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CHAPTER 1

BASIC CONCEPTS AND DEFINITIONS

Ring: A ring R # ¢. is a set together with two binary operatibh + and ¢ (called
addition and muitiplication) satisfying the following axioms:

@ (R is an abelian group.

- (b) eis assoc1at1ve (a-b) c= a-(b c) for all a,b,ceR.

: .(c) The dlstrlbutlve laws’ hold in R: For all a,b,ce R
@) (a+b)eC~—(a-c)+(b c)
(i) a<(+o)=(a<b)+(a-c).
- Then we denote it by (R,+,)

1.1.  Basic Properties of Rings

Let (R,+,) be aring.
1. As (R,+) is a group, the identity Qf this group is called the zero of the
ring and denoted by O and a +0=0+g=a "VaeR
2. Let a,b,ceR, then
(@ a+b=a+c = b=c(cancellation law w.r. t.+)
(b) —(—a)=a(where —a denotes the additive inverse of a)
(c) The zero element of R is unigue.
(d) The additive inverse of any element in R is unique.
() a0=0.a=0.
® a.(-b)=(-a)b=—(ab)
® (-a)(-b)=ab

Table To Be Remembered
S. no. Name of Addition | Multipli- | Unity |Commutative
Ring operation cation
Operation
1 ((C,+,.) Ordinary  [Ordinary 1 Yes
addition Multipli-
cation i
2 |(R+ Ordinary [Ordinary |1 - [Yes
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"C:le
' o addition Multipli-
cation
3 (Q+,.) Ordinary  |Ordinary
- addition Multipli-
cation
‘4 |(z+)  |Owdinary - |Ordinary |1 Yes
addition  [multipli-
cation
5 (mZ, +,,) Ordinary  [Ordinary no Yes .
1. - . laddition = |multipli- [ . ] -0 .
where m=+1- | . - | . o | T
- S cation S
6 {[a b] 'Ordi.nary. ordinary 1() No
‘ R= matrix |7 .. Nba o]
. : 1101
c d addition matrix | 0 .
muitipli-. |
ra,b,e,d e R } cation -
7 a b Component Component M 1 Yes
R= e d wise wise - . 11
addition  |multipli-~ |
ra,b,c,deZ } cation
8 a4 a Ordinary  |Ordinary 117 [Yes
R= & a matrix matrix 272
addition multipli- 11
:aeR . il
cation 22
9 Zlil={a+ib: [|Ordinary |Ordinary 1 Yes
ddition of Itipli-
abel) 20 ;::(O multipli
p cation of
numbers
complex
numbers
10 gy+ai+ |Ordinary  |Ordinary 1 No
R= a1y (200N Of  [multipli-
e complex cation
ayj+ak: numbers
eQ }
11 Z,=1{0,1,2,. |Addition |Multipli- 1 Yes
modulo m- .
om=1} cation
modulo m

=
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12 R={0,2,4,6,8} Addition  |Multipli-

modulo 10 .
cation
modulo 10
13 a+\pb; [ordinary  lordinary I+/p0 [Yes
Rz{ \/; . addition multipli- VP
p 18 prime
_ o cation
a,beQ :
number

14 . |R={a+ib; = lordinary - |a.b=0  [No  [Yes

abeqQ) addmop | Va.b
E 15 R = P('N), Symmetnc _:. Irﬁ:ér”séct’iQn N _ - Yes

: N Difference | = ' : '
power set of N :

16 (Z,*,.) a*b=a+bla+bh 0 Yes

=a+ b ab‘

17 [R= Setofall |(f+g)x)= |(f. g)( )= |f(x)=1[Yes
real valued SOg(x) ( ) ( x)‘ Vxe
continuous Vxd0]l] ‘v’ x & [0 1] [0,1]
functions .
defined on
closed interval
f0.1]

18 If (G,+) is ( f+g)(x)= Composition |/ No
an abelian group|// (+g(x) |of
(End ( G),4,0) VxeG functions.
is a ring

19 RS={f:5>R |(f+efs)= |f-g(s)= [No  [No
;820 & R | flsh+els) |f(s)-g(s)
be any ring. VseS§ Where
Then RY is Where f(s)-g(s)

_ fls)+ is multipli-
ring -
g(s) cation
is addition [0f R-
of R.
20 Q[i] ={a+ip |Ordinary Ordmary L Yes
addition of |multipli- °
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‘a,beQ complex cation of
numbers complex
numbers

1.2. Definitions

P

’ 1. Unity: If (R,-) is monoid i.e., 3 identity element in R w.r.t.

multiplication then this 1dent1ty element is called the unity of the ring.
Denoted by 1. . ,

2. Trivial Ring: A ring R is said to be trivial if R = { ).

3. Zero Ring: Let (G,ﬁ‘) be an abelian.group. Let us define the second
binary operation (-) on R as a-b=0Va,be G, where 0 is additive

- identity of. G ?The‘n (G +,-) forms a rmg and called zero nng

Note If R isa tnvxal rmg then R is a zero nng but converse need not
be true.

| 4. Commutative Ring: Let (R,+) bearing. Then‘R"is said to be

commutative if R is commutative under mult1pl1cat1on ie.,
a-b=b-aVa,beR

Example:

(a) Examples 1,2,3,4,5,8 defmedm above table are commutative
rings. -

Notation: Further CRU will denote a Commutat1ve ring with Unity
1 (b) Examples 19 is CRUif R is CRU
Note:
(a) If R is commutative ring then (xy)2 =x2 y2 ¥ x,y € R .but not
conversely.
i.e., it is not necessary that R is commutative if

(xy)2 = x2y2 Vx,y€R
a,beZ}

. a b
Example: R =
0 0

Where + : ordinary matrix addition - : ordinary matrix
multiplication

(R,+, ) is non-commutative ring.
But (xy)2 =x2y2 Vx,yeR
S . 2 2.2
(b) If R is ring with unity & (xy)" =x“y° Vx,yeR
= R is commutative.

Proof: We’ve (xy)2 = x2y2 Vx,yeR : ;..(1)

Replacing y by y+1€R in (1) where 1 is unity

We obtain
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[x(y+1):|2 =x2(y+1)'2 Vx,yeR
(xy+x)2 =x2(y2 +2y+1)

:>(xy)2+(xy)x+x(xy)+x2 =x%y? + 252y + x° (2)
Using (1) and cancellation laws of (R,+) in (2)

- We get |
Ixyx+x2.y.=2x2y. or xyx=x’y vx,-}eR N -(3)

Replacing x by (x+1) in (3)

o .(.x,+]) (x+1) (x+l)
= (x + 1')(yx+ y) (x + 1)(xy+ »)
':>xyx+xy+.yx+y=x2y+xy+xy‘.+‘y _ | .(4)
Using (3) & cancellation laws of (R, +) in (#
We get \
yx=xy Vx,yeR
Hence, R is a commutative ring. E
(c) If R is commutative ring -
Then for a,be R
(a+b)" =a" +"Cla" b+ "Crd" b 4.4 B
for every positive integer » .
(d) R is commutative
if and only if (a-b)(a + b) =a®-b*> VabeR
(e) Any rir.lg'of prime order is commutative

(f) A ring of order p2 may not be commutative.

a b
Example: A.= 0 0 cabeZy .

A forms ring with matrix addition & matrix multiplication & entries
are from Z, .

Ring A has order 4= 22

But it is not commutative
0 1|1 0 00
as =
0 00 O 0 0
1 0/j0 1 0 1 5
and = .
0 0|0 Of (0 O .

Basic Concepts and Definitions
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. (g) The smallest non-commutative ring is of order 4.

(h) Aring with unity & of order p ( p is prime) is commutative,

5. Unit: Let (R,+,-) be a ring with unity and a € R. Then a is said to be
o unit element of R if 3 be R suchthat a-b=b-a=1

Examp_les: _ _
' '(a')' The units of Z are 1 and ~1.

(b) In R1ng numbers 1, 2 3 deﬁned in Table of rmgs each non-zero
element Isa umt

(c) The units in aring (Z6,+é,x6) are | and 5.

: 'Results

: (1) ‘Let R be a ring with umty Then the set of all units of R forms a
group under multiplication. :

(ii) Let R bea CRU , then group.of. umts of R 1s an ‘abelian group.

6. Associate: Let R be a ring with unity and a; be € R Then a is called
associate of » if 3 qunit # in R such Fhat a= biz.. _

Example: : _
(a) In (Z,+, ), associate of 2 are 2 a@d'—i: o

() In (lR_,+, -}, associates of 3 are allnon &0 real numbers.

Observation: Let us define a relationi-"~'_on ring with unity R as:
a~b<> aandb are associates. Then '~' is an equivalence relation on
ring R.

Hence, it partitions the ring R into equivalence classes.

7. Zero—divisors: Let R be aringand 0#ae R . Then a is said to be
zero divisor from left if 3 0-b € R such that ¢-b=0 and here we call

b’ right zero divisor.
a & b are called zero-divisor if they are zero divisors from right as
well as from left.

Examples:

(a) 4is zero divisorin Z,, as there exist3 in Z;, such that

4.3=12=0.
(b) [0 0 is zero divisor from left in ring of 2x2 matrices over R as
0 1|1 o] |0
= 0 . But it is not zero divisor from right as
! 0 0jj0 0] |0 O .
1 olfo 1 101
0 0j[0 O 1o o 4 _ :

(¢) Inring (P(N),A,N), each element is zero divisor except N as for

eachX e P(N)we have Y =N-X e P(N) suchthat X " Y =¢.
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Observations:

(1) Let R be ring with unity. Let U(R) denote the set of all units of R
and Z (R) denote the set of all zero divisors of R . Then
Z(R)NU (R)=9

(i1) In Z,,, each non-zero element is either a unit or zero divisor.

(ii)In Z,,,0#aeZ, isa unitiff ¢ & m are co-prime.

" Example: In Zunits are1,2,3,4.

(if/) There exist rings having infinite elements which are neither units
nor zero divisors.

8. Cancellation Law: Aring R is said to satlsfy the left cancellatlon law
_- .1ffora11abceR : e : :

a#O, abzac = b=c
A similar definition can be given for ﬁght canceliation law.

9. Integral Domain: A commutative ring with umty without zero divisors
is called an Integral domain. «

Example: examples 1,2,3,4 defined in table of rings are Integral
Domain.

We some time denote Integral domain. by ID

Note: Many books do not take ring to be commutative with unity. They
consider only ring without zero divisors. For exam point of view to
check aring is ID or not we should only check availability of zero
divisors.

10. Skew Field: A ring with unity (R,+,-) is said to be skew-field if each

non-zero element has multiplicative inverse i.e. (R,-) forms a group. It
is also known as division ring.

Examples:
(a) Ring numbers 1,2,3 defined in table of rings are skew-fields.
(b) R=Z p' 18 a skew-field, where p is prime.

(c) examples 9,17 defined in table are not skew fields.
Observations:
(1) Every skew-field is an integral domain if commutative.

(1) Ifin a ring R, the equation ax =5 V a,b has a unique solution,
then R is a division ring. "

11. Field: A commutative skew-field is defined as field.

In other words, A CRU is a field if each non-zero element posses
multiplicative inverse.

Examples:

(a) examples 1, 2, 3 defined in table of rings-are Fields.

(b) Z, is afield, where p is prime.

' 28A/11 (F irst Floor) Jia San.l, quz Khas, Nelr LLT New Dellu-110016, l’h (011)-26537527, Cell: 9999183434 & 9899161734, 8588344789
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Results:

12.

(i) Every field is an integral domain.
(ii) Every finite integral domain is a field.

(iii) Z ,, . the ring of integers modulo p, is a field iff p is prime.

(iv) Every finite skew-field is a field.
Nilpotent Element: Let R be ‘a'ring and a e R. Then a is said to be

nilpotent element if 3 neN such that a"=01ie,aaa-.-a=0.
ntlmes

The smallest such_ n is defined as the index of nllpotence.

Examples:

'--(a) 0 is.only nﬂpotent element of 1ndex 11n. every nng

. (b) 6is nllpotent element of index 2in le

13

Idempotent Element: Let R bea ring and a R Then a is said to be

idempotent element if a’=a. -

Examples:

(a) 0 and unity are always idempotent - -

(b) 5 and 6 are idempotent in Z;q
(c) Each element of (P(N ),A r‘\) is 1dempotent

Results on Nilpotent and Idempotent elementS'
(1) In an Integral Domain 0 and.1 are’the only idempotent elements.

(ii) An Integral Domain does not possess any non-zero nilpotent
element.

(i) Let R be a commutative ring and «,b are nilpotent elements of R .
Then

(a) a+b is also nilpotent element.

(b) a-b is also nilpotent element.

(¢) a-c is also nilpotent element V non-zero ¢ in R.

(d) If a-b is nilpotent in R, then b-a is also nilpotentin R .

(iv)If 'a’ is an idempotent element in R , then 1 —a is also an
idempotent element in R .

(v) Orthogonal Idempotent: Let R be aring and ¢;,e, are idempotent
clements. Then ¢; and e, are called orthogonal if ¢, -e, =0.

In general, if ¢,e,,...,¢; are idempotent elements in ring R . Then
€,€,,....¢; are called orthogonal if ¢;-e; =0 Vi=j.

(vi)If 'a’ is a nilpotent element of 1ndex ¥ in a ring w1th unity. Then
(1-a) is unit.

2

Since, I:I—arz(l—a)(1+a+a +...+ar_1) ‘

i
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:>__(1.“_"-a)—1 =(l+a+a2 +...+a’-1)

* 14. Unipotent Element: Let R be a ring with unity then a € R is said to be
unipotent if 1—a is nilpotent i.e., a is unipotent <> b=(1-4a) is
nilpotent. Also b=1-a < a=1-5.

Thus, if b is a nilpotent element in R, then (1-5) is unipotent
element.

'Example 7 is umpotent element in Zy, as’7=1-6, where 6 is
: nllpotent element in  Zyz -

15. Factors: Let R bea commutative ring with unity and a, beR.Then b
is said to be factor of a if 3 ce R such that b=ac. _

Note: For a € R the associates of 'a’ and units in that rmg are always _
factors of 'a’ and called 1mproper factors, the other factors are called .
~ proper factors. ‘ :

16. Irreducible Element: A non-zero, non-unit element a"'ina
commutative ring with unity R is said to be m:educlble element if it has
no proper factor in R i.e, whenever a = bc ;then e1ther b isunitor c is
unit. An element which is not u‘reducnble 1S c.alled reducible element.

Example: 1+ i is an irreducible element in .ut; ;

17. Prime Element: Let R be a commutatlve rmg ‘with unity then a non-
zero, non-unit element pe R is called pnme -element if p|ab implies

either p|a or p|b, where abeR A

o,

Example: 2 is prime element in Zg. o

Observations:

(i) It may be observed that p € R is not irreducible, if there exists a
pair of element a,b € R.such that p = ab where a and b are both
non-unit element of R.

(i) It may be observed that p e R is not prime, if there exists a pair
of elements, a,b < R such that p|ab, but p,(a & plrb .

(iii) Irreducible and prime elements in a commutative ring with unity
are always non-zero and non-unit elements.

(iv) There may exist elements in ring R which are prime elements of
R but not irreducible elements.

Example: In Zg, 2 is prime element but not irreducible element.

(v) There may exist elements in ring R which are irreducible
elements of R but not prime elements.

Example: In Z[J-—s ] = {a +bJ5:abe Z} , 3 is irreducible but
not prime element. -

(vi) There may exist elements in ring R which are both prime and
irreducible. .

Example: In ring of integers Z, element 3 is both prime as well
as irreducible element.
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18.

* (vii) Thefe may exist elements in ring R which are neither prime nor
irreducible.

Examplé: In ring of integers Z, element 4 is neither prime nor
irreducible element.

(viii) In an LD. every prime element is irreducible element.

(ix) Set of Units of Z[{] is {1,—1,i,—i}

(x) Set oflUni'ts of Z is {L—1}

(xi) Let F be any field. Then set of units of £ is F —{0} i.e. every
non-zero element of a field is a unit.

(xif) Set of Units of M ,,X,,( ) is GL(n F )

.(x'iii) FOr d A , Z[\/Zi-] {a +b\/:i- a; be Z} isan mtegral domain.

(xiv).For deZ”, Q[\/Zi-] {a+b\/:1- abeQ} 1saﬁe1d

(xv) Let R be an Integral Domain and a; b be two non-zero elements
of R.Then g and b are assocxate iff a|b and bla.

Characteristic of a Ring: The smallest: posmve lnteger n is said to be
characteristic of aring R if na=0 VaeRde 1f a+a+..+a=0.1f
N —

\ E ntimes

- no such positive integer exists, then chara enstlc of ring is 0. It is

denoted by char R.

Properties:

(1) Let R be aring with unity 1. Then characteristic of R is equal to
the order of 1 under addition provided it is finite if it is not finite
then charR=0.

(i) The characteristic of an integral domain is either zero or prime
number.

(iii) The cardinality of a finite integral domain is of the form p” for

some prime p and reZ*

(iv) The cardinality of a finite field is of the form p” for some prime

pand reZ”*

(v) The characteristic of a field is either zero or a prime number.
(vi) The characteristic of a non-zero Boolean ring is always 2.
(vii) Let R be a commutative ring with characteristic p , where p isa

prime number then. (a+b)? =a? +b¥ Va,beR

(viii) Let R be a ring with characteristic » and suppose that

ma=0 Y aeR and for some meZ" then n divides m i.e. m
is multiple of » . . .

o
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CHAPTER 2

SOME IMPORTANT STRUCTURES

20 (2@, Op ) isa Commutative Ring with Unity w.r.t.
®,, : addition modulo
é , - multiplication modulo m
-Pugi'opé.rt_ie_s':.' .
() Number of urits = o(m)
(i) LetU (Z m ) be set of units of Z m» then U(Zm) will form the group.

(iii) U(Zm)z{x €Z, |g.c.d.(x,m) =1}

(iv) Every non-zero element is either unit of zerd-divisor.

(v) Number of zero-divisors =m— (cb(m) + ])

(vi) List of zero-divisors =Z(Z,,) = {x‘e Zmb'g.c.d.(x, m) 1}
(vii) Z,, is integral domain if and only if m is prime.

(viii) Z,, 1s field if and only if m is prime.

(ix) Number of associates of ‘a’€Z,, are ¢(o(a)) . Where order of a is

' calculated with respect to addition.

(x)  List of associates c/(a)= {x eZ

m mzo(a)}

(xi) Number of nilpotent elements in Zp,, =p

(xii) List of nilpotent elements in Zp,, = {k.p € Zp,, ]k = 1,2,....}

ny

(xiii) If m=p{II pgz veee Py

Then number of nilpotent’elements in

-1 m-1 m-1  *p-l
Zw=p;" Py Py py

28A/ll (Fu'st Floor) Jul Saru, Hnuz lﬂms, Near LLT., New Ddln-110016, Ph.: (011)-26537527 Cell: 9999183434 & 9899161734, 8588844789 n
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" (xiv) List of nilpotent elements in.

Zs m=p{t py* ..ppr ={k(py P22y
(xv) ae€Z,, isnilpotent if and only if every prime divisor of m divides a .

