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Abstract

Policy makers need to decide whether to treat or not to treat heterogeneous individuals.
The optimal treatment choice depends on the welfare function that the policy maker has in
mind and it is referred to as the policy learning problem. I study a general setting for pol-
icy learning with semiparametric Social Welfare Functions (SWFs) that can be estimated
by locally robust /orthogonal moments based on U-statistics. This rich class of SWFs sub-
stantially expands the setting in Athey and Wager (2021) and accommodates a wider range
of distributional preferences. Three main applications of the general theory motivate the
paper: (i) Inequality aware SWFs, (ii) Inequality of Opportunity aware SWFs and (iii)
Intergenerational Mobility SWFs. I use the Panel Study of Income Dynamics (PSID) to
assess the effect of attending preschool on adult earnings and estimate optimal policy rules

based on parental years of education and parental income.

JEL Classification: C13; C14; C21; D31; D63; 124
Keywords: local robustness, U-statistics, Inequality, Intergenerational mobility, empiri-
cal welfare maximization.

R package (forthcoming): https://joelters.github.io/home/code/

*Research funded by Ministerio de Ciencia e Innovacién, grant EC02017-86675-P, MCI/AEI/FEDER/UE,
grant PGC 2018-096732-B-100, grant PID2021-127794NB-100, grant PRE2020-092794 and Comunidad de
Madrid, grants EPUC3M11 (VPRICIT) and H2019/HUM-589. I am grateful to Juan Carlos Escanciano and
Toru Kitagawa for their guidance and support, and to Miguel Angel Delgado, Juan José Dolado, Ignacio Ortuno,
Nazarii Salish, Jan Stuhler and Carlos Velasco. Email address: jrobert@eco.uc3m.es


https://raw.githubusercontent.com/joelters/website/gh-pages/assets/LRPL.pdf
https://joelters.github.io/home/code/

1 Introduction

Whenever a policy or treatment has heterogeneous effects it is important to decide carefully
who should be treated. In the simplest case in which we care only about the average outcome,
there are no budgetary limits and the treatment effect is positive for everyone, it follows that
the best policy is to treat everyone. However, in most cases, we do not have such a luxury.
We might have a limited budget, distributional concerns or negative treatment effects for some
individuals. In these cases, it is important to decide whether to treat or not to treat different
individuals. This is the problem of policy learning.

Such a problem is omnipresent not only in economics but in business, law, education,
medicine and many other fields of inquiry. While in economics we might want to know whether
to provide training or not to the unemployed, decide different rules to assign conditional cash
transfers or even whether a transfer should be given unconditionally, in business we might want
to know whether to provide a discount to a customer or not, or whether we should send price
recommendations to some stores and not to others. Judges might have to decide whether to
release someone on parole or not based on the recidivism probability of the individual. In edu-
cation, we might want to know whether to provide a scholarship to a student or not or whether
we should provide additional extra-curricular lessons. Certain medicines might be beneficial
for some but detrimental for others or there might not be enough vaccines to cover the whole
population as seen in the COVID-19 pandemic.

The inherent ethical and distributional considerations in all these examples are quite dif-
ferent. Hence, it is important to have a general framework that can accommodate different
welfare functions. While the framework has to be as general as possible, it also needs to allow
for the estimation of optimal policy rules with certain statistical guarantees. In this paper, I
provide a framework to compute such optimal rules for a rich class of semiparametric welfare
functions, estimable by U-statistics. This includes, among many others, the average outcome,
called additive welfare throughout this text, but also: (i) Inequality aware SWFs, (ii) Inequal-
ity of Opportunity (IOp) aware SWFs and (iii) Intergenerational Mobility SWFs. These three
SWF's are of great interest to policy makers and motivate this paper.

To my knowledge, there is no prior work on IOp and Intergenerational mobility aware social
welfare functions in the policy learning literature. 10p is the part of inequality that is explained
by circumstances X outside the control of the individual, e.g. sex, race, parental education or
parental income. Hence, IOp SWF's are useful whenever we do not want to penalize all inequality
but just unfair inequality (i.e. inequality explained by circumstances). Based on the seminal
contributions in Van De Gaer (1993), Fleurbaey (1995) and Roemer (1998) the IOp literature
has grown and focused on how to measure IOp. A popular measure of IOp is the Gini of the
best predictions (in mean squared error sense) of the outcome Y given the circumstances X,
ie. G(y(X)) where v(X) = E[Y|X] and where henceforth G(Z) denotes the Gini inequality



index of the generic random variable Z. To accommodate a possibly high-dimensional set of
circumstances, IOp literature has started using machine learners to estimate the predictions
(e.g Brunori et al. (2019a), Brunori et al. (2019b), Brunori et al. (2021), Brunori and Neidhofer
(2021), Rodriguez et al. (2021), Carranza (2022) or Hufe et al. (2022) among others). As usual
in such two-step procedures, the bias-variance trade-off in the prediction might allow for some
bias which can creep into the second stage. Escanciano and Terschuur (2023) provide locally
robust IOp estimators that are robust to such biases. I use these results to construct IOp aware
SWFs.

Inequality aware SWFs have been studied before in Kasy (2016), Kitagawa and Tetenov
(2021) or Kock et al. (2023). A popular welfare function for a random outcome Y is W =
E[Y](1—G(Y)). This welfare function values the average outcome but penalizes high inequality
(the Gini is between 0 and 1, where 0 is complete equality and 1 complete inequality). I show
this is a particular example of my general setting using the fact that the Gini coefficient can be
written as a U-statistic.

Leqi and Kennedy (2021) study optimal treatment regimes to maximize average conditional
quantiles. Cui and Han (2024) propose to focus on a conditional quantile of the treatment
effect. For point identification, they need knowledge about the joint distribution of potential
outcomes. Instead, they assume a range of assumptions to get informative identified sets. Wang
et al. (2018) study quantile-optimal treatment regimes and adapt their theory to study the
minimization of Gini’s mean difference. They also employ the second-order U-statistics nature
of the Gini mean difference and obtain asymptotic theory for a particular class of policy rules
by using empirical U-process methods. I avoid the use of U-processes by using an alternative
representation of U-statistics as sums-of-i.i.d. blocks, as explained in Clémencon et al. (2008).

While inequality aware SWFs look at the distribution of Y, I0p aware SWFs focus on
the distribution of the predictions v(X) = E[Y|X]. A natural IOp aware SWF would be
W =E[(X)](1-G(y(X))) =EY](1 - G(y(X))), which only penalizes inequalities explained
by circumstances. This example adds an extra unknown nuisance parameter, v(X), on top of
the conditional expectations/propensity scores needed to identify treatment effects. There is no
previous work on policy learning with general semiparametric welfare functions which depend on
additional unknown functions aside from those needed to identify treatment effects. There is an
example of a specific welfare function that depends on conditional quantiles (average conditional
median) in Leqi and Kennedy (2021).

Intergenerational mobility is the study of the relationship between the outcomes of parents
and the outcomes of their children. The Kendall-7 is a popular measure of intergenerational
mobility in the literature (see Chetty et al. (2014) or Kitagawa et al. (2018)). It looks at
whether it is the case that if the parents of individual ¢ are richer than those of j, i is also

richer than j. A natural intergenerational mobility aware SWF would be W = —|7 —¢| for some



target Kendall-7 ¢ € [—1, 1]. This example is of interest in, for instance, deciding the allocation
of higher education scholarships to students based on individual characteristics whenever the
treatment effect of education on long-term income can be identified and there is a policy interest
in reducing the association between parental income and child’s income.

The technical goal in the policy learning literature, sometimes called empirical welfare max-
imization or offline policy learning in the computer science literature, is to find an optimal
allocation rule m which maps individual characteristics to a binary decision {0, 1} of treatment
or no treatment. This optimal rule is searched within a class II of plausible treatment rules
to maximize some welfare function. Following the seminal work in Manski (2004), I search for
an optimal policy in the plausible class so as to minimize regret, i.e. the expected difference
between the best possible welfare and the welfare evaluated at the estimated policy. Other rele-
vant work on treatment rules in econometrics includes Dehejia (2005), Hirano and Porter (2009),
Stoye (2009, 2012), Chamberlain (2011), Bhattacharya and Dupas (2012), Tetenov (2012), Kasy
(2016), Kitagawa and Tetenov (2018, 2021), Athey and Wager (2021), or Zhou et al. (2023).

Non-parametric estimation of unknown functions in semiparametric welfare functions poses
a challenge to the statistical guarantees of estimated policy rules. This is due to the slow conver-
gence rate of non-parametric estimators such as kernels or machine learners. The semiparametric
literature has developed methods to overcome this problem by using locally robust/orthogonal
scores. These are alternative moment conditions that identify the quantity of interest and allow
for its estimation at a parametric (y/n, where n is the sample size) rate. I expand previous work
by considering any semiparametric welfare function, possibly defined as a U-statistic, which can
be estimated by locally robust/orthogonal scores. The main theoretical result is to provide an
asymptotic upper bound to the regret of the estimated policy rule.

This paper is close to Kitagawa and Tetenov (2021) in taking into account other distribu-
tional aspects aside from the mean and it is also closely related to Athey and Wager (2021), Leqi
and Kennedy (2021) and Zhou et al. (2023) in making use of the latest semiparametric litera-
ture on locally robust/orthogonal scores (e.g. Chernozhukov et al. (2022)) to obtain parametric
rates of convergence even with slow nonparametric first steps. I also build upon Escanciano and
Terschuur (2023) to expand policy learning results to welfare functions defined by U-statistics.
The key result in Athey and Wager (2021) is to find rates of the regret that optimally depend
on the complexity of the policy class, II, and the sample size in observational settings where the
propensity score is unknown. They do so for average-treatment-like welfare functions. I sub-
stantially generalize this setting by allowing arbitrary semiparametric welfare functions, possibly
defined as U-statistics, as long as they can be identified with locally robust/orthogonal scores.

Empirically, treatment allocation with inequality, IOp and IGM welfare functions poses many
challenges. First, we need rich information on circumstances and parental income which are

absent in many modern datasets. Second, we need a credible identification strategy to identify



treatment effects. In this paper, I tackle these challenges by looking at the effect of attending
preschool on adult earnings using the Panel Study of Income Dynamics (PSID) dataset. This
application has many advantages. First, any variable that induces preschool attendance can be
considered a circumstance under the (very reasonable) assumption that we cannot hold the kid
responsible for these variables. Second, PSID has been following families for nearly 50 years
meaning we have rich information on family background. Third, PSID allows us to look at
long-term outcomes such as adult earnings.

The empirical application is not free of problems. The treatment is not randomly assigned.
Hence, the identification of treatment effects relies on the assumption of selection on observable
circumstances. Also, attending preschool is not a binary treatment since some preschools might
be better than others. Furthermore, I have no information on the cost of treatment. Finally,
allocating children to preschool based on their circumstances might not be enforceable or ethical.
In fact, I show that the preschool choices observed in the sample differ greatly from the estimated
optimal rules even when we maximize the average outcome. This points out that parents have
different considerations when sending their kids to preschool aside from future earnings. Hence,
I interpret the empirical exercise as a thought experiment to illustrate the main contributions
of the paper.

The effect of preschool on short/medium/long-term outcomes has been extensively studied
and there is a public interest in expanding public preschool programs in the US. The share of
4-year-olds in public preschool has grown from 14% in 2002 to 34% in 2019 and many states
and large cities in the US now operate large-scale public preschool programs (Gray-Lobe et al.
(2023)). The first popular small-scale randomized preschool experiments in the US were the
High /Scope Perry Preschool project and Carolina Abecedarian project whose participants have
been followed for decades leading to many studies showing positive effects (Campbell and Ramey
(1994), Campbell et al. (2012), Heckman et al. (2013), Garcia et al. (2020)). Gray-Lobe et al.
(2023) use admission lotteries to study the impact of the large-scale public preschool in Boston
on a range of outcomes. They find positive effects and varying treatment effects based on gender.
Heckman and Raut (2016) study the impact of preschool using a structural model and find that
a tax-financed public preschool program targeted at children with poor socioeconomic status
increases average earnings and increases intergenerational mobility.

