engineer the electromagnetic wavefront, see
Figure 1.20. Unlike conventional surfaces, metasurfaces
can generate a controllable, spatially varying phase, am-
plitude, or polarization shift across their aperture. By dis-
cretizing a continuous phase profile across its elements,
a metasurface can manipulate waves in ways that natu-
ral materials cannot, such as by redirecting an incident
wave toward an arbitrary, anomalous direction. This in-
teraction is governed by the generalized Snell’s law [7] for [7]: Yu et al. (2011), Light

Propagation with Phase
Discontinuities: General-
ized Laws of Reflection and
Refraction

reflection
sin 𝜃𝑟 − sin 𝜃𝑖 =

𝜆0
2𝜋

dΦ
d𝑥

, (1.62)

and for refraction

𝑛2 sin 𝜃𝑡 − 𝑛1 sin 𝜃𝑖 =
𝜆0
2𝜋

dΦ
d𝑥

, (1.63)

where 𝑛1 and 𝑛2 are the refractive indices of the incident
and transmitted media, 𝜃𝑖 is the angle of incidence, 𝜃𝑟 is
the anomalous reflection angle, 𝜃𝑡 is the anomalous trans-
mission angle, 𝜆0 is the free-space wavelength, and dΦ

d𝑥
represents the phase gradient generated along the sur-
face.

Figure 1.21: A RIS, in-
spired by [8, Fig. 1].

A prominent and specific implementation of this tech-
nology in wireless communications is the reconfigurable
intelligent surface (RIS). A RIS is a dynamically tunable
metasurface whose electromagnetic response can be elec-
tronically controlled (see Figure 1.21). Built using printed
conductive elements on a dielectric substrate and backed
by a ground plane, a RIS integrates tunable components
into each unit cell. This capability enables the creation of
“smart radio environments” where the propagation chan-
nel itself becomes a programmable entity. Instead ofmerely
adapting to random fading, systems can actively shape ra-
dio paths to bypass blockages, suppress interference, and
enhance the overall link budget (see Figure 1.22).
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From a computational perspective, a RIS is usually the
only kind of metasurface that we can easily and practi-
cally simulate using ray tracing. Because simulating the
full-wave electromagnetic interactions of thousands of
sub-wavelength unit cells is computationally prohibitive,
ray tracing engines generally avoid microscopic, element-
level evaluations. Instead, wemust rely on simplifiedmacro-
scopic models that abstract the RIS into a continuous
anomalous reflector or a grid of manageable tiles. These
fundamental abstractions are crucial for efficient simula-
tion, andwewill present some of these simplified analytical
models in Chapter 2.

Without RIS

Receiver

With a RIS

Receiver

RI
S

Figure 1.22: Example sce-
nario where a RIS is
used to redirect the sig-
nal towards the receiver,
adapted from [9, Fig. 3].

1.6 Path Loss Models

To evaluate the performance of a wireless communication
system, one must predict the path loss, which is the ratio of
transmitted power to received power, usually expressed in
decibels. While numerical methods offer extreme precision,
several analytical models provide crucial insights into how
propagation mechanisms dictate system range.

1.6.1 Free-Space Path Loss

In a completely empty void with only a line-of-sight link,
the received power 𝑃𝑟 is related to the transmitted power
𝑃𝑡 by the (contemporary) Friis transmission equation [10] [10]: Friis (1946), A note

on a simple transmission
formula𝑃𝑟

𝑃𝑡
= 𝐺𝑡𝐺𝑟 (

𝜆
4𝜋𝑑

)
2
, (1.64)

where 𝐺𝑡 and 𝐺𝑟 are the peak gains of the transmitting
and receiving antennas, respectively, and 𝑑 is the distance
between the two antennas.

Because the term ( 𝜆
4𝜋𝑑)

2
dictates the power decay, the

free-space path loss increases quadratically with distance.
Consequently, the signal drops by 20 dB per decade (i.e.,
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every time the distance increases tenfold). This represents
the theoretical minimum loss for point-to-point propaga-
tion when multipath effects are neglected.

1.6.2 The Two-Ray Ground Reflection
Model

Environments on Earth are rarely true line-of-sight free
space scenarios; most of the time, the ground at least plays
a role in reflecting waves. The interaction between a di-
rect path and a ground-reflected path (see Figure 1.23)
illustrates the concept of multipath interference.

In the two-ray ground reflection model, the received signal
consists of two components: the line-of-sight ray and the
ray reflected by the ground. The total received electric field
is the sum of these two contributions. Using the parameters
defined in Figure 1.23, where 𝑑′ is the length of the direct
path and 𝑑1 + 𝑑2 is the length of the reflected path, the
received power 𝑃𝑟 can be expressed as an extension of the
Friis transmission equation

𝑃𝑟 = 𝑃𝑡𝐺𝑡𝐺𝑟 (
𝜆
4𝜋

)
2
| 𝑒
−𝑗𝑘𝑑′

𝑑′
+ 𝑅𝑒

−𝑗𝑘(𝑑1+𝑑2)

𝑑1 + 𝑑2
|
2

, (1.65)

where 𝑅 is the ground reflection coefficient, which depends,
as we have seen in Section 1.5.1, on the electromagnetic
properties of the ground, the polarization, and the angle
of incidence 𝜃 = 𝜋

2 − 𝛼.

For most practical scenarios, especially in macrocellular
communications, the horizontal distance 𝑑 separating the
transmitter and receiver is much larger than their respec-
tive heights ℎ𝑡 and ℎ𝑟 (𝑑 ≫ ℎ𝑡, ℎ𝑟). Under this condition,
the lengths of the two paths can be approximated using a
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Figure 1.23: The two-ray
ground reflection model
parameters.

Taylor series expansion

𝑑′ = √𝑑2 + (ℎ𝑡 − ℎ𝑟)2 ≈ 𝑑 +
(ℎ𝑡 − ℎ𝑟)2

2𝑑
, (1.66)

𝑑1 + 𝑑2 = √𝑑2 + (ℎ𝑡 + ℎ𝑟)2 ≈ 𝑑 +
(ℎ𝑡 + ℎ𝑟)2

2𝑑
. (1.67)

The path difference Δ𝑑 ≝ 𝑑1 + 𝑑2 − 𝑑′ then simplifies to

Δ𝑑 ≈
(ℎ𝑡 + ℎ𝑟)2 − (ℎ𝑡 − ℎ𝑟)2

2𝑑
=

2ℎ𝑡ℎ𝑟
𝑑

. (1.68)

This path difference translates to a phase difference Δ𝜙
between the two rays given by

Δ𝜙 = 𝑘Δ𝑑 = 2𝜋
𝜆
2ℎ𝑡ℎ𝑟
𝑑

=
4𝜋ℎ𝑡ℎ𝑟
𝜆𝑑

. (1.69)

At large distances, the incidence angle approaches a graz-
ing angle (𝛼 → 0, 𝜃 → 𝜋

2 ). In this grazing incidence case, the
reflection coefficient for both polarizations approaches −1
(i.e., 𝑅 ≈ −1). Furthermore, since 𝑑 ≫ ℎ𝑡, ℎ𝑟, we can approx-
imate the denominators in the received power equation as
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Figure 1.24: Received power gain for the two-ray ground reflection model as a function of the distance
(ℎ𝑡 = 10m, ℎ𝑟 = 1.5m, 𝑓 = 2.4GHz), showing the direct path, reflected path, and total received power
for both parallel (∥) and perpendicular (⟂) polarizations. The electromagnetic properties of the ground
are approximated as “medium dry ground” from ITU-R Recommendation P.2040 [11, Tab. 3].

𝑑′ ≈ 𝑑1 + 𝑑2 ≈ 𝑑. The power equation then becomes

𝑃𝑟 ≈ 𝑃𝑡𝐺𝑡𝐺𝑟 (
𝜆
4𝜋𝑑

)
2
|1 + 𝑅𝑒−𝑗Δ𝜙|

2
. (1.70)

Substituting 𝑅 ≈ −1 into this expression yields 1+𝑅𝑒−𝑗Δ𝜙 ≈
1 − 𝑒−𝑗Δ𝜙, which indicates that the reflected wave arrives
with an inverted phase relative to the direct wave, causing
destructive interference. For very small phase differences
Δ𝜙 ≪ 1 (which holds true at large distances), we can use
the small-angle approximation 𝑒−𝑗Δ𝜙 ≈ 1 − 𝑗Δ𝜙. The mag-
nitude squared of the interference term simplifies to

|1 − (1 − 𝑗Δ𝜙)|2 = |𝑗Δ𝜙|2 = (Δ𝜙)2 = (
4𝜋ℎ𝑡ℎ𝑟
𝜆𝑑

)
2
. (1.71)

Substituting this back into the power equation yields the
simplified two-ray path loss model for large distances

𝑃𝑟 ≈ 𝑃𝑡𝐺𝑡𝐺𝑟 (
𝜆
4𝜋𝑑

)
2
(
4𝜋ℎ𝑡ℎ𝑟
𝜆𝑑

)
2
= 𝑃𝑡𝐺𝑡𝐺𝑟

ℎ2𝑡 ℎ2𝑟
𝑑4

. (1.72)
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This fundamental result demonstrates that at large dis-
tances, destructivemultipath interference changes the path
loss distance exponent from 2 (in free space) to 4 (see Fig-
ure 1.24). This means the power falls off at a rapid 40 dB
per decade, and is notably independent of the frequency.
The two-ray model serves as a baseline demonstrating that
environmental interactions severely and predictably im-
pact signal decay in terrestrial environments, particularly
highlighting the effect of the ground.

In practice, the transition toward this asymptotic 𝑑−4 regime
can be approximated to start at a breakpoint distance, 𝑑bp,
defined as

𝑑bp ≈
4ℎ𝑡ℎ𝑟
𝜆

, (1.73)

which corresponds to the range where the first Fresnel
zone starts to be significantly clipped by the ground-reflected
geometry. For 𝑑 ≪ 𝑑bp, the behavior is closer to free-space
scaling; for 𝑑 ≫ 𝑑bp, the asymptotic two-ray law becomes
a good approximation.

1.6.3 The Link Budget

The complete assessment of all gains and losses from trans-
mitter to receiver forms the link budget. For this, we iden-
tify two types of losses: antenna losses and propagation—or
path—losses.

For the antennas, we express their gain with respect to an
isotropic antenna. The effective isotropic radiated power
(EIRP) is given by

EIRP =
𝑃𝑡𝐺𝑡
𝐿𝑡

= 𝑃𝑡 ,iso, (1.74)

where 𝐿𝑡 is the loss in the transmitting antenna system
and 𝑃𝑡 ,iso is the effective isotropic transmitted power.

A similar value can be obtained for the receiver

𝑃𝑟 ,iso =
𝑃𝑟𝐺𝑟
𝐿𝑟

, (1.75)



1 The Propagation of Radio Waves 39

where 𝐿𝑟 is the loss in the receiving antenna system and
𝑃𝑟 ,iso is the effective isotropic received power.

Knowing the effective isotropic transmitted and received
power, it is possible to determine the path loss

𝐿 =
𝑃𝑡 ,iso
𝑃𝑟 ,iso

=
𝑃𝑡𝐺𝑡𝐺𝑟
𝑃𝑟𝐿𝑡𝐿𝑟

. (1.76)

However, it is rarely desirable to determine the path loss
through actualmeasurements, as it requires—usually expensive—
equipment, can be time-consuming, and provides values
that are not easily generalizable to other environments or
system configurations. As a result, path loss models are
crucial for predicting how the signal strength varies in a
given environment.

1.7 Conclusion

This chapter has established the physical “ground truth” of
radio propagation. We have seen howMaxwell’s equations
give rise to waves that propagate, reflect, and transmit. We
also introduced the antennas that launch these waves. Note
that throughout these analytical models, the propagation
medium (air) is almost universally approximated as an ideal
free space (𝜖𝑟 ≈ 1, 𝜎 ≈ 0), with all significant interactions
isolated to the boundaries of solid objects.

To determine the signal strength at a receiver in a com-
plex environment like a city, one might consider solv-
ing Maxwell’s equations numerically for every point in
space and time. Full-wave electromagnetic solvers based
on methods like finite-difference time-domain (FDTD), fi-
nite element method (FEM), or method of moments (MoM)
offer extreme precision. However, because they require
meshing the entire volume or surfaces at sub-wavelength
resolutions, they become computationally intractable for
environments larger than a few cubic meters, especially at
high frequencies.
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Conversely, the simple analytical path loss models dis-
cussed in Section 1.6 scale effortlessly but are far too sim-
plistic to capture the severe multipath fading induced by
hundreds of building facades and terrain variations.

To simulate radio propagation efficiently and accurately
at the urban scale, we need a method that simplifies wave
interactions into geometric paths, avoiding the need to
discretize empty space. Geometrical optics (GO) and UTD
provide this perfect middle ground. As briefly introduced
both by the knife-edge diffraction and the two-ray models,
we will rely on ray tracing to simulate radio propagation in
complex environments. In the next chapter, we will intro-
duce the high-frequency approximation, which allows us to
transition from the wave domain to the ray domain, form-
ing the mathematical basis of the ray tracing algorithms
we aim to construct in Part ‘Building’.



Ray Tracing
Fundamentals 2

Figure 2.1: In geodesy,
ray tracing was his-
torically employed to
determine the precise
telescope angle required
to observe a signal from
a distant location. In this
illustration from [12,
p. xix], any city serves
as either the observation
point or the light source,
and the various ray
paths connecting the two
locations demonstrate
the correct telescope
angle.

The acoustic echoes of one’s voice bouncing off the walls of
a tunnel provide an intuitive analogy for radio wave prop-
agation. When a transmitter (TX) emits radio signals, they
interact with the environment—reflecting off buildings,
the ground, and other obstacles—creating multiple distinct
paths to the receiver (RX). This phenomenon is known as
multipath propagation. Whether applied to sound, light, or
radio waves, ray tracing serves as a powerful technique to
model and analyze wave behavior as it propagates through
complex environments.

2.1 History of Ray Tracing

Before addressing the technical details of ray tracing and
the theory required for its application to radio waves, it is
interesting to understand the method’s historical context.
While the first explicit mention of “ray tracing” is likely
attributable to Sir George Everest in the context of geodesy
during the mid-19th century [12], the concept of using

[12]: Everest et al. (1847),
An account of the measure-
ment of two sections of
the meridional arc of India:
bounded by the parallels of
18° 3’ 15”; 24° 7’ 11”; & 29°
30’ 48”

rays as a high-frequency approximation of waves was
developed independently across several fields over more
than a century.

In optical design, Alexander Eugen Conrady demonstrated
in the late 1920s that the aberration of a lens system could
be quantified by tracing a finite number of representative
rays through successive interfaces [13]. This concept—

[13]: Conrady (1929), Ap-
plied optics and optical de-
sign, pt. I

sampling a continuouswavefrontwith discrete trajectories—
enables the solution of optics problems without requiring
an exact solution to the wave equation. This computational
simplification underpins all subsequent developments in
ray tracing.

Beyond glass optics, the notion of a “ray” was rapidly
generalized to other physical media. In electron optics,
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Klemperer applied similar principles to charged particles
moving in smoothly varying electromagnetic fields, replac-
ing piecewise-linear segments with continuously curved
trajectories within an inhomogeneous “refractive index”
defined by the potential [14]. In underwater acoustics, [14]: Klemperer (1939),

Electron OpticsLichte modeled the ocean as a stratified medium with a
depth-dependent speed of sound. He utilized ray theory
to predict refraction, shadow zones∗, and deep sound chan-
nels, foreshadowing later work on long-range sonar and
the sound fixing and ranging (SOFAR) channel [15]. This [15]: Lichte (1919), Über

den Einfluss horizontaler
Temperaturschichtung des
Seewassers auf die Re-
ichweite von Unterwasser-
schallsignalen

body of work was systematized during World War II by
the National Defense Research Committee (NDRC) report
on the physics of sound in the sea, which popularized ray
diagrams as the standard language for explaining propa-
gation, ducting, and shadowing to sonar operators [16]. [16]: National Defense

Research Committee
(NDRC) (1946), Physics of
Sound in the Sea

Radio physicists developed an equally rich ray theory for
the ionosphere. Booker’s analysis of wave packets in a dou-
bly refracting plasma clarified that a radio “ray” should
be identified with the trajectory of energy flow (group
velocity), which differs from the phase-normal direction
in anisotropic media [17]. Millington provided graphical [17]: Booker (1938), Prop-

agation of wave-packets
incident obliquely upon a
stratified doubly refracting
ionosphere

constructions for such rays in a curved ionosphere, while
Haselgrove recast the problem into a Hamiltonian system
of differential equations amenable to numerical integra-
tion on early digital computers [18, 19]. Her formulation [18]: Millington (1954),

Ray-path characteristics in
the ionosphere

[19]: Haselgrove (1955),
Ray Theory and a New
Method for Ray Tracing

marked a pivotal transition: the shift from hand-drawn ray
sketches to fully algorithmic ray tracing in generic, inho-
mogeneous media—a pattern that would later reemerge in
seismology and computer graphics.

In computer graphics, ray tracing emerged in the late 1960s
as a mechanism for solving visibility and shading problems.
Appel’s algorithm cast rays from the viewpoint through
each pixel, intersected them with scene geometry, and
spawned secondary rays toward light sources to deter-
mine if a point was illuminated or shadowed [20]. Whitted [20]: Appel (1968), Some

techniques for shading ma-
chine renderings of solids

generalized this approach by introducing recursive rays for
reflection and refraction, providing a unified framework

∗ Referred to elsewhere in the text as shadow regions.
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(a) Point-by-point shading. (b) Segment-by-segment outlining
of shadows.

Figure 2.2: Appel’s ray
tracing methods for com-
puting the shading and
shadowing of an object,
from [20, Fig. 6 & 7].

for specular transport capable of rendering mirror-like
and transparent objects with unprecedented realism [21].
This lineage culminated in path tracing and the render-
ing equation, where rays are interpreted as Monte Carlo
samples of an underlying transport integral, conceptually
echoing Conrady’s finite set of representative rays, albeit
in a stochastic setting.

Figure 2.3: Example im-
age rendered using Whit-
ted’s model, from [21,
Fig. 7].

Around the same time, acoustics researchers began apply-
ing similar techniques to develop an accurate theory of
sound reverberation. In 1967, Atal and Schroeder presented
what was likely the first application of ray tracing to model
room acoustics [22]. Independently, Krokstad, Strøm, and

[22]: Atal et al. (1967),
Study of Sound Decay
Using Ray-Tracing Tech-
niques on a Digital Com-
puter

Sørsdal published work on calculating the acoustical room
response using ray tracing [23].

[23]: Krokstad et al.
(1968), Calculating the
acoustical room response
by the use of a ray tracing
technique

Simultaneously, seismology adopted ray tracing to study
the propagation of seismic waves through the Earth’s in-
terior. Julian and Gubbins formulated practical “shooting”
and “bending” schemes to solve the two-point boundary-
value problem: finding a ray that connects an earthquake
source to a receiver through a heterogeneous velocity
field [24]. Červený and Hron extended this kinematic ray

[24]: Julian et al. (1977),
Three-dimensional seismic
ray tracing

theory to dynamic ray tracing, augmenting the path equa-
tions with additional differential equations for geometrical
spreading and wavefront curvature. This allowed for the
prediction of amplitudes in addition to travel times [25].

[25]: Červený et al. (1980),
The ray series method and
dynamic ray tracing sys-
tem for three-dimensional
inhomogeneous media

These developments established ray tracing as theworkhorse
of seismic tomography and earthquake location.

From the 1980s onward, ray-based methods in electro-
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magnetism began to connect more directly to the prop-
agation problems considered in this book. The shooting
and bouncing rays (SBR) method combined geometric op-
tics inside complex cavities with a final physical optics
(PO) integration on apertures to estimate the radar cross-
sections of electrically large structures [26]. In terrestrial [26]: Ling et al. (1989),

Shooting and bouncing
rays: calculating the RCS
of an arbitrarily shaped
cavity

wireless communications, deterministic ray tracing in ur-
ban environments was used to predict path loss and delay
spread by modeling buildings as reflective and diffracting
obstacles [27], an approach later surveyed and generalized [27]: Shaubackh et al.

(1992), A ray tracing
method for predicting
path loss and delay
spread in microcellular
environments

in comprehensive reviews of radio propagation model-
ing [28].

[28]: Yun et al. (2015), Ray
Tracing for Radio Propaga-
tion Modeling: Principles
and Applications

Figure 2.4: Concept of
an interception sphere
around the receiver
to capture incoming
rays from all directions,
from [27, Fig. 2].

In parallel, Keller’s geometrical theory of diffraction (GTD)
and the subsequent uniform theory of diffraction (UTD) by
Kouyoumjian and Pathak extended classical geometric op-
tics by introducing diffracted rays. This provided a consis-
tent high-frequency treatment of shadow boundaries and
edge diffraction, which is now standard in high-frequency
radio models [29, 30]. [29]: Keller (1962), Geo-

metrical Theory of Diffrac-
tion

[30]: Kouyoumjian et al.
(1974), A uniform geomet-
rical theory of diffraction
for an edge in a perfectly
conducting surface

The turn of the 21st century marked a paradigm shift
with the utilization of graphics processing units (GPUs)
for general-purpose scientific computing, instead of tradi-
tional central processing units (CPUs). In 2002, Purcell et
al. demonstrated the first full ray tracing pipeline running
on programmable graphics hardware, effectively treating
the GPU as a stream processor for global illumination
rather than just rasterization [31]. This proof-of-concept [31]: Purcell et al.

(2002), Ray tracing on
programmable graphics
hardware

evolved rapidly with the advent of compute-unified device
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Figure 2.5: Keller’s cone
(a) and plane (b) of diffrac-
tion, from [29, Fig. 1].

architectures (such as NVIDIA CUDA) and dedicated ray
tracing engines like NVIDIA OptiX [32], which abstracted [32]: Parker et al. (2010),

OptiX: a general purpose
ray tracing engine

the complexities of parallel intersection tests and bounding
volume hierarchy management.

These advances in computer graphics were rapidly adopted
by the radio propagation community to address the heavy
computational burden of deterministic channel model-
ing. By porting algorithms like SBR to GPUs, researchers
achieved orders-of-magnitude speedups compared to tra-
ditional CPU-based solvers. This leap in performance en-
abled the simulation of massive numbers of interactions
in complex urban environments in near real-time, mov-
ing ray tracing from offline analysis to potential online
applications. The subsequent integration of dedicated hard-
ware acceleration—such as ray tracing cores in modern
consumer GPUs—has further cemented this approach, pro-
viding the computational throughput necessary for the
deep learning integration described below.

Since then, the most recent evolutions of ray tracing have
been tightly coupled with machine learning and inverse
problems. Differentiable ray tracing, as introduced by Li et
al., enables the fast and convenient computation of gradi-
ents for rendered images with respect to geometry, mate-
rials, and lighting—even in the presence of discontinuities.
This capability effectively transforms ray tracing into a
differentiable layer within deep learning pipelines [33]. [33]: Li et al. (2018),Differ-

entiable Monte Carlo ray
tracing through edge sam-
pling
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Furthermore, the emergence of GPU-oriented differen-
tiable frameworks such as TensorFlow, PyTorch, or JAX
has made it possible to adopt these techniques in more
user-friendly and popular programming languages like
Python while maintaining high performance through JIT
compilation [34–36]. Building on these ideas, Sionna RT [34]: Abadi et al. (2015),

TensorFlow, Large-scale
machine learning on
heterogeneous systems

[35]: Ansel et al. (2024),
PyTorch 2: Faster Machine
Learning Through Dy-
namic Python Bytecode
Transformation and
Graph Compilation

[36]: Frostig et al. (2018),
Compiling machine learn-
ing programs via high-
level tracing

and DiffeRT, two open-source Python programs, apply
differentiable ray tracing to radio propagation, allowing
transmit configurations, antenna orientations, and mate-
rial parameters to be optimized via gradient-basedmethods
in an end-to-end communication system model [37, 38].

[37]: Hoydis et al. (2023),
Sionna RT: Differentiable
Ray Tracing for Radio
Propagation Modeling

[38]: Eertmans et al.
(2025), Demonstrating
DiffeRT: An Open-Source
Library for Optimizing
Radio Networks with
Differentiable Ray Tracing

In this sense, the historical trajectories of optics, acous-
tics, seismology, computer graphics, and electromagnetics
converge: the “ray” becomes a universal computational
primitive for high-frequency wave propagation, and its
differentiable variant is merely the latest iteration.

2.2 The High-Frequency
Approximation

In Chapter 1, we discussed the full-wave nature of elec-
tromagnetic fields. However, solving the wave equation
directly becomes computationally intractable when the
environment is large compared to the wavelength. Then,
through the knife-edge and two-raymodels, we introduced
solutions to the wave propagation problem that only con-
sider a discrete number of trajectories that we refer to as
ray paths. In this section, we will provide the theoretical
framework that allows us to approximate the wave as a
bundle of rays when the frequency is high enough.
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2.2.1 FromWaves to Rays: The
Lüneburg-Kline Expansion

Using the Lüneburg†-Kline ansatz [39, 40], we can express [39]: Lüneburg (1944),
Mathematical Theory of
Optics

[40]: Kline (1951), An
asymptotic solution of
Maxwell’s equations

the high-frequency electromagnetic fields in a source-free
region occupied by isotropic media as an asymptotic power
series in inverse powers of frequency 𝜔 as

𝐄(𝐫, 𝜔) ∼ 𝑒−𝑗𝑘Ψ(𝐫)
∞
∑
𝑚=0

𝐄𝑚(𝐫)
(𝑗𝜔)𝑚

, (2.1)

𝐇(𝐫, 𝜔) ∼ 𝑒−𝑗𝑘Ψ(𝐫)
∞
∑
𝑚=0

𝐇𝑚(𝐫)
(𝑗𝜔)𝑚

, (2.2)

where ∼ indicates an asymptotic equality, Ψ(𝐫) is the phase
function, and 𝑘 = 𝜔𝑣−1 is the wavenumber.

To derive the fundamental equations of ray optics, we
substitute the asymptotic expansions (2.1) and (2.2) into
the source-free Maxwell’s equations [41, Secs. 2.2.4 and
2.2.5]. For the remainder of this section, we will drop the [41]: McNamara et al.

(1990), Introduction to the
Uniform Geometrical The-
ory of Diffraction

explicit dependency on 𝐫 for brevity. For instance, consid-
ering Faraday’s law in the time-harmonic case (1.11), and
applying the vector identity

∇ × (𝑓 𝐅) = ∇𝑓 × 𝐅 + 𝑓 ∇ × 𝐅, (2.3)

with
𝑓 = 𝑒−𝑗𝑘Ψ, (2.4)

and

𝐅 =
∞
∑
𝑚=0

𝐄𝑚
(𝑗𝜔)𝑚

, (2.5)

we obtain

𝑒−𝑗𝑘Ψ
∞
∑
𝑚=0

[
∇ × 𝐄𝑚
(𝑗𝜔)𝑚

− 1
𝑣
∇Ψ × 𝐄𝑚
(𝑗𝜔)𝑚−1

] = −𝜇𝑒−𝑗𝑘Ψ
∞
∑
𝑚=0

𝐇𝑚
(𝑗𝜔)𝑚−1

, (2.6)

where we used the relation 𝑘 = 𝜔𝑣−1.

† While many papers, including Kline’s, cite him as Luneberg, the correct
spelling is Lüneburg.
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At high frequencies, the denominator 𝜔𝑚 becomes ex-
tremely large, so that the terms in the series decrease
very rapidly. We can therefore reasonably truncate the
series when the exponent is greater than 0, and simplify
the expression, which leads to

[
𝑣−1(∇Ψ × 𝐄0)

(𝑗𝜔)−1
+
𝑣−1(∇Ψ × 𝐄1) − ∇ × 𝐄0

(𝑗𝜔)0
] = 𝜇 [

𝐇0
(𝑗𝜔)−1

+
𝐇1
(𝑗𝜔)0

] . (2.7)

Because (2.7) must hold for different frequencies, we can
equate the left- and right-hand side coefficients of the
different powers of 𝑗𝜔. For the leading-order terms, we
find

1
𝑣
(∇Ψ × 𝐄0) = 𝜇𝐇0. (2.8)

A similar procedure applied to the other Maxwell’s equa-
tions in the time-harmonic case (1.12), (1.9), and (1.10),
yields three additional relations for the leading-order terms

1
𝑣
(∇Ψ × 𝐇0) = −𝜖𝐄0, (2.9)

∇Ψ ⋅ 𝐄0 = 0, (2.10)

∇Ψ ⋅ 𝐇0 = 0. (2.11)

Equations (2.10) and (2.11) reveal that the electric and mag-
netic field vectors are orthogonal to each other and to
the direction of propagation ∇Ψ, confirming that high-
frequency waves behave locally as uniform TEM plane
waves.

2.2.2 The Eikonal Equation

We can rewrite the first relation (2.8) using the intrinsic

impedance 𝑍 = √
𝜇
𝜖 = 𝜇𝑣 to obtain

𝐇0 =
1
𝑍
(∇Ψ × 𝐄0). (2.12)
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Substituting this into (2.9) and applying the vector triple
product identity gives

(∇Ψ ⋅ 𝐄0)∇Ψ − |∇Ψ|2𝐄0 = −𝐄0. (2.13)

Since ∇Ψ ⋅ 𝐄0 = 0 from (2.10), the previous equation sim-
plifies directly to what is called the eikonal equation

|∇Ψ|2 = 1. (2.14)

As a consequence, the phase function Ψ(𝐫) is sometimes
referred to as the eikonal function. In this normalization,
Ψ has the dimension of length and can be interpreted as
an optical path-length coordinate. In homogeneous media,
it grows linearly along each ray trajectory.

2.2.3 The Transport Equations

While the eikonal equation determines the phase variation
along the propagation path of high-frequency fields, the
amplitude variation along this path is governed by the
transport equations. These are obtained by substituting the
Lüneburg-Kline expansion for the electric field (2.1) into
the vector Helmholtz equation (1.17). After differentiating
and grouping the terms by powers of 𝑗𝜔, we obtain

𝑒−𝑗𝑘Ψ
∞
∑
𝑚=0

[
(1 − |∇Ψ|2)𝐄𝑚
𝑣(𝑗𝜔)𝑚−2

−
𝐄𝑚∇2Ψ + 2(∇Ψ ⋅ ∇)𝐄𝑚

𝑣(𝑗𝜔)𝑚−1
+

∇2𝐄𝑚
(𝑗𝜔)𝑚

] = 0. (2.15)

Again, we can equate the coefficients of the different pow-
ers of 𝑗𝜔 by grouping terms of equal magnitude in inverse
powers of frequency. For the (𝑗𝜔)2 coefficients, we re-
obtain the eikonal equation. In the case of the coefficients
of (𝑗𝜔)1, we obtain the zeroth-order transport equation

2(∇Ψ ⋅ ∇)𝐄0 + (∇2Ψ)𝐄0 = 0. (2.16)
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This equation enforces the conservation of energy flux. As
a wave propagates, the term ∇2Ψ acts as a measure of the
wavefront’s curvature: positive values correspond to local
divergence (amplitude decay), while negative values cor-
respond to convergence (amplitude growth). In the locally
planar limit, ∇2Ψ → 0, so amplitude changes are driven
only by higher-order effects.

Equating the (𝑗𝜔)0 terms leaves only one remaining rela-
tion

∇2𝐄0 = 0. (2.17)

Finally, the higher-order transport equations are obtained
by equating the coefficients of the remaining powers of 𝑗𝜔,
i.e.,

2(∇Ψ ⋅ ∇)𝐄𝑚 + (∇2Ψ)𝐄𝑚 = −𝑣∇2𝐄𝑚−1, (2.18)

with 𝑚 ≥ 1, but they are not used in the high-frequency
approximation.

2.2.4 GO Ray Trajectories Follow Straight
Lines

As motivated earlier, the higher-order terms in the asymp-
totic expansions (2.1) and (2.2) can be neglected in the
high-frequency approximation. The only remaining terms
are the lowest ones: 𝐄0 and 𝐇0. Those are called the geo-
metrical optics (GO) field terms

𝐄(𝐫, 𝜔) ∼
𝜔→∞

𝐄0(𝐫)𝑒−𝑗𝑘Ψ(𝐫), (2.19)

𝐇(𝐫, 𝜔) ∼
𝜔→∞

𝐇0(𝐫)𝑒−𝑗𝑘Ψ(𝐫). (2.20)

By reusing what we have derived in the previous sections,
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𝑑𝑆𝑜

𝑑𝑆

𝐬̂

axial
ray

|𝑠|

𝑠 = 0

𝑠 = 𝑠 Figure 2.6: Narrow
ray tube, reproduced
from [41, Fig. 2.2].

we can compute the Poynting vector

𝐒 = 𝐄 × 𝐇∗, (2.21)

= 1
𝑍
𝐄0 × 𝐇∗

0 , (2.22)

= 1
𝑍
(𝐄0 ⋅ 𝐄∗0)∇Ψ, (2.23)

= 1
𝑍
|𝐄0|2∇Ψ, (2.24)

which indicates that the power flows along the direction
of propagation ∇Ψ.

Moreover, the eikonal equation (2.14) imposes that |∇Ψ| =
1, which means that the direction of the Poynting vector 𝐬̂
is exactly equal to ∇Ψ. We call this the ray direction. Since
𝐬̂ is a unit vector, GO rays can be understood as curves
everywhere tangent to this direction, representing the
paths along which electromagnetic energy propagates.

A fundamental property of GO is that energy transport
occurs exclusively along ray trajectories—there is no trans-
verse energy flow perpendicular to a ray. This leads natu-
rally to the concept of a ray tube: a bundle of neighboring
rays surrounding a central reference ray, as illustrated in
Figure 2.6. Because the boundary of such a tube is con-
structed from the trajectories of adjacent rays, and because
energy cannot cross these boundaries, the electromagnetic
power passing through any cross-section of a given ray
tube remains constant in the absence of absorption or
scattering. This power conservation principle is central to
understanding how field amplitudes evolve as wavefronts
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𝑦

𝑧

𝑥

𝑠 = 0

𝑠 = 𝑠
𝐫

𝐫 +
d𝐫

d𝐫

d𝐫 = 𝐬̂ d𝑠 Figure 2.7: Ray coordi-
nate system, reproduced
from [41, Fig. 2.3].

expand or contract.

From the orthogonality of 𝐄0 and𝐇0 with respect to ∇Ψ, we
can deduce that the GO fields act locally as plane waves.

Now that we have established this, we still are missing in-
formation about the ray trajectory, polarization, amplitude
and phase of the wave as it propagates.

Ray Trajectories

For the trajectory, we express the position vector 𝐫 as a
function of a single coordinate 𝑠measured along the propa-
gation direction 𝐬̂, as shown in Figure 2.7. An infinitesimal
increment in the position vector d𝐫 is related to the in-
finitesimal increment in 𝑠 through the relation

d𝐫 = 𝐬̂d𝑠. (2.25)

Then, we can rewrite the eikonal equation (2.14) as

dΨ
d𝑠

= 1, (2.26)
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and the zeroth-order transport equation (2.16) as

2
d𝐄0
d𝑠

+ (∇2Ψ)𝐄0 = 0. (2.27)

For the ray trajectory, differentiating the relation d𝐫
d𝑠 = ∇Ψ

with respect to 𝑠 yields

d2𝐫
d𝑠2

= d
d𝑠
(∇Ψ) = (𝐬̂ ⋅ ∇)∇Ψ = (∇Ψ ⋅ ∇)∇Ψ. (2.28)

Using the vector identity (∇Ψ⋅∇)∇Ψ = 1
2∇(|∇Ψ|

2) alongwith
the eikonal equation (2.14), we obtain the second-order
differential equation,

d2𝐫
d𝑠2

= 0, (2.29)

which has a solution in the form of a straight line

𝐫(𝑠) = 𝐀 + 𝑠𝐁, (2.30)

where 𝐀 and 𝐁 are constant vectors.

Although we have demonstrated that the trajectories of
GO fields follow straight lines in homogeneous media, it
is important to note that this is not true in inhomo-
geneous media, where the ray trajectories are curved.
While it is not trivial to solve for the exact ray trajecto-
ries in inhomogeneous media, it is possible to do so in
piecewise homogeneous media, which is the case in most
practical scenarios. In these media, rays travel in straight
lines within homogeneous regions but bend at interfaces
according to Snell’s law.

Lastly, it is essential to highlight that ray tracing algo-
rithms almost always assume that ray trajectories are lin-
ear. Consequently, for the remainder of this book, when
we refer to ray trajectories, we are referring to straight
line segments.
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Polarization

As discussed in Chapter 1, we can express the electric and
magnetic fields of a locally plane wave as combinations of
two orthogonal polarizations. In the non-restrictive case
of a single polarization direction for both fields, which
we denote as the unit vectors 𝐞̂ and 𝐡̂ for the electric and
magnetic fields, respectively, we can write

𝐞̂ =
𝐄0
|𝐄0|

, and 𝐡̂ =
𝐇0
|𝐇0|

. (2.31)

From the properties established in the previous sections,
these unit vectors are orthogonal to the ray direction 𝐬̂,
yielding

𝐞̂ ⋅ 𝐬̂ = 0, and 𝐡̂ = 𝐬̂ × 𝐞̂. (2.32)

To determine how the polarization behaves as the wave
propagates, we evaluate its change along the ray trajectory
by examining the derivative d𝐞̂

d𝑠 . Using the definition of 𝐞̂
along with the zeroth-order transport equation (2.16), we
can algebraically deduce that this derivative vanishes

d𝐞̂
d𝑠

= 0. (2.33)

This result demonstrates that the polarization vector 𝐞̂
remains constant as the ray propagates through homo-
geneous regions. Consequently, once the polarization is
initialized at a reference point, it is perfectly defined along
the entirety of the ray path until it interacts with an object.
This property simplifies ray tracing, allowing us to only
consider polarization changes during discrete interactions
(like reflections, transmissions, or diffractions).

For more complex fields exhibiting circular or elliptical po-
larizations, linearity allows us to decompose the field into
two orthogonal linear components, track their constant
polarization directions independently along the ray paths,
and recombine them to find the total state.
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Phase

The phase variation of the GO field along a ray trajec-
tory is governed by the eikonal equation (2.14), taking the
form |∇Ψ| = 1. In a homogeneous medium, where rays are
straight lines and orthogonal to the equiphase surfaces,
the incremental phase change dΨ over a small distance d𝑠
is simply

dΨ = |∇Ψ|d𝑠 = d𝑠. (2.34)

Integrating this relation along the ray path from a refer-
ence origin 𝑠0 to an arbitrary distance 𝑠 yields

Ψ(𝑠) − Ψ(𝑠0) = 𝑠 − 𝑠0. (2.35)

By adopting the convention that the reference point is
placed at 𝑠0 = 0, the phase function evolution simplifies
to

Ψ(𝑠) = Ψ(0) + 𝑠. (2.36)

Consequently, the exponential phase term describing the
spatial oscillation of the field along the ray reduces to

𝑒−𝑗𝑘Ψ(𝑠) = 𝑒−𝑗𝑘Ψ(0)𝑒−𝑗𝑘𝑠. (2.37)

Amplitude

The final element required to fully define the GO field
behavior is the amplitude continuation function. To ob-
tain this, we must solve the zeroth-order transport equa-
tion (2.16). This differential equation can be integrated
with respect to 𝑠 from the reference point 𝑠 = 0 to yield

𝐄0(𝑠) = 𝐄0(0) exp [−
1
2

𝑠

∫
0

∇2Ψ d𝑠′] . (2.38)

To make (2.38) practically useful, we must evaluate the
Laplacian of the phase, ∇2Ψ, which relates to the curvature
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Figure 2.8: Diverging astigmatic ray tube, reproduced from [41, Fig. 2.4].

of the wavefront. First, we define an astigmatic ray tube
to be a narrow bundle of rays centered around a central
ray, as illustrated in Figure 2.6. At the reference wavefront
Ψ(0), the tube has two principal radii of curvature, 𝜌1 and
𝜌2. As the wave propagates a distance 𝑠 along the central
ray to reach surface Ψ(𝑠), these principal radii expand to
𝜌1 + 𝑠 and 𝜌2 + 𝑠. This is illustrated in Figure 2.8.

The ratio of the physical cross-sectional area of the ray
tube at distance 𝑠 to its area at 𝑠 = 0 can be connected
to the divergence of the power density vector. Through
the divergence theorem, this leads to the intensity law (or
power conservation along the ray tube), allowing us to
rewrite the exponential term analytically as the square root
of the ratio of the ray tube areas. Thus, the field amplitude
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evolves as

𝐄0(𝑠) = 𝐄0(0)
√

𝜌1𝜌2
(𝜌1 + 𝑠)(𝜌2 + 𝑠)

. (2.39)

Combining the amplitude, phase, and polarization compo-
nents, the complete and final expression for the GO electric
field at a distance 𝑠 from a reference point is

𝐄(𝑠) = 𝐄(0)
√

𝜌1𝜌2
(𝜌1 + 𝑠)(𝜌2 + 𝑠)

𝑒−𝑗𝑘𝑠, (2.40)

where we have incorporated the initial phase 𝑒−𝑗𝑘Ψ(0) into
the complex reference field 𝐄(0).

Equation (2.40) represents the ray optical continuation.
Given the initial complex vector field 𝐄(0) and the wave-
front’s principal radii of curvature 𝜌1 and 𝜌2 at a known
point, we can compute the precise characteristics of the
GO field at any subsequent point along the ray trajectory.
The square-root term,

𝐴(𝑠) =
√

𝜌1𝜌2
(𝜌1 + 𝑠)(𝜌2 + 𝑠)

, (2.41)

is called the spreading factor, and it accounts for the di-
vergence or convergence of the ray tube as the wavefront
propagates. For plane waves (𝜌1, 𝜌2 → ∞), the spreading
factor approaches unity, while for curved wavefronts it
modulates the amplitude decay (or growth, if the wave
converges).

This analytical simplicity is a key strength of ray tracing,
although the formulation does break down when the ray
tube converges precisely to a line or point (𝜌1+𝑠 = 0 or 𝜌2+
𝑠 = 0). Such locations are known as caustics, and at these
points, equation (2.40) incorrectly predicts an infinite field
magnitude. Modeling the true bounded fields near caustics
requires more advanced techniques that fall beyond the
scope of simple GO.

Three special cases of wavefront curvature are worth not-
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ing: planar wavefronts, cylindrical wavefronts, and spher-
ical wavefronts. All of them are solutions to the eikonal
equation (2.14).

Plane waves For a plane wave, both principal radii of
curvature approach infinity (𝜌1 → ∞ and 𝜌2 → ∞), indi-
cating that the wavefront surfaces are perfectly flat and
parallel. Substituting these limits into (2.40), the spreading
factor reduces to unity, yielding

𝐄(𝑠) = 𝐄(0)𝑒−𝑗𝑘𝑠. (2.42)

This expression shows that plane waves propagate with-
out amplitude decay due to spreading—only the phase
advances linearly with distance. This idealization is of-
ten used to approximate fields in the far-field region of a
source, where the wavefront curvature becomes negligible
over the observation region.

Cylindrical waves A cylindrical wave arises when one
principal radius of curvature is finite while the other ap-
proaches infinity. Without loss of generality, let 𝜌1 → ∞
and 𝜌2 = 𝜌. This corresponds to a wavefront that is flat
in one transverse direction but curved in the other, such
as the field radiated by an infinite line source. Applying
these conditions to (2.40) gives

𝐄(𝑠) = 𝐄(0)
√

𝜌
𝜌 + 𝑠

𝑒−𝑗𝑘𝑠. (2.43)

The amplitude decays proportionally to 1
√𝑠

as 𝑠 becomes
large compared to 𝜌, reflecting the one-dimensional spread-
ing of energy in the curved direction.

Spherical waves When both principal radii of curva-
ture are equal and finite (𝜌1 = 𝜌2 = 𝜌), the wavefront is
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spherical, characteristic of radiation from a point source.
Equation (2.40) simplifies to

𝐄(𝑠) = 𝐄(0)
𝜌

𝜌 + 𝑠
𝑒−𝑗𝑘𝑠. (2.44)

For large distances where 𝑠 ≫ 𝜌, this reduces to the familiar
1
𝑠 amplitude decay, corresponding to the inverse-distance
law for spherical wave propagation. This is the most com-
monwavefront geometry encountered in practical antenna
radiation and point-source scattering problems.

2.2.5 Fermat’s Principle

An alternative and powerful formulation for determining
ray trajectories is provided by Fermat’s principle, which
states that the path taken by a ray between two points is
such that the optical path length is stationary (typically a
minimum, but more generally an extremum). The optical
path length 𝐿 along a trajectory from point 𝐀 to point 𝐁 is
defined as

𝐿 =
𝐁

∫
𝐀

𝑛(𝑠) d𝑠, (2.45)

where 𝑛(𝑠) is the refractive index of the medium and the
integral is taken along the ray path.

In a homogeneous medium with constant 𝑛, this reduces
to simply the geometric distance, and Fermat’s principle
confirms that rays travel in straight lines. However, the
true utility of Fermat’s principle emerges when rays inter-
act with boundaries or propagate through inhomogeneous
media. At interfaces, the principle directly leads to laws
of reflection and refraction, as derived by Snell, without
requiring explicit solution of the transport equations.

Fermat’s principle provides a practical advantage to ray
tracing algorithms. Rather than solving differential equa-
tions for ray trajectories, the problem can be redefined
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as an optimization problem: finding the path that extrem-
izes optical length. This variational approach is extremely
valuable in scenarios involving reflections, refractions, and
diffractions at surfaces because the interaction points and
ray directions can be determined by enforcing the station-
arity condition. This geometric interpretation is funda-
mental to many efficient ray tracing techniques, the most
important of which will be introduced in Chapter 3, and
it provides intuitive insight into the physical behavior of
high-frequency wave propagation.

2.2.6 Geometrical Optics versus Physical
Optics

At this stage, we should clearly distinguish two asymptotic
frameworks that apply to high frequencies: geometrical
optics (GO) and physical optics (PO). Both operate in the
short-wavelength regime, but they model wave–object
interactions differently.

GO is the framework developed in the previous sections. It
represents propagation through ray trajectories governed
by the eikonal equation, with amplitude and phase contin-
ued by the transport equations and the spreading factor.
Interactions are treated locally through geometric laws
(e.g., reflection or refraction), which makes the method
computationally efficient and well suited to large deter-
ministic channel simulations. As we will see later in this
chapter, its main limitation is also geometric: classical GO
predicts discontinuous fields at shadow boundaries and no
field in shadow regions.

PO, in contrast, is a surface-current formulation. The inci-
dent field (often obtained from a GO construction) is first
used to approximate equivalent electric and magnetic cur-
rents on illuminated parts of a scatterer, and the scattered
field is then evaluated through surface integration of those
currents. This description better captures finite-surface
scattering and naturally yields continuous transitions near
shadow boundaries, but at a much higher computational
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cost because each interaction requires evaluating surface
integrals.

For the remainder of this book, we adopt a GO-based ray
tracing model and account for its shadow-boundary de-
ficiencies with UTD. The purpose of this subsection is
therefore not to develop PO, but to clarify terminology
and scope before introducing reflection and diffraction
models in the next sections.

2.3 Antenna Modeling in Ray
Tracing

In Chapter 1, we introduced the fundamental properties
of antennas, including their radiation patterns, directivity,
and gain. However, a complete electromagnetic model of
an antenna involves solving Maxwell’s equations in the
near-field region, which is computationally prohibitive for
large-scale ray tracing simulations. Fortunately, for typ-
ical wireless communication scenarios, the interactions
between transmitters and receivers occur in the far-field
region, where a significantly simplified model can be em-
ployed. This section describes how antennas are modeled
in ray tracing frameworks through far-field approxima-
tions.

2.3.1 Transmitting Antenna

In the far-field region of an antenna radiating in free space,
the electric field can be accurately represented as a spheri-
cal wave emanating from the antenna’s phase center. At
a point in space defined by spherical coordinates (𝑟 , 𝜃 , 𝜑),
where 𝑟 is the radial distance, 𝜃 is the polar angle, and 𝜑 is
the azimuth angle, the electric field phasor of the radiated
wave takes the form

𝐄(𝑟 , 𝜃, 𝜑) = 𝐄0(𝜃, 𝜑)
𝑒−𝑗𝑘𝑟

𝑟
, (2.46)
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where 𝐄0(𝜃, 𝜑) is the complex vector amplitude that de-
pends on the direction of observation but not on the dis-
tance. This 1

𝑟 decay reflects the spherical spreading of
energy as discussed in the previous section.

To make this expression practical for ray tracing, we intro-
duce the normalized complex antenna field pattern 𝐅(𝜃, 𝜑),
which characterizes the directional radiation properties of
the antenna. According to IEEE Std 145, a radiation pat-
tern describes the spatial distribution of a physical quantity
(such as field strength or power density) that characterizes
the electromagnetic field generated by an antenna. In par-
ticular, a field pattern is defined for a specific component
of the electric field (e.g., the 𝜃 or 𝜑 polarization compo-
nent) and is normalized to its maximum magnitude. To
capture the full polarimetric vector nature, we define the
normalized complex field pattern vector 𝐅(𝜃, 𝜑) through its
components in the spherical basis as

𝐅(𝜃, 𝜑) = 𝐹𝜃(𝜃, 𝜑) ̂𝜽 + 𝐹𝜑(𝜃, 𝜑)𝝋̂, (2.47)

where each component pattern is normalized by the maxi-
mum magnitude of the total electric field in the far field,
i.e.,

𝐹𝜃(𝜃, 𝜑) =
𝐸0,𝜃(𝜃, 𝜑)

max𝜃′,𝜑′ ‖𝐄0(𝜃′, 𝜑′)‖
, 𝐹𝜑(𝜃, 𝜑) =

𝐸0,𝜑(𝜃, 𝜑)
max𝜃′,𝜑′ ‖𝐄0(𝜃′, 𝜑′)‖

. (2.48)

By this construction, the maximum magnitude of the nor-
malized complex vector field pattern satisfies

max
𝜃,𝜑

‖𝐅(𝜃, 𝜑)‖ = 1, (2.49)

where 𝐹𝜃 and 𝐹𝜑 are complex-valued functions capturing
both the amplitude and phase variation of the respective
polarization components. Because the field pattern is de-
fined using the field envelope 𝐄0 rather than the full spher-
ical wave 𝐄(𝑟 , 𝜃, 𝜑), the radial factor 1

𝑟 is factored out.

The time-averaged Poynting vector for such a spherical
wave, which represents the power density per unit area, is
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given by
𝐒avg(𝑟 , 𝜃 , 𝜑) =

1
2𝑍0

‖𝐄(𝑟 , 𝜃 , 𝜑)‖2𝐫̂, (2.50)

where 𝐫̂ is the radial unit vector.

To describe the angular distribution of radiated power
independently of distance, we define the radiation intensity
𝑈 (𝜃, 𝜑) as the power radiated per unit solid angle. It is
obtained by multiplying the radial power density by the
square of the distance, i.e.,

𝑈 (𝜃, 𝜑) = 𝑟2‖𝐒avg(𝑟 , 𝜃 , 𝜑)‖ =
1
2𝑍0

‖𝐄0(𝜃, 𝜑)‖2. (2.51)

Since the time-averaged power density ‖𝐒avg‖ decays as
1
𝑟2

in the far field due to the spherical spreading of the electric
field magnitude (proportional to 1

𝑟 ), the multiplication by
𝑟2 cancels this distance dependence, leaving 𝑈 (𝜃, 𝜑) as a
purely angular quantity.