(xvi) Nu_mbgr o_f__ider_npot_ent elements in Z,, = 2% Where k is number of

" -distinct prime divisor of m .
* (xvii) Number of idempotent elements in Zp,, are two i.e. {0,1}

Examples: Consider the rihg (Z9. 939, O0)

~ (a). Number of units = $(20) =8

List of units ={1,3,7,9,11,13,17,19)}

(b) Number of zero divisors =20—(8+1)=11

List of zero divisors ={2,4,5,6,8,10,12,14,15,16,18}
(¢) Number of associates of elements ‘2’ € Z,, 6(2) w1th respect to

addition is 10 $(0(2)) = $(10)= 4 o

List of associates of 2’ € Z,, = {2,6.,1'4‘?‘18‘} -

(d) Number of idempotent elements =22 =4.
Note: ¢(n) used above was the Euler’s ¢ function.

- 2.2. V= {Setof All Functions From R to R}

Where R is aring. Then define addition operation as follows:
V f,geVi(f+g)(x)=f(x)®g(x) ¥V xe R & define multiplication as
follows:

Vf.geV; f.g(x)=f(x)0g(x) VxeRr

Where @ & O are addition & multiplication of ring R.
Then (V,_+, *) is aring.

Properties:

(1) V hasunity if R has unity.

(ii) V is commutative if R is commutative ring.

(iii) V' is never integral domain even if R is integral domain.

(iv) V always have infinite zero-divisors even if R (infinite) is ihtegral
domain.

(v) V is finite ring if and only if R is finite ring.
(vi) There exists elements in V. Which are neither zero-divisor nor units.
(vii) Any function which is not zero anywhere is unit hence there are infinite
units in V' if R is infinite. Y
2.3.  V,={Set of All Continuous Functions from R to' R}
Where R isring
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24.

2.5.

- Then define addition operation as

V f,geV, (f+g)(x)=f(x)®g(x) VxeR
& define multiplication as

v f,geV,

fg(x)=f(x)og(x) vxeRr

Where © & (D are addltlon & multlphcatlon respectlvely of ring R.
Properties: ' o '

() 7, hasunity if R has unity

(i) 7, is commutative if R is commutative

- (iii) Vv, _is__nev_er integral domain evenif R is integral dqmain

i) v, is finite if and only if R is finite ring.

(v) Any function Wthh has countable zero’s is neither zero -divisor nor unit -

if it has atleast one zero.
(vi) Any function which does not have zero is a unit.

Lets Combine Several Rings into One Large Product Cartesian
Product

Let R, & R, are two rings

Then R=R| xR, = {(a b ‘a €R, be Rz} isa. r1ng w1th respect to
componentwise addition & componentwise multlphcatlon

ie. (a,b)+(c,d)=(a® c, bD,d)
(a,b)+(c,d)=(a0;c, bO, d)
Where ®; & Q are addition and multiplication of R; i=1,2 respectively.

Properties:

() R is commutative if and only if both R, & R, are commutative.
(ii) R has unity if and only if both R, & R, have unity.

@iii) Let U(R) be the group of units of R & U(R;) is group of units for
i=12

Then U(R)=U (R))xU(R,)

(iv) If R;'s are non-trival rings then R is never integral domain i.e. always
has zero-divisors.

(v) Char(R)=k
k=0 if either Char Ry =0 or CharR, =0
& k=Lc.m{Char(R;), Char(Ry)}
If both char (R;) & Char (Rj) are non-zero.
(vi) R is never integral dgomain if R & R, are non-trivial.

Boolean Ring 3
A ring R is said to be Boolean ring if all of its element are idempotent.

Some hmportant Structures
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" Examples:
M) (Z2,9,,0,)

(i) ZpxZpx Zz ..... x Z, with respect to componentwise addition &

n— copm

componentwiée multiplication.

- (m) Lg% Zz X...... L. infinite Cartesian product with respect to

componentwme addition & componentw15e mu1t1p11cat10n

Pro.pertie;:
(i) Boolean ring is always commutative
- (i) _a..+_a=0 Va
i) a+b=0 = a=b -
" (iv) Char (R)=2
(v) Cartesian product of Boolean rings-is Boglean\\ﬁng. s
2.6. Group Rings R

Fix a commutative ring R with identity 1 #0 anid let G {81,825 28}

be any finite group with group operation wntten muitlpllcatlvely Define the
group ring, RG,of G with coefficients mJE to. be the set of all formal
sums.

aqg1+ax gy +..... +a,g,
a;eR, 1<i<n.

If g, is the identity of G we shall write a,g; simply as g . Similarly, we
shall write the element 1g for geG simply as g .

Addition is defined “component wise”
(ayg) + a8y +..+a,8, ) +(byg +bygy +..+ b,8,)
=(ay+g1)g +(ay +by)gy +...+(a, +b,) 8,

Multiplication is‘performed by first defining (ag; )(bg j) =(ab)g;, where
the product ab is taken in Rand g;g; = g is the product in the group G .

This product is then extended to all formal sums by the distributive laws so
that coefficient of g, in the product

(ag1 +...+a,g,)x(byg) +..+b,8,) is Z ab;
8i8 =8k

It is straightforward to check that these operations make RG into a ring
(again, commutativity of R is

not needed). The associativity of multiplication follows from the
associativity of the group operation in

G . The ring RGis commutative if and only if G is a commutative group.

Example: Let G = Dy, the dihedral group of ordero8 with usual generators
r,s

D4=r4=s2=1 & rs=sr

-1
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andlet R=7Z

the elements oo =r + P - 2s

and B = ~31” +rs

are typical members of ZD, . Their sum and product are then
OL+B=r—2r2 —25+rs

ap= (r i r? - 2_3‘)(_—3r2 + rs)

= r(—3r2 + rs) 72 (—3r2 +VrS') - 2s(—3r2 + rs)

:—3r3 +r2s—3+r3s+6r25—3r3
=3-5" 4T+

Note: Definition of addition and multlphcatlon n RG restncted to the
elements of R is just the addition and multlphcatlon 1n R

Properties:

(i) Thering R appears in RG as the “Constant” formal sums i.e. the R
multiples of the identity of G . i

(ii) Elements of R commute with a‘ii" é"lem;i?i‘fé\’éf RG.
(iii) Unity of R is the unity of RG.
(iv) The group G also appears in RG i.e. g;'s will appear as lg;

(v) Multiplication in the ring RG restricted to G is just the group
operation.

(vi) G is subgroup of group of units of RG.
(vii) If |G] >1, then RG always has zero-divisors

Explanation: Let g€ G & o(g)=m>1

g™ =1 :>(1—g)(1+g+...+g’”—l)=1—g”z =0
so 1—g is a zero divisor.
2.7. Matrix Ring

M, (R) the set of all nxn matrices with entries from ring R fornfs a ring
with respect to ordinary matrix addition & ordinary matrix multiplication.

§ o Properties:

28A/11, (First Floor) Jia Sarai, Hauz Khas, Near LLT., New Delhi-110016, Ph.: (011)-26537527 Cell: 9999183434 & 9899161734, 8588844789
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2.8.

@) If R is any non-trivial ring (even a commutative one) & » > 2 then

M, (R) is not commutative with unity.
i) M, (R) has zero-divisors for all non-trivial ring R whenever n>2 .

(iii) If R isinfinite ring M, (R) has infinite zero-divisors whenever
n>2,

(iv)" Center of ring M, (R) is set of all scalar matrices if R is
co‘mmutative.

v) If n>2 thenif 4 is strictly upper triangular matrix or strictly lower
' _-trlangular matrrx then A" =0 '

~ (vi) Property (v ) 1mp11es that if R is infinite then M (R) has infinite

nilpotent elements.
C[0,1]= {Set of All Continuous Functions from [0,1] to R}

Then C [0,1] is a ring with respect to compdhentWisé addition &
componentwise multiplication. '

e, (f+8)(1)=f(x)+g(x) vxe[o]
f-g(x)=f(x).g(x) Vxe[o]]
Properties:
@ C[0,1] is CRU.
(i) There are infinite number of units.
(iif) Every function which are not zero at any point is uhit.

(iv) There are functions which are neither zero divisor nor units.

(v)  The functions which have finite or countable number of zero’s in

[0,1] and have atleast one zero are neither zero-divisors nor units.

(vi) There are infinite zero divisors.

N > =

Example: f(x)z{ 0
x-a;

x—a; 0<x<a
&g(x)={ 0; a<x<l

There are infinite choices for a € [0,11
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SUBRING AND IDEALS

3.1.

3.1.1.

3.2.

3.2.1.

Subring

Let (R, +) be a ring. Then non- empty subset S of R is called a subring of

R, 1f(S +,%) isaring.

Subring Test

L S#EY & ScR then. s 1ssubrmgofR 1fand0nly1f Va b s

- (i) abeS

(i) a-beS

Similarly we can define subfield of a field & s{ibﬁl\iVié}‘;ﬂf_TmS of a Division
ring. o e -

Subfield

A non-empty subset S of field F is sald to ‘be- subﬁeld of F if S formsa
field under the binary operation of F.%. . ™

Subfield Test
S#¢, S F is said to be subfield iff V a,b,eS & b#0

() a-beS

(ii) ab' S

Examples:

(@) Q issubringof R

(b) Z is subring of C.

(c) Theset E of even integers is a subring of the ring Z of integers.
(d) The intersection of two subrings of a ring R is a subring of R.

Remark: The union of two subrings of R need not be a subring of R.

(e) {0,2,4} is subring of (Zg, & 06)"'

9

(® Z[i]={a+bila,b<Z} is subring of (C,+ )

(8) S= {The setofall nxn Diagonal matrices over R } is subring of
M, (R) under matrix addition & matrix multiplication.

ar LLT. New Delki-110016, Ph-: (811)-26537527, Cell: 9999183434 & 9899161
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() (Z, ®s, O5) is not subring of (Z, ®;, Og)

() S={a+bi+c+dk;ab,cdel}& R={a+bi+c¢j+dk; ab,c,deQ}

where S is set of integral quaternions & R is set of rational quaternions
then S is subring of R.

G) S={(r.r)|r € R} is subring of RxR where R is aring.

o a . a+b : : :
k) -S= b B :a,beR;> & R=M,(R) then S is not a subring of |-
a o N

() Centre of aring R, denoted by Z(R), is a subring of R .
(m) Normalizer N(a) of an element 'a’ of aring R is a subrmg of R
where N(a): -{xeR|ax xa}

Observatlons

(1) Center of a division ringis a ﬁeld

(i)  Subring of a commutative ring is commutatlve

(iii) Subring of a ring without zero devisor is, also w1thout zero divisors.
(iv) ’{‘here exist rings with unity 1 having a subnng thh unity not equal to

: b}
Example: Consider M, (Z) = {{a d} a,b, ¢ de Z} which is a ring
¢

1 0 : . 0
with unity [O 1] . Itis easy to VQgify '*--that S= {[g O] ‘ae Z} isa

1 0
subring of M,(Z) with unity (O 0] .
) a 01 0 IOaO)(aO]
Since = =
0 0o)lo o) lo o)lo o/ L0 O
1
thus 0 # 1~O.
01 00

(v)  There exist rings with unity having a subring without unity.

Example: The ring Z of integers is a ring with unity. But the set £
of even integers is a subring of Z without unity.

(vi) There exist non commutative rings with commutative subring.

Example: Consider the ring M, (Z) of 2x2 matrices over integers is
non commutative

. 1 1)0 1 1 1Y(0 131 1 01
since = , =
0 11 0 1 0,1 0/i0 1 11
1 1)y0 1 0 1)1 1 °
and so # . A
(0 1)(1 0] [1 0)[0 J a
y al ) . Lo
*But the set § = {(O OJ ae Z} is a subring of M (Z) which is

' . (a0)(b0) (ab 0) (b O0Yao0
commutative, since = 1=
000 O 0 0 0 0)IO O

Subring and Hdeals
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3.3.

3.3.1.

3.3.2.

3.3.3.

i '('viii‘). Sum of two subring of a ring may fot be_ asubring. - | -

i) There exist rings without unity having subring with unity.

b .
Example: R = J(Z OJ ra,be Z} is a ring which has no unity. The
AN

LoY(o (11
possible unity of R are ( \ 1)( } and it can be verified
\00)100/100

v
that none of these is a unity of R.

s
-®

a 0) L g 10y |-
However, S = ‘a,beZ; is asubring of R, which has | S
S 00 _ 00
as the unity of §. '

Definition: If S and T are two subring of a ring R , then their sum is
definedas S+T ={a+b:aecS,bel} '

S (a c) (o ¢) ‘
Example: Let S = cabecely, T=<| . |iceZ
b0, 1T 10 0

. 11Y(22 11Y22) (42

It is clear that , eS+7T,| - = eS+T
1020/ 10)l20) |22

Hence S+7 is not a subring of My (Z) . ..

(ix) Inasubring ax=>5 can have mcjfe--thz%ﬁ’ one solution.

x) If AcBUC = AcBor AgVC"--.vyl‘l_:e;r'éfA,B& C are subring of
ring R . ’

(xi) Subring of integral domain will be integral domain.
(xii) If R be aring with char R=n then M, (R) has characteristic n.
(xiii) If S is a subring of aring R then.
(a) Ifchar§S & charR are finite then char S < char R
(b) If S & R have same unity, then char S = char R .
Left Ideal

Let R be aring and / be a subset of R then [ is said to be left ideal of R
if I is subring of R and foreach e R and ael,rael

Right Ideal

Let R be aring and / be subset of R then [ is said to be right ideal of R
if 7 is subring of R and foreach ael,r R, arel

Ideal

A subset I of aring R is said to be ideal if / is both left ideal and right
ideal. :

Ideal Test
A Non- empty subset 4 of aring R is anideal of R if

(a) a—b € 4 whevever a,b € 4

28A/11, (First Floor) Jia Sarai, Hauz Khas, Near LLT., New Delhi-110016, Ph.: (011)-26537527, Cell: 9999183434 & 9899161734, 8588844789
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(b) ra & are A whenever ac 4 & reR
Remarks:

(i) Let R be aring then subring R and {0} are ideal of R and called
improper ideal of R

(ii) Anideal 7/ #R ofaring R is called proper ideal
(iif) Many authors consider {0} as proper ideal and many improper ideal.
Examples: | | |
(@) {0} & R are always idcalé of R'& called Trivial ideals
(b) nZ isideal of Z.
) (© M, (kZ) is i_dea..l'.bf M,(B Vel ‘
(d) Let R be ring of continuous functions from R to R .-
Let 4 ={f ele(O) is even inte'g’er} ~
Then A is subring but not an ideal of R .

(e) Let R be ring of all real valued functxons of a real variable. Then the -
s(lilbslet f§‘ of all differentiable functxons is.a subrlng of R butnot an
ideal of R. ,

® A={(px.y)x

Properties:

} is ideal of Zx,@.'/Whgre, p is prime.

(i) Inacommutative ring R every left ideal or right ideal is ideal of R

(ii) Every ideal ofa ring R is a subring of R but converse need not be
true.

Example:

The set of integers Z is a subring of ring of rationals Q but it is not
ideal of Q as

le@ and 3eZ but l.3=§eZ
2 2 2

(iif)  Arbitrary intersection of ideals of R is an ideal of R.

(iv) Union of two ideals of aring R need not be an ideal of R.
Example: We know I = (2) ={..,—4,-2,0,2, 4,..} and
J=(3)={...,—6,-3,0,3,6,...} are two ideals in the ring Z of integers.
Now JuJ={..,—6,-4,~3,-2,0,2,3,4,6,...} and it is easy to see that

3elvuJand 2elUJ, but 3—2=1¢1UJ, hence I\ J isnotan
ideal of Z.

(v)  The sum of two ideals of aring R is anideal of R i.e.if / and J are
two ideals of aring R,then I+ J={a+b:aecl,beJ} is anideals of
R.

(vi) If I and J are two ideals of a ring R, then their product IJ defined
{IJ ab+ayby +...+ab,a;el,bjed,1<i<n

and » being a positive integer}

is an ideal of
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: '(vu) If I and J aretwo ideals of aring R, then IV cI+J.

(viii) Let R be a ring with unity 1 and 7 be an ideal of R. If 1/ then
I=R

SR —

yi.
N

i

i

!

t

b

(ix) Let R be aring with unity 1 and I be an ideal of R. If € then
I =R, where y is any unit element of R.

(x) Let F be afield then {0} and F are only ideals of F

(xi) Let R be aring then Centre of ring Z(R) is subring of R but it need
not be ideal of R.

Example: Let M,(Z) be the ring of all 2 x 2 matrices over the”ihAt"eg'e.rs'; '

p
Y PR LRAR 0 (AN
Hem”:[g 2J€Z(MZ(Z)). B

We proceed to show that Z(M,(Z)) is not an iuc'iééilﬂ.(‘ifﬁM'z (2).

. b ) 0 4
For any X-=(a d]eMz (Z) and 4 =[§ ]eMz (Z) we see that

For s=[i (I)JGMZ(Z),A={§ g] (MZ(Z))‘ fvehave
ol o 36 el

Hence Z(M(Z)) is not an ideal of M2 (Z) |

Observations:
(1) If R is a commutative ring then

N(R)={a‘aeR & a™=0 for some m 1] is anidealin R .
N(R) is called nil-radical of R .

(i) If R is a commutative ring then JI ={

a” eI for some nzl}

T

Note: If I =0 , Then /T is the Nil-radical.
(iii) Any ideal of ZxZ is of the form mZxnZ; m,ne Z

(iv) If R is commutative ring , | a,....a, € R then
I=Ra;+Ray+....+ Ray, is a, idealin R. . F

Explanation: If x,y eI, Then x=Aa; +....A,a,
y=wya +....+p,a,

—y=(M -+ (X, —p,)a, €1
= x-yel '

L & ax=aMay+.....+ak,a,€l; acR

= axel

Hence I is ideal.

om




3.3.4.

3.3.5.

is an ideal. .

(vi) N(Z,) i.e. nilradical of Z, is non-zero iff n is divisible by square

of a prime.

Reason: Let n is divisible by square of prime p .

Then n=p*m; A _>,'2; ged.(m,p)=1

* Then ;=p_m'eZ,,;2¥_6-&' (E)X=0

Thus Z, has non-zero element 7 in the nil-radical.

-Cbnvéréely, assume that -~ -

3 a#0 in nilradical.

—\A -

Then (a) =0 (A22)

If p is prime factor of a
= p)‘ divides n; A>2

Remark: In Z , 3 (non-zero) nilpotent element-if and only if » is divisible
by square of a prime.
Ideal Generated by a Set

Let S be any subset of a ring R. Anideal / of R is said to be generated
by S if '

(i) Sci
(i) If J is any ideal of R such that S< J, then I < J.

We write ideal [ as =(S>. Indeed (S) is the smallest ideal containing §

Co-maximal Ideals

Two ideals I and J ofaring R satisfying I +.J =R are called co-
maximal ideals.

Results:

(1) Let I and J-be any two ideals of aring R. Then I +J is an ideal of
R generated by 10 J.

(i) If I and J aretwo ideals of a ring R, then /U J is anideal of R iff
either IcJ or JcI.

(i) Let I and J be two ideals of a commutative ring R with unity' such
that /+J=R. Then U =INJ.

