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CHAPTER 1

SET AND RELATIONS

1.1.

Set

A collection of well-defined objects or things is called set. By well-defined
we mean there is no ambiguity / confusion regarding the inclusion or
exclusion of any object.

%
S

Note: \ ‘”’\\_

(a) “This is widely accepted definition for the set but, not abiolute

(b) Generally, sets are denoted by Capital letter§ whereas the objects

collected in the set are called elements and denoted by Small letters.

(c) When a set is formed by collecting Ob_]QCtS a “new. oB]ect is created
different from the objects in that collectlon S \ ~

(d) No set can be a member of itself i.e. xlf A 1s any set then A¢ A but
Ac A. "4.‘ )

Cardinality of Set: The number of elements in aset is called cardinality of
the set. The cardinality of any set A4 1s denoted bv | 4] or card (4)

Subset: A set 4 is called a subset of the set B, if each element of 4 is

also an element of B . e
OR

Any sub-collection of elements from a set is called subset of that set.
Symbolically, we write itas 4< B or Ac B.

Note: If 4 c B it includes the possibility 4=B whereas 4 < B means there
is at least one element in B which does not belong to 4 .

Power Set: Let S be any set .The collection of all the subsets of Sis called
power set of S, and denoted by P(S).If |S|=n then |P(S)[=2"=2".

Example: Let 4={1,2,3}. Then Power set of 4 ,'

P(4)={g,{1},{2}.{3}.{1,2}.{2,3}.{1,3}.{1,2,3}} , Contains 2°=8

elements

Empty Set: The set without any element is called null / void / empty set and
denoted by ¢ . It is subset of all the sets.

Note:

(@) P(S), the power set too includes ¢ and S itself. Hence P(S)is never
empty for any S(even if Sis empty).

(b) The cardinality of power set is always some power of 2. i.e. of the form
2", neZ*U{0}. Hence, the name power set.

L
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" Set and Relations

Propositions on Sets:

1. There is no set containing all the sets.

2. The empty set ¢ is subset of every set.

3. The power set of any set is never empty.

Laws and Theorems For Union & Intersection:

Let 4,B,C be arbitrary sets. Then

1. Idempotent: AuA=4 & ANA=A4
Commutative: AUB=BUAd & AnB=Bn A4

2
3. Associative: 4U(BUC)=(4UB)UC & AN(BNC)=(4NB)nC
4 T

Identity laws: ¢ isnullset& U is supersetof 4 . \
(@ 4ué=4 : | -
(b) AVU=U \\ K N
(€) 4np=9 o "
(d) ANU=4 o ”*\;:gt*ﬁ“

5. Distributive Law:
(@ AU(BNC)=(AUB)N(AUC) o

b) AnN(BUCY=(ANB)U(ANC) ;

6. Demorgan’s Laws: Let U be univers‘-él‘sgetgﬁd A,BcU
(a) Au(BmC)=(AuB)m(AuC%)'~'?”""' S
(b) (4NBY=A'UB'
(c) A—(BUC)=(A—B)(\(A—-C)
(d) 4-(BNC)=(4-B)u(4-C)

N /’7. Important Theorem: If P(4) & P(B) are power sets of 4 and B .

Then
(@) P(4)nP(B)=P(ANB)
(b) P(4)UP(B)c P(AUB)

8. More Results:
(@) (AUBYN(4UB)Y=¢
(b) (4-B)U(B-A4)U(4NB)=AUB

? (c) 4-(4-B)=4NB
(d) A-B=B-A<A=B
(¢) AUB=ANB & A=B
() AcBoBcA
(§) A-B=B'-4
Hint: 4n B¢

BCn(AC)°=AmBC
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1.2. Relations and Counting of Relations

rtesian Product: Let X and Y be two sets. Then set
XxY={(a,b):acX,beY}, is called Cartesian product of X and Y. If

| X|=n,|Y|=m then|X xY|=mn
Properties on Cartesian Product:
X XxY#YxX & X#Y,where X#¢, Y#¢
&2./If)(mY=¢:>(Xx'Y)r\(YxX)=¢
_A. If|XmY|=ra|(XxY)m(YxX)|=r2

. N N
\4/Ife1ther X=¢,Y=¢.Then XxY=¢and¥xY =¢. ‘o "
S N \\u

ation: A subset of X'xY is called a relation \jﬁ\om _\X:‘"to,_}f or a bmary\\

relation from X toY. .

A . N~ o . E"\'\ .“‘* .
.meer of Relations: Total number of rélation from\X Yo Yis equal to the
number of subsets of XxY ie., |[P(XxY)| bﬁmﬁ"’?‘*c‘f element in the

| xYl —onm

power set of XxY i.e., a\“‘x,‘:\\\:“m"
\ N S
‘ )}z/ary Relation: A subset S of Ax 4 is-ealle ‘binary relation on 4 or

~6a
simply a relation on 4 if fora,b € 4, (a,‘b)}is\and then we write aSbh and say
\ it
a isreated to b . \ iy

b ™, S
hY

mber of binary relations on a set: et~ be a set such that | 4|=n
Then Ax 4 have n? elements. So, every subset of Ax 4 is a relation implies

2
total number of relations on 4 is = P(4x 4) |=2"

Types of Relations:

Empty relation: As ¢ 1s subset of every set hence ¢ = Ax 4 is also a

relatlon on 4 called Empty relatlon i.e., no any pair of element satisfies
the given condition.

\/Idgnﬁty Relation: A subset 7 of 4Ax4 is called Identity relation on 4 if
aeA then (a,a)eland (a,b) el ifa=b.

Let A4={aj,a,,.,a,} be a set of n elements. Then a subset
I={(a,4),(a3,a;),...,(a,,a,)} of Ax 4 is called identity relation.
Note:

Mn a set a relation is sald to be ldentlty if every element of 4 is related
to itself only. o

J,b)/fdentity relation is unique for each set 4.

Reflexive relation: A relation S on a set A is called Reflexive relation if
Every element of 4 must related to itself i.c. a subset S of Ax 4 is called
reflexive relationon 4, if Vae€ 4 (a,a)€S

Set and Relations
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Properties:

\/(’1{ Total number of reflexive relation on 4=2"" , where [ 4|=n

—
2
=
et

:\# f Re{ lexive ’Rgv oo e

Example: Number of reflexive relations on a set 4={1,2,3} is 64 7% «=fsthe jaken e
04,
. ) ) . %
i) Empty relation on non-empty set is never Reflexive relation. @qL 3
\(iif) Empty relation on empty set is always Reflexive relation. H’@’ i \f T

(iv) The least cardinality of a Reflexive relation on a set with n elements is “""]C Choice 0. ty A4
i ﬂ!-l 4
n. o ®oChacl

,N;:‘r:feﬂexive Relation: A subset S of AxA ‘is irreflexive if |’ ¥
' VaeAd=(a,a)¢S, ie. S is Irreflexive relation on A-if no element of | =2 S (\Ir

4 is related to itself. ’ NN
Properties: O NN : ;
g N e 3-\?\ et Mot take — e
¥ i » gol{h?-!ho(na\((‘ a,a5) oo N
(i)Y Total number of irreflexive relatlons on 4= 2“” N g\
Example: Number of 1rreﬂex1ve relatlons ona set M=l 2, 3}is 64 o
] U R (e s
] " @) Trreflexive relation is not an exact negatlen of ‘reflexive relation i.e., Chiceof ©
<7 there exist some relations on set 4 wh1ch are reflexive as well as @y Qs 34{3

Irreﬂexwe C N ‘ T

(ﬂ{’) Empty relation on an empty set 1s Reﬂexwe relation as well as
Irreﬂexwe relation ) N e

(LV) There Does not exist any non-empty relatlon which is reflexive as well
©o{h,3) asIrreflexive relation

/
Too ir2) Z () There are relations, which are neither reflexive nor Irreflexive.

Exampfe: If A={a,b}, then relation S ={(a,a),(a,b)} is neither
" reflexive nor Irreflexive '

_L%&,,S\xglmft;e Relation: A relation S on a set 4 is call_ed/synunetric if _
Y|t e (b a)e S whenever (a,b) €S for a,be A i.e. arelation is symmetric if and |
" ; o(nly if a isrelated to b implies that b is related to a

P__ropertles :

(i}/Nﬁmber of Symmetric relations = 22"
7 Exgtyplé? Number of Symmetric relations on a set 4 ={1,2,3} is 64

o (11)\ﬁ,mpty relation is always symmetric relation on any set 4 as 7 any
i 7 (a,b)e S such that (b,a) e S.

(iiiyIdentity relation is symmetric relation but'3 some relations which are
symmetric but not identity.

\/Igcample: Let R={1,2,3} and R= {(1,2),(2,1)} be a relation on 4. Then R
is symmetric relation on 4 but not identity relation.

Asymmetrlc Relation: A relation § defined on 4 is called asymmetric
~ whenever (a,b)e S = (b,a) &
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Properties:

N “/—(’f)/ Total number of Asymmetric relation = 320D

v /Exfz/mple: Number of Asymmetric relations on a set 4 ={1,2,3} is 27.

) Asymmetric relation is not an absolute negation of Symmetric relation.
o7

(111) Empty relation is both Asymmetric as well as Symmetric.
{iv) A non-empty relation cannot be both Asymmetric as well as Symmetnc Wl

9 V"”" u

V) A relation can be neither symmetric nor a Asymmetric

Example: If xe A, then relation S = {(a,a),(a,b)} is neither symmetric
" nor a Asymmetric.

A"

5 R st Tt
- . . .\‘\ N I 5 = . 1A% -
\(vi) A non-empty reflexive relation cannot be Asymmetric. \\ % A e e |
... . P i) ;

.,

Antl-symmetrlc Relation: A relation S on a set A “\1& “calle"'d Antl- S
symmetncRelatlonlf(ab)es and (b, a)eSsa—QforaQeA \ M{L.,Wa J Riu

I . 1.

A 1 : Wepamir!
Properties: i I AT FoAES
p . o
- "Number of Anti-symmetric relations on A= 2"32("“) %
’N"\ St

\
Example: Number of Anti-symmetric relatlags Sxi\a\set A={1,2,3}is 6°

e e st St Tt

s, S A
Ed t\'f' Ot b S Qe e
\‘\ U

 (ii) Empty set is always anti-symmetric. z__‘_‘”'»\__\ %

(iii) A relation is anti-symmetric if and qnly 1f\there are no pairs of dlstmct
~ elements ¢ and » with « related to b Q\?d brelated to a. -

(iv) The terms symmetric & anti- symmﬂrlc,gre«not opposite. : A E 4
(v) A relation can be both symmetric & anti- S)’mmetn . Pt )

Example: If xe A, then relation S ={(a,a),(b,b)} is both symmetnc &
anti-symmetric

(vi) A relation cannot be both symmetric and anti-symmetric if it contains | ,
some pair of the form (a,b) where a#b. ol et

(vii) Every asymmetric relation is anti-asymmetric as well but not converse.

Example: Let A={1,2,3} and R={(1,1),(2,2)} be arelation on 4. Then
R is Anti-symmetric but not Asymmetric.
Transitive Relation: A relation S on a set 4 is called tranmsitive if
(a,b)e S and (b,c) e S , then (a,c) e S for a,b,ce A4
Properties:
(1) Empty set is always Transitive Relation

(ii) If S < Ax 4, be a relation failing to be transitive it must have at least
one pair of ordered pair like (a,b) & (b,c) € S and (a,c) ¢S .

_ ,E)cample: Blood Relation is not transitive. As mother related to daughter
and daughter related to father. But mother does not related to father.

~ _Equivalence Relation: Any relation on a set 4 i.e., a subset of AxA4is
- called an equivalence relation if it is reflexive, symmetric & transitive.

.__Example: Relation of parallel lines on a set of lines in a plane

. Example: Relation of brother-hood over set of male’s an equivalence
relation
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-f/( / { Equivalence Class: Let S be an Equivalence Relation on a set 4 and

- acA. Then the set defined and denoted as cl(a)={xe€ 4|(x,a) e S} is
called an equivalence class of a € 4 by the relation S'. '

ote: The Equivalence classes are either disjoint or identical.

otient Set: Let 4 be any non-empty set and ~be Equivalence relation
on 4. Then the set of all Equivalence Classes corresponding to the relation
~is called Quotient Set. This Quotient Set is denoted by |4|_i.e.,

IAL = {Equivalence Classes corresponding torelation~ on set 4 }

\,E){ample: Let A=setofintegers=(Z) Let us define a relation ~ on Z as
a~b iff a—b is an even integer. Clearly, ~ is an Equi‘x‘mle_nce\relation on
Z \‘ e
RO N

'''''

cl[0] =
cll]={beZ:b~1}={beZ:b-1is even“‘integer} = {od’d mtegers}
Thus, Quotient Set is {even integers, odd 1ntegers “‘Q{OLQ[I]}

Partial Ordered Relation: Any relation on aset AL e, ‘a subset of Ax4is
(called a Partial Ordered Relation if it is. reﬂemve \anti-symmefric. and
transitive. The set 4 with partial ordered relanon R is called POSET and

denoted by (4,R). . =

o

N Example: Divisibility is Partial Ordered Relatlon over set of Natural
numbers.

V" Example Divisibility is Partial Ordered Relation over set of Natural
L numbers.:

Partition of A Set: Let 4 beasetand 4,,4,,..., 4, are subsets of A then

the collection of these subsets defines a partition of A4 if

(i) They are disjointie. 4,4, =¢,Vi# j
(i) 4=\J4

le: A=N then {4,4,} is a partition of 4, where 4, = set of even
numbers C N-and 4, = set of odd numbers c N
/

Example:” A, = set of prime numbers, 4, = set of composite numbers,

4, = {1} then 4, 4,, 4, form a partition of N.

Example: 4 J-/{1,2,3,4} let 4,4, be subsets of 4 as 4 ={,2} 4,={3,4}
.Then 4, 4, forms a partition of 4 .

Fundamental Theorem on Equivalence Relation (FTR): “Every
equivalence relation on a set partitions the set into disjoint subsets. These
subsets are called equivalence classes and conversely”. If R is an
equivalence relation on 4 and if a € A, then by equivalence class of a

written as cl(a) or [a] or @ we mean cl(a) = {x € 4| xRa}

Now Equivalence Classes correspondlng to ~ are followmg )

s

&

- setofall

Set and Relations

C,O(a} )Q(’ﬂé

IR |

g Yo 53
f’(r‘-,_l,/‘/" W n

9 cless

’T»ea ‘, ) {,:jg S

K °
"y J
i 5

e R 'fm)
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Propositions on Equivalences Classes: If R is an equivalence relation on
A and a,be A then

v(ja/Either cl(a)=cl(b) or cl(a)Ncl(b)=¢

\};ia” cl(a) = cl(b) <> aRb

\Lu»rﬁ" otal number of equivalence relations on 4 = Total number of
partitions of A

\/(Wﬁf P(r) denotes the number of equivalence relations on a set with »
elements. Then PO =LP1)=1P(2)=2,P(3)=5,P(4)=15

\/(v)in general, P(n+1)= Z "C,P(r) ~. f\.

e r=0 . “.!_..'\:'\ ~
o ;I«a”iilular Form for Number of Partitions of a Set \ ~\:'~.\“ T
P =

PQ2)=
PQ3)=
P(4)=
P(5)=
P(6)=
P(7)=

1
232[5]
5272102 [15]

15520527537 [ 52
5267 —87 > 114 > 151 - 203 |
203 — 255 — 322 — 409 — 523 — 674 — | 877 |

Congruence Relation of Z (The set of integers): Let a,beZand m be a
positivq integer..Then we say a is congruent to b modulo m iff m| (a-b),

symbolically a = b(modm) andread as a is congruent to » modulo m
Properties:
) Congruence relation is an equivalence relation

gu’j If a=b(modm) then a & b both leave the same remainder when

divided by m .
\/(i»ii’)/' If ca = cb(modm) = a = b(modm / d), where d = g.c.d(c,m)
&/f('iv) If a=b(modm) and c=d(modm) then a+c=b+d(modm) &

ac = bd(mod m)

!

_(¥) If a=b(modm) =>a* =b* (modm) for any positive integer k. Converse”| :

need not be true.

Note: a* =b*(modm) need not imply that a = b(modm) . For example :

32 =22 mod 5 but 3 = 2mod5

) If c.a=ch(mod p)&p|c then a=b(modp) where p is prime

number.

