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This is a draft version of my forthcoming paper “Easy Parametricity”. The
draft is mathematically complete, but lacks a layer of polish and proofreading,
and the introduction is only partially written.

1 Introduction [incomplete]

There is a beautiful class of metatheorems, known as ‘parametricity results’, which
state that polymorphic functions — members of types like [[,, . X - X — X
which are defined over all types — behave uniformly with regards to the type
provided, so, for example, []y,,.X — X — X should have exactly two elements.

These are typically metatheorems. One does not obtain in the type theory that
2 =[]y, X = X — X, but rather that any closed term of type [[y,, . X —
X — X is either AXab.a or AXab.b.

The goal of this paper is to promote these metatheorems to theorems. This
both enables parametricity theorems to be obtained in the same theory as they
are formulated about (from only an additional axiom — no extra type formers,
term formers, or equations), and greatly widens the scope of what they can be
applied to.

For instance, compare the following two theorems.

Theorem (A). Suppose that in the theory 7 that X : U + F[X] : U and
X : U+ G[X] : U, with X appearing only covariantly in F' and G. If - « :
[[¢y F[X] — G[X], then the naturality equation X : U, Y :U,h: X = Y
G[h] o ax = ay o F[h] : F[X] — G[Y] holds.

Theorem (B). Assume the universe U/ satisfies the realignment parametric-
ity axiom (RPA). For all functors F,G : Set;; — Sety, all families « :
[Ix.set, F'(X) — G(X) and all functions ~ : X — Y, the naturality equa-
tion G(h)oax = ay o F(h) : F(X) — G(Y) holds.

Unlike theorem A, theorem B: is proved inside the type theory it is stated
in; can be applied without any restrictions on the variables occurring free in
the expressions F', G and «; can be applied to F,G which are functoral up to
propositional equality but not judgemental equality; can be used in the presence
of axioms (such as countable choice or from synthetic mathematics) which one
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may want to use when constructing such F, G or «; and is compatible with
almost arbitrary extensions of the type theory under consideration.

Moreover, theorem B remains true if F,G : Set;; — Set;; are replaced by
F.G : C — D for any category of algebras or grothendieck topos C and for
any locally small category D. Accepting RPA means you never again have to
prove such transformations are natural. There are other significant consequences,
particularly for impredicative or univalent reasoning, which are discussed later
in the introduction.

Why accept the parametricity axiom RPA though?

Most common models T of dependent type theory can be extended to a new
model T’, adding universes and types but not adding new terms to existing
types, where each universe of T is included in a universe of T’ which satisfies
RPA. If you care about type theory because you want to use it to reason inside
such T, then you may want to add RPA to your arsenal and work inside the
larger model T’. In particular, RPA is consistent and doesn’t imply any ‘taboos’.
It seems plausible that such T could include all models of dependent type theory
satisfying UIP (including the initial one) but this is not known.

Impredicatively, RPA implies that the impredicative encodings like [ [ ., X X
XX for N, [Ty (I Ai — X) — X for 3,.; A;, and J (X x A+1)* x X for
Colist(A) all satisfy the desired universal properties and propositional 7-rules.

Homotopically, RPA implies that any ‘sufficiently-complete univalent wild
category’ has a unique way of composing k composable morphisms, so it’s
possible to state and obtain infinitely much coherence data.

1.1 How to read

The current (intended) dependency diagram is

3

-

l1—2— 14

AN

where a solid arrow indicates dependency, and a dotted arrow indicates that the
latter section mostly uses only definitions of the former.

§1.4 describes how different users of type theories with different interests
might use the results contained in this paper. §2 introduces some preliminary
facts about orthogonality. §3 introduces the notion “C factors orthogonally to
(T;),.;” for a (wild) category C and a type family (T;), ;, and uses this to derive
many parametricity results. §4 introduces the parametricity axioms, and shows
how they can be used to show that many (wild) categories C that occur in
practice satisfy C factors orthogonally to (A) ,,,. §5 builds several models of the

parametricity axioms.
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1.2 Related work

Parametricity is usually formulated in a relational guise following Reynolds’
relational parametricity [4], but there is precedent for a functor-based formulation
of parametricity [3, 10].

This work takes a semantically-inspired approach to parametricity, axiomising
the properties required to obtain parametricity results. This contrasts somewhat
with the work of Cavallo and Harper [5] and Nuyts, Vezzosi, and Devriese [8],
which each augment the syntax. Both enrich dependent type theory with addi-
tional judgemental structure (in [5], a type requiring substructural rules; in [8],
comonadic modalities) and a notion of “bridge” in order to obtain polymorphism
results.

Fully coherent impredicative encodings of higher inductive types have also pre-
viously been investigated—Awodey, Frey, and Speight [2] constructed coherent
impredicative encodings for several HITs, albeit with elimination rules restricted
to types of bounded h-level. Some work to remove these h-level restrictions was
made in [15] for some HITs, although a complicated encoding was still required.
The present work indicates that plausibly, in the presence of univalence, the
naive encodings for HITs obtain their full induction principles.

This work is closest in spirit to the recent [1], which obtains parametricity
results in Cohesive HoTT with sufficient cohesion, also formulated through a
bridge-like type. The current work differs from this in two key aspects: the
parametricity we consider is functorial instead of relational in nature, and hence
a priori more easily scalable to complex structures without having to apply
parametricity individually at each step; and no cohesion structure is required
(although a [-like modality is helpful), which enables our results to automatically
also hold in more general settings of impredicative universes and stably locally
connected (oo-)toposes.

Because the current work can be carried out in a traditional type theory
without any additional judgmental structure (unlike other works [5, 8, 1]), the
standard semantics for MLTT can be immediately used and applied. Further,
because this system applies to possibly-non-definable terms of the theory, para-
metricity results can be applied to functors whose well-definedness relies on
additional axioms such as Countable Choice, as long as such are semantically
justified'.

1.3 Foundations and Notation

The ambient theory this work is done in is quite weak, roughly amounting to
using a single universe, 1, II, ¥, = and function extensionality:

Definition 1.3.1 (Function extensionality). If f,g : [],. 4 B, then f = g iff

1_[u,:A f(a) = g(@)z

!For example, presheaf topoi over a topos satisfying countable choice (such as Set) also
satisfy countable choice, so choosing a (sufficiently nontrivial) cohesive presheaf topos over
Set will also satisfy CC, and hence both CC and Parametricity will be satisfied in the model.

2In absence of “all types are sets” the homotopy type theorist will be relieved to recall from
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A “universe” is a type family U which is closed under 1, >, IT and =, and
has a type 0y for which for any A : U, (0, — A) =2 1 and (0 — U) = 1. The
weakness of this definition should be noted in Section 5 in particular, where
various universes are constructed.

Some notation for type families:

o ey refers to the type family of all (/-small types.

e If A denotes some type family, {A} is the one-element type family which
takes value A

o If C is a (wild) category, Hom(C) is the Ob(C) x Ob(C)-indexed type family
C(—,—).

1.4 A recipe for results

We have established various conditions on categories sufficient to get parametricity
results, various axioms sufficient to get said conditions, and various models which
model those axioms. Although this is all one needs to extract useful parametricity-
type results, what we’ve done is more versatile than it may initially seem.

To that end several use cases are included below.

1.4.1 General constructive-compatible mathematics

Typical results arising from relational parametricity are of the form “if you
explicitly write down a closed term F' of type 7', then F satisfies some equa-
tion/property obtained from the structure of the type 77”. However this tells
you nothing about whether internally all F' in T satisfy the property, and such
results are obtained not within the type theory itself but by reasoning about its
metatheory.

We do not have these shortcomings. The parametricity results obtained
above are derived from an axiom (RPA) that one can add to the ambient theory
of constructive mathematics 7 one is working within. Parametricity results can
be obtained in the same manner as ordinary mathematical results with much
less detour. The results obtained are also stronger on account of being internal
— for example, whereas relational parametricity says that all closed terms of
ITx. XX — XX are of the form f + f" for some natural n, RPA implies
that this map N — [, X — X is an isomorphism (by Corollary 3.2.2 and
Proposition 4.4.1).

As the statement is an axiom, it can be combined with reasoning obtained
under other axioms. For example, suppose one wants to do some functional
analysis under the assumption of countable choice (e.g. so that all sequentially-
complete metric spaces are also filter-complete) or that [0, 1] is compact (as
a topological space). This is not a problem, and parametricity results can be
applied here too, because the parametricity axiom can be assumed in parallel
with other axioms.

page 106 of the HoTT Book [17] that this implies the obvious function is an equivalence.
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The results we get do seem to be of a different nature to those typical
of relational parametricity, in that they’re all* formulated in the language of
category theory. For example, for nice enough categories we get that:

e transformations are natural e.g. map;(aa(a)) = ap(map;(a)) for A LB
(Proposition 3.1.4)

e that preserving id is sufficient for functoriality e.g. map, o map; = map
from just map;y = id (Proposition 3.1.6)

e that functors equal on objects are equal (Proposition 3.1.8)

e that the product of all objects of a category is initial e.g. [ [ v.;; .. x x .. x (X,

is (N, +1,0) (Proposition 3.2.1)

wherein most complete categories are ‘nice enough’ by Proposition 4.4.1.

There are also lots of models of the parametricity axiom RPA. In particular
one can obtain presheaf models as in Theorem 5.2.5 to get a universe V satisfying
RPA. Moreover, V contains a copy AU C V of the base model’s universe U
as a subuniverse, and most axioms which held of ¢/ will also hold of A/, see
Proposition 5.2.6. This lets one expand their internal logic (by moving to the
presheaf category) and extend it with a universe satisfying RPA.

1.4.2 HoOTT applications

There is not, as of writing, a definition of “(co, 1)-category” inside plain Homotopy
Type Theory. So it is, of course, impossible to state theorems saying “C is an
(00, 1)-category” or “F is an (0o, 1)-functor”. But, even if it were, one might
imagine that the proofs of these things would be quite annoying, involving
possibly an infinite tower of coherence conditions until all of the basic legwork
and theory is set up.

Under the Univalent Parametricity Axiom, the situation is different, at least
for a large class of (oo, 1)-categories. For a locally U-small wild category C, the
property “C factors orthogonally to U” (a consequence of “C is univalent and
complete” by Proposition 4.4.2) implies by Theorem 3.3.2 that there’s a unique
way to compose sequences of k composable morphisms, for any &, subject only to
the condition that a sequence of id is sent to id; an infinite amount of coherence
data follows from this assumption.

Perhaps one has, through some elaborate procedure, defined some potential
functors F, G : Ring X AbooGrp — AbooGrp and transformation o : F' = G
in HoTT — or at least we suspect they’re functors and a transformation, but we
haven’t yet managed to prove functoriality and naturality. Then under UPA,
it would be sufficient to just prove that F(id,id) = id, G(id, id) = id, and some
easy calculations about limits in Ring and AbooGrp: Theorem 3.3.2 gives that
F, G are fully coherent functors, Proposition 3.1.4 gives that « is natural, and
Proposition 4.4.2 implies the requisite hypotheses hold.

31t’s unclear whether this is essential, or if a different technique using the same axiom could
get results with statements more typical of relational parametricity.

5 [DRAFT]

8, 2)



Easy Parametricity [DRAFT]

The assumption that UPA holds for some universes I/ is, I believe, a reasonable
axiom to assume. Corollary 5.2.2 gives an abundance of models of UPA, and
Proposition 5.2.7 tells us that, if we wished to model in a grothendieck co-topos &,
there is a grothendieck topos £ which contains ‘copies’ of the standard universes
of € (in a precise sense) which are each contained in superuniverses satisfying
UPA. This indirectness is necessary: UPA for a universe U/ contradicts the (weak)
law of excluded middle holding for propositions in &/ by Proposition 2.0.4 and
contradicts Prop,, being U-small (as A L A iff A = 1), but there’s generally
nothing to stop a universe U being contained in a larger universe V which satisfies
UPA.

UPA is not so miraculous to be a cure-all to coherence-related troubles.
Even in the complete univalent categories which it works well with, it seems
to be unhelpful for showing that monoidal structures are coherent or that the
associativity law for monads holds. However as it does let us define the concepts of
“coherent functor” and “coherent transformation” between sufficiently-complete
univalent categories, so I hold out hope for a tantalising conjecture:

Question. Is there a property of functors out of small 1-categories C which
(i) under AC holds for the yoneda embedding in the quasi-category model of
(00, 1)Cat and (ii) such that UPA implies there’s a unique functor out of C for
which it holds?

1.4.3 Impredicative uses

A universe U/ is impredicative when it is closed under all products, even
when the indexing type is not U-small. Although this approach has some
drawbacks (for instance, it precludes the possibility that U/ contains its universe
of propositions Prop;,), it is often quite useful. This is especially the case for
semantics of programming languages, as it enables direct interpretation of the
type-quantification seen in parametric polymorphism, like concat : Veav.list(a) x
list(cr) — list(cv) in System F, encodings tricks like list(A) :=V5.(1+ A x 8) — 5,
avoids the need for a hierarchy of universes, and type operations of interest
typically stay in U/*.

Historically the main occurrence of parametricity results was in this impred-
icative setting; Reynolds’ relational parametricity [idk-yet] allows one to show
that for a wide variety of closed type-polymorphic expressions e that e satisfies
a corresponding parametricity result. For example, consider the impredicative
encoding PolyNat := Va.(a« — «) — a — « of the natural numbers. Each
number n has a corresponding encoded n = Aafx.f"z, and relational para-
metricity allows one to show that if - ¢ : PolyNat then for some natural number
n that - e = n. However, relational parametricity is insufficient too show the
equation e : PolyNat F e(PolyNat)(14)(0) = e (where 14+(n) = Aafz.f(n afz))

4An exception to this is the powerset operation P(A) = A — Prop, used to model
nondeterminism, as P(1) is never in /. However the restricted powerset Pep(A) C P(A) of
countable subsets of A does, and I believe this is also sufficient to model nondeterminism.
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even though this holds for all n — and indeed, there are models [12] where this
doesn’t hold.

It is unfortunately not the case that impredicative universes necessarily satisfy
a parametricity axiom, particularly as they may fail to have realignment types.
The standard model of an impredicative universe, the category of assemblies, was
shown to not necessarily satisfy the axiom IPA in Proposition 5.3.1. However, an
internal presheaf model (Theorem 5.3.3) still gives a universe roughly equivalent
to the universe of PERs which satisfies the parametricity axiom RPA (and
Church’s thesis), and the related cubical assemblies model has its universe of
cubical PERs satisfy UPA.