Eloa a.Seral. Hag <has

R A T T e e R

E-fail: infod)dintacademv.com:
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Observations:

(1) Let I beleftidealand J is right ideal of a ring then IJ is always an
ideal of R but JI may not be even one sided ideal.

0
Example: The set I = {[Z O} ra,be ZL is a left ideal and
J .

b .
: J={(g 0]:a,be Z} is a right ideal in the ring M, (Z) of 2x2

matrices over integers.

‘We see that | ¢ difa 0 _ ac+bd 0
0 0)lh O 0 0

00 4 . 0-0) "
11 ' '

11 10 ._
ST = ¢ JI and TS = gJl
00 - 10) 7

Hence JI is neither a left ideal nor évﬁgh‘t*\-ideal of M,(Z)

(ii) The intersection of two left (rlght) 1deals of aring R is a left (right)
ideals of R .

(iii) The intersection of a left ideal and riéﬂﬁdeal of aring R may not be
even a one sided ideal of R.

' 0
Example: The set I = {EZ OJ ra,be Z} is a left ideal and

b
J ={(g sza,be Z} is a right ideal in the ring M, (Z) of 2x2

matrices over integers.

a 0 1 0
INnJ= raeZ; clearly, elnJ and
0 0 0 0

G DEMZ(Z)
oy 0y gor
b o oo o)erns

(iv)  The sum of two left (right) ideals of aring R is lefi (right) ideal of R.

(v)  The sum of a left ideal and a right ideal of a ﬁng R may not ideal of
R.
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p
0
Example: The set | = {Z OJ ra,be Z} is a left ideal and

b 1
J={Lg O]:a,ber is a right ideal in the ring M, (Z) of 2x2

matrices over integers. Y

We have I+Ji{['x- Z]:x,y,zeZ}
o\ 0 _

Yy (1)
Clearly, [1 0] eI+ J and [1 JGMZ (Z) but

[13][13 ﬁ ﬂeHJéndq 3(1 0] @ Helu

Thus 7 +J is not even a one-sided ideal of M, (Z).

(vi) There exist ideals J and J ofaring R such that ' < J < R where 1
is ideal of J and J is ideal of R but./ is'not ideal of R.

Example: Let R=<|y; vy, »n ‘:'xl-_‘, yi;:;éZ ,

0 0 zj).
0 0 x 00 x
I=510 0 O0|:xeZ}, J=4|0 0 y|:x,yeZ;.
0 0 0 000

Then [ is an ideal of J,J is an ideal of R. But / is not an ideal of

R, since

1 1 10 0 1 0 0 1

1 1 1{/0 0 O0(={0 0 1(|el
0 0 1)l0 0 O 000

(vii) Let R be a ring with unity and / be proper ideal of R then no
element of I can have multiplicative inverse.

(viil) Let I be an ideal of ring R such that 7 # R and R has unity 1 then
lel

(ix) Let I be anideal of ring R and S be subring of R. Then I NS is
ideal of §

(x) Let Z beringof integers and {m), (n) be ideals of Z . Then
(@ (m)+(n)=(a), where a is GCD of m,n

®  (m)(n)

i

(b), where b is LCM of m,n




Subring and ldeals

'(xi) Every ideal of M, (R) ring of all (nxn) matrix over ring R, is of the
ferm M, (J) where J is an ideal of R.

3.4. Simple Ring

Aring R is called a simple ring, if

? (a) There exist two element a, b <in R such that ab # 0.
(b) R hasno proper 1deals Le, the only 1deals of R are { } and R

Results:

(i) Everydivision nng i$ simple ring :
(ii) LetR be a commutative simple ring with unity. Then R JS a ﬁeld

(i), A commutatlve nng R w1th unxty isa ﬁeld 1ff 1t has no proper 1deals .

(iv) The set of 2x 2 matnces over rat10na1 numbersa e

(v)  Characteristic of simple ring is either»ze;n orpmne
(vi) If D is division ring M, (D) is sirﬂnpfé'.*
3.4.1. Maximal Ideal S
Anideal M inaring R is called max1mal ideal.of R if M =R and the

%‘ | only ideals containing M are M and R f.e:if.3 ideal U of R such that
i : M cUcCR. Theneither M=U or U=R.

Examples:

@ 4={(pxy)

X,y € Z} is maximal ideal of Z xZ where p is prime.

(b) 4={(3x,y)

x,be Z} is maximal ideal of ZxZ
(¢) pZ is maximal ideal of Z , where p is prime.
@ {(0,0),(0,1)} &{(0,0),(1,0)} are the maximal ideal of Z, xZ,

(e) 2ZxZ is maximal ideal of ZxZ .

f) 4= {f eC[0,1]: f(%] =0= f(%]} is not maximal ideal.

(&) 4= {feC[O 1]: f( J= }ismaximalideal.

3.4.2. - Prime Ideal

_ Let R be a commutative ring. An ideal P is called a prime ideal if P# R
and whenever the product ab of two elements a,b € R is an element of P,
then at least one of them is an element of P i.e. whenever abe P then
either ae P or be P.

28A/11 (First Floor) Jia Sara, Elllz Khas, Neéar LLT, New ‘Delhi-110016, Ph.: (011)-26537527, Cell: 9999183434 & 9899161734, 8588844789 ﬁ
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Examples:

(@) I={(a,0): aeZ} then I is prime ideal of ZxZ but not a maximal

ideal.

(b) pZ is prime ideal of Z. Where p is prime number.

© {(0,0),(0,1)} &{(0,0),(1,0)} are the prime ideal of Z, x Z, .

(d) A{feCOl f[%] = (]} 1snotpr1me1deal

(e)_.A {feCOl]f ] }1spr1meldeal

Nl—-

Results:

(1) Let R be commutative ring. Then R is ﬁeld 1f and 0nly1f {0} is
maximal ideal of R . ’ I

(i) Anideal M =nZ={nx:xe 2} is maxim:;ilai‘:ciééi‘ﬁ:f;;z if and only if »
is prime number. - -

(i) Let R be aring of all real-valued contmuous functlon on the closed

interval [a,b]. Then for c €(a, b) M { f eR f(c)=0} is maximal
.ideal of R. S

-,

(iv) Let R be a commutative ring w1thumtyT hen anideal M of R is

maximal if and only if % is a field.

(v) Let R be a commutative ring. Then an ideal M of R is maximal if
and only if e is a simple ring.
M
. . Z .
(vi) For each prime number p,— is a field .

(p)

(vii) Let R be aring with unity. Then an ideal M of R is maximal if and
only if M+<a>=R VYaeM.

(viii) Let R be a commutative ring. Then the ideal P of R is prime ideal
in R if and only if % is an integral domain.

(ix) Let R be a commutative ring with unity then every maximal ideal of
R is prime ideal of R. But the converse need not be true. -

Example: {0} is prime ideal of Z but not maximal ideal of Z.

(x) The prime ideals of Z are just the ideals generated by prime numbers
p together with the ideal {0}.

Subring and ldeals
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' (iii) "The mtersectlon of two max1ma1 1deals of aring’ R may not be o

(xi) Let R be a commutative ring and /,J be 1deals of R and P is prime
ideal of R such that IJ < P. Then either / ¢ Por J< P.

(xii) Let R be finite commutative ring with unity. An ideal / of R is
maximal if and only if / is prime ideal of R .

Observation:

(1)  There exists a finite commutative ring which has maximal ideal which
is not prime ideal.

Example C0n31der the ring R -{0,2,4,6} under addltlon and
multiplication modulo 8. Then R is a finite commutatlve ring w1th0ut
unity has ideal {0 4} which is max1mal but not prime.

(ii) The intersection of two prlme 1deals of aring R may not be prlme
_ ldeal of R. S . :

max1mal ideal of R . L

Example: Let [ =(2)= {...,—6,—4,-2, 0,2,4\,"6“-,..’..'} aﬁd
~(3)={.,-9,-6,-3,0,3,6,9,..}, '

Then I and J are two prime (maximal ideals).of Z we have

InJ={.,~12,-6,0,6,12,..} =(6) |

Then /N J is neither a prime ideal ndr‘-maximal ideal of Z

(iv) The sum of two prime (max1mal) 1deals of aring R may not be prime
(maximal) ideal of R.

Example: Let R=7.and I =(2),J = (3) be prime ideals of Z . Then
I+J =(2)+(3)=2, which is not a prime ideal.
Note: Similar example can be used in the case of maximal ideals.

(v) The product of two prime (maximal) ideal of a ring R may not be
prime (maximal) ideal.

Example: Inring of integers Z and I =(2),J = (3) "are prime ideals
of Z.

But IV = <2><3> = (6) which is not a prime ideal.
Note: Similar argament can be used for the case of maximal ideals.

(vi) Let R be commutative ring with ideal I then if P is prime ideal of
I then P is prime ideal of R .

(vii) Let R be Boolean ring. Then each proper prime ideal P of R is
maximal ideal.
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CHAPTER 4

RING OF POLYNOMIALS .

One of the mathematical concepts that students are most familiar with and most
comfortable with is that of a polynomial. In high school students study polynomials
with integer coefficients, rational coefficients, real coefficients, and perhaps even
complex coefficients. Notice that all of these sets of polynomials with addition of " |.
polynomials and multiplication of polynomials are rings and in each case the set of
coefﬁc1ents isalsoa nng in this chapter we abstract all of these examples into one.

4.1

_ Polynomlal Ring-

Let R be a ring, N the_ﬁ the ' set. |-

R[x]= {a,,x" ta, X" +ax+ayiaeR, n ENU {0}} forms a ring
with respect to addition and multiplication of pglynq_mlals- as defined below
if f(x)=ax" +a, X" +. . +ax+a |

& g(x)=byx™ + by x™ ot hx+hy o

be two elements in R[x] .

F(x)+g(x)=(aq +by)+(a +b)x+(az¥by)x" +........

F(%)-8(%)= Cppanx™™ + 0+ Cyx® + Cx+Cy

Where Cy =aghy + aby_y +...+ aiby thering R[x] is considered as ring of
polynomials.

Note:

(a) In the first place, we’ll call ‘ x’ an indeterminate rather than a variable.

The symbols x,xz,... here are not unknown elements or variables from
the ring R. These are there only for convenience, say as place indicators
for the elements a;,a,,... of the ring.

(b) One of the polynomials in the ring Z[x] is 1x, which we shall write

simply as x. Now x is not 1 or 2 or any other element of Z[x] , thus

from now we’ll never write such things as “x=1" or “x=2". We call
x an indeterminate rather than a variable to emphasize this change. Also

. . 2 :
we’ll never write an expression such as “x“ —4 =07, simply because

x? —4 is not the zero polynomial in our ring Z[x].
Examples:
(@) Z[x]
® Bl

Ring of Polynomials
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4.2.

(©) C[x]
(d) Z,[x]
(e) Q[x]
Dégree of a Polynomial

Let f( )=ag+ax+..+a,x" €R[x], we say that f(x) is a non-zero

polynormal if atleast one of the co—efﬁments ap, ays--» Ay is non-zero

We say that f(x) has degree n if a, ;tO .We write it as degf( )=n or
deg f=n. :

In other words, the degree of f (x) is the largest 1nteger i for Wthh the: #n
_ "co-efﬁc1ent of f(x) is “not zero. Consequently, if- deg f (x) n, then
a,#0 and a; =0 Vi>n - :

We say degree of f(x) is zero if d6 20 énd\aiv.%o-. Vi>0
In this case f(x) is called a constant polynomial._

Remarks: :
(1) We do not define degree of the zero polynonnal

(ii) If f(x)#0eR[x], then the degree of f (x) is a non-negative integer

Note: Let R be a ring and f (x) _and g(x) be two non-zero
polynomials in R[x] then

(i) If f(x)+ g(x)=0, then deg(f(x)+g(x))Smax{degf(x),degg(x)}
(iv)If f(x).g(x)=0, then deg(f(x).g(x)) <deg f(x)+degg(x)

(v) If R is an integral domain, then deg(f(x).g(x)) =deg f (x)+degg(x)
Provided f(x).g(x)#0 .

(vi) 3 rings R[x], which has polynomials f(x), g(x) such that

(@) deg(f(x) + g(x)) < max {deg_f(x),degg(x)}

(b) deg(f(x).g(x))<deg f(x)+degg(x) Provided that
f(x)+g(x)=0 & f(x).g(x)=0 '
Example:
@ Let f(x)=2+3x+4x*cZ[x] & g(x)=2+3x-4x"cZ[x]

f(
( )+g(x) =4+6x deg(f(x)+g(x))=1 <max{degf(x),degg(x)}

(b) Let f(x)=1+2x2,g(x)=3+}c+2x3 f(x),8(x)eZ4[x]
f(x)-g(x) =3+ x+6x7 +4%° +4x

Ring of Pelvnominls

IR S - Cean s
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Observations:

@)

(i)

(iii)
(v)

™)

=3+x+2x2 +0x° +0x°
=3+x+2x° = deg(f(x),g(x))=

Hence 2 jdeg(f(_x)'g(x)) <deg f(x)+degg(x)=5

If ring" R is CRU" then R[x] is 'CRU. Moreover, unity of R[x] is
same as that of R.

Proof: If R is commutative

_f(x)=a0+a1x+...+a xm

(x) b0+b1x+ +bx o
be two numbers of R[x], then by definition. of product
£(%)g(x)=aghy + (apby +agh)x+ ..
=boag + (boay +bag)x + ‘
=g(x) /()

if R has unity 1 then the polynomlal e( YE1+0x+0x> +.... is
unity of R[x]. '

Converse of the above result is 51sq.11}11_§.

If R be a commutative ring with unity then units of R are also
units of R[x]

Proof: Let ay be umt in R

= I some by € R such'that agdy =1

Let f(x)=a0 +0x+0x% +... |

& g(x)=by+0x+0x* +...

then f(x).g(x)=aghy =1

= f(x) is unit in R[x].

If R is an integral domain then units of R and R|x] are same.

If R is CRU and have zero-divisors then R[x] may have more
units than R.

If R is an integral domain, then R[x] is also an integral domain.
Proof: Let R be an integral domain

Let f (x), g(x) be two non-zero elements of R[x] such that
f(x)g(x)=




Ring of Polvnomials

where f(x)=ag+ax+...+a,x™

g(x)=by +bx+...+b,x"

Since both f(x) & g(x) can notbe constant polynomials
. If constants then ag =0, by =0
So aObO =0 )

F(x)s(x) 20’

Since atleast one of them is non-constant polynormal its degree is
>1. : :

» R being an 1ntegral domain

 deg(f(x)g(x)) = deg f(x)+degg( )31 |
‘Which is a contradiction as f(x)g(x):O o
= cither f(x)=0 or g(x)=0 . -

= R[x] is an integral domain.

(vi)  If R is a field then R[x] is an mtegral domam Infact, R[x| can
never be field. x'\

Proof Consider a non-zero polynomral
f(x)=0+1x+0x? +.. S

Let  g(x)=by+bx+byx*+... be the multiplicative inverse of
e

then  f(x)g(x)=co+cx+crx

should be unity e(x)=1+0x+0x* +.... of R[]

= ¢ =1 c,-=.(.) Vi>0

where ¢y = aghy =0.by =01 .

hence no g(x) can be inverse of f(x)=x

= R[x] is not a field.

(vii)  If R is a field. Then an element of R[x| is unit if and only if it is a
non-zero constant polynomial over R.ie., o & R[x]-{0} is unit
< aeR-{0}

(viii) If R is a non-trivial ring. Then R[x] is always infinite ring.

(ix) If characteristic of a commutative ring R is m . Then characteristic

of ring R[x] is also m.

o

(x) If I is ideal of ring R, then I[x] is ideal of ring R[x].

- 3 28Alll (First Floor) Jia Sarai, Hauz Khas, Near LLT., New Delhi-116016, Ph.: (011)-26537527, Cell: 9999183434 & 9899161734, 8588844789
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.. . R|x
(xii) If R be aring. Then =

-

(xiii) If R is CRU & P be any prlme ideal of R. Then P[ ] is prime
ideal of R[ 1 ' S

(xiv) If R is CRU & M is maximal ideal 'df_ R .Then M [x] may notbe -
maximal ideal of R[x]. | -

Example Let R Z the rmg of 1ntegers & ZZ be max1ma1 1deal

But ZZ[ ] is not'maximal ideal of Z[x]
(xv) If F be an infinite field and f (x)eF [ ]t_«:_, 1f f (a) 0 for

infinitely many elements ¢ of F . Then f ( ) -1s a zero polynomial.
Consequently, if f(x),g(x )eF[ ] and 1f f( )=g(a) for

infinitely many elements ‘a ’ of F . then f ( Y=g(x).

(xvi) If R is aring. Then R can be embedded 1in. R[ ]1e., every ring R

is isomorphic to a subring of R[ ]
Proof: Define a mapping ¢: R — R[x]

as ¢(a)=a+0x+0x*+.. VaeR

this one-to-one since for any a,b € R

¢(a)=0(b)
= a+0x+0x% +....=b+0x +0x? +..e
= a=b

Now, we show that ¢ is a homomorphism.

We have, ¢(a+b)=(a+b)+0x+0x% +...
=(a+0x+0x2+...)+(b+0x+0x2 +)
=¢(a)+¢(b)

and §(ab)=ab+0x+0x* +...
=(a+0x+0x2 +...)(b+0x+0x2 +)

=4(a)- 6(b)

Hence ¢ is an isomorphism from R into R[x]

ie., R canbe embedded in R[x]
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(xvii) If R& R’ are two isdmorpﬁié % then R[x| and R'[x] are also
isomorphic rings.
(viii) I ¢:R—>R Dbe a

kém;_omorphism then define
v R[x]—> R'[x] o

. as
v (ao +apx+...+a,x" ) = ¢(a0)?r¢(al)+ t¢(a,)x" W is also a
~ ring homomorphism.

Ll o Foreenpmme pox i) 2.2 (p-1)) in 2]

, ' (xx) LetR bea commutatlve rmgif f(x) By + QX+ ..+ Ay " & R[x]
is a zero-divisor, then 3 ati element b#0 in R such that
: --bao-bal —ba =0 '

- (xxi) Let f(x)= ao +a1x+ ax .ER[x] then |

(@) f(x) is unit in R[x]di:#ao i8 umt and al,az, .a, are

nilpotent in R . e S

e, "\. -

(b) f(x)eR[x]is mlpotent 4:!> 50>“1>\ ,a are nilpotent in R .