Ve A=

Relations

B2 3, “yeun b

I e
oGe G LGl
= chta g Cdlh)
S R

aANEN T e G €

L"—-‘—‘——-_..._ R _':___,,: ]
S55p /,I,),M{;lw-.\.\-.y l‘('

A onad 2

\Svaf) a=b(modm)= g.cd(a,m)=g.cd(b,m)

L
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~ Some Important Theorems:
~_Férmat’s Theorem: If p is prime, then a” =a(mod p) Vae VA

\\yl_?_,éi".mat’s Little Theorem: If p is prime, then a”~' =1(mod p) and point
a VaeZ. Converse of Fermat’s theorem need not be true.
"Wilson’s Theorem: If p is a prime number , then (p —1)!=-1(mod p)
or ( p DH1=0(mod p)

Converse of Wilson’s Theorem: If (m—-1)!+1 is divisible by m, then m isa

pnme number.

. Pseudo Prime: A composite integer n is called pseudo ‘pmme ~1f it satisfies

.

the congruence equation 2" =2(mod n). . . RS ‘»l

‘\»

e

. ;
Note Upto 340, integers which satisfies above equatlbn ‘are ﬂggme only and‘ Bl

341 is the first composite which satisfies the ab Ve eq ation and is the
smallest pseudo prime. Few next pseudo primes are.6 “1“@ N

Congruence Equation: Let a, beZ and .'r\z\ls,“a p}smve 1nteger Then

ax /bmod n)is congruence Equation. \\ x\

Rule/ The linear congruence ax= b(mod n) has a solution iff
g.cd(a,n)=d|b; and it has exactly, &mutually incongruent solutions

N\\M

\
(i) Let P(x)=) ax',a,€Z bea polynomial and a =b(modn). Then
i=0

P(a) = P(b)(mod n)

modulo 7.

Some important Properties:

- (i) If p is prime number and d|(p-1) . Then the congruence equation

x? =1(mod p) or x* —1=0(mod p) has exactly d solutions.

‘- (iii)Let @ be an odd integer. Then

(@) x*=a(mod 2) always has a solution
(b) x* =a(mod 4) has a solution iff a = l(mod4)
(©) x*=a(mod2"); forn >3 has a solution iff a =1(mod8)

Dlophantme Equatlon Let a,b,c € Z such that a #0,5 = 0. An equation of

e

" the form “ax+by+c=0 is called Diophantine equation. The integers x;, y,
is said to be solution of equation ax+by+c =0 if axg +byy+c=0.

Note: ax+by+c=0 has solution (a¢0,b¢0) if and only if d|c where

d=gcd(a,b). If x,,y, is any particular solution of ax+by+c=0 then

. . . . b
-all other solution of this equation are given by x=x,+—¢ and

a . .
Y=Y, - Et varying over integers ¢

Set and Relations

28A/11, (First Floor) Jia Sarai, Hauz Khas, Near LLT., New Delhi-110016, Ph.: (011)-26537527, Cell: 9999183434 & 9899161734, 8588844789

E-mail: info@dipsacademy.com; Website: www.dip: demy.com




-~

1S ACAk
REGENERATING LOGICS
An ISO 9001 : 3008 Certified Institute

Set and Relations

E.ynple Find the remainder when 2% divided by 7.

'=2(mod 7) =22 =4(mod 7) = 2* =8(mod 7) = 2* —l(mod7)
= (23) =1(mod7)

=2%=1(mod7) =2%.22=4(mod7) =2"=4(mod7) Thus, 4 is
remainder when 2%° is divided by 7.

/
Example: Find the remainder if 3* is divided by 23.

Soluition: e

3 =3(mod23) =%3*=9(mod23)} =3’ =4(mod23) = (3*)" =-5(mod23)
= 3% =—5(mod 23) e

=38 =2(mod23) = 3% =4(mod23) = 3% =4(mod23) .

= 3%6.3% =16(mod 23) = 3*° =16(mod 23) . ‘4::;-;.; i} \
339 3=3.16(mod23) = 3* =2(mod23) Thus, 2 is’ r«cmamder~ N

Umple Find the remainder obtamed by d1v1d1ng 1'+ 2'+3'4-4'+ ..... +100!

by 12. . - N\

Solution: Since 4!'=24=0(mod12) ", TJ;IU:S““ for k>4
k!=415-6....k=0-5-6..k=0(mod12) In th1s Nway, we  get,

4243444 +100! =1424340+...+= 9(mod12) 9 is the required
remainder.

Linear Congruence: A polynomial congruence of degree 1 is a linear
congruence. Any linear congruence can be written in the form

ax =b(modm) where ais not congruent t0-0. mod mi.e., a is not divisible
by m. .

Solution of Linear Congruence: An intc::g‘earw)'cl is said to be a solution of
the linear congruence ax =b(modm) if ax; =b(mod m) i.e. if m|(ax, —b)

perties

jjj A linear congruence may or may not have a solution.

(ii)’ The linear congruence ax =b(modm) has a solution if and only if g.c. d
(a m) divides b.

_(iu)If g.c.d (a,m)=1, the congruence ax=b(mod m) has a unique solution.

Examplq.‘! Find the number of solutions of 3x=5(mod7).

Solutio/n: The given congruence is 3x=5(mod7) . On comparing with
ax=b(modm) we have a=3,b=5and m=7 Since
d=gcd(a,m)=gcd(3,7)=1, which divides =5 Hence the congruence
3x=5(mod7) has one and only one incongruent solution (moulo 7)

~ Chinese Remainder Theorem: If (m,n)=1 then we can find integers

andv such thatmu+nv=1and then x =bmu +anv(modmn) is solution of this
system.

Important Result

Let p be a prime number. The least value of m such the p™ divide n!but

p™1! does not divide n!, where n is natural number grcatcr than 1, is
m H LARENN
pl 1P 1P*]
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1.4.

Functions and Their Properties

\_D{fimtlon Let 4 and B be non-empty sets. Then a function f from Ato
B s a rule which assigns each element of 4 to a unique element of B .

We write f(a)=b, if b is the unique element of B assigned by the function
f to the element ¢ of 4. b is called image of ¢ under f and a is called a
pre-image of 5. ' '

Note: A is called domain of f; B is called co-domain of f and the

collection of all images is called range of £ . Clearly range f < B
Types of Function: ' RN

Let f: A— B be a function. Then f is said to be . \“'\T\.\' ~

- - -
One-one (injective): If f(x,) = f(x,)=>x, =x, \\:\n\g\ﬁ' elements of *
o AN

.

A have same images. 2

A

Many-one: If at least two elements of A have same\lmage

Onto (Surjective): If range f =B i.e. evety elemegt of B has pre image.
Into: If rangef C B ie., range f is proper subset of co-domain OR
there exists at least one element of B whlckhas tio pre image in 4.

Bijection: A map (function) which 1s one\—‘-one & onto both is ealled
bijection. o

Inverse: If f:A— Band f is a bijection. Then f™':B — A such that
if f(a)=b= f7'(b)=a is called Inverse map of f .

Note: A function f:4 — Bisinvertible < f is bijective.
Number Theoretlc Functlons

Euler s <]> Function: It 1s a function from Z* to Z*, denoted by

¢:Z* - Z* and defined as- ¢(n) number of natural number which are less

than or equal to » and co-prime to » .

Properties on Euler’s ¢ — function:

. gi)/ff n= paqbrc..., where p,q,r.... are primes and a,b,ceZ" then -
w33
p q r
~ /(ii)”/Fer positive integer n, ¢(n) =(n—1) < nis prime number.

NI (1§ I pis prime and k > 0, then ¢(pk) =p* [l—lj =pk - p*!
: p

. V(,i.V)"v>}v<‘1)(2n) =¢(n), if » is odd positive integer

L
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(y,)-"’/The sum of positive integers which are less than » and co-prime to » is

4(n)
2

,forn>1

N (v1)¢(n) tends to infinity as » tends to infinity
(i) If nand dare two positive integers such that d divides 7, (d|n) then
#(d) divides ¢(n) i.e.6(d) | o(n)

. (viii) §(m.n) = $(m)¢(n), if ged(m,n)=1i.e.if m and n are co-prime

%

L (1x) (mmy.my ) =d(m)d(ny).. () if my,my,...,m, are ‘pair™ ?é co-prime

_ } \\ )
number i.e. gc.d.(ni,nj )=1 V i#]j N\ R
. . “\l_‘ \
. N
. (X) ¢(n)is an even number V n>3. - e N >
) - % "’“’"‘"“\4“‘ \'\ \""'- \“:‘\‘\‘”«.

- ~
“.(xi) ¢(n) function is neither one-one nor onto, 0N B

N \;\‘

h Y

_ Euler s Theorem: Let a be any integer and\n be*@\y pos1t1ve 1nteger such

w,

that a and n are co-pnme then a¢(") —l(moinl A L
# \' - .
; M
Gatdss Theorem: For each ne Z«,n d)(d, )+ &(dy)+...+¢(d) where
B 4 x ‘\‘ -
dy,d,..d, are positive divisors of » \.\,_ —

Tau- functionz(n): It is a function from Z*to Z* denoted by t:Z* - Z*

and defined as. t(n) = number of positive divisors of » .

Properties on Tau- function r(n) :

-
o

./ i
\_Ai) If n=p°®r°.. are prime numbers and a,b,c,... are natural numbers.

Then t(n) =(a+1)(b+1)(c+1)...= number of positive divisors of »
~_(i0) If (m,n)=1i.e., m and n are co-prime. Then t(m.n)=t(m).t(n)
. (i) If neZ" then t(n)=2 < nis prime

.(iy)”"?or neZ*and n> 1. Then t(n) is odd < » is perfect square i.e.

n=m? forsomem e Z*

t(n) ‘

(v Ifn> 1 be an integer, then product of all positive divisors of » is ——

/(Vl) t(n).>_2 Vn>l, neZ*

(Vll) ©(n) > 0 as n - .
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Properties on Sigma-function o (n)

|

(i) If n=p°r°... where p,q,r,.. are primes and a,b,c,...€Z* . Then

(pa+1 _1) (qb+1 ~1)

TR

c(n)=

(i) If (m,n)=1i.e., m and n are co-prime. Then c(mn) =o(m).o(n)

-,

. (iii)For integer n>1, o(n)=0dd number < nis a perfect "squa"r\é'o‘rntyice of

a perfect square
N

\/(i-v)’c(n)—mo as n— o
1.5.  Some of the Tests of Divisibility: - N
1. For every N be any positive integer N \is,;g_f th"e;jj;forrﬁ Q@ _ A _p .02 414 : B
where g, €{0,1,2,..,9} Vi=0,1,... k )

Example: N =20691then a, = 2,a; = 0,dy.= 6, =9, =1

o

N }/ N is divisible by 2 < q, is divisible'by, 2;<:3‘1ast terms is divisible by 2.

». 37 N is divisible by 3< sum of qy,q,...a, is divisible by 3 ie.

ay +ay +...+a, is divisible by 3.

4 N is divisible by 4 < aa, is divisible by 4 i.. last two terms are
divisible by 4.

57 N is divisible by 5« either a, =0o0r a;=5
6:" ‘N is divisible by 6 & N is divisible by 2 and 3 both
7. N is lelSible by = (a2alao)~—(a5a4a3)+(a8a7a6)... is divisible by 7.

Example: 1If N=2587322568103 As 103-568+322—587+2=-728,

| NSNS | NSRS | W |
which is divisible by 7. So N is divisible by 7.

8 N is divisible by 8 < aya,a, is divisible by 8 i.e. last three digits must
be divisible by 8.

~9. N is divisible by 9« sum of agy,a,a,,..,q; is divisible by 9 i.e.

ag +ap +...+a; 1s divisible by 9.

~10. N is divisible by 10 < ay = 0
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/1_,15 'V is divisible by 11 <> 11divide (g —a +ay-+ (-Dtay)
~ Example: If N = 157714277As 1-5+7-144-2+7 =11, wﬁich is divisible
by 11 50 N is divisible by 11
,121 N is divisible by 12 < N is divisible by 4 and 3 both
W13 "N is divisible by 13 & (aymay ) —(asasas )+ (agaqag)... is divisible by 13.
014 N is divisible by 14 < N is divisible by 2 and 7 both
15 N is divisible by 15 <> Nis divisible by 3-and 5 botl3

16. N is divisible by 37 if (aya1a9)+(asa4a3) + ... is divisible\by\\}’l
. | b

Set and Relatioﬁs

Example: If N =22125744515 As 515+744+ 12%5{ 2L=\I:103: whi::'ﬁ"*is,\ :

e

. =
divisible by 37, then N is divisible by 37. \\' \-\\%
LR Sh";\‘ ‘:\\‘-‘:‘.‘\

. —~— - W \\ \% .
e
\ G N
\ Y
N A
i

VY
N \

. L

N S

s \\\

N o
'\. N
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CHAPTER 2
BASIC ALGEBRAIC STRUCTURE

2.1.  Self Contained System
Binary Operation and Algebraic Structure:

: “"ﬁinary Operation: Let G be a non-empty set. Any mapping or function
from GxG to G itself is called binary operation on a set G i.e., a function
f:GxG — G is a binary operation onset G ‘

Number of binary operations: Number of binary oper%:tign\&h'lg hgn-empty

S . T . 2 a
finite set G with cardinality » is n" Sl N T

o, * e

Algebraic Structure: A non-empty set_equipped \vw;iﬁﬁ‘”onq fdf'“ ‘more binary
operations is called algebraic structure. The algebraic structure consisting of
a set G and binary operations , o“on G 'i‘swdegoféd,z by (G, %)

Notations: RN

+ = Ordinary addition of complex numbers -

e = Ordinary multiplication of complex number§ “
—=Ordinary subtraction of complex numbers S
Examples of Binary operation and algebi“aig s__tfuctures:
‘1. Let us consider G = N(set of nafilr_‘a‘l"nunjlbers). If Va,b e N, we define
'*"on N as

()" a*b=a+b, then (N,+)is algebraic structure since sum of two
natural numbers is again natural number.

“(ii) a*b=min{a,b}. then (N,*)is algebraic structure.

_ (ili) a*b=max{a,b} then (N*)is algebraic structure.

N (iv) a*b=LCM{a,b} then (N,*)is algebraic structure.
(v) a*b=HCF{a,b} then (N *)is algebraic structure.

(vi) a*b=a-b.Then '* is not binary operation on N as for 2&1e N
but 1-2=-1¢N

. },Vi‘i)i a*b= at most 5 more than a+&. Then '*' is not binary operation
on N as for ,2eN 1*2=3or 4 or 5 or 6, which not unique.

2. For G=R=(set of real numbers). If V a,b € R, we define *'on R as
-.(1) a*b=a+bthen (R,+)is algebraic structure.

- (ii) a*b=min{a,b} (R,*) is algebraic structure.
(iii) a*b =a® then "' is not binary operation on G as for a=-1&b = % ,
then a*b=(-1)* =igR

(iv) a*b=a-bthen (R,-)is algebraic structure.
e

N ~
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3. G =P(N) (power set of natural numbers). If v 4,Be P(N) define '+' as

Q) A*B=A4UB, as union of two subset of Nis agaln subset of N
= 4*B e P(N) =(P(N),U)is algebraic structure

(i) U*B= AN B, then ANB, is again subset of N = (P(N),N) is
™" algebraic structure

_Giif) 4*B = (4~ B)U(B-4) then (P(N),A) algebraic structure and this
binary operation is called symmetric difference of two sets and
denoted as AAB =(AUB)—(4NB)

4. G=M,,(R)(= set of all nxn matrices over set of, real numbers). For
A=[a;),B =[b;], define '*' as e

‘\‘
3 \\

\g) 4*B=[a; *b;]=[c;] (= component wise m\gtmhcatlon) Cléarly,

[¢j]is nxn matrix over R = (G,% is an algebralc structure

\(ii')fA*B=[a,-j +b;] (component ~Wise-. addmon) ‘T hen (G*) is an

algebralc structure :.\ \ '\-\b,

~(~ii.1) A*B =[¢; ] matrix obtained by ordmary matrlx multlpllcatlon then
(G,*) in an algebraic structure. . -

5._For G =Z ( Set of integers). For e\(eril"'-%b € Z Define '*' as
(@)’ a*b=a+b then (Z,+) is an éia“‘lgéﬁraiq\gtructure
(i) a*b=a-b then (Z,~) isan algeﬁﬁfib"s’tructure

(iij) a*b=ab = ordinary multiplication of integer. Then (Z,.) is an
algebraic structure .

Associative binary Operation: Let * be a binary operation * on a set G.
Then if two or more elements operated together, we get a string. A binary -
operation is said to be associative if anywhere in the string brackets are
inserted then the result is unchanged. It is property of binary operation alone
not of the set. That is a binary operation * is called is associative if
Va.bceG, at(b*c)= (a*b)*c.

