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Group Theory -1

Def. Group : Let G be a non-empty set with a binary operation “=’, then G is called a group w.r.t. “*’

if following postulates are satisfied :
(i) Associativity: (axb)xc=a=(bxc) foralla,b,c G.

(ii) Existence of identity : There exists an element e G, suchthat a~e = a = e » a forall acG.

(iii) Existence of inverse : For every a € G, there exists an elementb € G suchthat a »b=e=b x a.

Here , b is called inverse of a and is denoted by a*.
Def. Abelian group : A group G is said to be abelian (or commutative) ifa* b= _b x a for all a, beG.
Remark : The word ‘Abelian’ is after the name of great mathematician N.H.Abel.
Def. Finite and Infinite groups : If a group G consists of a finite number of elements, then it is called a
finite group, otherwise it is called an infinite group.
Def. Order of a group : The number of elements in a finite group is called the order of the group. An

infinite group is said to be of infinite order. Order of a group is denoted by o(G) or |G |.

Examples :

1. 7Z,={0,12,...,n-1} isan abelian group w.r.t. +,.of order n.
2. UM)={m:1<m<nandgcd(m,n) =1} is an abelian group under x, of order ¢(n).
Basic Results :

1. Inagroup the identity element is unigue.

2. Inagroup every element has a unique inverse.

3. If G isagroup then (a‘l)_l = a forall aeG.

4. Let G beagroup then (ab)” = b™a™forall abeG.

5 If a,b,ce Gthen ab = ac = b = c. Thisis called left cancellation law.

6. If a;b,ce Gthen ba= ca = b= c. Thisiscalled right cancellation law.

7. In the.composition table of a group, each element of the group appears exactly once in each row and
each column.

Def. Subgroup : A non empty subset H of a group G is called a subgroup of G ,if H itself is a group

w.r.t. the same binary operation as in G.

Def. Proper and Improper subgroups : For a group G, the set {e} and G are always subgroups of G and

are called improper subgroups of G. Any other subgroup [other than G and {e}] is called a proper subgroup




of G.

Remark : Some authors also define a proper subgroup to be a subgroup other than G.

Results on subgroups :

1. The identity of any subgroup of a group is the same as that of the group.

2. The inverse of any element of a subgroup is the same as the inverse of that element in group.

3. Anonempty subset H of agroup G is asubgroup of G ifand onlyif ab™eH forall a,beH .

4. A nonempty finite subset H of a group G is a subgroup of G ifand only if closure holds in H
ie.a,be H = abeH.

5. Intersection of two subgroups of a group is again a subgroup.

6. The union of two subgroups of a group is a subgroup if and only if one is contained in the other.

Def. Let H and K be two subgroups of a group G, then HK ={hk : he H, ke K}. Similarly, KH may be
defined.

7. Let H and K be two subgroups of G then H K is a subgroup of G if and only if HK = KH.

o(H)o(K)

8. IfH and K are finite subgroups of a group G then o(HK)=
o(H N K)

, where o(H) is the order of H.

9. Let G be agroup and H be a subgroup of G then xHx ' = {xhx’l . XeG,he H} is also a subgroup of
G.

Def. Order of an element : Let G be agroupand aeG then order of ‘a’ is defined as the least positive
integer n such that

(i) a" = 1 , if the operation is multiplication.

(i) na=0, if the operation is addition.

(iii) axax....xa(ntimes)=e if the operation is *.

We then write o(a) =nor |al=n. If there exists no such n, then a is said to be of infinite order or zero
order.

Results on order of a group :
1. Let-G beagroupand acG suchthat o(a) =n then a" =e ifand onlyif m isa multiple of n.

2. ‘Let G be afinite group and aeG then o(a)/o(G).

3. Let G be afinite group and acG then a°® = e.

. The order of an element and its inverse are same i.e. for any ac G, we have o(a) = o(a™)

4
5. Forany a,x e G, o(a) = o(x " ax)
6. Forany a,b e G, o(ab) = o(ba).
7

. Let a and b be two elements of finite order of a group G. If gcd(o(a), o(b))=1 and ab=bha, then

o(ab)=o0(a) o(b).
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o(a)

ged(k,o(a))

9. Lagrange’s Theorem: Let G be afinite group and H be a subgroup of G then o(H) divides o(G).

8. Let a be an element of finite order of a group G and k be any positive integer then o(ak ) =

Results on abelian groups :

1. Ifagroup G is abelian then (ab)" =a"b" for all a,b e G and for all integers n.

2. Agroup G is abelian iff (ab)? =a?b? forall a,beG.

3. LetGbeagroupand a’=e forall aeG then G is abelian.

4. Agroup G is abelian iff (ab)™* =a*b™ forall a,beG.

5. Let G be agroupand (ab)™ =a™b™ for all a,b e G and three consecutive integers'm then G is abelian.

6. If (ab)™ =a™b™ holds for two consecutive integers m then G need not be abelian.

7. Let G be a group such that ab=ca implies b=c, then G is abelian. In'words, if cross cancellation law
holds in a group then it is abelian.

8. A group is abelian iff ith row and ith column in the.composition table are same for all i.

9. Z, is abelian for all positive integers n.

10. U (n) is abelian for all positive integers n.

Def. Cyclic group : A group G is said.to be cyclic if there exists an element ae G such that every element
of G isofthe forma", where n isan. integer. The element ‘a’ is then, called a generator of G and we
write: G = <a> or (a)

Results on cyclic groups :

Every cyclic group is abelian.

Every subgroup.of a cyclic-group is cyclic.

If ‘a’ is a generator of a cyclic group G, then a™* is also a generator of G.

The order of a cyelic group is equal to the order of its generator.

If a finite group of order n contains an element of order n then the group must be cyclic.

Every group of prime order is cyclic .

Every infinite cyclic group has exactly two generators.

© N o g M~ w D E

The number of generators of a finite cyclic group of order n is ¢ (n) , where ¢ denotes the Euler’s ¢

function.
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9. Let G be a finite cyclic group suchthato(G) = n and G = <a> then a" will be generator of G if
and only if gcd(m, n) = 1.

10. Let aeG such that o(a) =n then o(a') =o(a’) iff gcd (n,i) =ged(n, j).

11. A group of prime order has no proper subgroups.

12. A non trivial group G which has no proper subgroups must be a group of prime order.

13.Converse of Lagrange’s theorem is true for finite cyclic group. In words, let G = (a} be a finite cyclic
group such that o(G) = n. Let d/n then G has a subgroup of order d. Further the subgroup-of order
d is unique and this subgroup is given by <a“"’ > :

14. Total number of subgroups of a finite cyclic group of order n is t(n) , the number of divisors of n.

15. Let G be cyclic group of order n and d be a positive integer which dividesn;'then G has ¢(d) elements

of order d.

16. Let G be a finite group and d be a positive integer which divides o(G) then number of cyclic subgroups

number of elements of order d
o(d)

17. Z, is cyclic for all positive integer n and an integer k is-a generator of Z_ iff gcd (n,k) =1.

of orderdis

18. U(n) iscycliciff n=1or2or4orp™ or 2.p™ where p is an odd prime and m is a positive integer.

19. U(2") is not cyclic for n>3.

Def. Centre of a group : Let G be a group then centre of the group G is defined to be subset of all

elements of G which commute with every element of G and it is denoted by Z(G). In symbols,

Z(G)={aeG:ax=xa forallx in G} .

Results :

1. Z(G) is asubgroup of G.

2. Gisabelian iff G=Z(G)

3. Let G'be a group and a e Z(G) then in the composition table of G the row and column headed by ‘a’
are same.

4. As Zand U(n) are abelian groups so they are centres of themselves i.e., Z(Z,)=Z, and
ZU()=U(n).

Def. Klein’s four group : A group of order four in which every element is self-inverse or every non-identity

element is of order 2 is called Klein’s four group. Symbolically, K, ={e,a,b,c} such that

ab=ba=c, bc=cb=a, ac=ca=b and a®> =b%> =c? =e.
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Exercise 1.1
1. Inthe groups Z,1<n<20
() Find inverse and order of each element and construct the O-D table.

(ii) Find all subgroups and construct the subgroup table.

(iif)Show that the group is cyclic and find all its generators.

2. Inthe groups U (n) for 1<n<20.
(i) Find inverse and order of each element and construct the O-D table.
(ii) Find all subgroups and construct the subgroup table.

(iii)Which U (n) are cyclic. If U (n) is cyclic for any n then find all the generators,
3. How many positive integers 1<n <100 are there such that U (n) is cyclic.
4. Inthe Klein’s four group K,,

(1) construct the composition table.
(ii) Find inverse and order of each element and construct the O-Dtable.
(iif) Find all subgroups and construct the subgroup table.

(iv) Show that every proper subgroup of K, is cyclic.

Answers
3.50
Order | No. of subgroups
Order | No. of elements 1 1 group
4, (ii 1 1
(i (i) — .
2 3
4 1
Exercise 1.2

1. Translate each of the following multiplicative expressions into its additive counterpart.
(i) a’b® (i) a?(b'c) (iii) (ab?) " c?=e
2. For any elements a and b from a group and any integer n, prove that (a’lba)n =a'b"a.

3. Forany integer n> 2, show that there are at least two elements in U (n) that satisfy x? =1.
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10.

11.

12.
13.

14.

15.

16.

17.

18.

19.
20.

An abstract algebra teacher intended to give a typist a list of nine integers that form a group under
multiplication modulo 91. Instead, one of the nine integers was inadvertently left out so that the list
appeared as 1, 9, 16, 22, 53, 74, 79, 81. Which integer was left out ? (This really happened!)

Show that the set {5,15,25,35} is a group under multiplication modulo 40. What is the identity element
of this group ?

The integers 5 and 15 are among a collection of 12 integers that form a group under multiplication
modulo 56. List all 12.

Construct a Cayley table for U (12).
Let G be a finite group. Show that the number of elements x of G such that x®=e is odd. Show that the

number of elements x of G such that x* # e is even.

In a finite group, show that the number of nonidentity elements that satisfy the equation x°=e is a
multiple of 4.

Let x belong to a group. If x* #e and x°=e, prove that x* = e andx># e . What can we say about the
order of x ?

For each divisor k of n, let U, (n):{x eU (n)| x=tmod k}. (For example, U (21)={1,4,10,13,16,19} and
U, (21)={1,8}.) List the elements of U, (20),U;(30), and U ,(30). Prove that U, (n) is a subgroup of
U(n).

Suppose a group contains elements a and b such that |a|=4, |b|=2, and a®=ba. Find |ab].

Suppose G is a group that has exactly eight elements of order 3. How many subgroups of order 3 does G

have ?

Find a cyclic subgroup of order4 in U (40).

Find a noncyclic:subgroup of order 4 in U (40).

Let a be an element of a group and let |a|=15. Compute the orders of the following elements of G.

(i) a*,a%a’,a” (i) a°,a® (iii) a*a‘ a®a"

Let G=(a) and let |a|]=24. List all generators for the subgroup of order 8.

Suppose that |a|=24. Find a generator for <a21>ﬂ<a1°>. In general, what is a generator for the subgroup
a")n(er) 2

List the cyclic subgroups of U (30).

Let G be a group and let a be an element of G.

(i) If a”=e, what can we say about the order of a ?
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(ii) If a™=e, what can we say about the order of a ?
(iii) Suppose that |G|=24 and that G is cyclic. If a®=e and & #e, show that (a)=G.
21. List all the elements of order 8 in Z g0, - HOW do you know your list is complete ?

22. Consider the set {4, 8, 12, 16}. Show that this set is a group under multiplication modulo 20 by
constructing its Cayley table. What is the identity element ? Is the group cyclic ? If so, find all of its
generators.

23. List all the elements of Z,, that have order 10.

24. Let |x|=40. List all the elements of (x) that have order 10.

25. Let a and b be elements of a group. If [a|=10 and |b|=21, show that (a)N(b)={e}.

26. Let a and b be elements of a group. If |a|=m, |b|=n, and m and n are relatively prime, show
that(a)N(b)={e}.

27. Let aand b belong to a group. If [a|=24 and |b|=10, what are the possibilities for |<a>ﬂ<b>| ?

28. If \a5\=12 , what are the possibilities for |a| ? If ‘a4‘=12 , what are the possibilities for |a| ?

29. Suppose that | x |=n . Find a necessary and sufficient condition on r and s such that <x’>g <x5>.

Answers
1. (1) 2a+3b (i) —2a+2(-b+c) (iii) -3(a+2b)+2c=0 3. landn-1 4. 29
1 11
1|1 7|11
5. 25 6. {1,3,5,9,1315,19,23,25,27,39,45} 7./5|5|1|11|7 10. 3or6
7171111
111117 (5|1

11. U(20)={1,9,1817}, U.(30) ={1,11}, U,(30) ={1,11} 12. 2  13. 4 14. (3)={1,3,9,27}
15. {1,9, 11,19}  16. () 5 (i) 3 (i) 15 17. (a°),(a°),(a"),(a”) 18. @%@

19. (1),(7),(11),(17),(19),(29)  20. (i) |a| divides 12 (ii) |a]| divides m

21. 1000000, 3000000, 5000000, 7000000. (1000000} is the unique subgroup of order 8 and only those on

the list are generators.

22.16;yes; (8) and (12)  23. 4,12,28,36  27.1and2 28. 120r60;48  29.s divides r.
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Group Theory - 2
Def. Permutation : A one-one onto mapping from a set to itself is called a permutation.
Remark : If S is a finite set having n elements then clearly there are n! permutations.
Def. Permutation group or Symmetric group : Ifaset S has n elements, then the set of all n!
permutations on S forms a group under composition of permutations , called Permutation group or
Symmetric group of degree n and is denoted by P, or S,.

Example :

e 000
HHASHAE
A !

Def. Cyclic permutation or cycle : A permutation which can be expressed in one row such that image of

N NN RN

1
1
1
2

each element is next element and image of last element’is first , provided fixed elements are skipped is
called a cycle.