Using the same notation as in the previous chapter, we can
find the expression for the directivity 𝐷(𝜃, 𝜑) of a trans-
mitting antenna, which compares its radiation intensity
to that of an isotropic radiator, given by

𝐷(𝜃, 𝜑) =
𝑈 (𝜃, 𝜑)

1
4𝜋 ∫

2𝜋
0 ∫𝜋0 𝑈 (𝜃′, 𝜑′) sin 𝜃′ d𝜃′ d𝜑′

. (2.52)

The gain 𝐺(𝜃, 𝜑) of the transmitting antenna is related to
directivity by its radiation efficiency 𝜂rad. Directivity is
purely angular and lossless by construction, whereas gain
additionally accounts for ohmic and mismatch losses; the
two quantities coincide only when 𝜂rad = 1. Assuming an
ideal, lossless antenna, the total radiated power equals the
net power captured by the antenna from the connected
transmitter, denoted as 𝑃𝑡, and the gain is given by

𝐺(𝜃, 𝜑) =
𝑈 (𝜃, 𝜑)

𝑃𝑡
4𝜋

= 2𝜋
𝑍0𝑃𝑡

‖𝐄0(𝜃, 𝜑)‖2. (2.53)
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The maximum gain of the transmitting antenna is denoted
as

𝐺𝑡 ≝ max
𝜃,𝜑

𝐺(𝜃, 𝜑). (2.54)

Because 𝐺(𝜃, 𝜑) is proportional to ‖𝐄0(𝜃, 𝜑)‖2, the normal-
ized field pattern is related to the gain by𝐺(𝜃, 𝜑) = 𝐺𝑡‖𝐅(𝜃, 𝜑)‖2.
Therefore, we can express the complex amplitude as

𝐄0(𝜃, 𝜑) = √
𝑃𝑡𝐺𝑡𝑍0
2𝜋

𝐅(𝜃, 𝜑). (2.55)

By combining these expressions, we obtain the electric far
field of a transmitting antenna as a function of the transmit
power, maximum gain, and normalized field pattern, given
by

𝐄𝑡(𝑟 , 𝜃𝑡, 𝜑𝑡) = √
𝑃𝑡𝐺𝑡𝑍0
2𝜋

𝑒−𝑗𝑘𝑟

𝑟
𝐅𝑡(𝜃𝑡, 𝜑𝑡), (2.56)

where 𝜃𝑡 and 𝜑𝑡 are the angles defining the direction of the
ray emanating from the transmitting antenna.

2.3.2 Receiving Antenna

While the transmitting antenna radiates a spherical wave,
the receiving antenna typically observes an incoming plane
wave 𝐄𝑟 arriving from a specific direction (𝜃𝑟, 𝜑𝑟), defined in
the local spherical coordinate system of the receiver. This
is because, by reciprocity, the field that has propagated
over large distances and potentially undergone multiple
interactions appears locally planar at the receiving antenna
location. The Poynting vector of this incoming wave is

𝐒𝑟 = − 1
2𝑍0

‖𝐄𝑟‖2𝐫̂(𝜃𝑟, 𝜑𝑟), (2.57)

where the negative sign indicates power flow toward the
receiving antenna.

The antenna aperture (or effective area) 𝐴𝑒,𝑟 of the receiv-
ing antenna characterizes its ability to extract power from
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an incident plane wave. For an antenna with gain 𝐺𝑟, this
aperture is related to the wavelength by

𝐴𝑒,𝑟(𝜃𝑟, 𝜑𝑟) = 𝐺𝑟(𝜃𝑟, 𝜑𝑟)
𝜆2

4𝜋
, (2.58)

where 𝜆 = 2𝜋
𝑘 is the wavelength. For perfect polarization

matching and optimal antenna orientation toward the in-
coming wave direction, the maximum available received
power 𝑃𝑟 is given by

𝑃𝑟 = 𝐴𝑒,𝑟‖𝐒𝑟‖ = 𝐺𝑟
𝜆2

4𝜋
‖𝐄𝑟‖2

2𝑍0
. (2.59)

However, in general, the polarization of the incident wave
may not align with the receiving antenna’s polarization
preference, and the wave may arrive from a direction
where the antenna gain is not maximal. To account for
these effects, we express the received power in terms of
the receiving antenna’s normalized complex field pattern
𝐅𝑟(𝜃𝑟, 𝜑𝑟) and its maximum gain 𝐺𝑟. The polarization mis-
match is quantified by the polarization efficiency (or po-
larization mismatch factor) 𝜂pol, which is the squared mag-
nitude of the inner product between the unit polarization
vector representing the antenna’s receiving polarization
state

𝝆̂𝑟 =
𝐅∗𝑟 (𝜃𝑟, 𝜑𝑟)
‖𝐅𝑟(𝜃𝑟, 𝜑𝑟)‖

, (2.60)

and the unit polarization vector of the incident wave

𝝆̂𝑖 =
𝐄𝑟
‖𝐄𝑟‖

, (2.61)

given by

𝜂pol = |𝝆̂𝑟 ⋅ 𝝆̂𝑖|
2 = |

𝐅∗𝑟 (𝜃𝑟, 𝜑𝑟)𝐄𝑟
‖𝐅𝑟(𝜃𝑟, 𝜑𝑟)‖‖𝐄𝑟‖

|
2
, (2.62)

where the superscript ∗ denotes the Hermitian transpose
(conjugate transpose). Combining this mismatch factor
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with the directional effective area

𝐴𝑒,𝑟(𝜃𝑟, 𝜑𝑟) = 𝐺𝑟‖𝐅𝑟(𝜃𝑟, 𝜑𝑟)‖2
𝜆2

4𝜋
, (2.63)

and the incident power density

‖𝐒𝑟‖ =
‖𝐄𝑟‖2

2𝑍0
, (2.64)

the received power becomes

𝑃𝑟 = 𝐴𝑒,𝑟(𝜃𝑟, 𝜑𝑟)‖𝐒𝑟‖𝜂pol = 𝐺𝑟‖𝐅𝑟(𝜃𝑟, 𝜑𝑟)‖2
𝜆2

4𝜋
‖𝐄𝑟‖2

2𝑍0
|
𝐅∗𝑟 (𝜃𝑟, 𝜑𝑟)𝐄𝑟

‖𝐅𝑟(𝜃𝑟, 𝜑𝑟)‖‖𝐄𝑟‖
|
2
. (2.65)

Since the norms ‖𝐅𝑟(𝜃𝑟, 𝜑𝑟)‖2 and ‖𝐄𝑟‖2 in the numerator and
denominator cancel out, this simplifies to the compact
received power formula

𝑃𝑟 = 𝐺𝑟
𝜆2

8𝜋𝑍0
|𝐅∗𝑟 (𝜃𝑟, 𝜑𝑟)𝐄𝑟|

2 . (2.66)

The inner product term 𝐅∗𝑟 𝐄𝑟 naturally accounts for po-
larization mismatch—if the incident field is orthogonal to
the antenna pattern (e.g., a horizontally polarized wave
incident on a vertically polarized antenna), the received
power vanishes.

The transmitting and receiving antennamodels thus define
the boundary conditions of a ray-based channel: they de-
termine how fields are launched into the environment and
how arriving fields are projected at the receiver. However,
as discussed in Chapter 1, propagation through realistic
environments involves boundary interactions (reflection,
transmission, diffraction, etc.) that modify polarization in
addition to amplitude and phase. The next ingredient is
therefore a compact formalism to propagate polarization
through these interactions without repeatedly switching
to full vector-field algebra.
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2.4 Introduction to Jones Calculus

The propagation and scattering of electromagnetic waves
in ray tracing require careful tracking of the polarization
state as a field interacts with various objects in the envi-
ronment. In Chapter 1, polarization was introduced as the
superposition of two orthogonal transverse components,
using the (⟂, ∥) notation relative to the plane of incidence.
We now formalize that idea algebraically. A compact tool
for this purpose is Jones calculus, originally introduced by
R. Clark Jones for polarized light [42]. Although developed [42]: Jones (1941), A New

Calculus for the Treatment
of Optical Systems. I. De-
scription and Discussion of
the Calculus

in optics, the same complex two-component formalism
applies directly to monochromatic electromagnetic waves
in radio propagation: the field is represented in a local
transverse basis, and each interaction is modeled as a 2 × 2
complex matrix acting on that vector.

2.4.1 Jones Vectors

Consider a monochromatic plane wave oscillating in a
plane perpendicular to its direction of propagation. The
complex electric field of this wave can be expressed as a
superposition of two orthogonal polarization components.
At any point in space, we can decompose this field into
components in a local basis; for interactions with surfaces,
it is conventionally chosen as the plane of incidence and
its perpendicular direction.

Let 𝐞̂⟂ and 𝐞̂∥ denote orthonormal basis vectors perpen-
dicular and parallel to the plane of incidence, respectively.
The complex electric field 𝐄 can then be written as

𝐄 = 𝐸⟂𝐞̂⟂ + 𝐸∥𝐞̂∥, (2.67)

where 𝐸⟂ and 𝐸∥ are complex amplitudes representing the
field components. The Jones vector is the compact repre-
sentation of this field in the local basis

𝐞 = [
𝐸⟂
𝐸∥
] . (2.68)
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With this representation, the magnitude of the Jones vector
gives the overall field amplitude, and the relative phase
between the two components encodes the polarization
state (linear, circular, or elliptical).

2.4.2 Jones Matrices

When an electromagnetic wave interacts with an object—
whether it reflects off a surface, transmits through a di-
electric, or diffracts around an edge—the polarization state
changes. In Jones calculus, this interaction is modeled by
a 2 × 2 complex matrix, the Jones matrix 𝐉, that transforms
the incident Jones vector into the scattered (or transmitted)
Jones vector

𝐞out = 𝐉𝐞in. (2.69)

For an isotropic interaction at a smooth interface (such as
a planar surface separating two homogeneous media), the
Jones matrix is diagonal in the plane-of-incidence basis

𝐉 = [
𝐽⟂ 0
0 𝐽∥

] , (2.70)

where 𝐽⟂ and 𝐽∥ are complex coefficients (e.g., Fresnel re-
flection or transmission coefficients) that depend on the
material properties and angle of incidence.

In the ray optics literature, Jones matrices are often re-
ferred to as dyadic coefficients (or simply dyadics) when
they represent the field transformation at an interaction.
For example, the reflection and diffraction interactions in-
troduced later in this chapter are characterized by dyadic
reflection and diffraction coefficients, which are 2 × 2 com-
plex matrices that act on the transverse field components
in exactly the same manner as Jones matrices. This termi-
nology emphasizes the tensor nature of the polarization
transformation and is standard in GTD and UTD formula-
tions.
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2.4.3 Basis Rotations

In three-dimensional ray tracing, the ray propagates through
a global coordinate frame (e.g., a Cartesian system fixed to
the scene). However, each scattering interaction is natu-
rally described in its own local frame, where the principal
directions of polarization are perpendicular and parallel
to the plane of incidence.

To apply the Jones matrix formalism, one must:

1. Rotate from global to local basis to transform the
incident field vector from the global polarization
frame to the local frame of the interaction using an
appropriate rotation matrix.

2. Apply the Jones matrix to compute the scattered field
by multiplying the (rotated) incident Jones vector by
the interaction’s Jones matrix.

3. Rotate back to global basis to transform the scattered
field vector from the local frame back to the global
polarization frame for subsequent propagation and
interactions.

Mathematically, if 𝐑 is the matrix that projects global po-
larization components onto the local interaction basis (and
𝐑−1 maps them back), the complete transformation is

𝐞outglobal = 𝐑−1𝐉𝐑𝐞inglobal. (2.71)

In practice, 𝐑 is built directly from basis dot products. Let
{𝐠̂1, 𝐠̂2} denote the global polarization basis used to carry
the field, and let {ℓ̂1, ℓ̂2} denote the local interaction basis
(typically 𝐞̂⟂, 𝐞̂∥). Then

𝑅𝑖𝑗 = 𝐠̂𝑖 ⋅ ℓ̂𝑗, (2.72)

that is,

𝐑 = [
𝐠̂1 ⋅ ℓ̂1 𝐠̂1 ⋅ ℓ̂2
𝐠̂2 ⋅ ℓ̂1 𝐠̂2 ⋅ ℓ̂2

] . (2.73)

This gives an implementation-ready recipe: normalize both
bases and fill a 2 × 2 matrix with projection coefficients.
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For intuition, if the local basis is obtained by rotating the
global basis by an angle 𝛾 in the transverse plane, one can
write

𝐑(𝛾) = [
cos 𝛾 sin 𝛾
− sin 𝛾 cos 𝛾] , (2.74)

so the local Jones components are 𝐞local = 𝐑(𝛾) 𝐞global.

This basis-agnostic approach ensures that polarization ef-
fects are correctly accounted for regardless of the global
frame orientation, making it robust for implementation
in ray tracing software that must handle arbitrary scene
geometries.

2.4.4 Cascade of Interactions

A key advantage of the Jones matrix formalism is that a
sequence of interactions can be represented as a product of
Jones matrices. If a ray undergoes 𝑛 interactions in order,
the overall transformation from the initial field to the final
field is simply the matrix product

𝐞final = 𝐉𝑛𝐉𝑛−1⋯𝐉2𝐉1𝐞
initial, (2.75)

provided that all matrices are expressed in a consistent
(either global or appropriately rotated local) basis. This
cascade structure mirrors the transfer matrix formalism
we will introduce in Section 2.10, enabling systematic com-
putation of the end-to-end polarization transformation for
any ray path.

2.5 Geometrical Optics Reflected
Fields

Having established the theoretical underpinnings of ray
tracing (Section 2.2) and introduced the polarization cal-
culus (Section 2.4), we now detail how high-frequency
fields behave when they interact with a smooth reflect-
ing surface. This section is the GO-level continuation of
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the reflection and transmission physics introduced in Sec-
tion 1.5.1: Snell’s law determines the reflected direction,
Fresnel coefficients determine polarization-dependent field
transformation, and ray-optical continuation determines
spreading and phase after reflection.

2.5.1 The Specular Point and Law of
Reflection

In GO, scattering from a smooth, extended surface is dom-
inated locally by a small region where the phase of the
scattered field is stationary with respect to the source and
observation point coordinates. This region is called the
specular point 𝐱𝑟, and its location is determined by the law
of reflection (1.42).

The reflected ray direction 𝐬̂𝑟 is related to the incident ray
direction 𝐬̂𝑖 and the surface normal 𝐧̂ (pointing outward
from the surface) by

𝐬̂𝑟 = 𝐬̂𝑖 − 2(𝐧̂ ⋅ 𝐬̂𝑖)𝐧̂. (2.76)

Equation (2.76) is illustrated in Figure 2.9.

This relation is equivalent to stating that the angle of inci-
dence equals the angle of reflection, both measured from
the surface normal. The plane of incidence is defined by
the vectors 𝐬̂𝑖 and 𝐧̂; it contains both the incident ray and
the surface normal, and hence also the reflected ray.

For smooth surfaces, the high-frequency scattering inte-
gral can be evaluated using the stationary-phase method,

Source

𝐏
𝐧̂

𝐱𝑟

𝐬 𝑖

𝐬𝑟

𝜃𝑖 𝜃𝑟

Figure 2.9: Specular
reflection on a locally
smooth, planar surface.
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which concentrates the contribution to a small neighbor-
hood of 𝐱𝑟. In this immediate vicinity, the surface curvature
determines how the scattered field amplitude evolves as it
propagates away from the scattering point.

2.5.2 Polarization: The Dyadic Reflection
Coefficient

At the specular point, the incident field 𝐄𝑖(𝐱𝑟) is a locally
plane wave, consistent with the local plane-wave assump-
tions discussed in Chapter 1. Its polarization is decomposed
into perpendicular and parallel components (𝐸⟂, 𝐸∥) with
respect to the plane of incidence, using the same conven-
tion as in Section 1.5.1. The reflected field at the specular
point 𝐄𝑟(𝐱𝑟) is related to the incident field through the
dyadic reflection coefficient 𝐑,

𝐄𝑟(𝐱𝑟) = 𝐑𝐄𝑖(𝐱𝑟), (2.77)

which acts on the field in the local plane-of-incidence ba-
sis.

For a homogeneous, isotropic interface separating two
lossless media, the dyadic reflection coefficient is diagonal
and given by

𝐑 = [
𝑅⟂ 0
0 𝑅∥

] , (2.78)

where 𝑅⟂ and 𝑅∥ are the Fresnel reflection coefficients for
perpendicular and parallel polarization, respectively, as
previously defined in Section 1.5.1.

For code implementation, the local ray-fixed basis is ob-
tained from geometry at the specular point. With incident
direction 𝐬̂𝑖, reflected direction 𝐬̂𝑟, and surface normal 𝐧̂,

𝐞̂⟂ = 𝐬̂𝑖 × 𝐧̂
‖𝐬̂𝑖 × 𝐧̂‖

, (2.79)

𝐞̂ 𝑖∥ = 𝐞̂⟂ × 𝐬̂𝑖, 𝐞̂ 𝑟∥ = 𝐞̂⟂ × 𝐬̂𝑟. (2.80)
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Therefore, the perpendicular direction is shared,

𝐞̂ 𝑖⟂ = 𝐞̂ 𝑟⟂ = 𝐞̂⟂, (2.81)

whereas the parallel directions are generally different,

𝐞̂ 𝑖∥ ≠ 𝐞̂ 𝑟∥ . (2.82)

This geometric distinction is critical; failing to account for
it is a frequent source of polarization mismatch errors in
simulation software.

For a perfect electrical conductor (PEC), i.e., a material
with infinite conductivity, these coefficients are

𝑅⟂ = −1, (2.83)

𝑅∥ = 1. (2.84)

More generally, for a dielectric interface at angle of inci-
dence 𝜃𝑖, the Fresnel coefficients are determined by the
permittivity and permeability of the two media and vary
with frequency (wavelength) and incidence angle in a well-
defined manner.

The use of Jones vectors and the dyadic matrix representa-
tion ensures that the method naturally handles arbitrary
polarization states, including linear, circular, and elliptical
polarizations, and correctly predicts depolarization and
cross-polarization isolation effects that arise in practical
scenarios.

2.5.3 Amplitude and Phase Continuation

Once the reflected field at the specular point 𝐄𝑟(𝐱𝑟) is com-
puted, it must be propagated to the observation point (e.g.,
the receiver antenna) along the reflected ray. The reflected
ray travels as an astigmatic ray tube; refer to Figure 2.10
for the definition of its parameters.
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Figure 2.10: Diverging astigmatic ray tube, repeated here for convenience from Figure 2.8.

For general three-dimensional surfaces, the reflected radii
𝜌𝑟1 and 𝜌𝑟2 are obtained by mapping the incident wave-
front radii (𝜌𝑖1, 𝜌𝑖2) through the local surface curvature, rep-
resented by a curvature matrix built from the principal
surface radii (𝑎1, 𝑎2) at 𝐱𝑟, see Figure 2.11. The complete
generalized 3D formulas (e.g., the Kouyoumjian–Pathak
expression [30]) are intricate and are not reproduced here; [30]: Kouyoumjian et al.

(1974), A uniform geomet-
rical theory of diffraction
for an edge in a perfectly
conducting surface

we refer the reader to [41, Sec. 3.5] for full expressions and

[41]: McNamara et al.
(1990), Introduction to the
Uniform Geometrical The-
ory of Diffraction

implementation details.

As the reflected ray propagates a distance 𝑠𝑟 from 𝐱𝑟 to the
observation point 𝐏, the field evolves according to the ray
optical continuation law

𝐄𝑟(𝐏) = 𝐄𝑟(𝐱𝑟) 𝐴(𝑠𝑟; 𝜌𝑟1, 𝜌𝑟2) 𝑒−𝑗𝑘𝑠
𝑟
, (2.85)

where 𝜌𝑟1 and 𝜌𝑟2 are the principal radii of curvature of
the reflected wavefront at 𝐱𝑟, 𝑠𝑟 is the distance from the
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Figure 2.11: Specular
reflection on a locally
smooth, curved surface.

specular point to the observation point 𝐏, and 𝐴(𝑠𝑟; 𝜌𝑟1, 𝜌𝑟2)
is the spreading factor defined in (2.41) with parameters
𝑠 = 𝑠𝑟, 𝜌1 = 𝜌𝑟1, and 𝜌2 = 𝜌𝑟2.

The three factors in this expression encode distinct physics:

▶ The phase term 𝑒−𝑗𝑘𝑠
𝑟
advances linearly with distance

traveled, as expected for a wave of wavenumber 𝑘.
▶ The spreading factor 𝐴(𝑠𝑟; 𝜌𝑟1, 𝜌𝑟2), introduced in (2.41),

accounts for the transverse spreading (or focusing)
of the energy in the ray tube as the wavefront prop-
agates. When both radii are large compared to 𝑠𝑟,
the spreading is slow (approaching unity for plane
waves). When the radii become comparable to or
smaller than 𝑠𝑟, the wave spreads (defocuses) more
rapidly. Conversely, if the radii are negative (indicat-
ing convergent wavefronts), the wave focuses, and
the amplitude initially grows; at the focal distance
|𝜌|, the first-order GO approximation breaks down
(caustic). As noted byMcNamara et al. [41, Sec. 2.2.8], [41]: McNamara et al.

(1990), Introduction to the
Uniform Geometrical The-
ory of Diffraction

the inability of GO to resolve fields near caustics is
generally acceptable in practical outdoor ray trac-
ing, as receivers are highly unlikely to be situated
precisely at focal points. For a detailed discussion
about how to handle caustics, we therefore refer the
reader to [41].

▶ The amplitude at specular point 𝐄𝑟(𝐱𝑟) encodes both
the magnitude and phase of the reflected field, in-
cluding polarization-dependent effects through the
Fresnel coefficients.
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2.5.4 Special Cases: Spherical and Plane
Reflectors

Two important special cases simplify the application of
the GO reflected field formula.

Plane Reflector

For a planar (flat) reflecting surface, both principal radii of
curvature are infinite: 𝜌𝑟1 → ∞ and 𝜌𝑟2 → ∞. Equation (2.85)
simplifies to

𝐄𝑟(𝐏) = 𝐄𝑟(𝐱𝑟)𝑒−𝑗𝑘𝑠
𝑟
, (2.86)

showing that the amplitude is unchanged (apart from the
phase and the reflection coefficient itself) as it propagates
from the specular point to the observation point. This is
the classical result for specular reflection: the reflected
field propagates as a plane wave with no spreading loss.

Spherical Reflector

For a spherically curved surface with both principal radii
equal (𝜌𝑟1 = 𝜌𝑟2 = 𝑅𝑟), the spreading factor becomes

√

(𝑅𝑟)2

(𝑅𝑟 + 𝑠𝑟)2
= 𝑅𝑟

𝑅𝑟 + 𝑠𝑟
, (2.87)

so that
𝐄𝑟(𝐏) = 𝐄𝑟(𝐱𝑟)

𝑅𝑟

𝑅𝑟 + 𝑠𝑟
𝑒−𝑗𝑘𝑠

𝑟
. (2.88)

This form shows that when 𝑠𝑟 ≪ 𝑅𝑟 (observation point
close to the specular point), the field weakens as

𝑅𝑟

𝑅𝑟 + 𝑠𝑟
≈ 1 − 𝑠𝑟

𝑅𝑟
. (2.89)

For large 𝑠𝑟 ≫ 𝑅𝑟, the spreading factor behaves as 𝑅𝑟

𝑠𝑟 , which
is characteristic of diverging spherical waves. The surface
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curvature thus modulates the rate of amplitude decay, en-
abling GO to model focusing and defocusing effects with
sufficient accuracy at high frequencies.

2.5.5 Shadow Boundaries and GO
Breakdown

The reflected GO contribution is bounded by two shadow
boundaries (see Figure 2.12): the incident shadow bound-
ary (ISB), where incident illumination vanishes, and the
reflected shadow boundary (RSB), where the specular re-
flected contribution vanishes.

transition
region

ISB

tra
ns
iti
on

reg
ion

RS
B

I

II

III

Figure 2.12: Regions and
their boundaries in GO.

In classical GO, the field is forced to drop abruptly to zero
beyond these boundaries, which creates unphysical discon-
tinuities and fully dark shadow zones. This limitation mo-
tivates the next section: the uniform theory of diffraction
(UTD) introduces diffracted fields and transition behavior
that restore a physically consistent field in and around
shadow regions.

2.6 The Uniform Theory of
Diffraction

As discussed in the previous section, GO fails in shadow re-
gions (region III in Figure 2.12) because direct and specular
reflected rays are absent there. Diffraction restores a phys-
ically meaningful field in those regions and is therefore
essential for deterministic radio channel modeling.

2.6.1 Diffraction Mechanisms and the
Keller Cone

Diffraction from edges is inherently three-dimensional: an
incident ray striking an edge generates a cone of diffracted
rays (see Figure 2.13), referred to as the Keller cone. The
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𝐏

𝐱𝑒

Figure 2.13: The cone of
diffraction generated by a
ray striking an edge.

diffracted ray direction 𝐬̂𝑑 is related to the incident ray di-
rection 𝐬̂𝑖 and the edge direction 𝐞̂ by the law of diffraction,
given by

sin 𝛽0 = ‖𝐬̂𝑖 × 𝐞̂‖ = ‖𝐬̂𝑑 × 𝐞̂‖, (2.90)

where 0 ≤ 𝛽0 ≤ 𝜋 is the angle between the rays and the
edge direction. This implies that the diffracted rays lie on
a cone with half-angle 𝛽0 centered on the edge.

Similarly to the specular reflection case, we have that the
incident and diffraction angles are equal, i.e.,

𝛽0 ≝ 𝛽 𝑖0 = 𝛽𝑑0 . (2.91)

The two-dimensional wedge (see Figure 2.14) corresponds
to perpendicular incidence (𝛽0 =

𝜋
2 ), where the Keller cone

degenerates into a flat disc. However, practical radio prop-
agation engines require the full three-dimensional treat-
ment to algorithmically handle arbitrary incidence angles,
curved surfaces, and complete vector polarization trans-
formations.
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2.6.2 Edge-Fixed Coordinate System

To treat three-dimensional diffraction rigorously, we con-
struct an edge-fixed coordinate system, illustrated in Figure
2.16. This choice exploits the cylindrical symmetry of the
diffraction cone. Consider a point 𝐱𝑒 on the edge with unit
tangent vector 𝐞̂. Let 𝐬̂𝑖 denote the incident ray direction
and 𝐬̂𝑑 the diffracted ray direction. We define orthonormal
basis vectors for the incident field as

𝝓̂𝑖 = −𝐞̂ × 𝐬̂𝑖

‖𝐞̂ × 𝐬̂𝑖‖
, (2.92)

̂𝜷 𝑖0 = 𝝓̂𝑖 × 𝐬̂𝑖, (2.93)

and similarly for the diffracted field,

𝝓̂𝑑 = 𝐞̂ × 𝐬̂𝑑

‖𝐞̂ × 𝐬̂𝑑‖
, (2.94)

̂𝜷𝑑0 = 𝝓̂𝑑 × 𝐬̂𝑑. (2.95)
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0-face

𝑛-face

𝐞̂

Source
𝐬𝑖

𝐬𝑑

𝐏

Figure 2.15: Another il-
lustration of the three-
dimensional Keller cone
geometry, where an inci-
dent ray strikes an edge
at point 𝐱𝑒 and generates
a cone of diffracted rays.

The vectors ( ̂𝜷 𝑖0, 𝝓̂𝑖, 𝐬̂𝑖) form a right-handed orthonormal
triplet for the incident ray, with ̂𝜷 𝑖0 perpendicular to the
edge and lying in the plane containing 𝐬̂𝑖 and 𝐞̂, while 𝝓̂𝑖

is perpendicular to this plane. The diffracted field triplet
( ̂𝜷𝑑0 , 𝝓̂𝑑, 𝐬̂𝑑) is constructed analogously. This edge-fixed co-
ordinate system is illustrated in Figure 2.16.

Polarization in the Edge-Fixed System

The edge-fixed coordinate system is essential because it
reduces the general diffraction dyadic 𝐃 to a computation-
ally efficient diagonal form. In a generic ray-fixed frame,
the coupling between polarization states is extremely com-
plicated.

However, in the edge-fixed system, the diffraction process
naturally decouples into independent parallel and perpen-
dicular polarizations, allowing the transformation to be
modeled precisely as a Jones matrix. The ∥ polarization
corresponds to the transverse magnetic (TM) mode satisfy-
ing the Dirichlet boundary condition (𝑅∥ = −1 for a PEC),
while the ⟂ polarization corresponds to the transverse elec-
tric (TE)mode satisfying the Neumann boundary condition
(𝑅⟂ = +1). Because perfectly conductingwedge boundaries
preserve the independence of these two polarization states,
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̂𝜷𝑑0

Figure 2.16: Edge-fixed
coordinate system for
three-dimensional wedge
diffraction as illustrated
in Figure 2.15, reproduced
from [41, Fig. 6.2].

the component 𝐸𝑖𝜙𝑖 parallel to the edge couples only to 𝐸𝑑𝜙𝑑 ,
and the component 𝐸𝑖𝛽 𝑖0 perpendicular to the edge cou-

ples only to 𝐸𝑑𝛽𝑑0
. For finite-conductivity materials—which

are ubiquitous in urban environments—cross-polarization
terms (off-diagonal elements) can emerge due to surface
wave coupling; however, we focus on the idealized PEC
case here for clarity and because it captures the dominant
physics of diffraction in many practical scenarios.

Consequently, within the local edge-fixed coordinate frame,
the diffraction interaction operates strictly as a diagonal
Jones matrix transformation, mirroring the behavior of the
Fresnel reflection matrix and preventing complex cross-
polarization terms during pure PEC diffraction. Through-
out this text, we use the simple notation ∥ and ⟂ for both
edge-based (diffraction) and plane-of-incidence-based (re-
flection or transmission) decompositions, with the refer-
ence frame determined by context.

An arbitrarily polarized incident field is decomposed into
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edge-fixed components

𝐸𝑖𝛽 𝑖0 = 𝐄𝑖 ⋅ ̂𝜷 𝑖0, (2.96)

𝐸𝑖𝜙𝑖 = 𝐄𝑖 ⋅ 𝝓̂𝑖, (2.97)

and the total incident field is reconstructed as

𝐄𝑖 = 𝐸𝑖𝛽 𝑖0
̂𝜷 𝑖0 + 𝐸𝑖𝜙𝑖 𝝓̂

𝑖. (2.98)

Similarly, the diffracted field components are projected
onto the diffracted edge-fixed basis and reconstructed as

𝐄𝑑 = 𝐸𝑑𝛽𝑑0
̂𝜷𝑑0 + 𝐸𝑑𝜙𝑑 𝝓̂

𝑑. (2.99)

2.6.3 From GO to GTD to UTD: Motivation
and Applicability

The first major extension to GO is Keller’s geometrical
theory of diffraction (GTD) [29]. GTD augments the GO [29]: Keller (1962), Geo-

metrical Theory of Diffrac-
tion

ray family with diffracted rays launched from edges and
other geometric singularities. Its key postulate is locality:
the diffracted field is governed mainly by the geometry in a
neighborhood of the diffraction point. Once the diffraction
point 𝐱𝑒 is identified, the diffracted field is written in a
ray-optical form similar to reflected fields

𝐄𝑑(𝐏) = 𝐄𝑖(𝐱𝑒) 𝐃𝐴𝑑(𝑠) 𝑒−𝑗𝑘𝑠, (2.100)

where 𝐃 is the dyadic diffraction coefficient, 𝐴𝑑(𝑠) is a
spreading factor, and 𝑠 is the distance from 𝐱𝑒 to the obser-
vation point 𝐏.

We label the wedge faces as the 0-face and 𝑛-face, and
measure both 𝜙𝑖 (incidence) and 𝜙𝑑 (observation) angles
from the 0-face. The notation “0-face” utilizes the numeral
zero—reflecting its position at the angular origin (𝜙 =
0)—contrasting with some literature that employs the letter
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“o”. With wedge interior angle 𝛼, we define

1 ≤ 𝑛 ≤ 2, (2.101)

through
𝑛 = 2𝜋 − 𝛼

𝜋
. (2.102)

The 0-face is therefore at 𝜙𝑑 = 0 and the 𝑛-face at 𝜙𝑑 = 𝑛𝜋.

In the two-dimensional case as illustrated in Figure 2.17,
corresponding to a perpendicular incidence on the edge
(i.e., 𝛽0 =

𝜋
2 ) where the cone degenerates into a plane, the

Keller diffraction coefficients are given by

𝐷𝑘
∥,⟂ =

−𝑒−𝑗
𝜋
4 sin 𝜋

𝑛

2𝑛√2𝜋𝑘
[( 1

cos 𝜋
𝑛 − cos 𝜙𝑑−𝜙𝑖

𝑛

) ∓ ( 1

cos 𝜋
𝑛 − cos 𝜙𝑑+𝜙𝑖

𝑛

)] . (2.103)
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Figure 2.18: Keller’s
diffraction coefficients
evaluated at 10GHz for a
wedge with plane wave
incidence (𝜙𝑖 = 55° and
𝛼 = 40°), reproduced
from [41, Fig. 4.10].

GTD Singularity at Shadow Boundaries

The main limitation of classical GTD is that its diffraction
coefficients contain terms that become infinite exactly at
the shadow boundaries (𝜙𝑑 ± 𝜙𝑖 = 𝜋). In the canonical
two-dimensional wedge example (Figure 2.17), the field
is therefore non-uniform across the boundaries between
fully lit, partially shadowed, and deep shadow regions. This
behavior is visible both in the coefficients (Figure 2.18) and
in the corresponding scattered field (Figure 2.19), which
becomes unbounded at the boundaries.

A useful way to read the geometry is as follows. Depending
on 𝜙𝑖, either the 𝑛-face or the 0-face blocks the direct field,
which sets the ISB. When the 𝑛-face is shadowed (0 ≤ 𝜙𝑖 ≤
(𝑛 − 1)𝜋), the ISB is determined by

𝜙𝑑ISB − 𝜙𝑖 = 𝜋, (2.104)

𝜋 ≤ 𝜙𝑑ISB ≤ 𝑛𝜋. (2.105)

When the 0-face is shadowed (𝜋 ≤ 𝜙𝑖 ≤ 𝑛𝜋), the ISB shifts
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Figure 2.19: Scattered
field from a wedge with
plane wave incidence us-
ing Keller’s diffraction co-
efficients. The geometry
is as in Figure 2.14, with
𝑓 = 3GHz, 𝑠 = 1m, and
parallel polarization (elec-
tric field parallel to edge).
The level of the incident
field is 0 dB. Note that the
diffracted fields are un-
bounded at the shadow
boundaries. Reproduced
from [41, Fig. 4.11].

to

𝜙𝑑ISB − 𝜙𝑖 = −𝜋, (2.106)

0 ≤ 𝜙𝑑ISB ≤ (𝑛 − 1)𝜋, (2.107)

which is compactly summarized by

|𝜙𝑑ISB − 𝜙𝑖| = 𝜋. (2.108)

For reflected contributions, the active reflecting face de-
termines the RSB. Reflection from the 0-face occurs for
0 ≤ 𝜙𝑖 ≤ 𝜋 and yields

𝜙𝑑RSB + 𝜙𝑖 = 𝜋, (2.109)

0 ≤ 𝜙𝑑RSB ≤ 𝜋. (2.110)

Reflection from the 𝑛-face occurs for (𝑛 − 1)𝜋 ≤ 𝜙𝑖 ≤ 𝑛𝜋
and yields

𝜙𝑑RSB + 𝜙𝑖 = (2𝑛 − 1)𝜋, (2.111)

(𝑛 − 1)𝜋 ≤ 𝜙𝑑RSB ≤ 𝑛𝜋. (2.112)

Together, these relations describe how the two wedge faces
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partition space into illuminated, reflected, and shadowed
regions. In some configurations both faces generate valid
reflected contributions, so two RSBs coexist. The UTD
transition function smooths this partition and removes the
non-physical discontinuities produced by pure GO–GTD
switching.

2.6.4 The UTD Solution

In 1974, Kouyoumjian and Pathak published a landmark
paper [30] introducing the uniform theory of diffraction [30]: Kouyoumjian et al.

(1974), A uniform geomet-
rical theory of diffraction
for an edge in a perfectly
conducting surface

(UTD). To resolve the GTD singularities, they multiplied
the diffraction coefficients by a transition function that
vanishes at the same rate as the GTD terms diverge near
shadow boundaries. The resulting product remains finite,
so the diffracted field is bounded and continuous across
lit, transition, and shadow region.

Since its introduction, UTD has become a cornerstone of
high-frequency electromagnetic modeling. However, it is
important to stress that it still relies on asymptotic as-
sumptions: the incident field should be ray-optical and
locally planar at the diffraction point. When these assump-
tions break down (for example near caustics or for rapidly
varying incidence), slope diffraction or other specialized
extensions are required.

2.6.5 Three-Dimensional UTD Diffraction
Coefficients

The general three-dimensional UTD diffracted field is ex-
pressed in compact dyadic form as

𝐄𝑑(𝐏) = 𝐄𝑖(𝐱𝑒) ⋅ 𝐃
√

𝜌𝑑

𝑠𝑑(𝑠𝑑 + 𝜌𝑑)
𝑒−𝑗𝑘𝑠

𝑑
, (2.113)

where 𝐄𝑖(𝐱𝑒) is the incident field evaluated at the edge point
𝐱𝑒, 𝐃 contains the UTD diffraction coefficients, 𝑠𝑑 is the
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distance from 𝐱𝑒 to the observation point 𝐏, and 𝜌𝑑 is the
caustic distance of the diffracted ray tube. The spreading
factor, defined by

√

𝜌𝑑

𝑠𝑑(𝑠𝑑 + 𝜌𝑑)
, (2.114)

describes the divergence of the diffracted ray tube as it
propagates from the edge caustic at distance 𝜌𝑑 behind the
edge.

In the edge-fixed coordinate system introduced previously,
the dyadic 𝐃 reduces to a diagonal matrix, representing
a Jones matrix transformation occurring within the edge-
fixed local coordinate frame. The diffracted field compo-
nents can be written as

[
𝐸𝑑𝛽𝑑0
𝐸𝑑𝜙𝑑

] = [
−𝐷∥ 0
0 −𝐷⟂

] [
𝐸𝑖𝛽 𝑖0(𝐱𝑒)
𝐸𝑖𝜙𝑖(𝐱𝑒)

]
√

𝜌𝑑

𝑠𝑑(𝑠𝑑 + 𝜌𝑑)
𝑒−𝑗𝑘𝑠

𝑑
.

(2.115)

The parallel and perpendicular diffraction coefficients share
a generic structure built upon fundamental physical effects:
spatial attenuation, phase matching, and singularity can-
cellation. They are expressed as

𝐷∥,⟂(𝐿𝑖, 𝐿𝑟0, 𝐿𝑟𝑛, 𝜙𝑖, 𝜙𝑑, 𝛽0, 𝑛) = 𝐷1 +𝐷2 ∓ (𝐷3 +𝐷4), (2.116)

where the minus sign applies to parallel polarization (𝑅∥ =
−1) and the plus sign to perpendicular polarization (𝑅⟂ =
+1) for the PEC reflection coefficients of the wedge sur-
faces.

Each component 𝐷1 through 𝐷4 follows a similar structure,
given by
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𝐷1 =
−𝑒−𝑗

𝜋
4

2𝑛√2𝜋𝑘 sin 𝛽0
cot [

𝜋 + (𝜙𝑑 − 𝜙𝑖)
2𝑛

] 𝐹[𝑘𝐿𝑖𝑎+(𝜙𝑑 − 𝜙𝑖)], (2.117)

𝐷2 =
−𝑒−𝑗

𝜋
4

2𝑛√2𝜋𝑘 sin 𝛽0
cot [

𝜋 − (𝜙𝑑 − 𝜙𝑖)
2𝑛

] 𝐹[𝑘𝐿𝑖𝑎−(𝜙𝑑 − 𝜙𝑖)], (2.118)

𝐷3 =
−𝑒−𝑗

𝜋
4

2𝑛√2𝜋𝑘 sin 𝛽0
cot [

𝜋 + (𝜙𝑖 + 𝜙𝑑)
2𝑛

] 𝐹[𝑘𝐿𝑟0𝑎+(𝜙𝑖 + 𝜙𝑑)], (2.119)

𝐷4 =
−𝑒−𝑗

𝜋
4

2𝑛√2𝜋𝑘 sin 𝛽0
cot [

𝜋 − (𝜙𝑖 + 𝜙𝑑)
2𝑛

] 𝐹[𝑘𝐿𝑟𝑛𝑎−(𝜙𝑖 + 𝜙𝑑)]. (2.120)

The presence of sin 𝛽0 explicitly demonstrates the gen-
eralization from 2D perpendicular incidence (𝛽0 = 𝜋

2 ) to
3D.

To compute these coefficients, we first define the angular
helper functions 𝑎±(𝛽±), which govern phase matching
near the shadow boundaries. They are written as

𝑎±(𝛽±) = 2 cos2 (
2𝜋𝑛𝑁± − 𝛽±

2
) , (2.121)

with 𝛽± = 𝜙𝑖 ± 𝜙𝑑, and integers 𝑁± chosen to most nearly
satisfy the corresponding phase singularity equations

2𝜋𝑛𝑁+ − 𝛽± = 𝜋, (2.122)

2𝜋𝑛𝑁− − 𝛽± = −𝜋. (2.123)

In a practical implementation, one selects the integers
nearest to the corresponding boundary via

𝑁± = round [
𝛽± ± 𝜋
2𝜋𝑛

] , (2.124)

with tie-breaking chosen consistently across rays to avoid
branch-jump artifacts.

Next, the singularity cancellation is handled by the transi-
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Figure 2.20: Transition
function 𝐹(𝑥) (2.125),
reproduced from [41,
Fig. 4.16].

tion function 𝐹(𝑥), which is defined as

𝐹(𝑥) = 2𝑗√𝑥 𝑒𝑗𝑥 ∫
∞

√𝑥
𝑒−𝑗𝑢

2
d𝑢. (2.125)

This regularization term enforces continuity in UTD and
acts similarly to the knife-edge smoothing (1.53) intro-
duced in Chapter 1. By suppressing the non-physical GTD
cotangent singularity, it produces a bounded, continuous
total field at the ISB and RSB. The function is plotted in
Figure 2.20.

As for the knife-edge transition function, the UTD transi-
tion can be rewritten as

𝐹(𝑥) = 2𝑗√𝑥 𝑒𝑗𝑥 [
√
𝜋
2
1 − 𝑗
2

− 𝐶(√𝑥) − 𝑗 (𝑆(√𝑥))] , (2.126)

where 𝐶(𝑥) and 𝑆(𝑥) are the Fresnel cosine and sine inte-
grals, respectively.

Beyond physical continuity, the numerical stability of the
transition function is crucial for optimization problems.
Its continuous, bounded nature prevents the infinite gra-
dient spikes (Dirac delta functions in the derivative) that
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Figure 2.21: Two- and three-dimensional view of a curved wedge geometry. The 0-face and 𝑛-face
have radii of curvature 𝑎0 and 𝑎𝑛 at the edge, respectively, and the edge has radius of curvature 𝑎𝑒.

would occur if classical GTD coefficients were subjected
to differentiation at shadow boundaries. These details will
be discussed in more detail in Chapter 4.

Finally, the scale of spatial attenuation is governed by the
distance parameters 𝐿𝑖, 𝐿𝑟0, and 𝐿𝑟𝑛, which rely on the
wavefront and edge curvature.

The distance parameter 𝐿𝑖 associated with the incident
shadow boundaries is derived from the principal radii of
curvature 𝜌𝑖1 and 𝜌𝑖2 of the incident astigmatic wavefront,
such that

𝐿𝑖 =
𝑠𝑑(𝜌𝑖𝑒 + 𝑠𝑑)𝜌𝑖1𝜌𝑖2

𝜌𝑖𝑒(𝜌𝑖1 + 𝑠𝑑)(𝜌𝑖2 + 𝑠𝑑)
sin2 𝛽0, (2.127)

where 𝜌𝑖𝑒 is the radius of curvature of the incident wave-
front measured in the plane containing the incident ray
and the edge at 𝐱𝑒. The factor sin2 𝛽0 reflects the projection
of the wavefront curvature onto the plane perpendicular
to the edge; it ensures that grazing incidence (𝛽0 → 0)
produces a vanishing distance parameter.

For a spherical wavefront, we have 𝜌𝑖1 = 𝜌𝑖2 = 𝜌𝑖𝑒 = 𝑠𝑖,
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yielding

𝐿𝑖 = 𝑠𝑑𝑠𝑖

𝑠𝑑 + 𝑠𝑖
sin2 𝛽0. (2.128)

For plane-wave incidence, where the wavefront is flat
(𝜌𝑖1, 𝜌𝑖2, 𝜌𝑖𝑒 → ∞), 𝐿𝑖 simplifies to 𝑠𝑑 sin2 𝛽0.

Similarly, the distance parameters for the reflection shadow
boundaries are determined by mapping the reflection radii
and are given by

𝐿𝑟0,𝑛 =
𝑠𝑑(𝜌𝑟0,𝑛𝑒 + 𝑠𝑑)𝜌𝑟0,𝑛1 𝜌𝑟0,𝑛2

𝜌𝑟0,𝑛𝑒 (𝜌𝑟0,𝑛1 + 𝑠𝑑)(𝜌𝑟0,𝑛2 + 𝑠𝑑)
sin2 𝛽0, (2.129)

where the reflected radii 𝜌𝑟0,𝑛1 and 𝜌𝑟0,𝑛2 (from the 0- and
𝑛-faces) are obtained from the reflection plane radii 𝜌𝑟0,𝑛𝑒 ,
which satisfy

1
𝜌𝑟0,𝑛𝑒

= 1
𝜌𝑖𝑒

−
2(𝐧̂𝑒 ⋅ 𝐧̂0,𝑛)(𝐬̂𝑖 ⋅ 𝐧̂0,𝑛)

|𝑎𝑒| sin
2 𝛽0

, (2.130)

with 𝐧̂0,𝑛 normal to the respective faces, 𝑎𝑒 describing the
edge radius of curvature, and 𝐧̂𝑒 normal to the edge (see
Figure 2.21).

The formulas above apply to general three-dimensional
wedges with curved surfaces. Because diffracted rays prop-
agate in straight lines, the edge-diffracted field may not
illuminate certain shadow regions between the reference
planes tangential to the curved wedge faces and the ac-
tual curved surfaces. This scenario introduces the need for
creeping-wave mechanisms in certain grazing-incidence
configurations, which extend the validity of UTD to curved-
surface diffraction.

For the ray tracer developed in this book, UTD provides a
robust single-edge baseline. For cascaded multiple diffrac-
tions, the usual ray-field assumption must still be checked:
each subsequent edge should lie outside the transition re-
gion of the previous one. Otherwise, higher-order diffrac-
tion models or calibrated heuristics are required.
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2.6.6 Transition Regions and Asymptotic
Validity

The transition function 𝐹(𝑥) in the UTD coefficients en-
forces continuity across shadow boundaries. Because 𝐹(𝑥)
approaches zero at the same rate as the cotangent singu-
larities in 𝐷1,2,3,4 diverge, the product remains finite at the
incident and reflection shadow boundaries (ISB and RSB).
This cancellation is the essence of the uniform theory.

Transition Function Asymptotic Behavior

As the argument of the transition function increases, the
Fresnel integral asymptotically approaches unity as

lim
𝑥→∞

𝐹(𝑥) = 1. (2.131)

Because 𝐹(𝑥) is complex-valued, this limit means bothmag-
nitude and phase approach one and zero, respectively.

In practice, we often adopt the criterion [41, Eq. 4.129] [41]: McNamara et al.
(1990), Introduction to the
Uniform Geometrical The-
ory of Diffraction

𝐹(𝑥) ≈ 1 if 𝑥 ≥ 2𝜋. (2.132)

Largeness Parameter and Boundary Condition

The argument of the transition function defines a dimen-
sionless largeness parameter,

𝜅 = 𝑘𝐿 𝑎±, (2.133)

where 𝐿 is the appropriate distance parameter (either 𝐿𝑖 or
𝐿𝑟0,𝑛), and 𝑎± are the angular helper functions. The UTD
diffraction coefficients are derived via asymptotic evalu-
ation of exact integral representations; their validity re-
quires that 𝜅 be sufficiently large.

The transition region is the spatial domain where the transi-
tion function deviates significantly from unity, i.e., defined
by 𝜅 < 2𝜋. Outside the transition region (𝜅 ≥ 2𝜋), the
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transition function saturates at 𝐹 ≈ 1, and the diffracted
field becomes purely ray-optical and reduces to Keller’s
GTD expressions. By defining an approximate value for
the boundary of this transition region as 𝜅 = 2𝜋, we obtain
the condition

𝑘𝐿 𝑎± = 2𝜋 ⇒ 𝐿 𝑎± = 𝜆. (2.134)

When rewritten in this form, this boundary condition high-
lights three primary reasons why the UTD asymptotic as-
sumptions may fail: (i) the frequency is too low (resulting
in a large wavelength 𝜆), (ii) the observation distance is
too short (resulting in a small distance parameter 𝐿), or
(iii) the angular separation from the shadow boundary is
too small (resulting in a small 𝑎±).

Limitations on Cascaded Interactions

As emphasized by Lee et al. [43], and documented in [41, [43]: Lee et al. (1978),
GTD, ray field, and com-
ments on two papers

Sec. 4.4.4], the fundamental limitation of applying GTD

[41]: McNamara et al.
(1990), Introduction to the
Uniform Geometrical The-
ory of Diffraction

or its uniform extensions (UTD) is that the incident field
must strictly constitute a “ray field”—a field whose asymp-
totic expansion assumes a specific Lüneburg-Kline form.
Diffracted fields inside transition regions are not ray-optical
fields, as they intrinsically behave as functions of the pa-
rameters upon which the transition functions themselves
depend. Consequently, they exhibit spatial variations that
violate standard ray-optical assumptions.

The existence of these transition regions therefore ques-
tions the theoretical validity of cascading multiple diffrac-
tion coefficients. If a second edge lies inside the transition
region of the first, mechanically cascading single-edge
UTD using the primary diffracted field as an incident ray
yields incorrect results. While these transition regions are
very small (especially at high frequencies), to address these
limitations, some ray tracing tools prefer to implement spe-
cial double or even triple-order diffraction coefficients that
account for the possibility of being within a transition re-
gion. Furthermore, the fact that diffracted fields are not
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necessarily ray-optical also means that applying the GO
reflected fields for a subsequent reflection is not always
valid. As a result, many ray tracing tools limit themselves
to only simulating a single diffraction interaction at maxi-
mum, typically at the last interaction before reaching the
receiver.

2.7 Scattering from Rough Surfaces

While conventional ray tracing efficiently handles specu-
lar reflections, transmissions, and diffractions as discussed
in the preceding sections, it struggles to accurately repre-
sent real-world environments where surfaces are rarely
perfectly flat. Surface roughness and architectural irreg-
ularities on building walls induce diffuse scattering. This
phenomenon scatters radio signals in multiple directions
other than the purely specular one, heavily influencing
both the angular and temporal dispersion of the multipath
channel.

The physical threshold where a surface transitions from
“smooth” to “rough” was discussed in Chapter 1 and led
to the Rayleigh criterion (1.50). When surface irregulari-
ties exceed this threshold, macroscopic modeling becomes
necessary. To overcome the limitations of purely specular
ray tracing, simulators commonly implement the effec-
tive roughness (ER) approach [45], see Figure 2.22. In this [45]: Degli-Esposti (2001),

A diffuse scattering model
for urban propagation pre-
diction

macroscopic abstraction, a scattering parameter 𝑆 ∈ [0, 1]
dictates the fraction of reflected energy that scatters dif-
fusely.

At the level of a local illuminated surface element, this
downgrading is obtained from a reflected-field power bal-
ance in which coherent reflection and diffuse scattering
are jointly scaled by the same roughness factor [46]. De- [46]: Degli-Esposti et al.

(2007), Measurement and
Modelling of Scattering
From Buildings

noting by 𝑃𝑖 the incident power on the element and by 𝑃𝑡
the transmitted power, the balance can be written as

1 = Γ2 (𝑅2 + 𝑆2) +
𝑃𝑡
𝑃𝑖
, (2.135)
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Figure 2.22: Illustration of specular reflection, diffuse scattering, and transmission on a rough surface,
adapted from [44, Fig. 2].

where 𝑅 represents the reflection reduction factor, 𝑆 is the
diffuse scattering parameter, and Γ represents the smooth-
surface Fresnel reflection coefficient. Under the standard
assumption that penetration losses are dominated by bulk
material properties and remain approximately constant
with respect to the roughness perturbation, the depen-
dence of 𝑃𝑡

𝑃𝑖
on 𝑆 can be neglected to first order. The rela-

tion then reduces to the normalized constraint 𝑅2 + 𝑆2 ≈ 1,
yielding

𝑅 ≈ √1 − 𝑆2. (2.136)

This result provides the theoretical justification for scal-
ing the smooth-surface Fresnel dyadic by √1 − 𝑆2, which
preserves power consistency and avoids the non-physical
growth of coherent reflected contributions in near-grazing
configurations.