2 Orthogonality

For types A, T, let k4 1 denote the function (t — A_.t) : T — (A —=T).

For types A and T, a function f : A — T is constant when there is some
t : T such that for all a in A, f(a) =t. Note that if 7" is not a hset or A is not
inhabited then it may be possible that f is constant in multiple ways.

A is orthogonal to T (written A | T') when every function f: A — T is
constant in a unique way i.e. there exists a unique ¢ : T" such that f = const;.
(Note that A | T is not the same as T" L Al)

Lemma 2.0.1. A is orthogonal to T iff the function ka1 is an equivalence.

Proof. For any 7: A — T, “T is constant” is equivalent to the fibre of f under
ka7, so “r is constant” is always contractible iff k4 7 is an equivalence. O

Lemma 2.0.2. If A is inhabited and every function 7 : A — T is constant then
A is orthogonal to T.

Proof. If every function 7 : A — T is constant then k4 o has a section (with
section given by witness of constancy). As there is some a : A, ¢t — t(a) is a
retraction of k4 7. Hence k4 1 is an equivalence. O

We briefly note that our setting is necessarily not classical. The weak law of
excluded middle (WLEM) states that for all propositions ¢ : Prop, =¢ V =—¢.

Proposition 2.0.3. Assume LEM. For sets A, B, A 1 B iff either A = 1,
B =1 or A is nonempty and B is empty.

Proof. Proceed by case analysis on the cardinality of A — B. If A — B is empty,
then B must be empty and A must be nonempty. If A — B has 1 element,
then so does B. If A — B has multiple elements then B has multiple elements
and A has 1 element (otherwise define a nonconstant function out of A by case
analysis). O

Proposition 2.0.4. WLEM is equivalent to the existence of a non-constant®
function f : Prop — 2. Prop L 2 is equivalent to ~WLEM.

Shere we take a function f to be non-constant iff there are a,b with f(a) # f(b)
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Proof. Equality in 2 is ——-stable and any p : Prop is not not in 1, T, so
f : Prop — 2 is constant iff f(T) = f(L). Constancy of f is —— stable, so
Prop L 2 iff no function Prop — 2 is non-constant.

Suppose WLEM holds. We can define a non-constant function f : Prop — 2
by £(6) = 0 if ~¢ and f(¢) = 1 if ~¢.

Let [ : Prop — 2 be non-constant, so that f(T) # f(L); suppose wlog that
f(T)=1and f(L)=0. Then for any proposition ¢, f(¢) =0 or f(¢) =1, so
¢# T or ¢ # 1,80 ¢V -—¢and WLEM holds. O

Hence in order to use techniques, we are unable to globally assume the law of
excluded middle and use classical mathematics. This is not a significant obstacle,
even for the development of classical mathematics: we can have a classical
universe ) contained in a larger universe U/ in which the parametricity results are
obtained. In particular, we may assert that ) supports classical mathematics,
as seen in the presheaf model Theorem 5.2.5 and Proposition 5.2.6.

Proposition 2.0.5. For any type C, the types T with C L T are closed under
arbitrary products, dependent sum, and path types.

Proof. Suppose C' L T; for each i : I. Then the composite

coJ[n=]][c-T
i1 a1
~[[n
a1

is inverse to ko 7. 7, 80 ko 17, 7, Is an equivalence.
Suppose C' L T" and for each ¢ : T, C' L. S;. Then the composite

C—=> %= > T[S
t:T

f:C—=T c:.C

SIE

t:T c:C
= E Sy
t:T

, is an equivalence.
7@ =0b. Let h be the composite of the chain

is inverse to ko s~ 5,80 koo s
Suppose C' . T. Note C' L 5
of equivalences

a,b:

Z(a:b)%C%Za:b

a,b:T a,b:T

~ 3 [0 =90

f,9:C—=T c:C

=) C—(a=0b).

a,b:T

Then computation reveals that h(a,b,p) = (a,b, A\c.p), so C' L (a =) for all
a,b:T. U
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Lemma 2.0.6. If A LT and f: A — T and a,b: A, there is a path cp;(a,b) :
fla) = [f(b).

Proof. There is a unique pair (¢ : T,p : f = const;) by A L T. Let cp,(a,b) =
ap)\g.ga(p) ! apAg.gb(p)il' O
Lemma 2.0.7. Suppose that A L. T, t: A— T, a,b: A. Ifp:a =0, then
Cpf(aab) = apf(p)'

Proof. Path induction on p : a = b simplifies cp(a,b) = ap;(p) to u - u™ ! = refl
for u = apy, . (refl). O

Lemma 2.0.8. Suppose that ", B, LT, 7:A—T,a:A andby,bi: B,. If
bo = b1 then cp .., ((a,bo), (a,b1)) = refl (4.

Proof. Immediate by induction on the provided path by = b; and previous
lemma. O

Proposition 2.0.9. Suppose C' has elements 0,1 : C, D is a type with b : D,
and there’s a function f : C' x D — D such that f(0,d) = b and f(1,d) = d
always hold. Then if all functions h : C — T have h(0) = h(1) (e.g. if C L T)
then D L T.

Proof. Given 7 : D — T and d : D, we show that 7(d) = 7(b). As C L T,
7(f(—=,d)) : C — T satisfies 7(f(0,d)) = 7(f(1,d)), so

7(b) = 7(f(0,d)) = 7(f(1,d)) = 7(d)
which is sufficient as D is inhabited. O

Corollary 2.0.10. Suppose U satisfies RPE and that ag # a1 : A and A is
locally U-small. If A LT then Prop, LT

Proof. Define [ : A x Prop — Prop by f(a,p) = (a =a1) — ¢. Then f(ag,p) =
T and f(a1,¢) = and A L T so Prop,, L T. O

2.1 Modalities

Fix a universe V.
The notion of modality has several equivalent presentations; for an introduc-
tion in the context of HoTT see “Modalities in homotopy type theory” [11].

Definition 2.1.1. A modality is an operation ¢ : V — V which is equipped
with:

e For each A :V, a function n4 : A — QOA

9 [DRAFT]



Easy Parametricity [DRAFT]

e Forevery A:V, B: 0A — V, the map
—ona: [[ 0B(2) = [[ 0B(naa)
z:Q0A a:A
is an equivalence.

The above definition of modality is equivalent to Definition 1.2 of op. cit.
For the remainder of the section, fix a modality ¢. A type 1" is ¢-modal if
nr: T — QT is an equivalence. A type C' is {-connected if OC is contractible.

Proposition 2.1.2. If C is {-connected and T is O-modal then C' 1 T.

—one: H<>T—>H<>T

=00 e

is an equivalence. Via that 7 : "= 7 and O0C =2 1 we get that ko 1 is the
composite of the equivalences

Proof. The function

T= 0T = (OT)' = (0T)°C = (0T)° = 7€ |

Write V,, for the subuniverse of V on types which are {-modal.

Proposition 2.1.3. Vy contains all types of the form QA for A:V, contains 1

and closed under dependent sums, path types, and A-indexed products for any A

mn V.

Proof. See Lemma 1.14 and Theorem 1.16 [11]. O
In the presence of higher inductive types, it is easy to construct many

modalities.

Let B be a family of types in V indexed by a type in V. A type T' is B-null
iff each B; is orthogonal to T

Theorem 2.1.4. Suppose that V is a universe which admits HITs (or is a
universe of sets and admits QITs).
There is a modality Op on V such that Vy,, consists of precisely the B-null

types.
Proof. See Theorem 2.16 and Theorem 2.17 [11]. O
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3 Parametricity theorems

The parametricity results we shall obtain will be statements formulated with
categories — for example, that under certain hypotheses that all unnatural
transformations between F,G : C — D are natural. This generally follows
from that, informally, the collection of all objects of the category C (and of its
slices/coslices) is ‘connected’ or ‘indiscrete’, and the homp(d, d') are ‘discrete’,
so that all functions from the former to the latter are constant.

Instead of just focusing on when this happens for particularly nice categories,
like Set, results are stated in (approximately) their full generality, which requires
first defining some weakenings of ‘category’, ‘natural transformation’ etc. Our
results are suitable both for ordinary 1-categories and for some potentially-
incoherent wild categories. In the interests of generality, results are stated for
wild categories.

Remark 3.0.1. The reader not interested in higher categories may safely refer
to the equations
wild category = category — associativity
wild functor = functor — preserving composition

wild transformation = natural transformation — naturality

and then proceed to the next subsection.
Definition 3.0.2. A magmoid C consists of:

e a type Ob¢ of objects and for each X,Y in Ob¢, a type home(X,Y) of
arrows from X to Y.

e for objects X,Y, Z and arrows X fﬁ Y L Z an arrow X % Z.

A wild category C is a magmoid which further has:
e for all objects X an arrow X v, x
o for all X L5V unitors ly:idyof=fandry: foidy = f
o for all objects X a coherence law cx : liq, = ridy

And lastly, a 1-category is (as usual) a wild category where each hom¢(X,Y) is

a h-set and which is associative in that for any X Ly s zn W, ho(gof)=
(hog)of.

Remark 3.0.3. The notion of wild category used here is unusual in that it
lacks an associator and includes a unitor coherence homotopy. The associator
is excluded as we usually don’t need it, and as we would like to be able to
derive associativity from appropriate coherence hypotheses anyway (see Proposi-
tion 3.1.7).
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The unit coherence homotopy is useful to have, but also makes wild categories
nicer in a precise sense: with it, the additional structure of a wild category
atop a reflexive quiver actually exists uniquely in many cases of interest by
Proposition 3.3.5.

There is a natural notion of wild category homomorphism — a map on objects
and morphisms with paths for preservation of composition, identity arrows, left
unitors, right unitors, and unitor coherences — which we won’t use much.

Instead, a wild functor F': C' — D consists of a function F': Obs — Obp,
for objects X,Y of C a function F' : home(X,Y) — homp(FX, FY) and for
any object X of C' a path if; : F(idx) = idrx. For wild functors F,G : C' — D,
a wild transformation o : F' — G consists of for each object X of C' an arrow
FX %5 GX.

Proposition 3.0.4. For C a magmoid, the data of being a wild category is
equivalent to giving every object X a left identity idlx with left unitor and a right
identity idry with right unitor.”

Proof. Fix C a magmoid and suppose that each object X has a left identity
idlx with left unitors I; : f = idl o f and a right identity idrx with right unitors
ry: f=foidr.

Consider the following additional data extending this: paths px :idlx = idrx,
(so that we can transfer over the unitors r’j‘ cf=foidasr;-(fopx)) and
paths cx : lidlx =idl x oidl x =idl x (Id|X Opx) *Fidly - The total data of the left/right
identity /unitors precisely furnishes C with the structure of a wild category with
identities idlyx, unitors |y and r} and coherences cx.

On the other hand, the additional data is contractible: via the equivalences

(lidix =idixoidix=idix (idlx 0Dx) - Tidiy )

I

(lidix * Tialy =idixoidix —idixoidry (idlx ©px))
= ((idlx o) (laix - Tigi ) =idix=idrx PX)

cx (which is a member of the first type in the chain of equivalences above) says
precisely that py is a specific path. O

Corollary 3.0.5. Given the data of a magmoid M with identity morphisms
id_, left unitors | and right unitors r_, we can make M into a wild category
with the same identity morphisms id_ and same left unitors (or, symmetrically,
same right unitors r_ ).

Proof. We can treat M as having separate left identity idl_ = id_ and right
identity idr_ = id_, and then apply the previous proposition, noting the proof
thereof doesn’t change the identity morphisms id_ or left unitors |_. O

6This data unfortunately is not a property of a magmoid — consider the unique magmoid with
two objects 0,1 and with hom(0,0) = {id}, hom(1, 1) = {id}, hom(1,0) = 0, hom(0,1) = S*.
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3.1 Obtaining parametricity results via factorisations

In general, we will obtain many theorems to the effect of that if C “factors
orthogonally to” Hom(D) (defined below), then constructions which send arrows
of C to arrows or arrow-identifications in D will be parametric. This condition
will often hold; Section 4 will provide many instances (such as ??) where C
factors orthogonally to el , and hence to Hom(D) for any locally U/-small D.

Definition 3.1.1. Let C be a wild category and A L Bbea morphism in C.
Then a factorisation of f is a quadruple consisting of an object X, a morphism

ALy X, a morphism X —> B and an identification fL of f7 fi and f; this will

be denoted (f; : f = A EING QLN B) or simply (A ELNG QLN B) when f; and f
are clear from context (or when the choice of f; isn’t relevant).

/\

Note that if the hom(X,Y") are all sets, it doesn’t matter which f; is used as
they’re all equal.
The collection of all factorisations of f is denoted Fact(f). For any morphism

AL B, we in particular have the trivial left factorisation fact;(f) =
(ly: f=A=B s, B) (see below left) and trivial right factorisation
factr(f)=(rp: f=A LENIEN B) (see below right).

B A
% Il \df ida l \fJ
|f rf
Il Il
_— _—
A ; f B
Note that the unit coherence c4 : Ly, = rg, gives a path fact_(A) :

facty (ida) = factp(id4) (which is reflexivity on objects and morphisms).

When the wild category C is an actual 1-category and A LB , Fact(f) can be
identified with the type of objects of the slice-coslice category (4,C)/s = ¢/(C/p)
and facty, (f) and factg(f) with with the terminal and initial objects respectively.

We can now state the key concept needed for the parametricity theorems.

Definition 3.1.2. Let C be a wild category and (7;),, be a type family. C
factors orthogonally to (7;), ; iff for every morphism f of C and each i : I,
Fact(f) L T;.

Remark 3.1.3. In practice, we will usually have that C factors orthogonally
to ey, (the family of all small types); we will also usually have that C is locally
U-small; so then automatically factors orthogonally to Hom(C). The reader can
safely assume we work in this special case on a first read.
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This is all that’s needed to start getting parametricity results! Let’s start
with naturality.