Note: The associativity of a binary operation does not depend on the set. It is
property of operation only i.e., once this holds, then will remain satisfy with
every subset.

ﬁlmutative Binary Operation: Let * be a binary operation on G. Then
* is said be commutative if and only if a*xb=b*aVa,beG ie., each
element of G commutes with each other.

QMmber of Commutative Binary Opertations: Under a commutative
binary operation on a set G, ordered pairs (a, b) and (b, a) are mapped to
the same element. So the total number of commutative binary operations on

n(n-1) o n(n+1)
G of cardinality » is equal to » 2 =n ;ﬂ and number of non-

n(n+1)
comumutative binary operation=n" ~n 2
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9 (i) (", +), (2. -) are not semi groups.
2.2,

Quasi Group / Groupoid: A non-empty set equipped with unique‘binary
operations is called quasi group or groupoid. _

Example: (N, +),(Z,+), (Q,-),(Z, -) are all Groupoid. |

Semi-Group: A Quasi group in which binary operation is associative is

called semi group.

Examples:

@ (N,+),(N, ),(Z,+),(2,-),(Q, +),(R, -)(]R*,-),(R*,-) all are semi
group

(i) (P(N),U),(P(N),N),(P(N),A) all are semi group.

Status Quo and Inverse Element

Identlty Element: Let G be a non-empty set and *. be a bmary Operatlon

on G. Then the element e€G such that x*e= e*x =%y x € G . Then e is

called identity element (neutral element) with respect to *

Monoid: A semi group (G, # is said to be monord 1f it has an identity
element. :

Examples:

1. (N,") is a monoid with identity element 1.
Z,+) is a monoid with identity ei’ement 0.
P(N),U) is a monoid with identity element, the null set ¢ .

(
(
4 (P(N),N) is a monoid with identity element, the set N.
(
(

- 5. (P(N),A) is a monoid with identity element, the null set ¢ .
6. (R, -) is a monoid with identity element 1.
S. | Examples Binary Quasi | Semi | Monoid
no. operation | group | group
L | (N¥),a*b=LCM{a,b} Yes Yes Yes Y(e=1)
2. (N,*),a*b=H.CF{a,b} Y Y Y No
3. | (N*),a*b=1 less then No No No No
min {a, b}
4. (N,*),a*b::a"' Y Y N N
5. | (N¥),a*b=at most a+b N N N N
6. | (N¥),a*b=at least N N N N

Basic Algebraic Structure
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5 lgass than a+b
(P(N),¥), X*Y=xUr |Y Y Y Y(e=¢)

(P(N),¥), X*Y =X Y Y Y Y Ye=N
(P(N),*), X*Y = XAY Y Y Y Ye=¢)

10. | (N¥),a*b=(a+b+ab) |Y Y Y N

11. “A:NU{I/n:neN} N N N N
a*b=ab
(ordinary multiplication \ -
of N) N

JOsS aca Basic Algebraic Structure

Inverse Element: Let * be a binary. Opefation on ‘a‘set’ G and let ¢ be the
identity element in G for binary operation *.The- element a'eS is said to
be aninverse of a€S if a*a'=a'*a=e A

1.

2.

PN

-5

~6.

s— i —

In (N, -), the identity element is only efeg}e‘l.lt"wﬁich has inverse .

In(Z, +), every element has an inyerée._gpd for each neZ its inverse is
(=n). '

In (Z, -) only I and —1 have inverse eléments .

g In (P(N),N), the identity element is N, and only one element N has

inverse.

In (IR, +) , every element has an inverse.

In (R, ), every non zero element has an inverse.

Group: A Mor_»no“ld» in which each element has inverse, that is 4 non-empty

set G with a bmary operatlon * is called a group if for every a,b,c € G, the

followmg properties hold:

R:(axb)*c=a*(bxc) called (Associative law) -

P, : There exists eeGsuch that axe=e*a=a

(Existence of identity element)

1 -1

P, : Foreach aeGthere exists a ' € G such that a*a™ =a l*a=e

(Existence of inverses)

_ Order of Group: Let (G, *) be a group. The cardinality of G (finite or

infinite) is defined as the order of group and it is denoted by O(G) =|Gl

E-mail: info@dipsacademy.com; Website: www.dipsacademy.com
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V.Ab:alian Group: A group in which binary operation is commutative. That is
a non-empty set G with a binary operation = is called a abelian group if for
every a,b,c € G, the following properties hold.

R, :(a*b)*c=ax(b*c)(Associative law)
P, : There exists eeGsuch that axe=e*xa=a
(Existence of identity element)
1_ -1

P;: For each aeGthere exists a™' € G suchthat axa™ =a ' *a=e
(Existence of inverses)

P,: Foreach a,be G suchthat axb=b*a
(Commutative binary operation)

Examples:

1. (C, )set of complex numbers under additions--. N
)

2. ,+) set of real numbers under additions’, .-

R
Q,+) set of rational numbers under adgiitio,gs" e

Z,+) set of integers numbers under-additions.. .

R*+) set of non zero real numbers under multiplication

(
(@+)
(Z.+)

5. (C*s) set of non zero complex numbers urider multiplication
()
(Q*) set of non zero rational numbers under multiplication
(P(

) power set of natural numbers under symmetric difference

9. GL(n,F) the group of nxn matrices with non-zero determinant with
entries from the field F under matrix multiplication is group named as
General linear group 1s anon abellan

10. SL(n,F) the group of nxn matrices with determinant 1 entries from the

field F under matrix multiplication is group named as special linear
group is 1s non abellan group

11. The set 4 ={w1 =_1+T‘/‘;’i, w, =—1+;/§i, wy = } of the cube roots of 1

forms abelian group with respect to multiplication of complex numbers

C since
* W1 ®, W3
% ®; W3 ;
(V) W3 _ (L ()
W3 (O] (V) 03
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2.3.  Basic Properties of Group G
1. Cancellation Law:
(i) Left cancellation law: If 4,b,c € G, then ab=ac implies b=c
(ii) Right cancellation law: If a,b,c € G,thenba=ca implies b=c
2.- A finite semi-group in which both the cancellation law hold is a group

3. A finite semi-group G is a group if and only if G satisfies both the
cancellation laws.
4. The identity element of a group is unique.
. 57 /\The inverse of each element in a group is unique. .
6. Va beG, each of the equations ax=» and »a= b has a unique
solutlon 1 o

\ 7 For every a € G, the inverse of the inverse of a

8. (Reversal law) For every a,b &G (a b)
shoes property) N

-l Lo
9. FOI' eVeryﬂl,az,...,a EG (aluazo.,.la )\ _:?a n l ... -al

10. Forany aeG,and meZ", we deﬁne a” —aaa .a a (m times),
B § B =(a‘l) =ala7 a7t a7} (m umes)

Note: The notation has been borrowed from the notation of usual

multiplication operation. Whenever the _operatlon is addition, a" when

n>0is to be interpreted as na=a+a+a+...+a(n times), and a™" as

n(-a) =(—a) +(-a) +(-a)+...(—a) ( n times). Note that na is also
shorthand and is not to be considered as the product of neZandaeG

For any aeG,

12. For any a€G,

13, a™ a" =a™", where mneZ.
n
14. (a"’) =a™,wherem,neZ.

' 15 If a"=e=a",m#0,n#0=ad% =e where d =g.c.d.(m,n).

. 16. The integral power of an element commutes with each other ie.,

a"a" =a"a™ =a™™"

Note: (a *b)"2 #b2*g72

Basic Algebraic Structure
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Groups Within Groups

CHAPTER 3

GROUPS WITHIN GROUPS

3.1. - Subgroup

Let (G, *) be a group and H be a non-empty subset of G, then H is called a

subgroup of G if H itself is a group with respect to_same binary-eperation-
defined on G. Itis denoted by H <G.

;7, E\fubw& LA

Example:

/\‘(1

(a) Set of even integers is subgroup of (Z,+)i.e., (2Z, +) (Z +)
(b) (Z,+) Subgroup of (Q,+) Subgroup of (R, +)Subgr0up of (C,+)
(c) (Q*:)Subgroup of (R*:) Subgroup of ((C* ) o

(d) For each ¢ # X be a non empty subset of N, (P(X ),A) is a subgroup of
(P(N).A)

One-step test for Subgroup: Let G be group and H anon-empty subset of

G, then H is a subgroup of G iff ab™'e H whenever aandb are inH . (In

additive notation, H is a subgroup iff a~b VIS in"H whenever aandb are in
H). :

b
Example: Let G=GL(2,R) and Hz{[g 1]:a¢0anda,beR} , then H is

subgroup of G

Two-step test for Subgroup: Let G be a group and H a non-empty subset
of G. Then H is a subgroup of G if abe H Va,be H (closed under

multiplication), and a~! € H whenever a € H (closed under taking inverse).
 Example: H :{(l,b) :b eR} is a subgroup of the group
G={(a,b):a#0,beR} under the binary operation * given by
(a,b)*(c,d)=(ac,bc+d) ’

Finite subgroup test: Let H be a non-empty finite subset of a groupG.
Then H is a subgroup of G if H is closed under the operation of G

Proper and improper subgroup: For any group G,{e} and G itself is
always subgroup of G and called trivial subgroup (improper subgroup) and
all other subgroups are called non-trivial (proper) subgroups.

3.2.  Subgroup Generated by an Element

Let (G, *) be a group let @ cGbe any element define H ={a" |reZ} where
r—time

a” denotes a*a*..*athen H is subgroup of G with identity element a’
and for each a* € H inverse element is o ,called subgroup generated by a
and denoted by <a>= {a’ |re Z}
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Order of Element: Let acG then <a>= {a’ |7 eZ} is subgroup of G and
the order of this subgroup is called order of a and denoted by o(a). That is

o(a)=o(<a>).

Or

If 3meN (smallest +ve integer) such that a” =e&a” #e for any r<m .
Then m is called o(a). In other words, the number of distinct elements in

<a>= {a’ ‘re Z} is defined as order of a€G If no such m exist then we say
o(a) is infinite i.e., H =<a > is of infinite cardinality that is | # |= ¥, (aleph
naught).

Self-inverse element: Let (G, *) be a group thenaeGis called self-inverse q s ré-ﬁ,‘z oy
element if it is inverse of itself. ‘

> 'L"‘I' oAl :
Properties on Order of element: N N [ o
‘\‘“:“-‘"V IV\ » “-31 - "\r '— r ‘
) The identity element is always self-inverse. - .~ . ND CW) (m - (
‘ : b 5‘(‘1 ¢
.-t) Each group has a self-inverse element namely ldentlty ad. “"2{2 A L , {
iiiy’ Let G be a group. Then Identity eleiment is always ‘of order one and it ,%V Loyt

is the only element of order one R e
 Let G be a group, a€G. Theno(a) = o(a )1e order of an element
and its inverse is always same

\ (y)’ Let G be a finite group of even order then number of elements of order
2 in Gare always odd \ :

(vi) Let G be a finite group then' number of elements of fixed order
- ke N,k >3 are always even number

ii) Let G be a finite group of even ordér then number of self-inverse
_ elements in Gare always even number.

ili)Let a,b,x are elements of a group G then
(@) o(a)= o(x_lax)
(b) (x_lax)k =x"lakx

(c) o(ab) = o(ba)

vﬁopositions 3.1: Let G be a finite group and let aeG be an element of

order n. Then a™ =e iff n is a divisor of m i.e:m is multiple of »
Propositions 3.2: Let G be a group and let aeG be an element of order O.
Then O(a*)=

m

_, where keN
ged(m, k)

Propositions 3.3: If 4,5 be any element of a group G such that ab=ba
and O(a) = m,0(b) = n. Then O(ab) = O(a)O(b) if gcd(m,n)=1

Remark: 4,6 € G be elements of finite order of a group G, then O(ab) may
not be finite and if it is finite even then it need not be equal to O(a) O(d).

Example: Let G={f:R >R be one-one and onto function} be a group
under operation of composition of functions. Let £}, /, € G be two elements
such that f;(x)=-xand f,(x)=1-x. Then O(f;)=2=0(f,), but O(f, f)
is .
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34.

Cosets and its Properties

Let G be a group and H be a subgroup of G, and « be an arbitrary
element of G. We define the right coset denoted by Ha of H in G,
generated by a, the subset of G as Ha ={ha:h eH } and as the left coset

denoted by aH of H in G, generated by a , the subset of G as
={ah:heH}. .

Equivalence Relation on Group: Let G be a group and H be a subgroup
of G define a relation on G, for any a,beG (a related to b )a~b iff

ab™' € H then ~is an equivalence relation on G.

The equivalence classes of this relation corresponds to right cosets that is
cl(a) = Ha forall aeG

Index of a Subgroup: The index of a subgroup H of a group G 1s defined

as the number of distinct right (or left) cosets of H in G It is. denoted by

ig(H)or [G:H]. o
Properties on Cosets: Let H be a subgroup of G and a, b € G~ Then
(i) aeaH that is cosets of every subgroup always non empty
(i) aH=H iffaeH ‘ e

(i) aH =bH or aH nbH = ¢ (null set) cosets, qre either identical or disjoint

(iv) aH =bH iff a'be H OR Ha=Hbiffab™ e H
) |aH|=|pH]| A

(vi) aH =Ha iff H=aHa™
(vii) aH isasubgroupof G iff aec H

(viil) H is subgroup G ,then H itself is right as well left coset of G by e
(identity element) as He=eH = H :

(ix) If G is Abelian group then there is no difference between left and right
coset of any subgroup H .

First Milestone of Modern Algebra

Lagrange’s Theorem: For any finite group G , the order (number of
elements) of every subgroup H of G divides the order of G .

Note: Converse of Lagrange’s theorem is not true. -
Propositions 3.4: If G is a finite group and a e G, then order of 4 divides
o(G).

Propositions 3.5: The index of a subgroup A of a finite group G divides

the order of the group and i, (H) = °(C)

o(H)
Product of Subgroups: Let H and K be two subgroups of a group G.
Then their product, denoted by HK , is defined as HK = {hk :he H,k e K} .

Propositions 3.6: If H and K are two subgroups of a group G, then HK

9n vfwgr’l”'/"a %9
7 ALK A Mo o
Riglet | WLM

Qo (v Le/i/tdvéb
»m«,} Lot rﬁuk )vO'Q)\.

. - - . o(H)o(K
is a subgroup of G if and only if HK =KH . And O(HK)ZL(_), g Z c 7
oHnK) | G i
provided A and K are of finite order. )\.ww(/ fudltt 5
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Proposntlons 3.7: If H and K are subgroups of an abelian group G, then

HK is a subgroup of G .
Propositions 3.8: if G is a finite group of order pg, where p and g are

prime numbers (p>gq). Then G has one subgroup of order p.

Example: If 0(G)=6 and H #K are subgroups of G each of order 2, then
HK cannot be a subgroup of G .

Propositions 3.9: A group G of order 2p, where p is prime and p>2,
has exactly one subgroup of order p.

Propositions 3.10: No element can have order more than that of the order of

the group itself.
Propositions 3.11: Order of group is finite = order of each element is finite

but order of each element finite = order of group is finite. - ‘

Example: (P(N),A) group in which every elemepta1vs*~oft_ﬁrv\1\i”té order but

order of group is infinite. T

Propositions 3.12: Let G be any ﬁmte group let S {x€G|x =e,x #e}

then e

1. kis odd prime then |§| is multiple of (k-1) »;h;u‘ is | | £.0k—1) that is
t=0,1,2,... ‘

even ,0(G)=odd

2. kis even number then |S|= : :
odd . ,0(G) = even

3. kis odd composite then |S |=even.

E-mail: mfo@dm demy.com: Website: www.d demy.com
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CHAPTER 4

SOME IMPORTANT GROUPS OF FINITE ORDER

Generation of Element: Let G be a group and a e G be any arbitrary element.
Define Hz{a" ‘n eZ} .Then H ={a" 'n eZ} is a Subgroup of G , as

e=aeH > H= ¢.