In this paper, I find that the effect of preschool attendance is heterogeneous. While on
average preschool has a positive effect on adult earnings, children with highly educated mothers
and high parental income are negatively affected by preschool. This is in line with results in both
the psychology and economics literature which document that in early educational institutions,
there is less interaction with adults and hence there can be a negative effect of attending such

institutions if the interactions with adults in the household are of ”higher-quality” (see Fort
et al. (2020)).



These heterogeneous effects have different implications when estimating optimal treatment
rules for different welfare functions. I compute optimal treatment rules based on parental income
and mother’s education in a class of decision trees of depth two. Estimated optimal rules that
maximize the average try to treat anyone who has a positive treatment effect. Inequality aware
SWF's include individuals to treatment who have a negative treatment effect since the decrease
in average earnings is compensated by a decrease in inequality. This possibility could be ruled
out by restricting ourselves to trees that do not treat groups with negative estimated treatment
effects. The same happens with the IGM welfare which has no average motive at all and only
cares about decreasing the association between parental income and child’s income to zero. I find
that the additive and IOp estimated optimal policy rules coincide while the inequality and IGM
estimated rules treat individuals who do not benefit from treatment or do not treat individuals
who do benefit from treatment. The coincidence of the additive and IOp rules is specific to
the structure of the heterogeneous treatment effects in the data and is not a general result. In
this empirical application, we can see that this happens mostly because maximizing the average
already decreases IOp drastically.

I start by introducing the main welfare objects which are going to serve as guiding examples
of the general theory in Section 2. Section 3 elaborates on the general theory for welfare functions
identified by locally robust/orthogonal scores which are linear on the distribution of the data
(i.e. not defined as U-statistics) and Section 4 expands the results to general welfare functions,
possibly defined as U-statistics. Section 5 provides upper bounds on the regret of estimated

policies and Section 6 deals with the empirical application. All proofs are in the Appendix.

2 Welfare economics for inequality, IOp and rank corre-

lations

The policy learning literature is at the intersection of welfare economics and econometrics.
Before we delve into the econometric problem of estimating optimal rules and evaluating their
statistical performance, I present in this section the main welfare objects we are going to be
interested in. Suppose we have some continuous random outcome Y; € R*. The most basic

welfare function is the additive welfare based on the average outcome
W =E[Y]].

The above welfare does not care about other distributional aspects apart from the average
outcome. A first approach to include distributional concerns in our analysis is to follow Dalton

(1920) and Atkinson et al. (1970) and consider increasing and concave transformations u(-) of



the outcome'

W = Efu(Y,).

This welfare function will already rank two outcome distributions in the same way for all in-
creasing and concave u(-) if the Lorenz curve of one of the distributions is everywhere above
the Lorenz curve of the other distribution and has equal or higher mean; equivalently if one
distribution second-order stochastically dominates the other. However, if we want to obtain a

complete ordering we need to specify u(-) further. One popular choice is

1-6

— if € (0,1)

log(y) if0 =1,

u(y) =

where 6 captures the concavity of u(-) and can therefore be interpreted as an inequality aversion
parameter. This paper also focuses on welfare which is aware of Inequality of Opportunity
(IOp). IOp is the part of total inequality which can be explained by circumstances, i.e. by
variables that are outside the control of the individual such as parental education or parental
income. Let X; € R¥ be such a random vector of circumstances. Let also v(X;) = E[Y;|X,],
i.e. the best predictor (in mean squared error sense) of the outcome Y; given the circumstances
X;. By looking at the distribution of v(X;) instead of that of the outcome Y; we get 10p averse
welfare functions. For instance,

W = Efu(~(X3))].

If there is no IOp, circumstances are unable to predict the outcome and we have that the best
predictor is the unconditional mean: v(X;) = E[Y;]. In this case, we have that W = u(E[Y;]) so
we only care about the average income (with a different scale due to u(-)). If we have maximum
IOp, the outcome is a deterministic function of the circumstances and v(X;) = Y;. Then,
W = E[u(Y;)]. Since all inequality is IOp, we are back to the inequality averse welfare function.

Another option to take into account distributional concerns is to weigh differently different
parts of the distribution. Let Fy be the distribution of the outcome and Fy ! be the quantile

function. Then, for some weights w(-) a planner might have the following welfare in mind

W= /0 F (ryw(r)dr

This welfare has been used in Mehran (1976), Donaldson and Weymark (1980), Weymark (1981),
Donaldson and Weymark (1983) or Aaberge et al. (2021). If we let wy(7) = (k — 1)(1 — 7)*2
we get what is known as the extended Gini family of social welfare functions. In this paper, I

focus on £ = 3 which is known as the standard Gini social welfare function and can be shown

"'With abuse of notation I call W to all welfare functions as they appear.



to be

W =E[Yi](1-G(Y)))
= (1/2EY; +Y; = [Y; = Y]],

where the second equality follows from the fact that we can write the Gini of Y; as G(Y;) =
E[|Y; — Y;|]/E]Y; + Y] where Y; is an independent copy of Y; (i.e. the Gini can be interpreted
as a normalized expected absolute distance between the outcomes of two individuals taken at
random). The welfare above is additive as long as there is no inequality (G(Y;) = 0) and
penalizes positive values of the Gini coefficient. Again, if we do not care about inequality but
only about IOp we can look at the distribution of v(X;) instead of the distribution of ¥;. In

that case, we have

W= E['V(Xi)](l - G(V(Xi)))
= (1/2)E[y(X:) +v(X;) — [v(Xi) — v(X;)]]-

If there is no I0p, then G(v(X;)) = 0 and we are back in the additive case. If there is full
IOp, then G(v(X;)) = G(Y;) and we are back to the standard Gini social welfare function of
outcome Y;. Finally, I also consider the problem of intergenerational mobility. Let X;; € R be

the parental outcome. A non-linear measure of association between Y; and X;; is the Kendall-7
7 = E[sgn(Y; — Y;)sgn(X1 — Xq;)],

where sgn(a) = 1(a > 0) — 1(a < 0). This parameter is popular in the intergenerational
mobility literature (see Chetty et al. (2014) or Kitagawa et al. (2018)) where X7; is parental
income and Y; is the child’s income. It takes values between 1 and —1. 7 = 1 means that
whenever an individual has a higher income than another, she also has a higher parental income
and vice versa. 7 = —1 is the opposite, whenever someone has a higher income, she has a lower
parental income. For some target Kendall-7 ¢ € [—1,1] an intergenerational mobility aware

welfare function is

W = —‘E {sgn(Yi —Y;)sgn(Xq; — le)] —t

To my knowledge, this welfare function has not been used before in the literature. Note that
it allows us to treat problems much more general than intergenerational mobility. Setting
t = 0, maximizing this welfare function corresponds to allocating a treatment to minimize the
dependence between two variables Y; and Xi;. For instance, we could study how to allocate

scholarships to make academic attainment less dependent on parental income.



3 Policy learning with general orthogonal scores

Consider random variables (Y;(1),Y;(0), D;, X;) ~ Fy where (Y;(1),Y;(0)) € Y x Y are real-
valued potential outcomes, i.e. Y;(1) is the outcome of individual ¢ under treatment and ¥;(0) is
the outcome of individual ¢ in the absence of treatment. D; is a binary treatment and X; € X
is now a vector of pre-treatment covariates. Let v (X;) = E[Y;(j)|X;] € T for j = 0,1 be
potential predictions, i.e. the predictions of the potential outcomes given X;. We observe an
i.i.d. sample (71, ..., Z,) with Z; = (Y;, D;, X;) € Z and Y; = Y;(1)D; + Y;(0)(1 — D;) € Y. Let
7: X +— {0,1} be a treatment rule which indicates who receives treatment and II be a collection
of such treatment rules. We are interested in choosing a policy m € II so as to maximize the

following welfare function
W (r) = E[g(Yi(1), Xi, v V)m(X5) + g(Yi(0), Xi,7?) (1 = 7(X5)]. (3.1)

In the simplest example of additive welfare, g(Y;(5), X;, 7)) = Y;(j) for j = 0,1. Importantly,
in (3.1), g can depend on possibly infinite-dimensional unknown nuisance parameters y. While
throughout the paper I consider v to be a conditional expectation of the outcome given X, this
framework can be extended to allow for much more general first steps such as high-dimensional

quantile regressions (see Ichimura and Newey (2022)).

Example 1 (IOp Atkinson) If we are interested in an inequality averse SWF we can use
Atkinson SWF, W(r) = E[u(Y;(1))7(X;) + u(Y;(0))(1 — 7(X;))] with u(-) a concave function
and X; a vector of circumstances. In this case, the optimal policy can be estimated using the
methods in Kitagawa and Tetenov (2018) and Athey and Wager (2021). If we want an IOp
averse SWFE we can look at the distribution of v(X;) instead of at the distribution of Y;:

W () = E[u(y" (X)) 7 (X) + u(y (X)) (1 = 7(X3)].
This welfare has not been covered in the policy learning literature before. M

(3.1) is not observable since for a given individual we do not observe both potential outcomes. To
identify (3.1) we first need our sample to come from an experimental or observational experiment
where the policy has already been implemented. Let e(X;) = P(D; = 1|X;) be the propensity

score. [ assume that the following holds.
Assumption 1 ) (Yi(1),Y:(0)) L D;| X,
i) There ezists k € (0,1/2] such that e(z) € [k, 1 — K].

The next proposition states the first identification result. There are two ways of identifying
welfare, either using what is usually called the direct method (DM) based on conditional ex-

pectations or using Inverse Propensity Score Weighting (IPW). I focus on the DM approach

9



since it leads to simpler expressions. [ derive all the results in the paper for the IPW ap-
proach in Appendix A. Let vy(D;, X;) = E[Y;|D;, Xi], v;(Xi) = ~(4,X;) for j = 0,1 and

Proposition 3.1 Under Assumption 1, W () is identified as
W (m) = Elp(L, Xi;71)m(X3) + ¢(0, Xi,70) (1 — 7 (X3))].

Note that if g only depends on potential nuisance parameters but not on actual potential out-
comes directly, i.e. g(u, X;, 7)) = g(t, X;,79)) = g(X;,79) for all u,t € Y then ¢ is known
since ¢(D;, X;,7) = ¢g(Xi,7v). This is the case in all IOp examples such as Example 1 and
Example 3 below. This is not the case in the rest of the examples. Hence, depending on which
case we are we will have either v or (7, ) as nuisance parameters. To enjoy local robustness
to high dimensional and ML first steps, I provide orthogonal scores in the next result. First, I

need the following assumption to take care of the nuisance parameter 7.

Assumption 2 There exist (ay, ap) such that for any v with E[¥(X;)?] < co and j = 0,1

d d
_]E . Xiyi‘r - _]E j D’MXl 77’ DZaXZ )
TElp(, Xi,77)] T [ ( )7 ( )] »

where ¥, = v+ 73 and Ela;(D;, X;)?] < oo.

This is a common assumption in the semiparametric and orthogonal moments literature (e.g.
(4.1) in Newey (1994)) and allows for ¢ to depend non-linearly on v, generalizing Assumption 1
in Athey and Wager (2021). Since v enters ¢ only through g, a sufficient condition is to assume
a similar result for the function g instead of ¢. Orthogonal scores usually take the form of the
original identifying score plus mean zero correction terms based on residuals which make the

score locally robust to first steps.

Proposition 3.2 The orthogonal score is given by
FZ(W) - FlﬂT(XZ) -+ F01<1 — W(Xl)),

where

e(X5)
1—D;

Loi = (0, Xi,v) + T(Xi)(‘(ﬂ

', = 90(1;X17’Y) +

(9(Ye, Xiym) — (1, Xi,7)) + aa(Dy, Xi)(Yi — v(Dy, X)),
Yi, Xi,v0) — (0, X5, 7)) + ao(Dy, Xi)(Y; — v(Ds, Xi)).