Proposition 3.1.4. Let C,D be wild categories and C factor orthogonally to
Hom(D). Let F,G : C — D be wild functors and o : F' — G be a wild

transformation. Then « is natural: for any A L Bin C the diagram

FA 2 P

I I
oA ap

ca S, G
commutes.
Proof. For a morphism A L Bofc , let
AluxIup

be a factorisation of f. We define a composite morphism (G f,. o ax) o F'f;:

FaA L px Bl pB
@A a‘x aB
aA - ax £ oB

so as to get a function N : Fact(f) — homp(FA, GB).
As C factors orthogonally to Hom(D), Fact(f) L homp(FA,GB) so N is
constant. . _
In particular, N (A ENy; LN B)= N(A 44 4 ERN B).
We can compute that
NA L B 15, By = (G(idg) oagp) o Ff
= (idggoap)o F'f
=apoFf

and similarly
N(A X% AL BY = (Gfoap)o F(ida)

= (Gfoap)oidpra
=Gfoap

so that in total
Gfoap=N(AY% AL B

=NAL B B
=apoFf

as required. O
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We can also obtain a coherence condition that says that the naturality square
at id is the one arising from that functors preserve id:

Lemma 3.1.5. In the above naturality square for f = ida, the obtained path
Gy-1

asoF(ida) = G(ida) oy is the composite (aq0ily) to, 1o, - ((iF) L oan) in
aAoF(idA) :aAOidFA =g = idGAOOzA :G(idA)oaA .
This is, of course, trivially true assuming UIP.

Proof. The path constructed in Proposition 3.1.4 is the composite

(G(ida) oca) o F(ida) ? (G(ida) o aa) o F(ida)

(iGoaa)o F(ida)l L(G(ida) o an) 0 ity
(idgaoaa)o F(ida) (G(ida) ocwa) oidpa
loy 0 Fida) | lratda)oan
OéAOF(idA) G(idA)oOéA

wherein p is the path induced by constancy of N, and is equal to refl by
Lemma 2.0.8 by using fact_(A) : facty(ida) = factr(id4). The remainder is
standard path manipulation (path induction on i{ and ig and that the two ways
to use | and r each once to go from (idga o aq) oidpa to aq are equal). O

We get that ‘wild’ functors actually preserve composition.

Proposition 3.1.6. Let C, D be wild categories, C factor orthogonally to Hom(D)
and F' : C — D be a wild functor. Then I preserves composition: for any

AL BYS CincC the diagram
FB

rA F(gof) re

always commutes.

Proof. Let A 1B % Cbe morphisms in C. For any factorisation A Ix Lo

of go f, there is a morphism N (A x 9 C') = F(g)oF(f) defining a function
N : Fact(g o f) — homp(FA, FC).

N is constant, so in particular N(factr(go f)) = N(A i> B o).

F(gof)=F(go f)oidra

gof)oF(ida)
factr(go f))

as required. O
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We get that ‘wild’ categories actually have associative composition.

Proposition 3.1.7. Let C be a wild category and C factor orthogonally to
Hom(C). (Or, more weakly, that for any morphism f and N : Fact(f) —
hom(A D) that N (facty(f)) = N(factr(f)).) Then C is associative: for any

ALps C’—>D ho(gof)=(hog)of.

Proof. Fix morphisms A 5B % ¢ Din C. For each factorisation B 2
X 2% C of g, define a morphism N(B 25 X 2% ) : home(A, D) as (hog,)o

(g0 f).
This function N : Fact(g) — home (A, D) is constant, so N (facty(g)) =

N (factr(g)). Hence:

ho(gof)=(hoidc)o(gof)
= N(factr(g)

N (factr(g)

= (hog)o (id
=(hog)of

)
)
Bof)

as required. O

Surprisingly, the abuse of notation which results from talking about a functor
just in terms of its action on objects has a justification.

Proposition 3.1.8. Let C,D be wild categories and C factor orthogonally to
Hom(D). Let F,G : C — D be wild functors and suppose that for all objects A,
F(A)=G(A). Then F =G.

Proof. We may freely assume by path induction that for A ER B, Gf :hom(FA, FB).
For a morphism f : A — B in C, taking a factorisation

AHX—>B

of f to the composite F'A Iy px 9 PR defines a function N : Fact(f) —
homp(FA, FB). N is constant as Fact(f) L homp(F A, FB). Hence
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This is sufficient in presence of UIP. Otherwise, we must show that the paths
for “F/G preserves id” coincide.

Denoting the coherences if; : F(idy) = idpx and i§ : G(idy) = idpx, we
still need to show that i - (i$/)~! coincides with the path constructed above
when f =id4.

In this case, the provided path N(fact,(idpx)) = N(factr(idpx)) equals
apy (fact— (X)) which (as N doesn’t depend on the composition path) equals
reﬂG(idx)oF(idx)~

Hence we just need to ensure commutativity of the diagram

Glidx) €9 Glidx) o idpy 225G (id x ) o F(idx)

id FX refl

Flidx) $—— idpx o F(idx) g—— G(idx) o F(idx)

IFGdx) iGoF (idx)

which, after using path induction on i%; and zg} (and simplifying any composition
with refl), becomes liq,, = rig, which is witnessed by the wild category coherence
Cx. O

Similarly to naturality squares commuting automatically, exrtanaturality
squares commute automatically also. The wild category C°P is defined in the usual
way as having the same objects as C, homee (C, C’) = home (C’, C), reversed
composition and with r and | swapped.

Proposition 3.1.9. Let C, D, £ be wild categories and C, D both factor or-
thogonally to Hom(E). Let F : C x C°? — & and G : D x D°® — & be wild
functors. Suppose that for each object C' of C and D of D there’s a morphism

@C,D

F(C,C) —— G(D,D). Then the ac p are extranatural:

ForallC' % C" inC and D 5 D' in D, the squares below commute

F(o, ¢’ 299% pe o) F(C,C) 224 (D, D)
F(g,id)J( J{ac,u “c.n’l J{G(h,id)
F(C'.C") 5= G(D,D) G(D', D) 5o G(D', D)

Proof. We prove this for the right extranaturality square; the left square is dual.

Let D ™ X "y D’ be a factorisation of D % D/ , and consider the morphism

G(hy, hy)oac.x from F(C,C) to G(D', D). When (D 25 X ™= D') = fact (h)

this is the upper-right composite of the square, and when (D LN QLN 51 ) =
facty (h) this is the lower-left composite. Hence, as D factors orthogonally to
home (F(C, C),G(D’, D)), these composites are equal. O
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Corollary 3.1.10. Let D be a category which factors orthogonally to ely, and
F:D x D — U be a functor and for oll X : D, ax : F(X,X). Then for any

morphism X Y of C, F(g,idx)(ax) =r(v,x) Fidy, g)(ay).
Proof. In the above proposition, take £ to be U, C to be 1 and F(¢, ') =1 O

A weaker version of ‘factoring orthogonally’ which only cares about sending
facty, (f) and factr(f) to the same value is often sufficient for arguments, and is
equivalent under mild hypotheses:

Lemma 3.1.11. Let C be a wild category and (T;),.; be a type family. Suppose
that for any f,i and M : Fact(f) — T; that ML : M(facty(f)) = M (factr(f)).
If either

1. C is associative and the associator o g5 :ho(go f) = (hog)o f satisfies
coherence equations cvfiap, = (holg)-(rpo f) ™" and cig g.n = (horg)-(rheg) ™"

2. (T3);.; includes both Hom(C) and (f = 9) ¢ ,hom(c.er).ccr:0ne» and for any
object X and M : Fact(idx) — T; as above (for T; either hom(c,c’) or
f ~hom(e,c’) ) ]\/IEX = aPy (fa‘Ct:(X))
then C factors orthogonally to (T5),. ;.

Note that if the hom(c, ¢’) are all sets then the extra hypotheses reduce to
just “C is associative” and “(T}), ; includes Hom(C)” respectively.

Proof. Suppose that (1), and let g : Fact(f) — T;. Let (f=: f=A EING'QELN B)
be a factorisation of f. It is now sufficient to establish constancy of g with

g(A Iy x Iy B) = g(factr(f)).
Define M : Fact(f;) — T; as

M(fie: fi=A2%y 10 x)

::g(p:f:Aﬂ)YMB)

wherein p is the composite path a;” Furf (frofiz): f=:

(Fro fu)o fu - sy o (frofu) 205 g0~ f
Then
g(f=: f= A—>X—>B)

OIdX

(rp.0ft) - f=: f= A x froidx, Ir
g(af by, s,  (frolp)- f:;f:Ai;X@}B)
[y fi=AL x B )
I(ry, - fi=A LRI X)
e .dAf, (fTorfl)'f::szid—A>A&>B)

= (rf10fl f f A= da AM)B)
= g(factr(f))

1o, p)

9(
=9(

I I
= =
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where the second and second-to-last equalities follow directly from the additional
coherences required of the associator.

Supposing (2), Proposition 3.1.7 provides an associator «; this is sufficient to
obtain (1) in the presence of UIP. Otherwise the coherence equations in (1) must

be proven still. Recall from that proposition that for A L B % C ™ D that
N : Fact(g) — home (A, D) is defined as N(B 25 M 2% C) = (hog,)o (g1 0 f),
and that ay g, = (rp0(go f)) ™' - N - ((hog)oly).
The first coherence equation (for o q ;) corresponds to commutativity of

the diagram

(hoid)o (ido f) - (hoid)o(ido f)

—_refl_—
rho(idof)l l(hoid)olf ;

h/o(idof) T|f> hof T (hold)of
the upper lozenge commutes as ap y (fact— (X)) is refl and the rectangle commutes
by typical path algebra.
The second equation (for aig 4,5,) corresponds to commutativity of the diagram
N9

(hoid)o(goid) - (hog)o(idoid)

rho(yoid)l l(hog)olid

ho(goid) Thogw (hog)oid

Abbreviate the composite path from (hoid) o (goid) to (hog)o (idoid) as
Bg,h : dg.n = cq.n s0 that the goal is that NI = 3, .

Consider the function M : Fact(g) — >, wom(p.p)(m = n) X (m = n)
given by M(B 25 Y 25 C) = (dg, nogi,cg,n 091, N&" 0 g1, By n 0 91). T may as
well be closed under dependent sums; one obtains a M2 : M(B 2 C , C) =

M(B LNy SN ('). This describes that the outer boundary of the cylinder below
commutes

Nﬁog
danog > cano
idh 09, Cdh©Yg
Bid,n0g
ME ME
NYoid
L .
dg.p oid . Cgno© id
Bg,noid

and the top face of the cylinder commutes (for the same reason as the first
coherence equation’s rectangle commuting) so the bottom face of the cylinder
must also commute, as required. O

Remark 3.1.12. The hypotheses cannot be weakened further. Let the set L
contain points 07, # 17, and let L 1 2. Consider the (set-truncated) wild category
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freely generated by arrows a 2 b % ¢ and an operation n : [] sL— Fact(f)
which has ny(07) = (id, f) and ns(1z) = (f,id). Then one can see that the
factorisations of h o g are only the 1 + L factorisations (g, k) and np.4(t), and
there is a nonconstant function 1+ L — 2.

3.2 Large (co)limits and impredicative encodings

An impredicative universe is a universe U where the product of any family of
objects of U is still in U, even if the indexing family isn’t ¢/-small. Often in this
case it is possible to do “impredicative encodings”: for example, let the type
PolyNat := J] ,.,,(A = A) — (A — A) of church numerals ‘encode’ the natural
numbers via n 4 (f) := f™ corresponding to n-times iterated composition. (The
successor function suc on church numerals is defined as suc(n)a(f) = fona(f)
which as expected obeys suc(n) =n +1.)

Although we can’t generally prove that (n — n) : N — PolyNat is an
isomorphism without additional assumptions, relational parametricity lets one
prove that the only close terms of PolyNat are of the form n, which is often good
enough.

However, we can use additional ‘factors orthogonally’ assumptions to conclude
that (n — n) is an isomorphism.

3.2.1 Large products

The notion of “product” P of objects (A;), is well-defined in any wild category:
an object P equipped with a family of morphisms p; : P — A; is a product iff
for all objects B, the map f +— (p— o f) : hom(B, P) — [[,., hom(B, 4;) is an
equivalence.

Proposition 3.2.1. Suppose that C is a wild category which factors orthogonally
to hom(C), and I is an object of C. Then I is a product of all objects of C iff I
is initial.

Proof. Let B be an object and let 3 : [[., hom(B,C). Then 3 is an unnatural
transformation from constp : C — C to ide. Hence [ is natural, and for all

morphisms C EN D, Bp = fofBec.
If (P,p_) is a product of all objects of C, then the function hom(P, P) —
[[.c hom(P,C) defined by f — (C' — pc o f) is an equivalence. For all objects

)

pcoidp = pc = pcopp
by naturality of p at pc, so idp = pp. Hence, by naturality of p at f: P — C,
pc=fopp=foidp=f,
so P is initial.

Conversely, if P is initial we want to show the family of projections ! : P — C'
make P a product. We show that 7p : [[.. hom(B,C) — hom(B, P) is inverse
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to f (!_of):hom(B,P) — [[...hom(B,C). To show 7p is left inverse, for
f : hom(B, P),
ap(l_of)=!pof=idpof=f.

To show 7p is right inverse, for 5 : [[... hom(B,C),
(feloof)(mp(B)) = (f =0 f)(Bp)=!-0Bp=p_ocidg =B
with the second-to-last equality by naturality of 5 : constp = idc¢. O

Now, form the wild category DDS with objects consisting of triples |A| : U,
ra: |Al = |A] and pa : |A| (“discrete dynamical systems”), and morphisms
A — B as functions m : |A| — |B] such that mor, =rgom and m(pa) = pp.

Corollary 3.2.2. If DDS factors orthogonally to ely; and PolyNat is in U, then:
e (PolyNat, suc,0) s initial in DDS
e PolyNat has the property of being a natural numbers object in U,
o the “n-rule”, n = npoynat suc 0 holds for all n : PolyNat,
e IfN isinlU, then (n— n) is an isomorphism.

Proof. [[yy(X = X) = (X — X) = [[4,,p.) DDs |4] and products in
DDS are computed as in U so PolyNat is the initial DDS, which is always an
NNO. id and n — npolynat suc 0 are both morphisms from PolyNat to itself so
are equal by initiality. (N,0,+1) is also the initial DDS (if in i/). O

Of course, this works just as well for obtaining the initial algebra of any
endofunctor on U.

Lemma 3.2.3. Let C factor orthogonally to D and O be initial in C. Then for
any functor F : C — D, [[.. F(c) exists and is given by F(0) and projection
maps F(l¢): F(0) — F(C).

Proof. We want to show that for any object D of D, that

f F(_)o f:hom(D, F(0)) — [ [ hom(D, F(C))
c:C

is an equivalence, by showing 7 is its inverse. For one direction observe
mo(F (1) o f) = F(lo) o f = F(idp(o)) o f =ido f = [.
Conversely, for 3 : [[.. hom(D, F(C)),

(f = F(1) o /)(mo(B)) = (f = F(1-) 0 f)(Bo) = F(1-) 0 fo = B oidp = -

with the second-to-last equality following from naturality of 5 : constp = . O
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3.2.2 Reflection

Assume for this subsubsection that ¢/ is an impredicative universe and U factors
orthogonally to ely,.