Def. Length of a cycle : Number of elements permuted by the cycle or number of elements in its one-row
representation is called length of that cycle. A cycle of length k is called k-cycle.

Note : A cycle remains unaltered if its elements are changed in cyclic order.

Def. Transposition : A cycle of length two is called a transposition.

Def. Disjoint cycle : Two cycles are said to be disjoint if they have no common element in their one-row
representation.

Results :

1. The symmetric groups S, , Sz and S, when their elements are written in one-row representation , are

given as
S, = {I,(12)}
S, = {I, (12, 13, (23), (123), (132)}

I, (12), (13), (14), (23), (24), (34), (123), (124), (132),
(134) , (142), (143), (234), (243), (1234), (1243) ,(1324) ,
(1342) , (1423), (1432) , (12)(34), (13)(24) , (14)(23)

w
=
1
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2. Disjoint cycles always commute with each other.

3. Non-disjoint cycles may or may not commute.

4. Inverse of a cycle can be obtained by reverting its elements or by keeping first element unchanged and
reverting remaining ones.

5. Order of a n-cycle is n.

6. If 6=0,0,...0,, Where c;'s are disjoint cycles, then o(c) = Icm {o(s,),0(5,)....0(c, )}

7. Every permutation can be expressed as a product of disjoint cycles.

8. Every cycle can be expressed as product of transpositions in infinitely many ways. However, number of
transpositions in any decomposition of a cycle remains either always even or always odd.

Def. Even and odd permutations : A permutation is said to be even (odd) if it'can be expressed as product

of even (odd) number of transpositions.

. . . 1 2 3 -
Def. Inversion of a permutation : Let 6 €S, be permutation and let o = .

o) o(2) o@B - o(n)
Then inversion of a symbol i is denoted by inv(i) and is defined as inv(i) =number of symbols less than

n-1
o(i) and right to o(i) and inversion of permutation o is defined as inv(c) =Zinv(i).
i=1

1 2 3 456 7

Example : Let o=
2 317 6 5 4

j. Then inv@l)=1, inv(2)=1, inv(3)=0, inv(4)=3,

7
inv(5)=2, inv(6) =1, inv(7) =0 and inv(cs):Zinv(i)=1+1+O+3+2+1+O=8.

i=1
Def. Signature of a permutation : Let ceS, be any permutation then signature of o is denoted by

inv(o)

sgn(c) and is defined as“sgn(c) = (1)
In the above example, sgn(c) =(-1)® =1.
Results on signature.:

1. Signature of an even permutation is always 1.

2. Signature of an'odd permutation is always —1.

3. sgn(on) =sgn(c)sgn(n) .

4. sgn(c *) =sgn(o).

Results :

1. A permutation can not be both even and odd.

2. Acycle of odd length is an even permutation and a cycle of even length is an odd permutation.
3. Identity permutation is an even permutation.
4

. Product of two even permutations is an even permutation.
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5. Product of two odd permutations is an even permutation.
6. Product of one even and one odd permutation is an odd permutation.

7. Inverse of an even permutation is even and of odd permutation is odd.

I I
8. InS,, there are always % even permutations and % odd permutations.

9. Let o€ S, be apermutation corresponding to the partition

N=N+N+...4N + N +N,+....+N,+..... +Nn +n +....+n.. Then the number of elements in S,
L | L
o times o, times oy times

having same cyclic decomposition as that of ¢ =

n

Corollary : The number of r-cycles in a symmetric group S, is given by i :
r

10. The set of all even permutations of S, forms a group denoted by A, and is called alternating group of

degree n. e.g.

_ {I , (123), (124) , (132), (134),(142)., (143) }
(234) , (243) , (12)(34) , (13)(24)", (14)(23)
11.1f H is a subgroup of S, then either every member of H is an even permutation or exactly half of them
are even.
12.Let o and B belongto S, , then Bap' and o are both even or both odd.

13.Every element in A, for.n>3 can be expressed as a 3-cycle or a product of 3-cycles.
14.1f o is a n-cycle then ™ is a product of d cycles of length g where d =gcd(m,n).

15.Let candn be any permutations in the symmetric group S,, then o 'mo has the same cyclic
decomposition as that of n.
16. Centre of symmetric groups :
() Z(SY=S,, Z(S,)=5,.
(i) Z(S,)={1} for n>3
17. Centre of alternating groups :
() Z(A)=A, Z(A) =~ Z(A) = A
(i) Z(A,)={1}forn>4
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Information Tablefor S, :

. Type of Name of Number of
S.No. Partition Order | Even/Odd
the element the element elements
1. 6=1+1+1+1+1+1 |1 Identity 1 1 Even
2. 6=1+1+1+1+2 @2 Transposition 15 2 Odd
3. 6=1+1+1+3 @23 3—cycle 40 3 Even
4, 6=1+1+4 @234 4 —cycle 90 4 Odd
5. 6=1+5 @12345) 5-cycle 144 5 Even
6. 6=6 123456) |6-cycle 120 6 Odd
7. 6=1+1+2+2 @234 product of 45 2 Even
transpositions
8. 6=2+2+2 @ 2)(3 4)(56) | product of three 15 2 Odd
transpositions
9. 6=1+2+3 @12)(345) product of a 120 6 Odd
transposition & a 3—cyele
10. |6=3+3 (123)(456) | product of two 40 3 Even
3—cycles
11. |[6=2+4 (12)(3456) | product of a transposition 90 4 Even
and a 4 —cycle
720
Information table for A,
. Type of the Name of No. of
S.No. Partition Order
element the element elements
1. [ 7=1+1+1+1+1+1+1 || Identity 1 1
2. | 7=1+1+1+1+3 123 3—cycle 70 3
3. | 7=1+1+5 (12345) 5-cycle 504 5
4. | 7=7 (1234567) |T7-cycle 720 7
5 |1+1+1+2+72 12)(34) product of 105 2
transpositions
6. | 7=2+2+3 (12)(34)(567) | product of two 210 6
transposition and a 3—cycle
7. | 7=1+3+3 (123)(456) product of two 280 3
3—cycles
8. |7=1+2+4 (12)(3456) product of a transposition 630 4
and a 4—cycle

2520
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Exercise 2.1

1. Construct the information table for S, 1<n<7.

2. Construct the O-D table for S, 1<n<7.

3. Find the number of elements satisfying the equation x™ =e in the symmetric groups S, by considering
the values m=2,3,4,5,6 and n=2,3,4,5.

4. For what values of n, the symmetric group S, is abelian and non-abelian.

5. For what values of n, the symmetric group S, is cyclic and non-cyclic.

6. Find the maximum order of an element of S, for 1<n<15.

7. Construct the information table for A, 1<n<7.

8. Construct the O-D table for A, 1<n<7.

9. Find the number of elements satisfying the equation x™ =€ inthe alternating groups A, by considering
the values m=2,3,4,5,6 and n=2,3,4,5.

10. For what values of n, the symmetric group A, is abelianand non-abelian.

11. For what values of n, the symmetric group<A, is cyclic and non-cyclic.

12. Find the maximum order of an element of A, for 1<n<15.

Answers

4. S, isabelian for n=1,2 and non-abelian for n>3.

5. S, iscyclic for n=1,2 and non-cyclic for n>3.
6. 1,2, 3,4,6,6, 12, 15, 20, 30,30, 60, 60, 70, 105.

10. A, is abelian for n=1,2,3 and non-abelian for n>4.
11. A, iscyclic forrn=1,2,3 and non-cyclic for n>4.

12.1, 1, 3, 3,5;5, 7, 15, 15, 21, 21, 35, 35, 45, 105.

Exercise 2.2
1. Find the order of each of the following permutations.
(i) (14) (i) (147) (iii) (14762)
2. What is the order of a k-cycle (a,,a,...a,) ?
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10.
11.
12.
13.

14.

15.

16.

17.

18.

19.
20.

21.
22.

What is the order of each of the following permutations ?
(i) (124)(357) (ii) (124)(356) (iii) (124)(3578)
What is the order of each of the following permutations ?

(i)123456 (ii)1234567
2 1546 3 76 1 2 3 45

What is the order of the product of a pair of disjoint cycles of lengths 4 and 6 ?

Show that A, contains an element of order 15.

1 2 3 45 6 1 2 3 456
Let a= andB= .

2 1 35 46 6 1 2 4 35

Compute each of the following.

(i) ot (i) Ba (iii) ap

1 2 3 45 6 7 S}and :{1 2 3 45 6,7 8}.

Let o=
21 35 47 6 8 1 387 65 2 4

Write a and B as
(i) products of disjoint cycles. (ii) products of 2-cycles.

Do the odd permutations in S, form a group ? Why ?
Let o and B belong to S, . Prove that o™ B ‘o is'an even permutation.
How many odd permutations of order4 does S, have ?

Prove that (1234) is not the product of 3-cycles.
Let B S, and suppose B*=(2143567). Find B .

Let B=(123)(145). Write B* in cycle form.

Let H={ceS,:c(3) = 3} then show that H is a subgroup of S,. What is the o(H) ?

Let B=(1,3,5,7,9,8,6) (2,4,10). What is the smallest positive integer n for which B"=p° ?
Let a=(1,3,5,7,9)(2,4,6)(8,10) . If o™ is a 5-cycle, what can you say about m ?

Let H :{[3 €S |p(1)=1and [3(3):3}. Prove that H is a subgroup of S, .

Suppose that B is a 10-cycle. For which integers i between 2 and 10 is B' also a 10-cycle ?
In S, find elements o and B so that |o|=2, |B|=2, and |ap|=3.

Find group elements o and P so that |o|=3, [3|=3, and |ap|=5.

Show that a permutation with odd order must be an even permutation.
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Answers
1. ()2 (i)3 ()5 2.k 3.()3 ()3 (ii)12 4. ()6  (ii)12 5 12
ozt eliii i wiree
8. (i) a=(12)(45)(67), p=(23847)(56) (ii) a=(12)(45)(67), B =(27)(24)(28)(23)(56)
9. No; the identity iseven. 11. 90 13. B =(2457136) 14, (13254) 15. 2
16. 16 17. m=6 19. 3,7,9  20. a=(12), p=(23)
21. Let  =(123) and 5 = (145)
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Group Theory - 3
Dihedral Groups

Def. Symmetry : An undetectable motion of an object is called its symmetry.
Def. Symmetry Line : A line along which a body is symmetric is called its symmetry line.

Result : A regular polygon with n-sides has n-symmetry lines shown below :

Def. Dihedral group : The set of all symmetries of a regular polygon of n-sides forms a group with respect
to the composition (product) of symmetries and is known as nth dihedral group and is denoted by D, .
Results :

. The dihedral group D, is of order 2n and it contains n rotations and n reflections.

. Product of two rotations is again a rotation.

. Product of one rotation and one reflection is a reflection.

1

2

3

4. Product oftwo reflections is a rotation.

5. Every reflection is either a transposition or a product of transpositions.
6

. Order of a reflection is always 2.

n+1 ifniseven

7. Number of elements of order 2 in D, = L
n ifnisodd

8. Number of elements of order 2 in any dihedral group is always odd.
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9. Let d(=2) be a positive integer which divides n then D, has ¢(d) elements of order d.

10. Largest possible order of any element in D, is n.
11. The number of subgroups of the dihedral group D, is t(n)+o(n), where t(n) denotes the number of
positive divisors of n and (n) denotes the sum of all positive divisors of n.
12. The number of cyclic subgroups of the dihedral group D, is t(n)+n, where t(n) denotes the number
of positive divisors of n.
{e} , ifnis odd
13. Centre of dihedral group :Z(D,) = n o
e, a2; , ifniseven
14. Generator-relation form of dihedral group : D, =<a,b a"=e, b*=e,ab= ba’1>
. e, a, a’ .. a" | Rotations
ie., D, = .
b, ab, a’b, ... a"'bj— Reflections
el a|a | b |ab|a%
e |e| a|a | b |ab|a
alala®| e |ab|ab| b
Composition table forD, : | a*> |a* | e [«a |ah| b | ab
b | b |a’h| ab a’
ab |ab{ b |[a%b e | a
a’h|a’|ab| b |a® | a | e

Def. Group of quaternions Q;, : The group of quaternions is given as Q;={1,—1,i,—i, j,— j,k,—k} where

i2= j?=k?=-1and i-j=k, j-k=i k-i=], jii=—k, k-j=—i, i-k=—]
. Sl d S [=ilk [«
T2 [=] g =il«x [«
S 55 [« |«

Compositiontablefor Qg : | —i | i | —i | 1 | -1 |-k |k | j [—]

i |0 |- |-1| 1|k |-k|-j|]

Remark : Some authors denote this group by Q, .

Results :

1. Qg is anon-abelian group and hence non-cyclic.
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N

. Every proper subgroup of Qj is cyclic.
3. Qg has six subgroups.
4. Z(Qy)={1-1

5. Generator-relation form of Q; : Q, =<a,b ra'=e,a’ =b*=e, ab=ha™ >

Exercise 3.1
1. Construct the dihedral groups D, for 3<n<7. Also find inverse and order of each element and

construct the O — D table.
2. Construct the O — D table for the dihedral groups Dg, Dy, Dy, D,s, Dgy, Dy .

w

Construct the composition table for D, and D, .

4. Find all subgroups of D,,D,, D,. How many of them are cyclic and non-cyclic?

o

Construct the O — D table of the group of quaternions Q, and also find all subgroups of Q, .

6. Show that every proper subgroup of Q, is cyclic.

7. Find the group of symmetries of the following figures :
(i) Rectangle (non square) (i) Rhombus (non square)  (iii) Parallelogram (non rectangle)

8. To which groups the groups in above question are isomorphic.
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D, : Total 6, cyclic 5, non-cyclic 1,

D, : Total 8, cyclic 7, non-cyclic 1;
() {I,(13)(24),(12)(34),(14)(23)}

() K,

(i) K, (D)

L,

Answers
Order | No. of elements
Order | No. of elements Order | No. of elements 1 1
1 1 1 1 2 21
2 9 2 9 4 2
4 2 ' 3 2 ’ 5 4 ’
8 4 9 6 10 4
16 18 20 8
40
Order | No. of element
Order | No. of elements 1 i
1 1
2 37
Order | No. of elements 2 31 3 5
1 1 3 2
4 2
2 25 5 4
, , 6 2
5 4 6 2
9 6
25 20 10 4
12 4
50 15 8
18 6
30 8
36 12
60
72

D, : Total 10, cyclic 7, non-cyclic 3.