Consequently, the coherent specular dyadic reflection ma-
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trix is downgraded to

𝐑rough = √1 − 𝑆2 𝐑smooth, (2.137)

where 𝐑smooth is the classical Fresnel Jones matrix. Mea-
surement campaigns have validated this model structure
and its associated cross-polarization behavior, indicating
that 𝑆 values between 0.2 and 0.4 are realistic for standard
building materials [46, 47]

[46]: Degli-Esposti et al.
(2007), Measurement and
Modelling of Scattering
From Buildings

[47]: Degli-Esposti et al.
(2011), Analysis and
Modeling on co- and
Cross-Polarized Urban
Radio Propagation for
Dual-Polarized MIMO
Wireless Systems

.

The spatial distribution of the diffusely scattered field is
defined by a scattering pattern, which determines the mag-
nitude of scattered rays launched in various directions.
Common angular models include [46, Sec. II]:

▶ The Lambertian pattern, which assumes the maxi-
mum scattered power is directed strictly parallel to
the surface normal 𝐧̂. Its power scales proportionally
to

cos 𝜃𝑠, (2.138)

where 𝜃𝑠 is the scattered polar angle relative to the
normal.

▶ The directive pattern (single-lobe model), which is
often more physically accurate for moderately rough
surfaces. It centers the primary scattering lobe around
the specular reflection direction 𝐬̂𝑟, with the scattered
power scaling as

(
1 + cos 𝜓𝑅

2
)
𝛼𝑅
, (2.139)

where 𝜓𝑅 is the angle between the scattering direc-
tion and the specular direction, and 𝛼𝑅 is the tunable
directivity exponent.

▶ The backscattering pattern, which adds a secondary

lobe proportional to (
1 + cos 𝜓𝑖

2
)
𝛼𝑖
pointing back to-

ward the incident source. This is crucial for very
irregular obstacles, yielding a scattered power pro-
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portional to

[Λ (
1 + cos 𝜓𝑅

2
)
𝛼𝑅

+ (1 − Λ) (
1 + cos 𝜓𝑖

2
)
𝛼𝑖
] ,

(2.140)
where 𝜓𝑖 is the angle between the scattering direction
and the incidence direction, Λ ∈ [0, 1] is the tunable
mixing factor, and 𝛼𝑖 is the tunable backscattering
exponent.

These mathematical pattern formulations allow advanced
ray tracing engines to employ importance sampling by
launching more scattered rays into regions of higher ex-
pected power. Moreover, all the cosine terms in the above
equations can be obtained through dot products between
the corresponding ray directions, making the implemen-
tation of these scattering models straightforward in ray
tracing engines.

Beyond spatial dispersion, diffuse scattering represents a
primary source of signal depolarization [47]. While pure [47]: Degli-Esposti et al.

(2011), Analysis and
Modeling on co- and
Cross-Polarized Urban
Radio Propagation for
Dual-Polarized MIMO
Wireless Systems

specular reflections on vertical planes geometrically pre-
serve TM–TE polarization states (diagonal Jones matrices),
diffusely scattered rays depart over random, highly vary-
ing elevation angles. This 3D spatial variation induces
severe cross-polarization coupling.

To integrate this rigorouslywithin our Jones calculus frame-
work, we define a diffuse scattering dyadic matrix 𝐒. Using
the depolarization factor 𝐾xpol ∈ [0, 1], which specifies the
cross-polarized power coupling fraction, the Jones matrix
is given by

𝐒 = 𝑆 [√
1 − 𝐾xpol 𝑒𝑗𝜒1 −√𝐾xpol 𝑒

𝑗𝜒1

√𝐾xpol 𝑒
𝑗𝜒2

√1 − 𝐾xpol 𝑒𝑗𝜒2
] , (2.141)

where 𝑒𝑗𝜒 are random, uniformly distributed phase shifts
that highlight the incoherent nature of diffuse scattering.
The off-diagonal terms computationally guarantee that a
purely co-polarized incident field will scatter with a cross-
polarized component. Research has demonstrated that an
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intrinsic depolarization rating as low as 𝐾xpol = 0.01 still
drastically degrades the overall cross-polarization discrim-
ination (XPD) of the urban channel [47]. The XPD is de- [47]: Degli-Esposti et al.

(2011), Analysis and
Modeling on co- and
Cross-Polarized Urban
Radio Propagation for
Dual-Polarized MIMO
Wireless Systems

fined as the ratio of the co-polarized to the cross-polarized
received power, and for the scattered field it is given by

XPD = 10 log10 (
1 − 𝐾xpol
𝐾xpol

) . (2.142)

In a ray-launching simulator, energy consistency requires
that the statistical expectation of the scattered-field norm,
integrated over the scattering hemisphere and weighted
by the launch probability density, matches the prescribed
diffuse-power fraction. In compact form,

∫
Ω+

‖𝐒(Ω) 𝐬̂𝑖‖
2 𝑝(Ω) dΩ = 𝑆2, (2.143)

where 𝑝(Ω) is the scattering-direction probability density
over the upper hemisphere Ω+. This condition serves as
the operational criterion used to normalize the sampled
scattered rays, preventing artificial energy creation or de-
pletion during Monte Carlo sampling.

As analyzed in the referenced study, this important cross-
polarization coupling is not primarily driven by the scatter-
ing interaction itself (which largely preserves the original
polarization state), but rather by the wide spread of eleva-
tion angles exhibited by the diffusely scattered rays. When
these non-horizontal rays propagate to the receiver, their
3D trajectories cause a geometrical rotation of the polar-
ization vectors, leading to strong polarization coupling at
the receiving antenna.

While diffuse scattering from rough surfaces represents
an uncontrollable feature of natural and urban environ-
ments, recent technological advances now allow deliberate
control of scattering properties through engineered meta-
surfaces, which are examined in the next section.
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2.8 Reconfigurable Intelligent
Surfaces

As introduced in Chapter 1, the advent of engineered meta-
surfaces represents a paradigm shift for modern wireless
networks (6G and beyond). Reconfigurable intelligent sur-
faces (RISs)—also called intelligent reflecting surfaces—
consist of arrays of sub-wavelength elements whose elec-
tromagnetic properties can be dynamically controlled to
impose desired amplitude and phase modulations on inci-
dent fields, enabling the creation of programmable “smart
radio environments.” Unlike the passive scatterers mod-
eled in the preceding sections, RISs enable active and pro-
grammable wavefront shaping, allowing anomalous reflec-
tion, beam steering, and focusing capabilities that extend
far beyond classical specular reflection.

However, as previously discussed, simulating the full-wave
electromagnetic interactions of thousands of microscopic
unit cells is computationally prohibitive. Integrating RIS
technology into deterministic ray tracing frameworks thus
relies on simplified macroscopic models (anticipated in
Chapter 1) that carefully balance physical rigor with com-
putational efficiency. To this end, the following subsections
present the macroscopic modeling approach, the power
balance constraints ensuring energy conservation, the ray-
based formulation using phase-gradient reflection laws,
and the antenna-array representation that enables efficient
field evaluation.

2.8.1 Macroscopic Modeling Approach

The integration of RIS into ray tracing demands a macro-
scopic modeling approach [44, 48]. Microscopic full-wave [44]: Degli-Esposti et al.

(2022), Reradiation and
Scattering From a Recon-
figurable Intelligent Sur-
face: A General Macro-
scopic Model

[48]: Vitucci et al. (2024),
An Efficient Ray-Based
Modeling Approach for
Scattering From Reconfig-
urable Intelligent Surfaces

simulations of individual unit cells—while accurate—are
computationally unfeasible for large-scale, system-level
propagation scenarios. Instead, modern ray tracing frame-
works treat the RIS as a homogenized surface that ap-
plies specific wave transformations through a spatial mod-
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Figure 2.23: Example of
a RIS characterized by a
complex spatial modula-
tion coefficient Γ(𝑢, 𝑣) at
each surface element in-
dexed by (𝑢, 𝑣).

ulation function. This macroscopic abstraction captures
the essential electromagnetic behavior (anomalous reflec-
tion, beam steering, focusing) while remaining compatible
with the ray-optical framework established in previous
sections.

The RIS is characterized by a complex spatial modulation
coefficient Γ(𝑢, 𝑣) at each surface element indexed by (𝑢, 𝑣),
see Figure 2.23. This coefficient encodes both the amplitude
and phase modulation imposed by the local configuration
of the metasurface elements. This macroscopic representa-
tion enables seamless integration with existing ray tracing
mechanisms (specular reflection, diffraction, scattering)
while preserving the computational efficiency essential for
large-scale wireless channel modeling.

2.8.2 Power Balance and Physical
Consistency

To ensure physical consistency, the scattering from a RIS
must adhere to a strict power balance constraint, as de-
tailed in [44, Sec. II]. The incident power is partitioned into [44]: Degli-Esposti et al.

(2022), Reradiation and
Scattering From a Recon-
figurable Intelligent Sur-
face: A General Macro-
scopic Model

several components: coherent specular reflection from the
passive substrate, diffuse scattering due to structural non-
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idealities, anomalous reradiated modes dictated by the
smart surface, and internally dissipated power.

To fully capture polarization-altering metasurface architec-
tures within our established tracking structure, we expand
the macroscopic spatial modulation into a Jones tensor
𝚪(𝑢, 𝑣) at each generic surface element (𝑢, 𝑣), such that

𝚪(𝑢, 𝑣) = 𝑅 ⋅ √𝑚 ⋅ 𝐾𝑚(𝑢, 𝑣) 𝑒𝑗Φ𝑚(𝑢,𝑣)𝐏, (2.144)

where 𝑅 is the reduction factor accounting for macro-
scopic RIS non-idealities (often related to structural ef-
fective roughness), 𝑚 is the power amplitude coefficient
of the considered reradiation mode, 𝐾𝑚(𝑢, 𝑣) represents
the amplitude modulation pattern, Φ𝑚(𝑢, 𝑣) is the phase
modulation profile imposed by the RIS control, and 𝐏 acts
as the local polarization transfer matrix [44, Eq. 11]. [44]: Degli-Esposti et al.

(2022), Reradiation and
Scattering From a Recon-
figurable Intelligent Sur-
face: A General Macro-
scopic Model

The global power balance constraint guarantees energy
conservation and strictly prevents unphysical field amplifi-
cation by ensuring the fractional power summation equals
unity [44, Eq. 10], i.e.,

1 = 𝑅2𝜌 + 𝑆2 + 𝑅2∑
𝑛
𝑚𝑛 + 𝜏 , (2.145)

where 𝜌 is the specular reflectance of the surface, 𝑚𝑛 is the
power amplitude coefficient of the 𝑛-th reradiation mode,
𝑆2 is the fraction of power diverted to diffuse scattering,
and 𝜏 is the dissipation factor.

2.8.3 Ray-Based Anomalous Reradiation
(GO-Style Framework)

In a forward ray launching‡ approach, anomalous reflec-
tion is governed by a generalized law of reflection (1.62)
that incorporates the phase gradient ∇Φ𝑚 introduced by the
RIS [48, Eq. 13]. Unlike global superposition models, this [48]: Vitucci et al. (2024),

An Efficient Ray-Based
Modeling Approach for
Scattering From Reconfig-
urable Intelligent Surfaces‡ These terms will be further elaborated upon in Chapter 3.
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∇Φ𝑚(𝐱𝑟)

𝐧̂

Source
𝐬𝑖

𝐏

𝐬 𝑟

Figure 2.24: Geometry
of anomalous reflection
over a RIS, including lo-
cal phase gradient and
reflected-ray steering.

method treats the interaction as a purely localized trajec-
tory redirection, aligning perfectly with the GO framework
for efficient computation.

Building upon the 1D phase gradient dΦ
d𝑥 intuition devel-

oped in Section 1.5.4, the full 3D direction of the anoma-
lously reflected ray 𝐬̂𝑟 is dictated by the vector gradient.
Denoting the tangential component of the incident ray
direction as

𝐬̂𝑖𝑡 = 𝐬̂𝑖 − (𝐬̂𝑖 ⋅ 𝐧̂)𝐧̂, (2.146)

the reflected direction is given by [48, Eq. 13] [48]: Vitucci et al. (2024),
An Efficient Ray-Based
Modeling Approach for
Scattering From Reconfig-
urable Intelligent Surfaces

𝐬̂𝑟 = (𝐬̂𝑖𝑡 −
∇Φ𝑚(𝐱𝑟)

𝑘0
) +

√
1 − |𝐬̂𝑖𝑡 −

∇Φ𝑚(𝐱𝑟)
𝑘0

|
2
𝐧̂, (2.147)

where ∇Φ𝑚(𝐱𝑟) is the 2D surface phase gradient at the
interaction point 𝐱𝑟, 𝑘0 is the free-space wavenumber, and
𝐧̂ is the outward surface normal.

This expression correctly reduces to the classical specular
reflection law

𝐬̂𝑟 = 𝐬̂𝑖𝑡 + √1 − |𝐬̂𝑖𝑡|2 𝐧̂, (2.148)

when ∇Φ𝑚 = 0 (passive surface), while accommodating
arbitrary steering when ∇Φ𝑚 ≠ 0, as exemplified in Figure
2.24.

To rigorously model the spatial divergence of the ray tube
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as it propagates away from the RIS, the local wavefront
curvature matrix of the reflected wave 𝐐𝑟 is derived via
localized phase matching [48, Eq. 21] [48]: Vitucci et al. (2024),

An Efficient Ray-Based
Modeling Approach for
Scattering From Reconfig-
urable Intelligent Surfaces

𝐐𝑟 = 𝐋⊤ [𝐐𝑖 − 1
𝑘0
∇∇Φ𝑚] 𝐋, (2.149)

where 𝐐𝑖 is the incident wave’s curvature matrix and 𝐋 is a
coordinate projection operator. The term ∇∇Φ𝑚 represents
the Hessian matrix of the phase profile. Physically, this
Hessian acts as a lens operator: its eigenvalues dictate the
focusing or defocusing power of the RIS, directly contract-
ing or expanding the astigmatic ray tube radii defined in
Section 2.2.4.

Additionally, the finite size of the RIS introduces edge
diffraction effects [48, Sec. II-C]. In this case, the edge-
launched field is no longer described by the classical Keller
cone alone, but by an anomalous Keller conewhose aperture
is shifted by the tangential phase gradient along the edge
direction. Let 𝐞̂ denote the unit vector along the edge, 𝛽 𝑖 the
classical incidence angle with respect to the edge, and 𝛽𝑑

the aperture angle of the anomalous cone. The generalized
diffraction law [48, Eq. 24] is

cos 𝛽𝑑 = 𝐬̂𝑑 ⋅ 𝐞̂ = cos 𝛽 𝑖 − 1
𝑘0

𝜕Φ𝑚
𝜕𝐞̂

, (2.150)

which explicitly shows that the imposed phase gradient
modifies the cone aperture. The corresponding edge-caustic
distance controlling spatial attenuation is also modified
as [48, Eq. 26]

1
𝜌𝑑

= 1
𝜌𝑖𝑒

sin2 𝛽 𝑖

sin2 𝛽𝑑
− 1
𝑘0 sin

2 𝛽𝑑
𝜕2Φ𝑚
𝜕𝐞̂2

, (2.151)

where 𝜌𝑖𝑒 is the incident wavefront curvature radius in
the edge-fixed diffraction plane. The second derivative
of the modulation phase therefore perturbs the effective
curvature seen by the diffracted field, directly entering the
attenuation law through 𝜌𝑑.
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2.8.4 Discrete Antenna-Array Formulation
(PO-Style Superposition)

Alternatively, the reradiated field can be evaluated by treat-
ing each RIS tile as a coherently emitting equivalent an-
tenna element [44, Sec. III-B]. This constitutes a physical [44]: Degli-Esposti et al.

(2022), Reradiation and
Scattering From a Recon-
figurable Intelligent Sur-
face: A General Macro-
scopic Model

optics (PO)-style superposition approximation. Just as PO
integrates equivalent surface currents to evaluate scattered
fields, this approach sums the discrete spherical wavelets
radiated by each tile. It is particularly useful when analyz-
ing near-pattern envelope fidelity or edge-tapering effects
that localized GO rays might under-resolve.

Following this discrete antenna-array model, the field Δ𝐄𝑚

reradiated by the (𝑢, 𝑣)-th tile to an observation point 𝐏 is
concisely modeled as [44, Eq. 30]

Δ𝐄𝑚(𝐏|(𝑢,𝑣)) =
𝜆

√8𝜋
𝐸𝑖1𝚪(𝑢, 𝑣)

√𝐷𝑚√𝑓𝑚(𝜃𝑖(𝑢, 𝑣))√𝑓𝑚(𝜃𝑚(𝐏|(𝑢,𝑣)))

√∫
𝜋
0 𝑓𝑚(𝜃𝑚) sin(𝜃𝑚) d𝜃𝑚

𝑒−𝑗𝑘[𝑟𝑖(𝑢,𝑣)+𝑟𝑚(𝐏|(𝑢,𝑣))]

𝑟𝑖(𝑢, 𝑣) 𝑟𝑚(𝐏|(𝑢,𝑣))
,

(2.152)

where 𝐸𝑖1 is the normalized incident field amplitude, 𝐷𝑚 is
the directivity of the RIS element in the 𝑚-th reradiation
mode, 𝑓𝑚(𝜃) represents its radiation pattern, and 𝑟𝑖 and 𝑟𝑚
are the respective distances between the transmitter, the
tile, and the observation point. Notice that 𝚪(𝑢, 𝑣) now acts
as the polarization transformation tensor. The normalizing
integral in the denominator ensures that the sum of all
radiated power matches the macroscopic power balance
constraint derived earlier.

For electromagnetic consistency, this discrete superposi-
tion is admissible only if each hypothetical reradiating
tile satisfies an aperture feasibility constraint. Denoting
by 𝐴𝑒,𝑚 the effective area associated with mode 𝑚 and by
Δ𝑆 the physical tile area, the physically admissible regime
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requires [44, Eq. 18] [44]: Degli-Esposti et al.
(2022), Reradiation and
Scattering From a Recon-
figurable Intelligent Sur-
face: A General Macro-
scopic Model

𝐴𝑒,𝑚 ≤ Δ𝑆. (2.153)

For square tiles with side length Δ𝑙, this condition implies
the practical bound [44, Eq. 20]

0.28 𝜆 ≤ Δ𝑙 ≤ 0.5 𝜆. (2.154)

Violating the lower bound leads to a non-physical pas-
sive element that reradiates more power than it inter-
cepts, while violating the upper bound introduces grat-
ing lobes in the reradiated field. When specific element
patterns are prescribed, the lower bound tightens: approx-
imately Δ𝑙 ≳ 0.4𝜆 for an exponential-Lambertian pattern
and Δ𝑙 ≳ 0.49𝜆 for a Huygens-source pattern [44, Eqs. 23
and 25]. These constraints show that a macroscopic tile
in the array model cannot be naively identified with the
microscopic sub-wavelength unit cell.

This antenna-array formulation inherently evaluates field
intensity via a dense summation of all visible tiles. While it
bypasses the geometric complexity of calculating ray-tube
spreading factors (the Hessian) characteristic of the GO
approach, it incurs a steeper computational cost due to the
sheer number of required paths per surface. In summary,
the ray-based GO model offers computationally robust,
localized, and easily differentiable trajectory redirection,
whereas the PO-style array model provides detailed near-
pattern field superposition at the cost of intense combina-
torial integration.

2.9 Modeling Transmitted Waves

Until now, we have predominantly considered wave prop-
agation within a single medium or interacting at bound-
aries where the primary interest lies in the reflected or
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diffracted components. However, as introduced in the pre-
vious chapter, waves do not only reflect and diffract, but
can also be transmitted through materials. In this section,
we will discuss how to model transmitted fields in ray trac-
ing. While the models for free-space propagation are well-
established, models for air-to-medium, or air-to-medium-
to-air propagation, are usually simplified because tracking
rays through multiple internal reflections within a mate-
rial is computationally expensive and complex. Therefore,
many outdoor ray tracing tools neglect transmitted rays,
as their contribution is often negligible compared to di-
rect or diffracted paths. In contrast, in indoor scenarios or
mixed indoor-outdoor scenarios, transmitted rays play a
crucial role, allowing radio waves to propagate through
walls, floors, and other obstacles. An important example
is propagation through glass windows.

In the following subsections, we will discuss how to model
transmitted waves through single or multiple slabs, em-
ploying themodel from ITU-R Recommendation P.2040 [11,
Sec. 2.2.2]. This formulation is essentially a combination [11]: International

Telecommunication
Union (2025), ITU-R
Recommendation P.2040-3:
Effects of building
materials and structures
on radiowave propagation
above about 100 MHz

of propagation in lossy media (Section 1.3.6) and Fresnel’s
transmission coefficients (Section 1.5.1). We adopt the ⟂
and ∥ polarization notation as established in the previous
sections, corresponding to the TE and TM incident polar-
izations.

2.9.1 General Method for a Multi-Layer
Slab

When a plane wave strikes a slab comprising 𝑁 individual
layers—where each layer has flat, parallel, and smooth
boundaries—a recursive impedance-based method can be
used to model the interaction (as illustrated in Figure 2.25).
Let us define the relative permittivity and thickness of the
𝑛-th layer as 𝜖𝑟 ,𝑛 and 𝑑𝑛, respectively. We assume the slab
is embedded in air, represented by layers 0 and 𝑁 +1, both
having a relative permittivity of 1 and a thickness of 0. The
incoming wave arrives at an incidence angle 𝜃0 and exits
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Air Slab Air

Layers: 0 1 2 ... 𝑛 ... 𝑁 𝑁 + 1

𝜖𝑟 ,0 = 1 𝜖𝑟 ,1 𝜖𝑟 ,2 ... 𝜖𝑟 ,𝑛 ... 𝜖𝑟 ,𝑁 𝜖𝑟 ,𝑁+1 = 1

𝑑0 = 0 𝑑1 𝑑2 ... 𝑑𝑛 ... 𝑑𝑁 𝑑𝑁+1 = 0

𝐬𝑖

𝐬 𝑟

𝜃0

𝜃0

𝜃𝑛

𝐬𝑡

𝜃𝑁+1 = 𝜃0

Figure 2.25: Plane wave incident on a multi-layer slab, adapted from [11, Fig. 3].

the final layer 𝑁 at the same angle 𝜃𝑁+1 = 𝜃0, while the
propagation angle inside layer 𝑛 is denoted as 𝜃𝑛. Instead of
tracking each individual ray through a complex series of
internal reflections, this technique simplifies the process by
calculating equivalent, global reflection and transmission
coefficients for the complete multi-layer structure.

To compute the equivalent reflection coefficient for the en-
tire multi-layer assembly, we evaluate a recursive equation
that defines the reflection at the interface between layer 𝑛
and layer 𝑛 + 1. This evaluation proceeds backwards from
𝑛 = 𝑁 down to 𝑛 = 0, starting with the initial condition
𝑅∥,⟂(𝑁 + 1) = 0, and is given by

𝑅∥,⟂(𝑛) =
𝑅𝑛∥,⟂ + 𝑅∥,⟂(𝑛 + 1) 𝑒−2𝑗𝛾𝑛+1𝑑𝑛+1

1 + 𝑅𝑛∥,⟂𝑅∥,⟂(𝑛 + 1) 𝑒−2𝑗𝛾𝑛+1𝑑𝑛+1
, (2.155)

where 𝑅𝑛∥,⟂ denotes the Fresnel reflection coefficient (1.45)
at the 𝑛-th interface. The propagation constant 𝛾𝑛 and the
angle of refraction 𝜃𝑛 are related through Snell’s law and
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are given by

𝛾𝑛 = 𝑘0√𝜖𝑟 ,𝑐,𝑛 − sin2 𝜃0, (2.156)

sin 𝜃𝑛 =
sin 𝜃0
√𝜖𝑟 ,𝑐,𝑛

, (2.157)

𝑘𝑛 =
2𝜋
𝜆0√

𝜖𝑟 ,𝑐,𝑛, (2.158)

with 𝑘0 and 𝜆0 denoting the free-space wavenumber and
wavelength, respectively, and 𝜖𝑟 ,𝑐,𝑛 representing the com-
plex relative permittivity of layer 𝑛 to correctly account
for material losses and conductivity.

After recursively computing (2.155) down to 𝑛 = 0, the
overall reflection and transmission coefficients for the com-
plete slab can be written as

𝑅∥,⟂ = 𝑅∥,⟂(0), (2.159)

𝑇∥,⟂ =
𝑁
∏
𝑛=0

𝑒−𝑗𝛾𝑛𝑑𝑛 (1 + 𝑅𝑛∥,⟂)

1 + 𝑅𝑛∥,⟂𝑅∥,⟂(𝑛 + 1)𝑒−2𝑗𝛾𝑛+1𝑑𝑛+1
. (2.160)

2.9.2 Simplified Method for a Single-Layer
Slab

𝜖𝑟

Air Slab Air

𝑑

𝐬𝑖

𝐬 𝑟
𝐬𝑡

𝜃𝑖

𝜃𝑖
𝜃𝑡

𝜃𝑖

Figure 2.26: Plane wave
incident on a single-layer
slab.

In the specific case of a single-layer slab (𝑁 = 1, depicted in
Figure 2.26), the generic recursive procedure simplifies to
direct, closed-form equations. Assuming the material has a
thickness 𝑑 and a complex relative permittivity 𝜖𝑟 ,𝑐, let 𝑅′∥,⟂
denote the Fresnel reflection coefficients evaluated at the
interface between the air and the material. The equivalent
reflection and transmission coefficients of the slab simplify
to

𝑅∥,⟂ =
𝑅′∥,⟂(1 − 𝑒−𝑗2𝑞)

1 − 𝑅′2∥,⟂𝑒
−𝑗2𝑞

, (2.161)

𝑇∥,⟂ =
(1 − 𝑅′2∥,⟂) 𝑒

−𝑗𝑞

1 − 𝑅′2∥,⟂𝑒
−𝑗2𝑞

𝑒𝑗𝑘0𝑑 cos 𝜃0 , (2.162)
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where 𝑞, a term capturing both the phase variation and
attenuation scaling, is given by

𝑞 = 2𝜋𝑑
𝜆0 √𝜖𝑟 ,𝑐 − sin2 𝜃0, (2.163)

with 𝜃0 being the angle of incidence. The additional phase
term 𝑒𝑗𝑘0𝑑 cos 𝜃0 in the transmission coefficient is necessary
in ray tracing engines to compensate for the phase shift
already accounted for by the straight-line path length cal-
culation, which assumes the ray travels the distance 𝑑 in
free space. This reduced model offers a computationally
inexpensive yet highly precise approximation for common
architectural elements—such as isolated glass windows,
concrete walls, or brick barriers—provided they can be
reasonably treated as a standalone, homogeneous medium
suspended in air.

2.10 Computing the Total Channel

Having explored the fundamentalmechanisms of ray-based
propagation—from the high-frequency approximation and
polarization calculus to specific interactions like reflection,
diffraction, and RISs—we can now combine these models
to fully characterize the wireless channel.

2.10.1 Cascading Interactions for a Single
Path

In a realistic propagation scenario, an electromagnetic
wave emitted by the transmitter undergoes a sequence of
interactions before reaching the receiver. By combining
the models for the antennas (Section 2.3) and the models
for wave-surface interactions, we can fully describe the
field propagating along any given path.

For a single path 𝑝 experiencing 𝐾 interactions, we can
resort to cascading the individual effects. Using the Jones
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calculus introduced in Section 2.4, the received electric
field 𝐄RX𝑝 arriving at the receiver is a product of interaction
dyadics

𝐄RX𝑝 = (
1

∏
𝑘=𝐾

𝐓𝑘𝑝) 𝐄TX𝑝 , (2.164)

where 𝐄TX𝑝 is the initial electric field radiated by the trans-
mitting antenna in the direction of departure of the path,
and 𝐓𝑘𝑝 is the dyadic operator representing the 𝑘-th interac-
tion (which encapsulates reflection/diffraction coefficients,
spatial spreading factors, and phase shifts along propaga-
tion segments). The product is ordered right-to-left (hence
the index running from 𝐾 to 1).

While this cascading approach is highly effective, care
must be taken to ensure that the ray-optical assumptions
remain valid. For instance, consecutive interacting objects
must be sufficiently far apart relative to the wavelength
for the local plane-wave approximation to hold.

To translate the electromagnetic field 𝐄RX𝑝 into a channel
coefficient, we project it onto the receiving antenna pattern.
We define the complex scalar path coefficient 𝑎𝑝 ∈ ℂ for
path 𝑝 as

𝑎𝑝 = 𝜆
4𝜋

𝐂∗
𝑟 (𝜃RX𝑝 , 𝜑RX𝑝 ) (

1
∏
𝑘=𝐾

𝐓𝑘𝑝)𝐂𝑡(𝜃TX𝑝 , 𝜑TX𝑝 ), (2.165)

where
𝐂𝑡(𝜃, 𝜑) = √𝐺𝑡𝐅𝑡(𝜃, 𝜑), (2.166)

and
𝐂𝑟(𝜃, 𝜑) = √𝐺𝑟𝐅𝑟(𝜃, 𝜑). (2.167)

These vectors are the directive complex field pattern vec-
tors (often referred to as the embedded antenna patterns) of
the transmit and receive antennas. The factor 𝜆

4𝜋 accounts
for the reference free-space path loss scale. Under this def-
inition, the received signal amplitude at the output of the
antenna is directly proportional to 𝑎𝑝, and the received
power for a single path is given by 𝑃𝑟 ,𝑝 = 𝑃𝑡|𝑎𝑝|2.
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2.10.2 Multipath Summation and Channel
Response

In general, the wireless channel is composed of a multi-
tude of such paths, which we treat individually and then
aggregate. Because each path 𝑝 travels a different geomet-
ric distance 𝑑𝑝, it arrives at the receiver with a specific

propagation delay 𝜏𝑝 =
𝑑𝑝
𝑐 .

This multipath nature is captured by the channel impulse
response (CIR) ℎ(𝜏), which is essential for characterizing
wideband systems where not all paths arrive at the same
time, and is given by

ℎ(𝜏) =
𝑃
∑
𝑝=1

𝑎𝑝 𝛿(𝜏 − 𝜏𝑝), (2.168)

where 𝑃 is the total number of paths. In wideband systems,
paths with sufficiently different delays can be resolved by
the receiver, leading to frequency-selective fading.

For multi-antenna links with𝑁𝑡 transmit and𝑁𝑟 receive ele-
ments, the channel cannot be summarized by a single scalar
impulse response. These systems, commonly referred to as
multiple-input multiple-output (MIMO), require keeping
the path contributions before the final array projection,
leading to a matrix-valued impulse response 𝑯(𝜏) ∈ ℂ𝑁𝑟×𝑁𝑡 .
If the individual array elements are located at relative po-
sitions 𝐫𝑡 ,𝑛 (for 𝑛 = 1, … , 𝑁𝑡) and 𝐫𝑟 ,𝑚 (for 𝑚 = 1,… , 𝑁𝑟) with
respect to the array phase centers, the channel coefficient
𝐻𝑚,𝑛(𝜏 ) between transmit element 𝑛 and receive element
𝑚 is given by

𝐻𝑚,𝑛(𝜏 ) =
𝑃
∑
𝑝=1

𝑎𝑝,𝑚,𝑛 𝛿(𝜏 − 𝜏𝑝,𝑚,𝑛), (2.169)

where 𝑎𝑝,𝑚,𝑛 and 𝜏𝑝,𝑚,𝑛 are the element-to-element path
coefficient and delay. Assuming the array aperture is small
relative to the total path lengths, the delay is approximately
uniform across the elements (𝜏𝑝,𝑚,𝑛 ≈ 𝜏𝑝). If the elements of
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the arrays are identical and copy the reference patterns 𝐂𝑡
and 𝐂𝑟, the spatial response of the arrays can be factored
out, yielding

𝑯(𝜏) =
𝑃
∑
𝑝=1

𝑎𝑝 𝐚RX(𝜃RX𝑝 , 𝜑RX𝑝 ) 𝐚∗TX(𝜃
TX
𝑝 , 𝜑TX𝑝 ) 𝛿(𝜏 − 𝜏𝑝),

(2.170)
where:

▶ The scalar path coefficient 𝑎𝑝 between the reference
phase centers is given by

𝑎𝑝 = 𝜆
4𝜋

𝐂∗
𝑟 (𝜃RX𝑝 , 𝜑RX𝑝 ) (

1
∏
𝑘=𝐾

𝐓𝑘𝑝)𝐂𝑡(𝜃TX𝑝 , 𝜑TX𝑝 ).

(2.171)
▶ The transmit and receive steering vectors, 𝐚TX ∈ ℂ𝑁𝑡

and 𝐚RX ∈ ℂ𝑁𝑟 , capture the relative phase delays
across the array elements and are given by

𝐚TX(𝜃, 𝜑) = [𝑒−𝑗𝐤
TX(𝜃,𝜑)⋅𝐫𝑡 ,1 … 𝑒−𝑗𝐤

TX(𝜃,𝜑)⋅𝐫𝑡 ,𝑁𝑡]
⊤
, (2.172)

𝐚RX(𝜃, 𝜑) = [𝑒−𝑗𝐤
RX(𝜃,𝜑)⋅𝐫𝑟 ,1 … 𝑒−𝑗𝐤

RX(𝜃,𝜑)⋅𝐫𝑟 ,𝑁𝑟]
⊤
, (2.173)

with 𝐤TX and 𝐤RX being the wave vectors of depar-
ture and arrival, respectively. The superscript ∗ de-
notes the conjugate transpose (Hermitian) operator.

Conversely, in narrowband systems, the differences in de-
lay are small compared to the inverse bandwidth of the
signal. The paths temporally overlap, and the total received
channel coefficient is simply the coherent sum of all indi-
vidual path contributions

𝑎total =
𝑃
∑
𝑝=1

𝑎𝑝. (2.174)

Coherent summation preserves the complex phase rela-
tionships between paths, capturing the constructive and
destructive interference that characterizes small-scale fad-
ing. The total coherent received power is proportional to
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|𝑎total|2.

Alternatively, if we are only interested in the macroscopic
average power (e.g., for general coverage predictions) and
want to smooth out rapid fading fluctuations, we can per-
form a non-coherent (or incoherent) summation. Here, we
sum the powers of the individual paths rather than their
complex amplitudes, which yields

𝑃incoherent ∝
𝑃
∑
𝑝=1

|𝑎𝑝|2. (2.175)

This approach disregards phase interference entirely, pro-
viding a stable estimate of the local mean power. In fact,
this approach is often preferred to the coherent summation
in large-scale coverage predictions, as it is less sensitive
to small positioning errors of various objects in the en-
vironment, which are inevitable in real-world scenarios.
Unless explicitly stated otherwise, all coverage maps pre-
sented in this book are generated using this non-coherent
summation approach.

2.10.3 The Role of Ray Tracing

The mathematical formulation of the channel relies en-
tirely on knowing the properties of every valid path 𝑝.
Thus, the primary role of a ray tracing engine in this
pipeline is twofold:

1. Finding the geometrical paths that connect the trans-
mitter to the receiver through valid sequences of
interactions in the environment.

2. Aggregating the various physical models (antennas,
materials, RISs) along these trajectories to compute
the electromagnetic fields and, ultimately, the total
channel response.

While finding paths for purely specular reflections is rela-
tively straightforward, a major challenge arises with more
complex interactions. Specular reflection and transmission
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map an incident ray to a discrete number of outgoing rays.
However, phenomena such as edge diffraction (Section 2.6)
or diffuse scattering (Section 2.7) split a single incident ray
into a continuous infinity of outgoing rays (e.g., along a
Keller cone or over a scattering hemisphere).

This ray splitting raises significant questions about how to
proceed in a practical simulator. A naive approach would
lead to a combinatorial explosion, attempting to track an
infinite number of child rays. Efficiently discovering these
paths and sampling these continuous distributions without
overwhelming computational resources is a core algorith-
mic challenge, setting the stage for the methodologies
discussed in the next chapter.

2.11 Conclusion

This chapter has built the physical toolkit for ray-based
radio propagation modeling—the first of the three main
components introduced in the preface. Starting from the
high-frequency asymptotic expansion of Maxwell’s equa-
tions (Section 2.2), we showed that waves can be replaced
by rays carrying amplitude, phase, and polarization, each
governed by the eikonal equation and the ray optical con-
tinuation formula. We then described how transmit and
receive antennas modulate the fields at the endpoints of
a path (Section 2.3), and how polarization is tracked co-
herently through cascaded interactions using Jones cal-
culus (Section 2.4). The physics of each individual inter-
action was then treated in turn: specular reflection from
smooth surfaces with Fresnel coefficients (Section 2.5),
edge diffraction via the UTD (Section 2.6), rough-surface
scattering (Section 2.7), engineered RISs (Section 2.8), and
slab transmission (Section 2.9). Finally, the previous section
showed how the contributions of all ray paths are coher-
ently summed to form the received field and the wireless
channel impulse response.

Two fundamental questions have been deliberately left
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open, however. First, how do we find the geometrical ray
paths that undergo an arbitrary sequence of reflections,
diffractions, or other interactions in complex 3D scenes?
The answer—covering exact and approximate methods,
such as the imagemethod and shooting-and-bouncing rays,
and their algorithmic trade-offs—is the subject of Chapter
3. Second, what does differentiability mean in the context of
ray tracing, and why does it matter for radio propagation?
Chapter 4 addresses that question, showing how gradients
of the channel with respect to scene parameters can be
computed and exploited for gradient-based optimization
and integration with machine learning pipelines.



Building



How To Trace Paths 3
Building on the theoretical foundations established in the
previous chapters, we now turn our attention to the practi-
cal implementation of ray tracing algorithms. While Chap-
ter 2 provided the mathematical framework based on geo-
metric optics, this chapter focuses on computational tech-
niques for tracing ray paths through complex environ-
ments.

In this book, we categorize path tracing algorithms into
two main approaches: exact and inexact methods. Exact
methods, such as the image method, determine the precise
coordinates of a ray path connecting two communicat-
ing nodes (e.g., a source and a receiver) for a prescribed
sequence of interactions, such as specular reflections. In
contrast, inexact methods seek approximations and often
trade geometric precision for computational speed.

Both exact and inexact methods rely on the geometrical
optics principles discussed in Chapter 2. They typically as-
sume that the wavelength of radio waves is much smaller
than the objects in the environment. Under this assump-
tion, propagation is modeled as rays traveling in straight
lines and interacting with surfaces through reflection, re-
fraction, and diffraction. Fermat’s principle underlies all
methods presented in this chapter and provides the gov-
erning physical law for ray trajectories.

3.1 Exact Methods

All exact methods address the same geometric task: given
a transmitter, a receiver, and an ordered interaction se-
quence

𝑰 = [𝐼1, 𝐼2, … , 𝐼𝐾] , (3.1)

where 𝐼𝑘 represents the 𝑘-th interaction (e.g., a reflection
on a specific wall), find the corresponding ray path(s), if
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2 Figure 3.1: Illustration of

the exact path problem
for a double-reflection
case: how to find the exact
path coordinates of a ray
joining a transmitter and
a receiver while undergo-
ing a specular reflection
on the first wall (mirror)
and then on the second
wall?

any, that satisfy the physical interaction laws in that exact
order. We call such an ordered sequence a path candidate.
Depending on the geometry and interaction types, one
path candidate may produce no valid path, one valid path,
or multiple valid paths.

In this chapter, we focus on solving the exact-coordinate
problem for a given path candidate. Methods for generating
path candidates efficiently are discussed later in Chapter
5, and a practical walkthrough is provided in Appendix A.
For example, if the path candidate is a double reflection
(wall then floor), an exact method computes the precise in-
teraction coordinates that realize this sequence (see Figure
3.1).

3.1.1 The Image Method

Although distinct from the “method of images” used to
solve boundary-value problems in differential equations,
the image method in ray tracing shares a conceptual and
historical lineage with this earlier technique. In themethod
of images, the goal is to replace boundary conditions with
image sources. In path tracing, boundaries are planar re-
flectors, such as walls. The reflected ray path is obtained
by first computing the image of the source (transmitter)
with respect to the reflector, and then determining the
intersection between the reflector and the line segment
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Image Source

Source

Receiver

Figure 3.2: Illustration of
the image-source method
for a single reflection.
The virtual source is the
mirror image of the ac-
tual source across the re-
flecting surface. The path
from the source to the re-
ceiver via the reflection
point is equivalent to the
direct path from the im-
age source to the receiver.

connecting the image and the receiver. This intersection
point corresponds exactly to the specular reflection point
on the surface, and the ray path can thus be traced (see
Figure 3.2). In its modern form, the method was introduced
for rectangular room-acoustics simulation by Allen and
Berkley [49] and later extended to arbitrary polyhedra [49]: Allen et al. (1979),

Image method for
efficiently simulating
small‐room acoustics

by Borish [50]. The same geometric principle was subse-

[50]: Borish (1984), Exten-
sion of the image model to
arbitrary polyhedra

quently adopted for deterministic radio-network design in
site-specific propagation studies.

Mathematical Formulation

The image method determines the exact paths between a
transmitter (TX) and a receiver (RX), with a certain number
𝐾 of specular reflections, by computing the successive im-
ages of TX using orthogonal symmetry across the surfaces.
As illustrated in Figure 3.3, all images are first computed
successively across each surface: the image of TX across
the first surface is computed, then the image of this image
across the second surface, and so on until the last surface
is reached.
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This forward procedure is defined by

𝐢𝑘 = 𝐢𝑘−1 − 2 [(𝐢𝑘−1 − 𝐩𝑘) ⋅ 𝐧̂𝑘] 𝐧̂𝑘, (3.2)

where 𝐢𝑘 and 𝐩𝑘 are, respectively, the 𝑘-th image and any
point on the 𝑘-th surface, and 𝐢0 is the location of TX.

Subsequently, the exact interaction coordinates are derived
via a recursive backward pass, from RX to TX, by inter-
secting each surface with the line joining the subsequent
interaction point (or RX) and the corresponding image.
This backward step is defined by

𝐱𝑘 = 𝐱𝑘+1 +
(𝐩𝑘 − 𝐱𝑘+1) ⋅ 𝐧̂𝑘
(𝐱𝑘+1 − 𝐢𝑘) ⋅ 𝐧̂𝑘

(𝐱𝑘+1 − 𝐢𝑘), (3.3)

where 𝐱𝑘 is the interaction point on the 𝑘-th surface, 𝐱0 is
the location of TX, and 𝐱𝐾+1 is the location of RX.

This expression follows from a standard line–plane inter-
section by parameterizing the line from 𝐱𝑘+1 toward 𝐢𝑘
as

𝐱(𝑡) = 𝐱𝑘+1 + 𝑡(𝐱𝑘+1 − 𝐢𝑘), (3.4)

and enforcing the plane constraint (𝐱(𝑡) − 𝐩𝑘) ⋅ 𝐧̂𝑘 = 0.

From these formulas, the connection to Fermat’s principle
is not immediate. However, one can verify a posteriori that
the traced ray path satisfies the law of reflection.

For specular reflections on planar surfaces, the image
method is among the most computationally efficient ap-
proaches, as it requires a number of operations that is
linear in the number of interactions.

Extension to Arbitrary Geometries and Interactions

Although the above algorithm is strictly formulated for
specular reflections on planar surfaces, the guiding prin-
ciple of the image method—constructing a sequence of
virtual sources that satisfies boundary conditions—can be
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𝑥

𝑦

(0, 0)

Transmitter

Receiver

(2, −1)

(2, 4)

𝐢1 = 𝐢TX 𝐢2 = 𝐢𝐢TX
(11, 2)(−1, 2)

Image through mirror
Intersection path
Final path
Mirror
Interaction point

Figure 3.3: Example application of the image method to the double-reflection scenario illustrated in
Figure 3.1. The method determines the only valid path joining TX and RX through two successive
specular reflections (the interaction order matters). First, the successive images of TX are computed
across each mirror using orthogonal symmetry. Second, the intersection points with the mirrors are
computed backward—from the last mirror to the first—by connecting RX, and then each successive
intersection point, to the corresponding image of TX. Finally, the valid path is assembled by joining
TX, the intermediate intersection points, and RX.

generalized to reflections, diffractions, or other interac-
tions on non-planar objects. In practice, dedicated formu-
lations are required for these cases, and they generally
support only one diffraction, located either at the first or
at the last interaction [51]. As geometries become curved [51]: Quatresooz et al.

(2021), Tracking of Inter-
action Points for Improved
Dynamic Ray Tracing

or interactions such as edge diffraction are introduced, the
analytical construction of these virtual sources becomes
significantly more complex because the virtual loci are no
longer points, but curves or surfaces [52]. This limitation [52]: Aguado Agelet et

al. (2000), Efficient ray-
tracing acceleration tech-
niques for radio propaga-
tion modeling

motivates the alternative formulations discussed next.

3.1.2 Min-Path-Tracing

The min-path-tracing (MPT) method is a deterministic,
minimization-based path-finding approach developed to
address the limitations of the image method for complex
interaction chains and non-planar geometries [53]. While [53]: Eertmans et al.

(2023), Min-Path-Tracing:
A Diffraction Aware
Alternative to Image
Method in Ray Tracing

the image method is highly efficient for specular reflec-
tions on planar surfaces, it does not handle diffraction in its
usual form and becomes mathematically cumbersome for
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𝐧̂3

𝐧̂1

𝐞̂5

𝐧̂4

𝐞̂2

TX

RX

Figure 3.4: Example application of the MPT method to a complex scenario comprising, in order: a
reflection on a sphere, a diffraction on a straight edge, a double reflection (first on a plane, then on
a sphere), and finally a diffraction on a helicoidal edge. A 2D top-down view of the same scenario is
provided in Figure 3.5.

curved surfaces. MPT formulates exact coordinate recov-
ery for a given path candidate as a non-linear optimization
problem. Importantly, this optimization view is not limited
to reflections and diffractions. It can incorporate refraction
constraints as additional interaction laws, and it is also
well-suited to modeling programmable interactions such
as RIS through interaction terms that encode generalized
reflection or refraction behavior.

Problem Formulation

The fundamental principle underlying MPT is to formulate
path tracing as the minimization of a cost function 𝐶 that
quantifies the violation of physical interaction laws and
object-membership constraints. The method iteratively
adjusts the unknown interaction coordinates to minimize
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𝐧̂3

𝐧̂1 𝐞̂5

𝐧̂4

𝐞̂2

TXRX

Figure 3.5: 2D top-down view of the 3D scenario illustrated in Figure 3.4. The equality between
incidence and reflection angles on the plane and spheres is visually apparent. For edge diffraction, the
equality of angles between incoming and outgoing rays and the edge direction vector is less evident
because both edge direction vectors have a non-zero 𝑧-component.

this cost, effectively searching for a configuration that
simultaneously satisfies all physical laws.

In 3D, the unknown interaction coordinates can be col-
lected into a single matrix 𝑿 of size 𝐾 × 3, where 𝐾 is the
number of interactions in the path candidate. The goal is
to find the optimal 𝑿⋆ that minimizes the cost function
𝐶(𝑿), i.e.,

𝑿⋆ = argmin
𝑿∈ℝ𝐾×3

𝐶(𝑿), (3.5)

and to verify that 𝐶(𝑿⋆) approaches zero to ensure that
the solution is physically valid.

Although one could use a root-finding algorithm to solve
𝐶(𝑿) = 0 directly, a minimization approach is generally
more robust because it handles cases in which constraints
cannot be satisfied exactly due to numerical effects or
modeling approximations. Minimizing 𝐶 therefore yields



3 How To Trace Paths 124

the best admissible solution even when an exact solution
does not exist.

For each interaction index 𝑘, MPT defines two complemen-
tary cost terms:

1. An interaction term 𝐶 int𝑘 , enforcing the local physical
law (specular reflection or edge diffraction) between
(𝐱𝑘−1, 𝐱𝑘, 𝐱𝑘+1).

2. An object-belonging term 𝐶obj𝑘 , enforcing that 𝐱𝑘 lies
on the object designated by interaction 𝐼𝑘.

The global objective is then built as the sum of the squared
ℓ2-norms of the vectors of these local penalties over all
interactions

𝐶(𝑿) = ‖𝒄int(𝑿)‖2⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝐶 int

+ ‖𝒄obj(𝑿)‖2⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝐶obj

, (3.6)

where 𝒄int(𝑿) and 𝒄obj(𝑿) are the vectors of interaction
and object-belonging costs, respectively, and are given
by

𝒄int(𝑿) = [𝑐int1 (𝐱0, 𝐱1, 𝐱2) … 𝑐int𝐾 (𝐱𝐾−1, 𝐱𝐾, 𝐱𝐾+1)]
⊤
, (3.7)

𝒄obj(𝑿) = [𝑐obj1 (𝐱1) … 𝑐obj𝐾 (𝐱𝐾)]
⊤
. (3.8)

The individual cost terms 𝑐int𝑘 and 𝑐obj𝑘 are not necessar-
ily scalar: they can be vector-valued to capture multiple
constraints simultaneously, hence the use of bold nota-
tion. In (3.7) and (3.8), the total cost vectors are formed
by concatenating all individual cost vectors. Figures 3.6
and 3.7 illustrate the interaction and object-belonging cost
functions for a single reflection, respectively.

Specular Reflection For a specular reflection at a point
𝐱𝑘 on a surface with local normal vector 𝐧̂𝑘, the incoming
incident vector 𝐬𝑖 and the outgoing reflected vector 𝐬𝑟 must
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Figure 3.6: Illustration of the residual interaction-based function 𝐶 int for a single reflection.

satisfy the law of reflection, meaning they make the same
angle with the normal,

𝐬̂𝑟 = 𝐬̂𝑖 − 2 (𝐬̂𝑖 ⋅ 𝐧̂𝑘) 𝐧̂𝑘. (3.9)

If an implicit equation 𝑓𝑘(𝐱) = 0 is known, the normal
vector is readily obtained by normalizing the gradient of
the surface function, i.e., 𝐧̂𝑘 =

∇𝑓𝑘
‖∇𝑓𝑘‖

. To circumvent some
numerical singularities that optimization routines can en-
counter when normalizing vectors of unknown sizes, MPT
relaxes the strict unit-norm requirement on the reflected
vector by rescaling the relationship with 𝛾𝑘 = ‖𝐬𝑖‖

‖𝐬𝑟‖ , yield-
ing

𝛾𝑘 ⋅ 𝐬𝑟 = 𝐬𝑖 − 2 (𝐬𝑖 ⋅ 𝐧̂𝑘) 𝐧̂𝑘. (3.10)

By equating (3.10) to zero, the residual interaction cost for
a reflection is then defined as

𝐜int𝑘 (𝐱𝑘−1, 𝐱𝑘, 𝐱𝑘+1) = 𝛾𝑘 (𝐱𝑘+1 − 𝐱𝑘)
− (𝐱𝑘 − 𝐱𝑘−1)
+ 2 ((𝐱𝑘 − 𝐱𝑘−1) ⋅ 𝐧̂𝑘) 𝐧̂𝑘,

(3.11)

and the residual object-belonging cost is defined as

𝑐obj𝑘 (𝐱𝑘) = 𝑓𝑘(𝐱𝑘). (3.12)

EdgeDiffraction Similar to the reflection case, the inter-
action cost for edge diffraction is derived from the vector
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Figure 3.7: Illustration of the residual object-belonging function 𝐶obj for a single reflection.

form of the geometrical theory of diffraction. An incident
vector 𝐬𝑖 striking an edge with local direction vector 𝐞̂𝑘
diffracts into a cone of rays 𝐬𝑑. The incident and diffracted
vectors must form the same angle with the edge and are
thus related by

𝐬𝑖 ⋅ 𝐞̂𝑘
‖𝐬𝑖‖

=
𝐬𝑑 ⋅ 𝐞̂𝑘
‖𝐬𝑑‖

. (3.13)

For a parametrically defined edge 𝐞𝑘(𝑠), its direction vector
is obtained as 𝐞̂𝑘 =

d𝐞𝑘
d𝑠 .