Let x, yeH be arbitrary = x=q" and y=a" for some  m, neZ Consider,
-1

xp! =(a")(a’") =a"a™™ =a""eH, so by one step test H is subgroup ofG

called subgroup generated by aand denoted by H =<a >Thus for ‘any group G-
and any element a € G, (a) are always subgroups of G. '

4.1. Cyclic Group and its Properties- |
A group (G, *) is called a cyclic group if \Hq\é GstG ={a) ie., every
element of Gis an integral power of a, suchals é‘aﬁl}ed generator of G.
Examples of cyclic group ;

(a) (Z,+) is an Infinite cyclic group | -
(b) (z,,+,) is acyclic group of ordéfﬁ , called group of integers under the
operation integer modulo » . ;

27

() G= {a,az,....a" = e}, where a=e " is a finite cyclic group of order n

@ = {[; T],a € Z"} is a finite cyclic group of order »

(e) G= {[é (11]’“ € Z} is an Infinite cyclic group

Proposition 4.1: A finite group G is cyclic iff it has an element, which has
the same order as that of the group itselfi.e, if 0o(G)=nand 3a€Gs.t.

0 (a) =n.ThenG is cyclic and conversely
Example:
(@ (z,,+,) is a finite cyclic group of order », 1€ Z, is of order »

(b) G={1,-1,i,~i} is a cyclic group under ordinary multiplication and order
of i,—i 1s four

Proposition 4.2: For each neN, there exists a finite cyclic group G of
order n,namely (Z,,+,) '

Proposition 4.3: Let G finite group and a € G . Then o(a)|0(G) i.e., o(a)
divides o(G).
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Propasition 4.4: Every prime order group is cyclic i.e., If o( ) p(pis
prime) then G is cyclic and hence abelian.

Proof: et o(G) = p, pbeing a prime. Let e#aeG . Define H=<a>, then
H is cyclic subgroup of G. By lagrange’s theorem, o(#) divides o(G) = p.
consequently, o(H)=1 or o(H)=p but a=ze implies o(H)=p=
<a>>H=G.hence G is cyclic generated by 4.

Example: Every group of order 2,3,5,7,11,13,...is cyclic group
Proposition 4.5: A group G = {e} has no proper subgroups iff G is a finite
cyclic groups of prime order.

Proposition 4.6: Every Subgroup of cyclic group is cychc

PrQPOSItlon 4.7: Let G= < ) be a cyclic group of order n then G < > S

iffg-c.d.(k,n)zl
Proposition 4.8: Let G:<a> be a 'cyclicg ér’oupk h'ofkk_‘_k‘c'\)‘vrdér n then a is a
generator of G iff g.cd.(k,n)=1 LW

Proposition 4.9: The number of generator.df a cyclic group G :<a> of
order  is ¢(n) where ¢ is Euler ¢ ~function -

Example: Consider (Zg,+9) then number of generators of Z,,are 8 and
they are 1,3,7,9,11,13,17,19.

Proposition 4.10: Number of generators in every cyclic group G of order
>2 are always even (as ¢(n) iseven V n>3).

Proposition 4.11: If G = <a> be a cyclic group of order 7 then the order of
any subgroup of G is a divisor of .

Proposition 4.12 (Fundamental Theorem of Cyclic Groups): If G=<a>
be a cyclic group of order n then for each positive divisor k of 7, G has

unique subgroup of order k - namely, <a””‘ >

Proposition 4.13: The number of subgroups of a cyclic group of order n

are f(n) i.e., number of positive division of » .

Proposition 4.14: If G:<a> be a cyclic group of order n, If d is a

positive divisor of » , the number of elements of order 4 in G is ¢d) ,
when ¢ is Euler’s ¢ -function.

Example: Consider (Z,q,,+y, ) then
(a) Number of subgroups of Z.,,, = 7(200) =12
(b) Number of elements of order 100 = ¢(100) =40

(¢) Number of generators = §(200) =
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Proposition 4.15: Every cyclic group is abelian but converse need not to be
true

Example: Group of rational numbers (Q,+) with respect to addition is
abelian but not cyclic.

Proposition 4.16: If G is infinite cyclic group. Then G has exactly two
generators.

Example: The group of integers (Z,+) has two generators namely, 1,—1
Proposition 4.17: Let (G, *) be a group and a € G be any element.

(i) Every non-identity, self-inverse element is of order two

(i1) Every infinite group has infinite number of subgroups T

(iii) Every group has cyclic subgroup. ; \

(iv) Every proper subgroup of a group G is cycllc 75 G 1s. cycllc
Example: In quaternion group g, every. proper subgroup is cyclic but
group itself is non abelian, non cyclic. . .

(v) Every Composite order group has a proper subgroup

(vi) Every group of Composite order has a proper cycllc subgroup.

(vii) Every group of Composite order has a proper abelian subgroup.

(viii)If G be a cyclic group such that G does not have proper subgroup.
Then v

(a) O(G)=finite
(b) 0O(G) is Either 1 or prime.

{(ix) Let G be finite cyclic group generated by « and H =<a" >, for fixed
meZ and index of H = ged(m, o(a)).
Example: Let G ={1,-1,i,~i} be a group under ordinary multiplication
of complex number. o(i)=4 as i>=-1=i*=1 Also o(G)=4=G
must be cyclic and G=(i)= {z i2,i3 14} {i.-i,-1,1}

(x) There exist a finite group whose each proper subgroup is cyclic but
group it self 1S abelian but not cyclic.

G=K, ={e,a,b,ab:a2 =e=b2,ab=ba} . This group is known as
Klein’s-4 group.

(xi) There exist finite groups whose each proper subgroup is cyclic but
group itself non- abelian. G = Q; = Quaternion group

(xii) If G =(Zg,+¢). then number of generator is two and list of generator is

L5

(xii)If G =(Z,s,+s). then number of generator is 8 and list of generator is
1,2,4,7,8,11, 13,14

B Some Important Groups of Finite Order

L

E-mail: info@di demy.com; Website: www.dii demy.com

28A/11, (First Floor) Jia Sarai, Hauz Khas, Near LLT., New Delhi-110016, Ph.: (011)-26537527, Cell: 9999183434 & 9899161734, 8588844789 n

PRE




Z!iES AR

An 1SO 9001 : 2008 Certified Institute

REGENERATING LOG!IECS

4.2.

Klein’s Four-Group

A group of order four in which every element is self inverse is called Klein
four-group and denoted by K, or a group generated by two element
K, —{a bla*=b*= (ab) = e} We will defined this groups X, = {e,a,b,c} of

four elements with ab=c=baac=b=cabc=a=cb and
a’=eb’ =e,c’ =eand e is the identity element. The cayley's table is given
by

Element/element | € | @ | § | €
e elal|lb|c
a ale|c|b
b blclela
C c|b|a)e

Properties of Klein’s four-group
(1) All non-identity elements of the Klein group haVe, order 2
(i1) Any two non-identity elements can serve as generators

(iii) The Klein four-group is the smallest non-cychc group It is however an
abelian group o

(iv) The Klein four-group has five subgroups the llst of subgroups and
number of elements are given below: -

Possible order | Number of elementé‘ ! Number of subgroup
1 1 1
2 3 3
4 zero 1

(v) The list of all subgroup of Klein four-group are: H, ={e}, H, ={e,a},
Hy={eb}, Hy={e,c}, Hs=K,

(vi) The Klein four-group is an example of a non cyclic group whose every
proper subgroup is cyclic

Quaternion Greup:

One of the most famous finite groups is the quaternion group denoted by Q,

is group of 8 elements defined as Qg ={tl, i, +j, +k} with binary

operations defined as follow i =2 =k*=-1, ij=—ji=1, jk=—k j=i,

ki=-ik=1.The Cayley table (multiplication table) is given by

V=t [ ]k][*
Vv =1l =il =ik
R DS I I R D R
ili | =11 k[ —k|-)
R T N

=l k|=k] 1 |=1]~]i

Note: Here *1, i, + j, +k denoting symbols

Some Important Groups of Finite Order
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Example: we can take 1=(0 1}’i:(0 _iJ’j=(_1 OJ’k_(i 0 then

Og ={%1, ti, £ j, £k} is group order eight under the operation of matrix

multiplication.

Properties of Quaternion Group:

(i) The Relational Definition of Quaternion Group: The Qua
Group can also be defined as Op= {a b|o(a)=4,a 2=p*b'ab=a" }

(take, for instance, i=a,j = bk=ab)

ternion

(ii) Any two elements a and bare of order four, which satisfied above

relatlon can serve as generators

(iii) The quaternion group is non abelian group of order elght

(iv) The quaternion group has
number of elements is given below

Some Important Groups of Finite Order

6 subgroups, the hst of subgroups and

Possible order Number.qf“elemeg't.s Number of subgroup
1 1 N
2 1 R 1
4 6 3
8 Zero 1

(v) Every proper subgroup of the quaterﬁidh group is cyclic

(vi) The quaternion group is a example of a non-abelian group whose
every proper subgroup is cyclic

The list of all 6 subgroup of the quaternion group arc as follow: H; ={1},

Hy={l,-1}, Hy={#1,#i}, Hy={t1, +j}., Hs={%1, +k}, Hs =0y Here,

H,,H,,Hs,H,,Hs are cyclic subgroups

—
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CHAPTER 5

SYMMETRIC GROUP OR PERMUTATION
GROUP

5.1. Symmetric Group

In mathematics, the symmetric group on a set is the group consisting of all
bijections of the set (all one-to-one and onto functions) from the set to itself

with function composmon as the group operation. The symmetric group has
high importance in group theory. For Instance, as Cayley's- theorem states
that every group G is isomorphic to a subgroup of the symmetrlc group.
Formally, The symmetric group on a non empty set § is. the group whose
underlying set is the collection of all bijections from S Qnto -S and whose ™
group operation is that of function composmon and denoted by S,

Proposition 5.1: Symmetric group is non-abgllan. The symmetrlc group
defines on a set .S with at least three elements.is always non-abelian group.
Let a,b,ceS are three glefhents " and define
f@=bfb)=a,f(x)=x,VxeS—{a,b} - . and
gla)=c,g(c)=a,g(x)=x,YxeS-{a,c} . _‘Thén. f,é‘é'SX and fog#gof .
Hence S, is non-abelian. ) W

5.2.  Definitions and Properties of Permﬁtatitfﬁ ‘Group
Permutation: Let S={a,q,,.,a,} is \ﬁ-n‘ite» set of n symbols/elements.
Then a permutation on a set S is a bijection f:S—S. It is also called
permutation on » -symbols.

Example: A permutation « of the set {l, 2,3,4} by specifying

a()=2,a(2)=3,(3)=La(4) =4

Representation of Permutations: A more convenient way to express this
1 2 3 4

2 3 1 4

Therefore, a permutation on a set with » symbols is a two row — r -column

correspondence is to write « in array form as a=[

array in which first row is element of the set in a random order and a(i ) is
placed directly below to i, for each i to form second row. That is, if
a a .. a, . .
in which
[f (@) f(@) - fla, )J
first row represent the symbols and second row represent the image of each
symbol under the permutation f .

f:S—Sis a permutation then f=

Permutation Group: Let S be a finite set of » symbols. The set of all
permutations on S under composition of permutations is a group, called
group of permutations or symmetric group of n symbols and denoted by S,

Note: The composition of two bijections is itself a bijection, hence S, is
closed under composition. It is also associative, and has identity and inverse,
since function, composition is associative and has identity and inverse (and
the identity function is of course a bijection and the inverse of a bijection is
a bijection). So, S, satisfies all the axioms of a group.
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"Note: The n-symbols of a set S can be represent by first , integers that we
can consider set of nsymbols X ={1,2,..,n}and §, is symmetric group on

S
Order of Permutation Group: Clearly, there are exactly »! permutations

can be define on as set of » symbols. So, the order of permutation group
S, is n!.

Equivalence relation on S, : Let S be a non-empty set and o a
permutation on S . For a,be S define a relation ~ on § by a~b
=X (a)=b for some integer n . This relation ~ is an equivalence
relation. Which partitions the group § into equivalenpé ‘classes, and these

classes are called Orbits.

Note: " =606060....c (n times) i.e., composition of “VO""‘-wi,th itself , o
times . e

Cycles /Cyclic Permutation: Let S be a finite b§et::‘Lef“‘a‘ €S and o bea
permutation on S then 3Jg positive integer- m st a

o'(a),o'2 (a),,,o"""l (a)are distinct and o"(a)= a ; ,

: . (12345678
Example: Consider the permutation  o=|_.. . Then
~ 87546213

o(1)=8,0%(1)=0c(8)=3,

c)=03)=50'()=6,0°(1)=2,6°() = 7,0‘7(1) =1. Thus a cycle of &
is (1835627)

Cycle of length r : An element o €S, is called cycle of length » or r-
cycle if there  exist v symbols  §,i,...i, such that
o(i)=i,0(i,)=i,0(4)=i,...0(i_)=i,0(i,)=iand o(;)=, for all

J #iy,5y...i,. We use the notation (i, i,,i,...; )to denote such an r -cycle
. . 1245 .
Example: Consider the permutation o = 24 s then o e S, is 4-cycle

Transposition: An element g e S, is called a transposition if there exists
two symbols ¢ and j such that o(i)=j,o(j)=i,0(k)=kVk=#i,j and
the notations for transposition is(i j). le., every cycle of length 2is a

transposition and vice-versa

Example:  The group of permutations on 3  symbols
S, =1{1,(12),(13),(23),(123),(132)} Contains three transpositions and two 3-

cycles and one identity element.
Disjoint cycles: Let ¢ =(a,a,,a,...a)) and ¢, =(b,b,,b,...b,) be two
cycles , ¢, c, are called disjoint if there is no common symbol in these two

cyclesie., {a,,a,,a,...a,}\{b,,b,,b,,...,b.} = ¢
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Proposition 5.1: Every permutation ¢ e S, can be expressed as a product of
disjoin cycles.

1 23 4 5 6 7 8

Example:f:(34 21 6 5 8

j]=(1324)(56)(789)

Proposition 5.2: Every r -cycle can be expressed as a product of (r-1)

transpositions
Example:

(@) (1234)=(14)(13)(12)
(b) (235)=(25)(23)

Proposition 5.3: Every permutation o of S, can be exp‘fe's‘sed‘avs”é’product

of transpositions.

w

5
3 4 I 6+ 5 89 7

[\

Example: Letf:(l 2 4 6 7 8. 9) ‘

=(1324)(56)(789)

I

(14)(1 2)(13)’(5 6&)(7 99(78)

Proposition S5.4: The symmetric group ‘S;H,ca‘r'l  be generated by
transposition namely, (12),(13),...(1n)(Hint‘ : pv;rﬂ:y‘ permutation can be
express as product of transpositions) - ..

Proposition S.5: The symmetric gr01‘1\p~. S, caﬁ be generated by two cycles
namely, and 7 =(12) o

Inversion of a Permutation: Let ceS, be permutation and let

o(1) o(2) o(3) .. o(n)

denoted by Inv(i)and is defined as 1nv(i)=numbér of symbols less than

1 2 3. . .
c:( " J . Then inversion of a symbol say is

f(i) and right to f(i) And inversion of permutation o define as

n-1

Inv(cs)=§lnv(i) '

1 23 456

Example: Let oeS,  defined as o=
261 435

) then,

Inv(l)=1Inv(2)=4,Inv(3) =0, d
an

Inv(4)=1,Inv(5)=0,Inv(6)=0

Inv (o) =1Inv(1)+Inv(2)+Inv(3)+Inv(4)+Inv(5) =6

Signature of Permutation: If 5 € S, , then the signature of o is defined as

the product ] M and it is denoted by sig(c)

1<i<jen LT
Relation between Signature and Inversion: Let oeS, be any

Invo

permutation. Then Sig(c)=(-1)

Symmetric Group or Permutation Group

—

28A/11, (First Floor) Jia Sarai, Hauz Khas, Near LLT., New Delhi-110016, Ph.: (011)-26537527, Cell: 9999183434 & 9899161734, 8588344789

E-mail: info@dipsacademy.com;: Website: www.dipsacademy.com




S 0 . 3 & o .‘ .

1 Wac ] “Symmetric Group or Permutation Group -
REGENERATING LOGICS B . . . i

An ISO 9001 : 2008 Certified Institute - -

Example:
Proposition 5.6: Let 0,7 € S, then

ek

sig(I)=1, where I is identity permutation
2. sig(T)=-1,where T is Transposition

3. sig(oer)=sig(o).sig(r)
4. sig(o™) =sig(o)

Exam le: The group of permutation on 3  symbols
= {I (12),(13),(23),(123),(132)} Contain three transpositions namely

(12),(13),( 3), hence sig((12)) = -1, sig((13)) = -1, sig((23)) =1, and two
3-cycles (123),(132) and one identity element. Also, sig((123))=1,
sig((132)) =1 L e

Example The group of  permutation . on 3 | symbols
={1,(12),(13),(23),(123),(132)}. Contain three Odd permutauons namely-._
(12) (13),(23) and three even permutations namely '/ (123) (132)

Proposition 5.7: The number of transpesitions in the decomposmon of any
permutation o is either always odd or always even accordmg to o is odd
or even permutation. |

Proof: Llet o=tt,...t, be a product -of transposition Then

/ sig o =sig t,sigt,...sigt, . Now for each transposmon t, we have sig
t,=—1. Hence sigo=(- ) But sig o has’ a ﬁxed value+1 or —1. Thus
k is always even (when sig o =+1) or always odd (whensig o =-1)

Proposition 5.8: If 55, be a r- cyclwé“‘theri“ o is even permutation if

is odd and odd permutation if r is even: can be express as product of »—1
transpositions.