D, : Total 16, cyclic 10, non-cyclic 6.

(i) {I,(13)(24),(12)(34),A4)(23)} (i) {I,(A3)(24)}
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Group Theory -4
Def. Direct product : Let G,G,,.....,G, be a finite collection of groups. The direct product of

G,,G,,.....,G, is denoted by G, xG, x.....xG, and is defined as the set of all n-tuples for which the ith

n

component is an element of G, and the operation is componentwise.
In symbols G, xG, x....xG, ={(9,,9,.--9,):9; €G,}
where (a,,a,,....,a, )(b,b,,.....b,) = (ab,ab,,.....ah,) . Itis easy to check that direct-product of groups is

itself a group.
Results :
1. The order of an element of a direct product of a finite number of finite groups-is-the least common

multiple of the orders of the components of the element. In symbols,
0((02 Gor--,)) = 1em{0(9,),0(0.) es0(85)}
2. Let G, and G, be finite cyclic groups then G, xG, is cyclic if and only if o(G,) and o(G,) are co-

prime.

3. Let G, and G, be two groups then G, xG, is abelian iff G, and G, are abelian.

4. 1f H, isasubgroup of G, and H, is assubgroup of ‘G, then H, xH, is a subgroup of G, xG,. However
every subgroup of G, xG, is not of the form H ,xH, .

5. Two finite groups are isomorphic if and only if they are of same order and have same O — D table.

6. The direct product G, xG, x.....xG, of finite cyclic groups is cyclic if and only if o(G;) and o(Gj) are
co-prime for all i # j.

7. LyxZLy =7, ifandonly if gcd(m,n)=1.

I

Z

NNy -y

8. Zy XLy x...xly, if and only if ged(n;,n;)=1Vi=j.

9. Let mand n are co-prime positive integers then U (mn)=U (m)xU (n).

11 U(2)=2,, U(4)=2Z,, U(2")2Z,xZy. forn>3.




12. If p is an odd prime then U ( p”) ~ Z¢(pn) =Zy_ g

13. U (n) iscyclicifand only if n=1or 2 or 4 or p™ or 2. p™ where p is an odd prime and m is a
positive integer.

14. x* =1 for all x €U (100)
Proof : U (100) =U (4x25) =U (4)xU(25) = Z, x Z,,. It can be easily seen that order of every element of
Z,xZ,, is a divisor of 20. So, x* =1 for all x €U (100).

15. x*° =1 for all x U (1000).

Proof : U (1000) = U (8x125) =U (8)xU (125) = Z, xZ, x Z,, . It can be easily-seen that order of every

element of Z, xZ,xZ,,, is a divisor of 100. So, x'® =1 for all x €U (1000)-

Exercise 4.1
Construct O — D table for following groups :
1. Z,xZ, 2. LyxZy 3. Z,x7Zg
4. Doy x L 5. ZyxU(9) 6. ZgxU (15)
7. Z,xU(10) 8. Z,xS, 9. U(20)xU (25)
10. U (6)xS, 11. S, xS, 12. S,xU (10)
13. Z,xU (10)xS, 14, Zgx A, 15. U (10)x A,
16. A,x A, 17. S;x A, 18. S, xS, x A,
19. Z,, x D, 20. U (12)xD, 21. S,x D,
22. A;x Dy 23. D, x D, 24. 7.,xU (3)xS,x A, x D,
25. U (10)x A, x Dy 26. D, xQ, 27. 7y xQ,
28. U (10)xQ, 29. S, xQ, 30. A, xQ,
31. U(le) 32. U32) 33. U(100)

34, U(120)




J.R.INSTITUTE OF MATHEMATICS

189/35 BEHIND RAILWAY STATION, VAISH COLLEGE ROAD, ROHTAK PIN-124001 (HARYANA)
E-mail us on - jrinstituterohtak@gmail.com, balwanmudgil54@gmail.com Mob. 8607383607, 9802177766

Page 23 |

Answers

Order | No. of elements
1 1
2 3
4 4
8
Order | No. of elements
1 1
2 1
3 2
5 24
6 2
10 24
15 48
30 48
150
Order | No. of elements
1 1
2 3
4 12
16

Order | No. of elements
1 1
2 1
3 8
6 8
18
Order | No. of elements
1 1
2 3
3 2
4 4
6 6
8 8
12 8
24 16
48
Order | No. of elements
1 1
2 3
3 8
6 6
18

Order | No. of elements
1 1
2 3
3 2
4 4
6 6
12 8
24
Order | No. of elements
1 1
2 7
3 2
4 8
6 14
12 16
48
Order | No. of elements
1 1
2 7
4 24
5 4
10 28
20 96

160
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10.

13.

16.

19.

Order | No. of elements
1 1
2 19
3 8
4 12
6 8
48
Order | No. of elements
1 1
2 7
3 8
4 8
6 20
12 28
72
Order | No. of elements
1 1
2 3
3 26
6 6
36
Order | No. of elements
1 1
2 7
3 2
5 4
6 2
10 28
15 8
30 8

60

11.

14.

17.

20.

Order | No. of elements
1 1
2 15
3 8
6 12
36
Order | No. of elements
1 1
2 7
3 8
5 4
6 8
10 28
15 32
30 32
120
Order | No. of elements
1 1
2 3
3 8
6 6
18
Order | No. of elements
1 1
2 23
4 8
32

12.

15.

18.

21.

Order | No. of elements
1 1
2 7
3 2
4 8
6 2
12 4
24
Order | No. of elements
1 1
2 7
3 8
4 8
6 8
12 16
48
Order | No. of elements
1 1
2 7
3 8
6 20
36
Order | No. of elements
1 1
2 15
3 8
6 12
36
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22.

25.

28.

3L

Order | No. of elements
1 1
2 5
3 2
5 4
6 10
15 8
30
Order | No. of elements
1 1
2 7
3 8
4 8
6 20
12 28
72
Order | No. of elements
1 1
2 3
4 28
32
Order | No. of elements
1 1
2 3
4 4
8

23.

26.

29.

32.

Order | No. of elements
1 1
2 35
4 12
5 4
10 20
20 8
80
Order | No. of elements
1 1
2 11
4 52
64
Order | No. of elements
1 1
2 7
3 2
4 24
6 2
12 12
48
Order | No. of elements
1 1
2 3
4 4
8 8
16

24.

217.

30.

33.

Order | No. of elements
1 1
2 31
3 8
6 104
144
Order | No. of elements
1 1
2 3
4 28
8 32
64
Order | No. of elements
1 1
2 7
3 8
4 24
6 8
12 48
96
Order | No. of elements
1 1
2 3
4 4
5 4
10 12
20 16

40
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34.

10.
11.
12.
13.
14.
15.
16.

17.

18.

19.

Order | No. of elements
1 1
2 15
4 16
32

Exercise 4.2

Show that Z, xZ, xZ, has seven subgroups of order 2.

Is Z,x7Zq isomorphic to Z,, ? Why ?

Is Z,xZ, isomorphic to Z,, ? Why ?

Explain why ZgxZ, and Zgy0000 X Z 4000000 MUSt have the same number of elements of order 4.

What are the last three digits of 17'% ?

What is the order of any nonidentity element of Z,xZ,xZ, ?
How many subgroups of order 4 does Z, xZ, have ?
The group S, xZ, is isomorphic to one of the following groups : Z,,,Z,x Z,, A,, D, . Determine which

one by elimination.

Find a subgroup of Z, xZ, that is not of the form Hx K where H is a subgroup of Z, and K is a
subgroup of Z,.

Find all subgroups of order 3 in Zy xZy.

Find all subgroups of order 4 in Z,xZ,.

What is the largest order of any.element in Z,, xZ,, ?

How many elements of order 2 are in Z 00000 % Z 4000000 ?

Prove that D,xD, #D,,.

Determine the number of cyclic subgroups of order 15 in Zg, x Z, .

If a finite abelian group has exactlty 24 elements of order 6, how many cyclic subgroups of order 6 does
it have ?

The group Z, x D, is isomorphic to one of the following : Z,,,7Z, xZ, x Z,, A,, D, . Determine which
one by elimination.

Determine the number of elements of order 15 and the number of cyclic subgroups of order 15 in

Loy X Ly .

Express U (165) as an direct product of cyclic additive groups of the form Z .
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20. Express U (165) as an direct product of U-groups in three different ways.

21. Without doing any calculations in U (27) , decide how many subgroups U (27) has.
22. What is the largest order of any element in U (900) ?

23. Prove that U (55) is isomorphic to U (75).

24. Prove that U (144) is isomorphic to U (140).

Answers
2. No 3. Yes

4. Each of Zg,Z,, Z 000 @8N0 Z 400000 NS @ Unique subgroup of order 4. If |(a;b)|=4 then a and b both

belong to the unique subgroup of order 4. So the number of choices.for a and b (actually 12 in all) is the
same in either group.

5. 289 6. 3 7.3 8. D, 9. {(0,0),(3,2),(2,0), (L1}

10. H,=((3,0))={(0,0),(3,0),(6,0)}, H, =((3,1)) ={(0,0):(3,2), (6,2)},

(3.2))={(0,0),(32),(6.D}, H,=((0.2))={(0,0),(0,1),(0.2)}

11. H, <(O,1)> ={(0,0),(0,1),(0,3),(0,2)}, H, = <(1, O)> ={(0,0),(1,0),(2,0),(3,0)},

(0)={(0,0),11),(2,2),3,3)}, H, =((1.2)) ={(0,0),(1,2),(2,0),(3,2)}
H, =((1,3))={(0,0),(1.3).(2,2), 3,1}, H, =((2.1)={(0,0),(2.2),(0,2),(2,3)},
H, =K, ={(0,0),(0,2),(2,0),(2,2)}

12. 60 13. 3

H3

H3

14. D,xD, has 23 elements of order 2 and D,, has 25 elements of order 2.
15. 4 16. 12 17. D, 18. 48;6 19. Z,x 7, x Ly,
20. U(165)=U (11)xU (15) =U (5)xU (33) =U (3) xU (55) 21.6 22.60
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Group Theory -5

Survey of Groups
1. p-theorem : A group of prime order is always cyclic.
or

Let G be a group of order p, where p is a prime, then G=Z,, .
or

If p is a prime then upto isomorphism there is only one group of order p, namely Z , .

2. p?theorem : A group of order p? is always abelian, where p is a prime
or

There does not exists a non-abelian groups of order p?, where p is prime.
or

- - - - 2
If p is a prime, then upto isomorphism there are only two groups of order p“, namely Z o and Z, x7Z,
3. p3-thereom : If p is a prime, then upto isomorphism there are three abelian groups of order p®, namely,
H 3
Ly xZLyxZy, Ly <7 0 and Zpg and two non abelian groups of order p°.
4. pg-theorem : Let p and g be two primes such that p <q, then
Case (i) : If p does not divide q—1,then up'to isomorphism, there is only one group of order pqg, namely Z .

(cyclic).
Case (ii) : If p divides g—1; then upto isomorphism, there are only two groups of order pg. Out of these two

groups, one is Z ,, (cyclic) and other is non abelian. The non abelian group is given by
G =<a, b:aP=1 b%=1aha=b", r® =1(mod p), r # 1(modq)>

5. p?q theorem : Let G be a group of order p2q such that p does not divide q—1 and q does not divide

p? —1.then the group G must be abelian.
By this theorem we conclude that the groups of order 45 and 99 are abelian.

6. Fundamental theorem for finite abelian groups : Let n=p," p,™....p," where p, ’s are the distinct
primes, then the number of non isomorphic abelian groups of order nare p(n,) p(n,).....p(n, ), where

p(n;) denotes the number of partitions of n;.
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Remark : Fundamental theorem does not depend upon the base, it depends upon the powers only.

Exercise 5.1

How many non isomorphic groups of following orders are there. Also construct them.