(xxii) A polynomial f(x)e F[x] (whefez F 3 ﬁeid) of degree n can - |-
have atmost n zeros countmg mﬂgp}%;t\y‘

R[x]

(xxiii) The quotient ring 1@,}@0@ 1 hf,lc to field of complex
<x +1> Q y\"”sg "
L

numbers C. e
43. Division Algorithm |
Let R be a field and f(x),g(x)e :
polynomials ¢(x) and 7(x) in R[x] i
either 7(x)=0 or degr(x)< degg(x)
4.3.1. The Remainder Theorem
Let F be a field and a& F and f (x)eF [x], then f(a) is the remainder
‘in the division of f(x) by x—a.
4.3.2. The Factor Theorem
Let F be a field and a e F and f(x) eF[x] Then a is a zero of f(x) iff
x—a is afactor of f(x) :

£] with g(x)#0. Then 3 unique
h that f(x)=g(x)g(x)+r(x)and

4.3.3. Greatest Common Divisor (GCD)

Let R be a commutative ring and f{x ), g(x) be two non-zero elements of
R[%]. A non-zero element A(x eR[x} is called GCD of f(x) and g(x)

if
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43.4. Least Common Multiple (LCM)

Let R be a commutative ring and f(x), g(x) be twe noaszzro elements of
R[x]. A non-zero element I(x) e R[x] is called LCM of f (x) and g(x) if

(ay f(x)/1(x), g(x)/1(x)
(b) Whenever we have 0¢h( )eR[x] such that f(x)/h() and
-g(x)/ h(x) . Then I( )/h(x} LCM- of f(x) g(x} is denoted by
[/ (x). g(x)]=1(

4.4. Irreducible Polynomial and Re'ducible Polynemiel N

Let R be an 1ntegral domaln A polynormal f x)eR{{_ﬂol' :
: ,(1 e. deg > 1) is said to be. an 1rreduc1b1e polynomlal QVer?'

| if whenever f(x)= g( Yh(x ) then degg =0or degl;\\— >
A polynomial of positive degree which is not. medug‘hle\}s {led reducible

over R. . ~\.,\$‘;:M.
Y -\.
Remarks: A

(i) Polynomials of degree 1 are irreducible: over ﬁe 3 F

(ii) We should be careful while talking- aboxgﬁvg;edllcxble elements and
irreducible polynomials as the foilowmgq\ exampte shows us the
difference between the two. ‘

Example: Consider the polynomial ' (x)~=2x2 +2. Smce it can not be
expressed as product of two positive degree polynomials in Z[x].

We notice it is irreducible polynomial over Z .

Again,

25" +2 =2(x* +1)

= product of two polynomials

=g(x)h(x) (say)

Since g & A are the non-units in Z and therefore of Z[x] .

We find 2x% +2 canbe expressed as product of two non-units and thus
f(x)=2x%+2 is not an irreducible element in Z[x].

Hence an irreducible polynomial need not be an irreducible element.

(iii) But every irreducible element in R[x] is an irreducible polynomial
where R is an integral domain with unity.

Proof: Let f(x)eR[x] be any irreducible element.
Suppose [ (x) is reducible polynomial

Then f(x)=g(x)h(x); g(x), k(x) e R[x] where degree g(x)>0,
degree h{x)>C '

\_.
2 At
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Since degree of g & & is positive.

=>g&h are not constant polynomials
g, heR

=> g, h cannot be units in R
= g, h cannot be units in R[x]
P f (x) is not u'redu01b1e element

This contradiction proves our result.

(iv) If F is a field, then every irreducible polynomial of F [x] is irreducible

element of F [ ] and conversely

45, - Irreduclblllty Tests § _ B
1. If a polynomial f(x) is of degree >1 and f(-a)>=_0' for some ae F .-
Then f(x) is reducible over F'., where F is-a field:.

2. Reducibility Test for degree 2 and 3 : Lét F be a field if
f(x)eF[x] and deg f(x)=2 or 3 then f(x) is reducible over F if
and only if f(x) hasa zeroin F. o -

j Example:

(@) f(x)=2x*+4eR[x]

i Since f(x) hasno zero in R

= f(x) is irreducible over R

But, it is reducible over C.

o) f (Jc)zx2 ~2eQ[x] is irreducible over Q, since f(x) has no
zero in Q. But it is reducible over R.

© f (x) =x2 +1 is irreducible over Z5 , but reducible over Zs.

3. Let f(x)eZ[x]if f(x) is reducible over Z, then it is reducible over
Y

4. Mod p irreducibility Test: Let p be a prime and suppose that

; f(x)eZ]x] with deg f>1. Let f,(x) be the polynomial in Z, [x]

| obtained from f(x) by reducing all the co-efficients of f(x) modulo

p if f(x) is irreducible over Z, and deg f(x)=degf,(x), then

f(x) is irreducible over Q.

Remark: Be careful, do not use the converse of above statement if
f(x)eZ[x] and f,(x) is reducible over Z, for some p, f(x) may
still be irreducible over Q.

a

For example, consider f(x)= 2153 —3x% +2x+8
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Then f,(x)=x>+x*€Z,[x]|

fr(x)= x? (x+1) is reducible
But f(x) is irreducible over Q.

Note that, this example shows that mod p 1rreduc1b111ty test may fail
for some..p- and work for others : '

To conclude that a particular f‘ (x)eZ[x] is irreducible over Q. All
we need to do is to find a smgle p. for which the correspondlng
polynomial f,, (x)is Z [x] is irreducible.

- “However, this is not always possrbIe smce f (x) =x +1 is 1rreduc1ble
over Q but reducible over Z for every pnme p The modp .

irreducibility test can be helpful in checkmg for 1rreducrb111ty of -
polynomials of degree greater than 3 and polynomlals with rational
coefficients. : -

Examples:
(@ f(x)=21x>-3x% +2x+9
then over Z,, we have f,(x)= x3+x2+1 ‘
f£2(0)=1and f,(1)=1 | |
= f5(x) is irreducible over Zz (_ B
= f(x) is irreducible over Q.
(b) f(x)=6x>+8x* +6x—4
then over Zs, fs(x)=x>+3x*+x-4
AO=1, f0)=1, £(2)=3
f5(3)=3, f5(4)=2 '
= f5(x) irreducible over Z s
= f(x) is irreducible over Q.
5. Let F beafieldand aeF and a=0
(a) If af (x) is irreducible over F , then f(x) is irreducible over F.
(b) If f(ax) is irreducible over F, then f(x) is ineducibie over F.

(c) If f(x+a) is irreducible over F , then f(x) is irreducible over
F.

6. Eisenstein’s Criterion: Let f(x)=a,x" +a, x"" +...+ay € Zfx] if

3 a prime p such that pXa,, p/a,, p/a, ;..p/ay and P’ Xaq,
then f(x) is irreducible over Q.
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Examples:

(a) Lef f(x)=x2 —4x+2

Let p=2then p/—4, p/2, pX1, p> X2
= f(x) is irreducible over Q.
(b) Consider the polynomial f(x)= X% +1

Since, there is no prime which divides 1.

We can not apply the Eisenstein’s Criterion to f(x).
Consider f(x+1)=(x+1)? +1

. =x?+2x+2

a0=2,a1=A2,a'2 ;—41 _
Take p=2, then p/2, pXL p*X2
= f(x+1) isirreducible over @ "
= f(x) is irreducible.

(© Letf( ) x4 x?—2x-1

Since there is no prime that d1v1des 1 -we can not apply the criterion
here. : :

Consider f(x+1)=(x+ 1)3 + (x+1)2_ 2(x+1)-1

=x> +4x% +3x-1
We have the same situation

Let us consider

f(x=D)=(x=1) +(x=1)* -2(x-1)-
=3 -2x% —x-1

Again it is not possible to apply the criterion.
Consider f(x+2)= X+ 73 +14x+7

Then p =7 will work here
as 7/7, 7/14, 7/7, 7X1, 72 X7

thus by Eisenstein’s Criterion, f (x + 2) is irreducible & hence
f(x) is irreducible.

Remark: One may note that Eisenstein’s Criterion is not necessary for
irreducibility of a polynomial. As we have seen there does not exists
prime p such that p/1 (although the polynonnal could be lrredumble)

¥ —x+1 is imreducible over Q but -Elsenstem s Criterion is not
applicable.
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-Example. The polynomial f(x)= x> = x+1 is irreducible over Q.

" Suppose it is reducible, then it has a root in Q.

Let ﬂ{m,neZ & n=#0, (m,n):l} be a root.
n

3
Chen T Milg
n? no

= m —:mn_z 1 =0
= m =Vn2(m-~;.z.)

=2 im S nietl = a/lfas (ma)=1]

= n=1l
m

= —=tm
n

or that m3—m+1=0

= m(m2—1)=—1

= ﬂl or that m=+1

which gives 1 -1+1=0

which is not possible. Hence x> —x+1 is not reducible over Q.

7. If p is a prime number, then the polynomial x” — p is irreducible over
the rational numbers Q.

8. Irreducibility of pth Cyclotomic Polynomial: For any prime p, the

. P _

pth cyclotomic polynomial ¢, (x) = 2l JO 5 SN +..+x+1is
° x__
irreducible over Q.
i P _
Proof: ¢, (x) =’xp_l +xP 24 4x+l= xx—ll
Now
P P PcyPl . PP Pe

¢p(x+l)=(x+1) -1 x+ CxP7 +. . PCxP 7+ + Cp. 1

(x{l)—l - ' X

Since, p is prime number

plfc, visr<p-1

128Alll, (First Floor) Jn Sani, Hauz Khu, Nur l.l.'l‘ New Ddﬂ-ll“lG, Ph. (011)-26531527 Cell 9999183434 & 9899161734, 8588844789
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’ 4.‘6.

| Ao PCpy=p or pPXC, & pXI
‘Hence; by Eisenstein’s Criterion f (x +1) is irreducible
Therefore f(x) is irreducible.
Examples:

(@ l+x +x? is irreducible over Q.

| (b) l+x+x2 +. -0-x16 is irreducible over Q.
Observatmns
G Maximal  ideals  of Z[x] is of the form
(px)= {Pf ( )+ x(x \f (x) eZ[x]} wlr_ere»- p_ is prime
- 1nteger : ch

(11) If pis pnme number then the number of reducrble polynomrals' N

+1
of the form x* +ax+b over Z are _(_p_)

@(iii) If p is prime number. Then number of uredumble polynomials

({*—1)

2

over Z of the form x“ +ax+5b are

@v) (x) is prime ideal of Z[x].

(V) (x) is NOT maximal ideal of. Z[x]

(vi) (x+1) is maximal ideal of Q[x]

(vii) (x? +1) is maximal ideal of R[x].

(vii)Let F be a field with p" elements then

(F,4+)2Z,+Z,+..+Z, & (F—{o},-);an_l.

n-copies

Some Important Theorem

1. .Let F be a field and p(x)eF[x]. Then <p(x)> is maximal ideal in

F[x] if and only if p(x) is irreducible over F.

2. Let F be a field and p(x) is irreducible polynomials over F. Then

f[x]

{p(x))

3. Let F be a field and p(x),a(x),b(x)e F[x] if p(x) is irreducible
over F and p(x)/a(x)b(x) then p(x)/a(x) or p(x)/b(x) .

is a field.

4 Let f(x)=a,x"+a, X"+ . +ax+ageZ[x] and a,#0 let

g="cQ be such that f(g)=0, where r and p are relative prime.
p .
Then » divides ay and p divides a,, .

5. For each prime p, 3 field of cardinality p" VneN.

- 7 :728A/11, (First Floor) Jia Sarai, Hauz Khas, Near LLT., New Delbi-110016, Ph.: (011)-26537527, Cell; 9999183434 & 9899161734, 8588844789
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4.7." Construction of Such Fields
. A_l_gorithm;

(i) Take a irreducible polynomial p(x) in Z ,[x] of degree n.

o Make a cotiont iy 2201
(iii) Make a quotient ring < ( )>
. ; oo pix

Which is our required field,

(i) Make ideal {p(x))

~~ Notice that ariy member k(x)+< p(x)),of <Zp([);% is of the form .
ag +ayx+..+a, x" 1 +(p(x)) ' o
Thus ﬁ = {ao +ax+..+ aﬂ,‘i_,x”—’l +<p(x)>| fl’; E"Z\p}

Since 4; €{0,1,2,..., p~1}

There a;'s can be chosen in p ways each choice of a; can be selected

Zlx]

in n ways. We find number of elements in

@)

will be

p X p X... X p

%r._/
n-copies

Z, [x]

(p(x))

Example: To construct a field of 9 elements.

Hence

is a field of p" elements

2

Consider f(x) —24x+x
Clearly, f(x) is irreducible polynomial in Z3|[x]
= (f(x)) is maximal ideal of Zs[x]

- Zs[x]
(f(x))

Now, for f(x),p(x)eZ;[x]
3 1(x), r(x)e Z[x] such that
p(x) =f(x).t(x)+r(x)

Where either r(x)=0 or degr(x)<degf(x)=2

is a field

In either case r(x) is of the type ax +b; where a,b € Z,

So p(x)—r(x)=f (x)e(x) (7 (+))

R R T S e e T ey assa
E-mall: infoi@dipsacadenyy.com: Website: www.dipsacademy.
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e, p(3)=r() el where 1= (7 (x)
= p(x)-r(x)+1=1

ie., p(x)+1=r(x)+I=ax+b+{f(x))

is of the form

Hence any @ember p(x)+ < 7 x)> of
arbt(f(x)) |

Z3[x]
7o)

Slnce a, b € {0 1 2 3} can be chosen in three ways and for each ch01ce a, b _

Thus

={ax_+ b+(f(x))

a,b €Z3}

" can be selected in three ways.

Z3 [XJ . \'::""»-_ !
We find the numbers of elements of —=—= will be 3x 3_:_—\9

(r(=)y

L wvu (First Floot) Jia Saral; Hauz Khas, Near LLT., New Delhi-110016, Ph.: (011)-26537527, Celi: 9999183434 & 9899161734, 8588844789
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CHAPTER §

ED, PID, UFD

'Square Free Number

Let d be a non-zero rational ﬁu'mber, then it is said to be square free if it is

not divisible by square of any prime number.

5.1.1 Quadratic Field
. , ‘Let d bea squér_e- free n;ﬁnbéf. Let us define Q(\/E) = {a_ + b\/z a,b_e‘ (@} e
as a subset of C, the set of complex number. Clearly,’ Q(\/Z ) -1s subfield of
- C.

Examples:
(a) Q[\[—‘l :‘ = Q[i] is a quadratic field.
(b) Q[\/g ] = {a +05:abe Q} isa quadr-afic ﬁelid;

5.2  Principal Ideal o
An ideal generated by a single element i"s"'said"tqbe principal ideal.
Examples: ‘
(a) Every ideal of Z,, is principal ideal.
(b) Every ideal of (Z,+,) is principal.
Observation: If (R,+,) is aring and (R,+) is cyclic group then every
ideal is generated by single element hence principal ideal.

5.2.1 Principal Ideal Ring
A CRU is defined as PIR if every ideal is principal.
Examples:
(a) Z,, is principal ideal ring.
(b) Z is principal ideal ring.

5.2.2 Principal Ideal Domain
An integral domain R is said to be principal ideal domain if each ideal I of
R is a principal ideal.
ie., I =(a)={ar:r R} forsome ael
Examples: |
(a) Every field is PID. .
() Z, [x] is PID. :
(¢) Z[x] is not PID. |

- & B ShmocNanr KX T New Delbi- 110016, Phic (01126537527, Cell: 9999183434 & 9899161734, 8588844789
. E-mail: V. ; W S 5 s UGS A T T CVRETIAE  ar
— T T —"

- —__{



. 524 'Euclldean Domam

EB.PID. CFD

ot (5L ML e ATIIN G L1 0 S
An ISO 9001 : 2008 Certified lnstrtute

5§.2.3 Norm on an Integral Domain

Let R be an integral domain then function N:R->Z"* U{O} with
N(O) =0 is called norm on domain if N{a}>0 VOzaeR, N is called

positive norm also.

Examples:

(a) In- Z[i] , the ring of Gaussian integers, the function
N:Z[i]—#Z+ U{0} defined as N(a+ib)=a’+b> Va+ibeZ[i] isa
norm.

(b) In any integrél domain R, the function N:R —~>Z+-U{0} defined as

(a) 0 VaeR 1sanormonR

Let R be an integral domain if 3 anorm N on R such that
(i) N(a<b)2N(a) Vab=0eR

(i) For any acR,beR-{0} 3g,reRr such tha‘t:"__q =bg+r, r=0 or
N(r)<N(b) then R is said'to be Euclidean domain.

Examples:

(a) Z is ED with norm N(a)=|a/, thﬁil:lsua_l_ géé’(;lute value of a.
(b) Every field F is ED with norm ]\\/"as“N(-a)=1 VO0zaeF
Proof: Let 0#a, b#0 eF, then a5¢0 consequently.

N(a)=1 and N(ab)=
= N(a)<N(ab)
Also b#0cF = b cF
So a=(ab‘1)b+0:tb+r
where t=ab™ € F & r=0¢F
hence F is ED
(©) Z[i] is ED with norm N(a-&-ib)=az+b2 YabeZ
(d) The ring Z{x/i]={a+b\/§:a,b62} is an ED under the norm N
defined as N(a-+bv2)=|a* -26?| Va,beZ

(e) The field of rational numbers Q is not an Euclidean domain under- the
norm N defined as N(a)=|a|, the usual absolute value.

(f) The ring 4\/3] ={a+b\/_—?:a,b eZ} is not an ED as there does not
exists any norm on Z[\/-_S ] . |
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525 Umque Factorization Domain (U.F.D.)

53

An 1ntegral domain R with unity is called a unique factorization domain
(U.F.D.), if it satisfies the following conditions:

®

(i),

Each non-zero element of R is either a unit or can be expressed as a
product of finite number of irreducible elements of R.

The above Decomposition is unique upto the order and associates of
the irreducible elements it means if a non-zero, non-unit element

acR is expressible as a = p;p,...p, and a =g, q,...q, Where p,s.

and q;'s are irreducible elements. of R , then 3 ‘a one-to-one

correspondence between p; 's and q, s such that the conespondlng
- elements are assomates In pamcular F=s. :

‘Examples

(a) R[x], ring of polynomials over field of real numbers R.
(b) C[x] , ring of polynomials over field of complex number C.
() Thering Z[i] of Gaussian integer,s..

(d) Z[x] is UF.D.

(¢) For D <0, Z[\/le:{a [“*[—J beZ} is UF.D. if and
only if D=~—1,-2,-3,~7,~11,-19, ~43,-67,~163

(f) For n>3, Z[\/;] = {a +b\/:;; tabe Z} is never U.F.D.

E.D.

@

Integral Domains

Note: All the containments are proper recall that Z is a E.D. butnota

field. The quadratic ring Z[H_ } a P.LD. but not ED., Z[x]

is a UF.D. But not PID and Z[\/jg ] is an integral domain but not
U.F.D.

Observations Over ED, PID, UKD

@)

If R is afield, then R[x] is ED.

T 28Alll (First Floor) Jia Sanli, Hnllz Khas, Near LLT., NewDel.lu 110016 PII. (011)-26537527 Cell: 9999183434 & 9899161734, 8588844789
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(i)

(iv)

™)

- i)

Proof: Since R is field = R[x] is LD.

Further for any two non-zero polynomials f(x),g(x)e R[x], we

have

deg| f(x)g(x)}=deg f(x)+degg(x)= deg f(x)
(Since degg(x)20)

. degf(x)Sdeg(f(x)_g(x)) | _ (1)

We define the norm N on R[x]' as follows.

N(f)=degf(x) ¥ f(x)#0eR[x] - - (2)

then .N-(f)ZO

from (1) & (2) , we see that

N()SN(fe) ¥/#0, g#0eRl]
and by division algorithm for £ (x)=0, g(éc)'é 0 R[x]
there exists f(x),r(x)e R[x] e
such that £(x)=(x)g(x)+r(x),
where r(x)=0 or degr(x)< degg(x)
f =tg+r where r=0 or N(r )<N(g)
= R[x] is ED. & hence P.LD. and U.F.D.