As expected, orthogonal scores are formed by identifying scores (¢ already identifies the welfare)

and correction terms for nuisance parameters ¢ and . Note that whenever g does not depend on

10



the potential outcomes directly (e.g. Examples 1 and 3) we have that g(Y;, X, v;) —¢(j, Xi,v) =
0 for j = 0,1 so we have I';; = (1, Xy, v) + a1 (D;, Xi, 9) (Y —v(D;, X;)) and T'o; = (0, X5, v) +
ao(D;, Xy, 9)(Yi — v(Ds, X;)). To estimate the welfare for a given m € Il we employ cross-fitting
as in Chernozhukov et al. (2022). Let the data be split in L groups I, ..., [}, then

L
. 1 . 3
Wn(ﬂ') = E Z Z Fli,lﬂ-(Xi) —f- F0i75(1 — W(XZ)),
=1 ZEII
where
- . . D; ) ) 5 .
Ty = &u(1, Xi, ) + 21X (Y; = &u(L, X5, %)) + ana(Ds, Xi, v)(Y — (D, Xi)),
- . . 1-D; . . . .
Lois = &u(0, X3, 3) + TI(X)(K — @1(0, X5, %)) + doa(Di, Xi, v) (Y — (Di, Xi)),

and (¢, €1, Y, &), 7 = 0,1, are estimators of the nuisance functions which do not use observa-
tions in ;. Again, whenever g does not depend on the potential outcomes, the middle term in

both expressions is zero. This is the case in the example of Atkinson welfare 1Op.

Example 1 (IOp Atkinson (cont.)) For # € (0,1], let

y(@)' ¢

2 — e if 0 € (0,1)
PO togrta) o1,

In this case, g = U which only depends on the nuisance parameters. The orthogonal score for
6 € (0,1] is

Y(Di, Xi)~’D;
e(Xi)
V(Di, X;)~°(1 = Dy)
1 —e(X5)

Li(m) =U(y(1, X)) + (Y; —v(Ds, X3))m(X5)

(Y = v(Di, Xi)) (1 — 7(X5)),

i.e. a1(Dy, Xy, 9) = e(X;) ' y(Dy, X;) 9Dy and ao(Dy, Xi, g) = (1—e(X;)) "y ( Dy, Xi) (1 — D).
[ ]

The estimator of the optimal treatment rule among a class of rules II is

r = arg max W (7).

Before analyzing the statistical performance of such a rule let us first extend the results in this
section to welfare functions estimable by U-statistics. This will allow us to consider inequality,

IOp and intergenerational mobility aware SWFs based on the Gini coefficient and the Kendall-7.

11



4 Policy learning with U-statistics

Let now ma (X5, X;) = L(m(X;) = a) x L(n(X;) = b) with a,b € {0,1}. Now we consider the
following SWF's

W<w>=E[ S a(Vila), X Yy (0), X542 O (X, X)) (1.1

(a,b)€{0,1}2

There are several differences compared to the previous setting. First, W (m) now depends on
expected pairwise comparisons. For instance, in the Gini, we look at the expected absolute
distance between two individuals taken at random. Second, we are summing across {0, 1}?. This
is because we have to take into account when both members of the pair are under treatment, or
just one of them or none of them. Finally, we have 7, (X;, X;) instead of 7(X;) since we need
to account for when both members of the pair are allocated to treatment, just one of them or

none of them.

Example 2 (Inequality) We can accommodate the standard Gini welfare function with
9(Yi(a), Y;(0)) = (1/2)(Yila) + ;(b) — [Yi(a) — Y; (B)]):

[

Example 3 (Inequality of Opportunity I0p) We can apply the standard Gini welfare func-
tion to the distribution of the predictions to get Elv(X;)|(1 — G(v(X;))). This fits our setting by
letting

(X3, X579, 0) = (1/2) (7 (X0) + 10 (X5) = (X)) = 1O (X)),
|

Example 4 (Kendal-7) If we want to allocate a treatment targeting a specific Kendall-T, say
t € R, we have to extend our setting to transformations of the right-hand side of 4.1. We can
define

9(Yi(a), X1i, Yj(b), Xu;) = sgn(Yi(a) — Yj(b))sgn(Xu — Xij),

and let
W) =[BT oo Xu Y00, X a6 )| |

(a,b)e{0,1}2
|
For a, be {Oa ]-} let now QD(CL, Xi7 ba Xj77a77b) = E[g(}/;7Xla Y;‘)Xja’yaa’yb”Di =a, Xi7 D] = b7 X]]
and eq(X;, X;) = eq(X;)ep(X;) where for ¢ € {0,1}, e.(X;) = P(D; = ¢|X;).
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Proposition 4.1 Under Assumption 1, W{(x) in (/.1) is identified in the following way
W(ﬂ-) :]E|: Z ¢(a7Xiab7 Xj77a77b)7rab(Xi7Xj)' )
(a,b)€{0,1}2

For an IPW version of this result see Appendix A. Again, note that whenever g does not de-
pend directly on the potential outcomes we have that p(a, X;, b, X;, 74, %) = 9(Xi, X, Ya, W)
as we can see in Example 3 below. Whenever g does depend on the potential outcomes,
o(a, X;, b, X;,Va,1) must be estimated using dyadic regressions. Now we apply Proposition

4.1 to identify the welfare in each of our three main examples.

Example 2 (Inequality (cont.)) In this ezample, welfare is identified by

W(r) = E{— Y EYi+Y,—|Yi-Y||Di=0a,X;D;=b, Xj)wab(Xi,Xj)] .
(a,b)e{0,1}2

Example 3 (IOp (cont.)) In this example, welfare is identified by

W = 58| 3 (300 + 0X0) = 1) = w00 a6 )

(a,b)e{0,1}2

Example 4 (Intergenerational mobility (cont.)) In this example, welfare is identified by

W(r) = —’E[— > E(sgn(Xu—Xij)sgn(Yi=Y;) | Di = a,X;, D; = b, Xj)wab(xi,xj)] —t‘.
(a,b)e{0,1}2

Example 3 does not depend on the potential outcomes which makes the expression simpler. To
compute the orthogonal scores we need to assume a similar linearization property as the one in

Assumption 2 and to the linearization assumed in Escanciano and Terschuur (2023).

Assumption 3 There exist agp,, P < 00, and (cip,c2p) for p = 1,..., P, such that for all
(a,b) € {0,1}? the following linearization holds

d I P ) _
EE[QO(CL, Xi, ba Xj7 77')] = %E [Z a;{b,p<Di7 Xi, Dj7 Xj)<clp’YT(Di7 XZ) + CQPVT(DJJ XJ)) )
p=1

where 7, is defined as in Assumption 2 and E[o;(D;, X;)?] < 0o.
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Again, v enters ¢ only through g so a sufficient condition that would allow to compute «y, is to
assume a linearization like the above for ¢ instead of for ¢. P is usually not greater than two.
Now we are ready to present the result of the orthogonal scores for welfare functions estimable
by U-statistics.

Proposition 4.2 The orthogonal scores are given by

Fij (ﬂ') = Z F%bﬂab(X’hXj)a
(a,b)€{0,1}2

where
F?Jb = @(%Xia b> Xj?Wd?Vb) + ¢fb(Di7X’i?Djan7907ae) + (be(Di?Xia Djanafy’Oﬂ%

where

P
up(Di, Xi, Dy, Xy e,07) = ol (Di, X, Dy, X, e) (e, Y + e3,Y; — ey (Di, Xi) = oy (D, X)),
p=1

fb(DiaXiijan>S07am) = afb(DiaXia Dijj)(g(YgaXivy}vvapyaa76) - @(DiaXhDijj?’}/a?’Yb))a

and
ab
Dz‘j

a’ Di7Xi7D'7X‘ e ——)
ab( J ]) eab<Xi,Xj)

DY = 1(D; = a)1(D; =b).

Once again, note that whenever g does not directly depend on the potential outcomes then
g = ¢ and we have that ¢% = 0. For a version of this result using IPW see Appendix A. Now

we can see how Proposition 4.2 applies to our examples.

Example 2 (Inequality (cont.)) In this example, we have that

1
T = SE(Yi +Y; = [Y; = Yj| | Di = 0, X, Dj = b, X;)
ab

D%
ij Yi+Y, — |V, = Y| —E(Y;+ Y, — |V, = Y:| | D; = a, X;, D; = b, X;)).
+ 2eab(Xian)( + J | J| ( + J | ]| | a, )y g ) ]))

Example 3 (IOp (cont.)) I introduce the orthogonal score of the I0p example as a Proposi-
tion with its proof in the Appendiz.

Proposition 4.3 Assume for all (a,b) € {0,1}* that either (i) P(v.(X;) — %(X;) =0) =0 or
that (i) x; # ©; = 7a(Xi) — Ww(X;) # 0 and let 67 = sgn(7a(X;) — (X)), then

re 1(%0@ F(X) — Jra(X) — (X))

2
1(D; = a) 1(D; = b)
es(X;)

5 (1= O (Yi = 7(Ds, Xi)) +

(14 62)(Y; - v(Dj,Xm).
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These assumptions deal with the point of non-differentiability of the absolute value. They hold if
Ye(X;) for ¢ € {a,b} are continuous random variables (e.g. . is strictly monotonic on a contin-
uous random variable). When all circumstances are discrete (i) can be a credible assumption.

For a thorough discussion see Escanciano and Terschuur (2023). R

To estimate the welfare in these examples for a given w € II, I use an adaptation to U-
statistics of the cross-fitting used before (see Escanciano and Terschuur (2023)). I split the pairs
{(i,j) € {1,...,n}*>:i < j} in L groups Iy, ..., I;, then

-1 L

Wm=(5) 5 ¥ fudn), 1.2

=1 (iﬂj)EIl
where fij,l is the same as I';; but with all nuisance parameters replaced by estimators which do
not use observations in the pairs in I;. As before, the estimator of the optimal treatment rule
among a class of rules II is
= W, (7).
it = argmax Wy ()
For the Intergenerational mobility example, the estimation is slightly different.

Example 4 (Intergenerational mobility (cont.)) The orthogonal score is given by

I = E(sgn(Xy — X15)sgn(Y; — ;) | D = a,X;, Dj = b, X;)
Dgb
+ — L ——(sgn(X1; — X1;)sgn(Yi — Y;) — E(sgn(X1i — X15)sgn(Y; = Yj) | Di = a, X;, Dj = b, X;)).
eab(Xi, X;)
The estimator of the welfare for a given m € 11 and target t is

-1 L

Wn(w):—‘(g) 3 S DX X)) — ). (4.3)

=1 (4,5)€I; (a,b)€{0,1}2

5 Asymptotic statistical guarantees

Now it is useful to make clear the dependence of the scores F?;’ on the data and the nuisance

parameters. Hence, I let now F%’ = VYa(Zi, Zj,7, ¢, ), where

wab(Zh Zjv’% P, a) = SO(GHXM ba Xj>’7a7’7b) + ¢Zb(Zia Zjaf% aﬂ) + gbfb(zia Zj7 P, au)‘

ap 1s the sum of an identifying function (mg;) plus other functions ((¢),, #%,) which are correc-

tion terms needed to achieve orthogonality to the nuisance parameters v and . In general, we

have that for a given treatment rule 7, orthogonal scores are given by

Fl](ﬂ-) = Z 2/’ab<ZzﬁZj>% 907a)7rab(Xi7Xj)-

(a,b)e{0,1}2
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This framework accommodates also the welfare functions which are not defined as U-statistics
if Yap(Zi, Z;,7, ¢, ) does not depend on Z; and only depends on @ so that we could rewrite
it as ¥.(Z;, 7, ¢,a) for a € {0,1}. For this reason, I stick to this notation and do not state
all conditions and results for welfare functions that are not U-statistics and those that are.
The intergenerational mobility example does not fit in this general setting, however, the results
extend easily to this example by Corollary 1 at the end of this section. In the next subsections
I give conditions on the convergence of the nuisance parameters and on the complexity of the
policy class IT which will allow me to prove asymptotical statistical guarantees for the estimated

treatment rules.