1.6 2. 10 3. 14 4. 22 5. 26 6. 15 7. 21
8. 33 9. 39 10. 35 11. 55 12. 65 13. 85 14. 95
Construct all non isomorphic abelian groups of the following orders :
15. 16 16. 20 17. 80 18. 108 19. 120

Answers
1.2 2. 2 3. 2 4, 2 5 2 6.1 7. 2
8.1 9. 2 10.1 11. 2 12. 1 13. 1 14.1
15, Z,xZyxLyX Ly, LigXLyxLy; LiyxLgy, LyxLy; Ly 160 Z,xZy; Zy,

17, Ly} Ly XLy xLygy Ly XliyxLgy; LigxLyy; Lyx Ly, Lgg
18. ZgxZigxZLg; LgxZLgXLy; LygxLsy, LgxLigXLyy; Lig* Lays L

19. Z,xZyx Ly, Loy x Logy Loppy

Partial survery table of groups of order upto 50 :

No. of /| Name of
Order | No. of Name of
. . non- | non-— Total no.
of the | abelian abelian . .
abelian | abelian | of groups
group | groups groups
groups | groups
1 1 Z, 0 - 1
2 1 Z, 0 - 1
3 1 Z, 0 - 1
4 2 L, L,xZ, 0 — 2
5 1 Zg 0 - 1
6 1 Zg 1 S, 2
7 1 Z, 0 - 1
8 3 Ligxligx g, Ligx Ty, ZLg 2 D,, Qg 5
9 2 Lo, ZyxZy 0 - 2
10 1 Zyq 1 D, 2
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No. of Name of
Order | No. of Name of
i . non — non — Total no.
of the | abelian abelian . )
abelian | abelian of groups
group | groups groups
groups groups
11 1 Zy 0 - 1
12 2 Zyy, Ty x L 3 D, Ay eooe 5
13 1 Zyg 0 - 1
14 1 Zy, 1 D, 2
15 1 Zys 0 - 1
16 5 Lig X g X Wig X g, Lo X Ly X Ly, Ly X i, 9 Dg,Z 4% D,, 14
LiyxZy, ZLyg Zy*xQg,....
17 1 7, 0 - 1
18 2 Zyx g, Lo 37 |'Dy,Z;xS,,... 5
19 1 Zg 0 - 1
20 2 Ly, Ly % Ly 3 (D 5
No. of Name of
Order | No. of Name of
i . non — non — Total no.
of the | abelian abelian . .
abelian abelian of groups
group | groups groups
groups groups
21 Loy 1 -
22 Z 4 1 D,
D,,,S,,Z,xD:,7Z,xA,,Z,xD,,
24 3 | ZyxBgxTig, Loy X Tiy, Loy | 12 L A 15
ZigxQg, Ly x Sg, iy X Ly X Sy, ...
25 2 Zoys los x L 0 - 2
26 1 Z 1 Dy, 2
27 3 \ZuxZyxlg,ZyxTg, 7y, 2 —— 5
28 2 Loy x Loy, ZLg 2 Dy — 4
29 1 Z g 0 - 1
30 1 Zy 3 Dys,Z3x Dy, Zs xS, 4
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No. of Name of
Order | No. of Name of
. . non — non — Total no.
of the | abelian abelian . .
abelian abelian of groups
group | groups groups
groups groups
31 1 Zy 0 - 1
Lig Xl Xy X Uiy X sy,
2ren e Dy, Z,*xZ,x Dy,
Ligxlig*xlig XLy,
32 7 44 LyxDy Ly xZ,xQy, 51
Ligx oy X Tag, Ly X Ly,
7. 7 Ly xQg,Zy xQg, ...
300 LogxLig, Ly x Ly x Ly
33 Ly 0 - 1
34 Ly, 1 Dy, 2
35 Ly 0 - 1
LiyxZigx Ligx L,
36 4 Ligxligx g, Loy*xLig X Ly, 10 - 14
Lyx g
37 Ly =
38 Ly Djg
39 Ly ~
VA YIS YA Y/
40 3 2P X By X s 11 Doy 14
Loy x Uiy X L, Lg% L,
No. of Name of
Order | No. of Name of
. . non — non — Total no.
of the | abelian abelian ) .
abelian | abelian of groups
group | groups groups
groups groups
41 1 Ly, 0 . 1
42 1 iy, 5 - 6
43 1 Zys 0 - 1
44 2 Ly XUy, Loy XLy x Ligq 2 D,,,Z,xDy; 4
45 2 Ligx ligx g, LigX Lig 0 — 2
46 1 Z 46 1 D, 2
47 1 Z 4 0 - 1
LigX g X Ly X Loy X L,
48 5 LigXLigX Loy X Lig, Log X Log X L, 47 D,,,— 52
Lygxlyxlig,Lygx g =L g
49 2 L7 %77, 4 0 - 2
Lo xWic X Ui,
50 2 2Ue T 3 Dy, — 5
Lig X Ligs = T
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Exercise 5.2
1. What is the smallest positive integer n such that there are two nonisomorphic groups of order n ?

2. What is the smallest positive integer n such that there are three nonisomorphic abelian groups of order n?

w

What is the smallest positive integer n such that there are exactly four nonisomorphic abelian groups of
order n ?

Show that there are two abelian groups of order 108 that have exactly one subgroup of order 3.

Show that there are two abelian groups of order 108 that have exactly four subgroup of order 3:

Show that there are two abelian groups of order 108 that have exactly 13 subgroup of order 3.

N o g &

Suppose that G is an abelian group of order 120 and that G has exactly three elements of order 2.
Determine the isomorphism class of G.
8. How many abelian groups (up to isomorphism) are there
(i) oforder6?
(ii) of order 15?
(iii) of order 42 ?
(iv) of order pg where p and q are distinct primes ?
(v) of order pgr where p, q and r are distinct primes?
(vi) Generalize parts (i), (ii), (iii), (iv) and (v).
9. How does the number (up to isomorphism).of abelian groups of order n compare with the number (up to
isomorphism) of abelian groups of order m where
(i) n=3* and m=5*?
(i) n=2* and m=5
(iii) n=p" and m=q" where p and g are prime ?
(iv) n=p" and m= p"q where p and q are distinct primes ?
(v) n=p" and m= p"q* where p and q are distinct primes ?
10. Characterize those integers n such that the only abelian groups of order n are cyclic.
11. Characterize those integers n such that any abelian group of order n belongs to one of exactly four
isomorphism classes.

12. The set G={1,4,11,14,16,19, 26,29,31,34,41,44} is a group under multiplication modulo 45. Determine

the isomorphism class of this group.
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13. Suppose that G is an abelian group of order 9. What is the maximum number of elements (excluding the
identity) of which one needs to compute the order to determine the isomorphism class of G ?

14. Suppose that G is an abelian group of order 16, and in computing the orders of its elements, you come
across an element of order 8 and two elements of order 2. Explain why no further computations are
needed to determine the isomorphism class of G.

Answers
1. n=4;72,7,xZ, 2. N=8; Z,xLyx Ty, Luyx Ty, T

3. N=36; Z,xZLyXLyxly, LyxLyxly, LgXxlygxl,LyxLy b ZLyXLyXLyy, Ly

o

LigxliyxLgy LiyxLyxLigxlhy 6. Zigxligxlg, LigXliygxlyy 1. LyxTigx7,*Ls
(1 (i) 1 (iii) 1 (ivv1i w1

(vi) There is a unique abelian group of order n iff n is not divisible by the square of any prime.
9. (i) Equal (i) Equal (iii) Equal  (iv) Equal (v) Twice

[e0)

10. n= PPy p,, Where p,'s are distinct primes
11. n=pZp’ or p’p’p;......p,, Where p,'s are distinct primes.

12. Z,xZ,x 7, 13. 3 14. Z,xZ,
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Group Theory -6

Normal subgroups and Quotient groups
Coset: Let G beagroupand H be its subgroup. For any element acG, the set Ha={ha : heH} is
called right coset of H in G, and the set aH = {ah : heH} is called left coset of H in G. Note that if
the binary operation in G is additive, then the right coset of H in G isH+a = {h+a : heH}.
Similarly , the left cosetis a+H = {a+h : heH}.
Results on cosets :
1. Let H be any subgroup ofa group G, then Ha=aH =H ifandonly if agH.
2. Any two left (right) cosets of a subgroup are either disjoint or identical i.e. either aH =bH or
aH NbH =¢.
3. If H isasubgroup ofagroup G, then G isequal to the union of.all left (right) cosets of H in G.
4. Let H be any subgroup ofagroup G, thenfor a,b e Gy-Ha = Hb ifandonlyif ab 'eH.
Similarly aH =bH iff ab ' e H.
5. Let H beasubgroup of agroup G. The number 'of distinct left cosets of H in G is equal to number
of distinct right cosets of H in G.
6. The number of distinct right (left) cosetsof H in G is called the indexof H in G and is denoted

o(G)

by [G: H]. Forafinite group G, [G : H]= .
o(H)

Def. Normal Subgroup : A subgroup H ofagroup G is said to be a normal sub group of G if Ha = aH
for all aeG i.e. right and left cosets of H are same for each element of G. We denote this fact by HAG .
For agroup G, G and {e} are always normal subgroups of G and are called trivial normal subgroups.
Any other normal subgroup, if exists, is called proper normal subgroups.

Def. Simple group : A group is said to be simple group if it has no proper normal subgroups. In other
words, a group G s said to be simple group if its only normal subgroups are {e} and G.

Example : The alternating group A, , n=4, is always a simple group.

Result : A, is not a simple group because it has a proper normal subgroup given by

K, =V, ={1,(12)(34),(13)(24),(14)(23)}. This subgroup is called Klein’s four group.
Results on normal subgroups :

1. Asubgroup H ofagroup G isnormal ifandonlyif ghgeH forallheH, geG.

2. Every subgroup of an abelian group is normal.
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3. Let G be any group and H is a subgroup of G such that, [G:H] =2 thenH is normal subgroup of G.

4. H isanormal subgroup of G if and only if, HaHb = Hab for all a, be G i.e. product of two right
cosets of Hin G is again a right cosets of H in G.

5. Intersection of two normal subgroups of G is again a normal subgroup of G.

6. Let H be a normal subgroup of G and K be a subgroup of G, suchthat, Hc K< G then H isa
normal subgroup of K.

7. If Hand K are normal subgroup of G, then HK is also a normal subgroup of G.

8. Let H be a normal subgroup of G and K be a subgroup of G then HK is a subgroup of G.

Def. Centre of a group : Let G be a group then centre of the group G is defined to be‘the subset of all

elements of G which commute with every element of G and it is denoted by Z (G)."In symbols,
Z(G)={aeG:ax=xa forall x in G}

Results :

1. Z(G) is anormal subgroup of G.

2. Gisabelianiff G=2(G)

Def. Quotient Group : Let G be a group and H be a-normal subgroup of G. Define G/H ={Ha:aeG}
as the set of all right (or left) cosets of HinG. Now, let Ha', Hbe G/H , thenthe set G/H together
with the binary composition defined by, HaHb = Hab 'is a group and is called the quotient group or factor
group. The identity element of G/H isH.

Results on quotient groups :

1. Every quotient group of an abelian group is abelian . But converse may not be true.
2. Every quotient group of a cyclic group is cyclic. But converse may not be true.
oG) _

3. If G isa finite group and ‘H~be a normal subgroup of G then o(G/H) = (1) =
0

[G:H].

4. Let H and K be two normal subgroups of a group G such that Hc K, then K/H isa normal
subgroup of G/H .

5. Every.ssubgroup of G/H is of the form K /H where K is a subgroup of G and H is a normal subgroup
of K.

6. Let H be a normal subgroup of G and G/ H be the quotient group, then order ofaH in G/ H divides

the order of a in G.

7. Let Gbeagroupand Z(G) be the centre of G. If G/Z(G) is cyclic then G is abelian. Contrapositive of
this statement is that, if G is non abelian then G /Z(G) is not cyclic. We can also express this fact as, if

G/Z(G) iscyclicthen G=Z(G) i.e., G/Z(G) is trivial group.
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Exercise 6.1

1. Find all normal subgroups of S; and S,. For every normal subgroup construct the corresponding

quotient group. Also find the isomorphism class of the quotient group.

2. Find all normal subgroups of A,. For every normal subgroup construct the corresponding quotient

group. Also find the isomorphism class of the quotient group.

3. Find all normal subgroups of Q. For every normal subgroup construct the corresponding quotient

group. Also find the isomorphism class of the quotient group.

4. Find all normal subgroups of D,,D,, D, . For every normal subgroup construct the corresponding

quotient group. Also find the isomorphism class of the quotient group.

5. Find two subgroups H and K of the dihedral group D, such that H is a normal subgroup of K and K is a
normal subgroup of D, but H is not a normal subgroup of D,.

Answers

1. Normal subgroups of S, are {I}, A,, S, and quotient groups are S, /{1}=S,, S;/A =Z,, S,/S, ={e}
Normal subgroups of S, are {I},K,, A,,S,
and quotient groups are S, {1}=S,, S,/K,=S,, S,/A, =Z,, S,/S,={e}

2. Normal subgroups of A, are {I}, K,;/A;-and quotient groups are A, {1}= A,, A,/K,=Z,, A,/ A, ={e}
3. Normal subgroups of Q, are {I},Hy={1, -1}, H, ={L-1i,-i}, H,={1,-1 j,—j}, H, ={1, -1k, -k}, Q,
and quotient groups are Q,/{1}=Q,;, Q;/H,=Z,xZ,, Q;/H,=Z, fori =2,3and 4, Q,/Q, ={e}

4. Normal subgroups of Dj are {I},H ={e,a,a’}, D, and quotient groups are D, /{1}= D,
D,/H =Z,,D,/D, ={e}
Normal subgroups'of D, are {I},H, ={e,a,a*,a’},H, ={e,a’,b,a’h}, H, ={e,a’ ab,a’b},D, and
quotient groups are D, /{1}=D,, D,/H, =Z, fori=12and 3, D,/D, ={e}
Normal subgroups of D, are {I},H ={e,a,a*,a*,a*}, D, and quotient groups are D, /{I}= D,
D,/H=Z,,D,/D, ={e}

5. H={ea’},K={ea’ba’h}
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Exercise 6.2
1. Let G=%Z,xU(4), H =<(2,3)> and K=<(2,1)>. Determine the isomorphism class of G/H and G /K .

(This shows that H =~ K does not imply G/H=G/K )
2. What is the order of element 5+(6) in the factor group Z,, /(6) ?

3. What is the order of the element 14+(8) in the factor group Z,, / (8) ?

4. What is the order of the factor group Zg, /(15) ?

5. What is the order of the factor group (Z,,xU (10)/((2,9))) ?

6. Is U (30)/U,(30) isomorphicto Z,xZ, or Z, ?

7. The group (Z,xZ,,)/{(2,2)) is isomorphic to one of Z;,Z,x Z, or Z, %%, Z, \Which one ?

8. Let G=U(32) and H={1,31}. The group G/H is isomorphic toone of Z,,Z,xZ, or Z,xZ,xZ,.

Which one ?
9. Let G=U(16), H={1,15} and K={1,9}. Are H and K isomorphic ? Are G/H and G /K isomorphic ?

10. Let G=2Z,xZ,, H={(0,0),(2,0),(0,2),(2,2)} and.K =((1,2)). Is G/ H isomorphic to Z, or Z,xZ,
?1s G/K isomorphicto Z, or Z,xZ, ?

11. Show, by example, that in a factor group G/ H it can happen that aH =bH but |a| = |b|.

12. Let N be a normal subgroup of a group G. If N is cyclic, prove that every subgroup of N is also normal in
G.

13. 1 |G|=30 and |Z (G)|=5, what is the structure of G/Z(G) ?
14. If H is a normal subgroup of G;and |H |=2 , prove that H is contained in the center of G.