Let A,B be non-zero ideals of a PID R, generated by a and b
respectively then A.B is ideal of R generated by ab ie. if
A={a) & B=(b)  then 4B =(ab)

If R is a PID, then each non-zero element a,b € R have GCD in R.
Also, if d€R is GCD of a and b then d=Aa+pb ; for some
A,peR

Let R be a integral domain and a,b be non-zero elements of R then
(@) a/bandb/a = (a)=(b)
(b) a and b are associate = (a)=(b)

Let R be a PID. Let d; R be GCD of a and b, then d, €R is a
GCD of a and b ifand onlyif d; and d, are associates.

Proof: Let dy begcd. of a,beR
Let d, € R be an associate of d; then d; =ud, for some unit u € R.

If follows that d, / d;, where d;/a and d; /b

Consequently, d, /a and d, /b ' ()

[_' ’ 28Alll (First Floor) Jia Sarai, Hauz Khas, Near LLT., New Delhi-116016, Ph.: (011)-26537527, Cell: 9999183434 & 9899161734, 8588844789 H
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let xeR besuchthat x/a and x/b . -(2)

Then x/d,, since d; is g.c.d.of a and b.

We have d| =ud,

= dy=u"ld,

= d,/d, _ _ .

Hence x/d; and 4, /dz. = x/d,y - (3)
: from (1),(2) and (3); d, isalsoag.c.d.of a and b.

Conversely,

- Let d; and d2 € R be any two greatest common dlvrsors of a. and b
then d, / a anddl/b -

.also, dy/a and d, /b _ ;
since d; isgcd.of a&b = d2 /d, o o ;
since d, isg.cd.of a&bd = d;/d, | o |
as d,/d; & dy/d,
= d; & d, are associates

(vi) Two non-zero elements of a PID R are relatlvely prime if and only if
g.cd. of a &b is unit.

(vii) If R is a PID and a,b are non-zerc‘)méléments of R, then a,b have
LCM.in R.

(viii) If R isaPIDand /, cR be LCM. of a,be R, then , eR isLCM.
of 2 and b iff /| & I, are associates.

(ix) Let R be a PID and a,b are two non-zero elements of- R, then
LCM (a,b). GCD(a,b) =a. b.u for some unit u of R.

Proof: Since R is a PID, a & b possess g.c.d. and . c.m. we suppose
that

, d=(a,b)=gcd. of a&b

| I=[a,b]=lcm. of a&b

By definition of l.c.m. a/I and b/ (1)
= l=ax, I=by forsome x,yeR

Since d isged of a & b

3 A & peR such that
d=ha+pb = lAa+ph)=Ild
= ld=a+Ipwb u

= Ild =byha+axqb

) " 28A/11, (First Floor) Jia Sarai, Hauz Khas, Near LLT., New Delhi-110016, Ph.: (011)-26537527, Cell: 9999183434 & 9899161734, 8588844789
= ajm:mmmmmwmwm“*tzi» R e Y A W T YD s A 207




i
¥

'
i
)

- ,A._T«-__«_A...:,’Fa%:
.
°
L]
.
’
.

WE GE NERATING LG CS
. An 1SO 9001 : 2008 Certified Institute

= ld=ab(ux+2y) = ab/ld

By definition of g.c.d.
d/aandd/b

= a@=dr and b=ds for some r.seR

= ab=drds=(drs)d -(3)

Now |

a=dr and dr/drs

= aldrs, b=ds

and ds/drs = b/drs . ‘ _
"a/drs and b/drs | el Cn(4) | el

From (1) and (4)

!/drs and so drs =1t

For some 7 € R

Putting in (3) gives

ab=1Itd =(Id)t __

= Id/ab N -(5)

From (2) and (5) ab and Ild are asso'ci'étes.

Consequently,

ld =uab, for some unit u e R

Hence [a,b](a,b) =abu , for some unit u € R.

(x) Let R be PID & aeR then q is prime element <> a is irreducible
element,

(xi) Let R be a PID, which is not a field, then an ideal / =(a> is maximal
ideal if and only if 4 is an irreducible element of R.

(xii) Let R be a PID and I be non-zero ideal such that /# R, then I is
prime ideal if and only if / is maximal ideal.

Proof: Let I # R be non-zero prime ideal

Since R is PID, I ={a) for some 0#a </ we shall prove P is
maximal ideal of R . )

Let M beanyideal of R suchthat Ic M cR. We can write
M =<b> for some be M
Since ael and IcM = aeM
= a=bx, forsome xR
. Since [/ 1s prime ideal of R and ae/

either bel or xel if bel

© - 28A/11, (First Floor) Jia Sarai, H2uz Khas, Near LL.T., New Delhi-110016, Ph.: (011)-26537527, Cell: 9999183434 & 9899161734, 8588844789
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then (b)cI = Mcl = M=1

if xel=(a>, then x=gqy for some yeR
consequently,
a=bx = a=bay = al=aby

= by 1 = blsaumt

, Smce M isan 1deal of R. Contammg a unit b, M =R

-"_"(x‘iii')

(xiv)

(xv)

Hence I is a maximal ideal of R.

Conversely, every max1mal ideal of R is a prime ideal of R Because
R 1s commutatlve rmg w1th umty

If R is"a PID ~then every ascendlng cham of 1deals

(a1> (a2> (@) c....c{a,) ... is finite
The quotient ring of a PID by a prime ideal is angin aPID

If R is an ED with norm N and a € R be arbitrary then a is unit if
and only if N(a)=N(l)

Proof: Since R isaED, 1eR

Then by definition of ED
N()<N(Lx) Vx#0eR - (1)
N(1)<N(x) Vx#0eR |

Condition is necessary

Let acR beaunitin R

then a/l i.e. 3 some be R such that

ab = 1, then by definition of ED
N(a)<N(ab) or N(a)<N(1)

From (1) N(1)<N(a)

Hence N(1)=N(a)

Condition is sufficient

Let N(1)=N(1) we shall prove that @ is unit.

By definition of ED. for l,ae R 3 r,t € R such that 1=at+r
where either 7=0 or N(r)<N(a)

if ¥#0 then N(r)<N(a) = N(r)<N(1)
which contradicts (1).
r=0and so la;:at = all

°

= a IS unit.

LD, PID. UFD
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1 ’i (xvi) As a consequence of above result it follows that the only units of Z]i]

are *1, *i.

(xvii) In ring of Gaussian integers, Z[zj a+ib is not a unit then
a’+b° >1

(xviii) Let R be an ED with norm N and a,b be two non-zero elements
of R.Then & isnotaunitof R ifand only if N(a)<N(ab)

(xix) Let R be an ED with norm N . Then
(a) N(a)=N(-a) V0xacR

(b) If N(a) 0 & 0#aeR,then g isunitin R

.(c) N(a )=N(ab) 1f and ‘only. if . b i s u_m_t -in "R .where =
0#a,0#b,a,beR o - I

(xx) R isaUFD. & R[x]isaUFD. L

(xxi) In U.F.D. every pair of non-zero elements have a'g.c.d. and l.c.m.

5.4 Content of a Polynomial

Let R beaPID and f(x)=a,x" +a,_ lx 1+ +a1x+a0 such that a, #0

be a non-zero polynomial over R. The content of 1 (x) is greatest common

divisor of co-efficients ay,ay,...,a, is _deno_ted by e(f)-
5.4.1 Primitive Polynomial
Let R be a principal ideal domain then a non-zero polynomial f (x) over
R is said to be primitive if the content of f(x) is unity of R.
Results:

(i) Let R beaUF.D.and f(x) be anon-zero polynomial f (x) over R
then f(x)=af((x), where a = c(f) & fi(x)eR][x] is primitive
polynomial.

(i) If R isUF.D.and f(x),g(x)eR[x] then C(f2)=C(f).C(g)

(iii) Gauss Lemma: Let R bet a U.F.D., then the product of two primitive
polynomials in R[x] is a primitive polynomials in R[x]

(iv) If R is UFD. and f(x),g(x)eR[x] such that their product
f(x).g(x) is primitive polynomial then f(x) and g(x) are also
primitive polynomials.

(v)  There exists polynomials which are primitive and irreducible both. -
Example: f(x)=x’—6x+3e Ofx] )

(vi) There exists polynomials which are primitive and reducible.

Example: f(x) =x? -5x+6=(x-2)(x ~3)e O[]
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* “(vii) There exists polynomials which are not primitive but irreducible.

- Example: f(x)=2x>-de Zlx]

(viii) There exists polynomials which are neither primitive nor irreducible.

Example: f(x)=2x*-8=(2x~4)(x+2)eQfx]

(ix) If R is UF.D. then any f(x)eR[x] is an irreducible element if and
only if either f (x) is an irreducible element of R or f(x) is an

irreducible primitive polynomial of R[x|.
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CHAPTER-6

RING HOMOMORPHISM

6.1. Let R&R"are two rings and then a map ¢:R— R’ is defined as rlng
' homomorphismi if :

i) f(a+b) = f(a)® f(b) VabeR
() f(a-b) = f(a) Of (b) VabeR
Where + & - are .addition & multlphcatlon of rlng R and EB & O are

addition & multlphcatlon of R" respectlvely

Let us try to understand the schematlc representatlon of a ring
homomorphism by given figure:-

R'
L
/ 1 > .
/ . \/Sﬁ ¢ \
«a T
T, AN
VAR SNl N \
i X, | A
14 . i
.:\\ b 7 #la1oé(b)
ut+ b Y
— —— ¢ j¢(¢l)@¢(’)‘) /

The dashed arrows indicate the results of perforrmng the ring operations.

i

' Then, $:R—> Z

- a b
Such that d{[b GD =a-b

¢ is a ring homomorphism.

Example:

(a) Let R=1

a,be Z} bering & Z is ring of integers.

(b) F be the ring of all mappings R into R with point wise addition and
point wise multiplication.

Then VaeR , we have the evaluation homomorphism ' ' " .
0o (f)=/f(a) YSeF
(c) Themap ¢:Z - Z,

Where ¢(a) is the remainder of a modulo » then ¢ is a ring

homomorphism for each positive integers .

l. .

2 . d(a+b) = ¢(a) + ¢(b) (From group Theory)

¥ : L .

. . a=qn+n & b= gyn+r (Bydivision algorithm)
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a-b= (q1n+r1)-(q2n+r2)
=n(‘I1Q2”+f1‘J3+9’1 ’2)*’1’2
0(a-b) = nr=0(a)o, 6(b)

= ¢:Z — Z, is ring homomorphism and this homomorphism is
called natural homomorphism from Z to Z,

(d) Projection Homomorphism: let R, R, ,......R, be rings, Vi The map

7, R X Ry x..x Ry = Ry, defined by m; (n,r5.73,.0,7,) =7,
(e) ¢:C-»C such that |
.¢(a+zb) a—ib
"Then ¢gisa rlng hémomorphlsm
- As ¢[(a+ib)+(c+id)]=o(( a+c)+.i(b+d-))
=(a+c)-i(b+d)
=(a-ib)+(c—id).
=¢(a+ib)+¢(c+id)
And
¢[(a+ib)(c+id)] = §((ac—bd)+i(ad +bc))
=(ac—-bd)—i(ad + bc)
=(a-ib)c—id(a+ib)
=(a—ib)(c-id)
=¢(a+ib)o(c+id)
Results & Properties: Let ¢ be a-homomorphism from a ring R to a ring
R
Let 4 be asubring of R and B an ideal of R’ then
@ ¢(0)=
(i) ¢(-a)=-0(a) VacR
Because ¢ is a group homomorphism from (R,+) to (R, ®) as well.
(ii)For any reR and any positive integer n , ¢(nr)=n¢(r) and
o) =(o(r))"
(iv) ¢(A)={¢(a)| ae A} is a sub ring of R’
) ¢ (B B)= {rceRld) } is an ideal of R

(V)If A4 is an ideal and ¢ is onto R’ Then ¢(4) is anidealin R'.

Ring Homomorphism
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(vii) If R is commutative then ¢(R) is commutative.Z

(viii)If R has aunity 1, R'={0} and ¢ is onto, then ¢(1) is the unity of R".

(ix) If a € R is nilpotent element then ¢(a)e R' is nilpotent.
(x) If e R isidempotent element then ¢(e)e R' is idempotent.

’ _ (xi) Let R,S,T be three rings such that f:R— S and g:S—>T are ring
' ‘homomorphism then thelr composmon gof :R—>T 1is also a ting
homomorphism. '

6.2. Kernel of Homomorphism

1,1 |
j _ Let ¢ be a homomorphism from aring R to a ring R'
i .

| Then ker¢ isdefinedas . .

- kerp={reR|¢(r)=0}

a b
Example: Let R=
00

‘ b
d{[a D =a be ring homomorphism.

a,beR} be a.«‘ﬁ'ng':&;'q):..R—)]R such that

00

3 0 b
Then ker ¢ = :beRy.
i - 00

Properties: If ¢ is a homomorphism from \.a'r‘ing R toaring R', then

(i) ker¢={0} ifand only if / is one- one
(ii) ker¢ is anidealin R

(iii) Every ideal in ring R is the kernel of a ring homomorphism of R. In
particular, an ideal Ais the kernel of the mapping.

"R
‘R > —
¢ A

[E TR L %

Such that ¢(r) = r+4

R . D
Where y is quotient ring.

(iv) If ker ¢ has m elements then ¢ is m to 1 map.

6.3. Isomorphism
. A one- one homomorphism is defined as isomorphism.
’ . 6.3.1. Isomorphism Rings s

Two rings R & R' are said to be isomorphic if 3 one-one - onto
homomorphism between them.

And then Rings R&R' are said to be abstractly 1dentlca1 i.e. they represent
same structure (Object) in two different notations (language)
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Properties: If ¢ is a homomorphism from R to R’ then:

(i) ¢ is an isomorphism if and only if ¢ is onto and

ker¢ = {r eR| ¢(r)=0'} ={0}

(i) If ¢ is an isomorphism from R onto R'Then ¢_1 is an isomorphism
from R' onto R.

(iii)Every isombrphic image of an integral domain is an integral domain.
(iv) Every isomorphic image of a field is a field

(v) Every isomorphic image of a division ring is a division ring.

Example , A
R I o (a) As abellan groups, (Z +) and <2Z +) are 1somorphlc under the map-‘ AT
' 1227 : L

Where ¢(x)=2x VxeZ
But ¢ is not ring Isomorphisﬁi.
Because; ¢(xy)=2xy
& o(x)=2n,¢(y)=
o(x)0(y)=2x2y=4xp = ¢(xp)
() Letr,seZ & ged(rs)=1 -
Then therings Z,; and Z, xZ, afé"féb"rﬁorphic rings.

Additively, they both are cyclic abelian group of order rs with
generators '

1& (1, 1) in an additive group Isomorphism
Now, for multiplicat.ive condition:
o(m-n)=mn(11)=[m-(L,1)][n-(1,1)]
= 6(m)-4(n)
() ¢:C—C;Where C is ring of complex numbers.
Such that ¢(a+ib)=a-ib is a ring Isomorphism
Observations:

(i) Let R be a commutative ring of characteristic 2. Then the mapping
¢ : R — R Such that

¢(a)=a? is a ring homomorphism.

(il) Any Homomorphism from a field F to a ring R is either one- one or
Zero map. '

(iii) I m & n are distinct positive integer then mZ and nZ are NOT
Isomorphic rings.

28A/11 (Flrst Floor) Jia Saru. Hnnz Khu, Nw l.l.'l‘ New Delhi-110016 Ph. (011)—26537527 Cell. 9999183434 & 9899161734, 8588844789
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(iv) There exists a homomorphism from a non- commutative ring whose
image is a commutative ring.

b h
Example: Let R= {l:g O:I ra,be Z}.

Then R is a non-commutative ring under matrix addition and matrix
multiplication. Now consider a mapping.

¢:R—>7Z defined as ¢ [[g OD =4 is an onto homomorphism.

Hence, Z is a homomorphic i 1mage of R
" Where. Z is commutatlve rmg and R is non- com;mutatlve ring.

(v) There exists homomorphlsm from a rlng w1th0ut unlty whose 1mage 1s ‘
ring with unity. :

Example: Consider the same example discusse'd in observation (iv)

(vi) The ring homomorphism from rmg of mtegers to itself is either zero
mapping or identity mapping.

(vii) There exists a ring homomorphism ¢:R > R' such that ring R has
unity but R' does not have unity. ‘ -

Example: Let $:Z—E (E is ring of e%iét:integers)
& §(x)=0 V xeZ o
Here, we find £ does not have umtyButZ has unity 1.
(viii) There exists a ring homomorphism ¢ : R — R' such that ring R has
unity 1 but £(1) is not unity of ring R".
(ix) Let R & R' berings & ¢:R-—>R' be a homomorphism then
(a) f U is left ideal of R, then o(U) is left ideal of R’
(b) If U is right ideal of R, then ¢(U) is right ideal of R’
(x) Let R & R' be rings
(a) The mapping ¢ : RxR'—> R given by ¢((a,b)) = g is an
onto ring homomorphism. _
(b) The mapping ¢: R — RxR'given by ¢{a) = (a,0) is one to
one ring homomorphism.
(c) RxR' & R'xR are Isomorphic rings.
(xi) There exists a ring homomorphism from Z, to a sub ring of Z,, if
and only if # is odd positive integer. o
(xii) The homomorphic image of commutative ring is commutative.
(xiii) Let R be commutative ring and suppose px=0 VxeR , where p is

a prime number. Then the mapping ¢(x)=x” VxeR is a
homomorphism & this map is known as Frobenius map.




6.4.

" (xiv) The relation of being Isomorphic is an equivalence relation.

(xv) Let R & R'be commutative rings with unity if ¢:R—>R' be ring

homomorphism from R onto R . Then  if
char R is nonzero = char R' divides charR.
Quotient Rings

Let R be a ring and let I be an ideal of R. Since a,bel = a-bel

" we find / is a subgroup of (R,+) is abelian, I will be normal subgroup of
R. '

And thus we can talk of ? , the quotient group.

are equal)
We know ? forms a group under ‘addition’ defmegil by:-
(r+D)+(s+1)=(r+s)+I
We now define a binary composition (produ_ét) ogx%f’by
(r+I)-(s+1)=rs+1
It is a easy exercise to check that this pfc;fluet_ 1swe11 defined on §
Since (a+I)[(b+1)(c+1)]=(a+I)(be 4}"1)' |
=a (bc) +1
=(ab) c+I
=(ab+1)(c+1)
=[(a+1)(b+1)](c+1)
Associativity holds with respect to this product.
Again, as (a+1)[(b+1)+(c+1)] =(a+I)(b+c+1I)

= a(b+c)+1

ab+ac+1

il

=(ab+1)+ (ac+1I)
=(a+I)(b+1)+(a+I)(c+I)
We find left distributive holds. Similarly, one can check that right
distributivity also holds in ? .

And hencég? forms a ring, called the Quotient Ring or Residue Class ring
of Rby I. '

' -I;—= {r+1|re R} = set of all cosets of I-in R ,(clearly'lé;ﬁ_and._r__ight cosets ;. .