For a type A (not necessarily in ¢/), let O A be the type defined by [ ] ,,(A —
X) — X. Write 4 : A — OA for the evaluation function 74 (a)x(g) = g(a).

If f: L — Aisa function for A : U, define §(f) : OL — A as §(f)(1) =1a(f).

f factors as the composite L = (L LONyY

Lemma 3.2.4. If o : OL, then « is natural: forany f: X - Y andg: L — X,
flax(g)) = ay(feyg).

Proof. o defines a transformation between the functor X — X’ and X — X
on U — U. By Proposition 3.1.4, « is natural. O

Theorem 3.2.5. 0 : (L — A) — (OL — A) is inverse to ona : (0L — A) —
(L— A).

Proof. First let g : L — A. Then

((onr) 0 6)(9) = d(g) on =1 0(g)(nc(l)) =l —nr(l)(9) =l—g() =g
Conversely, let f: OL — A. Then
5((ene)(f)) = 0(fone)

=ar— aa(fonr)
=arr flaor(ne))

with the last equality by naturality of «, so it suffices to show that o = a1 (1r)
always.
Let X : U and g : L — X. By naturality of «,

ax(8(g) one) = d(g)(aor(nr)) = aor(nw)x(9)

but also

(@ on=1l—=6g) ) =l—n(Dx(g)=l—gll)=g
so o = aorn(nL). O
Corollary 3.2.6. For any A : U, na has inverse 6(id4).

In particular these can be seen to say that ¢ is a modality that witnesses
that U is reflective in the collection of all types.

For a family of types A : I — U (usually with I large), the existential type
is defined via the impredicative encoding H,.; A; = [[ ., (I[;,.; 4i = X) — X.
The constructor (i : I,a: A;) : o, A; is defined by (i : [,a: A;) = AZ.\g.gi(a).
The eliminator Jrecc : ([],.; 4; — C) — (d,.; Ai) — C'is defined as Jreco fu =
u C f. Note Jrece [ (i,a) = fi(a).
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Corollary 3.2.7. For B : U, Jrecp : [[,; A = B = (4,.,.4;) = B forms a
natural isomorphism in B. (4., A;) is the I-indexed coproduct in U of the A,.

PT’OOf- Hi:l Ai = Q(Zz] Al) -

Similarly to the treatment of the impredicative encoding of the natural
numbers, we can also form impredicative encodings of terminal coalgebras.

Let F: U — U be a functor. There is a category F-CoAlg of F-coalgebras
which has objects as pairs (A :U,a: A — FA) and morphisms (A, a) — (B,b)
as pairs (f : A — B, f- :bo f = Ff oa); identity morphisms and composition
are defined in the usual way (see Proposition 4.1.8 for a full definition).
Lemma 3.2.8. For (A;,a;) a family of F-coalgebras, their coproduct has under-
lying object H,.; A; and structure map 3recp(3, 4, (N F((i,—)) 0 a;) : H,.; Ai —
F(dis A

This is a special case of that the forgetful functor F-CoAlg — U creates
colimits.

Proof. For any F-coalgebra (B,b), the following sequence of isomorphisms holds
naturally in (B, b):

homF_ccAlg((EI Ay, recp(z, a,) (N F((i, —)) 0 a;)), (B, b))
= ) bof=F(f)o(3recpa,a,(Xi.F((i,—))ca))
fi(Ji.r Ai)—B

= > JIbefol—) =F(f) o (Brecpa,a)N-F((i,—)) o a;) o (j,—)

f:(3,.; Ai)—=B j:1

= > Ibefoli-)=F()eF({-) o

f:(3,.; Ai)—B j:I
= > [[be(felih—-)=F(folii—-))oa

f:(3;.; Ai)—=B j:1

=~ Z Hbofj = F(fj)oa;

f:HJ:I Aj—B j:I

=[] D bofi=F(fj)oa

j:I f:A;—B

= H hoan—CoAlg((Ai: ai)v (B7 b))
Sl

O

The impredicative encoding (v F, nexty) of the terminal coalgebra is defined as
vF = J4 (X = FX)xX and nextp = Jrecp,ry AXA(f, 2). F((X, (f, —)))(fz).

Corollary 3.2.9. If F-CoAlg factors orthogonally to ely then (VF,nextg) is
terminal in F'-CoAlg.
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Proof. (vF,nextr) is (strictly) isomorphic to the coalgebra with object H(X,/'):ZXZM(XHFX) X
and structure map Jrecp(3 - x) MX, ). FU(X, f),—)))of viasending (X, (f, z))

to ((X, f),z). This latter coalgebra is the coproduct of all objects of F-CoAlg.

By Proposition 3.2.1, it is terminal. O

We will later see in Proposition 4.4.4 that the parametricity axiom RPA
implies that F-CoAlg factors orthogonally to ely,.

3.3 Parametricity and homotopical coherences

The above pattern (or even, the above specific results) are enough to derive most
parametricity results about 1-categories one could ask for. Incredibly, it is also
possible to prove an infinite amount of coherence for wild (oco-)categories.

Let C be a wild category. For k > 0, a k-chain is a sequence of morphisms

Zk—
Zo %z 2 50 7y

also, the k-chain consisting only of Xs and idx is denoted X,

For C,D wild categories and |F| : |[C| — |D|, a k-ary composition map
over F' is an operation which to each k-chain Z in C assigns a morphism
a(Z) : homp(|F|(Zy),|F|(Zk)) such that for each object X of C, there is a
a—(X):a(X™) =id/p|x). A k-ary composition operator for C is a k-ary
composition map over idc.

For C = D and |F| = id this will be used to show that there’s often a unique
way of composing morphisms in C. For general |F|, this will be used to show
that, if |F'| can be extended to act on morphisms, then F' is coherently a functor.

To facilitate the proof, two operations on composition maps are defined. For
a morphism f : hom(FX, FY), abbreviate the path (i o f)-1;: F(idy)o f = f
as LT,

éiven a k-ary composition map (,[-) over |F'|, define a k -+ 1-ary composition
map (I7,11) over |F| by taking IT(Xo 2% -+ Xp 5 Xp1) = F(ap) o l(Xo 2%
-+ X) and [X(X) to be the composite of paths

. (k] LZF(‘X["']) k] I—(X) .
Fidx) o (X"™) —— (X)) ——= idpx .

Given a k+ l-ary composition map (I, 1) over | F|, define a k-ary composition
Zo Zo

map (I~,1=) over |F| by taking [~ (Xo =% - X 5% Xpp1) = [(Xo =%
X S X)) and 12(X) = 1 (X).
Lemma 3.3.1. Suppose C,D are wild categories, F' : C — D is a wild functor,

and C factors orthogonally to Hom(D). For any k + 1-ary composition map u
over |F|, u=u"".

Theorem 3.3.2. If C,D are wild categories, F' : C — D is a wild functor,
and C factors orthogonally to Hom(D), then for each k there’s a unique k-ary
composition map over |F|.

24 [DRAFT]



Easy Parametricity [DRAFT]

Proof. Proceed by induction on k. For & = 0, there is a unique 0-ary composition
map [© over |F| given by [°(X) = idrx and 12 (X) = reflig, .

Assume there is a unique k-ary composition map /. Then [T is a k + l-ary
composition map. Moreover, for any k + 1-ary composition map u, u = v~ = [T
by the previous lemma and u~ = [, so there’s also a unique k -+ 1-ary composition
map. O

Proof of Lemma 3.3.1. Note the characterisation of the path type of k-ary com-
position maps over |F|: (u,u=) = (v,v=) is equivalent to the type of pairs
P T 2 pchain W(X) = 0(X) and p— =TT op ¢ u=(X) = p(XH) - v (X).

Let Xo 2% ... 2ol x, 2k Xj11 be a k + 1-chain. Define v’ : Fact(xg) —
hom(FXg, FXyy1) by

Wy =X Y 2 X)) = Flyn) ou(Xo 2% - 255 X, X y)
For the left factorisation facty (xy), one obtains
o (factr, (z1)) = Flidx,.,) ou(Xo =% - 5% X5 25 Xpp)
=u(Xo = 5 X)) .
For the right factorisation factz(xy), one obtains
W (fact g (z1)) = Fzy) o u(Xo 2% - 225 X5 9 xp)

= F(zp)ou (Xo 2% - 225 X))

= 1L7+(X0 I—0> m—k> Xk+1) .

Asu/ is a function from Fact(xy) to homp (F X, F Xj11) and C factors orthog-
onally to Hom(D), cp,, (facty (z1), factg(xy)) : v/ (facty (zy)) = o/ (factg(xy)), so
we obtain a composite path

p(Xo =% o 5 X))t u(Xo 2% B X)) =um T (X 2 S X))
defined as
p(Xo 2% o 25 X)) = (Lf(XO_,N_)XHl))*1 -cp, (factr (xr), factg(xy)) .

It remains to show that for each object X that there is a path p_(X) :
u=(X) = p(X*H) =t (X).

Given already p : u = u~ ", we hence need to show that for each object X,
the zig-zagged triangle of paths in the diagram below commutes:
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u=(X)

%

W(XFH) canmmsnnnnns 1= (XFH) ot id

) p(xF+1 uZt(X)
(Lj(xmu))*ll refl Tu;(x)
F(idx) o u(XE+1) Fﬂdx)ou*LXwQ#———>ufﬂYmb

uw— (xk+1]y

I’EHH cp,/ (factr (idx ), fact g (idx)) AHFEH
—_—
u'(factp, (idx)) u'(factp(idx))
_—

refl

To show that the zig-zagged triangle commutes, show all other 2-cells of the
diagram and the exterior of the diagram commute. The left rectangle commutes
by definition of p(X**1). The right square commutes by definition of u_"(X).
The bottom lozenge commutes by Lemma 2.0.8 applied to fact—(X). The exterior
of the diagram commutes as u(XF 1) = 4 (X)) and u_(X) = u=(X), and
(szlj(X[’\”+1]))7 . Lf(X[kH]) = refl. Pasting together these four cells gives a filler
p=(X) for the zig-zagged triangle, as required. O

Corollary 3.3.3. If C is a wild category and C factors orthogonally to Hom(C),
then for each k there is a unique k-ary composition operation. It takes a sequence
of k composable morphisms

o oo I e o

to a morphism in home(Co, Cy) subject to sending (idx,---idx) to idx.
Below ¢f is written as shorthand for g o f for composable morphisms g, f.

Corollary 3.3.4. If C is a wild category and C factors orthogonally to Hom(C),
then there is an associator oy 45 : (hg)f = h(gf) for C which both has a filler
for the pentagon equation

////;UO@f)
((ih)g) f i(h(gf))
Qg h,i fl Tv afgn
(i(hg)) f T i((hg)f)
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and a filler for the Ks-associahedron

(Gi)(ha)) f ((Gh)g) f
(G1)((hg) ) (G (i(hg))) f — (G((ih)g)) f —— ((G(ih))g) f
Gi)(h(gf)) ((Gi)h)(9f)
J(i((hg) f)) — i ((i(hg)) f) — 3(((ih)g)f) (J(ih)) (g f)
J(i(h(gf))) J((ih)(g9.f))

Proof. The associator is the unique 3-ary composition operation.

The two 4-ary operations which take f,g,h,7 to ((ih)g)f and i(h(gf)) are
equal by paths ot gin - ogrpi and agpif - Qp pgi - ias g ; these paths are equal
as they are between members of a contractible type.

Similarly, the associator and pentagon define S?-many 5-ary operations as
depicted above, and these are all equal, which corresponds to a filler for Kj
existing. O

3.3.1 Detecting some coherent (o, 1)-categories

Defining the notion of fully coherent (oo, 1)-category is open in HoTT, but it’s
still possible to identify examples. Theorem 3.3.2 gives a large swath of examples
of such identifiably fully coherent (oo, 1)-categories (although the hypotheses of
the theorem typically need a parametricity axiom to be satisfiable). This can be
turned into a definition of a class of (oo, 1)-categories.

A reflexive quiver C consists of a type Ob(C) of objects, for each X,V :
Ob(C) a type home (X, Y) of arrows from X to Y, and for each X : Ob(C) an
arrow idx : home (X, X).

Proposition 3.3.5. Let C be a reflexive quiver, and suppose that for k= 1,2
there is a unique k-ary composition operator for C. Then there is a unique way
to extend the reflexive quiver structure of C to a wild category structure.

Proof. The type which needs be shown contractible is the type of quadruples
c: H hom(X, Z)
xLyLze
] ex Ly Syvy=y
xLye
T H c(X£>Xi>Y):f
xLye
p:JJUx % x) =r(x % X)
X:C
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and this is evidently equivalent to the type of sextuples

c: H hom(X, Z) c::Hc(XgXﬁX):idX
xLySze e
] ex Ly vy=p L[ =1x S x)
xLye Xie
T H c(X&XLY):f r::Hc:(X):r(XgX)
xLye X
via
(X9 x)=r(X 9% Xx) = 3 (X% X) =coxem =r(X % X).

cmie(X 25 x5 X)=idx

The type of pairs (¢,c=) as in the first row of this sextuple is precisely the
type of a 2-ary composition operator, which there is a unique instance of.
Note the characterisation of the path type of 1-ary composition operators

(u,u=) = (v,v=) as equivalent to the type of pairs ¢ : [, =, u(Xo 5 X)) =
0 1-

v(Xo % X1) and ¢— : [Ty.opc t=(X) = ¢(X % X) - v_(X).

The type of pairs (I,/=) as in the second row is, by this characterisation,
equivalent to the path type ((X ER Y) = (X Ly 4 Y),X = (X)) =
(f = f, X = refliy, ) of l-ary composition operators. As there is a unique l-ary
composition operation, this type is contractible.

The type of pairs (r,7—=) as in the third row is equivalent to the path type
(X LYo eX 4 XLy, X o e (X)) =(f— f,X = reflg,) so this
type is contractible.

Hence the type of sextuples (¢, c—,l,l—,r,r—) is equivalently a dependent
sum of contractible types, so is contractible. O

Corollary 3.3.6. For a reflexive quiver C, ‘C has a wild category structure for
which C factors orthogonally to hom(C)” is a (homotopy-)proposition.

This implies that many (oo, 1)-categories can be identified from their under-
lying reflexive quivers.

Definition 3.3.7. A parametrically coherent locally //-small co-category
is a reflexive quiver C with hom¢ landing in ¢/-small types for which there exists a
(necessarily unique) wild category structure on C for which C factors orthogonally
to ely;. A parametrically coherent functor C — D is a reflexive quiver
homomorphism (i.e. wild functor).