5.1 Conditions on the nuisance parameter estimators

I give high-level conditions for the estimators of all nuisance parameters that have to be used to
estimate the welfare. These conditions have been shown to hold for a variety of non-parametric
estimators such as kernels or sieve estimators. The assumptions below are analogous to those

in Escanciano and Terschuur (2023).

Assumption 4 E[|¢(Z;, Z;, v, ¢, @)!] < 0o, w € {7, ¢} and for (a,b) € {0,1}?

(i) n/E([p(a, Xi, b, X, %) — ¢la, Xi, b, X;,7)1?) = o(1) ;
(i) n*/E(li(a, X, 0, X;,7) — ¢(a, X3, b, X5, 7)?) = o(1) ;
(iii) 0\ E(lon(Zis Zy, A0 ) — do(Ziy Zj, 7y, 00)[2) = o(1);
(iv) 0 NE(o5(Zis Zj, 1, %) — 05(Zi, Zj, 0, %) [2) = o(1);

(v) 0 E(05,(Zi, Zj,w,67) — ¢(Zi, Zj, w, ) 2) = o(1),

where 1/4 < Ay, Ay, A

These are mild mean-square consistency conditions for 4;, ¢; and &; separately. Assumption
4 often follows from the L2 convergence rates of the nuisance estimators. For instance, often,
if A, = 1/4, (i) follows if 4; is o(1/4)-consistent in terms of the L2 rate. There is a large
literature checking Lo-convergence rates for different machine learners under low-level sparsity
or smoothness conditions on the nuisance parameters. The traditional non-parametric literature
gives rates for kernel regression and sieves/series (e.g. Chen (2007)). For L;-penalty estimators
such as Lasso see, e.g., Belloni and Chernozhukov (2011) and Belloni and Chernozhukov (2013).
Also for low-level conditions for shrinkage and kernel estimators see Appendix B in Sasaki and
Ura (2021). Rates for Lo-boosting in low dimensions are found in Zhang and Yu (2005), and more
recently Kueck et al. (2023) find rates for Lo-boosting with high dimensional data. For results
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on versions of random forests see Wager and Walther (2015) and Athey et al. (2019). Finally,
for single-layer, sigmoid-based neural networks see Chen and White (1999) and for a modern
setting of deep neural networks with rectified linear (ReLU) activation function see Farrell et al.
(2021). Note that ¢; estimates conditional expectations where both the dependent variables and
the conditioning ones are indexed by both i and j. Stute (1991) calls such objects conditional U-
statistics and studies the asymptotic properties of Nadaraya-Watson nonparametric estimators
of these quantities. Graham et al. (2021) study the nonparametric estimation of such nuisance
parameters when the dependent variable is dyadic. They provide asymptotic and supremum
norm rate results and also propose to use a Nadaraya-Watson estimator. In this paper, I run
the machine learning algorithms on the stacked pairs. Unfortunately, not much is known about
rates for such machine learning regressions which are also very computationally demanding.
Another option that avoids these regressions is to use the IPW approach in Appendix A. Define

now the following interaction terms for w € {7, ¢} and let || - || denote the L2 norm.
Eijavt = Gr(a, Xi,b, X5, 4) — (a, Xi, b, X5, 40) — dila, Xi,b, X5, ) + ¢(a, Xi,b, X5, 7).
Afmb’l = dav(2i, 25,01, OF) — Gab(2iy 2, W, &F) — Gap(2iy 25, W1, &) + Pap(2i, 27, W, ).
Assumption 5 For eachl=1,..., L
(i) | | ou(zi, 25,7, &) F(dz) F(dz;) = 0 and [ [ ¢5(Zi, Z;, ¢, &) F(dzi) F(dz;) = 0.
(ii) (|15 = 711?) = o(n™**), E(||1 — #l[*) = o(n™***) and
El(pla. Xi,b, X5, 9) + 00(Zis 23,5 00X X, < ClI7 = A

[E[(P(a, Xi,b, X;,7) + 05,(Zi, Zj, ¢, %)) man(Xi, X))]| < ClIg — ol

Assumption 5 (i) is usually easy to verify from visual inspection and (ii) requires L2 convergence
rates and some smoothness. Note that C is a constant so the right-hand-sides above do not

depend on 7 € II.

Assumption 6 For eachl=1,....L
\/EE(é;Uj7ab,l7rab(Xi’ X;)) = o(1).

These are rate conditions on the remainder terms élw(wi, wj). Often, Assumption 6 follows if
Vnl|la¥ — allller — w|| = o(1). For example, this happens in Athey and Wager (2021).? This
is the precise assumption that allows to achieve parametric rates even with slow nonparametric
estimators. In essence, it is enough for the product of the nonparametric estimators to go to

zero at a parametric rate.

2In the proof of Lemma 4, invoking Cauchy-Schwarz inequality they get a bound on their interaction term
that only depends on the product of L2 norms
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5.2 Conditions on the complexity of the policy class

The complexity of the policy class must also be restricted. If all sorts of subsets of X are allowed
to decide who should be treated then we get overfitted policy rules. As in Athey and Wager
(2021) I measure the policy class complexity with its VC dimension (see for instance Wainwright
(2019)) which is allowed to grow with the sample size. Hence, from now on, I subscript the policy

class by n, IL,.

Assumption 7 There are constants 0 < f < 1/2 and n* > 1 such that for all n > n*,
VC(IL,) < nP.

Examples of finite VC-dimension classes are linear eligibility scores or generalized eligibility
scores (see Kitagawa and Tetenov (2018)). Policy classes whose VC-dimension can increase
with the sample size are for example decision trees which get deeper with sample size (see Athey
and Wager (2021)).

5.3 Upper bounds

Let now

W<7T> = E|: Z wab<Zi7Zj777gp7a)7rab<Xi7Xj)‘| ’
(a,b)e{0,1}2

-1
—~ n
Wn(ﬂ') = (2) Z|: Z ¢ab(Zi7Zj7’7a Sova)ﬂ-ab(Xi’Xj)] ’
1<j “(a,b)€{0,1}2
-1 L

W, (r) = (Z) 3 { 3 %b(zi,Zj,&l,@,dl)wa,,(xi,xj)},

=1 (i,5)€l; “(a,b)em

W (m) and W, (7) are the welfare and the infeasible estimator of the welfare at policy rule 7 when
all nuisance parameters are known. Wn(Tf) is the feasible estimator which we already introduced
in (4.2). Let W, = sup,cp, W(m) be the best possible welfare. I want to give upper bounds to
the regret: E[Wy — W(7)], i.e. the expected difference between the best possible welfare and

the welfare evaluated at the estimated policy. As usual, I start bounding the regret as follows

EWg —W(m)] < 2]E[sup |Wn(7r) — W(W)q

well,
< 2]E{sup W, () — Wn(w)@ + QE{sup Wa(m) = W@,  (5.1)
well, well,

where in the second inequality I have added and subtracted Wn(ﬂ) and used the triangle in-

equality. The second term above is just a standard centered U-process indexed by 7w € II,,. I
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start as in Athey and Wager (2021) by showing the rate of convergence of this second term. I
work for some fixed (a,b) € {0,1}? and define the following set

Hab,n = {ﬂ'ab T e Hn}

The first step is to bound it by the Rademacher complexity which I define as

[n/2]

Rn(gp) = Ea(sup [n/2]7! Z 5irzlin/2]+i7rab<Xi7X[n/ZJJri)
i=1

7T€Hn

)

where F. is the distribution of Rademacher random variables taking value 1 and —1 with equal
probability. (e1,...,€n/2)) are independent draws from F.. The next result gives a bound for

the Rademacher complexity.

Lemma 1

B sup [(7) = W) < BRR.()

well,

Now we want an asymptotic upper bound for E[R,,(Il,)]. Importantly, we want the bound to
depend on the following variance
o 2 ab
Sab — E[FZ,] ].
While Kitagawa and Tetenov (2018) and others provide bounds in terms of the maximum of
the (bounded) scores, Athey and Wager (2021) provide bounds based on the variance and the

efficient variance. The next result provides a bound on the Rademacher complexity based on
Sab-

Lemma 2 Assume that 'Y has bounded support for (a,b) € {0,1}*. Then, under Assumptions

4 and 6
E[R,(Mapn)] = O (\/ = vaiz(TMU

The boundedness assumption can be generalized to sub-Gaussianity. However, this general-

ization comes at the cost of making the (already involved) proofs substantially less tractable.
Now we want to provide asymptotic upper bounds for the first term in (5.1). Escanciano and
Terschuur (2023) show that for given 7 € I,

V(W (m) — Wi(m)) =, 0.
The next result makes the above uniform in 7 € II,,.

Lemma 3 (Uniform coupling) Under Assumptions / and 6

VnE[sup |Wn(7r)—Wn<7r)y]=o<1+ V€ (o) )

rell, Ln/QJ min(Ay, A, Aa)
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Finally, using Lemmas 2 and 3 the following holds.

Theorem 1 Suppose Assumptions / and 6 hold, that Assumption 7 holds with § < min(Ay, A, Ay).

Then

Corollary 1 The bound in Theorem 1 applies to the Intergenerational mobility example.

6 Empirical application

In the empirical application, I study the optimal allocation of children to preschool. T make
use of the Panel Study of Income Dynamics (PSID) database which has been following families
for nearly 50 years. The nature of this survey allows us to observe a rich set of circumstances
and long-term outcomes. In 1995, PSID asked adults between 18-30 years old about their
participation in preschool. Hence, we can track the long-term outcomes of these individuals.
I take as an outcome the average earnings from 25 to 35 years old. I assume selection on
observables holds. In particular, I condition on sex, birthyear, average parental income in the 5
years before birth, mother’s education, father’s education, father’s occupation and whether the
individual is black. In Table 1 we see the results of estimating the Average Treatment Effect
(ATE), Gini, IOp and Intergenerational mobility as captured by the rank correlation of parents

and child income.

Outcome ATE se p-value Gini I0p IGM n

BEarnings 25-35 4622.063 1083.865 0 0.392 0.172 0.168 2971

Table 1: ATE, Gini, IOp and Kendal-7

To estimate the ATE, I use the doubly robust Augmented Inverse Propensity weighted scores
from Robins et al. (1994) using Conditional Inference Forests (CIF) to estimate the regression
functions and propensity scores. I chose CIF by cross-validation among a pool of different
machine learners. Under the assumption of no selection on observables, we observe a sizeable
and significant positive effect of attending preschool of 4,622$ of added annual earnings. Dollars
have been adjusted by the CPI to 2010 dollars. We see that the Gini coefficient is 0.39 and that
IOp is 0.17, meaning that almost 44% of total inequality can be explained by the circumstances
we observe. The Kendall-7 is around 0.17 which indicates a positive association between parental
and child incomes.

I compute optimal treatment rules based on parental income and the mother’s years of edu-

cation. I set the target in the Kendall-7 welfare to zero, meaning that the aim is to completely
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erase intergenerational persistence. As the policy class, I use 2-depth decision trees. Unfortu-
nately, the U-statistic nature of the welfare function prevents me from using the computational
shortcuts in Athey and Wager (2021) since the sub-trees are not independent optimization prob-
lems. To ease the computational problem I use the deciles of parental income as cutting points
instead of all the observed values of parental income. I do an exhaustive search meaning that I
consider all possible 2-depth decision trees.

The first result is that the optimal treatment allocation is the same for the additive and
the I0p welfare. Although this might seem surprising, it is perfectly possible if decreasing
inequality of opportunity is not compensated by increases in the average. In fact, as reported in
Table 2, the estimated rule maximizing the average already drastically decreases IOp. I show the
optimal rule under these two welfares in Figure 1. At the terminal nodes, I report the number of
observations, the conditional average treatment effect (CATE) in the node and the proportion of
observations in the terminal node that are treated in the data (p). For additive/IOp welfare, we
see that the first cutting point is whether parental income is below or above the 40th percentile
(51,515%). If an observation is below this cut-off the tree splits according to the education of
the mother. If parental income is below the 40th percentile and the mother’s education is less
than college (below 13 years) the tree allocates the observation to treatment. We see that the
CATE in this node is positive so, as we would expect, an additive policy maker treats these
observations. If parental income is below the 40th percentile but the mother is highly educated
we see that the CATE is actually negative and hence the additive policy maker does not allocate
the individual to treatment. For high parental income, we also split on the mother’s education
but at a higher level of education. If your parental income is higher than the 40th percentile
and your mother attended college or less (16 years of education or less) you are allocated to
treatment and in this node, we have very large positive effects. However, we do not allocate
kids with high parental income and high maternal education to preschool since the CATE in
this group is negative.