By defining the departure point from the previous inter-
action as 𝐱𝑘−1 and the arrival point at the next interac-
tion as 𝐱𝑘+1 (with 𝐱0 and 𝐱𝐾+1 being TX and RX, respec-
tively), MPT forms residuals for each interaction triplet
(𝐱𝑘−1, 𝐱𝑘, 𝐱𝑘+1) as

𝑐int𝑘 (𝐱𝑘−1, 𝐱𝑘, 𝐱𝑘+1) =
(𝐱𝑘 − 𝐱𝑘−1) ⋅ 𝐞̂𝑘
‖𝐱𝑘 − 𝐱𝑘−1‖

−
(𝐱𝑘+1 − 𝐱𝑘) ⋅ 𝐞̂𝑘
‖𝐱𝑘+1 − 𝐱𝑘‖

,
(3.14)

and the residual object-belonging cost is defined as

𝑐obj𝑘 (𝐱𝑘) = 𝑓𝑘(𝐱𝑘), (3.15)

where 𝑓𝑘(𝐱𝑘) = 0 is an implicit equation of the edge. Note
that the interaction cost for edge diffraction is scalar, as
it only captures a single constraint, while the interaction
cost for reflection is vector-valued, as it captures three



3 How To Trace Paths 127

constraints (one per coordinate).

Modeling Other Interactions

The MPT framework is flexible and can be extended to
model other types of interactions beyond specular reflec-
tion and edge diffraction. For example, refraction can be
modeled by defining an interaction cost based on Snell’s
law, which relates the angles of incidence and refraction to
the refractive indices of themedia. Similarly, programmable
interactions such as those involving RIS can be modeled by
defining custom interaction costs that capture the desired
reflection or refraction behavior. The key advantage of the
MPT approach is that it provides a unified optimization
framework that can accommodate a wide variety of inter-
action types and geometries, making it a powerful tool for
path tracing in complex environments.

Parametric Reduction

Optimization in ℝ𝐾×3 entails estimating three coordinates
per interaction point while simultaneously satisfying the
interaction term 𝐶 int and the object-belonging term 𝐶obj.
However, when a parametric mapping is available for the
interacting objects, the optimization can be significantly
simplified. Expressing the problem in the parametric space
not only reduces the dimensionality but also eliminates the
𝐶obj term, which is then implicitly satisfied. By establishing
parametric–Cartesian mapping functions

(𝑠𝑘, 𝑡𝑘) ↔ (𝑥𝑘, 𝑦𝑘, 𝑧𝑘) for surfaces, (3.16)

(𝑠𝑘) ↔ (𝑥𝑘, 𝑦𝑘, 𝑧𝑘) for edges, (3.17)

where the parameters represent 2D coordinates for sur-
faces and 1D coordinates for edges, the object-belonging
constraint is always satisfied by construction, since any
parametric coordinate maps to a point on the object. Con-
sequently, the dimensionality drops from 3𝐾 to 2𝐾𝑟 + 𝐾𝑑,
where 𝐾𝑟 is the number of surface parameters and 𝐾𝑑 is the



3 How To Trace Paths 128

number of edge parameters. The objective then simplifies
to minimizing the interaction residual vector

minimize
𝒕 ∈ ℝ2𝐾𝑟+𝐾𝑑

‖𝐜int (𝒳(𝒕))‖
2
, (3.18)

where𝒳(𝒕) is the parametric-to-Cartesian coordinate map-
ping, and 𝒕 is the vector of parametric coordinates.

Numerical Considerations

The optimization problem (3.18) is non-convex in general
and may admit multiple local minima. Empirical observa-
tions indicate that for planar surfaces and straight edges,
the minimization landscape is favorable, and standard gra-
dient descent methods converge to valid solutions regard-
less of initialization (see Figure 3.8 for an example). For
more general geometries (e.g., curved surfaces), the op-
timization should be run multiple times using different
random initializations to increase the probability of dis-
covering all distinct physical solutions.

As mentioned earlier, the cost function is designed such
that valid paths correspond to global minima with zero
cost. However, due to numerical precision limits and the
non-convex nature of the problem, it is possible for the
optimization to converge to local minima that do not cor-
respond to valid paths (i.e., where 𝐶(𝑿⋆) ≠ 0). Therefore, it
is crucial to verify the validity of each converged solution
by checking that the cost is sufficiently close to zero and
that the interaction points satisfy the physical constraints
of their respective interactions.
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𝐶 = 2.09

(a) Random initialization.

Transmitter

Receiver

𝐶 = 0.92

(b) After the first iteration.

Transmitter

Receiver

𝐶 = 0.21

(c) After the second iteration.

Transmitter

Receiver

𝐶 = 0.00

(d) Algorithm has converged.

Figure 3.8: Example application of the MPT minimization algorithm to the double-reflection scenario
from Figure 3.1, shown at various stages of convergence.
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3.1.3 Fermat-Based Methods

As recalled from Chapter 2, Fermat’s principle states that a
ray between two points follows a path that makes traversal
time stationary with respect to infinitesimal path varia-
tions. This naturally raises a practical question: why not
find the geometrical interaction points directly by optimiz-
ing travel time? The raw variational problem is continu-
ous and infinite-dimensional, making direct computation
impractical without discretization. More importantly, ge-
ometric constraints—the interaction points must lie on
their respective objects in the prescribed order—render
the problem generally non-convex. Nevertheless, under
two simplifying assumptions that are widely satisfied in
radio propagation modeling tools and that we will detail
below, the path-finding problem becomes a strictly convex,
path-length minimization problem [54, 55]. [54]: Carluccio et al.

(2008), An Efficient Ray
Tracing Algorithm for
Multiple Straight Wedge
Diffraction

[55]: Eertmans et al.
(2025), Fast, Differentiable,
GPU-Accelerated Ray
Tracing for Multiple
Diffraction and Reflection
Paths

From Time to Length

For a ray path 𝐫(𝑠) joining source 𝐱0 and receiver 𝐱𝐾+1,
parameterized by arc length 𝑠 ∈ [0, 𝑠total], the traversal
time is proportional to the optical path length

𝐿 =

𝑠total

∫
0

𝑛(𝑠) d𝑠, (3.19)

where 𝑛(𝑠) is the local refractive index.

In the common case of a single homogeneous medium
with constant refractive index, which is the case in free-
space propagation, optimizing 𝐿 is equivalent to optimiz-
ing the total geometric path length. For a path candidate
with 𝐾 interactions, fixing the source and receiver, the
problem reduces to finding unknown interaction points
𝐗 = [𝐱1, … , 𝐱𝐾] as

(𝐱⋆1 , … , 𝐱⋆𝐾) = arg opt
𝐱1,…,𝐱𝐾

𝐿(𝐗) ≝
𝐾
∑
𝑘=0

‖𝐱𝑘+1 − 𝐱𝑘‖. (3.20)
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𝑥0

𝑥𝐾+1

𝐛1

𝐱1

....

𝐛2
𝐱2

𝑏𝐾

𝑥𝐾

𝐚1,∶,1
𝐚2,∶,1

𝐚2,∶,2
𝐚𝐾,∶,1

Figure 3.9: Illustration
of the path-finding prob-
lem under the assump-
tions of planar surfaces
and straight edges, where
𝐚𝑖,∶,𝑗 is the 𝑗-th base vector
of the 𝑖-th object, and 𝐛𝑖 is
a reference point on the
𝑖-th object.

One can verify a posteriori that, in a homogeneous medium,
the optima of (3.20) satisfy the appropriate interaction
laws (angle of reflection, Keller cone for diffraction, etc.),
confirming the equivalence with Fermat’s principle.

Convex Setting Used in Practice

The objective 𝐿(𝐗) in (3.20) is not convex in 3D uncon-
strained space, since the interaction points must lie on
their respective objects. Two important assumptions re-
store strict convexity:

1. Specular reflections occur on planar surfaces.
2. Diffractions occur on straight edges.

Although these may appear restrictive, most outdoor 3D
models are described by polygonal meshes, making both
conditions broadly applicable. Under these assumptions,
each interaction point 𝐱𝑘 lies in a low-dimensional affine
subspace and can be expressed as

𝐱𝑘 = 𝑨𝑘𝒕𝑘 + 𝐛𝑘, (3.21)

where 𝐛𝑘 ∈ ℝ3 is a reference point on the 𝑘-th object, 𝑨𝑘 ∈
ℝ3×𝑑𝑘 is a matrix whose columns are orthonormal basis
vectors spanning the object, and 𝒕𝑘 ∈ ℝ𝑑𝑘 is the parametric
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coordinate, with 𝑑𝑘 = 2 for planar surfaces and 𝑑𝑘 = 1 for
straight edges (see Figure 3.9).

By stacking all parameters into a matrix 𝑻, the path-length
objective becomes

𝐿(𝑻) =
𝐾
∑
𝑘=0

‖(𝑨𝑘+1𝒕𝑘+1 + 𝐛𝑘+1) − (𝑨𝑘𝒕𝑘 + 𝐛𝑘)‖ , (3.22)

where 𝑨0𝒕0 = 𝟎 and 𝑨𝐾+1𝒕𝐾+1 = 𝟎, and where 𝐛0 and 𝐛𝐾+1
are the initial and final points, typically the transmitter and
receiver positions, respectively. Each term is the Euclidean
norm of an affine function of 𝑻, so 𝐿(𝑻) is strictly convex,
guaranteeing a unique global minimum for each candidate
path.

Extension to Refraction

By assuming a homogeneous medium, we have so far
equated Fermat’s principle with path-length minimiza-
tion. In more general settings, the traversal time depends
on the local refractive index, and the objective should be
the optical path length. If the medium is piecewise con-
stant (e.g., indoor environments with different materials),
refraction can be incorporated by weighting each segment
by the refractive index of the traversed medium, yielding
the modified objective

𝐿(𝑻) =
𝐾
∑
𝑘=0

𝑛𝑘 ‖(𝑨𝑘+1𝒕𝑘+1 + 𝐛𝑘+1) − (𝑨𝑘𝒕𝑘 + 𝐛𝑘)‖ , (3.23)

where 𝑛𝑘 is the refractive index of the medium traversed
by the 𝑘-th segment. This formulation preserves convexity,
enabling efficient optimization and accurate modeling of
refraction effects in environments with piecewise-constant
media.
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Two Families of Fermat-Based Methods

The convex path-length formulation was first exploited
by Carluccio and Albani [54] for diffraction-only paths, [54]: Carluccio et al.

(2008), An Efficient Ray
Tracing Algorithm for
Multiple Straight Wedge
Diffraction

using a modified Newton method with near-quadratic con-
vergence. Puggelli, Carluccio, and Albani [56] then ex-

[56]: Puggelli et al. (2014),
A Novel Ray Tracing
Algorithm for Scenarios
Comprising Pre-Ordered
Multiple Planar Reflectors,
Straight Wedges, and
Vertexes

tended this to paths mixing reflections and diffractions via
a hybrid strategy: the image method eliminates all reflec-
tion unknowns analytically, reducing the problem to pure
diffraction minimization. This approach is also referred to
as the image edge model in the literature [57]. While com-

[57]: Erraji et al. (2021),
The image edge model

putationally elegant, this hybrid approach yields problem
dimensions that depend on the number and ordering of
diffractions, and introduces different code paths for reflec-
tions and diffractions—both of which are detrimental to
GPU parallelism, where all threads must follow the same
execution path.

Another approach is to handle all interaction types within
a single optimization program of fixed dimension. In this
approach, reflections and diffractions enter the same para-
metric path-length objective (3.22) with no special cases.
This eliminates branching and enables efficient batch pro-
cessing [55]. For example, reflections (𝑑𝑘 = 2) and diffrac- [55]: Eertmans et al.

(2025), Fast, Differentiable,
GPU-Accelerated Ray
Tracing for Multiple
Diffraction and Reflection
Paths

tions (𝑑𝑘 = 1) can be handled with a uniform dimension by
padding the second column of𝑨𝑘 with zeros for edges. This
yields a problem of constant size regardless of interaction
type, which is essential for efficient parallel processing
without per-interaction branching. However, it comes at
the cost of increased computational complexity. This topic
will be discussed in further detail in Chapter 5.

3.1.4 The Combinatorial Bottleneck and
Path Validation

While exact methods provide precise path coordinates,
their practical application is governed by several critical
steps that precede or follow the raw coordinate discovery:
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TX RX𝐼1

𝐼2 𝐼3

𝐼4

...𝐼𝑁

Figure 3.10: Directed graph illustrating all possible path candidates from TX to RX in a scenario with
𝑁 possible interactions (e.g., 𝑁 different surfaces) and a maximum interaction order of 𝐾 = 3. Each node
represents an interaction, and each directed edge represents a possible transition from one interaction
to the next. An example path candidate, emphasized in black, is TX → 𝐼3 → 𝐼1 → RX. The total number
of candidates grows exponentially with the number of interactions, since each interaction can lead to
multiple subsequent interactions.

managing the combinatorial explosion of candidates, en-
suring interactions occur within finite object boundaries,
and verifying clear line-of-sight.

Computational Complexity

Each method presented previously has relatively low com-
plexity for a single path candidate. The image method
requires a linear number of operations, whereas MPT
and Fermat-based methods require several iterations of a
gradient-based optimizer. In the worst case, optimization-
based methods converge in a number of iterations that
grows quadratically with the number of interactions. How-
ever, the number of interactions is typically small (often
well below ten) because each additional interaction de-
creases signal power. Consequently, the principal bottle-
neck of exact path tracing is not coordinate recovery for a
single candidate, but the combinatorial explosion of candi-
dates as interaction order increases.

The computational complexity of finding exact paths grows
exponentially with the number of interactions. For an en-
vironment with 𝑁 possible interactions (typically propor-
tional to the number of objects) and amaximum interaction
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order 𝐾, the number of possible interaction sequences, or
path candidates, scales as

𝐾
∑
𝑘=1

𝑁 (𝑁 − 1)𝑘−1 =
𝑁 ((𝑁 − 1)𝐾 − 1)

𝑁 − 2
. (3.24)

At each interaction order, the number of candidates grows
by a factor of 𝑁 or 𝑁 − 1, yielding exponential growth as
𝐾 increases. This growth is a fundamental challenge in
exact path tracing, since exhaustive evaluation becomes
computationally infeasible even for moderate values of 𝑁
and 𝐾. Therefore, exact—or exhaustive—methods (mainly
used in point-to-point ray tracing) are typically limited to
scenarios with a small number of interactions or low inter-
action orders, unless they are combined with sophisticated
acceleration or complexity-reduction techniques, some of
which are discussed in Chapter 5. The set of all possible
path candidates is sometimes referred to as the image tree
of the scenario, because it can be visualized as a tree where
each node represents an interaction and branches repre-
sent possible subsequent interactions. This analogy will be
particularly useful when discussing strategies to manage
the combinatorial explosion of candidates in subsequent
chapters.

Assumptions on Infinite Objects and Geometric
Validity

As hinted in the introduction to exact methods, the mathe-
matical formulations (e.g., finding an image source across
a plane or optimizing coordinates in a parametric space)
initially assume that interacting objects are infinitely large
and that ray paths are not obstructed by other obstacles in
the scene. Under these assumptions, interaction points are
determined purely from object geometry.

Consequently, not all discovered paths are physically valid.
A separate path-validation phase is mandatory. For a path
to be retained:
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(a) Mirror is too small.

Image Source

Source

Receiver

(b) Ray path is obstructed.

Figure 3.11: Illustration of path validity issues.

1. The intersection points must lie within the finite
physical bounds of their corresponding objects (see
Figure 3.11a).

2. The sequence of line segments connecting the source,
interaction points, and receivermust not be obstructed
by other obstacles in the scene (see Figure 3.11b).

These validity and visibility checks are typically performed
with ray-scene intersection algorithms. For a single path
candidate, they require a linear or quadratic number of
ray-object intersection tests and are therefore not the dom-
inant bottleneck compared with exponential candidate
growth. However, as the number of candidates increases,
the cumulative cost of these checks can become significant,
especially in complex scenes with many objects. Efficient
implementations are therefore crucial, and techniques to
manage this cost are discussed in Chapter 5.

Limitations on Cascaded Diffraction

Finally, it is worth noting that while exact methods can ge-
ometrically recover paths undergoing multiple diffractions,
calculating their electromagnetic contributions introduces
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additional challenges. As discussed in Section 2.6.6, cas-
cading multiple diffraction coefficients is mathematically
invalid if subsequent edges fall within preceding transition
regions, making the efficient and convenient calculation
of these coefficients a complex task. Although these field-
computation issues are not discussed in detail here, they
must be carefully addressed when developing a ray tracer.
In the simulations in this book where electromagnetic
fields are actually computed (see Chapter 6), only up to
single-order diffraction will be considered.

3.2 Inexact Methods

The exact methods presented in the previous section share
a common prerequisite: for each path candidate, the pre-
cise interaction coordinates satisfying Fermat’s principle
must be determined. As discussed in Section 3.1.2, this
requires solving a separate problem for every candidate in
the exponentially large image tree of the scenario. Inex-
act methods relax this requirement and trade geometric
precision for computational efficiency. This makes them
suitable for highly complex environments or very large
numbers of path candidates, where exact methods become
impractical.

Inexact methods generally follow one of two philosophies:
they either discretize the outgoing wavefront into a finite
set of rays and trace each forward from the transmitter,
or they introduce stochastic sampling over the space of
possible paths. In both cases, accuracy is recovered statis-
tically or through spatial aggregation rather than through
the deterministic satisfaction of Fermat’s principle.

3.2.1 Shooting and Bouncing Rays

The canonical inexact method is shooting and bouncing
rays (SBR), also called ray launching [26]. Instead of com- [26]: Ling et al. (1989),

Shooting and bouncing
rays: calculating the RCS
of an arbitrarily shaped
cavity

puting path candidates analytically, SBR launches a large
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Source

Receiver

Figure 3.12: Illustration
of the SBR method in a
simple single-reflection
scenario. Rays are
launched from the source
in various directions,
bouncing off walls
according to reflection
laws. A reception sphere
is placed around the
receiver, and any ray
entering this sphere is
counted as received.

but finite number of rays from the source, each in a prede-
termined direction, and traces them as they propagate and
interact with the environment—an approach analogous
to forward ray tracing in computer graphics, as opposed
to the traditional backward ray tracing from the camera
into the scene. Upon hitting a surface, each ray spawns
new rays according to the relevant physical interaction
laws (specular reflection, transmission via Snell’s law, or
diffraction along the Keller cone), and its energy is attenu-
ated accordingly. Rays are terminated when their energy
falls below a threshold or when a maximum number of
interactions is reached.

Because the wavefront is sampled along a finite set of direc-
tions, the angular sampling strategy is a central algorith-
mic design choice. Common approaches include uniform
angular sampling with fixed angular increments [58]

[58]: Chen et al. (1995),
All SBR/image approach to
indoor radio propagation
modeling, Fi-

bonacci sampling [59], icosahedral subdivision for a more [59]: Keinert et al. (2015),
Spherical Fibonacci Map-
ping

isotropic ray distribution [60], and adaptive sampling that

[60]: Kasdorf et al. (2021),
Advancing Accuracy of
Shooting and Bouncing
Rays Method for Ray-
Tracing Propagation
Modeling Based on Novel
Approaches to Ray Cone
Angle Calculation

concentrates rays in high-gain antenna directions [61]. In

[61]: Shi et al. (2015), Site-
specific wave propagation
prediction with improved
shooting and bouncing ray
tracing method

addition, hybrid SBR–exact pipelines use SBR for line-of-
sight discovery and switch to exact coordinate recovery
once a path candidate is identified [58]. The computational
cost of SBR grows with the number of launched rays and
their maximum interaction order. However, it does not
scale with the number of path candidates in the image
tree. This makes SBR practical in scenarios where exact
methods are computationally prohibitive.

The fundamental challenge of SBR lies in its receiver-
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(a) Double-counting artifact.
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(b) Reception sphere is missed.

Figure 3.13: Illustration of possible shortcomings with the SBR method.

detection mechanism. Since an infinitesimally thin ray
has a near-zero probability of intersecting a point receiver
exactly, a reception sphere of finite radius is placed around
each receiver, and any ray entering the sphere is counted
as received [62]. This approximation introduces systematic [62]: Durgin et al. (1997),

Improved 3D ray launch-
ing method for wireless
propagation prediction

artifacts: if the sphere is too large, adjacent rays belong-
ing to the same wavefront may both enter it, artificially
inflating received power through double-counting (Figure
3.13a). Conversely, if the sphere is too small, valid contribu-
tions are missed (Figure 3.13b). For approximately uniform
angular spacing 𝛼 (in radians) and total unwrapped dis-
tance 𝑑, a practical guideline is 𝑟 ≈ 𝛼 𝑑

√3
, which matches the

local ray-tube footprint scale at the receiver distance and
balances misses against double-counting. Another artifact,
studied in depth by Novak [63], is inconsistent rays, i.e., [63]: Novak (2022), In-

consistent Rays in Propa-
gation Prediction by Ray
Launching in Rectangular
Tunnels

geometrically valid rays belonging to the same wavefront
but spatially displaced by the reception-sphere tolerance,
which can significantly overestimate signal strength in
constrained environments such as tunnels, particularly
at distances exceeding 100m. These artifacts are intrin-
sic to the reception-sphere mechanism and represent a
fundamental limitation of SBR.

To mitigate the double-counting issue, some implemen-
tations introduce a weighting scheme in which each ray
contribution is divided by the number of rays entering
the reception sphere, effectively averaging contributions
from rays that belong to the same wavefront [62]. Other
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implementations use hash-based grouping to identify and
merge rays entering the same reception sphere, retaining
only the most significant ones (e.g., the closest to the re-
ceiver or the shortest path) [64, 65]. In practice, the hash [64]: Yun et al. (2001),

Development of a new
shooting-and-bouncing
ray (SBR) tracing method
that avoids ray double
counting

[65]: Novak (2019), Bloom
Filter for Double-Counting
Avoidance in Radio Fre-
quency Ray Tracing

is often computed from the ray’s interaction list (i.e., the
corresponding path candidate), which enables grouping
rays associated with the same wavefront.

3.2.2 Vertical Plane Launching

In dense macrocellular urban scenarios, full 3D ray launch-
ing can be unnecessarily expensive when dominant mech-
anisms are largely governed by street-canyon guidance
and over-rooftop propagation. Vertical plane launching
(VPL) addresses this by decoupling propagation into two
coupled problems: horizontal exploration across building
footprints and vertical-plane evaluation to model rooftop
diffraction and height-dependent effects [52, 66]. This 2.5D [52]: Aguado Agelet et

al. (2000), Efficient ray-
tracing acceleration tech-
niques for radio propaga-
tion modeling

[66]: Liang et al. (1998),
A new approach to 3-D
ray tracing for propaga-
tion prediction in cities

approximation often captures dominant mechanisms at
significantly lower computational cost than exhaustive 3D
launching.

The method is especially effective when the environment
has strong vertical regularity (e.g., blocks of buildings
with similar heights) and when out-of-plane scattering
is not dominant. Its main limitation is that strongly three-
dimensional effects—for example, complex out-of-plane re-
flections or rich scattering from highly irregular facades—
are only approximated. In such cases, full 3D methods
remain preferable despite higher runtime.

3.2.3 Volumetric and Extent-Based Tracing

To address the sampling artifacts of SBR, volumetric trac-
ing methods replace infinitesimally thin rays with spatial
extents, ensuring that the power carried by each ray tube
is coherently assigned to all receivers it encompasses.
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Beam Tracing

Beam tracing replaces point rays with thick, polyhedral
pyramidal beams, each representing an entire cone of di-
rections from the source [67]. Because a beam covers a [67]: Tan et al. (2015), A

Full 3-D GPU-based Beam-
Tracing Method for Com-
plex Indoor Environments
Propagation Modeling

continuum of potential ray directions, it eliminates the
sampling artifacts of SBR and entirely removes the need
for a reception sphere: a receiver is simply illuminated
when it falls inside the beam footprint, and the received
power is computed analytically from the beam’s geom-
etry. However, as beams interact with complex, highly
tessellated environments, they fracture into an exponen-
tially growing number of sub-beams, making the method
difficult to scale to scenes with many surfaces or curved
objects.

Ray-Tube Tracing

Ray-tube tracing is an intermediate approach between stan-
dard SBR and full beam tracing [68]. Each ray is augmented [68]: Wang et al. (2003),

A global ray-tube tracing
method to determine sig-
nal variations in urban ar-
eas for mobile communica-
tions

with a surrounding tube footprint, and the algorithm tracks
the principal radii of curvature of the associated wavefront
as it propagates. This allows macroscopic energy flow to be
captured without the combinatorial fragmentation of strict
beam clipping. Ray-tube methods are particularly effective
in urban cellular scenarios, where the wavefront curvature
evolves smoothly over long propagation distances.

Voxel Cone Tracing

To handle highly detailed curved geometries and diffuse
scattering without the geometric fragility of beam clipping,
voxel cone tracing discretizes the scene into a hierarchical
octree-based voxel grid and traces cones with an expand-
ing footprint via ray marching [69]. This approach is par- [69]: Tropkina et al.

(2022), Modeling of
SHF/EHF Radio-Wave
Scattering for Curved
Surfaces With Voxel Cone
Tracing

ticularly suited to modeling scattering in the super high
frequency (SHF) and extra high frequency (EHF) bands,
where the detailed surface curvature of objects such as
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vehicles significantly influences the scattered field distri-
bution.

Interception Plane Instead of Reception Sphere

Many issues with SBR arise from the reception-sphere
mechanism. A sphere is natural when the objective is
power at one specific receiver position. In many appli-
cations, however, such as network planning, the objective
is power over an area, i.e., a coverage map. In that setting,
it is often more efficient (and more accurate) to replace the
reception sphere with a large interception plane covering
the region where rays may arrive. Each ray is tested for
intersection with this plane, and the intersection point is
used to accumulate received-power contributions. After
the path tracing phase, the interception plane is tiled into
cells, from which received power (or other quantities) is
estimated around each position. This approach removes
artifacts caused by the reception-sphere radius and cap-
tures all valid contributions while keeping computational
complexity independent of plane size. It does not, however,
fully remove double-counting: multiple rays may still inter-
sect the same cell and overestimate power locally. Careful
ray-grouping and weighting strategies are therefore still
required.

This approach is used, for example, by Sionna RT and is
detailed in their technical report [70, Sec. 4]. [70]: Aoudia et al. (2025),

Sionna RT: Technical Re-
port

3.2.4 Stochastic and Monte Carlo Methods

An alternative to deterministic wavefront discretization
is to use controlled randomness in path generation, draw-
ing on the extensive body of Monte Carlo (MC) methods
developed in the computer graphics community for light
transport simulation [71]. [71]: Veach (1997), Robust

Monte Carlo Methods for
Light Transport Simula-
tion
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Monte Carlo Ray Tracing

Instead of launching rays on a predetermined angular grid,
MC ray tracing samples ray directions from a probability
density function designed to concentrate samples in high-
contribution directions [71]. To prevent infinite recursion, [71]: Veach (1997), Robust

Monte Carlo Methods for
Light Transport Simula-
tion

rays are terminated probabilistically using Russian roulette:
a low-energy ray is discarded with some probability, while
surviving rays are upweighted to maintain an unbiased
estimator. Variance reduction techniques, including impor-
tance sampling, stratified sampling, and control variates,
can be used to accelerate convergence [71].

Bidirectional Path Tracing

Bidirectional path tracing (BDPT) traces sub-paths simul-
taneously from both the transmitter and the receiver and
then connects them by evaluating their mutual visibil-
ity [72]. By using large, mathematically rigorous interac- [72]: Taygur (2023), Wave

Propagation Simulations
by Bidirectional Ray-
Tracing and Investigations
on Ray Based Channel
Modeling for Massive
MIMO

tion surfaces instead of reception spheres, BDPT eliminates
the geometric artifacts of standard SBR and reduces errors
in multiple-diffraction scenarios [72]. Multiple importance
sampling [71] can further be applied to combine the for-
ward and backward sub-paths optimally according to their
respective contributions, yielding a statistically efficient,
unbiased estimator.

Metropolis Light Transport

Metropolis light transport (MLT) applies a Markov chain
MC technique directly to path space [73]. Starting from a [73]: Veach et al. (1997),

Metropolis Light Trans-
port

valid path found by a standard MC method, it generates
new candidate paths by applying small random perturba-
tions (mutations) to the current path, accepting or rejecting
each proposal according to its relative energy contribu-
tion. This local exploration of path space allows MLT to
efficiently discover and densely sample high-contribution
paths in heavily occluded environments, without wasting
computations on geometrically unproductive regions.
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Photon Mapping

Photon mapping is a two-pass algorithm that treats elec-
tromagnetic energy as discrete packets [74]. In the first [74]: Schmitz et al. (2006),

Wave propagation using
the photon path map

pass, photons are emitted from the source, traced through
the environment, and their interaction points are stored
in a spatial data structure (typically a k-d tree [75]). In [75]: Bentley (1975),

Multidimensional binary
search trees used for
associative searching

the second pass, received power at any point is estimated
by gathering the nearest stored photons using a kernel
density estimator. The method provides local estimates of
the delay spread and handles diffuse scattering naturally,
without the combinatorial growth of the image tree.

3.2.5 Machine Learning Surrogates

As in other computational physics domains, machine learn-
ing surrogates have emerged as a potential alternative to
traditional channel modeling methods, including ray trac-
ing. The hope is that, by learning from data, these models
can become more efficient than ray tracing while main-
taining high accuracy.

Most machine learning applications in radio propagation
focus on predicting an electromagnetic quantity directly—
for example path loss, received power, or field values—
rather than predicting the geometry of propagation paths [76]. [76]: Vasudevan et

al. (2024), Machine
Learning for Radio
Propagation Modeling: A
Comprehensive Survey

A smaller line of work targets richer physical outputs such
as the CIR [77], and only a few approaches explicitly model

[77]: Wang et al. (2025),
A Physics-Informed Deep
Ray Tracing Network for
Regional Channel Impulse
Response Estimation

the path geometry itself. One notable example is the SAND-
WICH model [78], which learns to predict the coordinates

[78]: Jin et al. (2025),
SANDWICH: Towards
an Offline, Differentiable,
Fully-Trainable Wireless
Neural Ray-Tracing
Surrogate

of interaction points by treating a ray’s path as a step-by-
step sequence. To achieve this, SANDWICH uses a neural
network to build the trajectory one bounce at a time, simi-
lar to the traditional SBR method: at each step, the model
determines the ray’s next direction and how it interacts
with the environment, such as bouncing off a wall or pass-
ing through it.

Learning channel characteristics directly can be highly
effective in fixed settings, but it typically ties the model to
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the data distribution used for training: geometry, materials,
carrier frequency, antenna patterns, and scenario type. As
a result, transferring such models to new environments
often requires retraining or substantial adaptation [76]. [76]: Vasudevan et

al. (2024), Machine
Learning for Radio
Propagation Modeling: A
Comprehensive Survey

This dependency is one reason why purely data-driven
surrogates remain difficult to deploy as general-purpose
replacements for geometric ray tracing.

Conversely, learning ray-path geometry is not always the
most effective computational target. In point-to-point ray
tracing, the main bottleneck is typically not solving the
coordinates of one candidate path, but the combinatorial
number of path candidates that must be generated and
tested. Predicting path geometry alone therefore does not
remove the core complexity driver unless it also reduces
candidate exploration. Building on this observation, we
present in Chapter 7 a machine-learning-aided ray tracing
model designed to reduce the computational complexity
of point-to-point ray tracing [79]. [79]: Eertmans et al.

(2026), Transform-
Invariant Generative Ray
Path Sampling for Effi-
cient Radio Propagation
Modeling

3.3 Conclusion

This chapter has presented the main families of path trac-
ing algorithms used in radio wave propagation model-
ing, ranging from exact deterministic methods to inexact
wavefront-sampling and data-driven surrogate approaches.
Exactmethods—the imagemethod,MPT, and Fermat-based
minimization—recover precise ray paths satisfying Fer-
mat’s principle for a given path candidate. However, they
are subject to the 𝒪(𝑁𝐾) combinatorial explosion of the im-
age tree, which limits their scalability to scenarios with few
interactions or small numbers of objects. Inexact methods,
including SBR, VPL-style 2.5D approximations, volumetric
tracing, and MC methods, trade geometric rigor for scala-
bility. They address the combinatorial bottleneck by either
sampling the wavefront discretely or exploring path space
stochastically, at the cost of systematic artifacts (reception
spheres, statistical noise) or reduced accuracy for specular
paths. Machine learning surrogates represent an emerging
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third paradigm that can bypass geometric path tracing
once trained, although they require substantial data and
often generalize less readily to new environments.

The methods and trade-offs presented in this chapter pro-
vide the necessary background for the rest of this book.
In particular, the exponential growth of the image tree
motivates the development of more efficient algorithms
for generating and evaluating path candidates, which is
the focus of Chapter 5. More fundamentally, the use of
direct models to determine the channel response raises
an open question: can the channel characteristics be com-
puted not only forward, but also differentiably with respect
to scene parameters? Chapter 4 addresses this question
by introducing differentiable ray tracing as a way to com-
pute gradients of the channel response with respect to
environmental geometry, enabling inverse design and op-
timization problems that forward methods alone cannot
address.



Differentiable Ray
Tracing 4

In the previous chapters, we established the physical and
algorithmic foundations of forward ray tracing for radio
propagation. In particular, Chapter 3 formalized exact path
recovery through the image method, Fermat-based opti-
mization, and MPT, while emphasizing the combinatorial
growth of path candidates. These methods provide phys-
ically faithful forward maps from scene parameters to
channel responses, but they are still most often used in a
one-way “simulate-then-evaluate” workflow.

With a purely forward workflow, the simulator is effec-
tively treated as a “black box.” To quantify the effect of a
small change in transmitter position, material properties,
or reflector orientation, one typically reruns the entire sim-
ulation. In high-dimensional design spaces, this repeated
evaluation rapidly becomes the main computational bot-
tleneck.

This chapter introduces differentiable ray tracing, which
augments exact forward solvers with derivative compu-
tation. The key point is structural: the same path-finding
engines developed in Chapter 3 define the primal com-
putations on top of which reverse-mode derivatives are
built. In this way, gradients remain tied to the underlying
propagation physics rather than to a surrogate approxima-
tion.

We first motivate inverse electromagnetic design and then
present the main concepts of automatic differentiation.
Next, we discuss the common constraints faced in practical
implementation, and finally present methods for smooth-
ing out geometric discontinuities in the optimization land-
scape.
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4.1 The Paradigm Shift to Inverse
Electromagnetic Design

The path tracing methods described in Chapter 3 are pri-
marily designed for forward simulation. However, many
current challenges in wireless systems—especially in the
context of 6G [80, 81]—are inverse problems. In practice, [80]: Wang et al. (2020),

6G Wireless Channel
Measurements and Models:
Trends and Challenges

[81]: Chowdhury et al.
(2020), The role of mas-
sive MIMO in 6G wireless:
advancements, challenges,
and opportunities

one seeks transmitter placements, antenna settings, or RIS
configurations [82, 83] that satisfy coverage, capacity, and

[82]: Di Renzo et al.
(2019), Smart radio
environments empowered
by reconfigurable AI
meta-surfaces: an idea
whose time has come

[83]: Wu et al. (2020), To-
wards Smart and Recon-
figurable Environment: In-
telligent Reflecting Surface
Aided Wireless Network

latency targets.

This shift from forward simulation to inverse design has
motivated recent work in differentiable ray tracing, no-
tably for site-specific electromagnetic digital twins [84].

[84]: Testolina et al.
(2024), Boston Twin:
the Boston Digital Twin
for Ray-Tracing in 6G
Networks

Frameworks such as Sionna RT [37] and DiffeRT [38, 85]

[37]: Hoydis et al. (2023),
Sionna RT: Differentiable
Ray Tracing for Radio
Propagation Modeling

[38]: Eertmans et al.
(2025), Demonstrating
DiffeRT: An Open-Source
Library for Optimizing
Radio Networks with
Differentiable Ray Tracing

[85]: Eertmans et al.
(2024), DiffeRT2d: A
Differentiable Ray Tracing
Python Framework for
Radio Propagation

illustrate that differentiability with respect to scene and
transceiver parameters enables efficient gradient-based op-
timization and straightforward integration with machine
learning pipelines.

4.1.1 Traditional Optimization Challenges

Classical wireless network optimization commonly relies
on one of the following approaches:

▶ Brute-force search uses exhaustive evaluation of pa-
rameter combinations over a discretized grid.

▶ Heuristic methods rely on derivative-free algorithms
such as genetic algorithms, simulated annealing, or
particle swarm optimization.

▶ Simplified analytical models use empirical or statisti-
cal approximations that sacrifice site-specific physi-
cal accuracy for mathematical tractability.

While useful in many settings, these approaches face im-
portant limitations in large modern deployments:

1. Computational inefficiency occurs since grid searches
scale exponentially with the dimensionality of the
parameter space (the curse of dimensionality).
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2. Suboptimal convergence arises because heuristicmeth-
ods often require thousands of forward evaluations
and frequently become trapped in local optima with-
out gradient guidance to point them toward the true
minimum.

3. Model inaccuracy remains because simplified analyt-
ical models inherently miss multipath effects, diffrac-
tion, and specific blockages that are critical for high-
frequency (millimeter-wave and sub-terahertz) com-
munications.

To make this scaling issue explicit, let 𝐹(𝜽) be a scalar
objective and let𝑀 = dim(𝜽) denote the number of param-
eters:

▶ A brute-force discretization tests 𝑐 grid points per
variable, with computational complexity 𝒪(𝑐𝑀).

▶ Finite differences require 𝒪(𝑀) evaluations of the
forward problem for a single gradient step, i.e.,

𝜕𝐹
𝜕𝜃𝑖

≈
𝐹(𝜽 + 𝜀𝒆𝑖) − 𝐹(𝜽)

𝜀
, 𝒆𝑖 =

𝜕𝜽
𝜕𝜃𝑖

, 𝑖 = 1, … ,𝑀, (4.1)

with overall cost 𝒪(𝑀 ⋅cost(𝐹 )) per optimization iter-
ation. Furthermore, this approach is highly sensitive
to the choice of step size 𝜀 and is inherently prone
to numerical instability.

▶ Other heuristics typically require thousands to mil-
lions of objective evaluations to reach competitive
solutions in non-convex multipath landscapes.

For large RIS designs, where𝑀 can reach thousands, finite-
difference gradients are therefore often prohibitive even
before accounting for truncation and round-off errors.

4.1.2 The Differentiable Advantage

Differentiable ray tracing addresses these limitations through
three main properties:
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▶ Gradient information provides exact analytical deriva-
tives rather than finite-difference approximations,
enabling directed search in parameter space.

▶ Physical accuracy is preserved because optimization
remains coupled to full-wave simulation or high-
fidelity asymptotic models.

▶ Scalability follows fromfirst-order optimization, which
is essential when handling thousands of design vari-
ables, for example in RIS optimization [8]

[8]: An et al. (2025),
Emerging Technologies in
Intelligent Metasurfaces:
Shaping the Future of
Wireless Communicationsor surrogate-

model training [86, 87]. [86]: Orekondy et al.
(2023), WiNeRT: Towards
Neural Ray Tracing for
Wireless Channel Mod-
elling and Differentiable
Simulations

[87]: Yang et al. (2024),
R-NeRF: Neural Radiance
Fields for Modeling RIS-
enabled Wireless Environ-
ments

The core mathematical idea is straightforward. Once the
gradient ∇𝜽𝐹 is available, one can apply first-order opti-
mization methods. The simplest case is gradient descent,

𝜽(𝑖+1) = 𝜽 (𝑖) − 𝛼∇𝜽𝐹(𝜽(𝑖)), (4.2)

where 𝛼 is the learning rate. In practice, one often uses
more advanced variants such as Adam [88] or problem-

[88]: Kingma et al. (2015),
Adam: A Method for
Stochastic Optimization

specific first-order methods.

For realistic ray tracing pipelines, manual derivation is
generally impractical because the forward code is non-
linear and includes substantial control flow. A systematic
and automated method is therefore required to compute
exact derivatives together with the primal evaluation. This
is the role of automatic differentiation.

4.2 Automatic Differentiation

Automatic differentiation (AD) [89, 90]

[89]: Griewank (1989), On
automatic differentiation

[90]: Griewank et al.
(2008), Evaluating
Derivatives: Principles and
Techniques of Algorithmic
Differentiation

is the computa-
tional technique that makes differentiable ray tracing prac-
tical. In contrast to numerical differentiation (finite differ-
ences), which suffers from truncation and round-off errors,
and symbolic differentiation, which can cause severe ex-
pression growth, AD produces machine-precision deriva-
tives with cost proportional to function evaluation. Mod-
ern frameworks such as PyTorch [35]

[35]: Ansel et al. (2024),
PyTorch 2: Faster Machine
Learning Through Dy-
namic Python Bytecode
Transformation and
Graph Compilation

, TensorFlow [34]

[34]: Abadi et al. (2015),
TensorFlow, Large-scale
machine learning on
heterogeneous systems

,
and JAX [36] provide optimized AD implementations and [36]: Frostig et al. (2018),

Compiling machine learn-
ing programs via high-
level tracing
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have made these methods accessible in large-scale learning
and simulation pipelines.

4.2.1 Mathematical Foundation

At its core, AD applies the chain rule to computer pro-
grams. Any programmatic function can be decomposed
into a directed acyclic graph (DAG) of elementary opera-
tions (addition, multiplication, exponential, trigonometric
functions, etc.).

For a composite function 𝑓 (𝑔(𝑥)), the chain rule states

d𝑓
d𝑥

=
d𝑓
d𝑔

d𝑔
d𝑥

. (4.3)

For multiple variables, the multivariate chain rule gives

𝜕𝑓
𝜕𝑥𝑖

= ∑
𝑗

𝜕𝑓
𝜕𝑦𝑗

𝜕𝑦𝑗
𝜕𝑥𝑖

, (4.4)

where 𝑦𝑗 are intermediate variables in the computational
graph. AD computes these derivatives by traversing the
graph either forward or backward.

For a function 𝒇 ∶ ℝ𝑀 → ℝ𝑄, let

𝑱𝒇(𝒙) =
𝜕𝒇
𝜕𝒙

∈ ℝ𝑄×𝑀, (4.5)

denote the Jacobian. Forward mode computes Jacobian-
vector products (JVPs), whereas reverse mode computes
vector-Jacobian products (VJPs). In radio optimization, one
often has 𝑄 = 1 (for example, received power) and large 𝑀,
which strongly favors reverse mode, as detailed below.

In the notation used throughout this chapter, 𝑀 is the
number of inputs, 𝑁 is the total number of variables in the
computational graph, and the variables 𝑣𝑀+1, … , 𝑣𝑁 are the
intermediate states and outputs produced after the inputs
have been initialized.
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4.2.2 Forward Mode

Forward mode AD propagates derivative information from
inputs to outputs. It answers the question: how does a
perturbation of one input affect all outputs?

Dual Numbers

Forward mode is naturally implemented with dual num-
bers, which extend real numbers with an infinitesimal
part,

𝑥 + 𝜖 ̇𝑥, (4.6)

where 𝜖2 = 0 by definition, and ̇𝑥 = 𝜕𝑥
𝜕𝑥𝑖𝑛

represents the

derivative of 𝑥 with respect to a chosen input variable
𝑥𝑖𝑛.

Arithmetic on dual numbers propagates derivatives to-
gether with primal values, following the chain rule. For
example, for addition and multiplication, we have

(𝑎 + 𝜖 ̇𝑎) + (𝑏 + 𝜖𝑏̇) = (𝑎 + 𝑏) + 𝜖( ̇𝑎 + 𝑏̇), (4.7)

(𝑎 + 𝜖 ̇𝑎) × (𝑏 + 𝜖𝑏̇) = 𝑎𝑏 + 𝜖(𝑎𝑏̇ + ̇𝑎𝑏). (4.8)

Forward Mode Algorithm

Consider a function 𝒇 ∶ ℝ𝑀 → ℝ𝑄 evaluated as a sequence
of 𝑁 variables. The first 𝑀 variables are inputs 𝑥𝑖, and
the subsequent variables 𝑣𝑀+1 to 𝑣𝑁 are obtained through
elementary operations 𝜙𝑗. The final 𝑄 variables correspond
to the outputs.

Let 𝑘𝑗 be the number of arguments of operation 𝜙𝑗, and
let 𝑝𝑙(𝑗) denote the index of its 𝑙-th argument. Forward
mode computes primal values 𝑣 and directional derivatives
(tangents) ̇𝑣, as summarized in Algorithm 1.
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Algorithm 1: Forward mode AD.
Input: Input variables 𝑣𝑖 ≝ 𝑥𝑖 for 𝑖 = 1, … ,𝑀.
Output: Output variables and their derivatives

with respect to the target input variable.
1 Initialize tangents: For 𝑖 = 1, … ,𝑀, set ̇𝑣𝑖 = 1 for the

target input variable, and 0 for all others.
2 for 𝑗 = 𝑀 + 1,… , 𝑁 do // Evaluate

intermediate and output variables

3 𝑣𝑗 = 𝜙𝑗(𝑣𝑝1(𝑗), … , 𝑣𝑝𝑘𝑗(𝑗)) // Primals

4 ̇𝑣𝑗 =
𝑘𝑗
∑
𝑙=1

𝜕𝜙𝑗
𝜕𝑣𝑝𝑙(𝑗)

̇𝑣𝑝𝑙(𝑗) // Tangents

5 return (𝑣𝑁−𝑄+1, … , 𝑣𝑁), ( ̇𝑣𝑁−𝑄+1, … , ̇𝑣𝑁)

Forward Mode Example

Let us now consider the following two-output, two-input
function

𝒇 (𝑥, 𝑦) = [
𝑓1(𝑥, 𝑦)
𝑓2(𝑥, 𝑦)

] = [
cos(𝑦)𝑒𝑥

2
+ 𝐶

sin(𝑦)𝑒𝑥
2
+ 𝐶

] . (4.9)

Figure 4.1 illustrates this procedure when differentiating
with respect to 𝑥. The tangents are initialized as ̇𝑥 = 1
and ̇𝑦 = 0. Computation then proceeds from left to right,
following the chain rule exactly. For example, for the inter-
mediate variable 𝑢 = 𝑥2, we obtain ̇𝑢 = 2𝑥 ̇𝑥. Because ̇𝑦 = 0,
every derivative path that depends only on 𝑦 vanishes (e.g.,
𝑤̇1 = − ̇𝑦 sin(𝑦) = 0).

Computational Complexity

To recover the full gradient of a scalar objective, forward
mode has complexity 𝒪(𝑀 ⋅ cost(𝑓 )), because one JVP pass
provides derivatives for one seed direction at a time. It is
therefore efficient for Jacobian columns when 𝑀 is small,
but costly in high-dimensional inverse design.
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⋅2 exp(⋅)

cos(⋅)

sin(⋅)

×𝑥

̇𝑥 = 𝜕𝑥
𝜕𝑥

= 1

𝑦

̇𝑦 =
𝜕𝑦
𝜕𝑥

= 0

×

+

+

𝐶

𝑧1 + 𝐶

̇𝑧1 =
𝜕𝑓1
𝜕𝑥

𝑧2 + 𝐶

̇𝑧2 =
𝜕𝑓2
𝜕𝑥

𝑢 = 𝑥2

̇𝑢 = 2 ̇𝑥𝑥
𝑣 = 𝑒𝑢

𝑤 1
=
co
s(𝑦
)

𝑤̇ 1
=
−
̇𝑦 s
in(
𝑦)

𝑤2 = sin(𝑦)

𝑤̇2 = ̇𝑦 cos(𝑦)

𝑧1 = 𝑤1𝑣
̇𝑧1 = 𝑤̇1𝑣 + ̇𝑣𝑤1

𝑧2 = 𝑤2𝑣
̇𝑧2 = 𝑤̇2𝑣 + ̇𝑣𝑤2

̇𝑣 = ̇𝑢𝑒𝑢

Figure 4.1: Example of forward mode automatic differentiation applied to (4.9). The derivative tracks
the chain rule from left to right. Since we differentiate with respect to 𝑥, we initialize ̇𝑥 = 1 and ̇𝑦 = 0.
Paths originating exclusively from 𝑦 act as “symbolic zeros” (represented by faded red text), preventing
unnecessary computation downstream.

4.2.3 Reverse Mode

Reverse mode AD (widely known as backpropagation [91]) [91]: Rumelhart et
al. (1986), Learning
representations by
back-propagating errors

propagates derivative information from outputs to inputs.
Its objective is to answer the following question: how do
all inputs influence one selected output?

The Adjoint Method

Reverse mode computes “adjoints.” For any intermediate
variable 𝑣𝑗, its adjoint is the sensitivity of a selected scalar
output 𝑓 with respect to that variable,

̄𝑣𝑗 =
𝜕𝑓
𝜕𝑣𝑗

. (4.10)

Applying the chain rule from outputs to inputs yields the
reverse mode recurrence

̄𝑣𝑖 = ∑
𝑗 ∈ children(𝑖)

̄𝑣𝑗
𝜕𝑣𝑗
𝜕𝑣𝑖

. (4.11)
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Reverse Mode Algorithm

In reverse mode, we compute adjoints ̄𝑣𝑖 =
𝜕𝑦
𝜕𝑣𝑖

, represent-
ing the sensitivity of a chosen scalar output 𝑦 to each
intermediate variable 𝑣𝑖. Because local partial derivatives
𝜕𝑣𝑗
𝜕𝑣𝑖

depend on primal intermediates, reverse mode uses
two passes: a forward pass that records intermediates (the
“tape”), followed by a backward pass.

Let args(𝑗) denote the set of indices 𝑖 of variables 𝑣𝑖 used
directly to compute 𝑣𝑗. The reverse pass then yields the
gradient of the scalar output with respect to all inputs, as
shown in Algorithm 2.

If the objective has several outputs, the same machinery
can be applied one output at a time, or with a cotangent
vector (representing output sensitivities) to compute a gen-
eral vector–Jacobian product. In practice, this is the stan-
dard way to handle multi-output models in reverse mode
without explicitly forming the full Jacobian matrix.

Algorithm 2: Reverse mode AD.
Input: Input variables 𝑥𝑖 for 𝑖 = 1, … ,𝑀.
Output: Gradient with respect to all 𝑀 inputs.

1 Forward pass: Evaluate 𝒇 from inputs to outputs
(for 𝑗 = 𝑀 + 1,… , 𝑁), storing intermediate values
𝑣𝑗 in memory (the “tape”).

2 Initialize adjoints: Set ̄𝑣𝑗 = 0 for all variables
𝑗 = 1, … , 𝑁. Then, set ̄𝑣𝑘 = 1 for the target scalar
output variable 𝑣𝑘.

3 for 𝑗 = 𝑁 , 𝑁 − 1,… ,𝑀 + 1 do // Backward Pass

4 for 𝑖 ∈ args(𝑗) do // For each argument 𝑣𝑖
of operation 𝑗

5 ̄𝑣𝑖 += ̄𝑣𝑗
𝜕𝑣𝑗
𝜕𝑣𝑖

// Accumulate adjoints

6 return ( ̄𝑣1, … , ̄𝑣𝑀)
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⋅2 exp(⋅)
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sin(⋅)
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𝜕𝑥

= 2𝑥 ̄𝑢

𝑦
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𝐶
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𝜕𝑓1
𝜕𝑓1

= 1

𝑧2 + 𝐶

̄𝑓2 =
𝜕𝑓1
𝜕𝑓2

= 0

𝑢 = 𝑥2

̄𝑢 = ̄𝑣 𝑒𝑢
𝑣 = 𝑒𝑢

𝑤 1
=
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s(𝑦
)

̄𝑤 1
=

̄𝑧 1𝑣

𝑤2 = sin(𝑦)

̄𝑤2 = ̄𝑧2𝑣

𝑧1 = 𝑤1𝑣

̄𝑧1 = ̄𝑓1

𝑧2 = 𝑤2𝑣

̄𝑧2 = ̄𝑓2

̄𝑣 = ̄𝑧1𝑤1 + ̄𝑧2𝑤2

Figure 4.2: Example of reverse mode automatic differentiation applied to (4.9). Computation flows
from right to left. By setting ̄𝑓1 = 1 and ̄𝑓2 = 0, the ̄𝑧2 branch becomes a “symbolic zero” (faded blue
text), saving compute cycles on unrelated outputs.