15. Let G be a group.if H ={gz|g € G} is a subgroup of G, prove that it is a normal subgroup of G.

Answers
1. G/H=Z,G/K=Z,xZ, 2.6 3. 4 4. 15 5.4
6.2, 1. Z,g 8. Zy 9. Yes;No 10. Z,

11. Take G=Z,, H={0,3}a=1b=4 13. G/Z(G)=Z,xZ,
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Group Theory -7
Homomorphisms

Def. Homomorphism : Let (G, =) and (G',0) be two groups. A mapping f : G —>G' iscalleda
homomorphism if  f(axb)=f(a)of(b) for all a,be G.

Definitions :

1. A homomorphism which is one-one is called monomorphism.

2. A homomorphism which is onto is called epimorphism.

3. A homomorphism which is one-one and onto is called isomorphism.

4. A homomorphism fromagroup G to itself is called endomorphism .

Def. Kernel of a homomorphism: Let f : G — G’ be a homomorphism, the kernel of f is defined
by Ker f={geG :f(g)=e'} where ¢ isthe identity of G'.

Some results : Let f:G — G' be a homomorphism then

1. f(e) = ¢ where e and e’ are identitiesof G and G’ respectively.

2. (f(a)) = f(a? forallacG.

w

f@") =(f(a))" forallaeG.

&

ifo(a)=n theno(f(a)) divides n.
If f(a)=b then f*(b)=aKerf.

Ker f isa normal subgroup of G.
f to be one-one iff Kerf = {e}.
If H isasubgroup of G, then f(H) is asubgroup of G'.

© © N o O

If H be a normal subgroup of G, then f(H) is anormal subgroup of G'.

10. If H is.a.cyclic subgroup of G then f (H ) is a cyclic subgroup of G'.
11.1f H is‘a abelian subgroup of G then f (H) is a abelian subgroup of G'.
12.1f o(Ker f )=n then f isan-to-1 mapping fromGto f(G).

13.1f o(H)=n then o( f (H)) divides n.

14.If K is a subgroup of G' then f‘l(K) is a subgroup of G.

15. If K is a normal subgroup of G' then f~*(K) is a normal subgroup of G.
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Theorem : The number of homomorphisms from Z,, to Z is gcd(m,n).
Fundamental theorem of homomorphism : Let f be a homomorphismof G to G’ then G/Kerf s
isomorphicto f(G) ie., G/Kerf = f(G).

or

Every homomorphic image of a group G is isomorphic to some quotient group of G.

Remark : Iff is onto then G/Kerf = f (G)=G".
Natural homomorphism / Canonical homomorphism : Let H be a normal subgroup of G. We define a
mapping f :G — G/H by setting f(g)=Hg forall geG, then fis a onto homomorphismand Ker f=H .
This homomorphism is called natural homomorphism.

or

Every normal subgroup of a group G is the kernel of a homomorphism of G.

First theorem of isomorphism : Let f : G — G’ is a onto homomorphism and K' is a normal subgroup
of G' and let K=f"(K"),then G/K =G//K'.

Second theorem of isomorphism : Let H and K are two subgroups of G s.t. KAG, then

HK/K =H/H K.

Third theorem of isomorphism : Let H _and K be two normal subgroups of G s.t. H < K, then

G/K = G/H/(/H.

Gyley’s Theorem : Every group is isomorphic to a group of permutations.
Results on number of homomorphism on finite cyclic groups :

1. The number of homomorphismfrom Z _ to Z is gcd(m,n).

4 , ifniseven
2. (i) The number of homomorphism from K, to Z, = L .
1 , ifnisodd
(if) Fhe number of homomorphism from K, to Q, is 4.
(1ii) The number of homomorphis from K, to S, =3 (No. of elements of order 2) + 6 (No. of non-cyclic

subgroup of order 4) + 1.

4, ifniseven
3. (i) The number of homomorphism from Q, to Z, = _I _I Y .
1 , ifnisodd
(if) The number of homomorphism from Q, to K, is 16.
4. (1) The number of homomorphism from S to K,, (n>3) is 4.

(if) The number of homomorphis from S, to Q;, (n>3) is 2.
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2 , ifmiseven

(iif) The number of homomorphism from S, to Z_,, (n=3) = L :
1 , ifmisodd

3, if 3/
5. (i) The number of homomorphism from A, to Z, = I "

1, if3yn
(if) The number of homomorphism from A, to K,, (n>4) is 1.
(iii) The number of homomorphism from A, to Q;, (n>4) is 1.

Exercise 7.1
1. Construct all homomorphisms in the following groups. How may of them are one-one and how many are
onto :
(i) from Z, to Z, (i) from Z, to Z, (iii) from Z, to Z,,

2. Construct all homomorphism in the following groups. How many of.them are one-one and how many are

onto :
(i) from K, toZ, (i) from K, to Z, (iii) from K, to Z,
(iv) from K, to Q, (v) from K, to S, (vi)-from K, to S,

(vii) from K, to S,

3. Construct all homomorphisms in the following groups. How many of them are one-one and how many
are onto :
(i) from Q, to Z, (i) from Q, to Z, (iif) from Q;to Z, (iv) from Q; to K,

4. Construct all homomorphisms in the following groups. How many of them are one-one and how many

are onto :
(i) from S, to K, (i) from S, to Q, (iii) from S, toZ, (iv) from S, t0 Z,
5. Construct all homomorphisms in the following groups. How many of them are one-one and how many
are onto :
(i) from A, to Z, (if) from A, to Z, (iii) from A, toZ, (iv) from A, to K,

(V) from/A, to Q,
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Answers

Z

1. (i)

N<TLOWO©N~DO O

o
—
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2. (i) Ke Z, Ke Z,
e 0 e 0
a T
b 1 b 1
ab ab
Ky 2 K, L,
. a%
ab ab
K4 ZS
e 0
(i) a 1
b 2
ab
K, Z, K, Z,
e 0 e 0
(il 1 aMl
2 b 2
ab 3 ab 3
K, Z, K 4

D

Q @
; ;b
w N P oOo|N

O
w NN - O
(o

ab
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(iv)

(v)

(12)

(12)
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(12)

(34)
(12) (34)

(34)
(12) (34)

(12)
(34)
(12) (34)

(12)
(34)
(12) (34)

K, S,
e |

a (12)
b (34)
ab

(12) (34)

Q,

—

I
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Qs Z,

(i 7

QB Z4 QB Z4
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(iii) permutations
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(if)

I
(12) (34)

(13) (24) 1
(14) (23 2
(123) 3
(132)
(124) 4

(142)
(134)
(143)
(234)
(243




J.R.INSTITUTE OF MATHEMATICS

189/35 BEHIND RAILWAY STATION, VAISH COLLEGE ROAD, ROHTAK PIN-124001 (HARYANA)
E-mail us on - jrinstituterohtak@gmail.com, balwanmudgil54@gmail.com Mob. 8607383607, 9802177766

Page 53 |




54

Automorphisms
Def. Automorphism : A mapping f :G — G where, G is a group under the binary operation * is called
an automorphism if
(i) fisahomomorphismi.e.,, f(x)xy=f(x)xf(y), forall x,yeG
(ii) fis one-one
(iif) fisonto
Remark : Aut(G) denotes the set of all automorphisms of a group G i.e., Aut(G) ={f : f isan
automorphism on G}.
Def. Inner Automorphism : Let ae G be any fixed element. The automorphism T, : G — G defined by
T.(x)=a"'xa forall xeG
is called an inner automorphism of G corresponding to the element ‘a’.
Remark : Inn(G) denotes the sety of all inner automorphism of a group G.

Results :
1. The identity mapping is the only inner automorphism for‘an-abelian group.

2. Let f:G — G be anautomorphism and a,b e G be any tow elements, then
(i) o(a)=o(f(a)) (i) o(b"ab) =o(a)
If f is an automorphism of a group G and a€ G be an-element, then f(N(a))=N(f(a)).

Inn(G) is a normal subgroup of Aut(G)-.
Let G be a finite group and Z(G) be centre of G. Then, G/ Z(G) = Inn(G).

© o &~ w

Let G be a finite group and Z(G) be centre of G. Then, Z(G) :O(Inn(G)).

7. If G is an abelian group such that'O(G) = n, where n is an odd integer greater than 1, then
O(Aut(G))>1.

8. If O(Aut(G))>1sthen O(G) > 2

9. Let G'be a finite cyclic group of order n, then O (Aut(G))=¢(n).

10-Let G be an infinite cyclic group, then O( Aut(G))=2.

11. For every positive integer n. Aut(Z,) =U(n).
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Exercise 7.1

+1 if o is an even permutation,

1. Let G be a group of permutations. For each o in G, define sgn(c):{ L ifoi dd tati
-1 if o isan odd permutation.

Prove that sgn is a homomorphism from G to the multiplicative group {+1, -1}. What is the kernel ?

2. Prove that the mapping from G@®H to G given by (g,h)— g is a homomorphism. What.is the kernel ?

This mapping is called the projection of G® H onto G.

+1 - if xis a rotation,
<7. if xisareflection.

3. Let G be a subgroup of some dihedral group. For each x in G, define q)(x):{
Prove that ¢ is a homomorphism from G to the multiplicative group {+1, =1}. What is the kernel of ¢ ?

4. Suppose that k is a divisor of n. Prove that Z / (k) ~ Z,.

5. Explain why the correspondence x — 3x from Z,, to Z,, is not a homomorphism.

6. Suppose that ¢ is a homomorphism from Z,, to Z,, and Ker$={0,10,20}. If ¢(23)=9, determine all

elements that map to 9.

7. Prove that there is no homomorphism from Z, ®Z, onto Z,®Z, .

8. Prove that there is no homomorphism from Z,, ® Z, onto Z,®Z, .

9. Can there be a homomorphism formZ,@Z, onto Z, ? Can there be a homomorphism from Z,, onto
Z,®7Z,. ExXplain your answers.

10. Suppose that there is a homomorphism ¢ from Z,, to some group and that ¢ is not one to one.
Determine ¢ .

11. How many homomorphisms are there from Z,, onto Z, ? How many are there to Z, ?

12. If ¢ is a homomorphism from Z,, onto a group of order 5, determine the kernel of ¢ .

13. Suppose that ¢ is a homomorphism from a finite group G onto G and that G has an element of order 8.

Prove.that G has an element of order 8. Generalize.

14. How many homomorphisms are there from Z,, onto Z,, ? How many are there to Z,, ?
15. Determine all homomorphisms from Z, to Z,®Z, .

16. Determine all homomorphisms from Z  to itself.
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17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

Suppose that ¢ is a homomorphism from S, onto Z,. Determine Ker ¢ . Determine all homomorphisms
from S, to Z,.
Suppose that there is a homomorphism from a finite group G onto Z,,. Prove that G has normal

subgroups of index 2 and 5.

Suppose that ¢ is a homomorphism from a group G onto Z,®Z, and that the kernel of ¢ has order 5.
Explain why G must have normal subgroups of orders 5, 10, 15, 20, 30 and 60.
Suppose that ¢ is a homomorphism from U (30) to U (30) and that Ker ¢ = {1, 11}. If ¢(7)=7, find all

elements of U (30) that map to 7.

Find a homomorphism ¢ from U (30) to U (30) with kernel {1, 11} and ¢(7)=7.

Suppose that ¢ is a homomorphism from U (40) to U (40) and that ker ¢ ={1, 9,17, 33}. If ¢(11)=11,
find all elements of U (40) that map to 11.

Find a homomorphism ¢ from U (40) to U (40) with kernel{1,'9, 17, 33} and ¢(11)=11.

Determine all homomorphic images of D, (up to isomorphism).

Suppose that G is a finite group and that Z,, is a homomerphic image of G. What can we say about |G|?
Suppose that Z,, and Z,, are both homomorphic images of a finite group G. What can be said about
|G| ?

Show that a homomorphism defined ona cyclic group is completely determined by its action on a

generator of the group.
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Group Theory -8

Class equation
Def. Conjugate Elements : Let aandb are two elements of group G, then a is said to be conjugate to b if there
exists an element xeG such that a= x'bx
and we write a~b which isread as ‘a’ is a conjugate to ‘b’.
Result 1 : Relation of conjugacy is an equivalence relation.
Remarks :
1. Since we have proved that the relation of conjugacy is an equivalence relation, so instead.of saying that a is
conjugate to b or b is conjugate to a, we can say that a and b are conjugates of each other.
2. As conjugacy is an equivalence relation , so it partitions the group G into disjoint equivalence classes and these
classes are known as conjugate classes.
Def. Conjugate Class : Let G beagroup andacG be any element. The collection of all conjugates of ‘a’ is called
conjugate class of a and is denoted by cl(a) or [a].
Thus , cl(@ = {beG : b~a} = {x'ax : xeG}.
Remark : By above definition, it is clear that to find the conjugates of an element ‘a’ we have to compute x ‘ax for
every element x eG.
Example 1 : Partition the following groups into disjoint conjugate classes.
@) Q = {1-1i,-i, j,—j, k,—k}
) Ss={,@02),@3), (234 @123), 132)}.
Solution: (a) Let us find the conjugates of 1 :
O OO =1 D7 (@)(-1)=1 i)' @@)=1 ()" M(-i)=1
()@=t D" @OEN=1 (k)@ (k)=1 (k)" @(-k)=1
So, 1 is the only conjugate to itself.

Let us find the conjugates of — 1 :

O (-)@)=-1 D7 (-D(-D=-1 ()" (-D()=-1 ()7 (-D(-1)=-1
(NCD)=-1 DEDED =1 )" (-D(k)=-1 (K (D(-k)=-1
So, -1 isthe only conjugate to itself.