3.3.2 Constructing arrow wild categories

Let C be a wild category which factors orthogonally to Hom(C). We want to
construct the arrow category C™ of C.
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e Objects of C are triples (Ag, A1, A_,) for Ay, A; objects of C and A_, :
hOl’nc(Ao., Al)

e Morphisms A — B of C™ are triples (fo, f1, f—) for A Jo, By, Ay EEN B,
and f, : flo A, =B o fou
fo
AO E— BO
I o
A, . B,
N +

AlﬁBl
J1

e The identity morphism A 4 A of Cis given by (ida,,ida,,la_, - rgi).
e The composite of morphisms A 1B % Casin

Ao L> Bo L CO
| A | P |

fo & 9= O
P N <+

A,

N

Ay —— By ——
f1 91

is given by (go © fo, 91 © f1,p) where p is the path composite of
y ! .
(grof1)o AL = gio(fioAL)
g1of—
= g1 © (B—> © fO) = (91 © B—>) o fo

T2 (O 0 g0) 0 fo = Co (go o fo)

e The left unitor requires showing that the composite of the diagram below-
left is the diagram below-right

J id J
Ay —— By : By Ay —— By
I 5 A =7 I S|
Py . 3
Ay f— B, IAH'TAA) B, A f- B_,
N o + N +
A1 B1 - Bl A1 —_— Bl
f1 id f1

Using the obvious paths Iz, :idg, o fo = fo and |y, :idp, o fi = fi, this
reduces to showing that the five squares of paths below commute:
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(idBl O,fl) OA_> ﬁ fl OA_,

| |

idp, o (fioA,) =—= fi0A_,

|f10A~>

idp, O.fﬂﬂ fﬂﬂ

idp, (B 0 fo) === B> 0 fo
ﬂ —0Jo
(idp, 0 B) 0 fo === B~ 0 fo
<IBH~r,;L>o.foﬂ
(B_, oidp, ) o fo =—— B_, o fy

rB_,ofo
ail‘H(

B o (idp, o fo) === B~ o fo
— o

The second and fourth of these squares commute for general path-algebra
reasons. The first, third and fifth are all triangle equations for associa-
tivity, which are immediate consequences of that there’s a unique 3-ary
composition operator.

e The right unitor is constructed symmetrically to the left unitor.

e The unit coherence, instead of being constructed directly, is constructed by
appeal to Proposition 3.0.4; this may result in replacing the right unitor
(analogously to adjusting the data of an equivalence of categories to be an
adjoint equivalence).

This is enough to construct the wild category C, but it remains to show that
C factors orthogonally to Hom(C ). We show that when C factors orthogonally
to T (and HomC), then C~ does also (which is sufficient as the types T that
C~ factors orthogonally to are closed under dependent sum and path types by
Proposition 2.0.5, and the hom-types of C™" are constructed from those of C in
this way).

Given a morphism f: A — B in C7, a factorisation of [ consists of both a
factorisation of f;

fo
A — By
A D= s,
Al ===7 fu Xl fir Bl
f1
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and an 8-tuple consisting of X, go, g1, g2, three commutative squares/triangles,
and a path witnessing the composite of those squares/triangles is the path f_,:

fo
B,
///7 0
g2
Xo B_,
|
191
v f
X, ——— B

The type of factorisations of f; is orthogonal to 7', and types orthogonal to
T are closed under dependent sums, so it only remains to show that the type of
8-tuples above is orthogonal to T'.

Although in principle it’s possible to show this directly, we instead prove it
in the special case that C has pullbacks:

Lemma 3.3.8. If C is a wild category which factors orthogonally to Hom(C)
and T, and C has pullbacks, then C™ factors orthogonally to T'.

A pullback of A — C < B is defined as in the usual way as a representation
of hom(—, A) Xyom(—,c) hom(—, B).

Proof. The type of 8-tuples as described above is equivalent to an object Xy,
a morphism from X, to X; xp, By, a morphism from A, to Xy, and a path
witnessing this composite Ag — X7 X p, By corresponds to the commutative
square f_,. This is just the data of a factorisation of the morphism u : Ay —
X1 X g, By corresponding to (f1104_,, fo, f— ), so this type of 8-tuples is equivalent
to the type of factorisations of u, which is known to factor orthogonally to 7. [

Remark 3.3.9. For deriving many parametricity results the notion ‘C factors
orthogonally to (7;), ,’ can be replaced by the weaker‘for any objects A, C of
C and any ¢ : I, the composition map ¢ : (> 5 hom(A4, B) x hom(B,C)) —
hom(A, C) has (T;)¢ be an equivalence’. We cannot do this weakening here:
although C— will still be a wild category (and we can lift associativity etc. from
that of C) there is in general no way to conclude that C™ factors orthogonally
in this weak sense to 7" from that C does.

4 Obtaining orthogonality hypotheses from para-
metricity axioms

[References only sections 1, 2 and subsections 3.0.0 — 3.2.0.]

In the previous section it was established that many parametricity results
follow from various hypotheses that ‘C factors orthogonally to 7°. We now move
our attention to how to obtain such hypotheses, and how they follow from some
parametricity axioms.
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Most categories of interest C are locally small, so for locally /-small C, for C
to factor orthogonally to Hom(C) it is sufficient that Fact(f) L A for any A : U
and any morphism f of C.

Definition 4.0.1. A (typically large) type C is (U-)superconnected iff for
every T : U, C' L T. (“Maps into small types are constant.”)

Example 4.0.2. If { is a modality, every O-connected type is Uy -superconnected.

In general, to get that a type D is U/-superconnected it often suffices to find
a single U-superconnected type I and show that there are lots of functions from
I to D.

Lemma 4.0.3. Suppose | is superconnected with elements 0,1 : 1, D is a type
with b : D, and there’s a function f : 1 x D — D such that f(0,d) = b and
f(1,d) = d always hold. Then D is superconnected also.

Proof. Immediate from Proposition 2.0.9. 0

Following on from this idea, the parametricity axioms will involve saying
that some type I is U-superconnected, and that there are ‘enough’ functions
from I to U.

4.1 Isomorphs and Realignment

In order to state the axioms, the following notions are needed for the universe
of types U. However as they are more generally useful, they are stated in the
general case with any wild category C in place of U.

Definition 4.1.1. For a wild category C, an isomorphism is a morphism 4 < B
such that for all objects X, the induced functions eo : hom(X, A) — hom(X, B)
and oe : hom(B, X)) — hom(A, X) are equivalences. A = B denotes the type of
morphisms which are isomorphisms.

For an object A of C, an isomorph of A is an object B equipped with an
isomorphism e : A = B; the type of isomorphs of A is denoted Isos¢(A).

For a type ¢, a wild category C has p-realignment iff for every object A of
C, there is a specified section s of the diagonal map lIsosc(A) — (¢ — Isos¢(A)).

Lastly, a realigning ¢/-family for C is a family (¢, ),.r of U-small types for
which C has specified ¢,-realignment for all p and there are specified Op, 1p : P
with P1p =1, PYop = 0y and (OM d Ob(C)) =17,

If C is univalent (for any objects A, B the function (A = B) — (A = B)
sending refl4 to id 4 is an equivalence) then the Isos¢(A) all have a unique element,
so C has p-realignment for all ¢ and the entire notion trivialises.

Note that all wild categories C (with (0, — Ob(C)) = 1) have 0y/-realignment,
via the constant function _ — (A,id) : (0 — lIsosc(A)) — lsosc(A); all wild
categories C uniquely have 1-realignment via evaluation at () : 1. A wild category

"This final condition is of course automatic if 0y = 0, which is almost always the case
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C has 2-realignment iff C is univalent, so usually we care about y-realignment
only for propositions .

It is not the case that the type, Isos¢(A) or whether C has ¢-realignment, is
invariant under equivalence of categories with C. For example, for any set A with
a : A, the indiscrete category with A objects and a unique morphism between any
two objects has 1s0s|,gisc(4)(a) = A, and Indisc(2) has ¢-realignment iff —pV ~—¢p.
In 77 it’s noted that if Set has p-realignment and C is a locally small category
then the essential image of the yoneda embedding y : C — [C°P, Set] also has
p-realignment.

Lemma 4.1.2. Suppose that (¢,),p is a realigning U-family for C. Then for
all types T and all objects A of C, P L T implies lsos¢(A) L T.

Proof. Assume P | T, let A be an object of C, and let 7 : Isos¢(A) — T'. Let
s (¢ — lsose(A)) — lsosc(A) denote the section of diagonal map provided
by ¢,-realignment. Consider any B : Isos¢(A). Then

7(B) = 7(sf (A\=.B)) = 7(s% (A\~.B)) = 7(5% (loyy—s1s0se (4)))

where lo,, 1s0s,(4,) is the unique function of that type, the second equality is by

slA“” necessarily being evaluation, and the third equality is by ¢ — 7(s5(A_.B)) :
P — T being constant. O

In particular if P is U-superconnected then so are the Isosc(A).

We will see in §4.3 that Isosc(—) landing in /-superconnected types is one of
the main ingredients for showing that C factors orthogonally to ely,. This leads
us to compute the types Isos¢(—) for various categories C.

Lemma 4.1.3. IfC is a wild category and has an associator oy g : (hog)o f =
ho(go f) for all composable triples of morphisms f, g, h, then the following are
equivalent for a morphism A < B:

1. e is an isomorphism

2. For all objects X, the function oe : hom(B, X) — hom(A, X) is an equiva-
lence

3. For all objects Y, the function eo : hom(Y, A) — hom(Y, B) is an equiva-
lence

4. There are morphisms B L Aand B 5 A such that loe = idsy and
eor =idp

Proof. By definition, (1) holds iff both (2) and (3) hold. We show that (2) and
(4) are equivalent; that (3) and (4) are equivalent then follows from applying the
same argument in the opposite category.

Assume (2). Define B “+ A as ¢/ := (oe)'(id4). Then by construction
¢/ oe=(oe) t(ida)oe=ida, so ¢ is left-inverse to e. Hence for any morphism
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A5 X, (zoe)oe=xz0(eoe) = zoids = x s0 o¢’ is inverse to oe. In particular,
eoe’ = (idgpoe)oe’ =idp, so ¢ is also a right-inverse to e. Hence (4).

Assume (4), with left-inverse [ and right-inverse r to e. For any morphism
AL X, o =xo0idy =xo(eor) = (xoe)or, so or is left-inverse to oe. Similarly
for any morphism B % X, z = zoidg = zo(loe) = (zol)oe, so ol is
right-inverse to oe. Hence oe is an equivalence, so (2).

Lastly, (1), (2) and (3) are all clearly hprops; we show (4) is also. If e is
an isomorphism, the data of a left inverse (I : hom(B, A),l_ : loe = idy) is
equivalent to the data (I : hom(B, A),l— : | = (oe)~tid4), which is contractible.
Similarly for right inverses. O

Corollary 4.1.4. IfC is a wild category and has an associator a4 p, = (hog)of =
ho(go f) for all composable triples of morphisms f, g, h, then for any object X,
Isosc (X) = Isoscor (X).

Proof. Isomorphisms X = Y out of X are in bijection with isomorphisms
—1
X <— Y into X. O

Let p : £ — C be a wild functor. p is an amnestic isofibration iff p preserves
isomorphisms and for every object £ of & and isomorphism f : pE — C in C,
there is a unique isomorphism f : £ — C' which is sent to f by p.

Lemma 4.1.5. Let p: £ — C be an amnestic isofibration. For any object E of
E, lsosg(E) = Isosc (pE).

Proof. The equivalence is given by sending F 1 ¢ to pE L2 pC'; this is a
function as p preserves isomorphisms. As p is an amnestic isofibration, the fibres
of p : Isosg (F) = Isos¢(pE) are contractible, so this is an equivalence. O

Corollary 4.1.6. Let p : £ — C be an amnestic isofibration. If (¢,)pp 1S
a realigning U-family for C (and (0y — Ob(E)) = 1) then (p,)pp s also a
realigning U-family for £.

Typically, when C is some category, £ is some category whose objects are
objects of C with some extra structure and morphisms are morphisms of C
preserving this extra structure, then the forgetful functor p : £ — C will typically
be an amnestic isofibration. For example:

Proposition 4.1.7. The following functors between 1-categories are all amnestic
isofibrations:

e The forgetful functor TAlg — C associated to any endofunctor or monad T
on a 1-category C

e The functor CP? — COPP given by composition with the inclusion ObD — D
for any 1-categories C, D

e The forgetful functors Pos — Set, Top — Set and Met — Set
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e For any functor F' : C°® — Set, the projection elts(F') — C from the
category of elements of F is an amnestic isofibration

As are the following wild functors between wild categories:

e Any replete subcategory inclusion C — D (C is a replete subcategory of D
iff whenever f:c>=c inD and c € C then ¢, f € C also)

o If G and F are both amnestic isofibrations, then so is the composite £ S,
pLc
o [fthe wild functor D L € is an amnestic isofibration and the wild categories

, FoP ) o ,
D and C have associators then D°P — C°P is an amnestic isofibration

Proof. Each of these are immediate from direct calculation, using Corollary 4.1.4
for the final bullet. O

Lastly, let’s provide an example of a nontrivial amnestic isofibration between
wild categories.

Proposition 4.1.8. Let C be a wild category which factors orthogonally to
hom(C), and let F' : C — C be a wild functor. Then the wild category FAlg of
F-algebras exists, and the forgetful functor FAlg — C is an amnestic isofibration.

Proof. The construction of F'Alg is similar to the construction of C~ from
Section 3.3.2.

e Objects of F'Alg are pairs of an object and a morphism (A4 : ObC,a :
hom(F'A, A)).

e Morphisms (A, a) — (B,b) are quadruples (f : hom(A, B), /' : hom(FA, FB), f— :
foa=bof' fL:f =Ff). The data of the second and fourth compo-
nents is contractible, but stating in this way allows easier definitions of
composition and unitors.

e The identity morphism on (4, a) is given by (ida,idpa,l, -r, b, (5)71).
e The composite of morphisms (4, a) SRR (B,b) (0:979=202) (C,c)

has its first, second and third components given by the second, first and
(f',ff=)
R

third components of the C~-composition of the morphisms (F'A, A, a

(FB, B,b) 192.9.:92), (FC,C,c), and fourth component, lying in ¢’ o f’ =
F(go f), given after path induction on f/ and ¢’ as the path in Fgo Ff =
F(go f) from both being the unique 2-ary composition map over F' from
Theorem 3.3.2.

e Similarly, the left unitor, right unitor, and unit coherence for F'Alg each
have the first/second/third components of the path defined as the sec-
ond/first /third components of the corresponding path in C™, and have
their fourth components given by (if necessary) path induction on the f’
and then uniqueness of the 1-ary or O-ary composition map over F.
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It isn’t necessary to have explicit descriptions for the unitors or unit coherence,
although one could in principle construct them explicitly by using Theorem 3.3.2
to get many coherence laws for composition in C and for F', and working it out
by hand.