Reverse Mode Example

Figure 4.2 shows reverse mode on the same example, com-
puting the gradient of 𝑓1 with respect to both 𝑥 and 𝑦.
Initialization sets ̄𝑓1 = 1 for the target output and ̄𝑓2 = 0
for the non-target output (faded blue text).

Computation proceeds from right to left. At the multiplica-
tion node 𝑧1 = 𝑤1𝑣, we obtain ̄𝑤1 = ̄𝑧1𝑣 and ̄𝑣 = ̄𝑧1𝑤1. Since
node 𝑣 is shared by 𝑧1 and 𝑧2, its total adjoint is the sum of
both contributions: ̄𝑣 = ̄𝑧1𝑤1 + ̄𝑧2𝑤2. Because ̄𝑓2 = 0, the ̄𝑧2
branch contributes nothing.

Computational Complexity and Memory Trade-offs

Reverse mode has complexity 𝒪(𝑄 ⋅ cost(𝑓 )) for Jacobian
rows. In the common case 𝑄 = 1, one backward pass yields
the full gradient over all 𝑀 inputs through a VJP. This
is the main reason reverse mode is preferred for high-
dimensional radio-network optimization.

This computational advantage comes with a memory cost,
because reverse mode stores forward intermediates on a
tape. If a traced program has depth 𝐷 and per-step state
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size 𝑆, tape memory scales as

ℳtape = 𝒪(𝐷 𝑆). (4.12)

In differentiable ray tracing, 𝐷 increases with interaction
depth, number of candidate paths, and solver iterations.
As a result, memory often becomes the primary bottle-
neck rather than arithmetic throughput. This directly mo-
tivates the checkpointing and rematerialization strategies
discussed in Chapter 5.

4.2.4 On “Differentiable” vs “Fully
Differentiable”

It is useful to distinguish mechanical differentiability from
optimization-useful differentiability. If an implementation
uses AD-supported primitives, frameworks can usually
execute a backward pass without runtime errors. This
mechanical property alone does not guarantee informative
gradients.

Ray tracing includes discrete predicates (visibility, inter-
section validity, finite object extent) that behave as multi-
dimensional step functions. For instance, triangle intersec-
tion tests rely on inequalities over barycentric coordinates.
These predicates induce piecewise-constant regions where
received power does not change under small perturbations,
so gradients vanish almost everywhere away from bound-
aries. Consequently, a mechanically differentiable program
can remain ineffective for gradient-based optimization un-
less discontinuities are regularized. This issue is discussed
in Section 4.4.

4.3 Building a Differentiable Ray
Tracing Pipeline

In modern machine learning stacks, building a differen-
tiable ray tracing pipeline from scratch is often straight-
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forward. With Python, operator overloading, and mature
AD systems, many derivatives are obtained automatically
once the forward model is expressed with differentiable
primitives.

The main challenge is therefore not merely to make code
differentiable, but to obtain gradients that are numerically
stable, physically meaningful, and computationally effi-
cient at scale. In practice, this shifts attention to imple-
mentation constraints that strongly influence architecture
choices.

4.3.1 New Code vs Legacy Tools

For a new codebase, differentiability can be introduced
from the beginning: scene parameters are represented
as tensors, geometric operations are written with AD-
compatible operators, and gradients are obtained through
JVPs or VJPs with little manual intervention. Listings 4.1
to 4.3 illustrate this on a simple JAX example for both
gradient and Jacobian evaluation.

Retrofitting an existing ray tracing program is usually
harder and can be undesirable from a performance perspec-
tive. Legacy engines often combine heterogeneous com-
ponents (e.g., C/C++ kernels, custom acceleration struc-
tures, external solvers, or MATLAB post-processing) that
are opaque to AD. Wrapping these components restores
forward execution, but not necessarily gradients; correct
derivatives then require custom backward rules and care-
ful validation, with additional maintenance and runtime
overhead.

This is why recent differentiable ray tracing frameworks
often re-implement key kernels in AD-first environments
rather than differentiating a pre-existing production simu-
lator end-to-end.
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import jax

import jax.numpy as jnp

from jax import Array

# Some function to differentiate

def f(xy: Array, c: float) -> Array:

x, y = xy

exp = jnp.exp(x * x)

f1 = jnp.cos(y) * exp + c

f2 = jnp.sin(y) * exp + c

return jnp.array([f1, f2])

xy = jnp.array([1.0, -jnp.pi / 4])

c = 1.0 # constant parameter

print(f(xy, c))

# [ 2.9221153 -0.92211545]

Listing 4.1:Various ways
to differentiate the exam-
ple function (4.9) with
JAX: function definition.
The 𝑥 and 𝑦 inputs are rep-
resented as a single JAX
array, as JAX supports dif-
ferentiating with respect
to array arguments, and
the function itself is de-
fined using JAX primi-
tives whose syntax is sim-
ilar to standard NumPy
operations.

# Gradient (w.r.t. xy)

f1 = lambda xy, c: f(xy, c)[0]

print(jax.grad(f1)(xy, c))

# [ 3.844231 1.9221154]

f2 = lambda xy, c: f(xy, c)[1]

print(jax.grad(f2)(xy, c))

# [-3.844231 1.9221154]

Listing 4.2:Various ways
to differentiate the exam-
ple function (4.9) with
JAX: the jax.grad func-
tion computes the gradi-
ent of a scalar output with
respect to all inputs.

# Jacobian matrix (w.r.t. xy)

dfdx, dfdy = jax.jacobian(f)(xy, c).T

print(dfdx)

# [ 3.844231 -3.844231]

print(dfdy)

# [-1.9221154 1.9221154]

Listing 4.3:Various ways
to differentiate the exam-
ple function (4.9) with
JAX: the jax.jacobian

function computes the
full Jacobian matrix.
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4.3.2 Framework-Level Constraints for
Differentiable Implementations

Even in newly designed implementations, framework con-
straints determine what is practical. Each AD framework
has its own tracing rules, supported primitives, and perfor-
mance trade-offs. Understanding these rules helps avoid
runtime errors, slow gradients, and excessive memory us-
age.

JAX is a representative example. Its syntax is NumPy-like,
but it imposes stricter constraints on shapes and control
flow than many users initially expect. These constraints
are especially important in reverse-mode AD, because the
backward pass requires access to forward intermediates.

Conceptually, JAX first traces a function to build a sym-
bolic computational graph (a JAX expression). This is the
program-level counterpart of Figure 4.2: build the forward
graph first, then traverse it backward to propagate adjoints.
After tracing, JAX may send the graph to the Accelerated
Linear Algebra (XLA) compiler to optimize and generate
kernels for CPUs, GPUs, or tensor processing units (TPUs).
Although optional, this compilation step is often essential
for performance and therefore imposes additional struc-
ture on code and control flow.

The first issue concerns loops. With regular Python for

or while loops inside compiled code, JAX may unroll iter-
ations when bounds are static, increasing graph size and
compilation time. In reverse mode, this also increases mem-
ory pressure because many per-iteration intermediates are
required by the backward pass.

For iterative operations, such as recursion in the image
method, a better formulation is a carry update, e.g.,

𝑓 (𝑖, carry) → carry′, (4.13)

implementedwith jax.lax.fori_loop or jax.lax.scan
(see Listing 4.4). These primitives keep control flow inside
the traced graph, reduce Python overhead, and generally
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improve scaling in reverse mode because the computation
structure is explicit.

Listing 4.4: JAX’s alter-
native to the Python for

loop.

c = 0.0

for i in range(

10

):

c += f(i)

c = jax.lax.scan(

lambda i, c: (

c + f(i)

),

0.0, # Carry

length=10,

)

Listing 4.5: JAX’s alter-
native to the Python if

statement.

if x < 0:

x = a

else:

x = b

x = (

jax.lax.cond(

x < 0,

lambda: a,

lambda: b,

)

)

The second issue concerns branching. If the predicate is in-
dependent of traced variables, a Python if is usually valid
because only one branch matters at trace time. If the pred-
icate depends on traced variables, branch selection must
be implemented using jax.lax.cond (see Listing 4.5). A
common alternative is jnp.where, but it evaluates both
branches elementwise, which can propagate invalid values
(e.g., NaNs) into reverse-mode derivatives even when one
branch is logically inactive.

Moreover, jax.lax.while_loop has an important lim-
itation: in general, it is not reverse-mode differentiable
because XLA requires static memory bounds, which con-
flict with potentially unbounded dynamic loops. When
reverse-mode gradients are needed, bounded formulations
based on fori_loop or scan are typically preferred.

Finally, JAX’s compilation model imposes static-shape re-
quirements, which can be challenging in ray tracing where
the number of candidate paths and interactions varies dy-
namically. A common remedy is to use fixed-size tensors
with activity masks, preserving static shapes while rep-
resenting variable activity. Another option is to exclude
dynamic parts from compilation and compile only selected
subroutines, but this can degrade performance and in-
crease memory use because fewer global optimizations
are available.

4.3.3 Non-Differentiable Operations and
Custom Gradients

Not every operation in a ray tracing pipeline is differen-
tiable by default. Typical examples include discrete visibil-
ity predicates, indexing-heavy lookup tables, hard prun-
ing decisions, and external kernels that appear as black-
box calls to the AD engine. To bridge this gap, hybrid
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simulation pipelines can be used. For instance, a “semi-
differentiable” ray tracing simulation with point clouds
was proposed by Vaara et al. [92], who combined differen- [92]: Vaara et al.

(2026), Differentiable
High-Performance Ray
Tracing-Based Simulation
of Radio Propagation With
Point Clouds

tiable ray tracing software (Sionna RT [37]) for computing

[37]: Hoydis et al. (2023),
Sionna RT: Differentiable
Ray Tracing for Radio
Propagation Modeling

electromagnetic fields with a non-differentiable engine
(NimbusRT [93]) to trace the paths. In this setup, gradients

[93]: Vaara et al. (2025),
Ray Launching-Based
Computation of Exact
Paths With Noisy Dense
Point Clouds

with respect to object positions are unavailable because
the ray paths are obtained from the non-differentiable
solver.

When such operations are unavoidable, one must either (i)
treat them as non-differentiable and stop gradients, or (ii)
provide explicit custom derivative rules (e.g., customVJP or
JVP) consistent with the underlying physics. This choice is
critical: incorrect custom gradients can drive optimization
toward physically meaningless solutions even when the
numerical objective decreases.

4.3.4 Example: Path Optimization and
Implicit Differentiation

Custom gradients are particularly useful when the forward
model contains an iterative solver [55]. In the Fermat-based [55]: Eertmans et al.

(2025), Fast, Differentiable,
GPU-Accelerated Ray
Tracing for Multiple
Diffraction and Reflection
Paths

path optimization problem of Chapter 3, the ray path is
obtained by minimizing a convex objective 𝐿(𝑻 ; 𝜽), where 𝜽
denotes scene or transceiver parameters (e.g., geometry or
antenna positions). The solver updates 𝑻 until convergence,
and many iterations may be required to reach 𝑻⋆(𝜽).

If this procedure is differentiated naively, reverse mode
must backpropagate through all iterations. In practice, this
leads to substantial compute and memory overhead, be-
cause the optimization trajectory must be traversed in both
directions. A standard alternative is to apply the implicit
function theorem [94, Thm. 7.6], so that gradients of 𝑻⋆ [94]: Apostol (1957),

Mathematical analysis:
a modern approach to
advanced calculus

are obtained from optimality conditions instead of full
unrolling.

At convergence, the optimal path 𝑻⋆(𝜽) satisfies

∇𝑻𝐿(𝑻⋆(𝜽); 𝜽) = 𝟎, (4.14)
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and total differentiation with respect to 𝜽 gives

𝜕
𝜕𝜽

∇𝑻𝐿(𝑻⋆(𝜽); 𝜽) +
𝜕∇𝑻𝐿
𝜕𝑻

𝜕𝑻⋆

𝜕𝜽
= 𝟎. (4.15)

Therefore,
𝜕𝑻⋆

𝜕𝜽
= − [

𝜕∇𝑻𝐿
𝜕𝑻

]
−1 𝜕

𝜕𝜽
∇𝑻𝐿. (4.16)

In reverse-mode AD, vector–Jacobian products of the form

𝒗⊤ 𝜕𝑻
⋆

𝜕𝜽
are typically required. These can be computed effi-

ciently through the linear system

𝒖⊤ = −𝒗⊤ [
𝜕∇𝑻𝐿
𝜕𝑻

]
−1

, (4.17)

or equivalently

[
𝜕∇𝑻𝐿
𝜕𝑻

]
⊤
𝒖 = −𝒗, (4.18)

where
𝜕∇𝑻𝐿
𝜕𝑻

is the Hessian of the convex function 𝐿 and is
therefore symmetric positive semidefinite. This yields

𝒗⊤ 𝜕𝑻
⋆

𝜕𝜽
= 𝒖⊤ 𝜕

𝜕𝜽
∇𝑻𝐿. (4.19)

This approach still relies onAD for the remaining Jacobian–
vector terms, but this is not a practical limitation and can
be further optimized, as discussed in Chapter 5. Listing 4.6
illustrates this implicit-differentiation strategy in JAX.

While implicit differentiation is a highly efficient technique
for computing gradients, it cannot be applied in all cases.
First, we assume that the forward model can be expressed
as the solution to an optimization problem, which is not
the case, or at least not straightforward, in many appli-
cations. Second, we must assume convergence (the local
optimality condition), which is also not always easy to
guarantee, much like in a machine learning model or an
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# Return path length

def L(T: Array, theta: Array) -> Array: ...

# Return optimal path T_opt

@partial(

jax.custom_vjp,

nondiff_argnames=("static_params",),

)

def f(

theta: Array, *static_params

) -> Array: ...

# Compute optimal path and any intermediate

# values needed for the backward pass

def f_fwd(

theta: Array, *static_params

) -> Array:

T_opt = f(theta, *static_params)

return T_opt, (T_opt, theta)

Listing 4.6-I: Example
of implicit differentiation
for the Fermat-based path
tracing method in its con-
vex setting. The path
length function L is de-
fined as in (3.22), where
𝜽 = (𝑨, 𝑩), and the opti-
mal path 𝑻⋆ is returned
by the f function. Static
parameters may include
the number of iterations,
convergence thresholds,
or solver hyperparame-
ters; however, they are as-
sumed not to impact the
final solution.

iterative solver that has not perfectly converged. When
these assumptions are violated, or when the linear sys-
tem for the backward solve becomes poorly conditioned
near grazing or topological-transition regimes, the implicit
formulation can become unstable or fail to represent the
intended physical branch, making a fallback to explicit
differentiation necessary.
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# Compute backward pass using intermediate

# values from the forward pass

def f_bwd(

*static_params,

fwd_res: tuple[Array, Array],

cotangent: Array,

) -> tuple[Array]:

# Convergence should not depend on static

# parameters, so we can ignore them here

del static_params

# Output of the forward pass

T_opt, theta = fwd_res

# Gradient w.r.t. T

def grad_T(T: Array, theta: Array) -> Array:

return jax.grad(L)(T, theta)

# Hessian A at (T_opt, theta)

v = cotangent

A = jax.hessian(L)(T_opt, theta)

# Hessian is a positive semi-definite matrix

u = jax.scipy.linalg.solve(

A, -v, assume_a="pos"

)

# v^T dT*/dtheta = u^T ∂(grad_T L)/∂theta

_, vjp_fun_theta = jax.vjp(

lambda theta: grad_T(T_opt, theta), theta

)

# Compute gradient w.r.t. theta

return vjp_fun_theta(u)

# Register custom VJP for f

f.defvjp(f_fwd, f_bwd)

Listing 4.6-II: Example
of implicit differentiation
for the Fermat-based path
tracing method in its con-
vex setting (continued).
First, the static parame-
ters are ignored to em-
phasize that the optimal
path does not depend on
these parameters. Next,
the results from the for-
ward pass are unpacked.
The gradient of the ob-
jective is obtained with
jax.grad, and the Hes-
sian is obtained with
jax.hessian. Finally, a
linear solve is performed
to compute the vector–
Jacobian product with-
out unrolling the opti-
mization trajectory. The
Hessian’s positive semi-
definiteness is leveraged
to employ a more efficient
linear solver.
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4.4 Resolving Geometric
Discontinuities and Topological
Transitions

The shift to differentiable ray tracing enables gradient-
based optimization for diverse radio network applications,
ranging from high-fidelity radio map calibration [95] to [95]: Castro Farfan (2025),

Towards high-fidelity ra-
dio coverage maps: calibra-
tion using real-world mea-
surements in Sionna RT

physical-world adversarial attacks via optimized object
placement [96]. However, this paradigm exposes a critical

[96]: Han et al. (2025),
Loki: Physical-World Ad-
versarial Attacks on Wire-
less Indoor Localization
via Differentiable Object
Placement

structural flaw: the omnipresence of geometric disconti-
nuities and discrete topological transitions.

A fundamental challenge in differentiable ray tracing is
the treatment of these discontinuities caused by visibility
events and discrete path-topology changes [97, 98]. These

[97]: Fischer et al. (2023),
Plateau-Reduced Differen-
tiable Path Tracing

[98]: Eertmans et al.
(2024), Fully Differentiable
Ray Tracing via Disconti-
nuity Smoothing for Radio
Network Optimization

discontinuities can hinder gradient-based optimization
by creating zero-gradient regions in which no descent
direction is available.

4.4.1 Sources of Discontinuities

Because ray tracing relies on discrete geometric decisions—
for example, whether an object occludes a ray or a tri-
angle intersection test verifies barycentric coordinates—
discontinuities in the objective function are common. The
resulting objective is piecewise and often locally constant,
with limited smooth transitions.

These discontinuities appear whenever branching occurs
in the ray tracing process. For example, when a ray tran-
sitions from being visible to being occluded, the received
power can drop sharply, creating a discontinuity. Similarly,
when the path topology changes (e.g., a new reflection
or diffraction path appears or disappears), the objective
can experience sudden jumps. Surface transitions, such as
moving from one material to another, can also introduce
discontinuities in the received signal.



4 Differentiable Ray Tracing 167

∇ = 𝟎

∇ = 𝟎

Figure 4.3: Example of
discontinuities in ray
traced power maps. The
color gradient repre-
sents received power
(dB), where shadow
boundaries (dashed
blue lines) create sharp
discontinuities. These
transitions pose chal-
lenges for gradient-based
optimization. The white
regions indicate “deep
shadows,” as using a finite
number of simulated
paths eventually results
in zero-gradient regions.

Another source of discontinuity is the finite number of
simulated paths. In practice, ray tracing algorithms often
simulate a limited number of paths due to computational
constraints. This can lead to zero-gradient regions in deep
shadows, where no paths are simulated and the objective
remains constant across a wide neighborhood. This is il-
lustrated in Figure 4.3, where the white regions represent
deep shadows with zero gradients.

These discontinuities appear as zero-gradient regions—
“plateaus”—or sudden jumps, both ofwhich obstruct gradient-
based optimization. A typical visibility predicate can be
modeled as a Heaviside step function 𝐻(𝑥) over a signed
geometric residual 𝑥; consequently, the objective changes
abruptly when crossing geometric boundaries.

At non-smooth points, the classical gradient may be unde-
fined. In practice, AD frameworks will use a subgradient,
i.e., a generalized local slope used as a replacement direc-
tion for descent, in order to avoid runtime errors [99]. [99]: Bubeck (2015), Con-

vex Optimization: Algo-
rithms and ComplexityThis helps at some specific points, but it does not solve

the deep-shadow problem. When the objective is locally
constant over a finite region, the subgradient is still zero,
so moving a transmitter within that plateau provides no
descent direction. As a result, naive gradient-based meth-
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ods can stall until additional smoothing or exploration is
introduced.

Three families of methods are commonly used to address
this non-differentiability:

▶ Stochastic smoothing and plateau reduction meth-
ods, such as Gaussian smoothing, convolve the ob-
jective function or the forward operator globally
with a continuous kernel to recover nonzero de-
scent directions [97]. Recent wireless localization [97]: Fischer et al. (2023),

Plateau-Reduced Differen-
tiable Path Tracing

frameworks apply this idea by convolving the signal-
generation process with a Gaussian kernel to over-
come sparse gradients [100]. While effective at elim- [100]: Han et al. (2025),

RayLoc: Wireless Indoor
Localization via Fully Dif-
ferentiable Ray-tracing

inating plateaus, these methods generally require
repetitive Monte Carlo sampling that scales poorly
in dense multipath scenes.

▶ Edge-sampling methods sample rays directly on ge-
ometric boundaries to estimate derivative contribu-
tions from edges with high accuracy [33]. However, [33]: Li et al. (2018),Differ-

entiable Monte Carlo ray
tracing through edge sam-
pling

because they are designed to differentiate area in-
tegrals over pixel footprints in computer graphics
rendering, they are fundamentally incompatible with
the deterministic point-to-point path-finding setup
used in radio propagation.

▶ Analytical smoothing (physics-based)methods replace
hard visibility predicates with continuous surrogates
at the lowest physical level of the ray tracing en-
gine [98]. Similar techniques have recently been ap- [98]: Eertmans et al.

(2024), Fully Differentiable
Ray Tracing via Disconti-
nuity Smoothing for Radio
Network Optimization

plied to the SBR method for solving inverse scat-
tering problems on complex 3D targets [101]. They

[101]: Liu et al. (2025),
Fully Differentiable Shoot-
ing and Bouncing Ray
Method for Solving Inverse
Scattering Problems: 3-D
PEC Targets

are highly practical for radio propagation optimiza-
tion because they resolve the exact source of the
discontinuity and vectorize efficiently on modern
accelerators.
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4.4.2 Discontinuity Smoothing via
Approximation Functions

To mitigate abrupt visibility transitions without abandon-
ing exact path formulations, a smoothing function 𝑠(𝑥; 𝛼)
can be introduced to approximate the underlying discrete
behavior [98]. Let the visibility or intersection condition be [98]: Eertmans et al.

(2024), Fully Differentiable
Ray Tracing via Disconti-
nuity Smoothing for Radio
Network Optimization

represented by the unit step function 𝜃(𝑥), where 𝜃(𝑥) = 1
if 𝑥 > 0 and 0 otherwise.

The approximation maps a real-valued residual to a con-
tinuous value in [0, 1] and satisfies

lim
𝛼→∞

𝑠(𝑥; 𝛼) = 𝜃(𝑥), (4.20)

where 𝛼 ∈ ℝ+ controls steepness. In practice, smoothing is
often parameterized as

𝑠(𝑥; 𝛼) = 𝑠(𝛼𝑥), (4.21)

which directly controls transition width through 𝛼.

To maintain reliable optimization behavior, the smoothing
function should satisfy the following criteria:

C1) The smoothing map must remain bounded in the
unit interval to preserve consistency with Boolean
logic,

𝑠 ∶ ℝ → [0, 1]. (4.22)

C2) The asymptotic behavior must match the hard pred-
icate so that the smoothing function converges to
the original decision rule,

lim
𝑥→−∞

𝑠(𝑥) = 0 and lim
𝑥→+∞

𝑠(𝑥) = 1. (4.23)

C3) The transition must be strictly monotonically in-
creasing to support stable gradient flow and avoid
artificial local minima,

𝑠(𝑥) is strictly monotonically increasing. (4.24)
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Figure 4.4: Examples of
smoothing functions that
satisfy the criteria C1–C5.
The parameter 𝛼 controls
the transition steepness,
with larger values provid-
ing a sharper approxima-
tion to the step function.

C4) The boundary should be centered so that both sides
are treated symmetrically at the discontinuity,

𝑠(0) = 1
2
. (4.25)

C5) The profile should be balanced around the bound-
ary to enforce odd symmetry with respect to the
centered value,

𝑠(𝑥) − 𝑠(0) = 𝑠(0) − 𝑠(−𝑥). (4.26)

Examples of Smoothing Functions

Borrowing from machine learning activation functions,
two common families satisfy these properties. The first is
the parameterized sigmoid, defined as

sigmoid(𝑥; 𝛼) = 1
1 + 𝑒−𝛼𝑥

. (4.27)

As 𝛼 → ∞, sigmoid(𝑥; 𝛼) → 𝜃(𝑥). The sigmoid is infinitely
differentiable and smooth everywhere, but exponential
evaluations can be relatively costly. A faster alternative is
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the hard sigmoid, a piecewise-linear function, given by

hard sigmoid(𝑥; 𝛼) =
min(max(0, 𝛼𝑥 + 3), 6)

6
. (4.28)

The hard sigmoid is faster to compute but has discontinu-
ous derivatives at 𝑥 = ±3/𝛼, bounding its gradient support.
The choice depends on the desired trade-off between global
smoothness and evaluation cost.

A comparative plot of sigmoid and hard-sigmoid approxi-
mations for several 𝛼 values is reported in Figure 4.4, high-
lighting the trade-off between transition sharpness and
gradient support. Figures 4.5 and 4.6 illustrate the impact of
smoothing on ray traced power maps and their gradients,
showing reduced plateaus and smoother transitions near
shadow boundaries. An important downside of smoothing
is that it can introduce leakage through obstacles, which
may bias optimization if not properly controlled. These
surrogates are therefore best interpreted as numerical regu-
larizations, although they loosely mimic physically smooth
effects such as penetration loss, surface roughness, and
diffraction-induced transition regions. When those mecha-
nismsmatter quantitatively, they should bemodeled explic-
itly rather than absorbed into the smoothing function.

Continuation Strategy for Optimization

Using a fixed, aggressive smoothing level can bias the final
solution. If 𝛼 remains too small, obstacles become unrealis-
tically translucent and the optimizer may drift away from
the physically correct optimum. A practical strategy is
therefore continuation: start with strong smoothing (small
𝛼) to remove plateaus and obtain informative, long-range
gradients, then gradually increase 𝛼 so that the model hard-
ens and approaches the physical discontinuous regime. A
convenient schedule over 𝑁 optimization steps is

𝛼 (𝑖) = 𝛼0 (
𝛼𝑓
𝛼0

)
𝑖

𝑁−1
, 𝑖 = 0, … , 𝑁 − 1, (4.29)
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(a) Exact power map. (b) Approximate power map with smoothing.

Figure 4.5: Smoothing effects on the power map (dB) using the sigmoid function with 𝛼 = 50.

(a) Exact gradient map. (b) Approximate gradient map with smoothing.

Figure 4.6: Smoothing effects on the gradient of the power shown in Figure 4.5 (log-scale of the
gradient norm).
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with 𝛼0 ≪ 𝛼𝑓. This geometric progression provides a smooth
transition from global exploration to physically faithful
refinement.

Example: Optimizing Transmitter Position

To illustrate the practical effect of smoothing, we consider
a simple optimization scenario adapted from [98]. The [98]: Eertmans et al.

(2024), Fully Differentiable
Ray Tracing via Disconti-
nuity Smoothing for Radio
Network Optimization

scene contains a single obstacle, two fixed receivers RX1
and RX2, and one transmitter with planar coordinates (𝑥, 𝑦)
to optimize. To keep the setting minimal and interpretable,
only line-of-sight paths are simulated.

The objective is to maximize the weakest received power
between the two receivers,

𝐹(𝑥, 𝑦) = min (𝑃RX1(𝑥, 𝑦), 𝑃RX2(𝑥, 𝑦)), (4.30)

where 𝑃RX𝑖(𝑥, 𝑦) denotes the received power at receiver
𝑖 for a transmitter placed at (𝑥, 𝑦). This max–min formu-
lation avoids favoring one receiver at the expense of the
other and is therefore well suited to coverage-oriented
placement.

The transmitter is initialized in a deep shadow region
where the exact objective is nearly flat and gradients are
uninformative. We then run gradient ascent with the con-
tinuation schedule introduced above, starting from strong
smoothing (𝛼0 = 1) to recover usable ascent directions
and progressively increasing 𝛼 to approach the physically
accurate objective (𝛼𝑓 = 100).
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Figure 4.7: Optimization trajectory for transmitter placement under the max–min objective 𝐹. The
four panels show intermediate iterates (25, 50, 75, and 100 iterations). As optimization proceeds,
the transmitter exits the initial shadowed region and moves toward a location that improves the
worst served receiver. The corresponding smoothing values increase geometrically, illustrating the
continuation strategy from smooth exploration to sharper, physically faithful refinement.

4.4.3 Continuous Ray Tracing Framework

Implementing physics-based analytical smoothing funda-
mentally transforms the discrete ray tracing pipeline into
a continuous surrogate process entirely suitable for end-
to-end gradient-based optimization.

Continuous Validity Check

A path-validity check is naturally Boolean; for example,
𝑥0 > 𝑥1 determines whether a ray clears an obstacle edge.
Replacing this hard condition with the smooth surrogate
yields 𝑠(𝑥0−𝑥1). The validity measure 𝑉 (𝑿) for a candidate
ray path 𝑿 then becomes continuous in [0, 1].

This smoothing enables depth-wise attenuation through
walls and edge softening for reflections and occlusions,
seamlessly translating geometric properties into continu-
ous path-validity scores. The simulated received electric
field adapts directly to this continuum,

𝐄RX = ∑
𝑝∈𝒫

𝑉 (𝑿)𝐄̃RX𝑝 , (4.31)

where 𝒫 is the set of all potential path candidates and 𝐄̃RX𝑝
is the electric field contribution from path 𝑝 assuming no
obstacles.
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The product of validity scores along a path candidate nat-
urally captures the cumulative effect of multiple interac-
tions, so that paths with more interactions are attenuated
more strongly when they approach occlusion. This con-
tinuous formulation also allows for smooth transitions be-
tween different path topologies, as the validity scores can
vary continuously even when the underlying geometric
configuration changes discretely. It forms a sort of “confi-
dence score” for each path candidate, which can be used
to guide optimization and path selection.

Continuous Path Finding

Beyond line-of-sight visibility tests, exact path finding
typically relies on a post-processing check to verify (i)
convergence and (ii) that ray path coordinates are well
within the object boundaries. As with Boolean visibility
gates, replacing these binary convergence predicates with
𝑠(𝑥; 𝛼) makes the solver behavior fully continuous with
respect to the underlying mesh geometry.

This smoothing-based reformulation remains compatible
with exact path-finding backends while replacing Boolean
gates with differentiable surrogates. In practical network
optimization, this allows gradient descent to continue pro-
gressing smoothly even when the current iterate is initially
placed inside a deeply occluded region that would other-
wise yield exactly zero gradients.

4.5 Conclusion

This chapter established the main ingredients required
before large-scale implementation: inverse-design motiva-
tion, reverse-modeAD, scene parameterization, framework-
level differentiation constraints, differentiable path-coordinate
recovery, and discontinuity regularization.

These ingredients are necessary but not sufficient for prac-
tical deployment. In realistic environments, the dominant
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obstacle is computational scale: combinatorial growth of
path candidates, expensive intersection workloads, and
reverse-mode tape-memory growth.

Chapter 5 therefore focuses on tractability mechanisms for
path generation and validation, including pruning, acceler-
ation structures, hardware execution models, and memory-
management strategies that make differentiable ray tracing
viable in large scenes.



Efficient Path Tracing 5
The differentiable ray tracing methods introduced in Chap-
ter 4 provide a practical route to gradient-based optimiza-
tion, but their usefulness in realistic scenarios depends on
computational efficiency. In wireless applications—from
network planning to beam-management optimization—
simulations must handle large, geometrically complex en-
vironments under strict runtime constraints.

Moving from classical deterministic propagation models
to differentiable, accelerator-based pipelines introduces
additional computational requirements. The cost of ray
tracing already depends on the number of rays, geometric
complexity, interaction depth, and accuracy targets. Dif-
ferentiability adds the overhead of gradient computation
and the memory cost of storing intermediate states for
reverse-mode differentiation.

This chapter studies tractability mechanisms across the
full simulation pipeline: complexity reduction, visibility-
based pruning, acceleration structures, hardware execu-
tion, andmemory-aware differentiation. The objective is to
make differentiable ray tracing usable in large site-specific
digital-twin workflows.
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Figure 5.1: High-level
view of the typical blocks
in modern ray tracers.
Some blocks can be sub-
divided into smaller tasks
(e.g., geometry construc-
tion), whereas others can
be processed jointly to im-
prove performance (e.g.,
path finding and electro-
magnetic field computa-
tion).

5.1 Scene Representation in
Modern Ray Tracing Pipelines

Although scene representation is not directly related to
efficient path tracing, it affects all downstream methods. A
fundamental prerequisite for any deterministic simulation
is the acquisition of an accurate digital environmental
model.

For outdoor scenarios, publicly available data such as Open-
StreetMap (OSM) Buildings [102] represents building foot- [102]: OSM Buildings

Contributors (2026), OSM
Buildings: A free and open
project for 3D buildings

prints as polygons. When extruded to building height,
these form polyhedra that can be perfectly approximated
by triangular facets. Most buildings follow this standard-
ized representation; advanced models for specific buildings
are exceptions. Similarly, the ground is typically modeled
as a planar surface, though elevation data from sources
such as NASA [103] enables varying-height terrain rep- [103]: NASA Earth-

data (2026), Digital
Elevation/Terrain Model
(DEM)

resentation through triangular facets. Overall, such maps
typically have meter-level accuracy. Except in specialized
studies, details such as foliage, facade balconies, and glass
windows are typically omitted.

Indoor environments are commonlymodeled using 3D soft-
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ware such as Blender. While Blender supports outdoor sce-
narios, hand-crafted modeling is not scalable. Point clouds
offer a practical alternative for modeling new environ-
ments rapidly. Point clouds can be acquired inexpensively
using LiDAR and similar devices. However, ray tracing re-
quires surface or edge interactions, not point interactions,
so point clouds must be preprocessed and transformed
into surface elements. For specular reflections, a common
approach treats each point as a potential reflection site
and verifies that ray paths fall within the first Fresnel zone
defined by the transmitter and receiver positions [93]. For [93]: Vaara et al. (2025),

Ray Launching-Based
Computation of Exact
Paths With Noisy Dense
Point Clouds

diffraction, edges extracted from the point cloud serve as
diffracting elements.

Beyond geometric representation, ray tracing requires ac-
curate material properties to compute reflection coeffi-
cients, transmission losses, and diffraction. Material char-
acterization is a significant practical challenge, as proper-
ties depend on frequency, incidence angle, and material
composition.

Common sources for material properties include:

▶ Material databases with pre-measured properties
for standard construction materials (concrete, brick,
glass, metal, asphalt) at common frequencies [11,
Tab. 3]. [11]: International

Telecommunication
Union (2025), ITU-R
Recommendation P.2040-3:
Effects of building
materials and structures
on radiowave propagation
above about 100 MHz

▶ Manufacturer specifications providing dielectric loss
and permittivity data from building material suppli-
ers.

▶ In-situ measurements enabling empirical characteri-
zation via transmission or reflection measurements
at deployment frequencies.

▶ Literature values from published measurements in
prior propagation studies in similar environments.

In practice, material uncertainty is often significant; prop-
erties can vary substantially within a single building ma-
terial category depending on composition, age, and mois-
ture content. For this reason, many studies either employ
conservative (high-loss) material assumptions or conduct
sensitivity analysis over material parameter ranges. When
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constructing digital twins for network optimization, cal-
ibration against in-situ measurements is necessary to re-
duce uncertainty and improve prediction accuracy.

In summary, most ray tracing tools assume environments
are represented by triangularmesheswithmaterial-specific
reflection and transmissionmodels. Consequently, advanced
techniques such asMPT are typically impractical for general-
purpose scenarios and are reserved for specialized studies
with detailed environmental descriptions.

5.2 The Challenge of Exponential
Path Generation

In this section, we examine why exact point-to-point ray
tracing becomes difficult to scale and why acceleration is
essential in realistic scenes. In deterministic propagation
modeling, we seek geometric paths between a transmitter
and a receiver that satisfy reflection, transmission, and
diffraction constraints.

The core challenge is not the recovery of one feasible
path, which can often be done efficiently with the image
method or Fermat-based formulations (see Chapter 4), but
the growth of the candidate search space as scene com-
plexity and interaction order increase. For a scene with 𝑁
primitives and a maximum interaction order 𝐾, the number
of possible interaction sequences scales as 𝒪(𝑁𝐾), making
exhaustive search rapidly impractical. In the next subsec-
tion, we make this growth explicit through the image-tree
viewpoint.

5.2.1 The Image Tree and Candidate
Generation

As discussed in Section 3.1.4, candidate-path generation
can be represented as a tree (see Figure 5.2) whose size
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𝐾 = 0

𝐾 = 1
𝐾 = 2

[]

[𝐼1]

[𝐼1, 𝐼2] ... [𝐼1, 𝐼𝑁]

... [𝐼𝑁]

[𝐼𝑁, 𝐼1] ... [𝐼𝑁, 𝐼𝑁−1]

Figure 5.2: Image tree encoding all candidate interaction sequences up to second-order interactions.

grows exponentially with the number of objects and inter-
action order. In this tree, each node represents an object
interaction (e.g., a reflection on a wall), and each edge
represents selecting that interaction in the sequence. For
reflection-only paths, level 1 connects the transmitter to
all 𝑁 objects, level 2 connects each object to up to 𝑁 − 1
others, and so on. For a fixed interaction order 𝐾, the tree
contains up to 𝑁(𝑁 −1)𝐾−1 leaves (path candidates), which
becomes unmanageable even for moderate 𝑁 and 𝐾 (see
Figure 5.3). Therefore, exhaustive candidate enumeration
is infeasible in large scenes or at high interaction orders,
motivating early search-space reduction.
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Figure 5.3: Exponential
growth of the number
of candidate paths with
increasing interaction
order 𝐾. Multiple curves
show different environ-
ment complexities (𝑁 is
the number of triangle
facets) provided by
Sionna RT [37].

5.2.2 Physical Sparsity and Validity
Constraints

Most generated sequences in the image tree correspond
to physically invalid ray paths. In exact path tracing, this
occurs mainly for two reasons. First, a candidate can be
occluded by objects that are not part of the sequence (the
visibility problem). Second, interaction points returned by
exact methods may violate geometric constraints because
those methods often assume infinitely extended primi-
tives.

Even in elementary scenarios, the ratio of valid paths to
total candidates is exceedingly low. For instance, in a 2D
setup with a single obstacle, only a small fraction of com-
binatorial candidates satisfy both visibility and geometric
constraints (see Figure 5.4). As interaction order increases,
this ratio drops sharply, creating an explosion of invalid
paths that must be filtered out. In realistic urban scenes
with hundreds to thousands of objects, the vast majority
of candidates are also invalid: for every million generated
candidates, only a few hundred may be valid at second
order, and even fewer at higher orders [79]

[79]: Eertmans et al.
(2026), Transform-
Invariant Generative Ray
Path Sampling for Effi-
cient Radio Propagation
Modeling

. This combina-
tion of strong sparsity and exponential growth motivates



5 Efficient Path Tracing 183

TX

RX

(a) First-order reflections.

TX
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(b) Second-order reflections.

TX

RX

(c) Third-order reflections.

Figure 5.4: Illustration of the sparsity of valid ray paths (solid green) compared to the combinatorial
explosion of candidates, which leads to many invalid ray paths (dashed gray) in a simple 2D scenario
with a single obstacle. As interaction order increases, the ratio of valid paths to candidates decreases
dramatically, highlighting the need for pruning strategies.

aggressive pruning before expensive path validation.
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5.3 Pruning Strategies

In this section, we discuss strategies to prune the com-
binatorial search space of candidate paths before expen-
sive path validation. These methods leverage physical con-
straints, scene structure, and visibility information to elim-
inate large subsets of invalid candidates early in the pro-
cess.

5.3.1 Merging Facets and Objects

One effective mitigation strategy is to merge adjacent
facets or objects into larger primitives, reducing the total
number of scene elements 𝑁 and therefore the branching
factor of the image tree. In urban environments, for ex-
ample, building facades can be represented as single large
planes rather than many small triangles. This reduces the
primitive count and simplifies geometric computations
for reflections and diffractions. The trade-off is that exces-
sive merging can degrade accuracy, so the strategy must
balance computational efficiency and geometric fidelity.
DiffeRT [38], for instance, uses virtual merging of consec- [38]: Eertmans et al.

(2025), Demonstrating
DiffeRT: An Open-Source
Library for Optimizing
Radio Networks with
Differentiable Ray Tracing

utive triangles into quadrilaterals, reducing the number of
objects by roughly a factor of two.

In some scenes, triangles are also grouped into real objects
(e.g., buildings, trees, and vehicles). This enables object-
level path finding rather than triangle-level path finding,
further reducing the object count and the branching factor.
If objects are convex polyhedra (as in many rectangular
buildings), Fermat’s principle implies that two consecu-
tive interactions cannot occur on the same object; can-
didates with such sequences can therefore be pruned a
priori. When object grouping is not provided in the scene
description, however, this approach requires additional
preprocessing to infer object membership, which can be
expensive and difficult in scenes with many small or irreg-
ular shapes.
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Figure 5.5: Illustration of
the masking of unreach-
able objects after a reflec-
tion. The shaded area rep-
resents the half-space of
unreachable objects after
a reflection on surface 𝑠1.

5.3.2 Masking Unreachable Objects After
Reflection

After a reflection, the outgoing ray direction is constrained
by the surface normal and the incident direction, so only
a subset of objects can be reached. Even without the exact
reflection point, unreachable objects can be identified by
testing whether they lie outside the reflection half-space
induced by the incident direction and the surface nor-
mal. Candidates requiring reflections toward those objects
can then be pruned early, substantially reducing down-
stream validity checks. This strategy is especially effective
in dense scenes. If, on average, half of the objects are un-
reachable after each reflection (as in a roughly random
spatial distribution), the number of candidates is reduced
by a factor of 2𝐾 for paths with 𝐾 interactions. Figure 5.5
illustrates this in 2D: the shaded region denotes objects
that are unreachable after a reflection. If surface orienta-
tion is known (i.e., interior versus exterior), pruning can
be strengthened further by excluding reflections toward
interior objects. In Figure 5.5, for example, surfaces 𝑠4 and
𝑠5 are also unreachable after the first reflection on 𝑠1. Com-
puting the half-space and testing object positions against
it is computationally inexpensive and can be done either
during candidate generation or during scene preprocess-
ing, providing a straightforward way to reduce the number
of candidates.
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Figure 5.6: 2D scenario
with triangular-shaped
objects on which re-
flection or diffraction
can occur. Surfaces are
colored in black and
edges in red.

5.3.3 Visibility Preprocessing

Similar to the previous strategy, visibility relations be-
tween objects can be computed offline and used to prune
candidates that require transitions between non-visible
objects. This approach extends the notion of unreachable
objects to the broader case of occlusion (e.g., object shad-
owing), but it also introduces implementation challenges.
While visibility can be solved efficiently (and exactly) in
2D, the problem is more complex in 3D because of the in-
creased geometric complexity and partial occlusion. Even
so, coarse visibility analysis can provide significant prun-
ing benefits and is widely used in practical ray tracers [52,
104]. The following subsections present two implementa- [52]: Aguado Agelet et

al. (2000), Efficient ray-
tracing acceleration tech-
niques for radio propaga-
tion modeling

[104]: Lu et al. (2019),
A Discrete Environment-
Driven GPU-Based Ray
Launching Algorithm

tions of visibility preprocessing: transmitter/receiver visi-
bility and inter-object visibility.

Transmitter and Receiver Visibility

The most basic form of visibility pruning is to determine
which objects are visible from the transmitter and receiver
positions. Any candidate path that requires an interaction
with an object invisible from either endpoint can be pruned
immediately. This simple first step effectively removes
candidates that cannot contribute to the received signal.

To determine visibility, ray launching is a common ap-
proach. A large number of rays are cast from the transmit-
ter and the receiver toward scene objects. Any object hit
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(b) Objects visible from RX.

Figure 5.7: Example 2D visibility for the transmitter (TX) and receiver (RX). Objects are faded if they
are not visible from the corresponding node.

by at least one ray is considered visible, and the remain-
ing objects are marked as invisible (i.e., unreachable). If
a ray intersects another object before reaching a target
object, that target is marked as occluded. Figure 5.7 illus-
trates transmitter and receiver visibility for the scenario
in Figure 5.6.

This process is relatively inexpensive and can be performed
offline as a preprocessing step because it scales linearly
with the number of objects and rays. It can be further
accelerated with spatial data structures, briefly discussed
in Section 5.5.2.

Finally, ray casting provides an approximation of visibility
because it depends on the number and distribution of rays.
In practice, a sufficiently large ray set yields good estimates,
but edge cases remain: objects may still be incorrectly
marked as invisible, especially when they are small or
partially occluded. This method is therefore typically used
as a pruning heuristic rather than an exact test.

Inter-Object Visibility

While transmitter- and receiver-based visibility pruning
effectively removes candidates that involve non-visible ob-
jects, it does not capture occlusion between objects them-
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selves. In multi-interaction paths, an object visible from
the transmitter may still be occluded by another object
before the receiver is reached. It is therefore beneficial to
compute inter-object visibility as well, typically via ray
casting between object pairs. Unlike transmitter/receiver
visibility, however, the ray source is no longer a single
point: it can be any point on an object’s surface. In prin-
ciple, this requires casting rays from every point on one
object to every point on another. In practice, only a limited
set of sample points is used. Even then, the method scales
quadratically with the number of objects and can be ex-
pensive in large scenes. Spatial partitioning can mitigate
this cost by restricting tests to nearby object pairs.

The Visibility Matrix

Recalling the graph-based formulation of path-candidate
generation from Section 3.1.4, visibility relations can be
encoded in an adjacency matrix 𝒢 ∈ {0, 1}𝑁+2×𝑁+2, where
𝑁 is the number of scene objects, and the additional two di-
mensions represent the transmitter and receiver nodes. An
entry 𝒢𝑖𝑗 equals 1 if objects 𝑖 and 𝑗 are mutually visible (i.e.,
there is an unobstructed line-of-sight), and 0 otherwise.
Figure 5.8 shows an example for the scenario in Figure 5.6.
Candidate paths can then be generated by graph traversal
on 𝒢 from the transmitter node to the receiver node. A
comparison of candidate counts with and without visibility
pruning is provided in Appendix B.
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Figure 5.8: Adjacency
matrix, 𝒢, generated from
the scenario illustrated in
Figure 5.9. Each row of
this 14 × 14 matrix refers
to the visible objects as
seen from the correspond-
ing object. For readabil-
ity purposes, zeros are dis-
carded. The black coeffi-
cients indicate possible re-
flections, while the red
ones are for diffractions.
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Figure 5.9: 2D scenario
with triangular-shaped
objects on which reflec-
tion or diffraction can
occur, repeated here for
convenience from Figure
5.6. Surfaces are colored
in black and edges in red.

5.3.4 Learning-Based Pruning

As briefly introduced at the end of Chapter 3, machine
learning models can be trained to predict the validity like-
lihood of candidate paths based on geometric features,
interaction sequences, and visibility information. These
models can be used to rank candidates and prune those
below a chosen likelihood threshold before expensive vali-
dation. While this approach is promising, it requires care-
ful feature engineering and training-data generation to
ensure generalization across diverse environments. In ad-
dition, the model-inference overhead must be justified by
the reduction in candidate-validation time. This method re-
mains an active research area and has not yet been widely
adopted in practical ray tracing pipelines; it is discussed
further in Chapter 7.
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Figure 5.10: Simplified
pipeline for dynamic ray
tracing: once ray paths
are computed, sufficiently
small scene changes en-
able extrapolation of up-
dated paths rather than
full recomputation. This
is possible because visi-
bility relations between
static objects remain un-
changed, and only node-
to-scene visibilitymust be
updated at runtime.

5.4 Dynamic Scenarios and
Continuous Updates

In dynamic scenarios such as vehicle-to-everything (V2X)
communication, the environment changes continuously
as vehicles and pedestrians move. However, static objects
(e.g., buildings) remain unchanged, so visibility relations
between them can be precomputed offline. At runtime,
only node-to-scene visibility must be updated as transmit-
ters and receivers move. This enables efficient ray-path
extrapolation without full recomputation and supports
real-time updates in dynamic environments.

As a result, dynamic ray tracing techniques have been
introduced for such scenarios [51, 105]. These methods [51]: Quatresooz et al.

(2021), Tracking of Inter-
action Points for Improved
Dynamic Ray Tracing

[105]: Bilibashi et al.
(2020), Dynamic Ray
Tracing: Introduction and
Concept

leverage precomputed visibility and spatial data structures
to update ray paths quickly as nodes move, rather than
recomputing the entire path tree from scratch. This is par-
ticularly beneficial in high-mobility settings where rapid
updates are required.

5.4.1 Tracking Interaction Points and
Doppler Shifts

Instead of computing an independent static snapshot at
each time instant, dynamic ray tracing analytically tracks
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the motion of interaction points (e.g., reflection and diffrac-
tion points) over moving geometry [51]. Assuming the [51]: Quatresooz et al.

(2021), Tracking of Inter-
action Points for Improved
Dynamic Ray Tracing

instantaneous velocities of the transmitter (𝐯𝑇𝑋) and re-
ceiver (𝐯𝑅𝑋) are known, the velocity of each interaction
point can be characterized explicitly [51].

For example, the instantaneous velocity of a reflection
point on a planar surface can be derived geometrically
from the intersection between the reflecting plane and
the line connecting the transmitter image (with respect to
that plane) and the receiver. Using finite differences on the
reflection-point trajectory yields

𝐯𝑟 = lim
Δ𝑡→0

𝐱𝑟(𝑡0 + Δ𝑡) − 𝐱𝑟(𝑡0)
Δ𝑡

. (5.1)

This geometric tracking enables immediate derivation of
channel characteristics, such as Doppler shifts, from a sin-
gle ray tracing run. For a generalized ray with multiple
interactions across 𝐾 moving scattering points (each with
velocity 𝐯𝑘), the Doppler-shifted received frequency is

𝑓 ′ = 𝑓0
𝐾
∏
𝑘=1

(
𝑐 − 𝐯𝑘 ⋅ 𝐤̂𝑘
𝑐 − 𝐯𝑘−1 ⋅ 𝐤̂𝑘

) , (5.2)

where 𝑓0 is the carrier frequency, 𝐤̂𝑘 is the unit vector of
segment 𝑘, and 𝑐 is the speed of light.

5.4.2 Visibility Assumptions and the
Multipath Lifetime Map

Dynamic ray tracing extrapolation assumes that the active
multipath structure remains unchanged for a limited inter-
val, so paths do not need to be recomputed at every time
step. This interval is related to the channel “coherence
time” (𝑇𝑐) and can be estimated from measurements [105]. [105]: Bilibashi et al.

(2020), Dynamic Ray
Tracing: Introduction and
Concept

In practice, however, measurement-based estimates are not
always reliable because the measurement scenario may
differ from the simulated one (geometry, traffic, materials,
and mobility patterns).
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The validity interval also depends on modeling choices:
higher interaction orders generally induce more frequent
structural changes undermobility, because additional bounces
are more sensitive to geometric perturbations. Moreover,
expressing validity only in time can be misleading, as time
bounds are tied to relative speeds. A spatial criterion is of-
ten more informative, since it decouples structural stability
from instantaneous velocity.

For this reason, we introduce the multipath lifetime map
(MLM)—a geometric tool that characterizes the spatial ex-
tent overwhich amultipath structure remains unchanged [106].[106]: Eertmans et al.

(2025), Comparing Differ-
entiable and Dynamic Ray
Tracing: Introducing the
Multipath Lifetime Map

Its full treatment is deferred to Chapter 7; in particular,
for single-object mobility (e.g., receiver displacement in a
street canyon), these regions can be visualized directly in
2D. Operationally, once the spatial validity region is exited,
extrapolation expires and a new full ray tracing snapshot
is required to reinitialize path tracking [51]. [51]: Quatresooz et al.

(2021), Tracking of Inter-
action Points for Improved
Dynamic Ray Tracing5.4.3 Dynamic vs. Differentiable Ray

Tracing

Dynamic ray tracing and differentiable ray tracing should
be viewed as complementary capabilities rather than com-
peting paradigms [106]. Dynamic ray tracing focuses on
fast temporal updates of path geometry, whereas differ-
entiable ray tracing provides derivatives with respect to
scene or system parameters.