Example: o=(13245)eS; is an even permutation and
= (1 3246 5) € S, is an Odd permutation

Proposition 5.9: Every subgroup H of § either contains all even

permutations or exactly half-even and exactly half-odd permutations

Proposition 5.10: Every odd order subgroup #of § contains only even

permutations

5.3.  Alternating Group (4,)

The Set of all even permutation of §  forms group w.r.t. composition of
mappings and is subgroup of §, denoted by 4 and called alternating
subgroup of S or group of even permutations

Proposition 5.11: The number of elements in 4 are !
2

Proof: Let ¢,,¢,,...,¢, be all even permutations of S, and 0,,0,,...,0, be
all odd permutations of S, . Then k+I!=n! let reS, is a transposition then

te;,re,,..,re, are odd permutations and all are distinct .. k<l ...(1)
Similarly zo,,70,,...,70; are even permutations and all are distinct .. <k
..(2)

]
k=1by (1) & (2) .. 112— permutations in S, are even and the remaining

\ ,
% permutations are odd.
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Proposition 5.12: the permutation group .S, exactly half are even and half !

are odd

Proposition 5.13: every subgroup of 4 contains only even permutations
Example: A is group of all even permutations on 5 symbols of order 60
Proposition 5.14: If H is subgroup A, contains all 3-cycles. Then H = 4,
Proposition 5.15: The alternating group 4 (n>3)can be generated by
n-2, 3-cycles namely,(123),(124),...(12n)

Proposition 5.16: If H is subgroup of S, contains 3-cycles and a odd
permutation. Then H =5, L
Proposition 5.17: Every odd order subgroup H of S 1s also subgroup of-..
A, ie., Every odd order subgroup H of S, contamed In An*

Order of r -Cycle: Let ce S, be r— cycle Then r 1s the least positive
integer such that ¢" =1 i.e., the order of any cycle is same as its length.

Order of Permutation: Let o€ S, be arbit‘rary.a A‘s every permutation can
“be expressed as a product of disjoint cycles. Let o = C,.C,.Cy...C,, Where
ClyCseensCy are disjoint ‘cycles...  Then order of

o(c)=Lem{l(c)),I(c),-..1(c; )} where l(c)'der\lotes the length of cycle ¢

Note: Order of any transposition is 2 i.e. 7€ S, is a transposition then

2 .. . .
7° = e . Every transposition is self-inverse element §,

Proposition 5.18: The number of r-cycles in a symmetric group on #-

- r(n=r)!
‘P

Example: number of 3-cyclesin S, = 73 =8

Partition of a Natural Number: Let # be a positive integer. 4 Sequence
of positive integers My Py y,. . 1S called partition of » if

L. m<n<n..<n

2. n+n,+n,+...n, =n and itis denote by {nl,nz...nq}
Example: if n=5 , then it has following partitions.
{LLLLLL{LL1,2},{1,1,3},{1,4},{5},{1,2,2},{2,3} . Let p(n) denotes the

number of partition of n . Then one can easily compute that
p(1)=1p(2)=2, p(3)=3,p(4)=5,p{(5)=7,p(6)=11,p(7)=15,p(8) =22 ...

Note: Look here p(i), i prime for i<6.

Symmetric Group or Permutation Group
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Cycle-Decomposition: Let o €S, be expressed as a product of disjoint

cycles of lengths m,m,..n, with n <n,<n..<n  and
n+n,+...n,=n Then we say that o has the cycle decomposition
nomyoom,).

Example: Let o =(145) e S;be a 3-cycle. Then the cycle decomposition of
o is {1,113} because o = (145)=(2)(3)(6)(145) e S, » 7=(12)(34) €SS,
has the cycle decomposition{2,2}

Relation of Similarity: Let us define a relation ~ on § as o~t<>ocandt

have same cycle decomposmons Clearly '~ is an equivalence relation on
S, and hence '~' partitions the S, into cqulvalence classes and the

n

permutations belong to same class are called permutation A

Similar Permutations: Two permutation o anci‘ i’:‘éS are said to be"‘\'*

similar permutations if & and = have the same cycle decomposmons

Example: o =(145)(23) e S, and o= (135)(26) € S are  similar
permutations as they have same cycle decomposulon viz, { 1,2, 3}

Example: Let us consider S,, symmetric xgroup,‘ on four symbols. Let us
define a relation of similarity ~ on &, . Then "Equivalyé‘nce classes are

Equivalence class of (1)={(1)}, Wthh is 1dent1ty permutatlon

Equivalence class of (12)={(12), (13) (14) (23),(2 4),(34)} then all the
permutation are of order 2 ‘

Equivalence class of
(123) ={(123),(124),(132),(134),(142),(143),(234),(243)}  then all the
permutation are of order 3 '

Equivalence class of (1234)={(1234),(1243),(1324),(1342),(1423),(1432)}

then all the permutation are of order 4
Equivalence class of (12)(34)= {(12)(34),(14)(23),(13)(24)} then all the
permutation are of order 2

Proposition 5.19: The number of distinct cycle decomposition of
permutations in S are same as number of partitions of »

Example: Number of distinct cycle decomposition in S, are number of

parttition of S, , p(5)=7 . The cycle decomposition in S5 are
{LLLLLL{LLL,2},{1,1, 3} ,{1,4},{5},{1,2,2},{2,3}

Proposition 5.20: If o € S, has the cycle decompositions {nl,nz,,._,nq}.
Then order of o is L.e.m. of 7y,ny,..n, ie., o(o‘)zl.c.m{nl,nz...nq}
Example: The different possible order of permutation’s in S, are

1,2,3,4,5.6 . Thus maximum possible order of any element in S, is 6,
where as order of §,is 120
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An Important Formula: Let oeS, has the cycle decomposition

{nl,nz,...,nk} then and let @, denotes the number of cycles of length i in

{nlanza“-ank} Such that iai =n-.
i=1

. n!
Then number of elements similarto o =

Some Particular Example of Permutation Group:

1. The permutation group on 3-symbols denoted by &,
8§, ={1,(12),(13),(23), (123), (132)}

Poss:’:)ellen (e):'l(tiser of Number of elements NUmb erofSllbgrogp
‘ S
6 Zero “I. 1

2. The permutation group on 4-symbo‘l_s ( S, )Order of S, is 24.
S4=1{1,(12),Q1 3),(14),(23),(24),(3'2';),('1' 3)(24), (14)(23),(123),(132),(234),
(243),(341),(412),(421),(1234), (1432), (1342), (1243), (1423), (1324)}

Possible Number of
order of | MDero Number of subgroup
elments elements

1 1 1

2 9 9 (all are cyclic)

3 8 8 (all are cyclic)

4 6 7 (3 is isomorphic to Z,, 4 is isomorphic to X,)

6 Zero 4 (all are isomorphic to S )

8 Zero 3 (all are isomorphic to dihedral group)

12 Zero 1-(Alternative group 4,)

24 Zero 1-( S, itself)

—~

3. The Aliemative group on 3-symbols ( 4, ), o(4;)=3: The Alternative
group on 3‘(Symbols is cyclic group of order 3 i.e., 4, = {1,(123), (132)}

- 3
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4. The structure of Alternative group on 4-symbols (4,), o(4;)=12: The

alternative group on 4-symbols is non-cyclic group of order 12 and the
structure is given below 4, = {I,(12)(34),(13)(24),(14)(23),(1_23),(132),

(234),(243),(341),(314),(412),(421)} .

Table related to 4, .

Possible Number of Number of

Order Elements of Order Subgroup of Order
1 1 1
2 3 3l a:rér'cy(\:’li'(‘:»)
3 8 4 (g1,1~ar§{ ;‘c:yé'lic)
4 Zero 1 (Isomorphlc to K,)
6 Zero ‘Do‘\\e&:sANot exists
12 Zero o 4

5.4. Dihedral Group

Sometimes, groups appear to be just sets with some binary operation but in
fact most groups are in some sense much more.than that. One basic class of
groups in which this “much more” is readily"‘seen is in groups of symmetry
of certain objects (symmetries of tessellations, of polyhedra, etc). In section
we’ll study one such symmetry group: the dihedral group denoted by D, .

How to Learn

Let we draw a regular » — gon (meaning a convex polygon with n sides of
equal length and » angles of the same size) on the floor, and cut out a
polygon of exactly the same size and shape from paper. You also label each
vertex of your paper polygon (on both sides of the paper) with a number. So
the vertices are now labeled 1,2,...,n . You line up the paper with the picture
on the floor so that it looks like the first picture below (which illustrates
what happens with an octagon or 8-gon). Now you are allowed to pick up
the paper and put it back down on the floor however, you want: the only rule
is that it has to line up with the picture on the floor. The question is, what
different motions can you do here?

(1) (i) (ii)

One thing you can do is rotate (counter clockwise or clockwise, though note
that rotating clockwise by ais the same thing as rotating counterclockwise
by 27—« ). In the second picture above (ii), we have rotated the octagon

Symmetric Group or Permutation Group
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counterclockwise by %, and in the third picture (iii), we have rotated the

octagon counterclockwise by r . If we denote the angle 2?” by 6, these

two rotations are then rotations by 6 and 46, respectively. It’s not hard to
see that the only different rotations we can perform for this picture are
counterclockwise rotations by 0,8,26,36,...,76 .

However, there are other things we can do to the octagon But whatever we' o
do, note that the order of the numbers we have wrltten w1ll remain the same:
1 is followed by 2, 2 is followed by-3;and-so on. We won "t'suddenly get an
octagon whose vertices are labeled 1;3;2;5;6; 7 :4;8 as-in. the picture below,
because no matter what we do the numbers we’ ve wrrtten on the vertices

will stay exactly where they are.

However, we can reverse whether the- numbers are increasing in the
clockwise direction, or in the Counter clockw15e direction as above by
flipping the octagon in one of its lines 0f symrnetry, which are drawn in the
first picture below. In the second picture,belew;we have flipped the octagon
in the line going through 1 and 5, and in the third picture we have flipped it
in the line going through 4 and 8.

Note that there are precisely 8 flips we can make like this: one for every line
of symmetry.
Furthermore, this exhausts all of the possible motions we can perform:
keeping in mind that the only labeling of the vertices we can end up with is
1;2;3;4;5;6,7;8 increasing either clockwise or counterclockwise, it’s not hard
to see that there are precisely 16 different labelings like this: 8 coming from
rotating the original picture, and 8 coming from flipping the original picture.
In the more general situation of an # -gon, we let 6 = 2 , and note that the
n
only motions we can perform are rotations p, counterclockwise by .6 for
0<i<n-1, and flips (reflections) in » lines of symmetry. Let’s denote the
setof all 2.n of these motions by D, . It turns out that Dn under composition
of the motions (composing motion 1 and motion 2 means “do motion 2 then
do motion 17) is a group, and we call it a dihedral group.
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Relation Definition of Dihedral Group: There is a much less spectacular

way to think about D,. Namely, let x denotes rotation by 2z ,and'let y be
n

any one of the reflections in D,. We know x" = e (the identity element), and
that y* =e as well. Furthermore, we can deduce from our discussion of
composition of rotations and reflections above that yx =x""'y. We say x and

y are generators of D,, and the equations x" =e = y*, yx =x""'y are relations

for these generators. With this in mind, the dihedral group can be thought of
just as an abstract group.

D, ={x'y’|i=0,1,j=12,.,n-1,x" = ey’ =e,yx=x""y}
Properties on Dihedral Group:
(i) D, is Non abelian group of order 2n Vn>3

(i) Number of element of order two -in - D,  are
n, nodd(n reflections) ' A ‘
n+1, n even (n reflections & 1 rotation)

(iii) Number of element of order. k¢2 in D .are ¢(k) 5 prov1ded k|n
(Where ¢(k) is Euler functlon) :

(iv) Largest possible order of any element in DlS no
(v) Foreach k|n, D, has acyclic group of order k

(vi) Number of Cyclic subgroups in D ‘=r(n)+n , where r(n) denotes
number of positive divisors of » :

(vii) Total number of subgroup in D —r(n)+0'(n) , where z(n), denotes
number of positive divisors of » and o(n) denotes the sum of positive
divisors of n

5.5.  Group under Multiplication Modulo », (x,)

Let U(n)={xeZ|l<x<n,ged(x,n)=1} under . the operation of
multiplication modulo #, (x,) .

Properties of U(n)

(i) wW(n) Finite abelian group for each neN of order ¢(n) {Euler’s ¢
function }

(ii) U(n),vn=3 is even order group {as ¢(n) is even for n>3}
(1ii) U(n),vn=3 has even number of self-inverse elements

(iv) U(n),Yn=3 always has odd number of elements of order 2 , hence it
always has odd number of subgroup of order 2

(v) Itis cyclic group if n=p*(p isodd prime)
U(2)=~{0}

i~

4)~Z

)

(
(2") N2, OZ
(

i~

pn)z pl for p an odd prlme
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CHAPTER 6

SOME IMPORTANT GROUPS OF INFINITE
ORDER

6.1.

6.2.

Infinite Cyclic Group of Integers under Addition

Let Z be set of integers. Then 7 is group under addition of integers and it
is denoted by (Z,+)

Properties of (Z,+):

(i)  The setof integers Z is a cyclic group of infinite order .
(ii)  (Z,+) has excatly two generaters namely 1, lthat is Z‘-< I>=<—l>
(iii) The identity elements is only elements of ﬁmt; order 1n (z,+)

(iv)  (Z,+) has exactly one subgroup of ﬁnlte order

(v) Every non trivial subgroup of (Z +) 1s mﬁmte ordered cyclic
subgroup NS

(vi) Every subgroup of (z,+)is of the fqpm @\r;nZ, VmeZ
(vii) Every finitely generated subgroup of (Z,+) is oyclic
(viii) Every subgroup of (z, +)is ﬁnitl}? gencréted.

(ix) If $={n,n,,..,n}is subset of Z and-H =< S >subgroup generated by
S then H =< ged(n,n,,..n,)>

(x) If H =<n> and H, = n,>, n,n,eZ are subgroup generated by
n, & n, respectivaly then H = H, (1 H, is subgroup of Z generated by
lem(n,,n,)

Power Set of Natural Numbers

Let P(N) be the power set of natural numbers and let A be symmetric

difference of two sets 4, B defined 4AB=(AUB)—(4ANB) then (P(N),A)is
a abelian group of infinite order

Properties on (P(N),A):

(i)  Every element is self-inverse

(i1) Is group of infinite order in which every non-identity element is of
order two

(iii) Has Infinite number of subgroups of finite order
(iv) If H c P(N)is a finite order subgroup then o(H)=2*, k=0,1,...

(v) XcNis a subset with » elements then (P(X),A) is finite order
subgroup of (P(N),A)of order 2"

(vi)  (P(N),A) has countable number of Subgroups of finite order
(vii) (P(N),A) has uncountable number of Subgroups of infinite order

(viii) In (P(N),A), there does not any subgroup of (P(N),A)whose order is
divisible by distinct primes , or by any odd prime

L

Some Important Groups of Infinite order
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6.6. Group of Matrices under Matrix Multiplication

Let (F,+,) be a field and GL(»,F) be the set of nxn matrices of non-zero
determinant with entries form field F then GL(x,F)is group under usual
matrix multiplication called general linear group

Properties of GL(n,F):

(i) GL(n,F) is anon abelian group Vn>1&F is non-trivial field

(i) GL(n,F) is of infinite order if F is of infinite cardinality

(i) 0[GL(n, Z.,)] =(p"-p™" )Y (p"-p"?)(p"-p"?)...(p" -1), Where Zis field
of cardinality p

(iv) SL(n, F) be the set of nxn matrices of determinant 1. w1th entrles in the
field F, is subgroup of GL(n,F) called special linear group

Y O[SL(”’ZP)]JP Sata p(p1(5 - - )(p—l)Where pisa

prime number.