It is easy to see that the forgetful functor U from F'Alg to C which selects the
first components of objects and morphisms is a wild functor. Also if morphism e
in F'Alg has a left and right inverse, then this is preserved by U, so by Lemma 4.1.3
U preserves isomorphisms.

Now let A ©5 B be an isomorphism in C, and (A4, a) be a F-algebra. We

would like to show that this data has a unique lift to a morphism f with U f =f
i.e. that the type of quadruples

(b:hom(FB,B), f' :hom(FA,FB),f-: foa=bo f',f_: f =Ff)

is contractible. Path induction on f_ : f’ = F f shows this is equivalent to the
type of pairs
(b:hom(FB,B),f-: foa=bo Ff).

As F preserves composition, F' preserves having a left/right inverse, so preserves
isomorphisms. Hence oF f is an equivalence, and this type is equivalent in turn
to the type of pairs

(b:hom(FB,B), f— : (oFf) " *(foa) =b)
which is evidently contractible. Hence U is an amnestic isofibration. O

Having described the Isosc(—) of many categories C, let’s briefly turn to
p-realignment. For a category C and type A, and X : A — Ob(C) the type
Isosca (X) is easily seen to be equivalent to [],. , Isos¢c (X (a)), but we don’t know
much about this type. In particular, having Isos¢(X (a)) L T for each a : A is in
general insufficient to ensure that [], . , Isos¢(X(a)) L T.

Fortunately, this is not the case with ¢-realignment.

Proposition 4.1.9. Let ¢ : U, and suppose that for each i : I that C; is a wild
category with (a specified) -realignment. Then [], ,C; has a p-realignment.

Proof. For any object X of [[;C;, note that Isosyy ¢ (X) = [[;.; Isose, (X;).
Then the sections (¢ — lsose, (X;)) — lIsosc,(X;) combine to give a section
(o =TI,/ 1s0s¢, (X;)) = [1,.; Isosc, (X5). O
4.2 The Parametricity Axioms

There are three parametricity axioms we’re interested in, which we will discuss
in decreasing order of strength (and can each be stated independently):

Definition 4.2.1 (Univalent Parametricity Axiom). The universe U satisfies the
univalent parametricity axiom (UPA) iff I/ is U-superconnected and univalent.
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Definition 4.2.2 (Realignment Parametricity Axiom). The universe U satisfies
the realignment parametricity axiom (RPA) iff there is a specified realigning
U-family (¢,),:p for U for which P is I/-superconnected.

Definition 4.2.3 (Isomorph Parametricity Axiom). The universe U satisfies
the isomorph parametricity axiom (IPA) iff the following hold:

1. U is U-superconnected

2. For any type I : i and family A : I — U, [[,.; Isosy/(A;) is U-superconnected

4.2.1 Implication between the Axioms

As mentioned above, these axioms are in descending order of strength.

Proposition 4.2.4. The universe U satisfies UPA iff it is univalent and satisfies
RPA.

Proof. If U satisfies UPA, taking P = U shows U satisfies RPA also: as the
Isos;(A) are contractible, P-realignment holds for all types P.

Conversely suppose U is univalent and satisfies RPA via the type family
| = |:P—U. Then for any T': U, 7: U — T and B : U,

7(B) = 7(BY) = 7(BI*) = 7(BI%) = 7(B%) = (1)

where the middle equality holds via constancy of 7(B!=l) : P — T, so 7 is
constant. 0

Proposition 4.2.5. If the universe U satisfies RPA, then it satisfies IPA.

Proof. For each ¢ : P, let s% : (|¢| — lsosy(A)) — lIsosy(A) be the section
-realignment.

Firstly, let / : ¢4 and A : I — U. To show [], ; Isos;/(A;) is U-superconnected,
consider any B : [ [, lsosy(A;), T : U and 7 : [], ; Isosy(A;) — X. Then

7(B) = 7(Mi.B;) = T()\i.si‘“; (A\.B))) = T(/\Z'.S%:_ (A.By)) = T()\i.sg“”i(!OMMSOSM(A”))

where lo,, 1505, (4,) 18 the unique function of that type, the second equality
is by bi{ necessarily being evaluation, and the third equality is by ¢ —
7(Ni.s% (\-B;)) : P — T being constant.
Now, to show U is U-superconnected, let T : U and 7 : U/ — T. For any
B:U,
7(B) = 7(BY) = 7(BI*!) = 7(BI%) = 7(B%) = (1)

where the first equality holds by constancy of (B’;e : B = B ) — 7(B') :
Isosy/(B) — T', the middle equality holds by constancy of 7(BI=1): P — T, and
the last equality holds by constancy of (B’,e: 12 B') +— 7(B’) : Isosy (1) — T,

so 7 is constant. O
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4.2.2 A road not taken

There are several different possible formulations of the parametricity axiom, and
it’s not obvious how to find one with the “right” strength.

In a different direction, most models that we will consider arise from a stronger
version of SRPA, where U is the subuniverse of some larger universe ) consisting
of the ¢-modal types. This could be stated as an axiom e.g. “the universe ) has
Prop-realignment types and a sufficiently well-behaved and nontrivial modality {”
and state all of the results about V, instead of for /. Although mathematically
sound and sufficient, this excludes some models of interest (such as realisability
models that come with one impredicative universe only, or if the type theory
lacks the HITs/QITs to construct ¢) and shifts some of the focus from U/, the
universe we care about, to V, which is introduced to be a technical tool.

4.3 Bridges

We now move on to a notion of a “bridge” which will be used to show that many
categories C factor orthogonally to ely;. The idea is that for a {/-superconnected
type I, if there are enough functions from I to factorisations of a morphism f,
then Fact(f) should be U-superconnected too.

Definition 4.3.1. Let (L, 0y, 15) be a bipointed type. A wild category C is I-

bridgeable iff every ¢ : I and morphism C' Lp is equipped with a factorisation
B;(f) : Fact(f) of f, subject to the requirements that the left factor of B;(f) is
an isomorphism if ¢ = 0 or f = id, and the right factor of B;(f) is an isomorphism
ifir=1o0r f=id.

Each B; will provide a section of the object component of the composition
functor C*7*7* — C*®°. No requirement that this section acts on morphisms or
is functorial is imposed (although this can be useful and occurs in most examples).
Of these functorial factorisations of C, By is initial and B; is terminal.

Diagramatically, this situation looks like a method of interpolating between
the right and left factorisations of f, as below:

C
id ! f
\
By(f) = C lo Xo o D
Bg(f) = C ls Xg rs D
Bi(f) = C Iy X1 ! D
\
/ | id
D
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Theorem 4.3.2. Let C be a wild category which is (I, 0y, 1y)-bridgeable, and
(Tj>j:J a type family that includes hom(C). If for all j: J, I L T; and for all

objects A of C, lIsos¢(A) L T; and lsoscer(A) L T, then C factors orthogonally
to <Tj>j;!]'

Proof. The theorem will follow by verifying the hypotheses for Lemma 3.1.11.
Note that by Proposition 2.0.5, we may assume that (Tj>j:J includes (f = 9>f,g:hom(c,c’),c,c':obc .
First, for any
Let C L Ebea morphism of C and B : I — Fact(f) witness [-bridgeability.
Write B;(f) = (p; : f = C 25 X; 5 E). Let 7 : Fact(f) — T}.
Firstly, the following three equalities shall be established in turn

7(fact,(f)) = 7B1(f) = 7Bo(f) = 7(factr(f)) -
To show 7(facty(f)) = 7B1(f), define My, : Isoscer (') — Fact(f) by

(0e) ' f

Mp(Ase: A= E) = (invpath (o)1 f)0e=p : f = C A5 E) :lsoscer (E) — Fact(f)

and note that 7o My, : Isosces (E') — T is constant and that there are paths
p1 2 Mp(E,idg) = facty(f) and po : Mp(B1(f)middie,right) = B1(f), hence
r(fact,,(f)) = 7(B1(f)).

To show 7B (f) = 7By(f), note that i — 7B;(f) : I — T, is constant, and
apply this to 1y, Oy.

To show 7By(f) = 7(factr(f)), define My, : Isos¢(C) — Fact(f) by

Mp(A,e: C = A) = (invpathuy(eoy-1 71—y : f = C % A L BY tlsose(€) = Fact(f)

and note that ToMp, : Isos¢(C) — T is constant and that ps : Mg(Bo(f)middie,ieft) =
Bo(f) and ps : Mg(C,ide) = factr(f), hence 7(By(f)) = 7(factr(f)).
This creates a path 7= : 7(fact, (f)) = 7(factg(f)) as this composite:

CPTB,(f)(—v—)
7(factL(f)) T(B1(f)) 7(Bo(f)) 7(factr(f))
lapf (Pl’l) aPT(Pz)T lapf (pgl) apT(p4)T
7-]\JL (E |dE) — 7-]\'/[L(Bl (,f)m/i,d(l',le,r’ight) T]\/]R(BO(.f)’m,iddle,left) — T]\/[R(C7 |dC)
Py, (=-) CPT;“\JR(’7’>

In order to apply Lemma 3.1.11 and deduce the theorem, it remains to prove
that when f is ide that 7= is ap, (fact—(C')). Note that this is automatic when
(TJ>] only contains sets.

Let isofact(C') be the type of factorisations of ide for which both the left
morphism and right morphism are isomorphisms. Define 7/ : isofact(C) — T as
the restriction of 7. As being an isomorphism is a property, this is a subtype
of Fact(id¢). By Proposition 3.1.7, composition is associative, so when s, 7 are
morphisms with 7 o s = id, s is an isomorphism iff r is (by the usual proof), and
s, r uniquely determine each other.
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In particular, this means that M, B_(id¢) and Mg all factor through the
inclusion of isofact(C) into Fact(idc). Denote these restricted functions by M7,
B_(id¢)" and M},. Additionally M}, : Isosc(C') — isofact(C') is an equivalence,
so isofact(C') L Tj.

This lets us show that the previous diagram is equal to the one below, wherein
(g, -) is the path sent to ¢ by the inclusion isofact(C') < Fact(id¢).

P/ B_(ide)r ()

7/ (facty, (id¢e), -) 7/ (B1(id¢)") ————— 7/(Bp(ide)") 7/ (factg(ide), -)
lap7/<p1¢7>’l Tapf/@zw) ap, <p3,7>’ll apﬂ([M-,—)T
(M} (E,idg)) — 7'M} (B1(id¢)m.r) 7' M5 (Bo(ide)m,) — 7' MR(C,id¢)
’ €prrary (=-) y ’ ’ Cpﬂ"]\[ﬁ("y’)

Additionally, ap_(fact—(C)) = ap,. (fact_(C), ), so it’s sufficient to show
the composite path above equals ap,, (fact—(C'),-). As isofact(C') L T}, 7’ is
constant, so there is a path ¢ : 7/ = A_.t for some ¢ : 7. Induction on ¢ reduces
this to proving refl, = refl;. O

Corollary 4.3.3. Assume U satisfies RPA via (p,),.p, and let C be a locally
U-small wild category which is (I, 0y, 11)-bridgeable for U-superconnected 1. If
(pp)pp is a realigning U-family for C, then C factors orthogonally to ely.

Proof. Immediate from Theorem 4.3.2 and Lemma 4.1.2. U

Typically, showing that a wild category C factors orthogonally to 7" has been
reduced into two parts: showing that Isos¢(A) L 7', which has been covered
previously for many wild categories C; and showing that 7" is I-bridgeable for
some appropriate .

4.3.1 Obtaining bridgeable 1-categories

Let A be a set. An A-ary pullback is a limit of a diagram whose shape AA * 1
has A objects together with a terminal object T and only identity morphisms
and morphisms into T. For example, here are the diagram shapes for 0, 1, 2 and
3-ary pullbacks:

T T T T

! SN TN
Lemma 4.3.4. Let I be a strictly bipointed set and C be a 1-category which for
all i : 1 has all (i = 1y)-ary pullbacks. Then C is [-bridgeable.

Proof. Let C L Dbea morphism of C. For each i : [, let ¢ be the proposition

i=15. Let J, : (¢ *1) = C be the diagram for a -ary pullback where we take
the ¢ nonterminal objects to C, the terminal object to D, and the nonidentity
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morphisms to f. Note there is a cone from C to .J, which takes the morphisms
C — C' to be id¢ and the morphisms C' — D to be f.

J, has a limit lim J,. The cone from C' to J,, gives a morphism C £, lim Jo
by the universal property of limits. The projection map at the terminal object
of the diagram J, gives a morphism lim J,, "2y D. The composite of these two
morphisms is f, so this defines a factorisation of f for each . In particular, this
defines a function i — (C Ly ox, oy D) : T — Fact(f) by (C L ox, oy D) =
(C 220 Jim Ji=1. SN D).

In case i is 1y, the factorisation C' il% X; =5 D has that [ is an isomorphism
(as l-ary pullbacks select the source). In case i is Oy, the factorisation C Lo,
Xo ~% D has that r( is an isomorphism (as 0-ary pullbacks select the target). O

4.3.2 Obtaining bridgeable wild categories

The basic idea for obtaining bridgeable wild categories C is the same as for
1-categories: if enough subfinite wide pullbacks exist then C is bridgeable. To do
this, the wild category under consideration is taken to be associative, and extra
care is taken when defining limits.

For this subsubsection, fix a wild category C and an associator ay 4 :

(hog)o f=ho(go f) for all composable triples of morphisms e EIPRE NP
in C.

Let I be a set, T" be an object of C, and D; 4 Thea morphism for each i : 1.
For an object X of C, a cone with tip X over this data consists of a morphism
71 : hom(X,T) and for each i : I both a morphism 7; : hom(X, D;) and a path
7, :d;om; = 7. Denote the collection of cones with tip X as Coner p 4(X), or
Cone(X) when unambiguous. For a morphism f : Y — X and a cone (1, 7_,7=)
with tip X, there is a cone (f*nr, f*m_, f*n=) with tip ¥ which is defined by
frrr =mnrof, f*m =mof and fr; = O‘,?;rr;,dz (m=of):dio(mof)=mro0f.
A I-ary pullback of this data consists of an object P and a cone 7 with tip P
such that for all objects X the function f ~— f*7 : hom(X, P) — Cone(X) is an
equivalence.