Historically, the first dynamic ray tracing formulations
usedmanually derived symbolic expressions for path-coordinate
updates. These derivations can provide strong physical in-
terpretability and low runtime cost, but they scale poorly
as scenarios become more complex or when derivatives
are needed with respect to richer parameterizations (e.g.,
a rotating car or multiple moving vehicles).

Automatic differentiation offers a practical alternative: the
same dynamic-update pipeline can be differentiated with
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respect to local variations without deriving new closed-
form expressions for each case. In that sense, differentiable
ray tracing can directly support dynamic ray tracing by
broadening the set of tractable motion and sensitivity anal-
yses.

5.5 Efficient Ray–Object
Intersection

A fundamental operation in ray tracing is the intersection
test between rays and scene objects (e.g., triangles). The
efficiency of this operation directly impacts the overall
performance of the ray tracer, especially when millions
of rays must be tested against thousands of objects. The
optimal algorithmic approach for this operation depends
heavily on the specific geometric representation of the
scene’s objects. In this section, we present a very popu-
lar (and fast) algorithm for ray–triangle intersection and
discuss how spatial data structures can further accelerate
these computations.

5.5.1 Möller–Trumbore Ray–Triangle
Intersection Algorithm

When it comes to ray–triangle intersection, the Möller–
Trumbore algorithm [107] is widely adopted because of [107]: Möller et al. (1997),

Fast, minimum storage
ray-triangle intersection

its efficiency and robustness. It computes the intersection
of a ray with a triangle defined by its vertices in 3D space.
The algorithm uses barycentric coordinates to determine
whether the intersection point lies within the triangle and
to compute the distance from the ray origin to the in-
tersection point. Its main advantage is that it minimizes
arithmetic operations and avoids unnecessary computa-
tion through early rejection tests, making it suitable for
real-time and large-scale ray tracing. However, in differ-
entiable ray tracing, such early rejections are not directly
compatible with gradient computation through branching
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Figure 5.11: Translation and change of basis of the ray origin, adapted from [107, Fig. 1], and smoothing
near triangle boundaries.

operations. As a result, Algorithm 3 presents a modified
version of the Möller–Trumbore algorithm that aggregates
subsequent rejection tests into a single boolean flag. The al-
gorithm also includes optional smoothing, as introduced in
Section 4.4, where the returned intersection flag becomes
a continuous value between 0 and 1 rather than a binary
hit-or-miss indicator. Figure 5.11 illustrates the geometric
transformation to barycentric coordinates, as well as the
effect of this smoothing near triangle boundaries, where
the intersection flag transitions smoothly from 1 (full hit)
to 0 (full miss) across a boundary region defined by the
tolerance 𝜖 and smoothing factor 𝛼. On triangle edges, the
intersection flag always evaluates to 1

2 .
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Algorithm 3: Möller–Trumbore algorithm with
optional smoothing.

Input: Ray origin 𝐨 and direction 𝐝, triangle
vertices 𝐯0, 𝐯1, 𝐯2, tolerance 𝜖, smoothing
factor 𝛼 (optional), and smoothing function
𝑠(⋅ 𝛼)

Output: Distance to intersection 𝑡 and
intersection flag/probability hit

1 𝐞1 ← 𝐯1 − 𝐯0, 𝐞2 ← 𝐯2 − 𝐯0 // Triangle edges

2 𝐡 ← 𝐝 × 𝐞2
3 𝑎 ← 𝐞1 ⋅ 𝐡 // Determinant

// Check ray--triangle parallelism

4 if 𝛼 is provided then
5 hit ← 𝑠(|𝑎| − 𝜖; 𝛼)
6 else
7 hit ← |𝑎| > 𝜖

8 𝑓 ← 1
𝑎 // In practice, division by zero

must be handled with care

9 𝐬 ← 𝐨 − 𝐯0
10 𝑢 ← 𝑓 [𝐬 ⋅ 𝐡] // 1st barycentric coordinate

// Check 1st barycentric coordinate

11 if smoothing is enabled then
12 hit ← min(hit, 𝑠(𝑢; 𝛼), 𝑠(1 − 𝑢; 𝛼))
13 else
14 hit ← hit and 𝑢 ≥ 0 and 𝑢 ≤ 1
15 𝐪 ← 𝐬 × 𝐞1
16 𝑣 ← 𝑓 [𝐝 ⋅ 𝐪] // 2nd barycentric coordinate

// Check 2nd barycentric coordinate

17 if smoothing is enabled then
18 hit ← min(hit, 𝑠(𝑣 ; 𝛼), 𝑠(1 − (𝑢 + 𝑣); 𝛼))
19 else
20 hit ← hit and 𝑣 ≥ 0 and 𝑢 + 𝑣 ≤ 1
21 𝑡 ← 𝑓 [𝐞2 ⋅ 𝐪] // Ray distance to

intersection

// Check ray depth

22 if smoothing is enabled then
23 hit ← min(hit, 𝑠(𝑡 − 𝜖; 𝛼))
24 else
25 hit ← hit and 𝑡 > 𝜖
26 return 𝑡 ,hit
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5.5.2 Spatial Subdivision and Bounding
Volume Hierarchies

As established in Section 5.2, naive path-candidate gen-
eration leads to a combinatorial explosion. Even after ag-
gressive pruning, a practical simulation may still need
to evaluate millions of ray paths in environments con-
taining thousands of objects. Testing every ray against
every geometric object is computationally intractable and
memory-intensive.

To significantly reduce the number of objects considered
during these queries, modern ray tracers rely on acceler-
ation structures. These spatial data structures organize
the scene geometry so that rays can quickly discard large
sections of the environment they will definitively not in-
tersect, focusing computational power only on objects in
their direct path.

Two historical approaches dominate this space: 𝑘-d trees [75] [75]: Bentley (1975),
Multidimensional binary
search trees used for
associative searching

and bounding volume hierarchies (BVHs) [108, 109].

[108]: Clark (1976), Hi-
erarchical geometric mod-
els for visible surface algo-
rithms

[109]: Goldsmith et al.
(1987), Automatic creation
of object hierarchies for
ray tracing

𝑘-d Trees: Partitioning Space

A 𝑘-d (short for 𝑘-dimensional) tree strictly partitions the
3D space itself into non-overlapping regions using axis-
aligned splitting planes.

As illustrated in Figure 5.12, each node in the 𝑘-d tree
represents a spatial plane that divides the space in half.
As a ray traverses the tree, it steps through these spatial
regions sequentially. Because the spatial partitions never
overlap, 𝑘-d trees are highly efficient at finding the closest
intersection point quickly. They perform exceptionally
well on traditional CPU architectures.

However, a significant limitation arises when geometric
objects straddle splitting planes: such objects must be du-
plicated and stored in multiple nodes. On highly parallel
architectures like GPUs, this object duplication increases
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Figure 5.12: Illustration of 𝑘-d tree applied to a simple scene with 7 objects. The 𝑘-d tree strictly
partitions space into non-overlapping regions, where each node contains a splitting plane and its child
nodes.

memory overhead and complicates traversal logic, leading
to inefficiencies.

Bounding Volume Hierarchy: Partitioning Objects

Unlike 𝑘-d trees, a BVH partitions the objects rather than
the physical space. It organizes the scene primitives into a
hierarchy of overlapping bounding boxes.

As illustrated in Figure 5.13, bounding volume hierarchies
organize the scene through leaf nodes that contain the
actual geometric objects, while parent nodes contain a
bounding box that completely encloses all of their children.
If a ray misses a parent bounding box, the ray tracer knows
it can safely ignore all objects inside it.

Because BVHs partition the object list, each object is refer-
enced exactly once. This zero-duplication, object-centric
approach provides predictable memory usage and mini-
mizes divergence, making BVHs the undisputed standard
for modern, many-core GPU architectures.

One drawback is that bounding boxes can overlap. If a
ray passes through an overlapping region, the traversal
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Figure 5.13: Illustration of BVH applied to a simple scene with 7 objects. The BVH organizes primitives
into a binary tree of bounding boxes, where each node contains a bounding box that encloses its child
nodes.

algorithm must check both branches of the tree, which can
sometimes lead to redundant intersection tests.
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5.6 Hardware Acceleration and
GPU Execution Paradigms

Modern ray tracing benefits profoundly from hardware
acceleration, but exploiting these architectures effectively
requires understanding fundamental hardware constraints.
Unlike traditional compute-focused algorithms, ray trac-
ing accelerated by GPUs is typically memory-bound rather
than compute-bound; bandwidth and cache efficiency dom-
inate performance farmore than rawfloating-point through-
put. Consequently, acceleration techniques must prioritize
improved memory access patterns, reduced warp diver-
gence (caused by divergent execution paths, for example,
due to branching), and minimized data movement rather
than simply fewer arithmetic operations.

Additionally, GPU compilation imposes strict constraints
on program structure. As already discussed in Chapter 4,
most GPU frameworks cannot accommodate fully dynamic
control flow or variable-sized data structures; compilers
require tensor shapes and loop bounds to be known at
compile time. This necessitates reformulating ray tracing
logic—which naturally involves branching and variable-
depth recursion—into fixed-size tensor operations with
explicit static parameters. Just-in-time (JIT) compilation,
such as that provided by JAX via XLA, is therefore essential
for managing this complex branching logic while maintain-
ing performance. It generates specialized kernels for each
unique combination of static parameters, enabling both
efficient execution and correct gradient computation.

As a practical example, dynamic path-candidate genera-
tion via graph traversal must be reformulated into fixed-
size batches using padding and chunking operations, and
acceleration structures such as BVHs must be designed
to hold a fixed number of objects per node rather than
variable-length lists. Traversal algorithms similarly pro-
cess fixed-size batches of rays instead of streaming work-
loads, accepting that padding may introduce some redun-
dant computation in exchange for deterministic memory
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usage and instruction-level parallelism.

5.6.1 Dedicated Ray Tracing Hardware
Cores

Modern GPUs provide dedicated ray tracing units, exposed
through application programming interfaces (APIs) such
as NVIDIA OptiX [32]. Intersection-heavy workloads in [32]: Parker et al. (2010),

OptiX: a general purpose
ray tracing engine

radio propagation can bemapped to these APIs for substan-
tial acceleration relative to software-only BVH traversal.
Although originally designed for computer graphics, sev-
eral radio-propagation-oriented ray tracing tools, such as
Opal [110], use the NVIDIA OptiX API for efficient path [110]: Egea-Lopez et al.

(2021), Opal: An open
source ray-tracing propa-
gation simulator for elec-
tromagnetic characteriza-
tion

validation. However, NVIDIA OptiX is designed for the for-
ward ray tracing pass only and does not support automatic
differentiation. As a result, it cannot be used directly for
differentiable ray tracing, and custom ray tracing kernels
are required to support both forward and backward passes.
Tools such as Mitsuba 3 [111] address this by combining [111]: Jakob et al. (2022),

Mitsuba 3 rendererAD frameworks (here, Dr.Jit [112]) with NVIDIA OptiX
[112]: Jakob et al.
(2022), Dr.Jit: A Just-
In-Time Compiler for
Differentiable Rendering

for efficient differentiable ray tracing on GPUs. Although
Mitsuba 3 is designed for computer graphics applications,
it provides the necessary building blocks (such as polariza-
tion states through Jones vectors) to be adapted to radio
propagation by modifying the underlying physical models
and interaction types; Sionna RT [37] is a representative [37]: Hoydis et al. (2023),

Sionna RT: Differentiable
Ray Tracing for Radio
Propagation Modeling

example of this adaptation.

5.6.2 Just-in-Time Compilation, Gradient
Checkpointing, and
Rematerialization

When building complex simulation tools such as ray trac-
ers, high-level Python code improves development pro-
ductivity but is often too slow for large-scale workloads.
JIT compilation bridges this gap by translating high-level
operations into specialized routines tailored to the target
hardware.
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In DiffeRT [38], this raw execution speed is achieved through [38]: Eertmans et al.
(2025), Demonstrating
DiffeRT: An Open-Source
Library for Optimizing
Radio Networks with
Differentiable Ray Tracing

JAX, which relies on the XLA compiler to transform high-
level mathematical operations into highly optimized ma-
chine code.When a function is transformed using jax.jit,
JAX executes a tracing pass using abstract tracer objects
to record the sequence of operations into an intermediate
language known as jaxpr. XLA then compiles this inter-
mediate representation.

The performance benefits of JIT compilation for path trac-
ing are twofold:

▶ Through elimination of Python overhead, path tracing
can execute complex conditional logic and mathe-
matical sequences for millions of independent rays
without the interpreter in the execution path, allow-
ing the simulation to run at native hardware speeds.

▶ Through operator fusion, XLA identifies adjacent op-
erations and combines them into a single unified
operation. Because of this, intermediate values re-
main in fast on-chip memory (registers) instead of
being repeatedly written to and read from slower
global memory, which mitigates bandwidth bottle-
necks.

Although JIT compilation is widely used to maximize
throughput, large-scale differentiable simulations remain
constrained by memory. Tracking every step of a computa-
tion for gradient evaluation—for example, to quantify how
a small geometric perturbation affects a reflected path—
can require storing very large volumes of intermediate
data.

When memory limits are reached, gradient checkpointing
(or rematerialization) provides a practical solution. Instead
of storing all intermediate values, the system retains se-
lected checkpoints and recomputes missing intermediates
when needed. This trades additional computation for sub-
stantially lower peak memory usage.

Technically, gradient checkpointing and rematerialization
address these memory bottlenecks by discarding forward
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intermediates and recomputing them during backpropaga-
tion. This increases computation but substantially reduces
peak memory, a crucial trade-off when evaluating deep
computational graphs such as those generated by multi-
bounce ray tracing. In the context of the JAX framework,
this mechanism is accessed via the jax.checkpoint dec-
orator (also aliased as jax.remat).

Together, JIT compilation and gradient checkpointing form
the foundation of an efficient differentiable ray tracer:
jax.jit ensures that both the forward pass and the rema-
terialized backward computations run with high hardware
utilization, while jax.remat helps peak memory usage
scale more gracefully with the number of simulated ray in-
teractions. Importantly, these optimizations remain largely
transparent to the user, who can continue writing code
in a natural high-level style without manually managing
memory or parallelism.

5.6.3 Example: GPU-Aware Path Tracing
Formulation

Building on the previous chapters, we now discuss how to
reformulate path tracing for efficient GPU execution. In
particular, path finding can be cast as a tensor optimization
problem solved with a fixed number of custom Broyden–
Fletcher–Goldfarb–Shanno (BFGS) updates directly on the
GPU, enabling thousands of paths to be processed in par-
allel [106]. [106]: Eertmans et al.

(2025), Comparing Differ-
entiable and Dynamic Ray
Tracing: Introducing the
Multipath Lifetime Map

The key challenge for GPU execution is not the convex
formulation itself (introduced in Chapter 3), but enforcing
a computation graph with static shape and predictable
control flow. In practice, this requires two constraints.

First, every path in a batch must use the same parame-
ter dimension, even when interaction sequences mix re-
flections and diffractions in arbitrary order. A practical
implementation sets 𝑑 = 2 for all interactions and rep-
resents edge diffraction with a zero second basis vector
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(𝑨𝑖,2 = 0). This preserves a single tensor layout for all can-
didates and avoids per-path shape changes, which would
otherwise trigger recompilation and reduce vectorization
efficiency.

Second, the iterative solver must run for a fixed number
of iterations. If each path were allowed to stop on its own
convergence criterion, parallel execution would still be
paced by the slowest path in the batch. A fixed budget
yields deterministic latency, stable memory usage, and bet-
ter hardware utilization, at the cost of a controlled amount
of extra work for easy paths.

Because the path-length objective is convex in the consid-
ered planar reflection–diffraction setting, quasi-Newton
schemes such as BFGS are particularly effective. They ex-
ploit gradient information to build a local curvature model
while avoiding explicit Hessian construction, yielding a fa-
vorable compromise between robustness and throughput
for large batches.

Once the problem shape is fixed, additional low-level opti-
mizations become possible. In particular, analytic expres-
sions for the objective gradient can be precomputed and
reused in both the forward solver and the custom vector–
Jacobian product rule introduced in Chapter 4, reducing
autodiff overhead. Likewise, specialized search-direction
and step-size updates can be designed for this convex struc-
ture, further lowering per-iteration cost.

With these constraints and optimizations combined, Fermat-
based path solvers approach image-method runtimes while
supporting more general interaction sequences, includ-
ing mixed reflection–diffraction paths [106]. The full JAX- [106]: Eertmans et al.

(2025), Comparing Differ-
entiable and Dynamic Ray
Tracing: Introducing the
Multipath Lifetime Map

based implementation of this solver is available at https:
//github.com/jeertmans/fpt-jax.

https://github.com/jeertmans/fpt-jax
https://github.com/jeertmans/fpt-jax
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5.7 Efficacy of Exact Path Tracing
Methods

Evaluating the efficiency of point-to-point ray path-finding
algorithms exposes fundamental trade-offs between the
types of supported interactions, execution speed, differ-
entiability, and modern hardware acceleration paradigms.
In this section, we analyze the performance of various
exact and Fermat-based solvers, demonstrated through a
quantitative benchmark study.

5.7.1 Baseline Method Evaluation

We compare two primary path-finding approaches, each
presenting distinct architectural characteristics:

▶ The image method (IM), as established in Section
3.1.1, is an exact, non-iterative formulation that guar-
antees the recovery of all valid paths. It remains ex-
tremely fast, but it is strictly limited to purely specu-
lar reflections and cannot scale to model diffractions
or transmissions.

▶ The Fermat-based approaches, as established in Sec-
tion 3.1.3 and further studied in this chapter, are
iterative optimization-based formulations that can
model mixed reflection–diffraction paths.

The min-path-tracing method is not considered in this
comparison, as its object-oriented structure makes it in-
herently sequential and unsuitable for parallel hardware
acceleration.

5.7.2 The GPU Implementation Dilemma
(Uniformity versus Accuracy)

Implementing Fermat-based optimization on parallel hard-
ware accelerators highlights a key dilemma between exe-
cution uniformity and optimization accuracy:
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▶ The method proposed by Carluccio and Albani [54], [54]: Carluccio et al.
(2008), An Efficient Ray
Tracing Algorithm for
Multiple Straight Wedge
Diffraction

at least in its extended version to model reflections
and diffractions [56], uses a mixed-method solver,

[56]: Puggelli et al. (2014),
A Novel Ray Tracing
Algorithm for Scenarios
Comprising Pre-Ordered
Multiple Planar Reflectors,
Straight Wedges, and
Vertexes

combining the exact image method for specular re-
flections with a Newton-based iterative solver for
diffraction edges. Although highly accurate, it dy-
namically reconstructs the optimization problem
based on the specific sequence of interactions along
each path. This dynamic control flow introduces
heavy branching logic, reducing GPU warp execu-
tion efficiency.

▶ In [106], a uniform computational framework is pro- [106]: Eertmans et al.
(2025), Comparing Differ-
entiable and Dynamic Ray
Tracing: Introducing the
Multipath Lifetime Map

posed that treats the entire path as a single optimiza-
tion problem. By setting a fixed interaction dimen-
sion (𝑑 = 2) for all interactions and padding straight
edges with a zero second basis vector (𝑨𝑖,2 = 0), the
solver maintains a static tensor layout. While this
eliminates branching and maximizes GPU through-
put, it also introduces more variables than strictly
necessary, increasing both the computational cost
per iteration and the risk of suboptimal convergence
for complex paths.

5.7.3 Benchmark Findings

We compare several Fermat-based solvers against the ex-
act image method baseline, all implemented within the
uniform computational framework described above. The
evaluated solvers include a standard gradient descent (GD),
the Newton-like approach of Carluccio & Albani (CA),
the optimized BFGS method (JE) proposed in [55]—which [55]: Eertmans et al.

(2025), Fast, Differentiable,
GPU-Accelerated Ray
Tracing for Multiple
Diffraction and Reflection
Paths

employs fixed-point iteration to determine the optimal
step size at each solver iteration—and a naive limited-
memory BFGS (L-BFGS) implementation to highlight the
impact of domain-specific optimizations. For diffraction-
only scenarios, the image method cannot be used, so an
advanced second-order cone program (SOCP)-based solver
is used instead (executed on the CPU for reasons detailed
below). The simulations were conducted on an NVIDIA
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Figure 5.14: Computational time versus solution accuracy across 1000 randomly generated path
instances, with interaction order 𝐾 ranging from 1 to 5, reproduced from [55, Fig. 2]. The upper subplot
presents one-dimensional diffraction scenarios, while the lower depicts two-dimensional reflection
cases. Lighter dashed curves in the top subplot show diffractions handled with 𝑑 = 2 by our solver alone;
comparable methods fail in these configurations. Similarly, the bottom subplot shows hybrid reflection–
diffraction paths (lighter dashes) exclusively solved by our method. Two variants are evaluated: the
standard configuration and an enhanced version with 64 fixed-point refinements per step (JE-64). The
image method serves as a reference baseline for reflection cases, marked with a vertical line indicating
its average runtime.

GeForce RTX™ 3070 GPU with 8GB of memory using
single-precision floating-point arithmetic, and the average
error was evaluated over 1000 random path scenarios.

Figure 5.14 summarizes the average error on the true geo-
metrical ray path 𝑿⋆ versus execution time for interaction
orders 𝐾 from 1 to 5. In homogeneous, diffraction-only
configurations (𝑑 = 1, top row), the JE solver achieves the
lowest error and fastest convergence across all cases. In-
creasing the fixed-point iteration budget (JE-64) enables
convergence down to machine precision. In reflection-only
scenarios (bottom row), the image method remains the
most efficient, achieving comparable or better accuracy
with runtimes an order of magnitude lower than the itera-
tive alternatives. Nonetheless, among the iterative solvers,
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the JE solver consistently delivers higher accuracy in less
time than both CA and L-BFGS for 𝐾 > 1. Finally, in mixed
reflection–diffraction configurations (dashed curves in the
bottom row of Figure 5.14), the JE solver also converges the
fastest, but all solvers stagnate around an error rate of 10−2.
This is significantly higher than the single-precision ma-
chine epsilon (approximately 10−6) and may be insufficient
for practical applications requiring high precision.

Speed Gains of Implicit Differentiation

As discussed in Section 4.3.4, differentiating through an
iterative solver can be computationally expensive. Implicit
differentiation provides an alternative to standard auto-
matic differentiation, enabling much more efficient gradi-
ent computations. We investigate this by comparing the
execution times of implicit differentiation against standard
automatic differentiation under various solver configura-
tions.

As shown in Figure 5.15, implicit differentiation is nearly
tenfold faster than standard AD for gradient computation.
Crucially, this speedup is maintained regardless of the
solver iteration budget (16 versus 128) or the number of
fixed-point refinements per step (1 versus 64).
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Figure 5.15: Runtime
comparison for gradient
computation of 1000 path
lengths relative to object
parameters, contrasting
implicit differentiation
(solid curves) with AD
(dashed curves), plotted
against the count of
interactions 𝐾, with
𝑑 = 2. Results shown for
solver configurations
employing either 16 or
128 iterations, combined
with 1 or 64 fixed-point
refinements per step, are
reproduced from [55,
Fig. 3].
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5.7.4 Future Work and Open Questions

Resolving convergence issues inmixed reflection–diffraction
paths remains an active area of research:

▶ Reformulating path-length minimization as a con-
vex conic optimization problem shows promise in
resolving mixed-path convergence issues. In fact,
on the CPU, the ECOS [113] SOCP solver outper- [113]: Domahidi et al.

(2013), ECOS: An SOCP
Solver for Embedded Sys-
tems

forms all quasi-Newton methods in terms of con-
vergence speed and accuracy. This is likely because
recasting the problem as an SOCP regularizes the
square-root terms arising from Euclidean distances,
transforming the optimization landscape. However,
solving SOCPs natively and efficiently on GPUs is a
nascent research area, and general-purpose, differ-
entiable, GPU-compatible SOCP solvers are not yet
widely available. Furthermore, many CPU solvers are
designed for double-precision floating-point arith-
metic, which is typically not natively or efficiently
supported on GPUs; porting these algorithms to
single-precision is often non-trivial.

▶ Another key question is whether a uniform solver
is the most effective choice, or if the overhead of
dynamically compiling specialized kernels for each
path configuration is justified by the resulting gains
in accuracy and performance. If compilation is suf-
ficiently fast and the number of encountered path
configurations is small (as is typical in ray tracing
tools that limit diffraction or refraction to a single
interaction), then the specialized approach proposed
in [56] might be preferable. [56]: Puggelli et al. (2014),

A Novel Ray Tracing
Algorithm for Scenarios
Comprising Pre-Ordered
Multiple Planar Reflectors,
Straight Wedges, and
Vertexes

5.8 Software Landscape and
Recommendations

Avery relevant question the readermight have at this point
is: “which ray tracing software tool should I use?” The an-



5 Efficient Path Tracing 209

swer depends on the specific requirements of the project,
such as the need for differentiability, the types of inter-
actions to be modeled, and the available computational
resources. In this section, we provide a brief overview of
the current software landscape for ray tracing in wire-
less communications and offer recommendations based on
different use cases.

5.8.1 The Landscape

The choice of ray tracing software depends on user con-
straints, including budget, specific use cases, and perfor-
mance requirements. While proprietary commercial solu-
tions offer high performance, the open-source ecosystem
is relatively small but growing rapidly. Moreover, the num-
ber of differentiable ray tracing tools is extremely small;
at the time of writing, Sionna RT [37] and DiffeRT [38] are [37]: Hoydis et al. (2023),

Sionna RT: Differentiable
Ray Tracing for Radio
Propagation Modeling

[38]: Eertmans et al.
(2025), Demonstrating
DiffeRT: An Open-Source
Library for Optimizing
Radio Networks with
Differentiable Ray Tracing

likely the only two open-source differentiable ray tracing
frameworks designed for radio propagation. Differentiable
ray tracing is a relatively new research area, especially
in wireless communications, and building such tools typi-
cally requires rewriting existing simulation logic from the
ground up to support end-to-end automatic differentiation,
as discussed in Section 4.3.1.

5.8.2 Primary Recommendation:
Sionna RT

While commercial and, to a lesser extent, open-access ray
tracing tools have been extensively used for decades by
both the academic and industrial communities, the open-
source Sionna link-level simulator and its ray tracing mod-
ule, Sionna RT, offer a highly comprehensive and efficient
solution. Currently, Sionna RT represents the most com-
plete and high-performance library for general-purpose
differentiable radio propagation modeling. Since its ver-
sion 1 release, Sionna RT builds on the differentiable ren-
dering framework Mitsuba 3 [111] and its companion [111]: Jakob et al. (2022),

Mitsuba 3 renderer
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JIT compiler, Dr.Jit [112], natively leveraging hardware- [112]: Jakob et al.
(2022), Dr.Jit: A Just-
In-Time Compiler for
Differentiable Rendering

accelerated specialized ray tracing cores via NVIDIA Op-
tiX to achieve exceptionally fast ray–object intersections
on GPUs. Sionna RT supports a wide range of propaga-
tion interactions, including reflections, diffractions, and
transmissions, and provides a flexible API for defining
custom materials and complex 3D scenes. Furthermore, it
integrates seamlessly with the broader Sionna simulation
framework, enabling end-to-end optimizations of wire-
less systems that couple physical-layer components with
accurate radio propagation channels.

5.8.3 An Alternative: DiffeRT

DiffeRT is an open-source differentiable ray tracing tool-
box developed by the author of this book. Building on its
2D predecessor, DiffeRT2d [85], it leverages the JAX [36] [85]: Eertmans et al.

(2024), DiffeRT2d: A
Differentiable Ray Tracing
Python Framework for
Radio Propagation

[36]: Frostig et al. (2018),
Compiling machine learn-
ing programs via high-
level tracing

framework and the Equinox machine learning library to of-
fer a 3D differentiable ray tracing solution natively scalable
to GPUs and other hardware accelerators. Unlike broader
frameworks such as Sionna, DiffeRT focuses exclusively
on core, geometrical ray tracing functionalities. It features
both a low-level API for fine-grained path tracing and a
high-level API for electromagnetic field computations, of-
fering users the flexibility to either compute all paths in
a scene or trace user-defined subsets of path candidates.
It also integrates multiple visualization backends and pro-
vides compatibility with Sionna scene files. Unfortunately,
DiffeRT is currently unable to match the extensive fea-
ture set and execution speed of Sionna RT, the latter be-
ing primarily a consequence of its JAX-based architecture
rather than the specialized rendering compilation pipeline
of Dr.Jit. While DiffeRT’s functional design facilitates rapid
prototyping, its reliance on JAX and XLA leads to signifi-
cant compilation overheads for complex scenes compared
to dedicated rendering compilers, as discussed in the next
subsection.
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5.8.4 The JIT Compiler Mismatch

The difference in performance between Sionna RT and
DiffeRT highlights a fundamental compiler mismatch:

▶ DiffeRT is built on JAX [36] and compiles code us- [36]: Frostig et al. (2018),
Compiling machine learn-
ing programs via high-
level tracing

ing XLA. JAX and XLA are optimized for machine
learning workloads, which typically feature shallow
computational graphs with heavy, dense tensor op-
erations (e.g., matrix multiplications). Ray tracing,
however, consists of massive, deeply nested graphs
filled with lightweight, control-flow-heavy geomet-
ric operations (e.g., ray–triangle intersections). Trac-
ing this in JAX results in large graph representa-
tions, leading to high compilation times, suboptimal
kernel fusion, and a lack of support for dedicated
hardware ray tracing cores. Another major issue is
that JAX’s JIT compiler cannot fuse operations to
reduce memory usage during ray tracing, meaning
that parallelized ray–triangle intersection tests on
large scenes create significant memory overheads
and allocation issues.

▶ Sionna RT leverages Dr.Jit, a JIT compiler specifi-
cally designed for differentiable rendering and ray
tracing. Dr.Jit naturally compiles ray tracing work-
loads, merges ray–object intersection passes, and
targets hardware ray tracing cores through NVIDIA
OptiX, resolving this compiler mismatch.

Consequently, a direct benchmark comparison between
DiffeRT and Sionna RT is not currently meaningful at
large scene scales. Because DiffeRT relies on JAX and XLA,
its compilation overhead grows rapidly with scene com-
plexity and interaction depth, which limits its scalability
in comparison to the large environments that Sionna RT
handles efficiently. Therefore, the two tools should be com-
pared primarily in terms of their design philosophies and
targeted use cases rather than via runtime benchmarks.
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5.8.5 Niche for DiffeRT

Despite Sionna RT’s features and performance advantages,
DiffeRT remains highly relevant for specific scenarios. It
is particularly suited for theoretical research into ray ge-
ometry, custom differentiable formulations, or projects
that require tight integration with JAX-based optimization
workflows (such as deep reinforcement learning or cus-
tom neural network architectures). Thanks to DiffeRT’s
functional programming approach, exposed lower-level
routines, and simplified object representation, users can
easily modify the ray tracing logic and compose custom
pipelines. This composable structure makes it straightfor-
ward to study differentiability with respect to arbitrary
parameters—such as building corner coordinates or custom
electromagnetic parameters—that are not natively or eas-
ily differentiable in Sionna RT due to its deep integration
with Mitsuba 3.

5.8.6 Future Outlook

As JIT compiler technologies evolve, the boundary be-
tween general machine learning compilers and rendering-
specific compilers may become less distinct. Although the
current landscape is dominated by Sionna RT, the limita-
tions and tool characteristics described here represent a
temporary snapshot in a rapidly evolving ecosystem. Fu-
ture iterations of general-purpose machine learning com-
pilers may natively support specialized ray tracing hard-
ware cores, potentially narrowing the performance gap
between general-purpose machine learning libraries and
specialized rendering frameworks, and opening up new
possibilities for differentiable radio propagation tools.

5.9 Conclusion

This chapter has addressed the computational bottlenecks
that appear when ray tracing is scaled to realistic wire-
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less scenarios. We first showed why exhaustive candi-
date generation is intractable, then introduced pruning
mechanisms—facet/objectmerging, unreachable-objectmask-
ing, and visibility preprocessing—to reduce the candidate
set before expensive validation. We also discussed how
these ideas extend to dynamic scenarios, where precom-
puted static visibility and local path extrapolation can re-
duce full recomputation frequency.

At the geometric-kernel level, we reviewed efficient ray–
object intersection and acceleration structures, highlight-
ing the role of Möller–Trumbore intersection tests and
the practical trade-offs between 𝑘-d trees and BVHs. At
the hardware level, we emphasized that modern GPU ray
tracing is largely constrained by memory behavior and
control-flow regularity, which motivate static-shape for-
mulations, JIT compilation, and rematerialization strate-
gies for differentiable workloads.

Finally, we showed how Fermat-based path solvers can
be reformulated for efficient batched execution by enforc-
ing fixed interaction dimensionality and fixed iteration
budgets, while leveraging convexity to use robust quasi-
Newton updates such as BFGS. Combined with analytic-
gradient reuse and custom update rules, this substantially
narrows the runtime gap with image-method baselines
while supporting mixed reflection–diffraction paths. Fur-
ther gains are expected by porting existing SOCP solvers,
like ECOS, to GPU programs and differentiable frame-
works, allowing the path tracing problem to be rewritten
in a way that can be solved more efficiently. These effi-
ciency mechanisms provide the computational basis for
Chapter 6, where we move from channel forward model-
ing in a classical urban street-canyon scenario to inverse
tasks such as localization and material calibration.
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Applications 6
In this chapter, we combine the path-tracing methods from
Chapter 3 with the differentiable formulations from Chap-
ter 4 and the acceleration techniques from Chapter 5 to
demonstrate how these tools can be applied to real-world
wireless-engineering problems. We focus on a canonical
urban street canyon scenario, which is representative of
many practical deployment environments, and we explore
both forward modeling of the radio channel and inverse
estimation problems.

The urban street canyon scenario, illustrated in Figure 6.1,
is a simple but representative environment for outdoor
propagation in cities. It features a single street flanked by
two rows of buildings, creating strong multipath propaga-
tion. It consists of 74 triangular facets: 12 per building (two
facets per wall) and two for the ground. In the following
sections, we focus on line-of-sight and specular-reflection
paths and, occasionally, diffraction paths to keep the anal-
ysis tractable. Due to the physical limitations of cascad-
ing multiple diffractions (discussed in Section 2.6.6), we
limit ourselves to first-order diffraction paths. However,
the methods and insights presented here can be extended
to more complex scenarios with additional propagation
phenomena.

Figure 6.1: Simple street
canyon scenario from
Sionna RT [37].
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6.1 Forward Modeling of the Radio
Channel

Forwardmodeling predicts radio-channel observables from
known scene geometry, material properties, and network
parameters. In practice, this is the core workflow for cov-
erage analysis, network planning, and performance eval-
uation. Differentiable ray tracing extends this workflow
by providing gradients of these observables with respect
to both environment and system variables, as introduced
in Chapter 4. This enables not only simulation but also
gradient-based design and calibration.

6.1.1 Tracing of Propagation Paths

The first task of a ray tracer is to identify physically valid
propagation paths between a transmitter and a receiver,
subject to geometric visibility constraints and electromag-
netic interaction rules.

In the present example, we consider a single transmitter
located on top of one building (𝐱TX = [−33 11 32]

⊤
m),

similar to a typical base-station location, and a receiver
that can be placed anywhere in the scene at an altitude of
1.5m, representing a typical user-equipment height (e.g.,
a smartphone held in the user’s hand). Because the trans-
mitting antenna is placed on the roof of the building, the
line-of-sight path can be easily blocked, which further em-
phasizes the importance of simulating other propagation
mechanisms such as reflections and diffractions. Figure
6.2 shows line-of-sight, up to third-order reflection, and
first-order diffraction paths found by the ray tracer for a
receiver located at the center of the street, a typical user
location in this scenario.

The left panel of Figure 6.2 highlights dominant line-of-
sight and specular-reflection trajectories, while the right
panel isolates first-order diffraction paths around building
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(a) Line-of-sight and reflection paths. (b) Diffraction paths.

Figure 6.2: Propagation paths found by the ray tracer for a receiver located at the center of the street.

edges. This decomposition is useful because it already re-
veals which mechanisms are likely to dominate in different
street regions before any field computation is performed.

Even before converting paths into channel coefficients, the
geometric path set provides actionable information:

▶ Multipath characterization in which short, low-order
interactions are typically the strongest contributors
to received power.

▶ Physical interpretability , since each path corresponds
to a concretemechanism (wall reflection, edge diffrac-
tion, etc.), which clarifies why channel behavior
changes with geometry.

▶ Flexible propagation control that allows selectively
enabling or disabling specific propagation mecha-
nisms to study their individual contributions, which
is invaluable for validating models against measure-
ments.

6.1.2 From Paths to Channel Coefficients

Once paths are identified, each interaction point is asso-
ciated with an electromagnetic coefficient (reflection or
diffraction), and the full per-path field transfer is assembled
as described in Chapter 2 and Chapter 3. We consider a
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single transmitter–receiver link at 28GHz, with isotropic
vertically polarized antennas. Scene materials are “con-
crete”, “glass”, “wood”, “marble”, and “brick” (ground, blue,
brown, beige, and maroon buildings), with parameters
from [11]. [11]: International

Telecommunication
Union (2025), ITU-R
Recommendation P.2040-3:
Effects of building
materials and structures
on radiowave propagation
above about 100 MHz

For each path 𝑝, we denote by 𝑎𝑝 ∈ ℂ the resulting com-
plex scalar coefficient after interaction modeling, polar-
ization projection, and antenna factors. The associated
per-path power contribution is |𝑎𝑝|2 (up to the normaliza-
tion adopted in Chapter 2), which is the quantity used in
the per-path gain plots below.

This conversion from geometric paths to complex coeffi-
cients provides several benefits:

▶ Electromagnetic consistency ensures that path de-
lays, phases, interaction coefficients, and antenna
responses are handled in one unified model.

▶ Interference fidelity is preserved because constructive
and destructive superposition emerge naturally from
complex-path addition.

▶ Polarization handling allows co- and cross-polarized
components to be tracked separately when needed.

To model antenna arrays, two main approaches exist. The
first approach is to run a single ray tracing simulation
treating the array’s phase center as a single point, and
then reconstruct the response of each element by applying
appropriate phase shifts. This phase correction is formal-
ized through the use of steering vectors, which capture the
relative phase delays across the array elements for a given
path’s direction of departure or arrival. Mathematically, a
steering vector 𝐚(𝜃, 𝜑) ∈ ℂ𝑀 represents the relative phase
shifts of a plane wave arriving at (or departing from) each
of the 𝑀 elements of the array. For instance, for a uniform
linear array of𝑀 elements aligned along an axis with inter-
element spacing 𝑑𝑎 and an arrival angle 𝜃 relative to the
array broadside, the steering vector is expressed as

𝐚(𝜃) = [1 𝑒−𝑗𝑘𝑑𝑎 sin 𝜃 … 𝑒−𝑗𝑘𝑑𝑎(𝑀−1) sin 𝜃]
⊤
. (6.1)
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By aggregating the relative phases, the steering vector
maps the single-point ray tracing output to each individ-
ual antenna element. The second approach is to run mul-
tiple simulations, one per array element, and combine
the results. The first approach is more efficient but less
flexible, as steering vectors assume the incoming wave is
locally planar across the entire array, which may fail to
capture path-length differences or element-specific block-
age. These effects can be significant for very large arrays
or in environments where rays arrive at different angles
for different elements. The second approach enables more
detailed modeling of array geometry and mutual-coupling
effects at the cost of increased computational load. The
choice between these approaches depends on the specific
application and required accuracy.

In the MIMO case, the scalar coefficient 𝑎𝑝 is therefore
only a compact single-input single-output (SISO) abstrac-
tion. When the array response is kept explicit, the per-
path contribution becomes matrix-valued and is naturally
expressed through the outer product of the receive and
transmit steering vectors, given by

𝑯𝑝(𝜏 ) = 𝑎𝑝𝐚RX(𝜃RX𝑝 , 𝜑RX𝑝 )𝐚∗TX(𝜃
TX
𝑝 , 𝜑TX𝑝 )𝛿(𝜏 − 𝜏𝑝), (6.2)

exactly as in the matrix-valued CIR introduced in Section
2.10.2. This outer product aggregates the individual multi-
path contributions across all transmit and receive element
pairs.

6.1.3 The Channel Impulse Response

The paths and their associated coefficients are aggregated
into a baseband CIR representation

ℎ(𝜏) =
𝑃
∑
𝑝=1

𝑎𝑝 𝛿 (𝜏 − 𝜏𝑝) with 𝜏𝑝 =
𝐿𝑝
𝑐
. (6.3)

Here, 𝐿𝑝 is the path length and 𝑐 is the speed of light. Each
impulse encodes one path delay, while its complex weight
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Figure 6.3: Per-path amplitude and gain versus delay for line-of-sight, reflection, and diffraction paths
in the urban street canyon scenario.

𝑎𝑝 carries attenuation and phase.

The CIR bridges geometric ray tracing and communication-
theoretic channel models. From ℎ(𝜏), one can derive delay
spread, coherence bandwidth, and frequency selectivity, all
in a form directly consumable by link-level simulators.

To compare the individual contributions of reflection and
diffraction mechanisms, Figure 6.3 shows per-path ampli-
tudes and gain as a function of delay.

Figure 6.3 confirms the expected structure: early-arriving
line-of-sight and reflection components dominate the re-
ceived power, while diffraction contributes weaker but
often critical delayed components that preserve connec-
tivity in partially blocked configurations (see the coverage
maps below for a more detailed view). The CIR represen-
tation provides several key benefits:

▶ A direct link to signal processing, since the CIR can
be used immediately for equalization, modulation,
and end-to-end communication-system simulation.

▶ A frequency-selectivity analysis enabled by delay dis-
persion, which provides indicators such as 𝜏RMS and
approximate coherence-bandwidth scales.
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▶ A mechanism-isolation capability, where enabling
or disabling line-of-sight, reflection, or diffraction
terms quantifies their separate impact.

6.1.4 Handling Mobility

With mobile users or dynamic environments, channel
quantities become explicitly time dependent. Receiver and
scatterer velocities induce Doppler shifts, which broaden
the channel spectrum and reduce coherence time.

Two complementary simulation strategies are commonly
used. A snapshot-based approach repeatedly updates object
positions and recomputes valid paths and coefficients. It is
physically faithful and captures path birth/death events,
but it is costly for long trajectories or fine temporal sam-
pling. A Doppler-based approach keeps the geometric path
set fixed over a short window and applies analytical path-
wise frequency shifts from object velocities. This approxi-
mation is much faster, but it remains accurate only while
geometry changes are small (typically over a few wave-
lengths of motion). In practice, the choice follows the re-
quired temporal horizon and fidelity.

Doppler Shift and Frequency Translation

For a propagation path 𝑝with scattering points on moving
objects, the accumulated Doppler shift is

𝑓D
𝑝 (𝑡) = −

𝑓c
𝑐
𝐯RX ⋅ 𝐝̂𝑝(𝑡) −

𝑓c
𝑐

∑
𝑖
𝐯𝑖 ⋅ 𝐤̂𝑖(𝑡), (6.4)

where 𝐯RX is the receiver velocity, 𝐝̂𝑝 is the path arrival di-
rection, 𝐯𝑖 is the velocity of the 𝑖-th scattering object, and 𝐤̂𝑖
is the outgoing ray direction at that point. The net Doppler
shift depends on the relative velocities of transmitter, re-
ceiver, and all scattering surfaces. For the receiver, forward
motion toward the transmitter induces positive (upward)
frequency shifts, while receding motion induces negative
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shifts. The same pattern applies to each scattering surface
along the path. Multiplying by the carrier frequency 𝑓c
scales the shift: at millimeter-wave frequencies (28GHz),
a pedestrian traveling at 5ms−1 can incur Doppler shifts
of hundreds of hertz per path, whereas at sub-6GHz fre-
quencies the shifts are correspondingly smaller.

Coherence Time and Symbol-Rate Constraints

A key implication of Doppler spread is the reduction of
coherence time 𝑇𝑐, i.e., the time interval over which the
channel is approximately stationary. For Rician fading
(when a dominant line-of-sight component coexists with
multipath scattering), a common approximation is

𝑇𝑐 ≈
0.423
𝑓 𝐷max

, (6.5)

where 𝑓 𝐷max is the maximum Doppler spread. When dif-
ferent paths carry different Doppler shifts, decorrelation
accelerates and fewer symbols can reuse the same chan-
nel estimate. At high speeds or millimeter-wave carriers,
coherence time may drop to microseconds, requiring fre-
quent pilot updates and channel tracking. In low-mobility
regimes, longer coherence times permit sparser channel-
state-information feedback.

Applications and Benefits

Mobility-aware modeling provides several practical bene-
fits:

▶ A realistic temporal model that captures user motion,
traffic, and dynamic blockages explicitly, enabling
handover analysis and beam-tracking studies.

▶ A Doppler-aware waveform-design workflow using
per-path frequency shifts to quantify spectral broad-
ening and set pilot density, modulation mode, and
channel-prediction strategy.



6 Applications 223

−98
−99

LOS Reflection Diffraction

−105.75
−105.70

Pa
th

ga
in

(d
B)

0 2 4 6 8 10
−125

−124

Displacement along 𝑥-direction (m)

Figure 6.4: The path gain
of dominant line-of-sight,
reflection, and diffraction
paths as a function of dis-
tance for a receiver mov-
ing along the street. The
receiver starts at position
𝐱RX = [25 0 1.5]⊤m
and moves away from the
transmitter toward the
positive 𝑥-direction.

▶ A transient channel model that reveals path appear-
ance/disappearance and deep fades during short block-
age events.

▶ A velocity-conditioned statistical perspective, obtained
by aggregating trajectories at different speeds to
extract trends in Doppler spread, coherence time,
and reliability.

As shown in Figure 6.4, dominant components evolve
smoothly but with distinct trends: the line-of-sight term
decreases with distance, reflection evolves nonlinearly due
to incidence–reflection geometry, and diffraction remains
weaker but structured. Even in a static urban scene, these
mechanism-specific dynamics justify mobility-aware chan-
nel simulation.

6.1.5 Coverage Maps

Coverage maps—also referred to as radio maps—are ob-
tained by evaluating channel-quality metrics over a dense
grid of receiver positions. For each point 𝐱, ray tracing
yields a CIR, from which received power, delays, signal-
to-interference-plus-noise ratio (SINR), achievable rate,
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Figure 6.5: Path-gain coverage maps for the street-canyon scenario, separating line-of-sight and
reflection contributions from diffraction contributions.

and outage are computed. Plotting these quantities as heat
maps over the scene geometry reveals dead zones, domi-
nant corridors, and deployment trade-offs.

As discussed in Section 2.10.2, these maps use the non-
coherent addition of path powers, not the coherent sum-
mation of complex voltages. This convention suppresses
small-scale fading and makes the maps more robust to tiny
geometric perturbations, which is why it is the default for
the coverage-map figures in this chapter.

Figure 6.5 highlights mechanism complementarity: the
line-of-sight and reflection coverage map exhibits corridor-
like high-gain structures driven by specular visibility, while
diffraction partially fills non-line-of-sight regions with
lower but useful power. Interpreting both maps jointly
avoids overestimating coverage holes in specular-only
analyses.

Furthermore, the diffraction-only coverage map in Fig-
ure 6.5b clearly shows the reflection and incident shadow
boundaries (RSBs and ISBs) in the diffracted power, as in-
troduced in Section 2.5.5. Because the diffracted field in
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the UTD formulation is mathematically designed to com-
pensate for the step discontinuities of the GO fields, the
diffracted power itself exhibits sharp transitions and char-
acteristic spatial patterns along these boundary lines.

Key metrics include the following definitions:

▶ The coverage probability is the fraction of the region
with received power above a threshold,

𝑝coverage =
1
|𝒜 | ∫𝒜

𝕀 [𝑃𝑟(𝐱) > 𝑃min] d𝐱, (6.6)

where 𝒜 is the region of interest and 𝑃min is receiver
sensitivity.

▶ The outage probability is the fraction experiencing
insufficient signal-to-interference-plus-noise ratio,

𝑝outage =
1
|𝒜 | ∫𝒜

𝕀 [SINR(𝐱) < 𝛾min] d𝐱, (6.7)

where 𝛾min is the minimum SINR for reliable com-
munication. This metric captures interference and
noise, and therefore approximates usable (not only
detectable) coverage.

▶ The rate coverage is the fraction of the region capable
of supporting a target data rate,

𝑝rate =
1
|𝒜 | ∫𝒜

𝕀 [log2(1 + SINR(𝐱)) > 𝑅min] d𝐱, (6.8)

where 𝑅min is the minimum required rate. This user-
centric metric links propagation quality to service-
level requirements.

Multi-frequency analyses are performed by repeating the
same evaluation at each carrier frequency, thereby expos-
ing frequency-dependent spatial heterogeneity.

Coverage-map-based analysis offers several practical ben-
efits:

▶ A visual planning aid through heat maps that expose
coverage gaps and candidate sites for base stations,
relays, or beam reconfiguration.
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▶ A quantitative benchmarking tool based on area-level
metrics for objective comparison between candidate
deployments.

▶ A sensitivity-analysis capability that recomputesmaps
under alternative assumptions (blockages, vegeta-
tion, antenna patterns) to reveal robustness limits.

▶ A backhaul co-design perspective that uses visibil-
ity and coupling patterns to co-optimize access and
backhaul placement.

6.1.6 Optimizing Network Parameters

A key advantage of differentiable ray tracing is that net-
work parameters can be optimized directly with gradient-
based solvers, avoiding exhaustive search and reducing
reliance on heuristics.

Optimizing Transmitter Orientation

In practical deployments, antennas are directive and their
orientation can be tuned to steer energy toward target
regions. With differentiable ray tracing, gradients of cov-
erage objectives with respect to orientation angles are
available automatically, enabling efficient optimization.

Using Euler angles, the transmitter orientation is param-
eterized by three angles 𝜽 = (𝛼, 𝛽, 𝛾 ) (roll, pitch, yaw). A
common design objective is to maximize the average re-
ceived power over a target region, i.e.,

𝜽⋆ = argmax
𝜽

1
|𝒜 | ∫𝒜

𝑃𝑟(𝐱; 𝜽) d𝐱, (6.9)

where 𝒜 is the target area and the integral is approxi-
mated in practice by a receiver grid. Optimization is then
performed with gradient-based methods (e.g., Adam [88]) [88]: Kingma et al. (2015),

Adam: A Method for
Stochastic Optimization

using automatic differentiation.

In Figure 6.6, the objective increases smoothly from a
random initial orientation, indicating stable convergence.
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Figure 6.6: Transmitter-
orientation optimization:
average received power
(in dB) and orientation-
angle trajectories (roll,
pitch, yaw) across opti-
mization steps.

Pitch and yaw show the dominant updates, while roll
changes remain limited, consistent with beam steering
primarily in elevation and azimuth. The optimized orienta-
tion yields a clear increase in the average received power
over the target region.

Optimizing Antenna Pattern

Beyond orientation, the radiation pattern itself can be op-
timized. By tuning pattern-shape parameters, radiated en-
ergy can be redistributed to better match scene geometry
and user distribution. Denoting the pattern parameters by
𝜽, we can find the antenna pattern that maximizes received
power by solving

𝜽⋆ = argmax
𝜽

∑
𝑖
𝑃𝑟(𝐱𝑖; 𝜽), (6.10)

where the sum is taken over a set of target receiver posi-
tions.
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Figure 6.7: Antenna-pattern optimization: received power (in dB) and learned pattern-direction angles
(zenith and azimuth) across optimization steps.

This approach supports end-to-end antenna design for a
specific deployment rather than generic isolated synthe-
sis. For example, indoor reflective settings and outdoor
street canyons induce different optimal patterns. Because
the optimization includes scene materials and multipath,
learned patterns are often better aligned with in-situ per-
formance.

Representative use cases include the following examples:

▶ A directional SINR maximization objective to opti-
mize phased-array weights toward a user while sup-
pressing known interferers.

▶ A scenario-specific compact MIMO design approach
to tailor a small-form-factor array to a target indoor
or outdoor deployment.