We can conjecture that there is a substitution effect between the quality of the preschool in-
stitution and mother’s education. If we take parental income to be a proxy for the quality of
preschool, we see that it is enough for the mother to have more than 13 years of education for
the child to be better off without preschool. However, for children who attend better preschools
(have higher parental income), the mother has to have more than 16 years of education for the
child to be better off without preschool. This is in line with results in the psychology and eco-
nomics literature which document that in early educational institutions, there is less interaction
with adults and hence there can be a negative effect of attending such institutions if the interac-
tions with adults in the household are of "high-quality” (see Fort et al. (2020)). To decrease IOp
further, we would need to treat advantaged kids who do not benefit from preschool. The fact

that the optimal policy rule is the same for the additive and the IOp welfare indicates that the
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Parental income:
< 40th percentile

Mother education: Mother education:

Less than college College or less

Treat
n = 932
CATE = 5097
p=0.28

Do not treat
n =232
CATE = —5955
p=0.76

Treat
n = 1550
CATE = 6552
p=0.53

Do not treat
n = 257
CATE = —5127
p=0.54

Figure 1: Estimated optimal policy rule under additive and IOp welfare.

penalization of inequality of opportunity is not severe enough to treat advantaged kids who do
not benefit from preschool or to not treat kids who do not benefit from preschool. Interestingly,
the treatment allocation observed in the data is quite far from the optimal rule. This suggests
that future earnings are not the only consideration when parents decide whether to send their
kids to preschool.

In figure 2, we see the optimal policy rule for the inequality welfare function, i.e. now we
penalize all inequalities and not just the ones explained by circumstances. We see that the tree
is the same except for the first cutting point on parental income. Now we first divide individuals
into those with parental income lower and higher than the 20th percentile (37,699%). Then, the
division based on the mother’s education is the same. Hence, compared to the previous tree,
we shift 20% of the population to the right side subtree. For instance, a kid who has a parental
income of 40,000$ and whose mother has 16 years of education would not be treated under the
additive/IOp welfare but is treated under the inequality based optimal rule. Although masked
by other observations in the node, this 20% of the population who is switched to treatment
has an estimated negative CATE. When we penalize all sorts of inequalities, it starts becoming
optimal to decrease the average outcome to decrease inequality.

In Figure 3 we see the results for an intergenerational mobility aware welfare function. Notice
that in the intergenerational mobility welfare there is no efficiency motive and we target a zero
Kendall-7. Hence, the optimal policy is even more controversial since individuals with positive
treatment effects are not treated and individuals with negative treatment effects are treated. In
this case, if the mother has more than 13 years of education but less than 16 years of education
(college education), the optimal policy does not treat even though there are positive treatment
effects. Even more extreme, if the mother is very highly educated, the optimal policy treats even

though there are negative treatment effects. For kids with maternal education below college,
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Parental income:
< 20th percentile

Mother education: Mother education:

Less than college College or less

Do not treat
n = 291
CATE = —6092
p=0.73

Treat
n = 2085
CATE = 5777
p = 0.48

Do not treat
n = 107
CATE = —484
p=0.48

Treat
n = 488
CATE = 17195
p=0.25

Figure 2: Estimated optimal policy rule under inequality welfare.

the optimal policy treats only if you are in the lowest 50% of the distribution of parental income
(below 58,270%). If your mother has less than college but your parents are in the richest half of

the income distribution you are not treated even though there are positive treatment effects.

Mother education:

Less than college

Mother education:

Parental income:

< 50th percentile College or less

Treat
n =329
CATE = —5145
p=0.71

Do not treat
n = 580
CATE = 2891
p=0.64

Do not treat
n =913
CATE = 5771
p=0.49

Treat
n = 1149
CATE = 6052
p=0.29

Figure 3: Estimated optimal policy rule under intergenerational mobility welfare.

Finally, in Table 2 we see a summary of the results and compare the estimated optimal treatments
with situations in which no one or everyone is treated. If we focus first on the welfare column,
we see that for additive, IOp and inequality welfares, treating no one gives the worst welfare. In
the IGM case, we see that treating no one and treating everyone give basically the same welfare
(note that maximal welfare in the IGM case is 0). Since the optimal policy rule is the same
for the additive and the IOp welfare, I leave blank the cells for the mean, Gini, IOp, IGM and

share treated for IOp since the values are the same as for the additive welfare. As expected, the
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additive and IOp welfares have an estimated optimal policy rule that attains the highest average
outcome and the lowest IOp. The decrease in IOp under this rule is quite drastic. While in the
sample we can explain 44% of total inequality with circumstances (IOp/Gini), at the optimal
additive/IOp rule we explain 35%. In part, this explains why both rules coincide. In other
settings, maximizing the average might go against IOp which does not happen here.

The estimated optimal treatment rule for IGM gives basically the same IOp as the the
estimated optimal policy rule based on the IOp welfare, but it does so at a much larger cost
in terms of the average outcome. Again, as expected, the estimated optimal policy rule under
the inequality welfare gives the lowest Gini compared to the additive and 1O0p welfares. It is
interesting to note that it gives the highest IOp across all welfares. The IGM welfare estimated
rule gives virtually the same Gini as the inequality welfare but again, at a much higher cost in

terms of the average outcome. As expected, the IGM rule gives the lowest Kendall-7.

Welfare Mean Gini IOp IGM Share treated

Additive Optimal rule 39727 39727 0.392 0.138 0.15 0.84
Treat no one 34169 34169 04 0.162 0.148 0
Treat everyone 38778 38778 0.383 0.142  0.15 1
10p Optimal rule 34231
Treat no one 28640

Treat everyone 33282

Inequality Optimal rule 24165 39383 0.386 0.141 0.153 0.87
Treat no one 20518 34169 0.4  0.162 0.148 0
Treat everyone 23942 38778 0.383 0.142 0.15 1

IGM Optimal rule -0.086 35951 0.383 0.139 0.086 0.5
Treat no one -0.148 34169 0.4  0.162 0.148 0
Treat everyone -0.15 38778 0.383 0.142  0.15 1

Sample - : 36197 0.392 0.172 0.168 0.47

Table 2: Welfare, mean, Gini, IOp, IGM and share treated for different optimal policy rules compared
with policies which treat no one and everyone. I also show the actual values observed in the sample.

The dots in the IOp rows indicate that the optimal policy rule is the same as in the additive case.

Finally, comparing the results with what we observe with the treatment allocation in the sample,
we see that we achieve a higher mean with all other welfares except with the IGM welfare. The
Gini in the sample is the same as the one under the estimated optimal additive and IOp rule.
The observed IOp in the sample is higher than the one achieved under the estimated rules of all
other welfares. IGM observed in the sample is the lowest (highest Kendall-7) compared to all
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welfares. Finally, the share of treated in the sample is also lower than the one achieved under

the estimated optimal rule of all other welfares.

7 Conclusion

This paper extends previous work on policy learning to accommodate general semiparametric
welfare functions estimable by U-statistics. This opens the analysis to highly policy-relevant
welfare functions such as inequality, inequality of opportunity and intergenerational mobility
aware SWFs. The inequality of opportunity SWF is especially useful when we do not want to
penalize all sorts of inequality but just unfair sources of inequality. In the empirical application,
inequality and IGM aware SWFs assign groups with negative treatment effects to treatment.
However, the additive and IOp rules coincide. Further work is needed, particularly to ease
the computational burden of the method. The application of convex surrogates in Kitagawa
et al. (2021) is a promising avenue to achieve this. Another interesting extension is to allow
for multiple treatments as in Zhou et al. (2023) in a U-statistics setting. In our application,
this could be useful to study the optimal allocation of children to different types of preschools.
Finally, it would be interesting to extend the results to the case of continuous treatments as in
Athey and Wager (2021).
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8 Appendix

A Inverse Propensity Weighting (IPW) results

In this section, I show the identification and local robustness results in general for both (DM)

and (IPW). The next proposition states the first identification result.
Proposition 8.1 Under Assumption 1, W(x) is identified as

W) = Elmi(Zi, 7y, v)m(Xi) + mo(Zi, v, v)(1 = 7(X3))],
with v € {p,e} and where my and mg can be any of the following

(DM) ml(Zh’y? 90) = (10(17Xi771)7 mO(Ziafya SD) = (P(O,Xm%)
g(Ys, Xi, 1) D; g(Ys, Xi,70)(1 = Dy)
e(Xi) 7 1 —e(X;) ’

(IPW) mi(Zi,v,€) = mo(Zi,v,e) =

Now I show the identification result for U-statistics estimable quantities.

Proposition 8.2 Under Assumption 1, W(x) in (4.1) is identified in the following ways
W(ﬂ-) :E|: Z mab(Ziazj777 V)ﬂ-ab(Xian) )
(a,b)€{0,1}2
where v € {p, e} and mgyy, can be any of the following

(DM) mab(Zivzj7’7a ()0) = QD(CL,XZ‘,b, va’}/aa’}/b)
(IPW) ma(Zi, Zj, v, ) = 9(Yi, X1, Y5, X5, Yar 1) D3 ean(Xi, X5).

Next, I introduce the Assumption necessary for computing locally robust scores and the

results of local robustness with U-statistics estimable quantities.

Assumption 8 There exist azlw, P < oo, and (cip,cop) for p = 1,.., P, such that for all

(a,b) € {0,1}? the following linearization holds

P

d _ _ _

77 Blma(Zi, Z;, 77, v)] = E [Z gy »(Diy Xi, Dy, X5) (e1p7-(Di, Xi) + e2p7-(Dy X)) |
p=1

where 7, is defined as in Assumption 2 and E[azbm(Di, Xi,D;, X;)? < oc.
Proposition 8.3 The orthogonal scores are given by

Fz] (ﬂ') = Z F%bﬂab(X’h XJ>7

(a,b)€{0,1}2
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where depending on whether we identify with DM or IPW we have

(DM) ngb = 90<aaXi7b7 Xja/}/aa/}/b) + gbfb(Di?Xia DJ7X]7 907056) + ¢Zb(Di7Xi7Dj7Xj77)O‘7)

}/i;XiaY'aX'a a D;zb
g< ’ 7 PYb) 2 +¢Zb(DiaXi7Djanveaoé€)+¢Zb(Di7X’iaDjan777a’y)a
€ab(Xi>Xj)

ab
(IPW) T2 =
where
P
Gup(Dis Xi, Dy, Xj,e,07) =3~ aly, (Di, Xi, Dy, X, €) (e Yi + 3,Y; — ei(Di, Xi) = eapv(Dy, X)),
p=1

fb(DiJXiijJXJHSO?am) = afb(DhXiJ DJJXJ)(Q(KJXMY?’X]?’yau’W)) - SO(DiJX%DjJvaV(Lva)L
w(Di, Xi, Dy, Xj,e,0%) = agy 1 (Xa)(L(D; = a) — ea(Xi)) + agyo(X;)(L(D; = b) — ey(X)),

and
Dab
Y(D;, X;, D, X - Y
Oéab( ) s g j) eab<Xi;Xj)’
g(Y%Xi?Y;'an?’ya?’yb)Dq‘b
¢ XZ = -FE “ X’L )
aab,l( ) [ ea(X;)2e5(X;)
. g(YgaXhY;'an?’ya?’yb)Dg]b
&ab,Q(Xj) = _E{ ea(Xi)ey(X)? Xl