. aavii,
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Now, Look atit from another angle. Let R be aring and I anideal of R.
Define a,be R, a=b(modl)if a-b el

Note that this relation is an equivalence relation on R . Hence, it will
partition R into equivalence classes.

Let for any a € R, cl(a) be the corresponding equivalence class of a .
Then, cl(a)={r+R|r=a(mod)}

{reR|r a e1}

{reRir a= x for- somexe[}

={

reR]r d+X; forsomexe[}

={a+x!xe[}

=a+1.

Thus, the quotient ring ? is nothing but the rmg of "éil'.-';cquivalence classes
as defined above. g

In fact, the binary operations defined earli_"e":f‘v;?)‘ul\ci”&.:“ahslate to

cl{a)+cl (b)=cl (a+b); a,b,eR . |

,

cl(a)-cl (b) = cl (ab)

It would be interesting exercise for the reader to verify that ? thus defined

forms a ring.

R
In fact, if R has unity 1 then cl(1) will be unity of 7

§ is therefore also called Quetient ring of R modulo /.
Observations: Let R be aring and U be ideal of R.

(i) If R is a commutative ring, then g is also commutative ring.
.. . R "

(i) If R hasunity 1, Then I has unity 1+ U

(1) If R is Boolean ring then T is also Boolean ring.

Then 5 is commutative ring if and any if S cU ‘

(iv)If S={ab-ba

(v) Converse of observation (i) & (ii) may not be true.

28All 1, (First Floor) Jia Sarai, Hauz Khas, Near LLT., New Delhi-116016, Ph.: (011)-26537527, Cell: 9999183434 & 9899151734, 8588844789
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6.5.

' Ta b
Example: Let R = ( O—I ; a,

Clearly U is an ideal of R

R a b]
Now, —= + U ;abeQ

U |lo o]

'_.aO U |
—00+ ca,beQr

Is quotient ring of R. Here g— is CRU but R is not-commutative &

"does not have unity: -

Some Important Theorems

Retracing the steps backwards, we prove v is one-
Fundamental Theorem of Ring Homomorphlsm

Let ¢ be a onto ring homomorphism from R to R 1hen the mapping from

toR'.
ker ¢

Given by y(r+kerd)=¢(r) an isomthiqm. iﬁ;;;ﬁbols,

L: '
ker¢p

Proof: Let $: R — R' be onto ring homomorphism define v : R - R'

er ¢
Suchthat yw(r+7)=¢(r) V reR where I =ker¢
Then y is weli defined
As x+I = y+I
x—yel=kerd
¢(x-y)=0
o(x)-¢(y)=0
¢(x)=9(»)

y(x+I)=y(y+I)

L A

one.

Again, as

w[(x+])+(y+[):|=\p[(x+y)+1:|

°
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' =\p(x-i¥1)+\p(y~iil)
Y[+ D+ 1) =y +1)= o(2)
= 4(x)6(»)

=v(x+I) v(y+1) - R e

.y isa homomorphlsm

; - Nowif r'e R' be any element. then as ¢ :lR - R'is onfo, 3reR such that
i o(r)=r" forthisr, a '

As y(r+1)= 6(r)=r

_ We find r+1 is requlred pre-lmage of r' under . showmg there by that L

Ly s onto and hence an 1som0rphlsm: -

=R' and

Thus
ero

by symmetry R'= R

kerd

1. First Theorem of Isomorphism: Let B o A be two ideals of a ring R.
Then - R

R _R/B
A A/B

2. Second Theorem of Isomorphism: Let 4, B be two ideals of aring R,

then A+B§i
: A ANB
and hence A+B 4

TANB

3. Lattice Isomorphism Theorem for Rimgs: Let I be an ideals of R.
The correspondence A(—)?A is ah_ inclusion preserving bijection
between the set of subrings 4of R that contain I and the set of sub

rings of R .

Furthermore, 4 (a subring containing/ ) is an ideal of R if and only if

é is an ideal of E
I I

4. Theorem: If Pis an ideal ofrihg R.

°

Then 7 is an integral domain if and any if Pis prime ideal.

S. Theorem: The ideals of § are of the form —Ilg, where K is an ideal of

RandléK.
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Theorem: Let R be a CRU & M #R be an ideal in R. Then % is

a field if and any if M is maximal ideal.

Theorem: The Set N of all nilpotent elements in a commutative ring R
. R .
forms an ideal of R and then N has no non- zero nilpotent elements. (

N is called nil radical of R)

Chinese Remainder Theorem: Let A Ay A4y beidealsin R.
The map ¢:R—>—1ix—R-x ....... xi

A A A
Defined by

o(r)=(r + Al,r + Az,...;;..;r'+ Ak) ‘
is a ring homomorphism with ker$ = 4, N\ 4y ... 4,

if for each i,je{l,2,.....k} with i=j the ideal 4 and 4; are co-

maximal, then this map is surjective and

R R
So
(AIAZ ..... Ak) (AlﬂAzﬂ ..... f\Ak)
R R R
Z—X—X.... —
4 A4 Ay

Where R is commutative ring with unity.

Corollary: Let n be a positive integer and let p1 pk" be its

factorization into powers of distinct primes.
X as rings.

‘Then L. = Z Z X..
Lz gor

6.6.  Applications of Ring Homomorphism

(i) Test for divisibility by 9:

An integer n with decimal representation aja;_;........ ay is divisible by

9 if and any if a; +a_; +...+a, is divisible by 9. To verify this,
k—1
0

observe that n=ak10k +a, 41 F e +ay then, letting ¢ denote

the natural homomorphism from Z to Zg [in particular ¢(10)=1] :
We note that # is divisible by 9 if and only if '

0=b(x) =0(a)(6(10)f + 6(ax-1)(6(10)) ™ +...+ 6(ao)
=(ag )+ 0(ay_1)+ ~+0(ag)

=(ag +apy +..t ag)

But ¢(a; +ap_ +...+ ay) =0 is equivalent to a; +a;_; +...+aq béing
divisible by 9.
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Ring Homomorphism

6.7.

6.8.

from R mto R’

Similarly we can use homomorphism to test divisibility by 3,4,11 etc.

(ii) Consider the sequence 3,7,11,15....

Is it possible that one of these integers is sum of two squares?

If so, the equation 3+ 4k =a’ +b° is satisfied for some integer
k,a & b . Then applying natural homomorphism from Z to Z, to both o . e?

sides of this equation, we see the equation 3 =x* + y2 has a solution

in Z,. But, by direci substitution, one may verify that this équation has

no solution. Thus, no mteger in the sequence 1s sum of two squares.
Embedding of ng '

A ring R is said to be embedded in a rmg R'.If there is an 1somorph1sm‘

ie, Ris 1somorphlc to a sub ring. , We also say ‘that R' 1s an extens1on rmg-' e
or over ring of R. :

Remark: Since f is an isomorphism-of R into 'R"»,Kf:(R‘} is sub ring of
R' and further R and f(R) are isomorphic ﬁh’gs 'T‘hus upto isomorphism

R is a subring of R' and it is in this sense that we say R is embedded in R'
or R' is an extension ring or over ring of R

Prime Field L
A field that does not have proper subfield 1sknown as prime field.

N

Example:

(@) Z, is prime field if p is prime.

(b) Q is prime field.

Observations: Every Ring can be embedded in a ring with unity.
Explanation: Let R be aring

We take RxZ={(r,m)|r € R,m e Z} | , ‘
We define addition and multiplication in RxZ as follow:-
(r,m)+(s,n)=(r+s,m+n)

(r,m)-(s,n)=(rs + ms+nr,mn)

It is easy to verify that RxZ forms a ring with unity (0,1)

Then Define a mapping .
f:R—>RxZ "

As f(r)=(r,0) VreR. -
Then f is well-defined fQ; F=35

(r,0)=(s,0)

= rF=3s

Next is to show that f is homomorphism.

°
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. 6.9.

Let r,seR

f(r+s)=(r+s0)=(r,0)+(s,0)= f(r)+ f(5)
f(rs)=(rs,0)=(rs+0s+0r,00)

=(r,0)(,0)

=/(r)f(s)

Hence f is an isomorphism of R into RxZ, So R is embedded in ring
RxZ with unity (0,1)

Remark: I R is any ring ‘not necessarily contammg umty, Then its

extension ring with unity is RxZ .

(i) Every ring with or without unity can be embedded in a ring of
endomorphlsm of some additive abelian group.

-(11) Every ring with unity has a subrmg either Isomofphlc to. Z ‘of Z
(iii) Every field has a subfield Isomorphic to either Z P \pr Q .

(iv) Every integral domain can be embedded in a ﬁé\‘dx _
(V) Z, Can be embedded into a field-Ff. charF p o
(vi) Q can be embedded into a field F if charF O

Field of Quotients

Let D be an integral domain, then there ex1sts a ﬁeld F that field F is
called field of quotients of D. =

Example: Field of quotients of mtegral domaln “Z of integers is Q (all
rational numbers) .

.\ .“J:‘* ) -\\:. e ™
Observation: ' '
(i) The field of quotients of mtegral “domam D is the smallest field

containing D . i.e., If F be the field of quotients of D. Then if K is any
field which contains D, Then K contains a subfield Isomorphic to F .

(ii) Field of quotients of a finite integral domain D is D itself.

(iii)If D; & D, are two Isomorphic integral domain with A and 2 are
Isomorphic. But NOT conversely.

Example: Let D) =7, D, = E (all even integers)

Then D; & D, are not isomorphic integral domains. However their field of

quotientsare Q & Q and Q@ = Q.

Some Examples

S.No. | Integral Domain Field of Quotient

(®) Ring of integers (Z)

Field of rational numbers (Q)

(i) | Ring of even integers (2Z) Field of rational numbers (Q)

(i) |3z ’ - | Field of rational numbers (Q)
(V) | Z[i]={x+iy ; x,yeZ} Q[i];{x+iy|x,y€<@]}

™ | 2[Vd |={a+bVdsabez) | Q[Vd |={a+bVd;abeq)
v |z, z,

Ring Homomoriiism
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ASSIGNMENT SHEET - 1

Let C([O,l]) be the ring of all real valued

continuous functions on [0,1]. Which of the

following statements are true?

(@) C([0,1]) is an integral domain.

(b.) The set of all funct_inns_vanishing at 0 is
a maximal ideal. -

(c.) The set of all functions vanishing at both
0 and 1 is a prime ideal.

_ (d)IffeC([O 1) is such thar (/ (x))"=0"

for all xe[0; 1] for some 7>1, then -

S(x)=0 forall xe[0,1].

We denote the characteristic of R by char

(R) . In the following, let R and S be

nonzero commutative rings with unity. Then,

(a.) Char(R) is always a prime number. -

(b.)if S is a quotient ring of R, then elther

char(S) divides char(R), or char(S) =
0. .

(c)if S is a subring of R containing 1,
then char(S) =char(R) .

(d.)if char(R) is a prime number, then R is
a field.

Let R be the ring obtained by taking the
quotient of (Z/6Z)[X] by the principal
ideal I =<2X +4>.Then

(a.) R has infinitely many elements.
(b.) R is a field.

(c.)5isaunitin R.

(d.)4is aunitin R.

For which of the following values of n, does
the finite field F, with 5" elements contain

a non-trivial 93“ root of unity?
(a.) 92

(b.)30

(c) 15

(d)e

5.

Let F be a finite field such that for every a

a € F the equation x? =4 has a solution in
F.Then

(a.) The characteristic of F mu$t be 2

(b.) F must have a square number of
elements :

(c.) The order of F is a power of 3

(d.) F must be a field with prime number of
elements

“uo Let R be a commutatlve nng Let: 1 and J
be ideals of R.” R '

Let I—J:{x—ymez,y'e‘J}
and

IJ ={xy|lxel,yed}.Then

(a.) I —J is an ideal and IJ is an ideal in R

(b)) I -/ is an ideal and 1J need not be an
ideal in R

(c.) I—J need not be an ideal but IJ is an
ideal in R

(d.) Neither 7 —J nor I.J need to be an ideal
inR. '

In ring of Gaussian integers Z[i],
(a.) 5 and 7 are irreducible

(b.) 5 is irreducible but 7 is reducible
(c.) 5 is reducible but 7 is irreducible
(d.) Neither 5 nor 6 is irreducible

Let 1, I, be two ideals of a comparative ring

R with identity. Which one of the following
is true?

@)y i+l and LN gre ideals of R

(b)) I+ 1y i5 an ideal of R, but LN s not
an ideal of R

(c.) i Lis not an ideal of R, but 1N 1is
an ideal of R

(d) Neither 1+ % nor 1055 an ideal of
R

284711, (F irst Floor) Jia Sarai, Hauz Khas, Near LI.T., New Delhi-110016, Ph.: (011)-26537527, Cell: 9999183434 & 9899161734 8588844789
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9.

.10,

11.

12.

13.

Let R be thering of all 2x2 matrices
E the ring of all even integers.

T the ring of integers (mod 10) and

S the ring of all multiples of 6.

Then

(a.) Only E has no zero divisors

"(b.)Only R and < have no zero divisors -

(c.)Only E and S have no divisors
(d.) Orﬂy E and T have no zero divisors

Let I be any 1dea1 in the rlng Z of 1ntegers

" Then .

(a.) I canbe generated by one element

(b) 1=(0) or 1=2

(c.) There is an ideal I’ such that /@' =Z

(d.) I is generated by a prime number

Let 4 be a finite integral domain with unity o

14.

- 15,

le 4. Then the order of 1 in the add1t1ve"a_(;-.,_:_

group (4, ) is

(a.) A prime

(b.) Zero

(c.) An arbitrary integer

(d.) A power of a prime number

A non-zero element ‘ a ’ of a ring R is said to

be nilpotent if a” =0 for some integer n. In
the ring of integers (mod 8) all the nilpotent
elements are

(a)2,4and 6
(b.)2and 4
(c)4
(d)0,2,4and 6

R be a commutative ring with unity and 7 is
a prime ideal which is true.

(a.) I must be maximal ideal of R.
R
(boHIf T is finite ring then I is maximal
ideal.
(c.) Iis never maximal ideal.

R
(d)If 1 is maximal ideal then T must finite

ring.

16.

17.

Assignment Sheet - |

Let R=ZxZxZ and [=ZxZx{0} . Then

which of the following statement is correct?

(a.)) ! is a maximal ideal but not a prime

ideal of R . -

(b) I'is a prlme ideal but not a max1ma1 '

1deal of R

(c.) I'is both maximal ideal as well as a

prime ideal of R .

“. (d)-Tis neither-a-maximal idel nor aprime:

_ 1deal of R.

Which one of the following ideals of the ring

Z[i] of Gaussian integers is NOT maximal?
(a) (1+i)

(b.) (1-i)

(c) (2+i)

(d) (3+i)

The number of maximal ideals in Z, is
(a) 0

(b)1

(c)2

(d)3

Let R be the ring of all real valued

continuous functions on [O, 1] .

I={feR:f(0)=0}.Then

(a.) Iis not an ideal of R
(b.) Iis an ideal, but not prime ideal of R

(c.) I'is a prime ideal, but not a maximal

ideal of R

(d) Iisa maximal ideal R
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18.

' (b.) Iand.J- are both [eft ideals . -

19.

20,

21.

Let M3(R) be the ring of all 3x3 real 22,

matrices. If /,J < M, (R) are defined as

~

a b c
I=40 0 Olla,bceR?},

a 00 , .
J=4]b 0||a,b,ceR Then
te 0°0 '

(a.) I is arightideal and J is a left ideal

(c.) Iand J are both right ideals

Let the set —Zi denote the ring of integers \

n
modulo n under addition and multiplication

modulo n. Then Z is not a sub ring of i -
9Z 1’z
because "
Z Z
@) AZ is not a subset of %22

(b.)G.CD. (5,12)=3 #1
(c.) 12 is not a power of 3
(d.) 9 does not divide 12

Let S= {[g b]:a,b,c,e R} be the ring under
[+

matrix addition and multiplication.

Then the subset {[g g] pE R} is

(a.) Not an ideal of S
(b.) An ideal but not a prime ideal of S

(c.) Is a prime ideal but not a maximal ideal
of S

(d.) Is a maximal ideal of S

Set of multiples of 4 foris an ideal in Z , the
ring of integers under usual addition and

multiplication. This id€al is 26.

(a.) A prime ideal but not a maximal ideal
(b.) A maximal ideal but not a prime ideal
(c.) Both prime and maximal ideal

(d.) Neither a prime ideal nor a maximal ideal

23.

25.

Assignment Sheet - 1

Which one of the following is TRUE?
(a.) The characteristic of the ring Z is 6
(b.) The ring 6Z has a zero divisor

(c)The characteristic of the ring
(Z/6Z)%6Z i5 zero

-

(d.) The ring 6Z%6Z is an integral domain.

For neN, let nZ ={nk:keZ} . Then the

number of units of Z/11Z and Z/12Z ,
respectively, are

(@) 11,12

| (b)10,11
o ey10,47
. (d)10;8

() I isaleftideal and J a right 1cti.§a_1‘_ ST 4-.Let R be the ring of all functions from R to

R under point-wise addition and
multiplication. Let I={f:R—->R|f is a

bounded function 3,
={f:R>R|f(3)=0}. Then

(a.) 7 is an ideal of Rbut ! is not an ideal of
R

(b)) I is an ideal of R but J is not an ideal
of R

(c.) Both I and J are ideal of R
(d.) Neither I nor J is an ideal of R

Let R be the ring of all 2x2 matrices with
integer entries. Which of the following
subsets of R 1is an integral domain?

{0 xj'x eZ]

(a.) y 0) 7 j

(b.){ x OJ:x,yeZ}
0 y

(t:.){; ZJ:er}

{fx y):x,y,zeZ}
CHRA

A ring R has maximal ideals

(a.) if R is infinite

(b.)if R is finite

(c.) if R is finite with at least 2 elements
(d.) only if R is finite




e ¢ s €

:
}
%

TG i gy A T G

ISR EEETEY

- ArrISO 9001 : 2008 Certified institute

217.

28.

29,

30.

The power set P(X) of a set X with the

binary operations symmetric difference A and
intersection N form a ring (the symmetric
difference is the addition and the intersection
is the multiplication) called the power set
ring of the set X. If the set X has at least 3
elements, then in the power set ring

(P(X),A,n) of X, every elements is

(For ~ 4,BeP(X) , the subset

AAB=(A4\B)U(B\ 4) is called the symmetric =

difference of A and B)

' '».-(a)aumt .

(b.) 1dempotent
(c.) nilpotent.

(d.) a non-zero divisor.

The set {0,2,4} under addition and

multiplication modulo 6 is

(a.) not a ring with unity (identity)
(b.) a ring with 0 as unity (identity)
(c.) a ring with 2 as unity (identity)
(d.) a ring with 4 as unity (identity)

Suppose @ and b are elements in R, a
commutative ring with umty Then the
equation ax=»b

(a.) always has exactly one solution

(b.) has a solution only if a is a unit

(c.) has more than one solution only if 5=0
(d.) may have more than one solution

Let ([0, 1] be the ring of continuous real-
valued functions on [0, 1], with addition and

multiplication defined pointwise. For any

subset S of [0, 1] let Z(S) = {fe [0, 1] | fIx) =
0 for all xe S}. Then which of the following
statements are true?