▶ A null-steering strategy to suppress dominant inter-
ferers while preserving useful multipath support.

6.2 Inverse Problems

Inverse problems reverse the standard simulation pipeline:
instead of predicting measurements from a known scene,
they infer unknown scene or system parameters frommea-
sured radio data. In wireless settings, these unknowns
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can include user position, material properties, antenna or
network configuration, and even geometric scene struc-
ture. The practical value is substantial: once calibrated
from observations, the same model can improve localiza-
tion, reduce planning uncertainty, maintain digital twins
over time, and support sensing tasks that are difficult with
purely data-driven methods.

Historically, such formulations were often limited by non-
convex objectives and expensive derivative computation.
Differentiable ray tracing changes this by making the full
forward model end-to-end differentiable, so gradients of
the measurement mismatch with respect to physical pa-
rameters are obtained automatically and exploited by mod-
ern gradient-based optimizers. Combined with GPU accel-
eration and automatic differentiation frameworks, this has
made large-scale inverse optimization far more tractable
and has driven strong recent interest in radio-frequency in-
verse sensing, including source localization [96, 100, 114]

[96]: Han et al. (2025),
Loki: Physical-World Ad-
versarial Attacks on Wire-
less Indoor Localization
via Differentiable Object
Placement

[100]: Han et al. (2025),
RayLoc: Wireless Indoor
Localization via Fully Dif-
ferentiable Ray-tracing

[114]: Lequeu (2025),
Wireless indoor source
localization as an inverse
problem: An optimization
approach via ray tracing
simulations,

material calibration [95, 115], and free-form 3D reconstruc- [95]: Castro Farfan (2025),
Towards high-fidelity ra-
dio coverage maps: calibra-
tion using real-world mea-
surements in Sionna RT

[115]: Hoydis et al. (2024),
Learning Radio Environ-
ments by Differentiable
Ray Tracing

tion with generative priors [116]. We focus here on the

[116]: Han et al. (2026),
Stereo-Fi: Free-form 3D Re-
construction via Genera-
tively Co-Trained Inverse
RF Rendering

first two applications, which are more mature and directly
relevant to wireless communication.

6.2.1 Inverse Localization

Inverse localization estimates a receiver position by fitting
a geometric model to radio observations collected from
anchors at known locations. Unlike classical trilateration,
which relies on idealized line-of-sight distances, this for-
mulation explicitly leverages multipath signatures, turning
reflected and diffracted components into informative con-
straints rather than nuisance effects. This model-based ap-
proach also differs from radio fingerprinting, whichmatches
observed signatures against a precomputed database.While
fingerprinting is robust in complex environments, it re-
quires an expensive offline survey and is sensitive to scene
changes. In contrast, differentiable ray tracing enables con-
tinuous optimization without a static database by solving
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the data-fitting problem

𝐱RX = argmin
𝐱

∑
𝑖
‖𝑦𝑖 − ̂𝑦𝑖(𝐱)‖2, (6.11)

where 𝑦𝑖 represents measured channel features—such as
power, time-of-arrival, or angle-of-arrival—and ̂𝑦𝑖(𝐱) de-
notes the corresponding ray tracing predictions for a can-
didate position 𝐱.

By providing gradients of the measurement mismatch via
automatic differentiation, the framework enables efficient
iterative updates toward a consistent position estimate.
Although the resulting objective is typically non-convex
and exhibits piecewise smoothness due to path-set transi-
tions, smoothing strategies can effectively regularize the
optimization landscape and improve convergence [114]. [114]: Lequeu (2025),

Wireless indoor source
localization as an inverse
problem: An optimization
approach via ray tracing
simulations

In the example scenario, we consider three transmitters
and one receiver. The reference position is

𝐱refRX = [10 0 1.5]
⊤
m, (6.12)

and the initialization is

𝐱(0)RX = [0 −10 1.5]
⊤
m. (6.13)

Multiple transmitters provide spatial diversity and richer
multipath constraints. We minimize the mean squared
error between measured and predicted received power
over all transmitters. Iterative gradient updates converge
to a local minimum, as shown in Figure 6.8.

Ray-tracing-based inverse localization provides several
key benefits:

▶ A multipath-exploitation advantage that retains use-
ful accuracy in non-line-of-sight settings where clas-
sical range-based methods degrade.

▶ An environment-awareness signal, where mismatch
patterns can indicate model drift (new obstacles,
changed layouts) and trigger recalibration.
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Figure 6.8: Inverse-localization optimization: loss convergence and coordinate trajectories for the
receiver position estimate.

▶ A differentiable refinement and security-analysis work-
flow that uses gradients for both joint model refine-
ment and analysis of adversarial environmental per-
turbations [96]. [96]: Han et al. (2025),

Loki: Physical-World Ad-
versarial Attacks on Wire-
less Indoor Localization
via Differentiable Object
Placement

A few representative use cases include the following ex-
amples:

▶ Indoor positioning in warehouses, factories, andmalls
where satellite localization is unavailable.

▶ Emergency-response applications that benefit from
robust tracking in obstructed or damaged buildings
with heavy multipath.

▶ Vehicular localization in urban canyons, where satel-
lite connectivity is intermittent and V2X or cellular
signals are informative.

6.2.2 Radio Materials Calibration

Radio-material calibration addresses a central modeling
gap: electromagnetic parameters used in simulation are
often uncertain, site dependent, and time varying. Relative
permittivity, conductivity, and effective roughness directly
shape reflection, absorption, and scattering, so even mod-
erate parameter mismatch can produce a significant pre-
diction error. The calibration objective is to recover these
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parameters from channel measurements by solving

𝜽⋆𝑚𝑎𝑡 = argmin
𝜽𝑚𝑎𝑡

∑
𝑖
‖𝑃meas,𝑖 − ̂𝑃sim,𝑖(𝜽𝑚𝑎𝑡)‖2, (6.14)

where 𝜽𝑚𝑎𝑡 denotes candidate material parameters. Here,
𝑃meas,𝑖 is observed received power at location 𝑖, and ̂𝑃sim,𝑖(𝜽𝑚𝑎𝑡)
is the corresponding ray tracing prediction. Because the
forward model is differentiable, gradients with respect
to 𝜽𝑚𝑎𝑡 are obtained automatically and used in efficient
gradient-based solvers.

This differentiability also enables the joint fitting of not
only material parameters but also antenna and scattering-
model parameters from channel observations [115]. [115]: Hoydis et al. (2024),

Learning Radio Environ-
ments by Differentiable
Ray Tracing

Material calibration can be performed at multiple abstrac-
tion levels:

▶ A per-material calibration that fits one 𝜖𝑟 and 𝜎 pair
per material class (e.g., concrete, wood, glass).

▶ A per-surface calibration that fits distinct parameters
for non-uniform or weathered surfaces, with neural
fields capturing continuous spatial variation.

▶ A frequency-dependent calibration that performs sep-
arate or joint fitting across carrier frequencies to
capture dispersion.

An illustrative calibration example, inspired by the Sionna RT
documentation [37], considers one unknownmaterial (con- [37]: Hoydis et al. (2023),

Sionna RT: Differentiable
Ray Tracing for Radio
Propagation Modeling

crete) with unknown conductivity 𝜎. Using a literature
value as ground truth (𝜎 = 0.63 Sm−1), we minimize the
mean squared error between measured and simulated re-
ceived power over a single location. Starting from an arbi-
trary low conductivity, the optimization converges toward
parameters that better match the observations, eventually
reaching the ground truth (Figure 6.9).

Ray-tracing-based material calibration offers several bene-
fits:

▶ A reduction in uncertainty from site-specific calibra-
tion that replaces coarse literature approximations.
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▶ A digital-twin maintenance pathway using periodic
updates to track aging, moisture, and other environ-
mental drifts.

▶ A lowermeasurement burden by relying on non-intrusive
channel measurements instead of direct material
probing.

▶ A set of reusable fidelity gainswhen calibrated param-
eters improve downstream studies across scenarios
and frequencies.

Practical use cases for radio-material calibration include
the following examples:

▶ Indoor small-cell planning that starts by calibrating
venue-specific materials before optimizing place-
ment, power, and interference control.

▶ Urban macro-cell planning that builds representative
city material libraries from multi-site calibration,
including crowd-sourced data at scale [95]. [95]: Castro Farfan (2025),

Towards high-fidelity ra-
dio coverage maps: calibra-
tion using real-world mea-
surements in Sionna RT

▶ Anomaly detection using persistent simulation/mea-
surement mismatch as an indicator of structural
scene changes.
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▶ Seasonal adaptation relying on repeated calibration
to track wet/dry and occupancy effects over time.

6.2.3 System Constraints in Practical
Deployments

While the forward and inverse workflows demonstrate
the power of differentiable ray tracing, their application
in real-world networks is subject to several system-level
constraints:

▶ Tight latency budgets in real-time radio resource
management and beamforming control loops, which
operate on millisecond timescales, make simulating
a full 3D environment at each step computationally
prohibitive, relegating ray tracing to offline planning
or surrogate training.

▶ A carefully tuned measurement cadence that dictates
how quickly model drift (e.g., due to environmen-
tal changes or seasonal variation) can be detected
and corrected, balancing the delay of recalibration
against network overhead.

▶ Hard compute limits from available hardware re-
sources that constrain the spatial grid resolution
for coverage maps, the number of propagation paths,
and the interaction depth (e.g., limiting diffraction
to one bounce) to avoid memory and execution bot-
tlenecks, particularly in reverse-mode automatic dif-
ferentiation.

▶ Inherent accuracy–cost trade-offswhen choosingmod-
eling options (e.g., whether to include diffuse scatter-
ing or detailed antenna patterns), forcing engineers
to select physical mechanisms based on the accuracy
requirements of the specific application.
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6.3 Conclusion

This chapter has illustrated the practical scope of differ-
entiable ray tracing in both forward and inverse work-
flows. On the forward side, geometric scene descriptions
and network settings are converted into channel observ-
ables such as CIRs, received power, and coverage maps.
Because these quantities are differentiable, the transmitter
pose, orientation, and pattern parameters can be optimized
with gradient-based solvers instead of trial-and-error tun-
ing. Mobility modeling further extends this pipeline to
time-varying channels and Doppler-aware performance
analysis.

On the inverse side, localization and material calibration
show how measurements can be fused with simulation to
infer latent variables and maintain accurate digital twins.
Multipath-aware localization improves robustness in the
absence of a direct line-of-sight path, while calibration
adapts material parameters as deployments evolve. To-
gether, these inverse workflows close the loop between
prediction and observation.

While ray tracing techniques are mainly used for offline
planning and analysis, their online deployment remains
shaped by practical constraints. Latency budgets limit the
direct use of full ray tracing in real-time control loops,
motivating surrogate models. Measurement cadence deter-
mines how quickly model drift can be detected and cor-
rected. Compute limits constrain spatial/angular resolution
and propagation richness, requiring selective model com-
plexity. Accuracy–cost trade-offs therefore remain central
when deciding which mechanisms to include for a given
application.

These trade-offs determine whether a workflow is best
run offline (planning), periodically (recalibration), or in
near real time via learned approximations. The next chap-
ter (Chapter 7) builds on this foundation with learning-
assisted path search for scalability and multipath-lifetime
analysis for transient behavior.
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Propagation Modeling 7

After presenting the common ray tracing use cases in Chap-
ter 6, this chapter focuses on advanced research directions
in which ray tracing is combined with machine learning
to improve computational efficiency and to investigate the
spatial structure of multipath propagation.

7.1 Machine-Learning-Assisted Ray
Tracing

As already motivated in Chapter 3, ray tracing faces com-
binatorial challenges with exhaustive candidate enumera-
tion: the number of potential paths grows exponentially
with the number of objects and interaction order, while
most candidates are physically invalid. Beyond the purely
geometrical acceleration techniques presented in Chapter
5, recent advances in machine learning have opened new
possibilities across many research fields, and ray tracing is
no exception. A natural question arises: can a neural net-
work predict which candidates are likely to be valid, and
thus help the ray tracing engine focus its computational
resources on promising paths? To answer this question,
this section presents a generative path sampler [79, 117] [79]: Eertmans et al.

(2026), Transform-
Invariant Generative Ray
Path Sampling for Effi-
cient Radio Propagation
Modeling

[117]: Eertmans et al.
(2025), Towards Genera-
tive Ray Path Sampling for
Faster Point-to-Point Ray
Tracing

that assists path discovery while keeping deterministic
geometric validation and electromagnetic-field evaluation
unchanged. In short, the learned model replaces the ex-
haustive candidate-enumeration stage of the ray tracing
pipeline, while geometric validation and electromagnetic
evaluation remain physics-based, as illustrated in Figure
7.1.
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Figure 7.1: Classical versus ML-assisted ray tracing pipelines. The exhaustive candidate enumeration
stage is replaced by a generative sampler, while geometric validation and electromagnetic evaluation
remain physics-based.

7.1.1 State-of-the-Art Context and
Positioning

The application of machine learning to radio propagation
modeling has accelerated in recent years, motivated by the
fundamental trade-off between efficiency and accuracy.
Traditional empirical models are computationally fast but
often insufficiently accurate for modern wireless systems,
while full-wave electromagnetic solvers and high-fidelity
ray tracing are precise yet prohibitively expensive at scale.
Machine learning offers a compelling middle ground: ap-
proximating propagation phenomena with the speed of
neural inference. Moreover, the emergence of differen-
tiable programming frameworks has opened new research
directions toward end-to-end optimization of wireless sys-
tems, spurring interest in differentiable surrogates that can
replace or augment conventional simulation tools.

Current machine learning approaches for radio propaga-
tion can be organized into several families based on their
design philosophy and architectural choices.
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Direct Field and Channel Learning

Much of the existing literature frames propagation model-
ing as a supervised learning task, in which neural networks
map environmental features directly to channel metrics.

StandardMLPandCNN-based approaches Earlymeth-
ods employed multilayer perceptrons (MLPs) to predict
path loss or received power from geometric and envi-
ronmental features [118–120]

[118]: Wu et al. (2020),
Artificial Neural Network
Based Path Loss Prediction
for Wireless Communica-
tion Network

[119]: Popoola et al.
(2019), Determination
of Neural Network
Parameters for Path
Loss Prediction in Very
High Frequency Wireless
Channel

[120]: Thrane et al. (2020),
Model-Aided Deep Learn-
ing Method for Path Loss
Prediction in Mobile Com-
munication Systems at 2.6
GHz

. For example, MLP-based
models demonstrated reasonable accuracy in urban and
millimeter-wave settings, while convolutional neural net-
work (CNN)-based approaches were trained on satellite
imagery for path loss prediction at 2.6GHz. However, these
approaches typically require extensive training data and
struggle to generalize across different environments or
operating conditions, as they are inherently tied to the spe-
cific frequencies and material properties of their training
distributions.

Neural radiance fields (NeRFs) and volumetric repre-
sentations Inspired by advances in computer graphics,
researchers have recently explored using neural radiance
fields to represent radio-frequency propagation within
complex environments [87, 121, 122]

[87]: Yang et al. (2024),
R-NeRF: Neural Radiance
Fields for Modeling RIS-
enabled Wireless Environ-
ments

[121]: Zhao et al. (2023),
NeRF2: Neural Radio-
Frequency Radiance
Fields

[122]: Shen et al. (2025),
NeRF-APT: A New NeRF
Framework for Wireless
Channel Prediction

. For instance, NeRF2

introduces a joint training strategy using both synthetic
and real-world data to construct a continuous volumet-
ric channel representation. This concept is extended by
R-NeRF to model the dynamic scattering behaviors in RIS-
assisted networks. While these approaches can capture
complex channel dynamics with impressive precision, they
suffer from strict scene-dependence, necessitating a com-
plete, computationally intensive retraining cycle when-
ever the environment changes. More recently, 3D Gaus-
sian splatting (GS) models such as wireless radiation field
(WRF)-GS and radio frequency (RF)-3DGS have signifi-
cantly reduced this overhead, enabling training within
minutes and signal queries in milliseconds [123, 124]

[123]: Wen et al. (2025),
Neural Representation
for Wireless Radiation
Field Reconstruction: A
3D Gaussian Splatting
Approach

[124]: Zhang et al. (2026),
RF-3DGS: Wireless Chan-
nel Modeling With Radio
Radiance Field and 3D
Gaussian Splatting. Yet,
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these neural surrogates do not substitute for ray tracing
engines; rather, they serve as complementary downstream
models that depend on ray-traced datasets for initial train-
ing. Consequently, developing faster path sampling tech-
niques directly accelerates the generation of the training
data required to bootstrap these representations.

Alternative and Hybrid Approaches

Recognizing the challenges of end-to-end field learning,
alternative strategies have focused on narrower compo-
nents of the propagation pipeline or hybrid methods that
combine neural networks with physics.

Channel impulse response and trajectory learning
Rather than predicting single metrics like path loss, some
models target richer intermediate quantities. To estimate
the channel impulse response over spatial regions, physics-
informed networks have been developed, capturing both
spatial and temporal characteristics [77]. Other work for- [77]: Wang et al. (2025),

A Physics-Informed Deep
Ray Tracing Network for
Regional Channel Impulse
Response Estimation

mulates trajectory generation as a sequential decision prob-
lem, treating the synthesis of ray bounces as a sequence-
modeling task [78]. The SANDWICH model, briefly men-

[78]: Jin et al. (2025),
SANDWICH: Towards
an Offline, Differentiable,
Fully-Trainable Wireless
Neural Ray-Tracing
Surrogate

tioned in Chapter 3, is a fully differentiable surrogate that
learns to generate sequences of bounces, aiming to com-
pletely replace the ray tracing simulator.

Neural scene augmentation An alternative strategy
enriches the geometric scene description through neural
representations. For instance, neural radiance fields can
represent complex objects, allowing standard ray tracing
engines to query these representations to account for scat-
tering and diffraction effects that are difficult to model
with traditional primitives [125]. [125]: Chen et al. (2025),

Radio Frequency Ray
Tracing with Neural
Object Representation for
Enhanced RF Modeling
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Fundamental Limitations of Current Approaches

Despite these advances, direct field-learning methods face
several fundamental challenges that limit their adoption
in general-purpose simulation tools.

Highly Oscillatory Field-Mapping Problem Models
attempting to learn electromagnetic fields directly face
a highly sensitive mapping: tiny geometric or frequency
perturbations cause significant field fluctuations due to
constructive and destructive interference. Learning such
highly oscillatory, non-convex spatial functions demands
large networks and vast training datasets, often resulting
in poor generalization.

Lack of Invariance and Generalization Most direct
learning models lack invariance to geometric transforma-
tions such as rotation or scaling. Furthermore, models are
tightly coupled to their training frequencies and material
properties. A model trained at 2.4GHz in an office envi-
ronment cannot be applied to 28GHz street canyons with-
out complete retraining. Only recently have researchers
explored geometric invariance properties using graph at-
tention architectures [126]. [126]: Hehn et al. (2024),

Geometric Wireless Sim-
ulation with Equivariant
TransformersLoss of Physical Interpretability End-to-end black-

box models discard valuable path-level information. For
emerging applications—sensing, localization, and beam
management—knowing which paths (reflections, diffrac-
tions) contribute to the signal is often as important as the
final signal strength. This loss of interpretability limits
their utility in diagnostic and optimization workflows.

Computational Efficiency Paradox While neural in-
ference can be fast, querying large networks may paradox-
ically be slower than highly optimized geometric ray trac-
ing, especially in simple scenarios. Practical deployment
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requires that inference overhead be negligible relative to
the physics engine it assists.

Intelligent Path Sampling: A Complementary
Approach

These limitations suggest a different role for machine learn-
ing: guiding the physics engine rather than replacing it.
If neural models learn to identify likely valid candidates
instead of predicting fields directly, the learning problem
becomes less dependent on frequency and material param-
eters. The model can then focus on geometric regularities,
while rigorous field computation remains in the physics
solver. This design philosophy motivates the generative
path sampler presented next.

7.1.2 Methodology

In this subsection, we show how learning can be integrated
into the tracing pipeline while preserving physics-based
validation. We proceed through the following components:
path construction as sequential sampling, transform-invariant
scene encoding, generative flownetwork (GFlowNet)-based
policy learning, training-objective optimization, and sparse-
reward stabilization.

From Exhaustive Search to Sequential Sampling

As discussed in earlier chapters, exhaustive point-to-point
tracing is equivalent to exploring all branches of the image
tree. For a scene with 𝑁 candidate objects and interac-
tion order 𝐾, this exploration scales combinatorially, while
only a small fraction of candidates satisfy geometric con-
straints.

Recent approaches reformulate candidate construction as
a sequential decision process. Starting from an empty can-
didate, one object is appended at each step until a complete
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Figure 7.2: Sequential construction of complete path candidates up to interaction order 𝐾, adapted
from the image tree in Figure 5.2 with incomplete path candidate notation for intermediate states.

length-𝐾 sequence is obtained (Figure 7.2). In this frame-
work, a state corresponds to a partial path 𝑰, and each
action selects the next object index to extend that path.
The 2D geometry and resulting decision tree in Figure 7.3a
and Figure 7.3b (combined in Figure 7.3) illustrate how
geometric constraints prune infeasible branches. This re-
formulation converts the exhaustive graph traversal into
policy-guided sampling over the same search space.

Transform-Invariant Scene Encoding

To reduce sensitivity to absolute coordinates, scene geom-
etry is mapped to a canonical TX-RX frame. With trans-
mitter and receiver positions 𝐱TX and 𝐱RX, the basis vector
aligned with the line-of-sight is defined by

𝐰̂ =
𝐱RX − 𝐱TX

𝑠
with 𝑠 = ‖𝐱RX − 𝐱TX‖. (7.1)

To preserve a consistent vertical orientation, the remaining
orthonormal axes are constructed from the global vertical
unit vector 𝐞̂𝑧 = [0, 0, 1]⊤ as

𝐮̂ =
𝐰̂ × 𝐞̂𝑧
‖𝐰̂ × 𝐞̂𝑧‖

, 𝐯̂ = 𝐰̂ × 𝐮̂. (7.2)
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Figure 7.3: Simple 2D geometry and resulting decision tree for a path tracing scenario where some
interactions can be pruned because an object is unreachable.

When |𝐰̂ ⋅ 𝐞̂𝑧| ≈ 1 (near-vertical TX–RX alignment), this
construction becomes singular because 𝐰̂ × 𝐞̂𝑧 ≈ 𝟎. In that
case, a fallback reference axis (e.g., 𝐞̂𝑥) is used to build the
orthonormal basis and avoid division by zero.

With the rotation matrix 𝑹 = [𝐮̂, 𝐯̂, 𝐰̂]⊤, each scene vertex
𝐱𝑖 is transformed as

𝐱′𝑖 = 𝑹 (
𝐱𝑖 − 𝐱TX

𝑠
) , (7.3)

so that the transmitter maps to [0 0 0]
⊤
and the re-

ceiver to [0 0 1]
⊤
. This normalization improves trans-

fer across scenes by factoring out global translation, scale,
and azimuthal orientation.

GFlowNet-Based Path Sampling

The neural architecture (detailed in Figure 7.4) consists
of three main components: an object encoder, a state en-
coder, and a flow head. The object encoder processes the
geometric features of each scene primitive (transformed to
the canonical frame), which in this case consist only of the
object’s vertex coordinates. Because the set of candidate ob-
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Figure 7.4: Neural architecture of the generative path sampler (object/state/scene encoders + flow
head).

jects is inherently unordered, aDeep Sets architecture [127] [127]: Zaheer et al. (2017),
Deep Setsis used to encode the objects into a single scene embed-

ding. This choice is motivated by the need for permutation
invariance, ensuring that the model’s predictions do not
depend on the arbitrary indexing of objects in the scene.
Compared to attention-based architectures such as Trans-
formers, Deep Sets offer superior scalability—linear 𝒪(𝑁 )
complexity versus quadratic 𝒪(𝑁 2)—and avoid the need
for artificial positional encodings, which is particularly
beneficial when handling thousands of objects. Through
training, the MLPs within these encoders learn high-level
spatial embeddings that capture the relative importance of
objects for potential interactions based on their geometry
and distance from the TX–RX axis.

Sampling is modeled with a GFlowNet over partial candi-
dates. The goal is to learn a forward probability distribu-
tion (called the policy) 𝜋(𝑰 ′ ∣ 𝑰 ) such that complete valid
paths are sampled with probability mass proportional to a
reward function expressed as

𝑃(𝑰 ) ∝ 𝑅(𝑰 ), (7.4)

for terminal states 𝑰. In this context, a binary reward cap-
tures path validity and is defined as
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𝑅(𝑰 ) = {
1, if path tracing(TX, 𝑰 ,RX) is geometrically valid,
0, otherwise.

(7.5)

Although the reference study uses a strictly binary reward,
it may be possible to use a continuous reward. For example,
the smoothing mechanism described in Section 4.4 could
be applied to provide more informative feedback for near-
valid candidates, thereby improving training dynamics.

Training enforces flow conservation on visited states through
the constraint

𝐹(parent(𝑰 ) → 𝑰 ) = 𝑅(𝑰 ) + ∑
𝑰 ′∈𝒞 (𝑰 )

𝐹(𝑰 → 𝑰 ′), (7.6)

where 𝒞(𝑰 ) denotes the children of state 𝑰. The induced
policy is then expressed as normalized outgoing flow val-
ues

𝜋(𝑜𝑖 ∣ 𝑰 ) =
𝐹 (𝑰 → 𝒯 (𝑰 , 𝑜𝑖))

∑𝑗 𝐹 (𝑰 → 𝒯 (𝑰 , 𝑜𝑗))
, (7.7)

where 𝒯 (𝑰 , 𝑜𝑖) denotes the child state reached by append-
ing object 𝑜𝑖 to state 𝑰.

This mechanism pushes probability mass toward branches
that lead to valid complete paths while preserving stochas-
tic exploration. After successful training, the architecture
in Figure 7.4 will only sample geometrically valid candi-
dates. This effect is visible in Figure 7.3, where the policy
suppresses invalid branches and concentrates computation
on promising ones.

Training Objective and Optimization

In practice, the flow-conservation constraint is optimized
through a mean-squared flow-matching loss accumulated
over sampled trajectories. At each training iteration, scenes
are drawn from a scenario generator (or replay memory),
transformed into the canonical frame, and used to sequen-
tially sample one or more candidates up to order 𝐾. The



7 Advanced Topics in Propagation Modeling 246

object encoder, scene encoder, path-state encoder, and flow
head are trained jointly via gradient descent.

Because rewards are sparse at higher orders, convergence
quality depends strongly on exploration and replay de-
sign. The training loop in Figure 7.5 therefore combines
policy-based sampling, replay sampling, and geometric
validation feedback. In this context, the model is trained
on a class of scenes, which we define as a collection of
environments sharing similar geometric and topological
statistics. For instance, the urban street-canyon class repre-
sents outdoor environments with parallel building rows of
varying heights and widths, whereas an indoor-office class
would consist of interconnected rooms and corridors. By
learning on randomized instances within a class, the model
generalizes to unseen snapshots of the same environment
type, rather than memorizing a single fixed map.

Training Stabilization Mechanisms

Because valid paths are exceptionally sparse at high inter-
action orders, stable learning necessitates careful algorith-
mic design. To this end, five complementary mechanisms
have been investigated:

▶ The successful-experience replay buffer allows pre-
viously successful scene-path pairs to be revisited
during training, mitigating collapse toward trivial
low-flow policies.

▶ The uniform exploratory policy (𝜖-greedy) samples ac-
tions from a uniform distribution 𝒰 with probability
𝜖 rather than from the learned policy, maintaining
discovery of unseen valid branches.

▶ The physics-based action masking removes geomet-
rically impossible next interactions from the policy
support by leveraging physical constraints (see Sec-
tion 5.3.2).

▶ The distance-based weighting reweights outgoing
flows using distance priors to bias selection toward
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Figure 7.5: Training loop with replay sampling, exploratory policy, and path validation feedback.

geometrically plausible next interactions, though
empirical gains are scenario-dependent.

▶ Finally, the transmitter–receiver symmetry replay in-
jects reciprocal path pairs during training to encour-
age symmetry-aware sampling, although reported
improvements are not systematic across all settings.

The overall training procedure is detailed in Figure 7.5,
while the action masking and distance-based weighting
mechanisms are illustrated in Figure 7.6.

These stabilization mechanisms collectively address sparse
rewards and enable the network to discover long-range
valid paths even at high interaction orders.
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𝑰 = [… , 𝐼𝑖, −1, … , −1]
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Figure 7.6: Action masking used to prune physically invalid transitions during sampling.

7.1.3 Study Summary and Main Results

The presented framework has been evaluated on the Sionna RT
urban street-canyon scenario presented in Chapter 6 (il-
lustrated in Figure 6.1), with randomized scene variations
and interactions up to third order. Its training relied on
dynamic scene generation to promote learning of geomet-
ric regularities rather than memorization of fixed coordi-
nates.

Performance Metrics

Two complementary metrics are used to evaluate the per-
formance of the generative path sampler for a given sam-
pling budget 𝑀 (the maximum number of path candidates
generated by the model per receiver):

▶ The accuracy is defined as the ratio of valid sampled
candidates to total sampled candidates (up to 𝑀),
quantifying the precision of the sampler.

▶ The hit rate is the ratio of unique valid paths dis-
covered by the sampler (within the 𝑀 candidates) to
the full set of valid paths (estimated via exhaustive
tracing), measuring coverage of the valid-path set.
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These metrics capture different behaviors: high accuracy
can be achieved by repeatedly sampling a small subset of
valid paths, whereas a high hit rate requires path diversity
and broader exploration.

Ablation Results

Table 7.1 summarizes the main findings reported in the
reference study [79]. The replay buffer is the dominant [79]: Eertmans et al.

(2026), Transform-
Invariant Generative Ray
Path Sampling for Effi-
cient Radio Propagation
Modeling

component for stability: without replay, third-order train-
ing frequently collapses (zero accuracy and hit rate in sev-
eral settings), whereas replay-enabled configurations reach
substantially better third-order performance. Exploratory
sampling (𝜖-greedy) further improves coverage, with the
best third-order hit rate obtained for the combined replay
and exploration setting (67.5 %).

Action masking provides moderate gains, especially at
higher orders, while distance-based weighting is gener-
ally detrimental in the tested setup, often degrading both
accuracy and hit rate. Enforcing explicit TX-RX symme-
try does not yield systematic improvements and can hurt
third-order performance. For training-scenario ablations,
models trained on canyon-focused (referred to as canyon-
only (CO)) data with optional ground (OG) achieve the
strongest overall performance, reaching a 97.3 % hit rate
at 𝐾 = 1, 92.8 % at 𝐾 = 2, and 70.7 % at 𝐾 = 3.

Study of Intermediate Representations and
Reciprocal Behavior

In order to understand how the neural network maps spa-
tial environments and to substantiate the interpretabil-
ity of the generative path sampler, it is helpful to study
the model’s internal representations. A fundamental ques-
tion in machine-learning-assisted radio propagation mod-
eling is how physical reciprocity is reflected in the learned
features. According to the principles of electromagnetics,
swapping the positions of the transmitter and receiver
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Table 7.1: Final accuracy and hit rate values for the following ablation studies across interaction orders
(𝐾): (A) replay buffer and exploratory policy, (B) action masking and distance-based weighting, (C)
symmetry enforcement, and (D) training scenario. Accuracy is the percentage of valid paths among
sampled candidates; hit rate is the percentage of valid paths found among all valid paths. The acronyms,
ordered by appearance in the table, are: B (baseline), R (replay buffer), 𝜖 (exploratory policy), AM
(action masking), DW (distance-based weighting), RS (replaying symmetrical), CO (canyon-only), OG
(optional ground), WS (whole scene).

St
ud

y 𝐾 = 1 𝐾 = 2 𝐾 = 3

Case Acc. (%) H.R. (%) Acc. (%) H.R. (%) Acc. (%) H.R. (%)

A

B 88.9 96.0 68.5 89.8 0.00 0.00
R 86.5 96.8 62.0 93.4 26.2 33.8
𝜖 90.1 96.5 69.2 85.8 0.0 0.0
R + 𝜖 85.2 97.0 63.2 94.0 42.9 67.5

B

B 87.0 96.5 58.2 94.4 39.7 58.4
AM 85.2 97.3 60.1 94.5 45.6 65.5
DW 7.7 31.8 0.5 3.6 30.8 49.3
AM + DW 1.0 1.0 0.9 3.8 0.1 0.5

C B 86.7 97.5 61.6 93.3 45.2 65.8
RS 86.2 97.0 62.2 94.3 11.6 11.3

D

CO 86.3 96.8 59.0 88.7 38.2 53.0
CO + OG 88.6 97.3 62.0 92.8 47.0 70.7
WS 61.8 84.3 37.0 73.1 23.0 34.1
WS + OG 62.5 85.7 37.0 63.8 27.7 42.4

must yield the exact same physical ray paths. However,
since the generative path sampler constructs paths autore-
gressively from the transmitter, and the geometric trans-
form used in the model is not invariant to transmitter-
receiver swaps, sequential object selection is direction-
dependent.

To analyze this behavior, we evaluate the trained model on
two configurations in a representative 3D street canyon
scene: a basic scene (with the transmitter and receiver at
their original positions) and a swapped scene (where the
transmitter and receiver positions are exchanged). The
scene contains five buildings (named Building 1 to Build-
ing 5) and the ground plane (named Floor ), as illustrated
in Figure 7.7. This configuration represents one of the pos-
sible randomized variations of the street-canyon scenario
shown in Figure 6.1 and is representative of the environ-
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Figure 7.7: 3D idealized
street canyon scene with
annotated object identi-
fiers used for the study of
intermediate representa-
tions.

ment class used for model training and testing. In this
specific randomized snapshot, one building (Building 0)
was randomly removed, leaving five buildings instead of
the original six.

For each configuration, we extract three key internal out-
puts from the trained models of interaction orders 𝐾 ∈
{1, 2, 3}: the object embeddings, the scene embeddings, and
the step-by-step selection probability vectors.

Object Embeddings (𝒀) The object encoder maps the
canonical coordinates of the active triangles in the mesh to
a 128-dimensional embedding space. The resulting embed-
ding matrix 𝒀 contains one row per triangle in the scene,
where the 𝑖-th row stores the embedding vector 𝒚𝑖 of the
corresponding triangle primitive. In other words, each hor-
izontal strip in the matrix represents the learned features
of a single object, while the columns correspond to the 128
embedding dimensions. In the canonical frame, the trans-
mitter is always mapped to [0 0 0]

⊤
and the receiver to

[0 0 1]
⊤
. Swapping the transmitter and receiver shifts

the origin and reverses the orientation of the reference
axis, causing the canonical coordinates of all scene objects
to change.
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Figure 7.8 compares the resulting object embedding ma-
trices for the basic and swapped scenes across orders 1, 2,
and 3. The horizontal dashed lines indicate the boundaries
between physical objects, with each object consisting of
multiple triangles. These delimitations are only a visual
aid: the model receives triangle-level geometry and is not
given explicit information about which triangles belong
to the same building. We observe that:

▶ Triangles belonging to the same object exhibit highly
coherent and uniform embedding values across the
128 dimensions. This indicates that the object en-
coder successfully aggregates local triangle geome-
tries into object-level spatial features.

▶ Under the TX–RX swap, the activation patterns across
the embedding dimensions change completely. This
demonstrates that the encoder does not memorize
invariant object identities; instead, it learns relative
spatial representations tied to the canonical TX–RX
propagation axis.

Furthermore, certain objects (such as Building 4 for the
basic scene and Building 5 for the swapped scene, in the or-
der 𝐾 = 1 embedding) exhibit faded, near-zero activations
across the embedding dimensions. This occurs because
these buildings do not lie on any geometrically valid first-
order reflection paths between the transmitter and receiver.
The object encoder learns to assign neutral, zero-valued
feature vectors to these irrelevant components, effectively
pruning them from downstream path selection. For 𝐾 = 2,
a similar pattern can be observed for the same buildings.
The higher the interaction order, the more objects can pos-
sibly lie on reflection paths, and hence the less pronounced
this effect becomes.

Scene Embeddings The scene encoder combines the in-
dividual object embeddings into a single 128-dimensional
vector, representing the global scene state. Figure 7.9 stacks
the scene embedding vectors for the basic and swapped
configurations. Despite the coordinate transformation and
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(a) Interaction order 𝐾 = 1 (𝑟 = 0.0493).

0 50 100

Building 1

Building 2

Building 3

Building 4

Building 5
Floor

Component index

O
bj
ec

ts

Basic scene

0 50 100
Component index

TX–RX swapped

−1

0

1

(b) Interaction order 𝐾 = 2 (𝑟 = 0.0250).

Figure 7.8-I: Comparison of intermediate object embeddings 𝒀 for the basic scene (left) and the
transmitter–receiver swapped scene (right) across interaction orders 𝐾 ∈ {1, 2, 3}. The colorscale in-
dicates the embedding values. The horizontal dashed lines demarcate boundaries between physical
objects (buildings and floor). The distinct activation patterns demonstrate that the learned represen-
tations are coordinate-dependent. The Pearson correlation coefficient 𝑟 reported in each subfigure
measures the correlation between the flattened object embedding matrices of the basic and swapped
configurations.
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(c) Interaction order 𝐾 = 3 (𝑟 = 0.0955).

Figure 7.8-II: Comparison of intermediate object embeddings 𝒀 for the basic scene (left) and the
transmitter–receiver swapped scene (right) across interaction orders 𝐾 ∈ {1, 2, 3} (continued). The
colorscale indicates the embedding values. The horizontal dashed lines demarcate boundaries between
physical objects (buildings and floor). The distinct activation patterns demonstrate that the learned
representations are coordinate-dependent. The Pearson correlation coefficient 𝑟 reported in each
subfigure measures the correlation between the flattened object embedding matrices of the basic and
swapped configurations.

the distinct patterns in individual object embeddings, cer-
tain dimensions of the scene representation remain par-
tially correlated or stable under the swap. This indicates
that the scene encoder preserves global spatial information
(such as building density and spacing) while also capturing
the orientation of the propagation axis.

To quantify the degree of symmetry preserved by the scene
representation, we calculate the Pearson correlation co-
efficient 𝑟 between the embedding vector (or matrix) of
the basic scene and that of the swapped scene. Specifically,
for two flattened embeddings 𝒙 and 𝒚 of dimension 𝐷, the
correlation coefficient is computed as

𝑟 =

𝐷
∑
𝑖=1

(𝑥𝑖 − ̄𝑥)(𝑦𝑖 − ̄𝑦)

√

𝐷
∑
𝑖=1

(𝑥𝑖 − ̄𝑥)2
𝐷
∑
𝑖=1

(𝑦𝑖 − ̄𝑦)2
, (7.8)
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where ̄𝑥 = 1
𝐷

𝐷
∑
𝑖=1

𝑥𝑖 and ̄𝑦 = 1
𝐷

𝐷
∑
𝑖=1

𝑦𝑖 denote their respective

sample means. Across the different interaction orders, we
find a remarkably high correlation for the scene embed-
dings: 𝑟 = 0.9298 for 𝐾 = 1, 𝑟 = 0.9278 for 𝐾 = 2, and
𝑟 = 0.9321 for 𝐾 = 3. This strong correlation (≈ 0.93) in-
dicates that the combined scene representation is highly
reciprocal and invariant to coordinate reflections. In com-
parison, the individual object embeddings 𝒀 exhibit a very
low correlation when flattened (𝑟 = 0.0493, 𝑟 = 0.0250,
and 𝑟 = 0.0955 for 𝐾 = 1, 2, 3, respectively), highlighting
that the object-level features remain coordinate-dependent
while the pooled scene-level features achieve spatial reci-
procity.

Probability Vectors and Path Trajectories The flow
head generates selection policies (normalized edge flows)
at each step of the path construction. Figure 7.10 visualizes
these step-by-step selection probabilities, with red boxes
highlighting the selected objects at each interaction step.

The probability vectors show that the policy is highly
sparse, concentrating almost all probabilitymass on a small
subset of candidate objects, which confirms that the model
successfully prunes unreachable or invalid parts of the
search space.

Although the sampled path trajectories may differ (for ex-
ample, at order𝐾 = 3, the basicmodel samples Building 4 →
Building 1 → Floor while the swapped model samples
Building 5 → Building 4 → Building 4), this difference is
primarily a consequence of the stochastic sampling pro-
cess during path candidate construction. Indeed, because
sampling involves a random selection step, minor floating-
point variations in the probability vectors can lead to dif-
ferent discrete path samples, even when using the same
random seed. A closer examination of the selection proba-
bility vectors at the initial step (interaction index 0, before
any object has been chosen) reveals a close match between
the basic and swapped configurations across all orders.
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This indicates that the policy network has successfully
learned reciprocal initial distributions. However, once a
different first object is stochastically sampled, the subse-
quent probability distributions (at indices 1 and 2) natu-
rally diverge because they are conditioned on different
path histories. To fully align these conditional sequential
policies and ensure reciprocal symmetry throughout the
entire autoregressive generation process, symmetric train-
ing strategies, such as the transmitter–receiver symmetry
replay described in Section 7.1, remain crucial.
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(a) Interaction order 𝐾 = 1 (𝑟 = 0.9298).
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(b) Interaction order 𝐾 = 2 (𝑟 = 0.9278).
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(c) Interaction order 𝐾 = 3 (𝑟 = 0.9321).

Figure 7.9: Comparison of scene embedding vectors for the basic scene (top row) and the transmitter–
receiver swapped scene (bottom row) across interaction orders 𝐾 ∈ {1, 2, 3}. The horizontal dashed
line separates the two configurations. The Pearson correlation coefficient 𝑟 reported in each subfigure
measures the correlation between the scene embedding vectors of the basic and swapped configurations.
The high correlation (≈ 0.93) between the two configurations shows that global topological structures
are preserved despite the coordinate reflection.
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(a) Interaction order 𝐾 = 1 (one step).
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(b) Interaction order 𝐾 = 2 (two steps).
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(c) Interaction order 𝐾 = 3 (three steps).

Figure 7.10: Comparison of selection probability vectors (normalized edge flows) for the basic scene
(left) and the transmitter–receiver swapped scene (right) across interaction orders 𝐾 ∈ {1, 2, 3}. The
colorscale indicates selection probability. Red boxes outline the selected object at each construction
step, and vertical dashed lines denote boundaries between physical objects. The policy exhibits high
sparsity, but trajectories differ due to the directional, random nature of path construction.
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7.1.4 Generalization to Unseen Scenarios
and Sampling-Size Trade-Off

By design, the model is trained on randomized scenes
to learn geometric properties rather than memorizing a
single map. Although evaluation is performed on unseen
snapshots, training and evaluation distributions can re-
main close when the transmitter and receiver are sampled
from similar spatial regions. Complementing the journal
results [79], Figure 7.11 reports two additional analyses: [79]: Eertmans et al.

(2026), Transform-
Invariant Generative Ray
Path Sampling for Effi-
cient Radio Propagation
Modeling

(i) hit-rate evolution versus sampling budget 𝑀, and (ii)
in-distribution versus shifted-distribution evaluation re-
gions.

Most curves exhibit a saturation behavior: the hit rate in-
creases quickly for small 𝑀 and then plateaus, typically
around 𝑀 ≈ 10, consistent with the evaluation budget
used in [79]. This indicates diminishing returns from addi-
tional samples once dominant valid branches are already
captured.

Evaluation on the same sampling region as training gener-
ally yields higher hit rates than evaluation on shifted re-
gions, confirming a non-negligible distribution-shift effect.
This gap is also visible in the coverage reconstructions of
Figure 7.12, with the exhaustive reference in Figure 7.12a,
the CO prediction in Figure 7.12b, and the whole scene
(WS) prediction in Figure 7.12c. At the same time, models
trained on broader spatial regions tend to degrade less
under a distribution shift, indicating that training-region
diversity improves robustness even when peak in-region
performance is lower. Importantly, these coverage maps
are defined using a non-coherent addition of path powers,
as introduced in Section 2.10, to provide a stable estimate
of the local mean power.

The root mean squared error between the predicted and
exhaustive coverage maps in Figure 7.12 is 3.48 dB (and
1.62 dB when restricting evaluation to the canyon) for the
CO model, and about 2.41 dB (and 1.36 dB when restricting
evaluation to the canyon) for the WS model. The stronger
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Figure 7.11: Hit rate as a function of the number of samples 𝑀 for different training and evaluation
sampling regions. The top row shows evaluation on the same sampling region as the training dataset,
while the bottom row shows evaluation on a different sampling region (except for the whole scene
case).

(a) Ground truth (exhaustive). (b) Prediction (trained on CO). (c) Prediction (trained on WS).

Figure 7.12: Received power map reconstruction in log scale with the generative sampler (sampling
size 𝑀 = 10) against the exhaustive ground-truth approach. The left plot shows the ground-truth
coverage map obtained with exhaustive ray tracing, while the middle and right plots show the predicted
coverage maps obtained with the generative sampler trained on the CO and WS training scenarios,
respectively.
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(a) Small scene (𝑁 = 400 triangular facets). (b) Medium scene (𝑁 = 805 triangular facets).

Figure 7.13: Real-world Manhattan street canyon scenes obtained from OpenStreetMap. Both scenes
exhibit different building aspect ratios, facade complexity, and street widths compared to the idealized
training scenario.

WS performance, including inside the canyon, is consistent
with better cross-region generalization.

To assess the generalization capability of the model on
unseen urban environments with different structural prop-
erties, we evaluate the trained WS model on real-world
street-canyon scenarios obtained from OpenStreetMap
data in Manhattan, New York. These scenarios exhibit
structural characteristics distinct from the training distri-
bution, including different building aspect ratios, facade
complexity, street widths, and block organization patterns.
Specifically, we select two test environments: a small scene
with 𝑁 = 400 triangular facets and a medium scene with
𝑁 = 805 triangular facets, as shown in Figure 7.13. Com-
pared to the procedurally generated canyon training con-
figurations (which contain up to 𝑁 = 74 facets), these real-
world geometries represent a genuine out-of-distribution
test case. Due to the increased scene complexity, specular
reflections are evaluated up to second order (𝐾 = 2), and
the sampling budget is set to 𝑀 = 100 per receiver point
to account for the higher density of potential propagation
paths.

The resulting ground-truth and predicted coverage maps
are compared in Figure 7.14. The evaluation highlights that
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while the model successfully discovers dominant reflection
paths along the main street axes, its generalization to the
out-of-distribution geometries is imperfect and exhibits
significant spatial heterogeneity. The sampler reconstructs
the general spatial distribution of the received power field
reasonably well, but noticeable discrepancies from the
ground truth emerge. Specifically, the prediction quality
varies across different spatial regions: in some locations,
the model fails to discover reflection paths from specific
building facades, whereas in others, paths are only par-
tially recovered. This spatial non-uniformity indicates that
although the model has learned robust geometric regulari-
ties of path propagation that transfer beyond its procedural
training configurations, it has not fully mastered general
reflection principles and remains partially adapted to the
structural regularities of the training family. Addressing
this limitation to enable seamless transfer across arbitrary
city layouts represents an important direction for future
research, potentially through the use of increased model
capacity, visibility-graph representations, or training on
more complex scenarios from the outset.

To assess the hardware robustness of the speed-up, the
benchmark from [79] is rerun on a different setup: 11th Gen [79]: Eertmans et al.

(2026), Transform-
Invariant Generative Ray
Path Sampling for Effi-
cient Radio Propagation
Modeling

Intel© Core™ i7-1165G7 × 8 (CPU) and NVIDIA Quadro
RTX™ 4000 (GPU). Despite the hardware change, the accel-
eration trend remains consistent (Figure 7.15), with large
CPU gains and smaller but still substantial GPU gains. The
lower relative gain on GPU stems from the fact that the
exhaustive baseline is already heavily parallelized and opti-
mized for high-throughput ray–facet intersections, which
partially masks the combinatorial overhead in the rela-
tively small scenes tested. On the CPU, where intersection
tests are more sequential, the sampler’s ability to prune
the candidate space yields a more dramatic reduction in
absolute runtime.

While these results were obtained on scenes with a limited
number of buildings (e.g., 6 buildings in the street canyon),
they demonstrate a proof of concept for replacing combi-
natorial candidate enumeration with learned generation.
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To scale this approach to city-scale environments with
hundreds of buildings, the generative sampler would need
to be combined with spatial acceleration structures such
as BVHs (see Section 5.5.2). Commercial ray tracing tools
often achieve their performance through such structures;
however, our focus here is on addressing the fundamental
combinatorial bottleneck that remains even with spatial
pruning, especially at high interaction orders.
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(a) Ground truth 𝐺gt (small scene).
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(d) Prediction 𝐺pred (medium scene).

Figure 7.14: Coverage map comparison for real, out-of-distribution Manhattan scenarios under a
sampling budget of𝑀 = 100, considering specular reflections up to second order. The plots compare the
ground truth path gain (exhaustive) with the sampler’s predictions for the small and medium scenes.
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Figure 7.15: Runtime comparison of the generative path sampler against exhaustive ray tracing.
The top and bottom rows show CPU and GPU times, respectively, as a function of scene complexity
(number of objects) for interaction orders 𝐾 ∈ {1, 2, 3}. Each subplot presents results for different
sampling budgets 𝑀, demonstrating substantial speedups with the learned approach: approximately
100× on CPU and 10× on GPU at 𝑀 = 10.
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7.1.5 Summary and Practical Implications

Machine-learning-assisted path sampling occupies a practi-
cal middle ground between exhaustive physical solvers and
purely data-driven surrogates. It preserves interpretability
and physical validity while addressing the combinatorial
bottleneck. The main trade-off is the offline training cost
for each scene family. For repeated evaluations in the same
class of environments (coverage sweeps, dense optimiza-
tion loops, repeated TX or RX placements), the amortized
runtime gain justifies this upfront investment. Together
with the reconstruction errors reported above, these re-
sults support learned candidate generation as a robust
acceleration layer for high-fidelity ray tracing.

7.2 Study of the Multipath Lifetime
Map

Where the previous section focused on computational effi-
ciency through intelligent sampling, this section addresses
a complementary question raised in Chapter 5: when and
where can a ray tracing snapshot be safely extrapolated in
dynamic scenarios? The MLM is a geometric-topological
construct that characterizes the validity of snapshot extrap-
olation in a chosen configuration-parameter space and pro-
vides quantitative measures to support hybrid workflows
that combine local extrapolation with full recomputation
only where necessary [106]. [106]: Eertmans et al.

(2025), Comparing Differ-
entiable and Dynamic Ray
Tracing: Introducing the
Multipath Lifetime Map

7.2.1 Methodology

As in the previous section, each ray path is described by a
path candidate, i.e., an ordered list of interactions (inter-
action type and object identity). Let ℐ 𝐾 be the set of all
candidates up to interaction order 𝐾, and let 𝒱 𝐾(𝜽) ⊆ ℐ 𝐾

be the subset that is geometrically valid for a given scene
configuration 𝜽 (for example, receiver position, antenna
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(a) Line-of-sight only. (b) Upper-wall reflec-
tion.

(c) Lower-wall reflec-
tion.

(d) All interactions com-
bined.

Figure 7.16: Illustration of multipath cells for individual interaction families and for the combined
valid-path structure. Colors encode unique multipath identities, with up to 11 distinct cells in Figure
7.16d.

tilt, or other dynamic scene parameters). Two scene con-
figurations are treated as equivalent when they lead to the
same valid-candidate set,

𝜽𝑎 ∼ 𝜽𝑏 ⟺ 𝒱 𝐾(𝜽𝑎) = 𝒱 𝐾(𝜽𝑏). (7.9)

A multipath cell 𝐶𝑖 is a connected region of the considered
configuration space in which this valid-candidate set does
not change. Figures 7.16a to 7.16c show examples for indi-
vidual interaction families, while Figure 7.16d (grouped in
Figure 7.16) shows the combined valid-path structure.

While MLMs are not limited to exhaustive ray tracing and
can also be used with SBRmethods, the worst-case number
of candidates is still governed by exhaustive enumeration.
For a scene with 𝑁 objects and fixed interaction order
𝐾, exhaustive tracing evaluates up to 𝑀 = 𝑁(𝑁 − 1)𝐾−1

candidates. Each cell can therefore be encoded by a binary
vector 𝑣𝑖 ∈ {0, 1}𝑀, where each entry indicates whether a
candidate in ℐ 𝐾 is valid.