B Auxiliary lemmas

In this section, we prove some lemmas which will be needed to prove the main results. Let us

first define some important objects. For a fixed sample {X;, I'; ;2] H}ﬁ{% we have

1fIab = {ﬂ-ab(Xla X[n/2J+1)7 ooy Wab(XLn/2JaXn) NS H}

For 7, 7" € ﬁab define the following distances

ST a(Xi X)) — Ty (X X nja)10))°

[n/2] 12ab
2o LS lny2)+i

DZ(?T, ') =

1 n
H(m,n') = - D U (wan(Xiy Xinyayei) # Top(Xis Xnjag4))-
=1

Let Np, (e, ﬁab, {X5, T4 2 +i}ZLZ/12J) be the number of balls of radius ¢ needed to cover I, under

distance D,,. Define the same object for the Hamming distance H and let
NH(s,ﬁab) = sup{ Ny (e, L, {Xi}m) : Xy, oo, X € Xym > 1}

Note Ng/(e, ﬁab) does not depend on m. It will be useful to bound Np, with Ny which is what

we do in the next lemma.
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Lemma 4 For fized {X;, FMH/QJH}EZ?J we have that
Np, (&, Ty, { X5, T sy 4™ < Nir (€2, Tap)-

Proof: Take an auxiliary sample { X7}, contained in {X;}, such that

mI‘Qab ]
‘| Z| . i,|n/2]+¢ <1

(/2 p2ab -
Zi:l Fz Jn/2|+i

where B; = {j € {1,...,m} : X] = X;}. Then, for 7,7’ € I,

/2 p2ab

1 i, n/2]+e
Dimn)=— " 0 e U (as(Xis Xinjag24) 7 Wi (X X))
i=1 k,|\n/2|+k
> |3l -1
So
[n/2] | |
D} (m,7') > W(7ab (X, Xny2)4i) 7 Top(Xis Xinj2ji)) — O(1/m)
=1
/2]

Z (Tab (X5 Xl j2)45) 7 Tap(XG, X jajay)) — O(1/m)

n/2]
%ZZ (X}, Xgas) 7 WXy X)) — O )

In the first equality above we have used the fact that all summands in the inner sum are the

same since for all j € B; we know that (X;, X |,/2)4:) = (X, X{n/?]—‘r]
sum ZL"/QJ > jcp, might sum some pairs more than once (e.g. if (X1, X|n/2)11) = (X2, X|n/2)+2)

then By = By). Using this fact and that { X7}, is contained in { X}, we have that

). Now we notice that the

!/ 1 < /
Di(”a ') > m Z ]1(7Tab(X Xl_n/2 +y) # 7Tab( Ln/2j+j)) —O(1/m)
j=1

= H(m,7') — O(1/m).

Hence, H(m,7') < D2(m, ') + O(1/m). Since Ny does not depend on m, we can make m
arbitrarily large and conclude that

NDn(&ﬁab, {Xiari,Ln/2j+i}iLZ{2J) < Npg(e®, Myp).

Now we prove that the sequence of covers we use in the proof of Lemma 2 exists.
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Lemma 5 There exists a sequence of covers {Bk}szo with K < oo of ﬁab with By, C ﬁab such
that for k=0,.... K

e forallme ﬁab, there exists b € By, such that D,(m,b) < 27k,
o |By| = NDn(Q_kaﬁab; {Xiari,Ln/QJ—&-i}z‘Lz/fJ) < |ﬁab|-

Proof: First note that |INIab| < 2"/2] < o0 since X;’s are fixed. Since 7, is finite and By, C ﬁab
for all k, there exists finite K such that we can set Bx = ﬁab. This is because for any By which
is a strict subset of II,; there exist 7 € II,;, such that for all b € By, Dy(b, ) > a > 0 and there
exists K > 0 such that 2% < a. K is finite since there are only finitely many subsets of L.
For Bx_1 we can look through all possible strict subsets for one which satisfies our conditions,
if we do not find any we know that Bx_{ = ﬁab does satisfy them. In this way, we can go
backwards and build the sequence of covers. m

The next Lemma relates the VC dimension of ﬁab to that of II.

Lemma 6 VC/(I1,) < 2VC(II) —

Proof: Let m(X;) = 1(n(X;) = t) for t € {0,1}. Define II; = {1(n(X;) =t) : 7 € II}. Note
that IT; = II and that VC(Ily) = VC(II;) by Lemma 9.7 in Kosorok (2008). Now note that for
any (a,b) € {0,1}?

Moy = {mg - : (M0, m) € I, x 10, },

so Lemma 9.9 (ii) in Kosorok (2008) yields the desired result. m

C Proofs of main results

Proof of Proposition 3.1: See Proof of Proposition 8.1. m
Proof of Proposition 4.1: See Proof of Proposition 8.2. m
Proof of Proposition 4.2: See Proof of Proposition 8.3. m
Proof of Proposition 8.1: I proof only the identification of the first term of the welfare since

the second one follows in the same manner.

E[Q(K‘(l),Xi,’Y(l))W(Xi)] = E[E(g(Yi(1), X, 71) | Xi)7 (X))
[E(Q(K( ), Xis )| Di = 1, X;)m(X;)]
(9(Ys, Xi, )| Di = 1, X;)m(X5)]

PR, e,

[
—g|faTen <X@->},

&=
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the first equality follows by LIE and the fact that by selection on observables and definition
of Y;, we have that E[Y;(1)|X;] = E[Y;(1)|D; = 1, X;] = E[Y;|D; = 1, X;]. The second equality
follows from selection on observables, and the third equality from the definition of Y; and already
establishes the identification by the direct method. m

Proof of Proposition 3.2: Let d/dr be the derivative with respect to 7 evaluated at 7 = 0,
let ¢, = ¢ + 79 for some ¢ in the space where ¢ lives and E, be the expectation with respect
to F'+ 7(H — F) for some alternative distribution H. Then

Ll (1, X031 X))r(X)] = FBlgr(1, X, 7 (L X0)w(X0)] + -~ Elp(1, X, 7(1, X))r(X,)].
For the first term note that
Tl (1 Xi (L X)) = 1B (L X2 (L X)) (X))

(Xi)

4
dr
= | e XL X)X
- B el Xin (L X)) (X))
— B |2 X9 (1,X0) — UL, X (1L X)X,

where we use LIE in the first equality, then we use the chain rule and finally that ¢, (1, X;,v(1, X;))
is a projection of g(Y;, X;, (1, X;)). For the second term, we have

d;‘lTE[QD(LXmT(LXi))w(xi)] = %E[al(Di,Xi)%(LXz-)ﬂ(Xz-)]
_ %ET[m(Di, X7 (1, X)m(X,)]
— LBl (Ds X (1, Xm(X.)]
_ %ET@(Di, X)(Yi — (1, X)m (X)),

where we use Assumption 2 in the first equality, then the chain rule and then the fact that ~ is
a projection. Then, following Chernozhukov et al. (2022) we have that

Iy = (1, X5,7) + Vi, Xism) — (1, Xi,7)) + an(Dy, X) (Y — v(Dy, X))

D;
m(g(

The arguments for I'g; are the analogous. m
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Proof of Proposition 8.2:

W(ﬂ-> =K Z g(Y( ) le Y}(b)an/}/(a)?V(b))ﬂ-ab(Xia Xj):|
a,b)€{0,1}2

:EE

(a), X4, Y3(b), X5, 7, ~®)

j)%b(Xij)}

[z

((a b)e{0, 1}2

I
&=
&=

(a), X;, Y;(b), X;, 7, ")

M

Xi, Dz = a, Xj, Dj = b) ﬂ-ab(Xia XJ):|
(a,b)€{0, 1}2

I
=
&=

9(Yi, Xi, Yy, X;5,7 @, ~)

g

Xy, Di=a,X;,D; = b)ﬂab(Xij)}

9(Yi, X3, Y, X5, 7@, ) Dgb

=FE E Y
eab(Xu X])

g

((a b)e{0,1}2

Xi, X >7Tab(Xi,Xj>}
(a,b)€{0,1}2

g(Yi, X;, Y5, X, 7@, ®) pab
= E 1) 7_{_a‘b()(’“)() :
'(CL’b)G%J}? ear(Xi, X;) J

where in the second equality I use LIE, in the third I use selection on observables, in the fourth
I use the definition of Y;. The identification by the direct method is in the fourth equality while
the IPW is the last equality. =

Proof of Proposition 8.3: Let us start with the DM identification. As usual, let d/dT be
the derivative at 7 = 0. Let me also make the dependence on ¢ explicit: m.(Z;, Z;,7, ) =
o(a, Xi, b, Xj, Vas M), let also ¢, = ¢ + 7¢ for some ¢ € Ly. By the chain rule

d _ d d
%E[mab(Zi, Zj,’%., 907—)] = EE[WL&,(Z Z ’)/T, )] + %E[mab(Z,-, Zj,’}/, QOT)}

By Assumption 8 we have that the first term is

P
d _ _ _
- Elma(Zi, Zj, %7, ¢)] = E {Z gy »(Diy Xi, Dy, Xj) (1% (Dy, Xi) + e2p7-(Dy, X)) |

so by Lemma 1 and equation (2.16) in Escanciano and Terschuur (2023) we have that
P
Gap(Di, Xi, Dj, Xj,e,a7) = Z azb,p(Di, Xi, Dy, Xj, e)(crpYitcopYj—cipy( Dy, Xi) —capy(Dy, Xj)).
p=1

For the second term notice that
r Dab
E aaXiabaX‘a a =E a'aXiabaXG a #]
[p( i Yar V)] o i %)eab(Xi,Xj)
1
ean(Xi, Xj)
r Dab
=K @(DzaXzaDjaX]a’Yaa’Yb)W]AX)}
a iy <N g

— E ()O(a,’ XZ’ b, X]; 'Yaa ,yb)

D§ = 1} P(D; = a, D; = b)




So by the same arguments
fb(DiaXiijanagpvam) = afb(DhXi?Djan)( (Y th;aX ’yaafyb)_gp(DiaXiaDjan7’Ya7’yb))7

with o, (D;, X;, Dy, X;) = D [eq(X;, X;). For the IPW identification let me make the depen-
dence on the propensity score explicit: mq,(Z;, Z;,7v, ¢, e) = g(Yi, Xi, Y, X5, Ya, vb)D?jb/eab(Xi, X;).