Let us find the conjugates of i :
O OO =i D7) =i () () =i (1)) (i) =i
() =-i I NOICIES (k) () (k) =i (k)" () (k) =i

So, conjugates of i arei and —i.
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Now there is no need to find conjugates of — i. Since conjugacy is an equivalence relation, so i and —i forms
one conjugate class. Similarly it can be seenthat j and — j forms one conjugate class and so does the k and —k.
Therefore, Qg is divided into five different conjugate classes , namely {1},{-1},{i,—i}.{j,—- j}.{k, -k}

(b) Let us find the conjugate of 1 :

1 = @21 @2 = I @3)?' (13 = |

(2371 (23) = | @23)*1(123) =1 @321 132 = I

So | is the only conjugate to itself.

Let us find the conjugates of (12) :

17 @121 =12 1271212 =12 13)'12)@3) = (23)
(23)'12)(23) = (13) 123)*'12@23) =(@13) 132"12)(132) = (23)

S0, (12),(13) and (2 3) are conjugates of each other. Now there is no need to find the conjugates of (1 3) and

(23). Similarly, it can be checked that conjugates of (1 2 3) are (1 2 3) and (1 3 2).
Therefore, S; is divided into three conjugate classes , namely {1}, {(1'2),(1 3),(2 3)}, {(1 2 3),(1 3 2)}

Result 2 : Inany group G, provethat cl(a) = {a} iff acZ(G).
Remark : If a¢ Z(G), then cl(a) contains at least 2 elements.

Result 3: If G isabelianthen cl(a) = {a} for every acG.

Result 4 : Let o and 1 be any permutations in the symmetric'group S, then G’lnc has the same cyclic
decomposition as that of n.

Result 5 : Two permutations are conjugate in the symmetric group S, iff they have the same cyclic decomposition.

Result 6 : The number of conjugate classesin. S, is p(n).

Def. Normalizer (centralizer) of an element : Let G be any group and a be any element of G, then normalizer of
a in G and centralizer of a in G has the same meaning and is given by
N(@) = C(a) = {xe G : xa=ax} =collection of those elements of G which commutes with a
By definition, it is clear that if a€Z(G), then N(a) = G.
Result 7 : Normalizer.of an'element is always a subgroup.
Example 2:. Find the normalizer of every element in the following groups.
(@ Q, ={1,-1, i,—i, j,—]j, k, =k}
(b) S; = {1,(12),(13),(23),(123),(132)}.
Remark : Normalizer of an element need not be a normal subgroup as can be seen by following example. Consider
Ss = {l1,(12),(13),(23),(123),(132)}
We see that , N(212) = {l,(12)} = H(say)
which is not a normal subgroup because by definition of normal subgroup left and right coset for any element must be
same , but we see that
(13)H = (13) {I, (12} ={(13),(13)12)} = {(13),(123)}
HA3) ={I.12}@13) ={13),(12)13)} ={(13,(132)}
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= 13)H = H(13)
Result 8 : LetaeG be any element, then Z(G) < N(a).

e 0(G)
Result9 : If Gisafinitegroupanda € G, then o(cl(a))=
( ( )) o(N(a))
Result 10 : Class equation of a finite group : If G is a finite group , then O(G):Zo(olflf;)) where sum runs

over ‘a’ taken one from each conjugate class.
Proof : We know that relation of conjugacy is an equivalence relation and it partitions the group into disjoint

equivalence classes and so we can write

G = U cl(a) where union runs over ‘a’ taken one from each conjugate class.

aeG

Since the conjugate classes are disjoint , so

o(G) = ZO(C| (a)) where sum runs over ‘a’ taken one from each conjugate class.
a

Using above result , we obtain, o(G) = Z O(O,\(]((;;))

where sum runs over-“a’ taken one from each conjugate class.

o(G)
agZ(G) 0( N (a))

Result 11 : Second form of class — equation : If G is a finite'group then o(G)= o(Z (G)) + where

sum runs over ‘a’ taken one from each conjugate class.

Proof : We know that class equation is

o©) = Y oG - 5 06 5 o@)

acG O(N(a)) aEZ(G)O(N(a)) an(G)O(N(a))

= 0(G) _ .
= anZ(G)lJ’_agZZ(G)O(N(a)) [Since N(a) =G iffac Z(G)]
= i 0(G)

= My ... +1(0(Z(G)) times) +agZZ(G)O(N(a))

o(Z(G)) + Z _06) where sum runs over ‘a’ taken one from each conjugate class.
N
agZ(G) O( (a))

Remark : We'know that a € Z (G) iff N(a) = G iff cl(a) = {a}. Therefore, we have agZ (G) iff N(@) =G iff

cl(a) ={a}. Soin class equation Z can be replaced by z or

agZ(G) N (a)=G cl(a)={a}

and so we can write the class equation in the following forms:

5 - o2 0®) )= oz T
0(G) = o(Z( ))+N(§¢GO(N(3)) 0(G) = o(Z( ))+c|(a§t{a}°(N(a))
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Three important applications of class — equation :

Result 12 : If O(G) =p" , where p is a prime number then O(Z (G)) >1. Inwords , a group of prime power order
always has a non — trivial centre.

Result 13 : If o(G) = p2 , Where p is a prime number, then G is abelian.

Remark : By above theorem, we can say that groups of order 4,9, 25,49, 121, etc. areall abelian.

Result 14 : If G isanon — abelian group of order p, where p is a prime number , then o(Z (G)) =p-and G has

p®+ p—1 conjugate classes.

Def. Normalizer of a subgroup : Let H be a subgroup of G, then normalizer of H ,denoted by N(H), is defined

to be the set of all those element of G for which left and right cosets of H are identical i.e.
N(H) = {xeG : Hx=xH}

Def. Centralizer of a subgroup :Let G be any group and H be its subgroup, then centralizer .of H in G is given by
C(H)={xeG: xh=hx VheH}

Result 15 : If H is a subgroup of a group G then N (H ) and C(H ) aresubgroups of G .

Example 3 : Explain the difference between normalizer and centralizer of a subgroup with the help of an example.

Solution: G = Qg and H={ £1, =i}, wefind N(H) and_C(H).

To find Normalizer : Since H is a subgroup so each element of'H gives left and right cosets identical i.e. Hh = hH =

H YheH so H < N(H). Further, we note that

JH = {j, - J,k, —k} and Hj = {j,—j,k, —k} ie, JH=Hj.

Similarly we can check that kH = Hk; —jH =H (—j), —kH =H (-k) so £ j,*keN(H)

Hence N(H)={ 1, i, £j, tk}= Q,

To find Centralizer : We note that only +1, +i commute with every elementof H,so C(H)={%1, i} =H

Remark : It should be noted that normalizer & centralizer for an element are not different things.

Result 16 :

(i) His normal subgroup of N(H).

(if) N(H) is the largest subgroup of G in which H is normal.

(i) HAG iff N(H)=G.

Result 17 : Table of class equation of some familiar groups :
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Order Group Nature Class equation
1 Z, abelian 1=1
2 Z, abelian 2=1+1
3 Zg abelian 3=1+1+1
4 Z, abelian 4=1+1+1+1
4 Z,xZ, abelian 4=1+1+1+1
5 Zs abelian 5=1+1+1+1+1
6 Zg abelian 6=1+1+1+1+1+1
6 S; non abelian 6=1+2+3
7 Z abelian 7=1+1+1+1+141+1
8 Zg abelian 8=1+1+1+1+1+1+1+1
8 Ly X7, abelian 8=1+1+1+1+1+1+1+1
8 |Z,xZ,xZ, abelian 8=1+1+141+1+1+1+1
8 D, non abelian 8=1+1+2+2+2
8 Qg non abelian 8=1+1+2+2+2
9 Z, abelian 9=1+1+1+1+1+1+1+1+1
9 ZLigxZLyg abelian 9=1+1+1+1+1+1+1+1+1
10 Zyg abelian 10=1+1+1+1+1+1+1+1+1+1
10 Ds non‘abelian 10=1+2+2+5
11 Zy, abelian  [11=1+1+1+1+1+1+1+1+1+1+1
12 Ds non abelian 12=1+1+3+3+2+2
24 S, non abelian 24=1+6+6+3+8
Exercise

1. Find the order of normalizer of the following elements in the indicated group :

() (12)ins, (i) (123)insS, (iii) (12) in Sg (iv) (123)inSg
(v) (12)in Sq (vi) (123) in S; (vii) (123)in A, (viii) (12)(34) in A,
(ix)~ab in D, (X) b in D, (xi) a®in D (xii) a*b in D,

2.Write down the class equation for the groups S;,S,,Ss, Sg, A,, D, Ds, Dy .

Answers
1. ()4 (i) 3 (i) 12 (iv) 6 (v) 48 (vi) 18 (vii) 3
(viii) 4 (ix) 4 (x) 2 (xi) 12 (xii) 2
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2. 6=1+2+3, 24=1+6+6+3+8, 120=1+10+20+30+24+15+20,
720=1+15+40+90+144+120+45+15+120+40+90, 12=1+8+3, 8=1+1+2+2+2,
10=1+2+2+5,12=1+1+3+3+2+2
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Group Theory -9
Sylow Theorems

Result 1 : Cauchy theorem for finite abelian groups : If G is a finite abelian group such that p/ o(G) ,pisa
prime number , then there exists an element a(#e)eG suchthat a® =e i.e. o(a) = p.

Result 2 : Converse of lagrange theorem for finite abelian groups : If G is a finite abelian group and m/ O(G) , Where
m is a positive integer, then G has at least one subgroup of order m.

Result 3 : Cauchy theorem for finite groups : If G is a finite group such that p/ O(G) ,p is a prime number , then
there exists an element of order p in G.

Result 4 : Sylow’s first theorem : Let p be a prime number such that p™ /o(G) , where m is a positive integer,

then G has a subgroup of order p™.
Another statements of Sylow’s first theorem :
(i) If any power of prime divides the order of a group G, then G has a subgroup of order equal to that power of prime.

(i) If o(G)=p*q ,wherep is a prime number and q is a positive integer such that gcd (p, q) = 1 then G has
subgroups of orders p, p,........... . p¥.
Def. Sylow p — subgroup : Let p be a prime number such that p* divides o(G) and p*** does not divide o(G).

Then a subgroup of order p* is called a Sylow p —subgroup of G.

or
If o(G) = p“q where p isa prime number and gcd(p , q) = 1, then a subgroup of order p* is called a Sylow p —
subgroup of G.

or
Sylow p — subgroup of agroup.G is a subgroup whose order is p* where k is the largest power of p such that p*
divides o(G).

or
A subgroup of Gis called a Sylow p-subgroup if its order is equal to the maximum power of p occurring in the order
of the group.
Result 57 If Hisa Sylow p —subgroup of G, then prove that x *Hx is also a sylow p-subgroup of G for any
xeG.
Def. p group : Let p be a prime number. A group G is said to be a p — group if order of every element of G is some

power of p. eg. Qg={,-1i,—i,j,—jk,—k}
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The group of quaternions is a 2 — group because o(1)=2° , o(-)=2", o(i,-i,j,-j.k,—k)=2?

i.e. order of every element of Qg is a some power of 2.

Result 6 : A finite group G is a p — group iff O(G) =p" for some integer n.

Result 7 : Sylow’s second theorem : Any two Sylow p — subgroups of a finite group G are conjugates in G.

Result 8 : Sylow’s third theorem : The number n, of Sylow p - subgroups of a finite group G is given by

n, =1+kp suchthat 1+kp/0(G) and k is anon - negative integer.

Result 9 : A Sylow p — subgroup of a finite group G is unique iff it is normal.

Def . Simple group : A group is said to be a simple group if it has no proper normal subgroups. In.other
words, a group G is said to be simple group if its only normal subgroups are {e} and G.

Result 10 : The alternating group A, , n = 4, is always a simple group.

Result 11 : A4 is not a simple group because it has a proper normal subgroup given by

Ka=Vs = {1, (12)(34) , (13)(24) , (14)(23)} . This subgroup is called Kleins four group.

Result 12 : Sylow Test for Nonsimplicity : Let n be a positive integer that is not prime, and let p be a prime
divisor of n. If 1 is the only divisor of n that is congruent to-1 medulo p, then there does not exist a simple
group of order n.

Result 13 : 2.0dd Test : An integer of the form 2-n, where n is an odd number greater than 1, is not the

order of a simple group.

Result 14 : If G is a finite group of order <1000 and G is simple. If o(G) is not a prime then we must have

o(G) =60 or 168 or 360 or 504 or 640.

Example 1 : Show that a group of order 28 is not simple.
or
Let o(G) =28, then show that group.G has a normal subgroup of order 7.
Solution : We have o(G) =28 = 227" By Sylow first theorem , G has Sylow 2 — subgroups each of order 4 and
Sylow 7 — subgroups each of order 7.
By Sylow third theorem , the number n; of Sylow 7 — subgroups is given by 1 + 7k such that
1+ 7k/o(G) = 1+7k/28

= 1+7k/227
= 1+7k/4 [Since (1 + 7k, 7) =1]
= k=0

Thus, n, =1 i.e. there is unique Sylow 7 — subgroup say H and o(H) =7

But we know that “a Sylow p — subgroup is unique iff it is normal”.

Thus H is a normal subgroup of order 7. Obviously H is proper. Hence G is not simple.
Example 2 : Let G be a group of order 5%7.11. Then G has how many

(i) Sylow 5 — subgroups
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(i) Sylow 7 — subgroups
(iii) ~ Sylow 11 — subgroups.
Tell whether G is simple or not.
Solution : (i) By Sylow third theorem , the number n, of Sylow 5 — subgroups is given by
1+5ksuchthat  1+5k/0o(G) =  1+5k/527.11
=  1+5k/77 [Since (1 + 5k, 5) = 1]
= k=0o0r2
Thus, n, = 1+50 or 1452 = n, =1orll
Thus G has one or eleven Sylow 5 — subgroups.