However, storing dense vectors for all cells is impractical
because 𝑀 grows combinatorially. To reduce memory us-
age, the implementation processes candidates in chunks
and compresses each cell encoding into a persistent hash-
based identifier. This approach, similar to the one used to
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avoid double-counting in SBR, preserves consistent col-
oring across snapshots without storing full-length dense
vectors, provided that the candidate ordering is consistent
across runs and hash collisions do not occur.

Each cell 𝐶𝑖 is characterized by two complementarymetrics
in the chosen configuration-parameter space. The cell mea-
sure is 𝑆𝑖 = meas(𝐶𝑖) (which reduces to an area in 2D spatial
settings), and the average minimal inter-cell distance is 𝑑𝑖,
defined through the parameter-space distance-to-exit

𝑑𝑖(𝜽) = min
𝜽′∉𝐶𝑖

dist(𝜽, 𝜽′), 𝜽 ∈ 𝐶𝑖, (7.10)

where 𝑑𝑖 is the average of 𝑑𝑖(𝜽) over 𝐶𝑖 in the considered
parameter space. Importantly, the units of 𝑆𝑖 and 𝑑𝑖 depend
on the configuration variables used to build the MLM:
they are not intrinsically m2 and m. For example, if the
configuration variable is an antenna rotation angle, the
corresponding distance-like quantity is angular and the
associated units follow that choice. In mobility settings
such as a moving receiver, the configuration space is spa-
tial, so 𝑆𝑖 and 𝑑𝑖 naturally take the units m2 and m, and a
practical local time-based validity horizon is approximated
as 𝑡𝑖 ≈ 𝑑𝑖/𝑣.

With the exception of parameter values located at the in-
tersection of multiple cells, adjacent cells differ by exactly
one candidate in their encoding. This implies a Hamming
distance of one between neighboring binary vectors. This
structural property naturally leads to incremental path-
update strategies at cell boundaries.

7.2.2 Example Multipath Lifetime Maps

To generate an MLM for receiver mobility in a given sce-
nario, we sweep the receiver across a spatial grid and com-
pute the valid-candidate set at each location. Here, we
evaluate a grid of 600 × 600 receiver positions at a height
of 1.5m, with the transmitter fixed at a height of 32m, in
the street-canyon example. Because this example focuses
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(a) Initial TX position. (b) Intermediate TX position.

Figure 7.17: Example MLMs across transmitter positions for line-of-sight paths. Identical colors
indicate identical multipath-cell identities across transmitter positions.

on mobility induced by receiver-position variations, the
resulting MLMs and related metrics can be visualized di-
rectly in 2D spatial maps. Figures 7.17 to 7.19 report order-
specific MLMs for line-of-sight, first-order reflections, and
second-order reflections, respectively.

These MLMs differ from those reported in [106], where [106]: Eertmans et al.
(2025), Comparing Differ-
entiable and Dynamic Ray
Tracing: Introducing the
Multipath Lifetime Map

the analysis was performed for the combined line-of-sight
and first-order set. The order-separated views shown here
provide finer structural insight: line-of-sight MLMs form
broad and relatively simple regions, first-order MLMs ex-
hibit stronger fragmentation driven by reflection-visibility
boundaries, and second-order MLMs show the highest
spatial complexity due to compounded interaction con-
straints.

Quantitative statistics of the proposed metrics (cell-area
distributions and average minimal inter-cell distances) are
reported in [106].
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(a) Initial TX position. (b) Intermediate TX position.

Figure 7.18: Example MLMs across transmitter positions for first-order reflection paths. Identical
colors indicate identical multipath-cell identities across transmitter positions.

(a) Initial TX position. (b) Intermediate TX position.

Figure 7.19: Example MLMs across transmitter positions for second-order reflection paths. Identical
colors indicate identical multipath-cell identities across transmitter positions.



7 Advanced Topics in Propagation Modeling 271

7.2.3 Practical Guidance and Extensions

The MLM reframes extrapolation validity as a geometric
question measurable directly from path topology. This
yields practical guidance: if trajectories remain within
large cells, dynamic ray tracing via snapshot extrapolation
is efficient; if trajectories cross many cell boundaries, full
recomputation may become preferable.

Beyond receiver mobility, the methodology extends to
other dynamic variables (moving reflectors, reconfigurable
elements, and beam-state changes) and supports adaptive
simulation strategies that balance fidelity and runtime.
This perspective naturally connects to the chapter conclu-
sion, which synthesizes both contributions.

7.3 Conclusion

This chapter has explored two complementary research
directions that extend ray tracing beyond its classical deter-
ministic formulation. First, the machine-learning-assisted
path sampler shows how neural networks can comple-
ment physics-based simulation: instead of learning elec-
tromagnetic fields directly, the model identifies promising
partial paths and delegates physical evaluation to geomet-
ric and electromagnetic solvers. The reported speedups—
approximately 100× on CPU and 10× on GPU at evaluation
budgets of 𝑀 = 10 samples—make high-fidelity multipath
analysis tractable even in demanding scenarios. This effi-
ciency, however, requires offline training for each scene
family and is therefore most beneficial when many evalu-
ations are amortized over the same environment class.

Second, the MLM emphasizes reliability and validity. By
characterizing where path topology remains stable, the
MLM enables hybrid workflows that combine fast extrapo-
lation with full recomputation only at critical boundaries.
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This geometry-driven perspective aligns with physical in-
tuition and provides actionable guidance for motion plan-
ning and simulation scheduling.

Together, these studies support a broader principle for
computational propagation: machine learning and geo-
metric analysis are most effective when they augment—
rather than replace—fundamental physics. This chapter
therefore closes the technical development of this book
by establishing both an acceleration paradigm (learned
path generation) and a validity paradigm (topology-aware
extrapolation). Future work could further refine the gen-
erative sampler by integrating electromagnetic material
properties (such as complex permittivity) into the object
features, allowing the model to selectively prune interac-
tions with highly lossy or diffuse surfaces.

In the next and final chapter, we will conclude on what we
have seen and discuss the potential implications for future
research and applications in differentiable ray tracing.



Conclusion and
Perspectives 8

Throughout this book, we have moved from the physics
of electromagnetic waves to practical methods for simu-
lating radio propagation in complex environments. The
primary objective was to connect electromagnetic theory,
numerical modeling, and optimization tools within a single
framework.

In this final chapter, we summarize the main ideas, clarify
what remains outside the scope, discuss current limitations,
and highlight future research directions.

8.1 Summary of What We Have
Seen

The central message of this book is that radio propagation
can be modeled accurately enough for many engineer-
ing tasks by combining high-frequency electromagnetic
approximations with efficient geometric algorithms.

8.1.1 What This Book Covered

At the physical level, we began with Maxwell’s equations
and introduced the assumptions leading to high-frequency
methods. In this regime, geometrical optics (GO) and uni-
form theory of diffraction (UTD) provide the primary tools
for modeling reflection, transmission, and diffraction in
large-scale scenes.

At the algorithmic level, we studied how to find valid propa-
gation paths in environments containing numerous objects
and potential interactions. This is a challenging combina-
torial problem, with a complexity that grows rapidly with
the number of surfaces and the interaction order. We dis-
cussed several approaches, including the image method,
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min-path-tracing (MPT), and variational methods based
on Fermat’s principle.

Finally, we transitioned from forward simulation to inverse
design using differentiable ray tracing. By computing both
channel values and their gradients, we can optimize geom-
etry, material parameters, and transceiver settings using
gradient-based methods.

8.1.2 What We Did Not Cover

Even with robust models such as GO and UTD, real envi-
ronments remain more complex than our usual assump-
tions suggest. In practice, many scenes cannot be reduced
to smooth polygonal surfaces without losing important
physical effects.

Advanced scattering and facade details represent one im-
portant example. Specular reflection is a good approxi-
mation only when surface roughness is small compared
to the wavelength. At millimeter-wave and sub-terahertz
frequencies, this condition is often violated, and diffuse
scattering becomes increasingly important. Real facades
also feature windows, balconies, and recesses that can
significantly affect propagation. These details can create
directional reflections and interference patterns that are
not captured by simple flat-wall models. Better scatter-
ing models are needed to represent these effects without
making simulations prohibitively expensive.

Another major gap concerns point clouds versus meshes.
LiDAR and photogrammetry pipelines naturally produce
large point clouds, while most ray tracers expect triangular
meshes. Converting point clouds to clean meshes is compu-
tationally expensive and can eliminate sharp edges critical
for diffraction. Direct ray tracing on point clouds is pos-
sible, but it remains an active research topic, particularly
for large outdoor scenes.

Vegetation modeling was also only touched upon indi-
rectly. Trees and shrubs possess complex geometries, and
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their leaves and branches often have dimensions compa-
rable to the wavelength at high frequencies. As a result,
foliage behaves like a volumetric scattering medium rather
than a collection of simple surfaces. Wind also renders the
channel time-varying, producing significant amplitude and
phase fluctuations.

8.2 Limitations and Future
Directions

Before closing, it is important to acknowledge that the
methods presented in this book possess practical limita-
tions. Many open problems and active research directions
remain in radio propagation modeling, including several
directly related to the work presented here.

8.2.1 Open Problems

A key practical limitation lies not only in how precise a
solver is in theory, but also in how reliable the input data are
in practice. Research often pushes ray tracing toward more
complete physical models. Examples include near-field ef-
fects for large arrays, additional diffraction mechanisms,
and interactions with reconfigurable intelligent surface
(RIS). While these extensions are valuable and scientifi-
cally significant, they also increase computational cost and
implementation complexity.

In real deployments, however, geometric and material dis-
crepancies often dominate the error budget. Small errors in
building positions can move reflection points significantly,
and uncertain material parameters can alter the predicted
overall channel gain by several decibels. Such uncertain-
ties can outweigh the benefits of extremely high-order
asymptotic corrections.

This leads to a core open problem: how to align model
complexity with input-data quality. When geometry and
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materials are uncertain, extremely high interaction orders
may offer little practical benefit. In many industrial work-
flows, resources are better spent on calibration, robust
parameter estimation, and higher-quality environmental
data than on increasingly complex high-order models.

8.2.2 Future Research Directions

Hardware acceleration is already changing what is practi-
cal in ray tracing.Modern graphics processing units (GPUs)
render large-scale simulations much faster than before and
reshape algorithmic priorities.

Modern GPUs offer massive parallelism and dedicated ray-
intersection hardware. At the same time, just-in-time (JIT)-
compiled frameworks such as JAX, PyTorch, and Tensor-
Flow make this hardware more accessible from high-level
programming environments. This combination enables
highly accelerated simulations for scenes that were previ-
ously too expensive to evaluate regularly.

These performance gains also prompt a reassessment of
dynamic ray tracing methods. Many classic dynamic tech-
niques were designed to avoid recomputing paths from
scratch. On GPUs, however, regular and massively parallel
workloads are often more efficient than complex state-
ful updates with branch-heavy logic. In certain regimes,
full recomputation may therefore prove both simpler and
faster.

While machine learning surrogates are promising, com-
pletely replacing physics-based ray tracing remains chal-
lenging. Radio channels are highly sensitive to position
and frequency, and even small displacements or frequency
shifts can produce large fading variations. Consequently,
purely data-drivenmodelsmay struggle to generalize across
scenes and frequency bands. A more pragmatic approach
is therefore to combine learned components with physics-
based solvers, rather than treating them as mutually ex-
clusive alternatives.
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Ultimately, the primary opportunity lies in pairing robust
physical models with modern hardware and differentiable
optimization.

8.3 Closing Remarks

In conclusion, practical radio propagation modeling re-
quires both physical rigor and engineering pragmatism.
High-frequency asymptotic models, efficient path solvers,
and differentiable optimization now form a coherent tool-
box for many tasks, provided that we remain explicit about
the uncertainties in geometry, materials, and measure-
ments.

Progress in this field will likely stem from higher-quality
data, improved calibration, and closer integration of physics-
based and learning-based components, rather than from
isolated advancements in a single layer of the pipeline.

Further Readings

To supplement the material covered in this book, readers
are encouraged to explore the following resources:

▶ Antennas and Propagation for Wireless Communica-
tion Systems by Saunders and Aragón-Zavala [2], for
a comprehensive introduction to the physics of radio
propagation and antenna theory.

▶ Introduction to the Uniform Geometrical Theory of
Diffraction by McNamara, Pistorius, and Malherbe
[41], for everything one needs to know about GO
and UTD.

▶ Sionna RT: Technical Report by Aoudia et al. [70], for
a shorter, practical introduction to ray tracing for
radio propagation modeling.
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Getting Started with
Path Tracing: Tutorial A

This appendix provides a step-by-step tutorial on perform-
ing (differentiable) path tracing based on the advanced
path tracing tutorial available in the documentation of
the DiffeRT Python library [38]. It explores the library’s [38]: Eertmans et al.

(2025), Demonstrating
DiffeRT: An Open-Source
Library for Optimizing
Radio Networks with
Differentiable Ray Tracing

lower-level API and the underlying logic used to perform
exact path tracing. We first focus on the image method in
a simple scene, then illustrate scaling limits and pruning
mechanisms in larger environments, and finally present
ray launching as an alternative strategy. Notation and
terminology follow Chapter 3 and Chapter 5. The differ-
entiability aspects of the implementation are not covered
here, as they are automatically handled by the library’s
use of JAX as the underlying computational framework.
For more details on the differentiable components, readers
are encouraged to consult the library’s documentation and
source code.

A.1 Example on a Simple Scene

Before diving into a complex scene, it is helpful to use a
very simple setup to understand the fundamental steps of
path tracing.

Note that the high-level TriangleScene.compute_paths
method implicitly handles all the logic presented in this
section, as well as the optimizations and post-processing
steps omitted here for clarity.

A.1.1 Scene Loading and Setup

The first step is to define the propagation environment.
In modern ray tracers, this is typically done by loading a
mesh file (e.g., .obj or .ply) that represents the physical
geometry, such as buildings or terrain. Listing A.1 shows
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# Very simple scene with two buildings

mesh_file = DIR / "two_buildings.obj"

mesh = TriangleMesh.load_obj(str(mesh_file))

tx = jnp.array([0.0, 4.9352, 22.0])

rx = jnp.array([0.0, 10.034, 1.50])

Listing A.1: Loading a
simple scene in DiffeRT.

Figure A.1: Simple scene
with two buildings, a TX,
and an RX.

how to load a simple scene with two buildings and define
the transmitter and receiver positions. The mesh is loaded
into a TriangleMesh structure, which contains vertices
and face indices:

1. This structure can also define sub-meshes to group
primitives (e.g., walls and ground), radio materials,
and face colors.

2. The positions of the transmitter (𝐱TX) and receiver
(𝐱RX) are defined as coordinates in ℝ3. The antenna
properties are not relevant for path tracing, so they
are not considered here.

For more advanced scenarios, DiffeRT also supports load-
ing scenes from the Mitsuba3 XML [111]

[111]: Jakob et al. (2022),
Mitsuba 3 renderer

format, as used
by Sionna RT [37]

[37]: Hoydis et al. (2023),
Sionna RT: Differentiable
Ray Tracing for Radio
Propagation Modeling.
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A.1.2 HowWe Trace Rays: The Graph
Analogy

Ray tracing can be implemented in many ways, depending
on the desired performance, required accuracy, and geom-
etry representation. Here, we implement exhaustive (or
exact) ray tracing by generating all possible paths from
TX to RX that undergo up to a maximum number of inter-
actions (e.g., reflections) with the environment.

As first discussed in Chapter 3, one way to frame this is
to represent the problem as a graph. The goal is to find
paths from the TX node to the RX node, possibly visiting
intermediate nodes corresponding to specific primitives
(triangles) in the scene. A graph algorithm thus generates
a list of path candidates. A candidate is not a physical path
with 3D coordinates, but rather an ordered list of inter-
actions to visit. A deeper discussion of how to generate
candidates is provided in Appendix B.

It is then the role of a path tracing method (e.g., the image
method) to determine the exact coordinates of that path.
For the formal definition of path candidates and exact-
coordinate recovery, see Chapter 3.

A.1.3 Solving for Path Vertices using the
Image Method

For each generated path candidate, we must calculate the
exact coordinates of the reflection points. The mathemati-
cal derivation of the image method (forward image con-
struction and backward intersection pass) is detailed in
Chapter 3; here we only show the corresponding imple-
mentation.

If we manually select a subset of triangles (e.g., from the
red surface and the green surface), we can trace paths of
increasing order (e.g., TX → RX, TX → red → RX, TX →
red → green → RX).
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Listing A.2: Manual path tracing with the image method for orders 0, 1, and 2.

select = [

8, # Red

9, # Red

22, # Green

23, # Green

] # In practice, you will never hard-code the indices yourself

vertices = mesh.vertices

triangles = mesh.triangles[select, :]

select = jnp.array(

select[::2],

dtype=int,

) # We actually only need one triangle per plane, so [8, 22]

# Iterate through path candidates

# ┌> order 0

# | ┌> order 1

# | | ┌> order 2

for path_candidate in [select[:0], select[:1], select[:2]]:

# 1 - Prepare input arrays

mirror_vertices = mesh.vertices[

mesh.triangles[path_candidate, 0], :

]

mirror_normals = mesh.normals[path_candidate, :]

# 2 - Trace paths

path = image_method(tx, rx, mirror_vertices, mirror_normals)

# 3 - ??

# 4 - Obtain final valid paths

full_path = jnp.concatenate(

(

tx[None, :],

path,

rx[None, :],

),

)
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Figure A.2: Paths traced
with the Image Method
for order 0 (line-of-sight),
order 1, and order 2.

A.1.4 Generating All Path Candidates

Manually identifying surfaces and generating all possible
path candidates rapidly becomes tedious as the number of
surfaces or the path order increases. For this purpose, Dif-
feRT provides generate_all_path_candidates. Writ-
ten in Rust for performance, this function can generate
millions of path candidates per second for a fixed maxi-
mum reflection order 𝐾. See Section 3.1.4 for a complexity
discussion and Section 5.2 for the image-tree perspective.
In the simplified case of specular reflections, a path can-
didate can be formally defined as a sequence of triangle
(also referred to as primitive) indices

𝐈 = [𝑝1, 𝑝2, … , 𝑝𝑘, … , 𝑝𝐾] , (A.1)

where 𝐾 is the path order (number of interactions) and 𝑝𝑘 is
the index of the primitive involved in the 𝑘-th interaction.
The aforementioned function generates all possible combi-
nations of primitives for a fixed path order, excluding path
candidates with two consecutive identical primitives (as
reflecting twice off the same flat surface is not possible),
resulting in a comprehensive list of path candidates that
can be further processed to determine their validity and
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physical parameters.

For more details on generating candidates, refer to Ap-
pendix B.

A.1.5 Path Validation

Generating all possible candidates has onemajor side effect
that we already discussed: many paths will be invalid (e.g.,
they might pass through a building or miss the mirror
entirely). Furthermore, because the image method assumes
infinite planes for its calculations, we must validate our
paths against a series of geometric checks, consistent with
Section 3.1.4.

After computing the exact coordinates of the reflection
points for each candidate, we apply a series of checks to
filter out invalid paths:

1. A finite triangle check verifies that each computed
reflection point lies within the boundaries of its cor-
responding finite triangle.

2. An interaction order check ensures that all interac-
tions respect the physical laws of reflection (e.g.,
incident and reflected rays must hit the same side of
the mirror).

3. An occlusion check (ray–triangle intersection) detects
line-of-sight obstructions. Even if a reflection point
is valid, the ray traversing the scene must not be
blocked by any other object.

As mentioned earlier, running this manually is cumber-
some. However, we can accomplish all of this with a sin-
gle call to TriangleScene.compute_paths, as shown in
Listing A.4.
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Listing A.3-I: All ray tracing steps assembled: candidate generation, geometry inputs, and path
computation.

# [num_triangles 3 3]

all_triangle_vertices = mesh.triangle_vertices

num_triangles = mesh.num_triangles

for order in range(5):

# 1 - Prepare input arrays

# [num_path_candidates order]

path_candidates = generate_all_path_candidates(

num_triangles, order

)

num_path_candidates = path_candidates.shape[0]

# [num_path_candidates order 3]

triangles = jnp.take(mesh.triangles, path_candidates, axis=0)

# [num_path_candidates order 3 3]

triangle_vertices = jnp.take(mesh.vertices, triangles, axis=0)

# [num_path_candidates order 3]

mirror_vertices = triangle_vertices[

...,

0, # Only one vertex per triangle is needed

:,

]

# [num_path_candidates order 3]

mirror_normals = jnp.take(

mesh.normals, path_candidates, axis=0

)

# 2 - Trace paths

# [num_path_candidates order 3]

paths = image_method(tx, rx, mirror_vertices, mirror_normals)
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Listing A.3-II: All ray tracing steps assembled (continued): first validity check.

# 3 - Remove invalid paths

# 3.1 - Remove paths with vertices outside triangles

# [num_path_candidates order]

mask = triangles_contain_vertices_assuming_inside_same_plane(

triangle_vertices,

paths,

)

# [num_path_candidates]

mask = jnp.all(mask, axis=-1)

# [num_paths_inter order+2 3]

full_paths = assemble_paths(

tx,

paths[mask, ...],

rx,

)

Figure A.3: Validated paths after applying boundary, interaction-side, and occlusion checks.
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ListingA.3-III:All ray tracing steps assembled (continued): occlusion filtering and final path extraction.

# 3.2 - Remove paths with vertices not on the same side

# [num_paths_inter order]

mask = consecutive_vertices_are_on_same_side_of_mirrors(

full_paths,

mirror_vertices[mask, ...],

mirror_normals[mask, ...],

)

# [num_paths_inter]

mask = jnp.all(

mask, axis=-1

) # We will actually remove them later

# 3.3 - Remove paths that are obstructed by other objects

# [num_paths_inter order+1 3]

ray_origins = full_paths[..., :-1, :]

# [num_paths_inter order+1 3]

ray_directions = jnp.diff(full_paths, axis=-2)

# [num_paths_inter order+1 num_triangles]

t, hit = rays_intersect_triangles(

ray_origins[..., None, :],

ray_directions[..., None, :],

all_triangle_vertices[None, None, ...],

)

# In theory, we could do t < 1.0

# (because t == 1.0 means we are perfectly on a surface),

# but numerical errors require us to use some tolerance

tol = 1e-4

# [num_paths_inter order+1 num_triangles]

intersect = (t < (1.0 - tol)) & hit

# [num_paths_inter]

intersect = jnp.any(intersect, axis=(-1, -2))

# [num_paths_inter]

mask = mask & ~intersect

# 4 - Obtain final valid paths and plot

# [num_paths_final]

full_paths = full_paths[mask, ...]
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scene = TriangleScene(

mesh=mesh,

transmitters=tx,

receivers=rx,

)

paths = scene.compute_paths(

order=...,

)

Listing A.4: Computing
ray paths with the high-
level API.

A.2 Scaling to Complex Scenes

While exact path tracingworks gracefully on simple scenes,
it scales poorly to environmentswithmillions of primitives—
like modern city models.

A.2.1 The Combinatorial Explosion

The function generate_all_path_candidates returns
an array of size 𝑁triangles × (𝑁triangles − 1)order−1 × order,
leading directly to the combinatorial bottleneck previously
discussed in Chapter 5. For instance, a modestly sized city
scene can quickly generate hundreds of millions of second-
order paths that require evaluation.

For large scenes, the size of the candidate array quickly ex-
ceeds the available memory. To address this issue, DiffeRT
offers an iterator variant called generate_all_path_-

candidates_chunks_iter that yields smaller arrays in
chunks. While this solves the memory exhaustion issue, it
does not reduce the massive computational load of tracing
and checking these paths. Therefore, we must attempt to
reduce the number of path candidates before generating
them.
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Figure A.4: Large urban
scene—Grand Place
of Brussels—used to
illustrate combinatorial
growth and pruning
strategies.

A.2.2 Assuming Quadrilaterals

In many cases, architectural scenes primarily consist of
quadrilaterals that have been trivially split into two trian-
gles. Configuring the library to assume quadrilaterals via
mesh.set_assume_quads(True) effectively halves the
number of individual primitives. Since the number of can-
didates scales with 𝑁triangles×(𝑁triangles−1)order−1, halving
the primitives reduces the total candidates by nearly a fac-
tor of 2order.

A summary of the number of path candidates for second-
order reflection paths and the effect of assuming quadrilat-
erals is provided below for the large urban scene shown
in Figure A.4.

# Number of primitives (triangles): 14 206

# Number of path candidates: 201 796 230

# Number of primitives (assume_quads=True): 7 103

# Number of path candidates: 50 445 506
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Listing A.5: Estimating triangle visibility from TX and recoloring the mesh.

tx = jnp.array([-40.0, 75, 30.0])

default_color = jnp.array([[0.2, 0.2, 0.2]]) # Hidden, black

visible_color = jnp.array([[1.0, 0.2, 0.2]]) # Visible, red

visible_triangles = triangles_visible_from_vertices(

tx,

mesh.triangle_vertices,

)

mesh = mesh.set_face_colors(default_color)

mesh = mesh.set_face_colors(

mesh.face_colors.at[visible_triangles].set(visible_color)

)

A.2.3 Determining Transmitter Visibility
for Graph Pruning

A highly effective way to prune path candidates is to rec-
ognize that the transmitter (or receiver) cannot physically
reach all objects in the scene. By assessing which triangles
are visible from TX using triangles_visible_from_-

vertices, we can construct a visibility vector, shrinking
the pool of potential target nodes in the graph. This corre-
sponds to the visibility preprocessing strategy of Chapter
5.

The percentage of visible triangles can be quite low in
dense urban scenes, leading to a dramatic reduction in
path candidates. Example numbers for the large urban
scene are provided below.

# Percentage of visible triangles: 17.72%

# Percentage of visible quadrilaterals: 26.81%

# Number of path candidates: 13 522 208

Moreover, if the geometry is static, we can precompute
the visibility vector of every triangle to every other trian-
gle, constructing a massive adjacency (visibility) matrix.
Instead of using a CompleteGraph, this matrix allows us
to instantiate a DiGraph representation (see Appendix B
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Figure A.5: Triangles vis-
ible from TX (red) versus
hidden triangles (dark)
for the large scene.

for more details). By explicitly disconnecting mutually
invisible primitives within the topological graph, we dra-
matically prune the theoretical path candidates, preventing
wasted computations on segments that are physically ob-
structed. However, this approach becomes infeasible for
very large scenes due to the quadratic growth of the ad-
jacency matrix size with the number of primitives, and
because the precomputed visibility, which relies on ray
casting, may not be exact.

A.3 An Alternative: Ray Launching

Eventually, any exact method, even heavily pruned, en-
counters a practical limit. Highly dense scenes or requests
for high-order interactions will cause the sheer number
of path candidates to overwhelm optimizations. In these
scenarios, ray launching methods, such as SBR, serve as a
viable alternative (see also the inexact methods overview
in Chapter 3).

Unlike exact graph-based methods, SBR launches a fixed,
manageable number of mathematical rays radially out-
ward from TX. These rays traverse the environment and
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Listing A.6-I: Simplified SBR implementation: setup and ray launch parameters.

num_rays = int(1e6)

max_dist = 0.5**2 # Squared distance (to avoid sqrt)

max_order = 2

# [num_path_candidates order 3]

frustum = viewing_frustum(

tx, triangle_vertices.reshape(-1, 3)

) # This avoids launching rays where there are no objects

# [num_rays 3]

ray_origins = jnp.broadcast_to(tx, (num_rays, 3))

ray_directions = fibonacci_lattice(num_rays, frustum=frustum)

undergo a constrained number of reflections off consecu-
tive surfaces. Before each reflection event, the trajectory
is scanned to determine whether it passes within an ac-
ceptable radius of the receiver (RX). If so, the sequence of
reflections is harvested and implicitly formulated as a path,
often followed by a localized final “correction” to align the
endpoint strictly with RX. To avoid casting rays in direc-
tions that are unlikely to yield valid paths, launching can
be guided by a coarse visibility analysis or by importance
sampling based on the antenna pattern. Here, the rays
are launched within the boundaries of the scene, as deter-
mined by the viewing frustum of the transmitter. Listing
A.6 shows a simplified implementation. For efficient loop-
ing, the implementation relies on JAX’s jax.lax.scan
function.

Because path candidates are never explicitly generated
beforehand, SBR smoothly bypasses the combinatorial ex-
plosion. The computational cost roughly scales with the
chosen resolution of launched rays instead of strictly with
the mesh fidelity. Within DiffeRT, this behavior can be na-
tively invoked by providing method='sbr' when calling
TriangleScene.compute_paths.
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Listing A.6-II: Simplified SBR implementation (continued): computing the next bounce (scan function).

def scan_fun(ray_origins_directions_and_valids, _unused_input):

# Unpack values from previous iteration

ray_origins, ray_directions, valid_rays = (

ray_origins_directions_and_valids

)

# 1 - Compute next intersection with triangles

# [num_rays]

triangles, t_hit = first_triangles_hit_by_rays(

ray_origins,

ray_directions,

triangle_vertices,

)

# The above may generate infinite values,

# so we will need to be careful with those

Listing A.6-III: Simplified SBR implementation (continued): detecting intersections with reception
sphere (scan function).

# 2 - Check if the rays pass near RX

# [num_rays 3]

ray_origins_to_rx = rx - ray_origins

# [num_rays]

# note: the fact that ray directions have unit length

# allows for some simplifications.

ray_distances_to_rx = jnp.square(

jnp.cross(ray_directions, ray_origins_to_rx)

).sum(axis=-1) # Squared distance from rays to RX

# Distance (scaled by ray directions) from

# RX projected onto rays to ray origins

t_rx = jnp.sum(ray_directions * ray_origins_to_rx, axis=-1)

masks = jnp.where(

(t_rx < t_hit) & (t_rx > 0) & valid_rays,

# Check if RX is between origin and first triangle hit

ray_distances_to_rx

< max_dist, # Check if RX is close enough

False,

) # Whether rays pass near RX
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Listing A.6-IV: Simplified SBR implementation (continued): reflecting rays (scan function).

# 3 - Update rays

# [num_rays 3]

mirror_normals = jnp.take(mesh.normals, triangles, axis=0)

ray_origins += t_hit[..., None] * ray_directions

ray_directions = (

ray_directions

- 2.0

* jnp.sum(

ray_directions * mirror_normals, axis=-1, keepdims=True

)

* mirror_normals

)

# We mark rays that left the scene

# i.e., when they no longer hit any object (t_hit is +inf.)

valid_rays = valid_rays & jnp.isfinite(t_hit)

return (ray_origins, ray_directions, valid_rays), (

ray_origins,

masks,

)
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Listing A.6-V: Simplified SBR implementation (continued): scan execution and path assembly.

# We mark rays that left the scene as invalid

valid_rays = jnp.ones(num_rays, dtype=bool)

# [max_order+1 num_rays 3], [max_order+1 num_rays]

_, (paths, masks) = jax.lax.scan(

scan_fun,

(ray_origins, ray_directions, valid_rays),

length=max_order + 1,

)

# We swap 'max_order' and 'num_rays' axes

# [num_rays max_order+1 3], [num_rays max_order+1]

paths = jnp.moveaxis(paths, 0, 1)

masks = jnp.moveaxis(masks, 0, 1)

for order in range(max_order + 1):

full_paths = assemble_paths(

tx,

# [num_valid_rays order 3]

paths[masks[..., order], :order, :],

rx,

)
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Figure A.6: Up to second-order reflection paths found with the SBR method that pass near RX in the
large urban scene. Note that the double-counting problem is not addressed here, and duplicate paths
are not removed.
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A.4 Summary

This tutorial demonstrates, in executable form, the work-
flow discussed in Chapter 3 and Chapter 5: candidate gen-
eration, exact-coordinate recovery, validation, pruning,
and an inexact alternative via SBR. Ultimately, the Dif-
feRT pipeline abstracts these low-level routines to produce
validated geometric trajectories, which parameterize the
computation of channel impulse responses, delays, and
signal power. For further insight and fully reproducible
notebooks, readers are invited to consult the library’s on-
line documentation.



Generating Path
Candidates B

As discussed in Chapter 3 and Appendix A, determinis-
tic (exact) ray tracing can be decomposed into two tasks:
generating path candidates and then solving for the exact
coordinates of each candidate. As a reminder, a path can-
didate is an ordered interaction sequence between a TX
and an RX; geometric validity is verified only afterward
(see Section 3.1.4).

To optimize this computationally intensive process, mod-
ern differentiable ray tracers such as DiffeRT and Sionna RT
usually partition it into two stages:

1. Candidate generation, to identify ordered sequences
of primitives (e.g., triangles) that a ray could poten-
tially traverse.

2. Path tracing, to compute the exact coordinate path
for each sequence.

This appendix focuses only on the first stage: path can-
didate generation. In this formulation, listing candidates
is equivalent to enumerating paths in a directed graph
that connects scene objects with the TX and RX nodes, as
illustrated in Figure 3.10 in Chapter 3.

B.1 Scene with Known Visibility

Let us consider again the simple 2D scene in Figure B.1.
In preprocessed environments or simplified geometries,
visibility between objects may be known or trivially com-
puted.

This visibility is encoded as an adjacency matrix (visibility
matrix), consistent with what we saw in Chapter 5. A value
of one indicates an unobstructed line-of-sight between two
graph nodes.
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TX

RX

𝑒1 𝑠1 𝑒2

𝑠2

𝑒3

𝑠3

𝑒4 𝑠4 𝑒5

𝑠5

𝑒6

𝑠 6

Figure B.1: 2D scenario
with triangular-shaped
objects on which reflec-
tion or diffraction can
occur, repeated here
for convenience from
Figure 5.6. Surfaces are
colored black and edges
are colored red.

TX 𝑠1 𝑠2 𝑠3 𝑠4 𝑠5 𝑠6 𝑒1 𝑒2 𝑒3 𝑒4 𝑒5 𝑒6 RX

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

TX 1 1 1 1 1 1 1
𝑠1 𝟏 𝟏
𝑠2 𝟏 𝟏 𝟏 1
𝑠3𝑠4𝑠5𝑠6 𝟏 𝟏 𝟏 𝟏 𝟏 1
𝑒1 1 1
𝑒2 1 1 1 1
𝑒3 1 1 1 1
𝑒4 1 1 1 1 1 1
𝑒5𝑒6 1 1 1 1
RX

Figure B.2: Adjacency
matrix, 𝒢, generated from
the scenario illustrated in
Figure B.1, repeated here
for convenience from Fig-
ure 5.8. Each row of this
14 × 14 matrix refers to
the visible objects as seen
from the corresponding
object. For readability, ze-
ros are omitted. The black
coefficients indicate a pos-
sible reflection, while the
red ones indicate diffrac-
tion.

If we omit the endpoint nodes (TX and RX), the matrix
becomes symmetric because pairwise line-of-sight visibil-
ity is bidirectional. Endpoint-specific visibility maps are
shown in Figure B.3.

Using a directed graph (DiGraph in DiffeRT’s core library),
we build the interaction graph from this adjacency matrix
and enumerate candidates between the TX and the RX.
Because the matrix is sparse, the candidate set is typically
much smaller than in a complete-graph model.

The output from Listing B.2 is shown in Listing B.3.
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TX

RX

𝑒1 𝑠1 𝑒2

𝑠2

𝑒3

𝑠3

𝑒4 𝑠4 𝑒5

𝑠5

𝑒6

𝑠 6

(a) Objects visible from TX.

TX

RX

𝑒1 𝑠1 𝑒2

𝑠2

𝑒3

𝑠3

𝑒4 𝑠4 𝑒5

𝑠5

𝑒6

𝑠 6

(b) Objects visible from RX.

Figure B.3: Example 2D visibility for the transmitter (TX) and receiver (RX), repeated here for conve-
nience from Figure 5.7. Objects are faded if they are not visible from the corresponding node.

Listing B.1: Constructing a directed graph from a known visibility matrix.

adjacency_matrix = np.array(

[

[0, 1, 0, 0, 0, 0, 1, 1, 1, 0, 1, 0, 1, 1],

[0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 1, 0, 0, 0],

[0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 1, 0, 1, 1],

[0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0],

[0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0],

[0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0],

[0, 1, 1, 0, 0, 0, 0, 1, 1, 1, 0, 0, 0, 1],

[0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 1, 0, 0, 0],

[0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 1, 0, 1, 1],

[0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 1, 0, 1, 1],

[0, 1, 1, 0, 0, 0, 0, 1, 1, 1, 0, 0, 0, 1],

[0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0],

[0, 0, 1, 0, 0, 0, 0, 0, 1, 1, 0, 0, 0, 1],

[0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0],

],

).astype(bool)

# We can test that our adjacency matrix, without TX and RX,

# is indeed symmetric

sub_adjacency_matrix = adjacency_matrix[1:-1, 1:-1]

assert np.all(sub_adjacency_matrix == sub_adjacency_matrix.T)

di_graph = DiGraph.from_adjacency_matrix(adjacency_matrix)
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from_ = 0 # TX

to = 13 # RX

for i, path in enumerate(

di_graph.all_paths(from_, to, depth=4)

):

print(f"#{i + 1:03d}: {path}")

Listing B.2: Enumerat-
ing known-visibility path
candidates with DiGraph.

#001: [ 0 1 6 13]

#002: [ 0 1 10 13]

#003: [ 0 6 2 13]

#004: [ 0 6 8 13]

#005: [ 0 6 9 13]

#006: [ 0 7 6 13]

#007: [ 0 7 10 13]

#008: [ 0 8 6 13]

#009: [ 0 8 10 13]

#010: [ 0 8 12 13]

#011: [ 0 10 2 13]

#012: [ 0 10 8 13]

#013: [ 0 10 9 13]

#014: [ 0 12 2 13]

#015: [ 0 12 8 13]

#016: [ 0 12 9 13]

Listing B.3: Output from
Listing B.2.

B.2 Scene with Unknown Visibility

In many practical scenarios, exact visibility preprocessing
is costly, especially in dense 3D environments (see Chapter
5).

Consequently, one may assume that every object can con-
nect to every other object, i.e., a complete graph. This is
a worst-case candidate generator: it is simple and highly
parallel, but it deliberately over-generates candidates that
must later be rejected by geometric validity checks (Section
3.1.4).

DiffeRT adopts this approach through the CompleteGraph
class, which generates path indices an order of magnitude
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faster than an equivalent DiGraph. However, when mod-
eling the TX and the RX, we generally do not want these
terminal nodes to appear multiple times in a path: TX
should only originate paths, and no node should connect
back to TX. Similarly, RX should only terminate paths. To
model this behavior with CompleteGraph, one must:

1. Initialize a complete graph strictly without the TX
and the RX nodes.

2. Generate path permutations programmatically (via
all_paths), specifying that the respective start and
terminal indices (from_ and to) fall outside the graph’s
core logic.

Because the implementation is optimized for complete
graphs, it assumes that from_ is connected to all nodes in
the graph, and symmetrically, that any node can connect
to to.

complete_graph = CompleteGraph(

12 # number of objects

)

from_ = 12 # Can be anything >= 12

to = 13 # Can be anything >= 12 and != from_

for i, path in enumerate(

complete_graph.all_paths(from_, to, depth=4)

):

print(f"#{i + 1:03d}: {path}")

Listing B.4: Gen-
erating paths using
CompleteGraph under
unknown visibility
assumptions.

The (truncated) output from Listing B.4 is shown in Listing
B.5. Note that the candidate set is much larger than in the
DiGraph case (132 candidates vs. 16).
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#001: [12 0 1 13]

#002: [12 0 2 13]

#003: [12 0 3 13]

#004: [12 0 4 13]

#005: [12 0 5 13]

#006: [12 0 6 13]

#007: [12 0 7 13]

#008: [12 0 8 13]

#009: [12 0 9 13]

#010: [12 0 10 13]

#011: [12 0 11 13]

#012: [12 1 0 13]

% ... 108 intermediate paths omitted ...

#121: [12 10 11 13]

#122: [12 11 0 13]

#123: [12 11 1 13]

#124: [12 11 2 13]

#125: [12 11 3 13]

#126: [12 11 4 13]

#127: [12 11 5 13]

#128: [12 11 6 13]

#129: [12 11 7 13]

#130: [12 11 8 13]

#131: [12 11 9 13]

#132: [12 11 10 13]

Listing B.5: Output from
Listing B.4.

B.3 Beware of the Number of Path
Candidates

The dominant limitation is combinatorial growth (Section
3.1.4, Section 5.2): the number of path candidates increases
exponentially with the interaction order 𝐾.

For the complete-graph setting used here (with the TX and
the RX handled as endpoints outside the core graph), the
number of candidates for a fixed interaction order 𝐾 is

𝑁 × (𝑁 − 1)𝐾−1, (B.1)

where 𝑁 is the number of scene objects in the complete
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graph. This fixed-order term is consistent with the growth
discussed in Section 3.1.4.

This induces the same trade-off emphasized in Chapter 5:
a DiGraph with visibility pruning reduces the candidate
count, while a CompleteGraph avoids preprocessing but
incurs larger combinatorial growth.

Because full CompleteGraph implementations demand
substantial memory allocations for higher interaction or-
ders, tracing algorithms must either estimate a filtered
visibility matrix—even if imperfect compared to mathemat-
ically exact ray tracing—or explicitlymanagememory by it-
erating over candidate branches in smaller chunks. DiffeRT
facilitates this through specialized block-processing meth-
ods (e.g., *chunks_iter methods in differt_core.rt),
allowing continuous generationwithout catastrophicmem-
ory overflow.

Finally, to illustrate this scaling divergence, we compare
the number of candidate paths produced by the directed
graph (with exact visibility) and the complete graph across
increasing depths.

Listing B.6: Comparing candidate counts between DiGraph and CompleteGraph.

for depth in [2, 3, 4, 5, 6, 7]:

num_paths_di_graph = sum(

1 for _ in di_graph.all_paths(0, 13, depth=depth)

)

num_paths_complete_graph = len(

complete_graph.all_paths(12, 13, depth=depth)

)

print(

f"{depth = }: {num_paths_di_graph:6d} (DiGraph) "

f"vs {num_paths_complete_graph:6d} (CompleteGraph)",

)

The output of Listing B.6 is shown in Listing B.7, demon-
strating the exponential growth difference between the
two graph models as depth increases.
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Listing B.7: Output of Listing B.6.

depth = 2: 1 (DiGraph) vs 1 (CompleteGraph)

depth = 3: 4 (DiGraph) vs 12 (CompleteGraph)

depth = 4: 16 (DiGraph) vs 132 (CompleteGraph)

depth = 5: 56 (DiGraph) vs 1452 (CompleteGraph)

depth = 6: 192 (DiGraph) vs 15972 (CompleteGraph)

depth = 7: 680 (DiGraph) vs 175692 (CompleteGraph)
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Nomenclature

The following list describes several symbols that are commonly used within the
body of the document.

Physics constants

𝑐 Speed of light in a vacuum 299 792 458ms−1

𝜖0 Vacuum permittivity 8.854 187 818 8 × 10−12 Fm−1

𝜇0 Vacuum permeability 4𝜋 × 10−7Hm−1

𝑍 Intrinsic impedance of a medium Ω

𝑍0 Free-space impedance 376.730 313 412Ω

Notation

𝑎, 𝐴 Scalar quantity italic lowercase or uppercase letter

𝒂 Vector quantity bold-italic lowercase letter

𝑨 Matrix or tensor quantity bold-italic uppercase letter

𝐚, 𝐀 2- or 3-dimensional vector bold lowercase or uppercase letter

𝐧̂ Normal vector bold lowercase letter with hat

𝐑 Polarization dyadic (2 × 2 matrix) bold uppercase letter with underline

𝑎𝑖 𝑖-th scalar component of vector 𝒂

𝒂𝑖 𝑖-th vector component of matrix 𝑨

𝒂𝑖,𝑗 Indexed (row then column) scalar component of matrix 𝑨

𝑎∗ Complex conjugate (and transpose for matrices)

𝑎⋆ Solution to an optimization problem

𝜽(𝑖) Vector of (model) parameters at iteration 𝑖
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̄𝑥 Average or mean value of 𝑥

⋅ Vector dot product

× Vector cross product

∇ Vector differential operator

∇⋅ Divergence operator

∇× Curl operator

∇2 Laplacian operator

∇∇ Hessian matrix operator

𝜕 Partial derivative operator

𝑨𝒃 Matrix-vector product

𝑨𝑩 Matrix-matrix product

𝒪 Big O notation for algorithmic complexity

Special symbols

𝑗 Imaginary unit

Re Real part of a complex number

Im Imaginary part of a complex number

𝑓 Frequency Hz

𝜏 Delay s

𝜔 Angular frequency rad s−1

𝜃 Polar angle, 𝜃 ∈ [0, 𝜋], measured from the local z-axis rad

𝜑 Azimuthal angle, 𝜑 ∈ [0, 2𝜋], measured from the local x-axis rad

𝜎 Surface conductivity S

𝜌𝑣 Electric volume charge density Cm−3
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𝜖 Permittivity Fm−1

𝜖𝑟 Relative Permittivity

𝑍 Intrinsic impedance Ω

𝑣 Phase velocity ms−1

𝜆 Wavelength m

𝑘 Wavenumber radm−1

𝑑𝑓 Fraunhofer distance m

𝐫 Position vector m

ℰ Electric field (time domain) Vm−1

𝐄 Electric field (phasor domain) Vm−1

𝐁 Magnetic flux density T

𝐇 Magnetic field strength Am−1

𝐃 Electric displacement field Cm−2

𝐉 Current density Am−2

𝐒 Poynting vector Wm−2

𝐫 Position vector m

Ψ Eikonal (phase) function m

𝐏 Point of observation m

𝐱𝑟 Point of reflection on a surface m

𝐱𝑒 Point of diffraction on an edge m

𝜌1,2 Principal radii of wavefront curvature m



Acronyms

AD automatic differentiation 150–155, 157, 158, 160, 161, 163, 167, 175, 200, 207
API application programming interface 200, 210, 279, 288

BDPT bidirectional path tracing 143
BFGS Broyden–Fletcher–Goldfarb–Shanno 202, 203, 205, 213
BVH bounding volume hierarchy 196–200, 213, 263

CA Carluccio & Albani 205–207
CGWA Contact Group on “Wavelets and Applications” ix
CIR channel impulse response 111, 144, 219, 220, 223, 235
CNN convolutional neural network 238
CO canyon-only 249, 250, 259, 260
COST European Cooperation in Science and Technology vii, ix
CPU central processing unit 44, 45, 160, 196, 205, 208, 262, 265, 271

DAG directed acyclic graph 151

EHF extra high frequency 6, 7, 141
EIRP effective isotropic radiated power 38
ER effective roughness 94
EuCAP European Conference on Antennas and Propagation ix, xi

FDTD finite-difference time-domain 39
FEM finite element method 39
FNRS Fonds de la Recherche Scientifique - FNRS ix

GD gradient descent 205, 206
GFlowNet generative flow network 241, 243, 244
GO geometrical optics xiii, 40, 50–53, 55, 57, 60, 61, 70, 71, 75–77, 82, 86, 94, 102,

104, 105, 225, 273, 274, 277
GPU graphics processing unit vi, xi, xv, 44–46, 133, 160, 196, 197, 199, 200, 202,

205, 206, 208, 210, 213, 229, 262, 265, 271, 276
GS Gaussian splatting 238
GTD geometrical theory of diffraction 32, 44, 68, 82, 84, 86, 89, 90, 93

HF high frequency 6, 7
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ICMLCN International Conference on Machine Learning for Communications
and Networking ix

IM image method 204, 206
INTERACT Intelligence-Enabling Radio Communications for Seamless Inclusive

Interactions vii, ix
ISB incident shadow boundary 77, 79, 83–85, 89, 92, 224

JIT just-in-time x, 46, 199–202, 210–213, 276, see just-in-time compilation
JVP Jacobian-vector product 151, 153, 158, 162

L-BFGS limited-memory BFGS 205–207
LF low frequency 6, 7

MC Monte Carlo 142, 143, 145
MF medium frequency 6, 7
MIMO multiple-input multiple-output 111, 219
MLM multipath lifetime map vi, xi, 192, 266–271
MLP multilayer perceptron 238, 244
MLT Metropolis light transport 143
MoM method of moments 39
MPT min-path-tracing vi, xi, 121, 122, 124–127, 129, 134, 145, 147, 180, 204, 274

NDRC National Defense Research Committee 42
NeRF neural radiance field 238

OG optional ground 249, 250, 260
OSM OpenStreetMap 178

PEC perfect electrical conductor 73, 80, 81, 87
PO physical optics 44, 60, 61, 104, 105

RF radio frequency 238
RIS reconfigurable intelligent surface 33, 34, 99–104, 109, 113, 114, 122, 127,

148–150, 238, 275
RSB reflected shadow boundary 77, 79, 83–86, 89, 92, 224
RX receiver 41, 110, 112, 119–123, 126, 134, 173, 174, 178, 183, 186, 187, 189–191,

219, 221, 223, 230, 242–245, 249, 252–254, 257, 258, 266, 280, 281, 292, 296,
298–300, 302, 303

SAL Silicon Austria Labs ix
SBR shooting and bouncing rays 44, 45, 137–145, 168, 267, 268, 291–297
SHF super high frequency 6, 7, 141
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SINR signal-to-interference-plus-noise ratio 223, 225, 228
SISO single-input single-output 219
SOCP second-order cone program 205, 208, 213
SOFAR sound fixing and ranging 42

TE transverse electric 80, 97, 106
TEM transverse electromagnetic 12, 48
TM transverse magnetic 80, 97, 106
TPU tensor processing unit 160
TX transmitter 41, 110, 112, 119–123, 126, 134, 178, 183, 186, 187, 189–191, 216,

219, 242–245, 249, 252–254, 257, 258, 266, 269, 270, 280, 281, 290, 291, 298–300,
302, 303

UHF ultra high frequency 6, 7
UTD uniform theory of diffraction xiv, 32, 40, 44, 61, 68, 77, 86, 89, 91–93, 114,

225, 273, 274, 277

V2X vehicle-to-everything 190, 231
VHF very high frequency 6, 7
VJP vector-Jacobian product 151, 156, 158, 162
VLF very low frequency 6, 7
VPL vertical plane launching 140, 145

WRF wireless radiation field 238
WS whole scene 250, 259–261

XLA Accelerated Linear Algebra 160, 161, 199, 201, 210, 211
XPD cross-polarization discrimination 98



Glossary

far field is the region far from an antenna, where the electromagnetic field be-
haves as a simple radiating wave and the wavefronts can be approximated
as locally planar 12, 19, 20, 58, 61–64

free space refers to a perfect vacuum, but in practice is often used to refer to air
as they have similar electromagnetic properties at radio frequencies 2, 5, 6,
9, 12, 13, 17–19, 22, 23, 33–35, 38, 39, 61, 102, 106, 108–110, 130

geodesy is the science of measuring and understanding the Earth’s geometric
shape, orientation in space, and gravity field 41

just-in-time compilation is the process of compiling code upon its first execu-
tion, in order to generate optimized machine code for subsequent executions
324

line-of-sight is the region where a direct path exists between the transmitter
and receiver, without any obstacles in between 3, 22, 27, 34, 35, 134, 138, 173,
175, 188, 215–217, 220–224, 229, 230, 235, 242, 267, 269, 283, 284, 298, 299

near field is the region close to an antenna, where the electromagnetic field does
not behave as a simple radiating wave and is dominated by reactive fields
12, 18, 61, 275

rasterization is the process of converting vector graphics into a raster image
(pixels or dots), usually for output on a video display or printer 44

shadow region is a spatial region where a signal, whether direct or indirect,
emitted from a source is blocked by an obstacle 27, 29, 42, 60, 77, 84, 86, 91,
173

wavelength is the spatial period of a wave (in m), defined as the distance over
which the wave’s shape repeats 5, 6, 14, 19, 26–28, 33, 34, 39, 46, 60, 65, 73,
93, 99, 105, 108, 110, 117, 221, 274, 275, 326

wavenumber is the spatial frequency of a wave (in m−1), defined as the number
of wavelengths per unit distance 11, 47, 75, 102, 108
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