Proposition 4.3.5. Let I be a strictly bipointed set. If for all i : 1, C has all
(i = 1p)-ary pullbacks, then C is I-bridgeable.

Proof. Let C S Dbea morphism of C. For any i : I, let ¢ be the proposition
1= 1.

Consider cones over the diagram with ¢ morphisms into D, each given by
¢ Ls D. This has a limit (P,p). Note there is a cone with tip C' given by
C = (f (idC),:va (rf),ztp)'

As (P, p) is a limit, there is a unique morphism [ : hom(C, P) with w : I*(p) =
c. Write the components of w as wt : pr ol = f, and for u : ¢, w, : p, ol =ide
and w;, : a,}}“‘f “(py ol) =ry. Then (wr : f=C Lpin, D) is a factorisation
of f, parametrised by i : I.
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To deduce C is I-bridgeable, it remains to show that if ¢ = O; then p+ is an
isomorphism and if 4 = 1; then [ is an isomorphism.

Suppose that ¢ = 0;. Then the composite of the equivalences

hom(X, P) L7 %) Cone(X) ~T5 hom(X, D)
(using that (i = 0y) is empty in the second case) is op, so the functions opt are
all equivalences, and by Lemma 4.1.3 p7 is an isomorphism.

Suppose that ¢ = 1. Then there is a unique u : ¢. w, witnesses that [ has a
left inverse p,, so (by associativity) op, is one-sided inverse to ol, and [ is an
isomorphism if p is. The function (c¢1,c,,c; )+ ¢, : Cone(X) — hom(X, C) is
an equivalence, by forgetting (ct,¢;) in the singleton type of id¢ o ¢,,. Then the
composite of equivalences

hom(X, P) 277 Cone(X) =% hom(X, D)
is op,, so the functions op, are all equivalences, and by Lemma 4.1.3 p, and
hence [ are isomorphisms. O

4.4 Various results we can now deduce

Proposition 4.4.1. Suppose U satisfies IPA. If C is a complete category which
admits an amnestic isofibration to Set™ for some X : U then C factors orthogo-
nally to ely. This includes the following categories:

e Set, Pos, Top, Met?

o CP for any C in this list and any category D

Any Grothendieck topos (presented as a reflective subcategory of a presheaf
category)

e Any category of algebras (models of an algebraic theory)
o Any reflective subcategory of any category in this list

Proof. Follows straightforwardly from Theorem 4.3.2 using Lemma 4.3.4 and
completeness to obtain bridges and using Lemma 4.1.5 and IPA to obtain the

Isosc(—) L T.
Showing that each item in the list has an amnestic isofibration to some Set™
follows from Proposition 4.1.7. O

Proposition 4.4.2. Suppose U satisfies UPA. If C is a complete univalent
category then C factors orthogonally to ely. This includes the following categories:

8where Met uses short i.e. distance-nonincreasing morphisms and distances are valued in
lower reals
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Proof. Follows straightforwardly from Theorem 4.3.2 using Lemma 4.3.4 and
completeness to obtain bridges and using univalence to obtain lsos¢(A4) = 1
hence the Isos¢(—) L T. O

Proposition 4.4.3. Suppose U satisfies UPA. Any univalent category with
all filtered colimits factors orthogonally to U. In particular, this includes any
finitely® accessible category.

Proof. This follows from Theorem 4.3.2 using that univalent categories C have
Isos¢(A) L T automatically by virtue of Isos¢(A) = 1, and bridges given by
Lemma 4.3.4 using that ¢-ary pushouts are directed colimits when ¢ is a
proposition. O

Proposition 4.4.4. IfU satisfies RPA, then the following wild categories factor
orthogonally to ely,:

o UM and (UA)P for any type A

e The wild category of (co)algebras of any wild functor F = U* — U
(assuming, in the coalgebra case, that U has pushouts)

Proof. Let (¢,),» be the realigning /-family provided by RPA. &/* and (1/*)°P
also have this be a realigning U/-family by Proposition 4.1.9 and Proposition 4.1.7.

U* has wide pushouts and wide pullbacks, constructed in the usual way,
hence are in particular P-bridgeable. (Note that in I/ the I-ary pushout of

c 1y B; can be given by coequaliser of two morphisms C' — C' + 3. B;, and
that coequaliser and + can be cosntructed from pushout and 0y.) Hence by
Theorem 4.3.2 U* and (U/*)°P factor orthogonally to ely,.

By Proposition 4.1.8, the category of algebras of a wild functor F : " — U*
admits an amnestic isofibration to Z/“. Similarly for the category of coalgebras
(after applying opposites twice, using Proposition 4.1.7).

The wild category of F-algebras has its limits computed as in /* and the
opposite of the wild category of F-coalgebras has its limits computed as in (2/)°P.
The proofs that their limits (in particular, wide pullbacks) can be constructed
in this way is exactly as in the 1-categorical case, appealing to Theorem 3.3.2 in
order to get all of the required coherence. Then Theorem 4.3.2 gives that these
categories factor orthogonally to ely,. O

Proposition 4.4.5. Suppose that U is a univalent universe and is closed under
+. Then U satisfies UPA iff for all A : U, the map (a — AX.\f.f(a)) : A —
[[y(A— X)—= X is an equivalence.

9Removing “finitely” seems to be nontrivial, both because of the lack of a constructive
theory of sound limit doctrines as of writing and because ¢-ary pushouts aren’t necessarily
k-directed when « includes infinite sets
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Proof. Firstly suppose U satisfies UPA. Note that by the above, the wild category
U factors orthogonally to ely;. Then [[, (A — X) — X is the type of
transformations from the functor —* to idy. All such transformations are
natural by Proposition 3.1.4, so any « : [[,,(A — X) — X satisfies ax(f) =
ax(foida) = f(aa(ida)) for all f: A — X. This shows a — a4 (id4) is inverse
to (a — AX.Af.f(a)), so this is an equivalence.

Conversely, suppose that for all A : U, the map (a — AX.A\f.f(a)) : A —
[[¢y(A— X)— X is an equivalence. Let ¢ : U/ — A and u : U be arbitrary.
Then define o : [[ (A = X) = X as ax(f) = f(c(isEquiv(f) x u)). Note
aa(ida) = ¢(u). By assumption ax (f) = f(aa(ida)) = f((u)) always holds. In
particular, for f =inl: A — (A4 1),

inl(c(0)) = ax(f) = fle(w)) = inl(c(u))

so ¢(0) = ¢(u). As u was arbitrary, ¢ is constant, so i/ L A for all A : U. O

4.5 Impredicative universes are almost parametric

For this subsection, suppose U is a universe closed under arbitrary (possibly-not-
U-small) products.

Recall the definitions 0 A = [y, X* — X and 4 = AaX f.f(a) : A — OA
from Section 3.2.2.

Lemma 4.5.1. For an inhabited large type P, the following are equivalent:
1. P is U-superconnected
2. np s constant
3. OP=1

Proof. (1) implies (3): let p : P and qo,q1 : OP, then gy = consty(p) =

consty, (p) = 1.
(3) implies (2) as functions into 1 are (uniquely) constant. In particular, if

(3) then (2) is a hprop also.

(2) implies (1): constancy of np implies there is ¢ : OP for which for any
p,q: P, A:U and function f: P — A, f(p) = np(p)(A)(f) = c(A)(f), so [ is
constant with value ¢(A)(f). As P is inhabited, Lemma 2.0.2 implies P | A.

(1) and (3) are hprops by construction, and (2) is a hprop if true (via (3)) so
is a hprop, hence these bi-implications are equivalences. O

Suppose that there is a poset (Prop_, <) with the following properties:

e < is valued in U-small propositions

e Prop_ is a complete lattice

e The only function f : Prop_ — Prop_ with f(L)= 1L and f(T)=T isid
o | AT
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One might try to define Prop_ tobe {A: U | A= (A — 0) — 0} / <>, but this set
might not form a complete lattice. If there is a type Prop;, of /-small propositions
which satisfies propositional extensionality (such as if ¢/ is univalent), we can
take Prop_ = {¢ : Prop, | ¢ = =—¢} and a < b iff a — b.

Theorem 4.5.2. Prop_, is not not U-superconnected.

Proof. Suppose towards contradiction that —(7prop_ (L) = nprop_ (T)). Let f be
the composite

roj =T1Pro T
Prop_, NN OProp_, M Prop_,

and note that f(L) = L so f =id by the third bullet above.

Hence Prop_, is isomorphic to the set of fixed points of 7prop_ 0 (= Nprop_ (T)) :
OProp_ — OProp_, so the set Prop_ is essentially U-small. For notational
convenience we assume it is.

This lets us construct the covariant endofunctor P : Set — Set with P(X) =
Prop_~ and for f : X = Y, P(f)(p)(y) = Nsep-1gyy #(x). The category of
P-algebras is large-complete because Set is and the forgetful functor to Set
creates all limits; the limit of the identity functor on P-Alg is an initial algebra
I = PropﬁI . Then by Lawvere’s fixed point theorem or Cantor’s diagonal
argument, — : Prop_, — Prop_ defined by —p = /\p:T 1 has a fixed point, which
is absurd (for p a fixed point of -, p = T iff p £ T).

Hence == (nprop_ (L) = Nprop_ (T))- I Nprop (L) = Nprop_ (T) then for any
7 : Prop_, — T, define the function f as f(b) = 7(© A b) so that

T(J-) - 7_(<)0/\J-) = f(J-) = TProp_, (J—)T(f) = TProp_, (T>T(f) = f(T) = T(QD/\T) =

so T is constant, so Prop_ is U-superconencted. As actually it is only the case
that = =(7prop_ (L) = NProp_(T)), we unconditionally get that Prop_, is not not
U-superconencted. O

Question. Is Prop_, always U-superconnected?
Corollary 4.5.3. IfU is a univalent universe then =——UPA(U ).

Corollary 4.5.4. Let T : U and suppose that for any a,b: T that -—(a = b)
implies a = b. Then Prop,, L T

Proof. 1f 7 : Propy, — T' then as == (nprop(-L) = 1prop(T)), then =—(7(¢) = 7(¢)).
Hence 7(¢) = 7(¢) and Prop,, L T. [

In particular, this means that impredicative universes which are univalent
or with realignment types automatically satisfy “enough” parametricity to get
naturality in some restricted cases, such as the following:

Let Set®® denote the full subcategory of Set on ‘——-separated’ sets A
satisfying Va,b: A.==(a =b) — a = b.

Corollary 4.5.5. Assume realignment types exist, and let F,G : Set®? —
Set’? be functors and aa : F(A) — G(A) for each ——-separated set A. Then
« is natural.
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Proof. As realignment types exist, Set is Prop;,-gluable so its replete subcategory
Set®? is also. As Set®? has all small limits and Prop,, L 7 when 7" is ——-
separated, Theorem 4.3.2 and Lemma 4.3.4 tell us Set’? factors orthogonally
to each ——-separated set 7. In particular, for A, B : Set’® hom(A, B) is

——-separated also, so Proposition 3.1.4 lets us conclude the result. O

5 Models of the axioms

The previous sections have established that parametricity axioms, in particular
the realignment parametricity axiom (see Definition 4.2.2), are sufficient to
derive powerful and useful parametricity results. However, and axiom is useless
without models. As IPA is a consequence of RPA by Proposition 4.2.5 and UPA
is equivalent to RPA plus univalence by Proposition 4.2.4, focus will primarily
be on models of RPA.

Most models considered are constructed in three steps. Firstly, the base
model S is extended into a presheaf model [C°P, S]. Secondly, a universe U in
S is lifted to a universe U/ of [C°P,S]; this is then shown to have realignment
or univalence as appropriate. Thirdly, a (usually reflective) subuniverse
of U is produced, and Z% is shown to satisfy the realignment/univalence and
orthogonality conditions needed for it to model the parametricity axiom.

There are also two previously-studied models of type theory which are shown
to model the Univalent Parametricity Axiom. In Cohesive HoTT [14], the
internal universe of discrete ([-modal) objects often satisfies UPA. Also, the
cubical assemblies model [16] of HoTT validates UPA for the universe of modest
assemblies.

5.1 Realignment Types in Presheaf Categories

To construct models of RPA in PSh(C), it is necessary that PSh(C) has ¢-
realignment types for enough propositions . _

Let U be a universe in Set and C be a category in Set. A universe U in
PSh(C) is defined following the Hofmann-Streicher lifting [7]. Recall that for
a presheaf F': PSh(C), that the slice category PSh(C)/F is equivalent to the
presheaf category PSh(elts(F)) for elts(F') the category of elements of F', whose
objects are pairs (¢ : C,z : F(¢)) and morphisms (¢, z) — (¢/,2’) are morphisms
f e — ¢ such that F(f)(z') = .

The presheaf U is defined by

U(c) = homcat ((C/c)°P, U)
U(f : ¢ — ) : homeat ((C/¢)°P,U) — homeas ((C/c)%P,U)
U(f:c— )=z x0(C/f)P
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The type family el;, seen as a presheaf on elts(?j ), is given by

elz(c: Coa: (C/e)® - U) = z(id.)
eb;(f Z(Caﬂﬂ = (c,a)) 12’ (ider) — 2'(f)
ely(f: (c,x) = (¢, 2") = 2'(f - homc/eryon (f,ider))

noting in the bottom two lines that « = 2’ o (C/f)°? and hence z(id.) = 2'(f).
This construction can be done for an arbitrary type family.

Proposition 5.1.1. Let U be a universe in Set, P be a family of U-small sets,
and C be a _category in Set. If in Set, U has p-realignment for all ¢ : P, then in
PSh(C), U has p-realignment for all ¢ : P.

Proof. This is proved by Proposition 10 of Uemura [16], taking Cof = P. Ue-
mura’s axiom 10 holding for Cof and U is equivalent to the category U having
p-realignment for all ¢ : Cof. The proof doesn’t use axioms 6, 7 and 9, or that
U is impredicative. O

This proof is valid constructively, which will be important for application to
the category of assemblies later.

Corollary 5.1.2. Let U be a universe in Set and C be a category in Set. Then
2 is a realigning U-family for the universe U.

Proof. Immediate from the preceding theorem, that ¢/ has both 0y~ and 1-
realignment, and that the elements constg, const; of 2 have el5(consty) = A0y, =
0;; and elz(const;) = A1 = 1. O

Note that 2( ) can be identified with the set of sieves S on ¢ : C for which a
morphism f into c is either in .S or not in S. In particular, if LEM holds in Set,
2 is the subobject classifier  of PSh(C).