External Direct Product: Let (G,*)& (G' ) are two groups then their
External direct product is dentoted by GxG' and defined
GxG'={(a,b)lacG&beG} and it is group under bineary

(a,b) % (ay,b,) = (ay *ay, by o by ) ;
Order of Element: Let (G,*)&(G',o) are 'At'Wo' groups and GxG' be the
external direct product then . R

V(a,b) € GxG' order of o(a,b) =l.c.m{o(a),o(b)}

Theorem: Let G and G’ be cyclic groups of order m, n respectively. Then
GxG' is cyclic group of order mn iff g.cd(m,n)=1
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CHAPTER 7

CONJUGATE CLASSES AND CLASS
EQUATION

7.1.

Definition

A reflection across one line in the plane is, geometrically, just like a
reflection across any other line. That is, any two reflections in the plane have
the same type of effect on the plane. Similarly, two permutatlons of a set
that are both transpositions (swapping two elements whlle ﬁxmg everything
else) look the same except for the choice of the pairs gettlng moved: So all

transpositions have the same type of effect on the elements of the set. The\,‘w
concept that makes this notion of same except for the pomt of view precise |

is called conjugacy.

Centre of a Group: The Centre denoted by Z(G) of a group G is the

subset of element of G that commute w1thx every" ;’element of G ie,
Z(G)={aeG| ax=xa ¥ xeG} Sy

Note: centre is a subgroup of G

Centralizer or Normalizer of a in G ‘Let_ a be a fixed element of a
group G . The centralizer (normalizer) of a in G denoted by
C(a)or N(a), is the set of all elements in'G that commute with a i.e,

N(a)or C(a)={geG| ag=ga}
Note: is a subgroup N(a)or C(a) of G

Conjugate Element in a Group: Let G be a group, aeG and beG.
Then b is said to be conjugate to a,if b= xax™' for some xeG

Conjugate Relation: Let G be a group, and ~ be the relation on G given
by b~a iff b is conjugate to a. Then ~ is an equivalence relation in G
1e., the set defined as c/(a)= { xax': xe G} is called conjugate class of a
inG.

Conjugate Classes: The equivalence classes under the Conjugate Relation
are called conjugate classes.

Example: Consider the group of permutations on 3-symbols (S;) and
a=(12)eS; . Then for conjugate of a =(12)€ S;, we need to find o(12)c™
where T e S,

o ) @2 [a3) |@3) | a23) |32

o(12)s™ | (12) |(12) |(@3) |(13) |(@3) | (13)

Self-Conjugate Element: Let G be a group. An element a € G is called
self-conjugate element of G if g is conjugate to itself only

L
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Some Important Results

Let G be a group.

Proposition 7.1: Identity element in every group is conjugate to itself. The
conjugate class of identity eeG contains only e is cl(e)={e} . Hence

identity element is always self-conjugate element of every group.
Proposition 7.2: every non-trivial group has at least two conjugate classes

Proposition 7.3: aeG is self-conjugate iff aeZ(G) hence we have
alternate definition of

Centre of Group: The collection of self-conjugate elements of any group
form subgroup of that group and is called the centre of that group.

Proposition 7.4: Every element of an abelian group is. self conjugate
element. L

Proposition 7.5: Gis abelian iff G =Z(G)

Proposition 7.6: Z(G)= (| N(a) , where N(x) denotes the normalizer of
aeG N v, N R
aand Z(G) is centre of group G .

Proposition 7.7: If G be a group and a,b € G. If a is conjugate to b. Then
o(a)=o(b). . -

Proposition 7.8: Let G be a group and a eG . cl(a) denotes conjugate class
of a, then all element of c/(a) are of same orderl

Note: All the elements of a group of same order may not be in same
conjugacy class. .

Example: let G=S,=  Symmetric ‘ group on  4-symbols.

cl(12) ={(12),(13),(23),(14),(24),(34)} and
cl((12)(34)) = {(12)(34),(13)(24).(14)(23)}

Proposition 7.9: If aeG is only element of order of 2. Then 4 is self
conjugate element. Hence a e Z(G) = Z(G)has at least two element =

order of Z(G) even (provided finite)

Proposition 7.10: If g € Gis only element of order of 2. Then G has at least
two conjugate classes each of cardinality one

Proposition 7.11: If G has exactly‘ #(k) element of order k& = there exists
a conjugate class with cardinality #(k), ¢ is Euler’s ¢ - function.

Proposition 7.12: Conjugate classes are equivalence classes. So, conjugate
classes are either disjoint or identical i.e. if G be a group then G = U cl(a),

aeT

where T is set of representative of each conjugacy class.

Proposition 7.13: Let G be a finite group. Then O(G)= |cl , Where

aeT

T is set of representative of each class

Proposition 7.14: Let G be a finite group. Then Va e G there is one-to-one
0(6)
O(N(a))

Hence the cardinality of conjugate class divides order of group G.

correspondence between cosets of N(a) and cl(a) i.e,

|cl a)|
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Proposition 7.15: Let G be a finite group of order » . Then largest possible

cardinality of any conjugate class is [—g] , where [n] denofes the greatest

integer function.

Proposition 7.16: Let G be a finite group. Then
1. aeZ(G) iff N(a)=G

2. a¢Z(G)iff |cl(a)| >2

3. 0(6)= Z(G)+MZ %ﬁg)—)

, Where, where T 1is set of representative
of each class.

Class Equation: Let G be a finite group of order say , n. ie, o(G)=n,
and ¢,c,,..c, be k -distinct conjugate classes of cardinélity Ny,
respectively. Then the expression m +ny +...+n; , is deﬁned as., class
equation of G. Clearly, nj+n, +...+m =n=0(G). . f”j ‘
Proposition 7.17: Let G be a finite group such that O(G) p = O(Z (G)=zp
, Where pis prime number. , S .
Proposition 7.18: Every group G of order 0( ) ;pz;vis‘,abelian, where p
is prime number. N

7.3.  Class Equation for some important Groups o
Non Abelian group G of order p®(where pis prime number),

0(z(G))=
Forall a¢Z(G), o(N(a))=p*
Forall agZ(G)

Number of conjugate classes of cardinality one are p
Number of conjugate classes of cardinality p are p* -1

Total number of conjugate classes G are p’+p-—1

N s N

Class equation of a non abelian group G
p—times (pzfl)~limes

p’=0(G)=1+1+....+1+p+p+..+p

Class Equation of Q, (order of group is 2°)

2—times (p2—-1)=3-times
— —_—

2°=0(Qy)=1+1+2+2+2

Non abelian group G of order 2.p (where p is odd prime number)
0(Z(G))=1 (centre is always trivial )

Forall a¢Z(G), o(N(a))=p or 2

Converse of Lagrange’s theorem is true for a group G

There are (pT—IJ conjugate classes of cardinality 2

0 B

S. There are exactly one conjugate classes of cardinality p

. +3
6. Total number of conjugate classes are p—z—

7. Class equation of a non abelian group G is given by

El — times

0(G)=2p=1+p+2+2+..+42
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Example:

Class Equation of group of permutation S5 : order of group is 6= 2.3

0(5,)=23=1+3+2

Class Equation of Dihedral group Djs: order of group is 10 =2.5
o(D)=25=1+5+2+2

Class Equation of non Abelian group of order 22 :
o(G)=211=1+114+2+2+4+2+2+2

Note: Two non-isomorphic group can have same class Equation

Example: K, &Z, are non isomorphic but having same élass Equation

Proposition 7.19: Let G be a finite group and a, beG ;‘:'Then the
probability that s and b be will T

No.of Conjugate Classes

commute =
o(G)

Example: Let G =0y =0(G)=8 Now, No. of conjugate class = 5 =
Probability that a &b o 5

5
commutes = §

Proposition 7.20: Every non Abelian, group has at least two conjugate
classes

Proposition 7.21: If G is a group with triv‘ial center, then the group Aut(G)
also has trivial center.

Conjugacy classes in S, and A,

Proposition 7.22: For any cycle (a,a,a,..a,)eS, and oeS, . Then

o(aa,..a)o”" =(o(a))o(a,)...0(a,))
Example: In S, let o =(13)(254). Then
o(1432)c7" =(o(1)o(4)o(3)o(2)) = (3215)
since - o(1)=3,0(4)=2, 6(3)=1, and o(2)=5.
Example: In S, , let o =(13)(265).
Then  o(73521)c™" =(71263)
since  o(7)=7, o(3)=1, 5(5)=2, o(2)=6,and o(1)=3.
Proposition 7.23: All cycles of the same length in S, are conjugate.

Proposition 7.24: If » and =, are disjoint permutations in S, , then

oro™ & on,o”" are disjoint
permutations for any o €S,

Proposition 7.25: Any two permutations in S, are similar if they have same

cycle decomposition
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Proposition 7.26: Any two permutations in S, are conjugate iff have same
cycle decomposition

Proposition 7.27: Number of Conjugate classes in §_ are equal to number of
distinct cycle decompositions

Proposition 7.28: Number of Conjugate classes in §, = P(n), Where P(n)is
number of partitions of natural number »

Proposition 7.29: Leto € S, has the cycle decomposition {nl,nz,...,nk}

and let &, be number of cycles of length 7 in {nl,nz,...,nk} such that

Zai =n . Then number of elements conjugate to o ie,

|cl(o) |=

19,2% 0% la,!...a,!
Example:
Number of Conjugate classes in S, are P(3)=3 and S .are P(4) 5

Conjugacy classes in A4,: If 7 is an even permutatlon ‘then owo™ is also
even, so a conjugacy class in §, that contams -one even permutation
contains only even permutations. However two permutatlons 7, and z, in
A, can have the same cycle decomposmon type (and thus be conjugate in
the larger group S, ) while bemg non- conjugate in 4,. The point is that we
might be able to get 7, = om0 for some" o€ S, without being able to do
this for anyo € 4, .

Example: The 3-cycles (123) and (132) in 4, are conjugate in
S; :(23)(123)(23) ™" =(132) . However, (123) and (132) are not conjugate in
4; because 4 is abelian: an element of 4; is conjugate in 4, only to itself.

Example: The 3-cycle (234) and its inverse (243) are conjugate in S, but
they are not conjugate in 4, . To see this, let’s determine all possible c € S,
that conjugate (234) to (243). For s e S,, the condition ¢(234)c™" =(243)
is the same as (o(2)o(3)c(4))=(243). There are three possibilities:

Proposition 7.30: Let ~ < 4,. Then its conjugécy class inS, remains as a

single conjugacy class in 4, or it breaks into two conjugacy classes in 4, of
equal size.

Proposition 7.31: Let € 4, be arbitrary. Then its conjugacy class in S,
breaks up into two conjugacy classes in 4, of equal size if and only if the
cycle decomposition of ~ contains distinct odd numbers.

Example:
Let us Consider the group of permutation on 4-symbols

Sy =1{1,(12),(13),(14),(23),(24),(34),(12)(34),(13)(24),(14)(23),(123),(132),

(234),(243),(341),(314),(412),(421),(1234),(1432),(1342),(1243),(1423),(1324)
cl(Iy={I}, Corresponding cyclic decomposition is {1,1,1,1}

Conjugate Classes and Class Equation

L
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cl((12)) = {(12),(13),(14),(23),(24),(34)}, Corresponding cyclic
decomposition is {1,1,2} ‘
cl((12)(34)) = {(12)(34),(13)(24),(14)(23)} Corresponding cyclic

decomposition is {2,2}

cl((123)) =,{(123),(132),(234),(243), (341),(314),(412),(421)}  Corresponding
cyclic decomposition is {1,3}

cl((1234)) = {(1234),(1432),(1342),(1243),(1423),(1324)} Corresponding cyclic
decomposition is {4}
Thus Class Equation of s, is o(S;)=24=1+6+3+8+6

Now the Group of even permutations on 4-symbols

= {1,(12)(34),(13)(24), (14)(23),(123),(132),(234),(243), (341) (314) (412) (421)}
and the different cyclic decomposition are {1,1,1,1}, {2, 2} {1 3}

By Proposition 7.30, the different conjugate class of Ay are

(=11}, e T

c((12)(34)) = {(12)(34), (13)(24), (14)(23)} Corresponding cyclic
decomposition is {2,2} does not contains digtinét-r~ odd numbers so the
conjugacy class in S, remains as a single conjugacy class in 4,

cl((123)) =,{(123),(132),(234),(243), (341),(314), (41‘2).,_('2121)} Corresponding
cyclic decomposition is {1,3} contains. distinct.- odd numbers. So, the

conjugacy class in §, breaks up into two conjugacy classes in 4, of equal
size. Thus there are two conjugate classes

cl((123)) = {(123),(234),(341),(412)} and el((132)) = {(132),(243),(314), (421}

Conjugacy classes in S, and A4, : The following tables list a

representative from each conjugacy class in symmetric and alternating
groups on 3 through 6 symbols , along with the size of the conjugacy
classes.

1. Conjugacy classes and their size in S;

S

Rep. | (1) (123) | (12)

Size |. 1 2 3

Hence Class Equation is
0o(S$;)=6=1+3+2

2. Conjugacy classes and their size in 45

(1) (123) | (132)

1 1 1

Hence Class Equation is

o(4)=3=1+1+1
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3. Conjugacy classes and their size in S,

Sy
Rep. (1) | (12)(34) (12) (1234) (123)
Size 1 3 6 6 8
Hence Class Equation is
0(S4)=24=1+6+3+8+6
4. Conjugacy classes and their size in Ay
4,
(1) | (12)(34) | (123) | (132)
1 3 4 4
Hence Class Equation is
o(d4s)=12=1+3+4+4 »
5. Conjugacy classes and their sizé in Sy 5
Ss S
Rep. | (1) | (12) | (12)(34) | (123) | (12)(345) | (12345) | (1234)
Size |1 [10 |15 20 20 24 30
Hence Class Equation is h
0(S5) =120=1+10+15+20+20+24+30" -~
6. Conjugacy classes and their size in A4
A
Rep. | (1) | (12345) | (21345) | (12)(34) | (123)
Size | 1 12 12 15 20
Hence Class Equaﬁon is
0(A4s)=60=1+12+12+15+20
7. Conjugacy classes and their size in Sg
Se
Rep. | (1) (12) (12)34) (123) (123)(456)| (12)(34)
(56)
Size 1 15 15 40 40 45

Rep. | (1234)| (12)(3456) | (123456)| (12)(345)] (12345)

Size 90 90 120 120

144

Hence Class Equation is

o(S6)=720=1+15+15+4O+40+45+90+90+120+120+144

Conjugate Classes and Class Equation
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8. Conjugacy classes and their size in A,

Ag

Rep. | (1) (123)| (123)(456)| (12)(34)] (12345)| (23456) (1234)(56)

Size | 1| 40 40 45 72 72 90

Hence Class Equation is

0(4g)=360=1+40+40+45+72+72+90
Conjugacy classes in dihedral Group D,

Let’s D,is a dihedral Group of order 2n, and D, =<a,b > where L e is
the reflection and b is the rotation such that 5" =e .. - T

Case 1: Let n is an odd number. 1e., n=2m3r1:\}thq meN . Then the
conjugacy classes, are the {»',b™'} for 1<i'<m and. {ab* |[0<k<n}. Thus

= = times

1. Class Equation of D,is o(D,)=2n= 1+n+2+ 24..+2
2. Number of Conjugate Classes are n—;—3
3. 2(D,)={¢)
. Case 2: Let n is an even number. Thait{ is' n'=~‘2m where me N . Then the
conjugacy classes, are the {»',b™"} for 1<i<m , {abz" 105k<§} and

{abz’”1 |0<k< %} . thus we have D, where n is an odd number is

1. Class Equation of D, is

n-2 .
—= —times

o(D,)=2n=1+1+2 4242424 .+2
22

2. Number of Conjugate Classes are nT-|-6

Z(D,)= {e, 1;"’2}
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CHAPTER 8

INVARIANT / NORMAL SUBGROUP

8.1. Conjugacy of Subgroups

Let G be a group, H be subgroup of G and any aeG the set
aHa"1={aha‘1:heH} is a subgroup of G Conjugate of H . That two

subgroup H and K are called conjugate if there exist geG such that
K =gHg™ L
Example: Let G=S, and H :{1 ,(12)} be a subgroup' of S, Then COhjﬁgatg e :
subgroups of H are K, ={1,(23)} and K, ={1,(13)} ., . ;

Proposition 8.1: The relation of conjugacy- of subgroup is"an equivalence
relation R

Proposition 8.2: Conjugate subgroup of group G are Isomorph1c but
converse need not to be

Example: H, ={e,a},H,={e,b} are 1somorph1<: subgroup of K, but they
are not conjugate

8.2. Invariant/Normal Subgroups

A subgroup H of a group G is called ‘an-invariant subgroup (normal
subgroup or normal divisor) of G if g'hgeG forall geGandall he H

Note: H is an invariant subgroup of G and we writing H > G

Improper and Proper Normal Subgroups: In any group G has {e} and

G itself are invariant subgroups. They are called improper while other
invariant subgroups, if any of G are called proper.

