RELATIVE INDEPENDENCE OF ERDOS PROBLEM #501

SUNGCHUL LEE

ABSTRACT. We prove a strengthening of the positive assertion in Erdés prob-
lem #501 assuming that Lebesgue measure extends to a measure on all subsets
of R. Together with Hechler’s counterexample under the continuum hypothe-
sis, this gives a relative independence result for ErdSs problem #501, relative
to the consistency of this extension hypothesis, and hence relative to the con-
sistency of a measurable cardinal.

1. INTRODUCTION

Let m denote Lebesgue measure on R, and let m* denote Lebesgue outer mea-
sure. Erdds problem #501 [1] asks whether every family (A, )zer of bounded sub-
sets of R with m*(A,) < 1 admits an infinite independent set, that is, an infinite
set X C R such that z ¢ A, whenever z,y € X are distinct. We write P for the
affirmative answer to this question.

Erd6s and Hajnal [2] proved the existence of arbitrarily large finite independent
sets. Hechler [4] proved —P under the assumption CH. Newelski, Pawlikowski, and
Seredyniski [5] proved that if all sets A, are closed and have measure < 1, then
there is an infinite independent set. However, it remained open whether =P can be
proved without assuming CH.

Let FMEA denote the Full Measure Extension Axiom, the assertion that Lebesgue
measure has an extension to a countably additive measure on all subsets of R. Our
main result is the following.

Theorem 1.1. Assume ZFC + FMEA. Every family (A,)yer of subsets of R with
Lebesgue outer measure < 1 admits an infinite independent set.

Note that Theorem 1.1 does not assume boundedness. Hence Theorem 1.1 im-
plies P under FMEA. FMEA is equiconsistent with the existence of a measurable
cardinal; see [3, 1D(e), 2E]. Combining Theorem 1.1 with Hechler’s theorem gives
the following consequence.

Corollary 1.2. If Con(ZFC + FMEA) holds, then P is independent of ZFC. In
particular, if ZFC with a measurable cardinal is consistent, then P is independent
of ZFC.

The key ingredient of the proof is Lemma 3.1, which gives a Fubini-type estimate
for arbitrary subsets of R?. This makes it possible to handle arbitrary sets A,.

Notation. For a set X, we write P(X) to denote its power set. R<“ denotes the
set of all finite sequences of real numbers; a sequence s € R<“ of length n is a
function from {0,...,n — 1} to R.
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2. PROOF OF THE MAIN THEOREM

This section proves Theorem 1.1 from Lemma 2.1. We first state Lemma 2.1,
postponing its proof to a later section, and then show how Theorem 1.1 follows
from it.

If v: P(R) — [0,00] is a measure extending Lebesgue measure, then every set
S C R satisfies

(1) v(S) <m*(9).
Indeed, this follows by covering S by countably many open intervals and taking the

infimum over all such covers. In particular, if m*(S) < 1, then v(S) < 1.
For a family (A,)ycr of subsets of R, write B, = {y e R: z € A} for z € R.

Lemma 2.1. Let v : P(R) — [0,00] be a measure extending Lebesgue measure.
Let (Ay)yer be a family of subsets of R such that m*(Ay) < 1 for every y € R. If
C C R and v(C) = oo, then there is an x € C' such that v(C \ B;) = oo.

Proof of Theorem 1.1. Assume FMEA, and fix a measure v : P(R) — [0, 00] ex-
tending Lebesgue measure. Let (Ay)yer satisfy m*(A,) < 1 for every y € R. Fix a
well-ordering < of R and a point ry € R.

For a finite sequence s € R<%, define

(2) Cs =R\ U (As() U Bsy U {s(i)}),
i<|s|

where |s| denotes the length of s. Let

(3) Qs = {a €Cs: V(Cs \Ba) = OO}

Define G : R<¥ — R by

the =-least element of Qs, Qs # I,
G(s) =
To, Qs =09.
We write f | n for the restriction of f to {0,...,n — 1}. By recursion on w, there

exists f : w — R such that
fm)=G(fIn) (n<w).
We prove by induction that
v(Cirp) = 00 (n <w).

For n =0, f | 0 is the empty sequence, so Cyjp = R and v(Cjjg) = co. Suppose
v(Cfn) = co. Lemma 2.1 applied to Cy},, and (3) show that @y}, is nonempty.
Hence f(n) = G(f | n) belongs to Cy,, and satisfies

V(Ciin \ By(n)) = 00

Moreover, by (2),
Crinn) = Crin \ (Agin) U Byiny UL (0)}) = (Cn \ Byn) \ (Agemy) UL (0)}) -
By (1),
Z/(Af(n)) < m*(Af(n)) <1,
and v({f(n)}) = 0 because v extends Lebesgue measure. Thus v(Aq,)U{f(n)}) <

oo. Since v(Cyip \ Byny) = 00 and v(Af,) U{f(n)}) < oo, we have v(Cy i) =
oo. This completes the induction.
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Set X ={f(n) :n <w}. Let i < j. By (2),

(1) € Cr1j € Crigieny = Crra \ (Apiy U By ULF(0)}) 5

we have f(j) # f(i), f(j) ¢ Afq), and f(j) & Byqy. The last relation is equivalent
to f(i) &€ Af(j). Thus X is infinite, and = ¢ A, for all distinct z,y € X. O

3. PROOF OF LEMMA 2.1

We use the following elementary section inequality. Here fTRg dm denotes the
Lebesgue upper integral; that is, for g : R — [0, o],

(4) /gdm = inf {/ hdm : g < h, his Lebesgue measurable} .
R R
Lemma 3.1. Let (Y,P(Y),v) be a o-finite measure space. For every set H C RxY,
6 [ttt dm) < [ me @) dvty),
R Y
where
(6) H,={yeY:(z,y) € H}, HY={zeR:(z,y) € H}.

