
Definition(1)
A function φ mapping X into Y is a relation between X and Y with the property 
that each x ∈ X appears as the first member of exactly one ordered pair (x, y) in 
φ. Such a function is also called a map or mapping of X into Y . 
We write φ : X → Y and express (x, y) ∈ φ by φ(x) = y. The domain of φ is the set 
X and the set Y is the codomain of φ. The range of φ is φ[X] = {φ(x) | x ∈ X}.

Definition(2)
Let X and Y be two nonempty sets. “A function from X into Y is a relation that 
associates with each element of X exactly one element of Y.”
The set X is called the domain of the function. For each element x in X, the 

corresponding element y in Y is called the value of the function at x, or the image 
of x. The set of all images of the elements in the domain is called the range of the 
function.



Determine whether each relation represents a function. If it is a function, state the domain and range.

(a) { (I, 4), (2, 5), (3, 6), (4, 7)} 
(b) { (1, 4), (2, 4) , (3, 5), (6, 10)} 
(c) {( -3, 9), (-2, 4), (0, 0), (1,1 ), (-3, 8)} 
SOLUTION

(a)This relation is a function because there are no ordered pairs with the same first element 
and different second elements. The domain of this function is { I, 2, 3, 4}, and its range is 
{ 4, 5, 6, 7}.

(a) This relation is a function because there are no ordered pairs with the same first element 
and different second elements. The domain of this function is {I, 2, 3, 6}, and its range is
{4, 5, 10}.

(a) This relation is not a function because there are two ordered pairs, (-3, 9) and (-3, 8), that 
have the same first element and different second elements . 





For a function y = f(x), the variable x is called the independent 
variable, because it can be assigned any of the permissible numbers 
from the domain. The variable y is called the dependent variable, 
because its value depends on x.

 Cardinality :-The number of elements in a set X is the cardinality of X and is 
often denoted by |X|

 The function φ is onto Y if the range of φ is Y.
 Necessary condition for onto function|X|>|Y|.
 a one-to-one map is an injection, an onto map is a surjection, and a map that 

is both one to one and onto is a bijection.
 A function f is even if, for every number x in its domain, the number -x is also in 

the domain and f(-x) = f(x).
 A function f is odd if, for every number x in its domain, the number -x is also 

in the domain and f(-x) = -f(x).



ONE – ONE FUNCTION:
A function φ : X → Y is one to one if φ(x) = φ(y) only when x=y.
 Necessary condition for one – one function |X|<|Y|. 







Let f : A → B and g: B → C be functions. 

 If g ◦ f is injective, then f is injective. 

 If g ◦ f is surjective, then g is surjective.

 where g ◦ f is bijective, but neither f nor g are bijective.





















Two sets X and Y have the same cardinality if there exists a one-to-one function 

mapping X onto Y , that is, if there exists a one-to-one correspondence between 

X and Y .

We showed that ℤ and ℤ+or ℕ have the same cardinality. 
• We denote this cardinal number by ℵ𝟎, so that | ℤ |=|ℤ+|=ℵ𝟎. 
• It is fascinating that a proper subset of an infinite set may have the same 

number of elements as the whole set; 
 an infinite set can be defined as a set having this property.
 We naturally wonder whether all infinite sets have the same cardinality as 

the set ℤ.
 A set has cardinality ℵ𝟎 if and only if all of its elements could be listed in an 

infinite row, so that we could “number them” using ℤ+.

Figure  indicates that this is possible for the set ℚ. | ℚ |=ℵ𝟎





Let A and B be sets. We say A and B have the same cardinality 

when there exists a bijection f : A → B. We denote by |A| the 

equivalence class of all sets with the same cardinality as A and we 

simply call |A| the cardinality of A.

 Note that A has the same cardinality as the empty set if and only if 

A itself is the empty set. We then write |A| := 0. 

 Finite set  :-

Suppose that A has the same cardinality as {1,2,3,...,n} for some 

n ∈ N. We    then write |A| := n, and we say that A is finite. 

When A is the empty set, we also call A finite. , for each 

nonempty finite set A, there exists a unique natural number n 

such that there exists a bijection from A to {1,2,3,...,n}.

 Infinite set  :- We say that A is infinite or “of infinite cardinality” if 

A is not finite.



 We write |A| ≤ |B| if there exists an injection from A to B. We write |A| = |B| if A and B 

have the same cardinality. We write |A| < |B| if |A| ≤ |B|, but A and B do not have the same 

cardinality.

 |A| = |B| have the same cardinality if and only if |A| ≤ |B| and |B| ≤ |A|. This is the so-called 

Cantor-Bernstein-Schroeder theorem.