(a.) If Z(S) is an ideal in C[0, 1] then S is
closed in [0, 1].

(b.) If Z(S) is a maximal 1deal then S has only_

one point.

(c.)If S has only one point then Z(S) is a
maximal ideal.

(d.) None of these

31.

32,

33.

B rarlasaaie  CATPNURNN

Assignnient Sheet - 8

Pick out the true statements:

(a.) The set {{a a~||aeR a#Ol is ga
a a_J ,l

group with respect to  matrix
multiplication.

b
(b.) The set {[“ d} la,b,c,deR} is o
C . B

commutative ring with identity. with
respect to matrix addition and matrix
multiplication.

SRS (-3 AR P
. (c:) The set {[ ab- : il'la,'beR}.is-a- field -
; . -b a . _ o

with respect to matrix additior and
matrix multiplication.

(d.) Nene of these

Let C[0, 1] denote the ring of all continuous

real-valued function on [0, 1] with respect to

pointwise ~ addition = and  pointwise

multiplication. Pick out the true statements:

(a.) C[0, }is an integral domain.

-

(b.) Let ae[0, 1] . Set
={feC[0, 1]| f(a)=0} .Then 7 is
an ideal in (C[O, 1].

(¢)) If Iis any proper ideal in C[0, 1], then
there exists at least one point a €[0, 1]
suchthat f(a)=0 forall fel.

(d.) None of these

Let R be a (commutative) ring (with unity).
Let 7 and J be ideal in R . Pick out the truye
stgtements:

(a) 1Y/ isanidealin R
(b.) 7Y inanidealin R

©) I+J={x+y:xel, yeJ} is an ideal in

R,

(d.) None of these

" 28Alll, (First Floor) Jia Snrnl, Hauz Khu, Nur I.I.‘l' New Delhi-llOOlﬁ,
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35.

|
1) 36.

37.

38.

Pick out the rings which are integral
domains:

(@) Rlx] , the ring of all polynomials in one
vanable with real coefficients

(b)) c'[o. 1 , the ring of continuously
differentiable real-valued function on the

interval [0.1] (with respect to point wise
addition and point wise multiplication)

(c.) M, (R) the ring of all »*7 matrices
with real entries.

(d.) None of these A
* Pick out the units in Z[\/’g]

(a.) 7+4J_
(b)5+3f
©)2-3

(d) -3-23

Pick out the integral domains from the
following list of rings:

(a) {a+by5]a,beQ)

39.

(b.) The ring of continuous functions from

[0, 1] into R

(c.) The ring of complex analytic ﬁxnétions:

on the disc {z eCllzl< 1}

(d.) The polynomial ring Z[x].

Let Pbe a prime ideal in a commutative ring
Rand let S=R\P, ie., the complement of
Pin R Pick out the true statements:

(a.) S is closed under addition
(b.) S is closed under multiplication

(c) S is closed wunder addition and
multiplication

(d.) None of these
Pick out the true statement (s):

(a.) The set of all 2x2 matrices with rational
entries (with the usual operations of
matrix addition and matrix
multiplication) is a ring which has no
non-trivial ideals.

(b.) Let R=C]Jo0, vl] be considered as a ring
with  the usual operations of
I={f:[0, J>R|f(1/2)=0} . Then
I is a maximal] ideal.

(c.) Let R be a commutative ring and let P
be a prime ideal of R. Then R/ P is an
integral domain.

(d.) None of these

41.

42,

Assignment Sheet - 1

Pick out the true statements:

(a.) Let R be a commutative ring with
identity. Let M be an ideal such that
every element of R not in M is a unit.
Then R/M is afield.

(b.)Let R be as above and let M be an ideal
such that R/M 1§ an integral domain.
Then M is a prime ideal.

(c.)Let R=C[0,1] be the ring of real
valued continuous functions on [0, 1]

~ with respect to pointwise addition and
pointwise multiplication. Let

{fele(O) f(l) o} Then M ||

is a max1mal 1deal

- (d.) None of these

The number of element of a principal ideal
domain can be

(a) 15
(b.) 25
(c.) 35
(d.) 36

Let m be an odd integer >6. Then the
multiplicative inverse of 2 in the ring

(Zrn,+m,'m) (where +,, and ., denote the
addition and multiplication modulo m
respectively.)

(a.) does not exist.

-1

3

(b.) s

3
b [0S

(c.)is
(d)is m-2.

Consider S = (Cl[x5 ] , complex polynomials
is x° , as a subset of T = C[x], the ring of all
complex polynomials. Then

(a.) S is neither an ideal nor a sub ring of T
{b.) S is an ideal, but not a sub ring of T

(c.) S is a sub ring but not an ideal of T
(d)sS is both a sub ring and an ideal of T

28A/ll (First Floor) Jia Sarai, Hauz Khas, Near LLT., New Delhi-110016, Ph.: (011)-26537527 Cell: 9999183434 & 9899161734, 3588844789
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43.

44.

45.

46.

47.

48.

Let F be a field of 8 elements and
F={xeF|x7=1andxk¢1 for all natural
numbers k<7} . Then the number of
elements in A is

(a)1l
(b)2
(c)3
d)6

of a field?
(a)6

(04

(c.) 27

(d)7

Which of the following statements are true? -

(a.) There exists a finite field in which the
additive group is not cyclic.

(b)If F is a finite field, there exists-a =
polynomial p over F such tha't‘v._‘_.__

p(x)=0for all xe F, where 0 denotes

the zeroin F .

(c.) Bvery finite field is isomorphi(;“"to_ a
subfield of the field of complex numbers.

(d.) None of these

The number of subfields of a field of
cardinality 2'% is

(a) 2

(b)4

(c) 9.

(d.) 100.

Let F be a field with 5! elements. What is
the total number of proper subfields of F ?
(@)3

(b)6

(c)8

(d)s

Which of following statement is true.

(a.) 3 a field of order 36 but not order 49. -
(b.) 3 afield of order 36.

(c.) A field of order 36 and 49 |

(d.) A field of order 36.

Which of the followmg can not be cardmahty .

49.

50.

52,

54.

Assignment Sheet - 1

Let Z,, denote the ring of integers modulo
10. Then the number of ideals in Z,, is

(a)2
(b3
(c)4 -
d)s

The number of subfields of a.finite field of . -

order 3%is equal to
('a.) 4
b)5

()3
@10

Let p,g be dlstmct primes. Then

(a) Z /quz has exactly 3 distinct ideals

b)) Z/ ey has exactly 3 distinct maximal

(c.) Z /pqu has exactly 2 distinct maximal

d) z/ o has a unique maximal ideal

If S is a finite commutative ring with 1 then
(a.) Each prime ideal is a maximal ideal

(b.) S may have a prime ideal which is not
maximal

(c.) S has no nontrivial maximal ideals
(d.) S is a field
Suppose (F,+,') is the finite field with 9

elements. Let G=(F,+)and H=(F\{0},")

denote the underlying additive and
multiplicative groups respectively. Then

(a) G=(Z/32)x(Z/3Z)
(b) G=(Z/97Z)
(c.) H=(Z/2Z)x(Z/2Z)x(Z12Z)

(d) G=(Z/3Z)%(Z/3Z)and H =(Z/8Z)

The number of non-zero ideals of is

Z
100Z
(a)4
(b.)8
(c) 10
d)e6

- - 28A/11, (First Floor) Jm Saral, Hauz Klus Near l,[.T
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55. If p is prime, and Z , denote the ring of 61. Let M denote the set of all 2 x 2 matrices
p over the reals. Addition and multiplication on
integers modulo p4, then the number of M are as follows: .
maximal ideals in Zp4 is A=(a;) and B = (b;), then A + B = (¢;;), where
Cj=a;t bij: and A‘B = (dij), where dij = ai,-bij
(a.) 4 Then which one of the following is valid for
(b.)2 M, +, )?
(c)3 . (a)Mi is a ﬁeld : _
dyr ' _ -~ (b)M is an mtegral domain whlch is mot ‘a *

, . field ,

36. For nz1, 1e.t (.Z/ nZ) be the group of units (c.) M is a commutative ring whlch is not an .
of (Z/nZ). Which of the following groups o - integral domain ‘

are C}’Cllc‘7 _ . o S (d ) M isa non-commutatlve ring »
‘(a) (z/102) Co 62 - \-‘,Consxder Z[x] the set of all polynomlals» e

- . - " with integer coefficients and Q[ 2], the set

(b.) (2/232) - & (V2]

o of all real numbers of the form a + b2 with

(c) (Z/100Z )* " a, b rational numbers. Which of the following

~ is correct about Z[x] and Q[x/i]?

d) (z/163Z) ' _
o (a.) Both are rings, but only one has unity

57. Let abcd be real numbers wlth
a<c<d<b. Consider the ring Cla,d] w1th

pointwise addition and multlpllcatlon Af ™

(b.) Both are commutative rings, but only one
is an integral domain

S={f < Cla,b]: f(x) = Oforallxe[c,d}, . s (c.) Both are integral domains, but only one
then is a field
(d.) Both are fields

(a.) S is NOTan ideal of C [a,b] _
) . ) 63. Let (R, +) be an abelian group. If
(b.) S is an ideal of C [a,b] but NOT a prime multiplication () is defined on R by setting

i f
1de.:a1 © C [a,b'] a.b = 0 for all a, b, €R, then which one of
(c.) S is a prime ideal of C [a,b] but NOT a the following statements is correct?
maximum ideal of C [a,b] . .
(a.) (R,+,") is not aring.
(d.) S is a maximum ideal of C [a,b]
58.  Let Fj,5be the field of 125 elements. The _ o
number of non-zero elements o € Fj,5 such (.} (R,+,") is a commutative ring, but has no
' unity.
(d) (R,+,") is not a field.

(b)) (R,+,") is aring, but not commutative.

that as =qQ is

59. The possible valued for the degree of an

irreducible polynomial in R[x]. 64.  Consider the following assertions
> i. The characteristic of the ring (Z,+,-) is
(a.) 2 :
(6)3 Zero.
(©)4 ii. F.or every Cf)mpos1te number, n, Z, ," the
. ring of residue classes modulo n, is a
d)s field.
60. The number of non-zero elements in the field iii. Zs, the ring of residue classes modulo 5,

Z,, where p is an odd prime number, is an integral domain.

which are squares, ie, of the form 1v The ring of all complex numbers is a
2

m,meZp,m;&O. ' field.
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6S.

66,

67.

Whlch of the above assertions are correct?
(a.) 1, iii and iv

(b.) 1, ii and iii

(c.) 1, 1ii and iv

(d.) i, iii and iv

Let E be a finite field with n elements. What
is the possible value of n?

(a)l

(b)) 36
(c.) 37
@) 125

element, then what is. the number of
invertible elements under multiplication in
R?

(a)l
(b)n
(c)n-1

(d.) [/2] where [] is the bracket function‘-.v..‘ ‘

Consider the ring Z, ={0,1,2,..

69.

If°R is a finite integfal domain with n'

68.

Assignment Sheet - 3

The zero divisors in Zg are

(a)3,4,5
b)1,2, 4
(c)2,4,7 -7
d)2,4,6

The characteristic of the ring Z; x Zg i3
(a)0
(b)6

Ceyizt

S @y

) of.
congruent modulo n classes Under addltlon/

and multiplication modulo n, consider. the"‘

following statements is/are are correct:
(a)In Zg, 4 divides 2
(b.)In Zg, 3 divides 7

(c.)In Zys, 9 divides 12
(d.) None of these

“Let F be a field containing 11 elements.

Which one of the following is correct?

-(a.) If a is a non-zero element of F, then 50, =

0

(b.) a5 =1 for every non-zero ae F where 1
is the multiplicative identity of F

(c)al0=1forall aeF

(d.) Let o be a non-zero element of F. It is
possible to find a proper subset S of F
such that aeS and PseS for any BeF,

seS
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Consider the following statements:

1. EveryPIDis ED

2. The group of units in the ring = s
cyclic
3.. “There is a field with 6 elements.
(a) (1) is true but (2) and (3) are false.
- (b.)(2) is true but (1) and (3) are false.
(c.) (3) is true but (1) and (2) are false.

C@) All these étatg:rheht ’is_'falsé.'_v e
Let R be the " ring :
Z{x]/<((x2 +x+1)(x3 +x+1))> What is ‘the

cardinality of the ring R 7

(a.) 27

(b.) 32

(c.) 64

(d.) Infinite

Let p(x) =955 +10x> +5x+15 and

g(x)=x*-x*-x~2 be two polynomials in
Q[x]. Then, over Q,

(a) p(x)and g(x) are both irreducible

(b.) p(x)is reducible but g(x) is irreducible
(c.) p(x)is irreducible but g(x) is reducible
(d) p(x) and g(x) are both reducible

Pick out the cases where the given ideal is a
maximal ideal.

(a.) The ideal 15Z in Z .

3

(b.) The ideal I={f:f(0)=0} in the ring
C[o, 1] of all continuous real valued

functions on the interval [0, 1].

(c.) The ideal generated by x> +x+1 in the
ring of polynomials Flx], where F; is
field of three elements.

(d.) None of these

5.

Which of the following statements is false?_

(a.) The polynomial x*>+x+1 is irreducible
in Z/27Z[x]

(6.) The polynomial x~ -2 is irreducible in
Qlx]

| A(c'-.) The polynomial 241 is. reducible in"

Z/5Z[x]

(d.) The polynormal X241 1s redu01ble in
Z/7Z[x]

) ._Con51der the . polynormal r1ng Q[ ] The ||
:.';l':1dea1 of Q[ ]generated by x* ~3is '

_(a.) max1mal but not prime -

(b.) prime but not maximal
(c.) both maximal and prime
(d.) neither maximal nor prime
Z, [)c]/<x3 +x2 +1> is

(a.) a field having 8 elements
(b.) a field having 9 elements
(c.) an infinite field

(d.)NOT a field

Let R[X] be the ring of real polynomials in
the variable X . The number of ideals in the

quotient ring ]R’['X]/<(X2 —3.X+2)> is

(a)2
(b)3
(c.)4
)6
Let R=Q[x]. Let I be the principal ideal

(x? +1) and  be the principal ideal {x?).
Then

(a.) R is a field and R is a field

I J

R . . . R .
(b)) 7 is an integral domain and 5 is a field
©) % is a field and § is a PID

(d.)? is a field and § is not an ‘integral

domain.
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10.

11.

12.

13.

14.

Let Z, be the ring of integers modulo n,

where n is an integer > 2 . Then Choose the
correct in the following:

(a.) Z,, is a field then »n is prime

(b)If Z, is an integral domain then = is
prime
(c)If there is an .injective ring

homomorphism of Zs to' Z, then n is
multiple of 5

(d.) None of these
Let F be a finite field. If f F — F,given by
- fx)= x3 is aring homomorphlsm then
(a) F=2/3Z -
' (b.) F=2/2Z or characteristic of F = 3
(c.) F=7/2Z ot Z/3Z
(d.) Characteristic F is 3

‘Consider Zs as field modulo 5 and let |
f(x)=x"+4x"+4x* +4x> +x+1 Then the-

zero of f(x) and over Zs are 1 and 3, with .

respective multiplicity

(a.) 1l and 4

(b.)2and 3

(c.)2and2

(d)1and 2

Let R be the polynomial ring Z, [x]and write

the elements of Z, as {0, 1}. Let <f(x)>

denote the ideal generated by the element f
(x) € R.If f(x) =x* +x + 1, then the quotient

ring R/ (f(x)> is

(a.) a ring but not an integral domain.
(b.) an integral domain but not a field.
(c.) a finite field of order 4.

(d.) an infinite field. '

Let R[x] be the polynomial ring in x with
real coefficients and let 1 =<x2+ 1> be the
ideal generated by the"polynomial x*+1in
R[x] . Then

(a.) Iis a maximal ideal .

(b.)1 is a prime ideal but NOT a maximal
ideal

(c.) Iis NOT a prime ideal
(d.) R[x] /1 has zero divisors

15.

16.

17.

18.

19.

Assignment Sheet - 2

Let F4, Fy and F¢ be finite fields of 4,8 and
16 elements respectively. Then,

{a.) F4 is isomorphic to a subficld of Iy
{b.) Fg 1s isomorphic to a subfield of F4
(c.) F4 1s isomorphic to a subfield of F,
(d.) None of the above

Let PID, ED, UFD denote the set of all .
principal ideal domains, Eucliden domains,
unique factorlzatlon domairs, respectively.
Then

(a.) UFD < ED < PID

- (b) PIDC ED c UFD
{¢) ED< PID < UFD

(d.) PID c UFD c ED

Let I be the ideal
x*+3x%+2 and ©2be the ideal generated
in @]

generated by

If f=94

1

by x*+1 and

5, - Q]

2

(a.) K and F,are fields

, then

(b.) K is a field, but F,is not a field
(c.) R is not a field while F,is a field
(d.) Neither F nor F,is a field.

For which of the following primes p, does

not polynomial x*+x+6 have a root of

multiplicity > 1 over a field of characteristic

p?

(@) p=2

(b.) p=3

(c) p=5

(d) p=7

Which of the following statements is true

about §=7[x]?

(a) S is an Euclidean domain since all its
ideals are principal

(b.) S is an Euclidean domain since Z is an
Euclidean domain

(c.) S is not an Euclidean domain since S is
not even an integral domain

(d.) S is not an Euclidean domain since it has
non-principal ideals
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21.

22.

23.

24.

25.

)2

For positive integers » and m , where 26.

n,m>1 , suppose that nZ and mz are
isomorphic as rings. Then,

(a.) there is no restriction on » and m
(b.)n=m
(c.) ged(n,m)=1 -

(d.) necessarily n|mor m | n, but not both

The number of roots of the polynorrual X —x

Z
in — is
67Z

(a)l

(c)3
(d)6

Let Z be the ring of integers under the usual
addition and multiplication. Then every -
nontrivial ring homomorphism f:Z—-Z is. -

(a.) Both injective and surjective
(b.) Injective but not surjective

(c.) Surjective but not injective

(d.) Neither injective nor surjective

consider Z, as a field modulo 2. Let
f(x)=x3—9x2+9x+3 Then f(x) is

(a.) irreducible over but reducible over Z,

(b.) irreducible over both Q and Z, 29.

(c.) reducible over Q but irreducible over
ZZ

(d.) reducible over both Q and Z,

The number of element of a principal ideal
domain can be

(a) 15
(625
(c)35

(d)36 30.