Proof. Since v is o-finite, there is a v-measurable function n : ¥ — (0, 00) such
that

(7) / ndv < 1.

Y
Fix € > 0. For each y € Y, choose an open set U, C R such that
(8) HY CU, and m(Uy) <m*(HY) + en(y).

If m*(HY) = oo, we may simply take U, = R.
Let (I,)n<w be a countable base for the usual topology of R, for instance the
open intervals with rational endpoints. For each n < w, define

Y,={yeY:I, CU,}
Each Y,, is v-measurable, because the o-algebra on Y is P(Y'). Set
E= ] xY).
nw

Then F is measurable in the product of the Lebesgue o-algebra on R and P(Y).
We claim that EY = U, for every y € Y. Indeed, if v € EY, then x € I, for some

n with I,, C Uy, sox € U Conversely, if x € Uy, then, since U, is open, there is a

basic interval I,, such that xel, Uy, Thusy E Y., and hence T € EY.
Therefore H C E. By Tonelli’s theorem applied to the measurable set E,

) /RV /mEydy /m ) dv(y

By (7) and (8),

(10) /m ) vy /m (HY) dv(y )+g/ ndu</m (HY) du(y) +
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Since H, C E, for every x € R, we have v(H,) < v(E,). Moreover, x — v(E,) is
Lebesgue measurable. Hence, by (4), (9), and (10),

/V(ch) dm(z) < / v(E,) din(z) < / m (HY) du(y) + e.

R R Y

Letting € — 0 gives (5). O
For the measure v in Lemma 2.1, (R, P(R),v) is o-finite, since

R= U [—n,n] and v([—n,n]) = 2n < co.

n>1

Applying Lemma 3.1 with Y = R, we get, for every H C R?,

(11) [ttty dme) < [ ) aviy),
R R
where H, and HY are as in (6), with Y = R.

Proof of Lemma 2.1. Let C C R satisfy v(C) = co. Suppose, toward a contradic-
tion, that
(12) v(C'\ By) < o0, Vo e C.

For N > 1, put Cy = C N [-N,N|. Since C = [Jys; On and the sequence
(Cn)N>1 is increasing, continuity from below gives

(13) v(Cn) — 0.
Choose N such that D := C N [—N, N] satisfies v(D) > 1. For k > 1, define
(14) Dy={zxeD:v(C\B,;) <k}

By (12), D = U, D, and the sequence (Dj)j>1 is increasing. Again by continu-
ity from below, there is k£ > 1 such that v(Dy) > 1. By (1) and Dy, C [-N, N],
(15) 1 <m*(Dy) < 0.

For every integer M > N,

v(Cuy) < v([-M,M]) =2M < .

By (13) and (15), choose an integer M > N such that
km*(D
(16) v(Car) > m*(D;(c)i)l

In particular, v(Cy) > k.
If © € Dy, then v(C'\ B;) < k by (14). Since C)s has finite v-measure and
Cym \ By € C\ B, we have

(17) I/(BxﬂCM) ZV(CM)—V(CM\BQC) > Z/(OM) — k, Vx € Dy.
Let
H = {(v,y) € Dy x Car : v € A,} C R%
For z € R,
H, = BzﬂCM, r € Dy,
J, z ¢ Dy.
Thus (17) implies
v(H;) > (v(Cy) — k)1p, (2) (z € R).
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By monotonicity of upper integral and the identity
/alsdm:am*(S) (a>0, SCR),
R

we get

(18) /V(Hm) dm(z) > (W(Cpr) — k)m™ (Dg).
R
For y € R,
gy — 1 AN D, Yy €Cur,
Since m*(A,) < 1 for every v,
m*(Hy) < 1CM (y) (y € R)

The function y — m*(HY) is v-measurable because v is defined on all subsets of R.
Hence

(19) [ av) < [ 16, (0) dvty) = v(Cu).
R R
Applying (11) to this H and using (18) and (19), we obtain
Dividing by v(Cps) > 0 gives

<1 - 1/(CkM)> m*(Dg) < 1.

However, (16) gives

k
1-— m*(Dy) > 1,
( V(CM)> (D)
contradicting the preceding inequality. Therefore (12) is false, and some z € C
satisfies v(C'\ B;) = 0. O

APPENDIX A. COUNTEREXAMPLE UNDER CH

For completeness, we give a simple proof that P fails under CH. Assume CH,
and fix an enumeration R = {r, : @« < wy}. Let < be the induced well-ordering
of R, so that r, =X rg if and only if o < 3, and let < be the corresponding strict
order. For every 8 < w1, the set {r, : @ < 8} is countable. For y = rg, define

Ay:{ra5a<57 |Toz| < |y|+1}

Then A, is countable, and hence m*(A,) = 0. Also A, C [—(ly| + 1), |y| + 1], so
A, is bounded.

We claim that the family (Ay)yer has no infinite independent set. Suppose
otherwise, and let X C R be infinite and independent. Choose a strictly increasing
sequence

o <1 <Tg < -+
from X. If i < j, then independence gives z; ¢ A,,. Since x; < ;, the definition
of A, implies
@il > [ay] + 1.
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In particular, |x,| > |2,y1| + 1 for every n < w. Iterating, we get |z,| < |zo| — n,
which is impossible for n > |zg|. Therefore no infinite independent set exists, and
P fails under CH.

USE OF Al

During the preparation of this work, the author used OpenAl’'s GPT-5.5 Pro
to explore possible proof strategies and to obtain the main methodological ideas
behind the argument. After using this tool, the author independently verified the
mathematical details, refined the exposition, and takes full responsibility for the
final manuscript.
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