 Countably infinite :- If |A| = | ℕ |, then A is said to be countably infinite. i.e. there exists a 

bijection between from A to ℕ .then A is said to be countably infinite. Note that the 

cardinality of ℕ is usually denoted as ℵ𝟎 (read as aleph-naught)† .



Countable Set :

A set is said to be countable if it is either finite or countably infinite. A set that is not 

countable is said to be uncountable.

 Let B be a nonempty set. Then the following are equivalent:

(1) B is countable.

(2) There is a surjective function f : ℤ+ → B.

(3) There is an injective function g : B → ℤ+.

If C is an infinite subset of ℤ+,then C is countably infinite.

A subset of a countable set is countable.

Proof. Suppose A ⊂ B, where B is countable. There is an injection f of B into ℤ+.

the restriction of f to A is an injection of A into ℤ+.

The set ℤ+× ℤ+is countably infinite

Proof. It suffices to construct an injective map f : ℤ+×ℤ+→ ℤ+.

We define f by the equation f (n, m) = 𝟐𝒏𝟑𝒎.



 Let A be a set. The following statements about A are equivalent: 

 (1) There exists an injective function f : ℤ+→ A. 

 (2) There exists a bijection of A with a proper subset of itself. 

 (3) A is infinite. 

 The set ℚ+of positive rational numbers is countably infinite. 
For we can define a surjection g : ℤ+× ℤ+ → ℚ+by the equation g(n, m) = m/n.

Because ℤ+× ℤ+is countable, there is a surjection f : ℤ+→ ℤ+× ℤ+.Then the composite g ◦ f : 

ℤ+→ ℚ+is a surjection, so that ℚ+is countable. And, of course, ℚ+is infinite because it 

contains ℤ+. 

Similarily the set Q =ℚ+ ∪{0} ∪ ℚ−of all rational numbers is countably infinite ℤ+.

 A countable union of countable sets is countable.

 A finite product of countable sets is countable.

 Let A be a set. There is no injective map f : P (A) → A, and there is no surjective map g : 

A → P (A).



Uncountable Set:- If A is not countable, then A is said to be uncountable. 

The set of even natural numbers has the same cardinality as N. 

Proof: Given an even natural number, write it as 2n for some n ∈ N. Then 

create a bijection taking 2n to n.

characterization of infinite sets: A set is infinite if and only if it is in one to one 

correspondence with a proper subset of itself.

Remarks:-
 |ℝ|= c(continuum)
 S = {x ∈ ℝ| 0 < x < 1} has the same cardinality as ℝ, i.e. |(0,1)|= c
 If A ⊂ B and B is countable, then A is countable. Similarly if A is 

uncountable, then B is uncountable.





Results

 Cantor theorem. |A| < |P(A)|. In particular, there exists no 

surjection from A onto P(A). 
Proof. There of course exists an injection f : A → P(A). For any x ∈A, define f(x) := {x}. 

Therefore |A| ≤ |P(A)|.

To finish the proof, we have to show that no function f : A → P(A) is a surjection. Suppose 

that f : A → P(A) is a function. So for x ∈A, f(x) is a subset of A. 

Define the set B := {x ∈A : x ∈/ f(x)}.

We claim that B is not in the range of f and hence f is not a surjection. 

Suppose that there exists an 𝒙𝟎 such that f(𝒙𝟎) = B. Either 𝒙𝟎 ∈ B or 𝒙𝟎 ∉B.

If 𝒙𝟎 ∈ B, then 𝒙𝟎 ∉ f(𝒙𝟎) = B, which is a contradiction. If 𝒙𝟎 ∉ B, then 𝒙𝟎 ∈ f(𝒙𝟎) = B, which 

is again a contradiction. 

Thus such an 𝒙𝟎 does not exist. Therefore, B is not in the range of f , and f is not a 

surjection. As f was an arbitrary function, no surjection can exist.

 there do exist uncountable sets, as P(N) must be uncountable.







 A partition of a set S is a collection of nonempty subsets of S such 

that every element of S is in exactly one of the subsets. The subsets 

are the cells of the partition. 

 (Equivalence Relations and Partitions) Let S be a nonempty set and let ∼ be 

an equivalence relation on S. Then ∼ yields a partition of S, where a¯ = {x ∈
S | x ∼ a}. 

 Also, each partition of S gives rise to an equivalence relation ∼ on S where a ∼
b if and only if a and b are in the same cell of the partition