For ¢ € {0,1} let e., = e, + Té. for some é. € Ly and e, = (€4, €p,). Then

d d d
_E[mab(Zi, Zja ’77-, 67-)] = —E[mab(Zi, Zj, ’77—, 6)] -+ —E[mab(Zi, Zj, v, 67)].

dr dr dr
For the first term, we have the same result as above by using Assumption 8. For the second
term note
d (Y XZ7)/;aX %u% Dab dE gY X’HY;’X Waa%)D?gb (X)
> > €a,r A
dr ea,T(Xi)eb,T(X) d €b(X) ’
d_[—9(Yi, X Y Xy Yas 1) D
—F Y ep (X
- 5| Jelxy o)
d 9 Y XZ7}/]aX 7&77b)DQb
= —E|E YIX; ear(X
= ( (X)) Corl X0
d 9 Y Xlay;aX ’Yaa’Yb)Dq‘b
—E|E YAX e (X))
- e B Jelxr )t

So by the same arguments as before

a(Di, Xi, D, Xjye,0) = agy 1 (X)(L(Di = @) = €a(X5)) + agy o (X5)(1(D; = b) — e(X;)),

where
aGp (X)) = -E {g(y )Z(?)ib&;; = X]
o) = [T e |
|
Proof of Proposition 3: Let 7., = 7.+77. for some 7. € Ly. We have that for (a,b) € {0,1}?
%E[”ya,T(Xi) + 0 (X5)] = diTE {%J(Xi)% * %’T(Xj)]l(el:(j—);)b)]
-k {w(%)ﬁ% (D, X')%]
— ddrE [%(Q’J@% 7-(Dj, X; )%}
_ ddTE [ (Di,Xi)% +7(Dj7Xj)]l(€l:{—);m}
= e | H2 - (D1 X0) + S 0 (D5, X)) .
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Also, let A,y = 7.(Xi) — 1(Xj), then

Rl () = )] = B8 + 7(3a(X0) = X)L

As shown in Escanciano and Terschuur (2023), the Gateaux derivative of the mapping A —
E(]A|) is some direction v (assuming no point mass at zero, which follows from the assumptions
in the Proposition) is E[sgn(A)v]. Hence, by the chain rule

%E[sgnmxi) — (X)) (ar (X) = (X))

= s = ) (30, (X0 M o ) DD

:%E[sgnmxn—%<Xj>>(%<Di,Xi>—]lf e )a) 7(D;; X>—S,)<X:>b)ﬂ

_ dilT]ET {sgn(%(Xi) — (X)) <%(Dz‘a Xi)—li?E)Z)a) =7 (Dj, X;) (el:(JXj)b))]

_%Ef[sgn(%(&)—’Yb(Xj»(V(D“Xi)]l(elzé—)Z)a) (D X)%)l

= %ET {sgn(%(Xi) —(X;)) (%(Yi —(D;, X;)) — ]1(6?(”—)(;[’)(59 - fy(Dj,Xj)))] _

diTE[%T(Xi) + Y (X;)] =

So by the results in Escanciano and Terschuur (2023), the locally robust score is given by

21—‘;1;) = ’ya(X ) + /Yb( ) |’7a( Z) - vb(X])|
$ P28y o, x4 M2 2D

ea<Xi)
— sgn(Va(Xi) — w(X;)) (%

= 7%a(Xi) +(X;) = [7a(Xi) = 3w (X;)]

0L sgn0a(X) = (5D T8, = 5D, X0)
1(D; = b)
ep(X;)

(Y; —v(Dj, Xj))

1(D; =b)

Y —~v(Di, X3)) — W(Yj —(Dy, Xj)))

+ (14 sgn(7a(X3) = %(X;))) (Y = v(Dj, X;)).

Before proving the rest of the main results I introduce a representation of U-statistics which
will be very useful for the coming proofs. For any function f : 22 — R let U, f(X;, X;) =
(;)_IZKJ. f(X;, X;). Let x be the permutations of {1,...,n}, then, as in Clémencon et al.
(2008), we can rewrite

[n/2]

Unf(Zi, Z;) = Z [n/2)7! Z F(Ziiys Zi(ing2)+i))- (8.1)
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This expresses U, f(Z;, Z;) as a (dependent) sum of averages of i.i.d. random variables (i.e.
f(ZK(i), Zﬁ(tn/gJ+i)) are i.i.d. for i = 1, ceey |_n/2j) .

Proof of Lemma 1: Using the definition of W (r) and W, (7) and the triangle inequality we
know that

mell mell

E [ sup 7, () - W (m)]| = sup

R sm——

(a,b)€{0,1}2

o

(ab)efo,1y2  LTEM

U, (ng%ab(xi, X;) — E[rgjwab(xi, Xj)]) H .

By the representation used in (8.1) we can rewrite the above as

(/2]
1 - ab
> E[S“p ] > ln/217t )y (F wiys(Ln/2)+i) Tab(X(i), Xr(1n/2) +4))
(ab)efo1)2  LTEHITE T —1
ab
- E[Fn(i)n(Ln/2j+i)7rab(XI€(i)7 XH(I_n/2j+z))]) H . (82)

Introduce an independent ghost sample (77, ..., Z/ ) which is distributed as (Z1, ..., Z,,), Rademacher
random variables ¢;, i = 1,...,n, such that P(¢; = 1) = P(¢; = —1) = 1/2 and construct ghost
scores F;‘;b using the ghost sample. Let E; be the expectation with respect to the distribution
of the sample (Z1, ..., Z,) and define Ez and E. similarly. Define the Rademacher complexity

as

[n/2]
Rn(H) = EE (Slelg Ln/QJ -1 Z giF?,bLn/QJJriﬁab(Xh th/2J+Z) ) .
T i=1

Again the key here is that the summands of the sum inside the expectation in R, (II) are

independent. We are now ready to use a classical symmetrization argument, since Z. has the
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same distribution as Z; we have that (8.2) is equal to

Z Ez {sup !

n
(ab)efoyz  LTEM

[n/2]

— ab
ZL”/QJ ! Z <Fn(i)n(m/zj+¢)7Tab(Xn(z’)7Xﬁ(Ln/2J+i))

=1

!
— Bz [T (12 iy Tab (X iy X (Ln/2j+1))]) H

Snlz Z EZZ[SUP

& (a,b)€{0,1}2 mell

[n/2]
/2]~ Z (lezi)n(Ln/% +iyTab(Xai)s Xe(ln/2)+4))

i=1

!

ab / /
= Ltn(Lny2)+0) Tab (X Xn(Ln/QJ—I—i))) H

[n/2]
= Z EZ Z'e |:Sup Ln/2J Z (F;l,btn/QJ-l—zﬂ-ab(Xh XLn/2J+z)
(a,b)€{0,1}2 i=1
- Fi?Lbn/% imab (X, X|_n/2j+z)) H
[n/2]

< Z Ezz . {SUP

(a,)€{0,1}2 mell
[n/2]
+ |[n/2]” Z el Ln/2J+l7Tab<X£7X[n/2J+i)

= Y EQ2R,(I)]

(a,b)e{0,1}2

n/2 Z 51 i, n/2J+Z7Tab(XuXLn/2J+z)

|

The first inequality follows from Jensen’s and triangle inequalities, the second equality uses
the fact that the vector (Zx(y, Zr(|n/2)+i); Z;(i), Z;r(Ln/2J+z‘)) is identically distributed across i =
., |n/2] for all permutations in k (so we can just take the permutation (i) = ¢) and the fact
that 51(FabLn/2J+Z7Tab<Xi7XLn/QJ—I—i) — FZ Ln/QjJrﬂrab(Xl, XLn/QHZ)) and I'¢ Ln/QHZWGb(XZ,XLn/QHZ) —
FZ 2] LiTab( X5, X (n/2] ;) have the same distribution, the third inequality uses the triangle in-
equality and the last equality uses that Z; ~ Z; and the definition of the Rademacher complexity.
]
Proof of Lemma 2: Note that Lemma 5 gives us a sequence of covers By for k = 0, ..., K
of I,y of radius less than 2% for some K. For any j = 1,...,J with J = [log,(|n/2])(1 — 3)]
and 7 € I, let b; : I, — II,, be an operator such that b;(m) is an approximating policy from
the cover B; such that D, (m, b;(m)) < 277, such an approximation exists by Lemma 5. By the
same Lemma we also know that |{b;(7) : 7 € T} < NDn(Z_j,ﬁab, {Xi,Fi’Ln/QJH-}ZLZ{%). Let
J = [1/2log,(|n/2]|)(1 — )]. By using a telescope sum and the approximations by, ...,b; we
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can decompose the Rademacher complexity as

Ln/2]

R,(II) = E{sup [n/2]7! ZEZFZI.H/Q { 0(Tan (X, Xny2)+i)

mell

+ Z( Tab XHX\_n/ZJ—H)) - jl(ﬂ-ab(Xin\_n/%—‘ri)))

+ (b (map(Xs, Xnj2y4)) = bg(Tan(Xs, X|nj2)4i)))

+ (Tab(Xi, X(ny2)+1) — bJ(Wab(Xi»XLnMJH)))} ‘}

Note that since the distance D,, is bounded by 1, by the second property in Lemma 5 we have that
by can be any policy in II,,. Hence, we can set bo(Tap(Xiys X|nj2j4i)) = 0 for all i = 1,...,[n/2].
We approach each of the terms above in turn. Note that by, ...,b; is a sequence of increasingly
accurate approximations. The first step is to notice that the last term above is negligible, i.e.
the term involving the closest approximation vanishes at a \/n rate. By using Cauchy-Schwarz
and multiplying and dividing we get

Ln/2]
Tl/QJ ' Z 81 i, n/2J+z(7Tab(leXLn/2J+z) - bJ<7Tab(X17XLn/2J+z)))

Vn/2]sup

2

F;lbln/%ﬂ(ﬂab(Xi? XLn/2J+i> — by (man(Xi, X[n/2j+i)))

\/ ERIRD Y
< V/[n/2] sup (/2]
rell \/LH/QJ ! Zzzl Fzz(fg/%ﬂ

[n/2]
X Al n/2]7 Z F?fz/z

/2]

. ab
=+/[n/2] i Dy (Tap, by (Tap) )4 | (/2] Z Lty
/2]

[n/2]277 | ln/2)=2 Y T2,
=1
= a2

where in the last inequality we use Lemma 5 and in the last inequality we use the fact that J =
[logy([n/2])(1—4)] and the boundedness assumption. Now we show that the second to last term

of the Rademacher decomposition is also negligible. Notice that {‘E’ngtn /2 i (07 (Tap( Xy X(nj2)+i)) —
by (Tan(Xi, th/zﬁi)))}g{% are zero mean (conditional on {X;, I'; |2 +i}Ln/2J) i.i.d. random vari-
ables. They are also bounded below by a; = —|F;{l’tn/2j+l(bJ(7rab(X,, Xins2)+i))—b1(Tap(Xs, X(ny2)+4)))|
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and above by b; = —a;. Hence, by Hoeffding’s inequality

P
i=1

[n/2]
> T oy (b (Tan(Xi, Xnjay1i) — bJ<7Tab(Xi7XLn/2J+i)))' > t)
<9 ( 2t )
< 2exp| ——7-
S (b - a:)?

t2
:ZGXP(_ 2 /2] T2ab )
D3 (b (Tab), by (Tan)) D220 T30 01

Hence, for any a > 0 we have that

[n/2]
P, (‘ VIn/2|n/2]” Z el Ln/2 +z(bJ<7Tab(Xza XLn/2J+1)) — by (man(Xi, XLn/2J—H)))

[n/2] 12ab
>a22_J\/Zi1 Fi,|_n/2j+i>
- [n/2]
242—-J
§2exp<— 5 4 )
D2(by(Tab), by (Tan))

< 2exp< ST Q(fab;, bj“(?rab)))

a242—7
< 2exp<—

)
(Zj:—} 2(j1)>
<2 exp(—a2),
where we have used triangle inequality in the second inequality and the fact that Zj;ll 2-0-1) =

22=J _ 92=J < 92=J ip the last inequality. This holds for any policy, hence

Ln/2]

P, (Slelg [n/2]~ 2 Z il Ln/2J+z(bJ(7Tab(Xu Xins2)+i)) = ba(Tan(Xi, X(ny2)14)))
4 i=1
Ln/QJ 2ab
> a2 \/Z Fz Ln/2j+1)
- [n/2]

< 2[{by(map), by (7ap) }] exp(—a?)

< 2Np, (27, Tap, { X0, T fnag i 1207 exp(—a?)
< 2NH(2’2J, ﬁab) exp(—a?)

=2 exp(log(NH(Q_Q‘], ﬁab))) eXp(—aQ)

< 2exp(5VC(I1,) log(2%) — a?)

< 2exp(5VC(I1,,) log(220-Mlesa(ln/2)y _ 42)
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where in the first inequality I use the union bound, in the second inequality I use properties
of the approximations (see Zhou et al. (2023)), in the third I use Lemma 4 and in the fourth
inequality I bound the log of the Hamming covering number by the VC dimension using a result
in Haussler (1995). Let now

2J
o2 /2 ST

so that

Ln/2J a
092 \/Z ?LZ/2J+2‘ _ 4
[n/2] log(|n/2])
Finally,

[n/2]
[n/2]” 12 Z &l Ln/2j+z(bJ(7Tab<Xza XLn/ZJ—H)) - bJ(ﬂ'ab<X1a XLnﬂJ—H)))’

=1

P. <sup

mell

4
- log(Ln/2J))

2 exp [ 5V C(Ty) log(|n /2| ~20—5) [n/2] 7"
<2exp 5V O og( /2] 20 - log(Ln/2J)Z”/”F?fﬁ/%)

< 20 ~5lo/21* o8 /20" ) - e i O

where I have used Assumption 7 and the boundedness assumption.