It is also known that, if Set satisfies the axiom of choice, then any grothendieck
topos over Set has p-realignment for all propositions ¢ : {2 as shown in Corollary
4.3.3 of “Strict universes for Grothendieck topoi” [6], with the equivalence to
the notion of realignment used herein given by Lemmas 5.1.5 and 5.1.6 of that

paper.
5.2 Parametricity axioms in reflective subuniverses

5.2.1 Generalities regarding reflective universes

Proposition 5.2.1. Let U be a universe and (¢,)p:p be a realigning U-family of
propositions for U. Let (A;);.; be a U-small family of inhabited U-small types,
and O be the modality generated by nullifying the (A;);.;. If P is {-connected
then Uy satisifes RPA.
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Proof. As the subuniverse U, C U is closed under isomorphism, Isos;,, (A) =
Isos;/(A), so if U has p-realignment then so does U, .

Let ¢ be a proposition in . For each i : I, as A; is inhabited, (4; — ¢) <> ¢,
so A; L . Hence ¢ is ¢-modal, so in Uy, and (¢,),.p is a realigning U/-family
for U.

Lastly, if OP is {-connected, then P L A for any A : Us. O

Corollary 5.2.2. Let U be a univalent universe and ) be the modality generated
by requiring that the U-small types (A;);.r are all null. If all A; are inhabited
and there is some A; which is a set containing unequal points ag # ay then UPA

holds for U,.

Proof. If U is univalent, U has ¢-realignment for all types ¢, so by the above
theorem if hProp,, is {-connected then U/, satisfies RPA. Corollary 2.0.10 implies
that hProp;, is ¢-connected and Proposition 4.2.4 gives that as ¢/ is univalent
and satisfies RPA, it satisfies UPA. O

Also, note that U, has HITs which eliminate into ¢-modal types:

Proposition 5.2.3. Let U be a universe which has HITs (resp. QITs) and
modality O gemerated by requiring that the U-small types (A;)i.1 are all null.
Then the reflective subuniverse Uy has HITs (resp. QITs) restricted to have
small elimination wherein the induction principle is restricted to land in type

families in Uy .

Proof. To any HIT or QIT «a(x : X), define a new HIT/QIT o/ (x : X) which
has the constructors of a(z : X) and the constructors of . As the constructors
include those of ¢, the produced type must be {-modal. Eliminating from o’
requires eliminating the constructors of a and also proving that the output
types are all ¢-modal, which (as a type can be {-modal in at most one way) is
equivalent to eliminating the constructors of «, restricted to eliminating into
types that are (-modal. O

Remark 5.2.4. It is not generally the case that the U,-HITs agree with the
HITs: for example, if some A; is 2 then the Uy-inductive type for 1+11is 2 =2 1,
not 2. Parameters in I/ can also pose a problem: given B : U/, the inductive type
« that has a single unary constructor B — « will become OB as a Uy-type.

This naturally leads to the question of what circumstances are sufficient for
Uy-HITs to agree with U/-HITs.

Question. Suppose that () preserves finite colimits. Which HITs/QITs is U
closed under?
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5.2.2 Models in presheaf categories

Let FinSet_. be the category of finite nonempty sets. In what follows FinSet_
could be replaced by any small category C such that C has finite products, all
objects of C have a morphism from 1, some object has multiple distinct morphisms
from 1, and for which “f : 1 — b factors through f : a — b” is a decidable
property of morphisms.

Theorem 5.2.5. Let U be a universe of sets in Set. Let { be the modality in
PSh(FinSet ) which nullifies yn for each n € FinSet_.j. Then the universe

Uy in PSh(FinSet ) satisfies RPA. Moreover, the universe AU is included as
a subuniverse of Uy .

Proof. Firstly, we wish to apply Proposition 5.2.1 in PSh(FinSet ). (yn)mAFinSet#m
is a U-small family of inhabited types. Also, (e|§@)¢:§ is a realigning L?—family
of propositions for u by Corollary 5.1.2.

Instead of applying Proposition 5.2.1 directly to the family (el-igo)wg, it will
be applied to the subfamily (el5(b = y1))p.y2 formed by restricting along the
morphism (— =yl):y2 — 2 (which concretely can be defined as an element
of homcat ((FinSet_.;/2)°?,2) by sending morphisms f : n — 2 whose image
includes 1 to 1 and other morphisms to 0).

As this family includes the propositions 0;; and 1, and y2 is ¢-connected (on
account of being in the generating family of nullified types), L~{<> satisfies RPA.

To see that Al is included in 2, it suffices that [Tanu HC:AFinSet¢w yC L
A. Using that dependent products over AX are equivalent to products over X,
this can be checked for each A and C' individually.

For any set A in I/ and any object C' of FinSet_(, we see in PSh(FinSet_)
that naturally in D : FinSet_.:

(AA)(D) = (AA)(CxD) = hom(y(CxD),AA) = hom(yCxyD, AA) = (AA)YC (D)

with these isomorphisms composing to the D-component of the diagonal map
AA — (AAYC so yC 1L AA. O

It was noted in Proposition 2.0.3 that orthogonality properties that LEM
implies that | is trivial, and so a nontrivial universe I/ cannot satisfy both RPA
and LEM. However, it is still possible for two universes to coexist with a smaller
one satisfying LEM or AC contained in a larger one satisfying RPA:

Proposition 5.2.6. Let U be a universe in Set. If U contains a classifier for
U-small subobjects, satisfies LEM, satisfies RPA, or satisfies AC, then so does
AU in PSh(FinSet ).

Proof. Note that the diagonal functor A : Set — PSh(C) preserves indexed
(co)products, 2, 3, ¥, —, and so on. As the properties “U contains a classifier
for U-small subobjects”, “U satisfies LEM” | “U satisfies RPA” and “U satisfies
AC” of a family of sets &/ can all be phrased in terms of these connectives
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preserved by A, if these properties held for I/ in Set then they also hold for AU
in PSh(FinSet ). O

Lastly, for illustration purposes, we give a description of the I/N{Q—small types.
These are precisely the types which are both U-small and which are O-modal.
A presheaf F': FinSet;’f@ — Set is U-small iff F' factors through the inclusion
U — Set. A presheaf [ : FinSet;pm — Set is {-modal iff it is constant, as
nullifying at yn implies that the the function hom(yk, F') = hom(yk x yn, F')
induced by the projection yk x yn — yk is an isomorphism, which in particular
implies F'(!,,) : F(1) = F(n).

This in particular implies that the global points functor hompgh (Finset.) (1,-):
PSh(FinSet_j) — Set sends the internal category ZJQ to a category equivalent
to U.

More generally, let I be a type and (X;);.; be a type family over I. For the type
family X to be ¢-small (i.c. a pullback of el;), it is necessary and sufficient that
for each ¢ : hom(yn,I) that ¢*X : PSh(FinSet_y)/yn = PSh(FinSet_/n)
is valued in U/-small sets (up to a family of isomorphisms parametrised in
(n,¢)). (X;)i; is moreover Uy-small iff for any k,n in FinSet_y the function
X(n) = X(n x k) Xr(uxp) I(n) induced by the total space projection X — I
and the product projection n X k — n is an isomorphism.

5.2.3 Models in co-topoi

Recall that classically any (co, 1)-topos € has a presentation as a model category
for which it models HoTT with strict univalent universes [13].

Let &@ be some 1-category with finite products for which hom(1, —) is faithful
and conservative, and with an object I with two distinct points, such as the
category FinSet_y of nonempty finite sets.

Proposition 5.2.7. Assume the axiom of choice. Let k be an inaccessible
cardinal and £ be a locally \-presentable (oo, 1)-topos for A < k regular. Then
£ has a morphism UE satisfying univalence and for which the relatively r-
presentable morphisms of £ are the pullbacks of U .

There is a presentation of [G°P, E] as a type theoretic model topos for which

there are morphisms AUS, UP, U,L@op’g} with:

1. AUE is internally a pullback of UP along an embedding
o O] )
2. UP is internally a pullback of Uy along an embedding

P
3. Uh{@o “is a univalent universe in the sense of [18, Definition 5.1] and
is closed under X types, 11 types, binary sum types and path types, and
contains 0,1,2,N and S™

4. UP satisfies UPA

5. AUE is equivalent to US as a E-indexed family
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Proof. The main statement of this theorem and (3) are both contained in [13,
Theorem 11.2].

(2) and (4) follow by taking UP? to internally be the subuniverse on objects
A for which yI L A holds internally for I the interval object of &d. (It is not

given that this subuniverse is reflective as U,L@D 7€) isn’t stated to be closed under
HITs.)

(5) follows from that the diagonal functor & — [G°P, £] is fully faithful and
preserves finite limits. (1) follows from that AU¢ is internally a pullback of
UL@OP‘Q as A preserves relatively r-presentable morphisms (and is pullback
via an embedding as AUZ is univalent as A is a locally cartesian closed &-
indexed functor (hence preserves univalence of type families)), and that this
embedding factors through the embedding from (2) using the same proof as the
last paragraph of Theorem 5.2.5. O

Remark 5.2.8. The notion of universe used by Shulman [13] is relative to a
chosen model category presenting type theory and corresponds to classifying a
specified notion of fibred structure. It is stronger than the notion of universes
used herein, although it seems plausible that U” and AU¢ are universes in that
stronger sense also.

5.2.4 Models via cohesive HoTT
Recall Axiom C2 of Cohesive HoTT [14]:

Definition 5.2.9 (Axiom C2 of Cohesive HoTT). In the context of cohesive
HoTT, axiom C2 is said to hold (for a universe U/) when there is a type family
R :: I — U such that a crisp type A :: U is discrete (qua (—), : bA — A being an
equivalence) iff R; | A for all 7 : I and, additionally, there is some 7 : [[,.; R;
and some i : [ and rg, 7 : R;, such that R;, is a set and o # ry.

i0 i0

Theorem 5.2.10. Let U be a univalent universe satisfying axiom C2. The
subuniverse Ugiscrete 0f types which are discrete satisfies UPA.

Proof. Note that by definition (specifically, Definition 8.2 [14]), a type A : U
is discrete iff R; | A for all 7 : I. Hence Proposition 5.2.1 immediately gives
SRPA, and Proposition 4.2.4 gives UPA. O

The corresponding modality ¢ is referred to as “shape” [ in cohesive HoTT.

Note that in particular for any A :: U/, b A is in Ugiscrete, SO the universe Disc of
crisp discrete types is a subuniverse of Ugiscrete- The axiom C2 is also consistent
with the axiom bLEM stating that LEM holds in Disc.

5.3 Realisability Models

It is unfortunately the case that the parametricity axioms fail in the category of
assmeblies with the standard choice of universe.
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Proposition 5.3.1. For any nontrivial PCA A, IPA is false in the impredicative
universe PER in Asm(A).

Proof. Tt is sufficient to find PERs A, B and a function Isospggr(A4) — B which
isn’t constant.

For a PER A, Isosprr (A) is the assembly described as follows: the underlying
set consists of pairs (S,¢e) for S a PER and e : |S| 2 |A| an isomorphism of
PERs, and a € A realises (S, e) iff fst a tracks e : |S| — |A| and snd « tracks
el |4] —|S).

Let A = A. Then a realises (4,id) € Isosprr(A) iff for all z : A, fst a x =«
and snd a v = z. If a in addition realises (B,¢) € Isosprr(A), then as fst a
tracks e, e([z]) = [z], and as e is invertible, (B,e) = (A, id).

Now define R as the PER a R b iff (a realises (A,id) € lIsosprr(A) iff b
realises (A,id) € Isosprr(A)), and define f : Isospgr (A) — R by taking (B, ¢)
to the equivalence class of any realiser of (B,e¢). This function is tracked by
id, and is nonconstant as there are nonidentity isomorphisms out of A (such as
A = (1 x A) with the standard encoding). O

Remark 5.3.2. For some PCAs, there is stronger failure of parametricity results.
Rummelhoff has shown [12] that for a well-chosen combinatory algebra A, there
are nonstandard numbers in [[ X — X in the PER semantics over A, and
direct computation shows that this PER is isomorphic to the assembly internally
computed by [],, X X — XX for U the universe of PERs over A. In contrast, it
is noted there that [, X X X~ is standard for PCAs with strong equality,
such as (N, p_(—)).

There are two potential solutions to this problem: either try to select another
impredicative universe in Asm(A) which does satisfy the parametricity axiom,
or modify the category of assemblies to get models where RPA does hold. We
take the latter route.

Fortunately, we can still use assemblies to get a model of the parametricity
axiom, and this model will still embed PER.

Theorem 5.3.3. The category of internal functors [FinSet;fW Asm(A)] con-
tains an impredicative universe U which satisfies RPA. Moreover, the externali-
sation of this internal category U is equivalent to the category PER, of PERs
over A.

Proof. Immediate from Theorem 5.2.5 and the discussion immediately following,
applied in the internal logic of Asm(A). O

Theorem 5.3.4. In Uemura’s cubical assemblies model [16] of realisability, UPA
holds for the universe of modest assemblies U (and any reflective subuniverse
thereof ).

Proof. Work internal to the category of assemblies. Let G2 be the category of
cubes used in [16], I = V2 be the assembly with two points 0,1 with are both
realised by all members of the PCA, and AT be the constant preasheaf valued in

52 [DRAFT]



Easy Parametricity [DRAFT]

I. As this is a constant presheaf, is discrete and has a fibration structure i.e. is
interpreted as a type. For any a,b: I, a = b is a <l-element PER so [ is locally
PER-small; AT is similarly locally U/-small. Hence, by 7?7 and univalence of U,
to conclude UPA it suffices to show that AT is U-superconnected.

To show this, we need that [A: ¢/ = ATl L A]. As PSh(@)/U = PSh( [znU)
(the category of elements of I/), this is equivalent to asking that, internal to
PSh( [splf), that u* AT L £ where u* is the pullback functor (and in particular
w*Al is the constant /-valued presheaf on f@ U) and €& is the family of ¢/-small
types, indexed over U. & in particular is valued in PER and u*Al is well-
supported, so by [16, Proposition 21] the diagonal function & — (u*Al — &) is
an isomorphism internal to PSh( f@U ), hence u*AI | £ as desired.

Lastly let V be a reflective subuniverse of U. U is univalent so V is. Given
A:Vand U L A then, as V is a retract of 4, V L A: for any f :V — A,
f=/fo0ow=const, oL =const, for a a: A. O
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