Let R be a ring. If R[x] is a principal ideal
domain, then R is necessarily a

(a.) Unique Factorization Domain
(b.) Principal Ideal Domain

(c.) Euclidean Domain

(d.) Field

27'.-

Assignment Sheet - 2

Let R be the ring of .polynomialsA err Z,
and let 7 be the ideal of R generated by the

polynomial x*>+x+1. Then the number of

elements in the quotient ring ?is

(a)2

k)4

(d) 16 _

:Let' m and n be copn'fﬁe natural nﬁmbers.
- Then the kernel of the ring homomorphism

$: Z—)Z xZ,L, deﬁnedby ¢(x) (x x) is_'
: 4(a) e "
*(b.) mnz

(C._) nZ
) z
Thering Z[x] is a

(a.) unique factorization domain, but not a
principal ideal domain

(b)a principal ideal domain, but not a

Euclidean domain
(c.) A Euclidean domain but not a field.
(d.) A field

Let R be a Principal Ideal Domain and «,b
any two non-unit elements of R . Then the

ideal generated by a and bis also generated
by

(a.) a+b
(b.) ab
(c.) ged(a,b)

(d.) lcm(a,b)

The polynomial x> +5x% +5 is
(a.) Irreducible over Z but reducible over Zs
(b.) Irreducible over both Z and Z,

(c.) Reducible over z but irreducible over
Zs

(d.) Reducible over both Z and Z;
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32.

33.

34.

3s.

Which of the following rings is a PID? 36.

(a) Q[X, Y]/ (X)
b)zez
(c) zlx]
-(d.) M,(Z), the ring of 2 x 2 matrices with
entriesin Z .
Let f (x)eZ5 [x] be a polynomial such that

Zs[x] is a field, where <f (x)) denotes the

{7(=))

: ideal gehe'r."ated,by f(x) . Then one of-._the_-' o

choices for f(x) is
(a) x+1

(b) x>+3

(c.) x*+1

(d) x¥*+3

Consider Zs and Z,, as ring modulo: 5 .a'ﬁd(:. )
20, respectively. Then the numbe.r"hbﬁ,,
homomorphism ¢: Z5 — Z,q is o

(a)l

(b)2 39.

(c)4

(d)s

The polynomial ring Z[x] is

(a.) A Euclidean domain but not a PID
(b.) A PID but not Euclidean

(c.) Neither PID nor Euclidean

(d.) Both PID and Euclidean

The polynomial f (x) =x"+35 is 40.

(a.) Irreducible over C
(b.) Irreducible over R
(c.) Irreducible over @
(d.) Not irreducible Q

Where Q denotes the field of rational
number. '

37.

S3s

Assignment Sheet - 2

The number of
homomorphisms from Z,, to Z, is

(a) 1
(b.)3
(c)4
(d)7

non-trivial  ring

Let I denote the 1deal generated by
P+’ +x41 im0 Zy[x]  and
F=7,[x]/1. Then,

o .__(a ) F is an infinite field -~ °
(b)Fisa finite ﬁeld of4 elements

~ (c.) F is a finite field of 8 elements

(d.) F is a finite field of 16 elements

The polynomial x2 —7x% +15x -9 is
(a.) Irreducible over both Z and Z,

(b.) Irreducible over Z but reducible over Z,

(c.) Reducible over Z but irreducible over
Zy

(d.) Reducible over both Z and Z,4

The polynomial
Zy[X] is

f(X)=X"+aX+1 1n

(a.) irreducible in Z;[X]

(b.) irreducible in Z;[X] if and only if a=0

(c.) irreducible in Z,[X] if and only if a=1

(d.) always reducible in Z,[X].

°

~ Let f(x)=x"+2x"+1 and g(x)=2x2+x+2

- . Then over Z,,

(a.) f(x) and g(x) are irreducible

(b)) £(x) is irreducible, but g(x) is not

(c.) g(x) is irreducible, but f(x) is not

(d.) Neither f(x) nor g(x)is irreducible.
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41.

©)

42,

43.

44.

Let F, denote the field E, where p is a
pZ

prime. Let F,[x] be the associated

polynomial ring. Which of the following
quotient rings are fields?

[x]
(a) <x +x+1>
<x +x+1> '
5 [x]
V.<x3+x+1>

(d.) None of these

Let R be a commutative ring and R[x] be the
polynomial ring in one variable over R.

(a) IfRisa UF.D, then R[x] isa UF.D.
(b.)IfRis a P.LD, then R[x] is a P.I.D.

(c.) If R is an Euclidian domain, then R[x] is
an Euclidean domain

(d)If R is a field, then R[x] is an Euc‘nqefar‘i‘

domain.

Let (p(x)) denote the ideal generated by the

polynomial  p(x) in Q[x] . If

f=+x*+x+1 and g(x)=x —x*+x-1,
~ then

(@) (f(x)+ g(x)> = <x3 +x>

Determine  which of the following
polynomials are imreducible over the
indicated rings. '

(a) x* =3x* +2x> ~5x+8 over R.
(b.) ¥ +2x* + x+1 over Q.
(c.) x* +3x* —6x%3 over Z.

(d) x*+x2+ 1.§v'jér Z/27.

45,

46.

47.

48.

49,

(d) l+x+ x>+ x.

Assignment Sheet - 2

Which of the following polynomials are

irreducible in the ring Z[x] of polynomials
in one variable with integer coefficients?

(B 1+l 1)~ {x~1) = {x=1) +{x+1}".
(€) l+x+x?4x> 4%,

3

Let 7 and F' be two finite fields of order
q and g' respectively. Then:

(a.) F' contains a subﬁeld isomorphic to F -

-if and only 1f 9<q

: (b) F contains a- Subﬁeld 1som(_)rph1c toF |

1f and only if ¢ divides ¢'.

(c)If the ged qu and ¢' is not 1, then

both are isomorphic to subfields of some
finite field L .

(d)Both F and F' are quotient rings of the
ring Z[x].

Which of the polynomials are irreducible
over the given rings?

(@) X>+3Xx*+9x +15 over Q, the field of
rationals

(b) .X3 +2X%+ X +1 over Z/7Z, the ring of
integers modulo 7

(c) .XB +X*+X+1 over Z , the ring of
Integers

(d)X4+X3+X +X +1 over Z, the ring of
intgers.

Consider. the ring

R=2[J=3]
:{a+bx/3:a,beZ} and the element
a=3+v-5 of R. Then

(a) o is prime

(b.) « is irreducible

(¢.) R is not a unique factorization domain
(d) R is not an integral domain.

Let f(x)=x’+x?+x+1 and g(x)=x"+1 .
Then in Q[x]

(a)gcd (f(x), g(x)) =x+1

(b)gcd (f(x),g(x)=x*-1

(c) lem. (f(x) (x)) X +x +x+1

(d‘) Lem. (f(x) g(X)) =x0+xt 4342241
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50.

52.

53.

54.

5L

Let R[x]be the polynomial ring over R in
one variable. Let 7 < R[x]be an ideal. Then

(a.) 7 is a maximal ideal if and only if 7 is a
non-zero prime ideal

(b.) I is a maximal ideal if and only if the
quotient ring R[x]/I is isomorphic to R
(c.) I is a maximal ideal if and only if
:( f (;)), where “f(x) is
irreducible polynomial over R :
(d.) I is a maximal ideal if and only if there
exists a non-constant polynomial
f(x)eIof degree 3
Let f(x)=x+3x*~9x>1 7x+27 and let p
be a prime. Let

corresponding polynomial with coefficients
in Z/ pZ. Then

(a.) f,(x)is irreducible over Z /27
(b.) f(x) is irreducible over Q

(¢.) f3(x)is irreducible over Z/3Z
(d) f(x) is irreducible over Z

non-constant -

£y (x) 'd'en'dte_ the -

 56.. -

Which of the following is an uTedumble_ )

factor of x'?>—1 over Q ?

(@) x2+x*+1.

(b.) x*+1.

(c) x*—x2+1.

(d) °—x*+x2°—x* +x-1.

Let R be a Euclidean domain such that R is
not a field. Then the polynomial ring R[X]
1s always

(a.) a Euclidean domain.

(b.)a principal ideal domain, but not a
Euclidean domain.

(c.) a unique factorization domain, but not a
principal ideal domain.

" (d.) not a unique factorization domain.

Which of the following quotient rings are
fields?

@) F [X]/<(X2+X+.l)> ,'where F, is the
finite field with 3 elements.

(b) Zx]/((x-3)

) QX]/<(X2+X+1)>

(@) R[x)/((x+ x+1)) where F, is the

finite field with 2 elements.

°

55.

57.

58.

59.

" Let ceZy be such that-

Assignment Sheet - 2

Let 4 denote the quotient ring . Then
: $

(a.) There are exactly three distinct Pioyn.:
1deals in 4 .

(b.) There is only one prime ideal in .4

(c.) 4 is an integral domain.

(d)Let f,g be in Q[X] such-that f-g =0
m4. Here ¥ and g denote the image

of f and g respectively in 4 . Then

1(0)-2(0)=0.

Zy[Xy .
—L— istal
<-X3+~cX+1> B
field. Then ¢ is equal to - -

The number of ring homeomorphisms form
ZyxZ, to Z, is equal to _

Pick out the true statements:

(a.)Let R be a commutative ring with
identity. Let M be an ideal such thai
every element of R not in M is a unit.
Then R/M 1is afield.

(b.) Let R be as above and let M be an idea)
such that R/M is an integral domain.
Then M is a prime ideal.

(c.) Let R=CJ0, 1] be the ring of real-valuc '
continuous functions on [0, 1] with

respect to pointwise addition and
pointwise multiplication. Let

={feR|f(0)=f()=0}. Then M is
a maximal ideal.
(d.) None of these

Pick out the true statement(s):

(a.) The set of all 2x2 matrices with rational
entries (with the usual operations of
matrix addition and matrix
multiplication) is a ring which has no
non-trivial ideals.

(b.) Let R=C[0, 1] be considered as a ring
with  the wusual operations of
I={r:[0, ]>R|£(1/2)=0} . Then s
is a maximal ideal.

{c.) Let R be a commutative ring and let P

be a prime ideal of R. Then R/P is an
integral domain.

(d.) None of these
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Let C(R) denote the ring of all continuous

real-valued functions on R , with the
operations of pointwise addition and
pontwise multiplication. Which of the

following form an ideal in this ring?

(a.) The set of all C” functions with compact
support,

(b.) The set of all continuous functions with

compact suppot't )

(c ) The set of all continuous functlons which

“vanish. at mﬁmty, e, functlons f such o

that hm f(x) 0

(d.) None of these

62.

61.

(eI R is

Assignment Sheet

The number of roots of the equatlon
e+ 1 =0 in Z, is

(a)l -
(b)2
(c)3
(d.)4

Which one of the following statements is
correct where R[x] denotes the polynomial
ring in the one variable x over a ring R: '

(a.) If R is a field then R[x] is a field

" (b)If R is an integral domain, then R[x] is a

Ched o
field then R[x] is an integral ||
_ _domain- o _ .

- . (d‘) Every integral domain is a field.
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: Rx]
For therings L = m;
Hx] R x]
M=—————-—;, N=———
<x2+x+1> <x2+2x+1>

Which one of the following is TRUE?

(a)L is isomorphic to M; L is not
isomorphic to N; M is not isomorphic to
N - .

(b)M is isomorphic to N; M is not

L

(c) L is isomorphic to M; M is isomorphic to

N

(d)L is not isomorphic to M; L is not
isomorphic to N; M is not isomorphic to .

N

In which of the following fields, th‘é’ o

polynomial x> —312312x+123123 .
irreducible in F[x] ?

(a.) The field F; with 3 elements
(b.) The field F, with 7 elements
(c.) The field F; with 13 elements

(d.) The field Q of rational numbers

Pick out the rings which are integral
domains:

(a.) R[x], the ring of all polynomials in one
variable with real coefficients

®.) o, 1] ,
differentiable real-valued function on the
interval [0,1] (with respect to point wise

the ring of continuously

addition and point wise multiplication)

(c.) M, (R) the ring of all nxn, matrices
with real entries.

(d.) None of these

The degree of the extension Q(\/E +3 )
Over the field Q(v2) is

(a)l

(b.)2

(c)3
(d)6

~ isomorphic to' L; N is not isomorphic to. -

5.

Let Q denote the field of rational numbers,

the ring Q[x]/ <x2 + 1> is isomorphic to

-€a.) The field of complex numbers.

(b)) Q[x]/<x2> o
©) Qx]/<(x2 +2x+ 2)> o

(d.) None of above.

Pick out the correct statements from the
following list:

- _(a ) "A homomorphic i image of a UFD (umque

factonzatlon domain) is again a (UFD). -

(b. ) The-element ZGZ[E] is irreducible

in Z[V=5 .

(c.) Units of the ring Z[\/——_5 :] are the units
of Z

(d.) The element 2 is a prime element in
z[J=5]

Let K be a field, L a finite extension of K and

M a finite extension of L. Then

(a) [M:K] =[M:L]+[L:K]

(b)) [M:K]=[M:L][L:K]

(c.) [M :L]divides[M : K]

(d.) [L:K]divides[M :K].

Let K be an extension of the field Q of

rational numbers

(a) If K is a finite extension then it is an
algebraic extension .

(b.) If K is an algebraic extension then it must
be a finite extension

(c.) If K is an algebraic exiension then it must
be an infinite extension

(d.) IfK is a finite extension then it need not
be an algebraic extension

An algebraic number is one which occurs as
the root of a monic polynomial with rational
coefficients. Which of the following numbers
are algebraic?

(a) 5+ NE

() 7+2"3
(c) cosz—n, whenneN.
n

(d.) None of these
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10.

1.

12.

13.

(@) =)

Suppose that R is unique factorization
domain _and that a,beR are distinct

irreducible elements. Which of the following
statements is TRUE?

(a.) The ideal (1+a) is a prime ideal

-

(b.) The ideal {(a + b) is a prime ideal
() The ideal {1+ ab) is a prime ideal - -

(d)The ideal (a) is not necessarily a
maximal ideal /

Wthh of the followmg isa ﬁeld‘7

(C[x]
x>+ 2>
ZIx]
x +2>

(c) ————~< ?[X;

x° -

(b)<

R{x]
@) <x2 -~ 2>

Let G denote the group of all the

automorphisms of the field F3100 that

3100

consists of elements. Then the number

of distinct subgroups of G is equal to
(a)4

(b)3

(c.) 100

)9

If Z[i] is the ring of Gaussian integers, the
quotient Z[i]/({(3~1)) is isomorphic to

(a)Z

Z
b) S_Z_

Z
(c) iz

(d)ﬁ'

14.

15.

_-rational numbers.

Assignment Sheei - 3

extension

algebraic.
E= q\/f , 3 , Js ) of the field Q of rational

numbers. Then [£:Q] the degree of E over
Q,is

Consider the

(a)3
(b.)4
(c)7

()8

" Let ® be a complex number such that o =1

and o#1. Suppose L is the field Q(%[Z: 'a))

g“enéra_ted by ¥2 and @ over the ﬁeld Qof
Then .-the . number . of .

7 subfields. K- of. L such that QCKCL is

17,

18.

i (a)2
(b)3

(c)4
(d)5
Find the degree of the field extension
Q(2,42,%2) over Q

(a) 4
(b.)8
(c.) 14
(d.)32
For a positive

Fo(x0)=x"14x"2 4 +x+1.Then

integer n , let

(a) f,(x) is an irreducible polynomial in

Q[x] for every positive integer .
(b)) f,(x) is an irreducible polynomial in
Qlx] for every prime number p .

(c.) fpe (x) is an irreducible polynomial in

Qlx] for every prime number p and
every positive integer e .

@) £, =

in Q[x] for every prime number p and

-1
) is an irreducible polynomial

every positive integer e.
Which of the following is true

(a.) sin7° is algebraic over Q.

(b.) cosm /17 is algebraic over Q.
(c) sin 1 is algebraic over Q.

(d.) V2 ++/r is algebraic over Q(r).
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19.

20,

21.

22.

23.

For a positive integer m, let a,, denote the
number of distinct prime ideals of the ring

Qlx]

< >.Then
x™ -1

(a) az=2
(b) ay =3
(C) 05—2
(d) (15—3.

Let Z[i]denote the ring of Gau551an integers.
.For which of the followmg values of n is the
quotient ring Z[ |/ nz[i ] as integer domain?

(a)2

(b 13

)19
d)7

Let F=F3[X]/<(x3 +2x—1)>, wheére F3 is -
the field with 3 elements. Which of the

following statements are true?
(a.) Fis a field with 27 elements

(b.) F is a separable but not a normal'

extension of F;

(c.) The automorphism group of F is: cychc
(d.) The automorphism group of F is abehan“- :

but not cyclic
Let G be the Galois group of the splitting

field of x> —2 over Q. Then, which of the

following statements are true?

(a.) Gis cyclic

(b.) G is non-abelian

(c.) The order of G is 20

(d.) G has an element of order 4

Let R be the'ring of all entire functions, i.e.

R s the ring of functions f :C — Cthat are

analytic at every point of C, with respect to

pointwise addition and multiplication. Then

(a.) The units in R are precisely the nowhere
vanishing entire functions, i.e,
f:C—>C such that f is entire and

f(a)#0forall aeC
(b.) The irreducible elements of R are, up to
multiplication by a unit, linear

polynomials of the form z—a , where
aeC, ie. if feRis irreducible , then

f(z)=(z—a)g(z) for all zeC where

gisaunitin Rand aeC
(c.) R is an integral domain.
(d.) R is a unique factorization domain.

24,

25.

26.

Assignment Sheet - 3

Consider the
Fx)=x*~x3 +14x% +5x+16 . Also for a

prime number p, let ¥, denote the field with

polynomial

p elements. Which of the following are

always true?

(a.) Considering f as a polynomial with
coefficients in F;, it has no roots inTF; .

(b.) Considering [ és “a pclynomial with
coefficients in Fj, it is a product of two

irreducible factors of degree 2 over F; .

() Cdn‘sidéring_ J -as-a polynomial with .-

coefficients in F;, it has an irreducible
factor of degree 3 over I, .

(d.) f is a product of two polynomials of
degree 2 over Z .

Which of the following is/are true?

(a.) Given any positive integer n,there exists
a field extension of Qof degree n

(b.) Given a positive integer n, there exist
fields F and K such that F c K and K is
Galois over F with [K:F]=n

(c.) Let K be a Galois extension of Q with
[K:Q]=4 then there is a field L such
that Ko LoQ[L: Q=2 and L is a
Galois extension of Q.

(d.) There is an algebraic extension K of Q
such that [K : Q] is not finite

Which of the following integral domains are
Euclidean domains?

(a.) Z[\/—_3]={a+b«/——3:a,beZ}
(b.) Z[x]

(c) I&Exz X ]z{ f =§aixi e]I{_x]:al :0}

4]
(d) £<(2 x)>}[y] Where X,y are

independent variables and <(2, x)) is the
ideal generated by 2 and x.
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27. Let p and g be two distinct primes. Pick the 29, Let R be a ring. If R [x] is a principal ideal

: 21
Letw=cos— +isin—;
10 10

correct statements from the following:

(a) Q(\/;) Is isomorphic to Q(\[(;) as
fields.

(b.) Q(\/;) is isomorphic to Q(\[c;) as

vector spaces over (Q

© [a(4p).(8):2]-+
@ 1) -a({7 )

21

Let K =Q(m2)and let,"l',_:Q(Q)) .Then .
@y [LQl=to -
(b) [L:K]=2

(c) [K:Q]=
@) L=K

—

30.

domain, then R is necessarily a
(a.) Unique Factorization Domain
(b.) Principal Ideal Domain

(c.) Euclidean Domain

(d.) Field -

What is the degree of the followmg numbers

: over Q"
: <a~> ﬁ N
L )2
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