[n/2]
B (sup /20 3 00 (X5 Xia120) = Bl X X)) = 0
4 =1
since for any sequence of random variables X, and sequence of real numbers a,, if limn_,oo P(X, <
a,) = 1 and lim,, . a,, = 0, then lim,,_,, E(X,,) = 0 (proof of this fact uses E(X fo (X, >

u) du). Hence, we have proven that

mell

()

Hence I have left what Zhou et al. (2023) call the effective regime. Let j € {1,...,J} and q;

be some constant depending on j. As before, conditional on {X;,I; |n/2 Hi}ﬁ{% we can apply

In/2] J
[n/2]~ Z&F@ /2] +i {Z( Tab(Xis Xinj2)+i)) — jl(%b(XiaXLn/%ﬂ')))H}

J=1

E[R,(IT)] = E{sup
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Hoeffding inequality and then use the definition of D,, to get
[n/2]
[n/2] " Z el 2 i (05 (T (X, Xny2)4+4)) — bjm1(map (X, X nj2)44)))

P, (
i=1

(/2] p2ab
S .92 > Fi,Ln/QJ—}—i
- [n/2]

a?4*
< 2exp <— )
D2(bj(Tap), bj—1(Tan))
—a;4°7
= 2€Xp< 4-GD )
= 2exp (—4@?) )

where in the last inequality we have used the fact that D,,(b;(7a), bj—1 (7)) < 2701 by Lemma
5. Now we let

2 2j2 -7 10
a;(k) = 2log 5—NH(4 M) )
k
where ¢y, is some sequence of real numbers indexed by k£ € N. For notational convenience define
[n/2]
(/272> T4 (0 (an (X, Xpnjaj+a)) = bjma (Tan (X, X(nj2y40))|-
i=1

R; = sup
well

Then we have that

[n/2]
PRy 2 027 1n/201 3 T3y ) < 200 ) by H exp(-a2(0)/2)

< 2Np, (277 T, { X5, Fi,Ln/QJ—H}ZLZ{%) eXP(—a?(k)/Q)
< 2Ny (27, 11,) exp(—a2 (k) /2)
= 2Ny (477 ) exp(—log(Ny (477, 114,)252 /64 ))
Ok
Sum across j and apply this bound with & = 1/2* to note that

VAN
Mm
e

J n/2]
ZIP’(R]- > a;j(k)2774| [n/2)71 Z F?,‘ffi/w)
=1 =1

<
Il
-

IA A
2[5 IMe T
B
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Let Fr, be the cumulative distribution function of R; (conditional on {Xj, I'; |/2) H}Ln/ 2J) We

can bound the following object of interest in the following way

[n/2] J
B s Ln/20 7 3 &2y 305K X)) = by X))
& =1 7j=1
J
<> E[R)]

Ln/2]

7 .
22_%(7{5)2 "\ n/2]~ Z L o)

Ln/2]

oo J
L7 . T2 a
<> > ?\/5\/ log(26+1 2Ny (479, 11))2 77y | [n/2])- Z P2+

/2]
< 1.7\/5\ n/2)7 ) rffg/2H122 ’“Zz J\/ 1)log2 + 2log j + log N (477, Tl,)

=1

Ln/2]

00 J
< 1.7\/5\ [n/2)1 Z P2 22* > o (\/k +1++/2logj + \/5v0(ﬁab) log(4j)>
=0 j=1

Ln/2]

< 1.7\/5\ [n/2)=t Y TR, iQ"“(x/k +1 iw’ + ﬁiQ‘j\/logj
=0 7=1 j=1

i=1

+4/5VC(I) i 277 \/@)

Ln/2]

< 1.N§\ [n/2)-1 Z L2 (kz 27"VE+1+ ? kz 27k 4 \/5V0(ﬁab)1.6kz: 2—k)
=0 =0 =0

Ln/2]

<1.7V2 n/2jlsz‘fg/2 (5+32\/5VC( )).

So taking expectations over {X;, I'; /2 J+z}z 1 , using this bound and the Jensen’s inequality
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we get

[n/2] J
1n/2) 723 el o (b3 (Tab(Xi, Xy i) — j—l(ﬂab(XuXLn/zHi)))H

i=1 j=1

[n/2)
1.7\/5(5 +84/5VC(y, )]E[\ [n/2]7 ) F?,'fﬁ/zm}

(Tap)
P
L7V2( 5+ 8\/5V0(ﬁab)> \/E _rgfg/w]
1.7V2( 5+ 8\/5V0(ﬁab)) V/Sab
< C\VC (L) S,

for some constant C' > 0. Dividing both sides by /|n/2]| we get

E {sup

mell

IN

IA

[n/2] J
E[Slelg [n/2]7 Y el pes D (05 (Ta( X, Xinjores) — bj—l(%b(Xi=th/2J+i)))H
& i=1 =1
< VC(ﬁab)Sab,
[n/2]
and hence

VO () Sap (L
B ) < O o 7 )

~o(y ")

Proof of Lemma 3: Define the following random variables

Rg,)ab,z = map(Zi;s Zj, Y1, v) — Map(Zs, Zj,7, V)
Rfj)abl = map(Zi; Zj, 7 01) — map(Zi, Zj, 7, V)
Rz(]?))abl = O (Zi, Z; 0, 7)) — ¢ (Ziy Zj v, )
Ry = Ol Zis 23,7,67) = 6420, Z;,7,07)
R = 04(Zi, 25, 01,0%) = 8% Zi, 25, v, 0)
Ri]G',)ab,l = O Zs, Zj, v, &) — ¢ (Zs, Zj, v, ).

Then,

B[ sup (1, () - (]| =5 ( sup

well, well,

)

-1 L 6
n ~(k ~ ~ o
() XX S s+ €+ sl X )



By repeated use of the triangle inequality

L
. . n
() E|sup ()~ W) < 3PS B (s (2) (R + Rma(x, X))
nell, 1 (a,p)er mell, (i.) EIL
L N
+Z Z E(sup (2) Z 1+Rm)7rab(X,~,Xj) )
I=1 (ap)en \TEln (i,4) €T,
L
Z Z <Sup < ) zgl + Rz] l)ﬂ.ab(Xi? XJ) )
=1 meln U)Glz
L n A )
2 S E(o|(3) G g
=1 b U n

(ivj)ell )
I will bound each of the terms separately. The same arguments apply for all [ = 1,..., L and
(a,b) € m, hence we focus on some ﬁxed (a,b) and [. Let N be the observations not in I;. By

adding and subtracting E[(Rw bl T RU ab1)Tab(Xi, X;)|N7] and applying the triangle inequality
we get that the summands of the first term are bounded by

-1
n c
E( S;_II) <2) Z (szl + Rz]l)wab(XivXj) - E[(Rz(] ab,l + Rzg abl)wab(XivXj)’Nl ]) ) (*)
= (ij)EI
n N
+E(S€u£ <2> Z |E z]abl +sz abl)ﬂab<Xi7Xj)|%]|>' (**)
TEtin (4,9)el;

By Assumption 5 we know that

|E[Rz(jlabl + R<3abl|Nl ]| - |E[mab(Ziv Zjvﬁ/lv V) + ¢Zb(Ziv Zj?’?la Cﬂ)ﬁ/lH
< Cll =l

Applying the conditional Jensen’s inequality (on the absolute value) in (xx) and noting that the
resulting expression is maximized by treating everybody we get that

(o) < CBlJF 1] () 181 = o) = o1/

———
<1
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where the last equality follows since 2\, > 1/2. For (%), note that

= (5) e
() ey
- (5) e[z )]
< (3) e[z )]

The inner expectations are the expected supremum of centered U-processes. Using Lemma 1 We

|Il| ' Z Rz]lﬂab(X“X) E[szablﬂ-ab(XiﬂXj”Nlc]

(3,9)€l;

)
)

Tan(Xi, X;)| N/

L7 RO ma(Xi, X;) — EIRS, man(Xe, X)|NF])

ij,ab,l
(i,5)€l;

L™ > R ma(Xi X;) — B[R

ij,ab,l
(4,9)€L;

LY RYma(Xi X)) — B[R

ij,ab,l
(4,9)€l;

Tan(Xs, X;)| N/

can bound these inner expectations with Rademacher complexities. However, in the same way
we used the construction in Equation (8.1) in Lemma 1 to be able to bound the U-process with
a Rademacher complexity which involves a sum of independent terms, we need to use such a
construction for each fold ;. Take the cross-fitting technique in Escanciano and Terschuur (2023)
where we split {1, ...,n} into sets C = {C}, ..., Cx } and take the intersection between C* and the
set {(i,7) € {1,...,n}? 1 i < j}. I, can be either a triangle (I, € T, where T = {[, : i € C},j €
Cy, f < g,(i,j) € I}) or a square ([; € S, where S ={[; : i € Cf,j € C,, f = g,(i,5) € I,})
and that in each case we can bound the U-process with the following Rademacher complexities

C .
E. SUDrerr ’Ck’ 1 Z‘ ’fl‘ € p(z k), |Ck|+Z7Tab(Xp(z‘,k)7X\Ck\—i-z’) ) if [, €8s

7?'n,l (Hab) =

c .
E. ( supen|LICkl/2) 7 S &R, o) o iman(Xis X icyi/244) ) if [, €T,
for ¢ = 1,3. Hence, by Lemmas 1 and 2 we have that

(1)
n SablVC(Hab,n)>
LIE( su Ne) =0 ’ ,
(2> E(sup ) (\/ /2]
where S((lll,’)l = ]E[R(l)l |Nf]. Noting that E[Sib)l] = El(maw(Zi, Zj, %1, v) — map(Zi, Zj,7,v))?] and

using Assumption 4, Jensen’s inequality, the fact that |I;| = |Cy| X |Cy,| if I; = I(Ck, Cy,) and
|I}] = |Ck| x |Cy, — 1|/2 if I, = I(Cy, Cy) and that for evenly sized folds |C|/(n — 1) <1 for all

k=1,..., K we have that
n ~ (1 c
2w (1) 30 R X) — B X0
Ten (i,5)€l;

~0 (\/VC(Hab,n) alll ;1§:>”)2> |
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by R,

The same bound applies by using the same arguments when we replace RY il

Also,
this bound applies to all folds I;, hence, summing across all folds gives us the same asymptotic
bound. As a result, we have bounded the first term on the right-hand side in (}). For the second

term, we can follow exactly the same steps as with the first term to get the same bounds with

17,0

A, replaced by A,. For the third term in (}) note that by Assumption 5 (i) (global robustness of
«), we have that ]E[Rl(;l)ab JINF] = E[fi |Nf] = 0. Hence, we do not need to add and subtract
anything and we can apply Lemmas 1 and 2 directly to get that for ¢ = 4,6

el (3) 3 Aot ) = oy veman M)

(4,9)€l;
Finally, the bound for the last term in () follows directly from Assumption 6

(s )=o("7—)

Putting everything together we know that

ij,ab,l

-1
n a ~ Fu
(2) > (Ga+ &+ 8 )ma(X, X))

(4.5)€h

\/ﬁElsup VW, () — Wn(ﬂ)q — (’)<\/VO(Hab,n)a((1 —~ K‘l)n)2)

well,

|
Proof of Theorem 1: Follows from Lemmas 2, 3 and 6. =
Proof of Corollary 1: Let T’ ?}’ and f?ﬁl be defined as in the Intergenerational mobility

example and let

K(w):E{ > F‘“’m(Xi,Xj)},

(a,b) G{O 1}2

0 () S5, ]
1<j “(a,b)€{0,1}2

-1 L
-(2) X

3

3

{Z ngbl(Z Zj, Ay Uy, Q) Tan( X, X)) | -

(4,9)el; ~(ab)em
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Note also that W (m) = —|K(7) — t|. Hence, we can write the regret as
B|supen, — |1(r) ~ o + | 7) ~ | < B[ sup () - KA.
well,

The result follows from applying Theorem 1 with W replaced by K. m
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