(i) By Sylow third theorem , the number n, of Sylow 7 — subgroups is given by 1 + 7k such that 1+ 7k/o(G)

= 1+7k/5%7.11
= 1+7k/275 [Since (1 + 7k, 7) = 1]
= k=0

Thus, n, =1+7.0 = 1. Thus G has unique sylow 7 —subgroup.
(iii) By Sylow third theorem , the number n,, of Sylow 11 —subgroups is given by 1 + 11k such

that 1+11k/0(G) = 1+11k/5%7.11
= 1+11k/175 [Since (1 + 11k, 11) = 1]
= k=0

Thus, n, =1+110 =1
Thus G has unique sylow 11 — subgroup.
Here we see that G has a unique Sylow’ 7 — subgroup. Since it is unique it must be normal in G and hence G is not
simple. (Here same reasoning can be‘given for Sylow 11 - subgroup).
Example 3 : Show that.a group of order 40 is not simple.
-OR-
Show that a group of order 40 has a normal subgroup of order 5.

Solution : We have o(G) =40 =2°5"'. By Sylow third theorem , the number n, of Sylow 5 — subgroups is given by

1 + 5k such that 1+5k/0(G)

= 1+5k/2°5

= 1+5k/8 [Since (1+5k,5) =1]
= k=10

= n =1+5.0=1
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Thus , G has a unique Sylow 5 — subgroup , say H and o(H) =5. Since H is unique , it must be normal and hence G

is not simple.
Example 4 : Show that a group of order 20449 is not simple.
or
Show that a group of order 20449 has a normal subgroup of order 11.

Solution : We have o(G) = 20449 = 112.13% By Sylow third theorem , the number n, of Sylow 11 —subgroups

is given by 1+ 11k such that 1+11k/o(G)

= 1+11k/122.13

= 1+11k/169 [Since (1+11k,11%) =1]
= k=0 = n, =1+110=1

Thus G has a unique Sylow 11— subgroup , say H and o(H) = 121. Since H is unique.,-it must be normal and hence
G is not simple.
Some typical examples on non simplcity of groups : Now we consider some typical examples of non — simplicity of
groups. In above examples , we have noted that a particular Sylow p — subgroup comes out be unique at very first
step. But in the following examples, we require some more computations.
Example 5 : Show that a group of order 56 is not simple.
Solution: o(G) = 56 = 237
By Sylow third theorem , the number n, of Sylow 7 — subgroups is given by 1+ 7k such that
1+7k/o(G) =56 = 1+7k/8 [Since 1+ 7k,7) =1]
= k=0or1
147.0 or 1+7.1

U
I

1 or 8.

U
1

We consider these two cases separately.

Case (i) - n, =1 i.e. G hasa unique Sylow 7 —subgroup , say , H. Since H is unique , it must be normal and hence

G is not simple.

Case (ii) - n, =8 i.e” G has eight Sylow 7 — subgroups each of order 7. Let these are
H,Hy Hyps ,Hg and o(H,)=7 for 1<i<8
We-claim that identity is the only common element in all these H's .
Now, for iz j , HimHj cH,
By Lagrange’s theorem, o(HimHj)/o(Hi):7 = o(HinH;) =1or7
If o(H;"H;) = 7 thensince o(H;)=0(H;) =7, we obtain H; =H, i.e., i=]j ,whichis notthe case.
Hence o(H,~H;) =1 for i=j ie H nH,={e} fori=]j
Thus ‘e’ is the only common element in H,,H,,............ ,Hg .Also all non — identity elements of Hs are of order 7.

Thus here are 8(7 —1) =48 non — identity elements of order 7 inall H's .
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As 0o(G) =56 ,s0 remaining elements (which are not of order 7) are 56 —-48=8. Further a Sylow 2 — subgroups of
G is of order 2® = 8 and it can not have any element of order 7. Thus , these remaining eight elements must form a
unique Sylow 2 — subgroup , say K of G. Since K is unique Sylow 2 — subgroup , it must be normal. Hence G is not
simple.

Example 6 : Show that a group of order 30 is not simple.

Solution : We have 0o(G) =30 = 2.3.5 By Sylow third theorem , the number n, of Sylow 5 — subgroups is given'by
1+5k suchthat 1+5k/o(G) = 30

= 1+5k/6 [Since 1+ 5k,5) =1]

= k=0 or1l

= n =1+500r 1+5.1

= ng =1or6

Again , the number n, of Sylow 3 — subgroups is given by 1+ 3k suchthat 1+3k/o(G) = 30

= 1+3k/10 [Since (1+3k,3)=1]

= k=0 or3

= n, =1+3.0o0r 1+33

= n, = 1or 10

Thus we have the following four possible cases

Case (i) : n=1 and n, =1
Case (ii) : ng =1and n, =10
Case (iii) : n=6 and n, =1
Case (iv) : n, =6 and . n, = 10.

In first three cases , either a Sylow 3= subgroup or a Sylow 5 — subgroup is unique and hence normal. Thus G is not
simple in first three cases:
Now we consider the case —(iv). In this case we have six Sylow 5 — subgroups each of order 5. Let there be

H,, H,, ... ,H, . We claim that the identity element is the only common element in all these H's .

Let i=j and H,nH,cH,

By Lagrange’s theorem, o(H; N Hj)/o(Hi) =5 = o(H;"H;)=1or 5

If o(H; "H;) =5 thensince o(H;)=0(H;) =5, we obtain H;=H; ie. i=]j, which is not the case.
Hence o(H; "H;) =1 fori=j ie. H,nH; = {e} for i=]

Also, all non — identity elements of Hs are of order 5. Thus there are 6(5—1) = 24 non - identity elements of

order 5inall Hs.
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Similarly , we have ten Sylow 3 — subgroups each of order 3.
Let these be K, K,,..covenn.. Ko

By the same manner as above , we can show that there are 10(3—1) = 20 non — identity elements of order 3.
Thus G has 24 + 20 = 44 non - identity elements , which is clearly impossible as 0o(G) = 30. Hence case — (iv) is

not possible. In the first three cases , we have already shown that G is not simple.

Example 7 : Let G be a finite group such that o(G) = p" , wherep is aprime. Prove that any subgroup of order

p"* is a normal subgroup of G.

Example 8 : Show that no group of order 108 is simple.
or
Let G be a group of order 108. Show that G has a normal subgroup of order 27 or 9.
Solution : We have o(G) =108 = 22.3%,
By Sylow third theorem , the number n, of Sylow 3 — subgroups is given by.1 + 3k such that

1+3k/0(G) =22.3°

= 1+3k/4 [Since (1+3k,3%) =1]
= k=0or1

= n, =1+3.0 or 1+3.1

= n, =1or4

We consider the two cases separately.

Case(i): n, =1 i.e. G has aunique Sylow 3 —subgroup , say H. Since H is unique , it must be normal and o(H) =

3% =27. Thus G has a normal subgroup of order 27 in this case and hence G is not simple.

Case(ii) : n, =4 i.e. G has four Sylow 3 — subgroups each of order 27. Let Hand K be any two distinct sylow 3 —
subgroups. We claim that” o(HNK)=9 and H~K is a normal subgroup of G.
Clearly, HnK c H , and so by Lagrange’s theorem.
o(H "K)/o(H) =27
= oHNK) =1 or 3 or 9 or 27.
If o(HNK) = 27/then since o(H) = o(K) = 27 , we obtain H = K, which is a contradiction. Hence o(H " K) = 27.

o(H)o(K) _27.27

If o(HAK)=1o0r3 then o(HK) = =
o(HNK) 1lor3

>108 = 0(G) which is not possible.

Hence o(HNK) #1,3andso o(HNK) =09.

We now show that H K is normal in G. For this we shall prove that N(HNK) =G.

Now , we know a result that “if o(H) = p"™* and o(G) = p" then H is a normal subgroup of G.”

Using this result , we see that H K is a normal subgroup of both H and K as o(H N K) = 3% and o(H) = o(K) = 3°.

Let xeH be any element , then
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(HNK)x=x(HNK)
= xe N(H N K) , normalizer of HNK.
= Hc N(H N K)

Similarly, K< N(HNK) = HK < N(HnK)

_ o(H).o(K) _ 27.27:

= o(N(H " K))=0(HK) o(H K 5

81

= o(N(HNK)) > 81
On the other hand, N(H nK) is a subgroup of G so by Lagrange’s theorem
o(N(HNK))/o(G) e o(N(HNK))/108
Both (1) and (2) are possible only when
o(N(HNK)) = 108 = 0o(G)

= o(N(HNK)) = 0o(G)
= N(HNK) =G
= HANK isnormal in G.

Hence G is not simple.
Exercise
Show that a group of order 255 is not simple.
Show that a group of order 130 is not'simple.
Show that there is no simple group of order 48.

Show that there is no simple group of order 96.

© © N o g B~ w DR

How 'many Sylow 5-subgroups are there in S,S;,S,, A, A, A,.

[Since (HNK) A H]

[Since N(H) = G iff HAG]

Let G be a finite group of order pg, where p and ¢ are prime numbers (p < ). Then, G has one subgroup of order q.

A group G of order 2p, where piis prime and p > 2 has exactly one subgroup of order p.
Find all subgroups of S;-for'1<n<4. Also find all Sylow p—subgroups for each prime p dividing the order of S, .

Find all subgroups‘of A, for 1<n<4. Also find all Sylow p—subgroups for each prime p dividing the order of A, .
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Group Theory - 10

Results :
1. Thesets Z,Q,R,C are abelian groups under addition.

2. 7 is cyclic group under addition with generators 1 and —1.

3. Q,R,C are not cyclic groups.

4. Q' ,R°,C",Q",R* are abelian groups w.r.t. multiplication and all these groups are non-cyclic.

5. General linear group : The set GL(n,F)= {[aij]an ‘a;; € F, det[a;]#0,Fis afield} iS'a group w.r.t.
matrix multiplication and is known as general linear group.

6. Special linear group : The set SL(n,F) = {[a;],.,:a;  F, det[a;]=1 F s a field}-is a group w.r.t. matrix
multiplication and is known as special linear group.

7. GL(n,F) and SL(n,F) are non-abelian groups when n >
8. o(GL(n,Zp)) =( p"— p“’l)( p"— p”’z) ...... ( p" —1).

9, o(SL(n,Zp)):(pn_pn_l)(pn_pn_z) """ (p"-1)

p-1
10. Centre of general linear group is the set of all scalar matrices in it. i.e.,
a 0 .. 0
Z(GL(n,F))= 02 Uas0acF
00 .. a

11. o[z (6L(nZ,))) = p-1.

12. Centre of special linear group is the set of all scalar matrices in it. i.e.,

a 0 .. 0

0 . 0
Z(sK(n,F))= a ‘a"=lacF

0 0 .. a

13. o(Z(SL(n,C)))=n.

1 ifnisodd
14 O(Z(SL(n’R))):{Z if nis even
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15.

16.
17.

18.

19.

20.

21.

o

o(Z(SL(n,Zp))) =ged(n, p-1).
For any group G, we have Z(Z(G))=Z(G).

Q/7Z is an infinite group with every element of finite order. Further it has elements of every finite

order.
Number of elements of order n in the group Q/Z is ¢(n) and these are of the form 5+Z where
n

ged(k,n)=1.

Q/Z has a unique subgroup of order n for every positive integer n. Further this subgroup is cyclic and
. 1
is given by H =<—+Z>.
n
The set of all nth roots of unity is a multiplicative cyclic group of order n and-therefore is isomorphic to
Z,.Insymbols G, = {z 2" =1} is a multiplicative cyclic group of order n. e.g. G, = {1,-1},
Gy ={Lw,0’}, G, ={L-Li~i} and so on.
The set G = {z :2"=1n =1,2,3,....} is an infinite abelian group w.r.t. multiplication. This group is not

cyclic. This is an infinite group with every element of finite order. Every finite subgroup of G is cyclic.
Exercise

Show that the group GL(2,IR) is non-abelian, by exhibiting a pair of matrices A and B in GL(2,RR)

such that AB = BA.

2 6
Find the inverse of the glement {3 5} in GL(2,Zy,).

(From the GRE practice exam) Let p and g be distinct primes. Suppose that H is a proper subset of

integers and H is a group under addition that contains exactly three elements of the set

{p, p+d, pg, p’, qp}. Determine which of the following are the three elements in H.

a’ pg,p*.g® b p+q,pg,p’ C. p,p+d,pq d. p,p%qP e. p,pg,p*
Prove that the set of all 2x 2 matrices with entries from R and determinant +1 is a group under matrix

multiplication

. Prove that the set of all rational numbers of the form 3"6", where m and n are integers, is a group under

multiplication.

1 a b
Prove that the set of all 3x3 matrices with real entries of the form |0 1 c | isagroup.
0 01
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a a . . .
7. Let G ={{ }|a eR,a# O} . Show that G is a group under matrix multiplication.
a a

8. Let Qbe the group of rational numbers under addition and let Q" be the group of non zero rational

e . . /1 - . /1
numbers under multiplication. In Q, list the elements in <§> In Q7 list the elements in <§>

9. Find the order of each element in Q and in Q".

10. Suppose that H is a proper subgroup of Z under addition and H contains 18, 30 and 40. Determine H.

-1 1
11. Consider the elements A:{cl) 0} and B:{ 0 J from SL(2,R). Find |A||B| and |AB|. Does

your answer surprise you ?

11 11
12. Consider the element A{O J in SL(2,R). What is the order of A2 If we view A{O J as a
member of SL(Z,Z p) (p is a prime), what is the order of A ?
13. For any positive integer n and any angle 6, show that in the group SL(2,R),

cosO —sin® ”_ cosn® —sinnd
sin@ cosO® | |sinn® cosnd |’

Use this formula to find the order of

cos60° —sin60° and cos\/E —sin\/E
sin60"  cos60° sinV2  cosv2 |
14. Let G be the symmetry group.of a circle. Show that G has elements of every finite order as well as

elements of infinite order.

{[a b}
15. Let G=
c d

a subgroup of G. What if O is replaced by 1 ?

a,b,c,deZ} under addition. Let H :{{: (ﬂ

eG, a+b+c+d:0}. Prove that H is

16. Let G=GL(2,R). Let H={Ae G |det Aisapower of 2} . Show that H is a subgroup of G.

17. Let H be a subgroup of R under addition. Let K={2a lae H}. Prove that K is subgroup of R* under

multiplication.
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18.