Proposition 8.3: Let G be a group and H is a invariant subgroup (normal
subgroup) of G then

1. gH = Hg,VgeG since g G whenever geG
2. g'Hg=H forevery geG

Proposition 8.4: 4 subgroup H of a group G is normal subgroup of G
iff H is only conjugate of subgroups of H .

8.3. Simple Group
A group G having no proper invariant subgroups is called simple.

Proposition 8.5: Every subgroup H of an abelian group G is an invariant
subgroup of G since gh=~h g, forany ge G andevery heH.

Note: A Non-Abelian Group can have each of its subgroups a normal
Subgroup

Example: Q,is a non abelian group & its every subgroup is normal
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Proposition 8.6: Every non-trivial group G has at least two invariant
subgroups {e}, and G itself.

Proposition 8.7: If H is a subgroup of index 2 of G the cosets generated
by H consist of H and G—H hence, H is an invariant subgroup of G

Proposition 8.8: If / is only subgroup G of order kthen H is normal in
G

Proposition 8.9: Intersection of normal subgroups is also normal

Proposition 8.10: If # and K are normal subgroup of G such that
HnK={e} = HK subgroup of G

Examples of Normal Subgroups:

1. For G={a,a’.d’,...a"> = e} its every subgroup is invariant.
a’.a’, ry subgroup is invaria

2. The subgroup H ={I,(12)} is not an invarian\f\f;:iibgrqﬁi; of §, since \

for a = (1234) € S,and (12) & ;. we have (12)” a(12) = (1342) e H
3. SL(nR) is a Normal subgroup ofGL(n,R);_V RSN
4. Z(G) is a Normal subgroup of G
5. 4, isNormalinS, ,VneN
6

H be a subgroup of Gsuch that x*.€ H  ,“ Yx€G = HnormalinG

Quotient Group
Let H normal subgroup of G and then g—: {set of all right/left cosets of H

inG } % is a Group under binary operation Ha-Hb= Hab and

(553
H) OH)

Examples of Quotient Group:
1. Let (Z,+) be group of integers and mZ be subgroup of Z then

% ={Z,1+Z,2+7Z,....(m— 1)+ Z} is fin ite Cyclic Group
m

2. (Q,+) is a group and (Z,+)is a subgroup then %:{T—JFZIEGQ} is
n n
infinite order group

Properties of Quotient Group of (Q, +) by (Z, +):

1. % = {ﬁ +7Z| 2 Q} is an infinite order abelian group
n n

Invariant / Normal Subgroup

2. % is generated by S ={;1"—+Z | pis prime,n € N} hence infinitely
generated group
3. Every element of % is of finite order.
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4. VneN, %has an element of order » namely l+Z
n

S. VneN, %has exactly ¢(n) elements order » namely m<n, where

ged(m,n)=1 and m<n

6. VneN, % has cyclic subgroup of order =
(a) VrneN, % has exactly one subgroup of order
7. Q has countable number of subgroup of finite order.‘
8. Every Finite order subgroup of %is cyclic and ﬁr}itvéyly» gekng“e“rxé:lted.

9. Every infinite order subgroup of = Q is not cycliC;

10. Every infinite order subgroup of % is not ﬁmtely generated.

11. Every proper subgroup of % is of infinite ;index&: N
Important Subgroup Quotient group of (Q, +) by (Z, +)

Consider the subset H = {;n—n+ Z|\meZ,n =‘~0,<1,'2..\.} of %
1. H is proper Normal Subgroup of % and it is of infinite order
2. H is infinitely generated Subgroup of %

3. H is non cyclic subgroup of %

4. Every elements of H is finite order and Vae H the order of ais 2
form

5. Every finite order subgroup of H is cyclic

6. Every proper subgroup of H is of finite order where as H is of infinite
order '

7. Every proper subgroup of H is Cyclic where as H is non cyclic

8. Every proper subgroup of % is of infinite index.

Proposition 8.11: Quotient group of finite group is finite

Proposition 8.12: Let (Z,+) be group of —%;Zm thus in general quotient
m
group of infinite group is may or may not finite

Proposition 8.13: Quotient group of infinite group may or may not be finite.

Example: H =27,G =Z then G_z =7,
H 27
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Proposition 8.14: Quotient group of Abelian group is abelian, i.e. if Gis

; G . )
abelian = q is abelian

Proposition 8.15: Quotient group of cyclic group is cyclic, i.e. if Gis cyclic

G . .
— is cyclic
= i Y
Proposition 8.16: Quotient group % abelian = G abelian e.g. 4, normal

ns,,vn eN y " Vnz3 abelian but S, ,vn2>3 non-abelian

Proposition 8.17: Quotient group % cyclic = G cyqvli‘\c“‘e-.g.r 4, normal in

S, ,Vn eN A" ,Vrn23 iscyclicbut S, ,vn23 is nori-—pyqlii::f

Proposition 8.18: H is normal subgroup of G and 1ndex of H=m
=VxeG, x"eH T '

iy

Proposition 8.19: Let Z(G) is the centre ofG tﬁen G cyclic =G

'Z(G)
abelian

Proposition 8.20: Every normal subgroup of ‘any. group is union of it’s
complete conjugacy classes. .

Proposition 8.21: If H and K are subgroups of a group G, then HK is
subgroup if if either A or K is normal in.G

Propositions 8.22: If /I and K are normal subgroups of a group G , then
HK is normal subgroup

8.5. Maximal Subgroups

A normal subgroup H of a group G called maximal provided there does
not exist any proper normal subgroup K of G having H as a proper
subgroup.

Example:
(a) 4, is a maximal invariant subgroup of S, since it is a subgroup of
index 2 in S,

(b) {I,(12)(34),(13)(24),(14)(23)} is a maximal invariant subgroup of
4,

(c) They cyclic group G={e,a,a2,...,a”} has H={e,a2,a4,...,a1°}
and K ={e,a3,a6,...,a9} as maximal invariant subgroups. Also
J ={e,a4,a8} is a maximal invariant subgroup of H while
L= {e, a6} is a maximal invariant subgroup of both H and K

Note: 4 is simple as no combination of terms in its classes equation
divides 60
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Some Important Theorems:

Theorem 8.1: Let H and K be invariant subgroups of G with H an
invariant subgroup of K , and let P=K/H and S=G/H . Then
quotient groups S/ P and G/K are isomorphic. (Freshman’s Theorem)

Theorem 8.2: If H is a maximal invariant subgroup of group G then
G/ H is simple, and conversely.

Theorem 8.3: Let H and K be distinct maximal invariant subgroups of a
group G . Then D =H N K is an invariant subgroup of G, and H /D is
isomorphic to G/K and K/ D is isomorphic to G/ H .

Normal Subgroups of S,

4 n=
1. Number of normal subgroup of S, ={ n=4
3 n#4

{1},2K,, 4,8, n=4 -

L fs = .
2. List of Normal Subgroup of S, {_M{I},AnaS,_n L inad

3. 4 is proper normal subgroup of \S,,
4. s, isnotsimple forall n2>3

Normal Subgroups of A4,,n>3

3 “‘: 4
1. Number of normal subgroup of 4, = { .

{},=2K;, 4

4

{1},4, Y

,n=4

2. List of Normal Subgroup of 4, ={

3. 4, issimple forall n>5
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CHAPTER 9

HOMOMORPHISM AND THEIR COUNTING

9.1.  Definitions
Homomorphism: Let (G,*)&(G',O) are two groups then a
homomorphism ¢ from G to G' is a mapping from G into G' that
preserves the group operation; that is ¢(a *b) = ¢(a) ° ¢(b) Va,bin G.
OR o N

Let G,G' be two groups. By a homomorphism of Gi_»‘i'r’ith' meant a
mapping. ¢:G - G': g —» g’ such that every g ‘GAAG,h\a,s a-unique image
g'€ G' such that ¢(g1.g2)=¢(g1)*d)b(§2“)‘." |

Note: If we have a homomorphism of G onto G' and we then call G' a
homomorphic image of G .

Kernel of Homomorphism: The kernel of a homomorphism ¢ from G to

a group G' with identity e' is the set of all elements of G which are
mapped to identity e'€ G'. The kemel of ¢ is denoted by kerg. ie.,

ker¢={xeG:¢(x):e'}
Note: ¢:G — G' be a homomorphism then ker¢ is normal subgroup of
G.

Range set of homomorphism: Let f:G—G' be a homomorphism the

range set of f is set of all elements of G' whose pre-image exists, i.e.,
R(f)={f(x)eG'|xeG}

Epimorphism: Onto homomorphism from f:G—>G' is called
Epimorphism

Isomorphism: One-one homomorphism from ‘ f:G—>G' is called
Isomorphism

Isomorphic: Two Groups (G, *) and (G',0) are called isomorphic if there

exists Isomorphism from (G, *) onto(G",0)

Endomorphism: A homomorphism from f:G—>G is called
Endomorphism

Automorphism: - An Isomorphism from (G, *) onto (G, #) itself is called

automorphism

Inner- Automorphism: - Let (G, *) be a group then a f:G — Gsuch that

f,(x)=axa™,V x e G is an automorphism is called inner automorphism

28A/11, (First Floor) Jia Sarai, Hauz Khas, Near LLT., New Delhi-110016, Ph.: (011)-26537527, Cell: 9999183434 & 9899161734, 8588844789
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9.2.

9.3.

Notations

Let ee G be the identity elements of group G ,and e'e G'be the identity
elements of group G'

Hom(G,G") denotes set of all homomorphisms from (G, *) into (G', o)
Hom(G,*) denotes set of all homomorphisms from (G, *) into (G, *) itself
Iso(G,G") denotes set of all Isomorphisms from (G, *) into (G, )
Iso(G,*) denotes set of all Isomorphisms from (G, *)into (G, *) itself

Aut(G,*) denotes set of all Automorphisms from (G, *) onto (G, *) itself

Inn(G,*) denotes set of all Inner-automorphisms from (G, *\)“onto (G, *)
itself T

Some Examples

1. Consider the mapping n —>i" from the additiy}e group Z onto the
multiplicative group of the fourth roots of unity 1. This is a
homomorphism since, m+n — i"*" =i" {"and the group operation
is preserved. N

2. Consider the cyclic group G = {a,az,c“z},,..\.,altz»,:e} and its subgroup
G':{az,a“,a(’...,alz =e} . It follows "readily that the mapping.
a' —a” is a homomorphism of G"onto G' while the mapping
a" —a" is a homomorphism of G" jnto G .

Elementary Properties of Homomorphism

Let (G, *) and(G',0) are two group and f:G—>G' be a homomorphism.
Then

(a) The identity element of group G maps to the identity elements of group
G',ie f(e)=¢e'

(b) The Image of inverse of an element is inverse of image of that
element,i.e. f(a™) =(f(a))'l

© If f(a)=x=f(a')=x" V¥ rez

(d) The Kerf={xeG’f(x)=e'} is Normal subgroup of G

(e) R(f) is subgroup of G' but need not to be normal 'subgroup G’ (but
normal if / is onto).

(f) Order of image of an element divide the order of that element, i.e.
O(f(a))/0(a) VaeG,provided O(a)is finite

(g) If O(a)finite = O(f(a)) finite but O(f(a)) finite 7 O(a) finite

(h) If f(a)=a then V x ea-Kerf (coset of Kerf) f(x)=a i.e. the image
of all element of a coset a-Kerf is same as the image of a4 i.e., There is

one-to-one correspondence between coset of Kerf and elements of f (G)

Homomorphism and Their Counting
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(i) Let G be a finite group Index of Kerf =O0(f(G)) i.e., If order of G

. o(G)
finite then o(Kerf) =o(f(G))

(G) O(Kerf)=m < f is mto 1 homomorphism. Hence Kerf ={e} iff f 1-
1 homomorphism

(k) The relation of isomorphism is an equivalence relation.
() Let H is subgroup of G, then f(H) is subgroup of G'

(m) If image of subgroup H under homomorphism is normal then H is
normal,i.e. Let H is subgroup of G. Then if f(H)<G'= H <G, but
converse need not be true. W S

(n) Image of abelian group under homomorphism 1s abehan ie. If Gis
abelian = f (G) is abelian Nl T

= f(G)is cyclic

(p) There never exist any onto homomorphlsm from an abellan group onto a
non-abelian group S

(q) There never exist any onto homomorphlsm from a cyclic group onto
non-cyclic group R

9.4. Some Important Theorems i
Theorem 9.1: Every infinite cyclic group G:< a > is isomorphic to(Z,+)
Define f:Z— G such that f (n) a". Then f is one-one homomorphism
from Zonto G
Theorem 9.2: Every finite cyclic group G =< a > of order 7 is isomorphic to
(Zn’+n)
Define f:Z,— G such that k—a* then f is one-one homomorphism
from Z onto G
Theorem 9.3: Let Z be group of integers and <> is subgroup of Z .

Then quotient group

=7, where neN.
<n>

Theorem 9.4: Let G and G' are two cyclic group of same order then they
are isomorphic and isomorphism is which map generator of G onto
generator of G'

Theorem 9.5: A group G abelian iff f(x)=x"" is an automorphism

Theorem 9.6: Every odd order abelian group has non-trival automorphism,
namely f(x)=x" VxeG

Theorem 9.7: G Is finite cyclic group of order n.then f:G — G defined as
f(x)=x", f;g:G— G defined as f(a)=a and g(a)=a, ged(m,n)=1,
1<m<n is an automorphism and Aut(G)=U(n).
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9.6.

Theorem 9.8: If G=<g > be an infinite cyclic group. Then are the only
automorphisms and Aut(G)=Z,

Theorem 9.9 (Cayley’s Theorem): Every finite group of order n is
isomorphic to a subgroup of a permutation group on 7 Symbols

Theorem 9.10: If H is an invariant subgroup of G of order m and order of
G is n, then the quotient group G/ H is of order n/m

Theorem 9.11: If H is an invariant subgroup of a group G , the mapping
¢:G - G/ H defined as ¢(g)=Hg Is a homomorphism of G onto G/ H

Theorem 9.12: If H is an invariant subgroup of a group G and if H is
also a subgroup of a subgroup K of G, then H is an" mvanant subgroup
of K . : s

Fundamental theorem of homomorphism

First Theorem on Isomorphism:

“Every homomorphic image of a group-is. ISOmOI’pth fo. the. quotlent group
induced by kernel of homomorphlsm ie, If ¢ G > G' is homomorphism,

then — = f(G) = |:¢ ] -  '

Note: Every normal subgroup of a group G is the kemnel of a
homomorphism of G . In particular, normal subgroup N is the kernel of

the mapping f: G —)% defined by f(g)=Ng or gN

Second Isomorphism Theorem (Correspondence Theorem): If H is

normal subgroup of G and K is another subgroup of G . Then
K HK

HNK)™ H

n

Third Isomorphism Theorem (Freshman’s Theorem): Let // and K be

normal subgroups of a group G , with K < H . Then G ~ (G/K)
H (H/K)

Important Propositions of Homomorphism/Isomorphism

Propositions 9.13: Let G be a group and Aut(G) be set of all automorphism

is subgroup of S, (group of permutation on G ) under composition of
functions

Propositions 9.14: Inn (G) (set of all Inner automorphism) is normal

subgroup of Aut(G)

Propositions 9.15: Let a <(Z(G)) be arbitrary. Then corresponding to 'a

there is only one inner Automorphism which is identity map

Propositions 9.16: Index of center Z(G)= O(Inn(G))
PFOPOSitiOHS 9.17: Let G be a finite Group and Z(G)be centre of G.

Then ( )Nlnn(G)

:

Homomorphism and Their Counting
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Propositions 9.18: If Gis an abelian then Identity function is only the inner

automorphism G onto itself

Propositions 9.19: G is abelian iff the function f:G—> G such that

f(x)=x* Vxe G is ahomomorphism

Propositions 9.20: G abelian group f (x) =x",Vx e G Homomorphism
foreach ne N
Counting of Homomorphism

1. Counting of from finite cyclic group G of order m to ﬁnife.cyclic G'

of order n

(i) Number of homomorphism from G to G'=gcd(m,n) :

(i) Number of onto homomorpiiism fromG —> G':{ SO )

1#(m) if nim
(iii) Number of one-one homomorphius"m;,f‘r‘kc‘)‘\fnhG — G' =k (number of
elements of order min G'") Q k

Examples:

(a) Number of homomorphism fromZ 6 —) Z, =ged(6,8)=2

(b) Number of onto homomorphism from Z ¢ — Z zero

(c) Number of onto homomorphism from Z , = Z, = ¢(8) =4

(d) Number of one-one homomorphism from Z , — Z, zero

(e) Number of one-one homomorphism from Z; — Z,, = ¢(5) =4

2. Counting of from infinite cyclic group G to infinite cyclic G'
(i) Number of homomorphism fromG to G' infinite
(i1) Number of onto homomorphism from G — G' exactly two
(iif) Number of one-one homomorphism from G — G' infinite

3. Counting of from infinite cyclic group G to any finite group G' of

order m
(i) Number of homomorphism m

0  G'non cyclic

(ii) Number of onto homomorphism = { _
$(m) G' cyclic

(iii) One-one homomorphism does not exist.
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Example | —
‘ Put Your Own Notes
From Hom. onts T ome Put ‘ s
Hom One : e —
Hom
Z— Zn n ] ¢(n) .
Z—>S,,n23 ‘ n! 0 "
Z>A4,,nz4 n! o To
2 .
> Qé 8 0 |0
ged(m,n) =1 o .
Z—>D,, n e N 0 5
zZ— GL(n,Zp) (pn _1)(Pn —P), . .(P” _Pn—l) 0 0
zst(nz,) | (P -1)(Pr=p)(pr-p) [0 |0
-1

4. Counting of homomorphism from éhy ﬁnite group G' of order m to

infinite cyclic group G to
(1) There is only trivial homomorphism from G'— G

(i) Number of  onto homomorphism  from G onto G
0 , m>1
i, m=1

(iii) There does not exist any one-one homomorphism from G into G

5. Counting of homomorphism from finite G cyclic group of order » to

any finite group G' of order m

(i) Number of homomorphism = )  a, , Where a, number of
k/o(G)

elements of order £ in G'

¢(m) : G'cyclic& m|n

(i) Number of onto homomorphism =
0 otherwise.

(iii)) Number of one-one homomorphism =a, , Where «, number of

elements of order » in G'

E-mail: info@dipsacademy.com; Website: www.dipsacademy.com

‘ 28A/11, (First Floor) Jia Sarai, Hauz Khas, Near LLT., New Delhi-110016, Ph.: (011)-26537527, Cell: 9999183434 & 9899161734, 8588844789 n




Lad
1S ACAL
REGENERATING LOGICS

Homomorphism and Their Counting
An 1SO 9001 : 2008 Certified Institute i i ‘ . i

Example

Group’s Hom. Onto Hom. One-one Hom.

"

6. Counting of from S, - Z,,,(n23,)

ifmodd

(i) Number of homomorphism = ! '
2 if meven

(i1) Number of onto homomorphism ={° R
0, other wise

(iii) Number of one-one homomorphism does not exist

7. Counting of from 4, —» Z,,, ‘ ‘ T
(i) Number of homomorphism = > ’l,f3lm

1 ,if3/m

1 ,if m=1
(i1) Number of onto homomorphism =42 ,if m=3

|0 Otherwise
(iii) Number of one-one homomorphism does not exist

8. Counting of from4, > Z,,(n>5)

(i) Number of homomorphism only trivial

1 ,if m=1

(i1) Number of onto homomorphism = .
0 ,Otherwise

(iii) Number of one-one homomorphism does not exist

9. Counting of fromK, - Z,

. . 4 even.
(1) Number of homomorphism = "
1 m odd.
1 m=1.
(i) Number of onto homomorphism =<3 m=2,
‘ 0 otherwise.

(iii) Number of one-one homomorphism does not exists
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10. Counting of fromQ; —» Z,,

. _ 4 .
(i) Number of homomorphism = m even
1 m odd.
1 m=1.
(ii) Number of onto homomorphism =<3 m=2.
0 otherwise.

(iii) Number of one-one homomorphism does not exists
11. Counting of from K, — O

(i) Number of homomorphism =4 _

(i) Number of onto homomorphism does not exist -

(iii) Number of one-one homomorphism does not \efxiﬁsf‘ :
12. Counting of from @ — K, N

(i) Number of homomorphism,_f 16

(ii) Number of onto homomorphism =6 N

(i) Number of one-one homomorphism dd\—é‘s-qgt: \éxfist
13. Counting of from S, — K,,(n > 3) h N

(i) Number of homomorphism =4

(i) Number of onto homomorphis_ﬁl does notexist

(ii1) Number of one-one homomorﬁhigm does not exist
14. Counting of from K, — S, ~»

(i) Number of homomorphism =52
(it) Number of onto homomorphism does not exist
(ii1) Number of one-one homomorphism =24

15. Counting of from K, — S,,n#4 &n >3.

n’

(i) Number of homomorphism =3(Number of elements of order
2)+6(Number of Non-cyclic subgroup of order 4)+1

(i) Number of onto homomorphism does not exist

(iii) Number of one-one homomorphism =6 ( number of non-cyclic
subgroup of order 4)

16. Counting of from S, - Q;,n>3
(i) Number of homomorphism =2
(i1) Number of onto homomorphism does not exist
(iii) Number of one-one homomorphism does not exist
17. Counting of from 4, - K,,n>4
(1) Number of homomorphism only trivial
(11) Number of onto homomorphism does not exist

(iii) Number of one-one homomorphism does not exist
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18. Counting of from 4, —» O;,n >4

(1) Number of homomorphism only trivial
(ii) Number of onto homomorphism does not exist
(iii) Number of one-one homomorphism does not exist
9.8. Internal Direct Product
Let H;,H,,....H, be subgroups of a group G. Then G is the Internal direct
product of H,,H,,... H, iff

1. Every element of H; commute with every element of H;,i= j and

2. Every element of G is uniquely expressible as g=Mhh,..h,, where
heH;, 1<i<n. :
Example:

(a) The multiplication group R’ of all non-zero real numbers is the 1nternal -
direct product of R* and T, where R* is the set of all positive real
numbers and 7 = {1,—-1} . V

(b) Let C"be the multrplrcatron group of non-zern comp/lﬂrax numbers If R*
internal direct product of R and T.

Internal Direct Product: Let G be a group We say G is internal direct

product of it’s subgroups H, and H, if and only if

() HAG, HAG, HNH, ={e}

(i) G=H,H,

Theorem 9.1: If a group G is the internal direct product of its subgroups
‘H,,H,..H, , then G is isomorphic to the external direct product of

Hl’HZ“'HrI

Theorem 9.2: If p, q be distinct primes. then Z »q Can be expressed as a
direct product of a cyclic group-of order p and a cyclic group of order ¢ and

Propositions 9.21: The external direct product of additive group of integers
Z with itself is not a cyclic group i.e. ZxZ is not a cyclic group

Propositions 9.22: The external direct product of additive group of integers
Z with Z,_,m=#1is not a cyclic group i.e. ZxZ,,m=1 is not a cyclic
group ‘

Propositions 9.23: If G,G,,....G, are n groups then Z(G xG,x.....xG,)
=Z(G)xZ(G,)x.....xZ(G,)

Propositions 9.24: If G is a group and H, K are subgroups of G such that
G=HxK ,then H=G/K and K =G/H .

Propositions 9.25: Let G be a finite group having at least three elements in
which a® =e,Yae G . Show that G is internal direct product of a finite
number of subgroups each order 2; and o(G)=2", for some n>2
Propositions 9.26: The external direct product of two group is abelian iff
both are abelian

Propositions 9.27: The external direct product of two cyclic group need not
« be cyclic
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CHAPTER 10

SYLOW THEOREMS

In this section, we consider p,q,r etc stand for prime numbers

10.1.

Definitions

p - Groups: let G be a group then G is called p - group if order of every

element is some power of p

Example:

(a) (P (N ),A) is 2 -group of infinite order

(b) @, is 2-Group of finite order o

(c) K,={ea,b,c} is 2-Group of finite ordéf

(d) H, =<a>, where ais p" —th root of unit_yrqi'\n (C and pis prime number

neNU(0}

then H= [ H , is a subgroup of ((C;, -)wiy’s""p—igroup
(e) For each prime pthere exists p-grpup

0 H= {%% ImeZon=0, 1,2..} is éhbg;éﬁp'bf %for each prime is p-
Group

Propositions 10.1: A finite group G isa ? -group if and only if o(G) = p"

Propositions 10.2: Every subgroup of a p-group is p-subgroup

Propositions 10.3: A non- p -group can have p -subgroup

Example: % is not a p -group but H={£"+Z | meZ,n:O,l,z..} is p-
p

subgroup

Propositions 10.4: Every group of Compoéite order group have p -
subgroup for distinct prime p Such that p|O(G)

Maximal p-subgroup or p-sylow subgroup ( p-SSG): The largest p -
subgroup of any group G is defined as maximal p - subgroup or sylow p
- subgroup

Example:

Q

1. H= {ﬂn+Z| meZ,n=0, 1,2...} is maximal p—subgroupi
P .

2. {t1,%4},{1,* j},{+1,+ k} are maximal subgroup ofQ,

3. {e,a},{e,b},{e,c} are maximal subgroup of X,

Sylow Theorems

L

d
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Sylow Theorems 1

Propositions 10.5: Let G be finite order group if H<G and
O(H)=p"st. p™ |O(G)then H isa p-SSG. ’

Cauchy’s Theorem for Finite Groups: Let G be a finite group and p
divides the order of G, then G contains an element of order p.

Example: Every group of order 15 has an element of order 5 and an element
of order 3 as 5 & 3 are primes and 5|15, 3(15.

Generalized Cayley’s Theorem: Let G be a group and has a subgroup H
of index » then there exist a homomorphism from G into S, . Whose

kernel is contained in H and kernel of their homomorphism contains every
that normal subgroup of G which is contained in H .

Index Theorem: Let G be a group and H is proper subgroup of G such
that index of H is n. If O(G) does not divide »!then G 1s not 31mple ie., G

must contain a proper normal subgroup.

Example: Let o(G)=24 and H be subgroup of G such that o(H)=38. then
ig(H)=3. Since, o(G)=24[3! = & must has a proper normal subgroup
= G is not simple group :

Note: Index theorem is only a sufficient condltlon to check whether group is
simple or not.

Embedded Group: Let G and G'be two groUps then G is said to be
embedded in G' if there exist a subgroup H of G' such that G is
| isomorphic to H.

Example:
(a) K, Embedded in D,

(b) K, Embedded in S,
(c) K, Embeddedin 4,
(d) O, Embedded in S,
(¢) D,Embeddedin S,

(f) S, Embedded in D,
(g) S, Embedded in S,

Embedding Theorem: Let G be a finite simple group having a proper
subgroup of index » then Gis isomorphic to a subgroup of 4, i.e., G is

embedded in 4,

Note: Embedding theorem is generally used to find the groups which not
simple.

Propositions 106.6: G has a proper subgroup of index » such that
o(G) [ ( jthen G cannot be simple.
Propositions 10.7: If a finite group G has a proper subgroup H of index

less than 5. Then G cannot be simple. i.e., the smallest index of any
proper subgroup in a simple group is 5.
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Sylow Theorems

(Sylow’s First Theorem): Every finite group G of order » has at least one
p-SSG corresponding to each prime factor of 7.

(Generalized Sylow’s First Theorem): If p* /o(G) then G has a
subgroup of order p“*

Propositions 10.8: Converse of Lagrange’s theorem holds for every p -
groups.

Note: Converse of Lagrange’s theorem is not true in general; A, has no
subgroup of order 30 though 30/0(4;)=60

(Sylow’s Second Theorem): Any two sylow p subgroup of a ﬁmte group
G are conjugate to one another.

(Sylow’s Third Theorem): Let £ be the number of p-SSG of a finite
group G . Then ‘ e : T

1.k divides o(G)
2. k isofthe form 1+ pt, where t=0,1,2,3... v

Structure of Some Important Groups k.

Group of order p.q: Let G be a group “of. order pq , where p<gqare
distinct primes

1. If p[g-1then G must be cyclic that is G=7Z,, that is there is unque
group of order p.q upto isomorphic
Example:
(a) The groups of the order 15, 33, 51 are cyclic
(b) The groups of the order 35 & 65 ¢ are cyclic

2. If p|g—1then there exist two group of order p.g upto isomorphic one
is non cyclic another is non cyclic

(a) There are two group of each order 2.4 for each prime ¢ upto
isomorphism

(b) There are two group of each order 21 upto isomorphism

(c) There are two group of each order 22 upto isomorphism

(d) There are two group of each order 55 upto isomorphism
3. Every abelian group of order p.q where p <gq distinct primes is cyclic
4. There does not exists any group of order p.g where p <gq distinct primes

which non cyclic abelian
Propositions 10.8: Let G be a finite p -group, Then every proper subgroup
is a proper subgroup of its normaliser in G (i.e, if o(G)=p",H<G,H#G,
then 3 geG, geH,st. gHg'=H)

Sylow Theorems
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Propositions 10.9: Let o(G)=p" (p=prime). If H<G s.t. o(H)=p"",

show that # isnormalin G.

Propositions 10.10: Let G be an abelian group of order n. Then for every
divisior m of n, G has a subgroup of order m

Propositions 10.11: Converse of Lagrange’s theorem holds in finite abelian
groups

Propositions 10.12: Let p be a prime and m be a positive integer such that
p" divideso(G). Then 3 a subgroupH of G s.t.o(H)=p"

Propositions 10.13: If G a finite group of ordern = p"q(k>l) where p is
a prime and q be a positive integer ( p, ¢ relatively pnme) then for each i,

1<i<k. G has asubgroup of order p’

Propositions 10.14: let H be a Sylow p- subgroups of G then the number
(»M(AH )

Propositions 10.15: Let # be a Sylow p- subgroup of G Let xe N(P)s.t
( ) p' . Then xe H i ’

of Sylow p -subgroups of G is equal to

Propositions 10.16: Every p-subgroup of a ﬁmte group G is contained in
some Sylow p-subgroup of G :

Propositions 10.17: Let G be a ﬁnite group éuid"H be a p-subgroup of G
then H is Sylow p-subgroup of G if. and only if no p-subgroup of G
properly contains H

Propositions 10.18: If G is a finite non-abelian simple group and H <G.
Then [G:H]>5

Example: There is no simple group of order 144

Propositions 10.19: Suppose that G is a finite group and p is the smallest

prime divisor of o(G), then a subgroup H of index p in G is normalin G

Propositions 10.20: Let G be a group of order pgr, p <q <r being primes
then

1. G isnot simple
2. Sylow r-subgroup is normal in G.

3. G has a normal subgroup of order gr.

4. If gXr-1 then Sylow g-subgroup is normal in G

Propositions 10.21: Let G be a finite abelian group and m be a positive
integer such that m|o(G) Then G has a subgroup of order m .

Propositions 10.22: Every finite Abelian group can be expressed as the
direct product of its Sylow’s p-subgroups.

Group of order 2.p:

Let G be a group of order 2.p , where p is odd prime number then
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1. There are two group upto isomorphism one is cyclic isomorphic to Z,,
another is non-abelian isomorphic to dihedral group D,

2. Every abelian group of order 2.p is cyclic
3. If Gisnon cyclic then it has exactly p +3 subgroups

4. If Gis non cyclic then it has exactly three normal subgroup one is
p—SSG another two are improper

Group of order 21:

Let G be a group of order 21

1. There are two group upto isomorphism one is cyclic. 1somorph1c to Z,,
another is non-abelian isomorphic to dihedral group. D

2. Every abelian group of order 21is cyclic

3. 7-8SG is always normal , If G be a non- cychp group of order 21

e,

4. 3-SSG is never normal (if G 1s not cychc)

Non-cyclic Group G of order 21 VVVVV
Possible Number of 'jrrNg;i‘lB”éf of
order elements , 4§u‘li“gjroup
1 1 o
3 VR
7 6 1
21 Zero 1

Group of order 30:
Let G be a group of order 30 then
1. There are 4 groups of order 30 upto isomorphism

2. Any group of order 30 is isomorphic to one of the group
Zyy, Dis Dy x Ly, Sy} L

3. 5-SSG&3-SSG are always unique hence normal

=

Any G not simple

4

If |G|=30 & G has only element of order 2 then it is Z isomorphic to
Ly .

Group of order 45:

1. 5-8SG is always unique hence normal

2. 3-SSG is always unique hence normal

3. Every group of order 45 is isomorphic to one of the group
Ly, Ly x Ly x L,

45>

4. Every group of order 45 is abelian
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