19.

20.

21.

22.

23.

24.

25.
26.

217.
28.

29.

30.

31

32.

33.

Let G be a group of functions from R toR" under multiplication. Let H ={f eG|f (1):1}. Prove that H

is a subgroup of G.

a o
Let G=GL(2,R) and H :{0 b} a and bare nonzero integers}. Prove or disprove that H is a

subgroup of G.
Let H={a+bi|a,beR,ab>0}. Prove or disprove that H is a subgroup of C under mulitiplication.
H ={a+ bila,b e R,a” +b? =1}. Prove or disprove that H is a subgroup of C* under multiplication.

Describe the elements of H geometrically.

Find the smallest subgroup of Z containing
a. 8and 14 (the notation for this is (8,14)),  b. 8and 13, c. 6and 15,
d. mandn, e. 12, 18, and 45.

In each part, find an integer k such that the subgroup is (k).

Let G=GL(2,R).

a. Find N[B éD b. Find Nﬁ éD ¢. Find Z(G).

Let Z denote the group of integers under-addition. Is every subgroup of Z cyclic ? Why ? Describe all
the subgroups of Z.

Find all generators of Z .

Let a be an element of a group and suppose that a has infinite order. How many generators does (a)

have ?

Show that the group of pasitive rational numbers under multiplication is not cyclic.

Let m and n be elements of the group Z . Find a generator for the group (m)N(n).

Prove that an infinite group must have an infinite number of subgroups.

1
Prove that H ={0 H ‘ne Z} is cyclic subgroup of GL(2,R).

Let G ={a +bx/§} , Where a and b are rational numbers not both 0. Prove that G is a group under

ordinary multiplication.

Suppose that H and K are nontrivial subgroups of @Q under addition. Show that H (K is a nontrivial

subgroup of Q. Is this true if Qis replaced by R ?

Let R" be a group of nonzero real numbers under multiplication and let H :{x eR": x%is rational}.

Prove that H is a subgroup of R”".
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34. Let G=GL(2,R) and let H={Ae G|det Ais rational}. Prove or disprove that H is a subgroup of G.

What if we replace “rational” by “integer” ?

35. Prove that Z under addition is not isomorphic to @ under addition.

a —-b
36. Let C be the complex numbers and M :{b . }

a,beR}.

Prove that C and M are isomorphic under addition and that C* and M " the nonzero elements of M are
isomorphic under multiplication.

37. Let G={0,%£2,+4,%6,..} and H={0,+3,+6,%9,...}. Show that G and H are isomorphic groups under

addition.

38. Prove that Q under addition is not isomorphic to R* under multiplication.

39. Let n be an integer greater than 1. Let H ={0,J_rn,i2n,13n,...}. Find-all left cosets of H in Z . How
many are there ?

40. Let M be the group of all real 2x2 matrices under.addition. Let N=R®@R®R®R under
componentwise addition. Prove that M and N are isomorphic. What is the corresponding theorem for the
group of nxn matrices under addition ?

b

1
41. Let H=4|0 0||a,beZ, ;. Show that H is an abelian group of order 9. Is H isomorphic to Z, or
0 1

o - Q2

7,7, ?
42. Let G={3"6"| m,n e Z} under' multiplication. Prove that G is isomorphic to Z®Z.
43. Let (a,,a,,..,a,) €6, ®GC, ®..G, . Give a necessary and sufficient condition for |(a,,a,,...,a,)|=.

44. Let G=Z,DZ,®Z, and let H be the subgroup of SL(3,Z,), consisting of

1 b
H=4|0 c||a,b,ceZ, . Determine the number of elements of each order in G and H. Are G and
0 1

o o

H isomorphic ?
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45,

46.
47.

48.
49.

50.
Sl

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

Let R* denote he multiplicative group of positive reals and let T :{z eC ||z|:1} be the multiplicative

group of complex numbers of norm 1. (Recall that |a+ bi|=\/ a’ +b* ) Show that every element of C*

can be uniquely expressed in the form of rz where re R and zeT.

Prove that Q" under multiplication is not isomorphic to R* under multiplication.

Prove that Q@ under addition is not isomorphic to R under addition.

Prove that R under addition is not isomorphic to R* under multiplication.

Show that Q" (the set of positive rational numbers) under multiplication is not isomorphic to.Q under

addition.

Give an example of a group G with a proper subgroup H such that G and H-are isomorphic.

In R®R under componentwise addition, let H ={(x,3x) | x e R}. (Note that H is.the subgroup of all
points on the line y=3x.) Show that (2, 5) +H is a straight line passing through the point (2, 5) and
parallel to the line y=3x.

In R®R, suppose that H is the subgroup of all points lyingeon a line through the origin. Show that any

left coset of H is just a line parallel to H.

S

Prove that SL(2,R) is a normal subgroup of GL(2,R).

a,b,d eR, ad ;tO}. Is H.a normal subgroup of GL(Z,R) ?

Viewing (3) and (12) as subgroups.of Z , prove that (3)/(12) is isomorphic to Z,. Similarly, prove
that (8)/(48) is isomorphic to Z. Generalize to arbitrary integers k and n.

Determine the order of (Z®Z)/((2.2)). Is the group cyclic ?

Determine the order of (Z®Z)/((4,2)). Is the group cyclic ?

Let G=GL(2,R) and H ={Ae G|detA=3" k e Z} . Prove that H is a normal subgroup of G.

Let R" denotethe group of all nonzero real numbers under multiplication. Let R* denote the group of
positive real numbers under multiplication. Prove that R" is the internal direct product of R* and the
subgroup {1,-1}.

Let R" be the group of nonzero real numbers under multiplication, and let r be a positive integer. Show
that the mapping that takes x to x" is a homomorphism from R* to R".

Let G be the group of all polynomials with real coefficients under addition. For each f in G, let J f

denote the antiderivative of f that passes through the point (0, 0). Show that the mapping f —>.[ f from




J.R.INSTITUTE OF MATHEMATICS

189/35 BEHIND RAILWAY STATION, VAISH COLLEGE ROAD, ROHTAK PIN-124001 (HARYANA)
E-mail us on - jrinstituterohtak@gmail.com, balwanmudgil54@gmail.com Mob. 8607383607, 9802177766

Page 77 |

62.

63.

64.
65.

66.

67.

68.
69.

70.

G to G is a homomorphism. What is the kernel of this mapping ? Is this mapping a homomorphism if

j f denotes the antiderivative of f that passes through (0, 1) ?

Prove that the mapping ¢:Z@®Z — Z given by (a,b) - a—b is a homomorphism. What is the kernel of
¢ ? Describe the set ¢ *(3) (that is, all elements that map to 3).

Suppose that there is a homomorphism ¢ from Z@®Z to a group G such that ¢(3,2)=a and.¢(2,1)=b.
Determine ¢(4,4) in terms of a and b. Assume that the operation of G is addition:

Prove that the mapping x — x° from C* to C" is a homomorphism. What is the kernel ?

For each pair of positive integers m and n, we can define a homomorphismfrom Z to Z  ®©Z, by

X — (x modm, x mod n). What is the kernel when (m, n) = (3, 4) 2 What is the kernel when
(m,n)=(6,4)?

Let Z[x] be the group of polynomials in x with integer coefficients under addition. Prove that the
mapping from Z[x] into Z given by f(x)— f(3) is a homomorphism. Give a geometric description
of the kernel of this homomorphism. Generalize.

The factor group GL(2,R)/SL(2,R) is isomorphic to some very familiar group. What is the group ?
Prove that Q/Z under addition is an infinite group in which every element has finite order.

Show that Q/7Z has a unique subgroup of order n for each positive integer n.

Let G=Z®Z and H ={(x, y) | x and yare even integers} . Show that H is a subgroup of G. Determine

the order of G/ H . To which familiar group is G/ H isomorphic ?
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. Consider a group G. Let Z(G) be its centre.
i.e. Z(G)={g eG:gh=hg forall he G}.
For ne N, the set of positive integers,

3. yes, but not necessarily a unique one.
4. never.
(CSIR NET June 2012)

Let G be a simple group of order 168. What

is the number of subgroups of G of order 7

?

1. 1 2. 7 3.8 4. 28
(CSIR NET June 2013)

) 7. The number of group homomorphisms
define from the symmetric group S, to the
I, ={(91-9,) € 2(G)x... xZ(G): 9.9, =€} additive group Z /67 is
: 1. 1 2.2 3.3 4.0
As a subset of the direct product group (CSIR NET Dec 2013)
G x...xG (n times direct product of the 8. The total number of non isomorphic groups
group G), J, is of order 122 is
1. not necessarily a subgroup. 1 2 2.1 3. 61 4. 4
2. asubgroup but not necessarily a (CSIR'NET June 2014)
normal subgroup. 9. Inthe group of all invertible 4x4 matrices
3. anormal subgroup. with entries in the field of 3 elements, any
4. isomorphic to the direct product 3-Sylow subgroup has cardinality
Z(G)x..xZ(G) (n-1)times). 1.3 2.-81 3. 243 4. 729
(CSIR NET June 2011) (CSIR NET Dec 2014)
Let G be a group of order 77. Then the 10. The number of conjugacy classes in the
centre of G is isomorphic to permutation group S; is
L Zy 2 Zg 3 Zy 4 Ly .12 211 o |3|§ lilcl)E 5 4'2814
(CSIR NET June 2011) 1 Usto , (th -1 Dec 201 )
Let p be a prime number. The order ofap — - Up to Isomorphism, | (_9 NUMDEr ot abetian
groups of order 108 is :
Sylow subgroup of the group GLSO(IE‘p) of 1 12 2.9
invertible 50 x50 matrices with entries 3.6 4. 5
from the finite field F,, equals _ (CSIR NET June 2015)
L p® 2 p® 3 pE 4 12. A group G is generated by the eIemenZts
. : : : . ] Ny ~
(CSIR NET Dec 2011) X,y with the re_latlons x° =y =(xy) =1.
. The number of group homomorphisms The order of G is
. 7 . 1.4 2. 6
from the symmetric group S, to& IS 3.8 4. 12
11 292 33 46 (CSIR NET Dec 2015)
(CSIR NET Dec 2011) 13. L.et G =(Z125Z)* be the group (?f l.JnIt?

. Cconsider the group G=Q/Z where Q and (i.e. the elements that have a multiplicative
7, are the groups of rational numbers and inverse) in the ring (Z/257Z) . Which of the
integers respectively. Let n be a positive following is a generator of G?
integer. Then is there a cyclic subgroup of 1.3 2. 4
order n ? 3.5 4. 6
1. not necessarily. (CSIR NET June 2016)
2. yes, a unique one. 14. Let p>5 be a prime. Then

1. F,xF, hasat least five subgroups of
order p.




15.

16.

17.

18.

2. Every subgroup of F xF_ is of the
form H,xH, where H,;,H, are
subgroups of F,.

3. Every subgroup of F xF_isan ideal of
thering F xF, .

4. Thering F, xF, isa field.

(CSIR NET June 2016)
Let S, denote the permutation group onn
symbols and A, be the subgroup of even
permutations. Which of the following is
true ?
1. There exists a finite group which is not a
subgroup of S, forany n>1.
2. Every finite group is a subgroup of A,
for some n>1.
3. Every finite group is a quotient of A,
for some n>1.
4. No finite abelian group is a quotient of
S, for n>3.

(CSIR NET Dec 2016)

Let G be an open set in R". Two points
X,y € G are said to be equivalent if they

can be joined by a continuous path

completely lying inside G. Number of

equivalence classes is

1. only one.

2. at most finite.

3. at most countable.

4. can be finite, countable or uncountable.
(CSIR NET Dec 2016)

What is the number of non-singular 3x3

matrices over. [, , the finite field with two

elements ?
1. 168 2. 384
35 4. 3

(CSIR NET Dec 2016)

Letf :Z —(Z/4Z)x(Z16Z) be the
function f (n) =(nmod4,nmod6). Then
1. (Omod4,3mod6) is in the image of f

2. (amod4,bmod6) is in the image of f,

for all even integersa and b
3. image of f has exactly 6 elements
4. kernel of f =247

(CSIR NET Dec 2017)

19. Let S, denote the group of permutations of

the set {1,2,3,4,5,6,7} . Which of the

following is true ?

1. There are no elements of order 6 in S,
2. There are no elements of order 7 in S,
3. There are no elements of order 8'in S,
4. There are no elements of order 10 in S,

(CSIR NET June 2018)

. The number of group homomorphisms

from Z,, to Z,qy is

1. zero 2. 0ne

3. five 4. ten
(CSIR NET June 2018)

If a non-trivial group has only one
generator then the number of elements in
the group is

1. anodd prime

2. can not be prime greater than 2

3. even integer

4, 2

Let G be a finite abelian group of odd order

let H={x?|xeG}, then

1. Hisasubgroup of G only if G is cyclic
2. His a proper subsgroup of G

3. H=G
4. H may not be subgroup of G
Let

H={e,(12)(3,4)} and
K={e,(12)(34),(13)(2.4).(1L4)(2.3)}
be subgroups of S, where e denotes the
identify element of S,. Then
1. Hand K are normal subgroups of S,
2. Hisnormal in K and K is normal in A,
3. Hisnormal in A, but not normal in S,
4. Kisnormalin S, but H is not

(CSIR NET June 2011)
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4.

Let G=Z,,xZ,5. Then

1. G contains exactly one element of order 2
2. G contains exactly 5 elements of order 3
3. G contains exactly 24 elements of order 5
4. G contains exactly 24 elements of order
10
(CSIR NET June 2011)
Which of the following numbers can be
orders of permutations o of 11 symbols
s.t. o does not fix any symbol ?
1. 18 2. 30 3. 15 4. 28
(CSIR NET Dec 2011)
For any group G of order 36 and any
subgroup H of G order 4,
H cZ(G)
2. H=2Z(G)
3. HisnormalinG
4. His an abelian group
(CSIR NET June 2012)
Let G denote the group S, xS,. Then

1. a2-Sylow subgroup of G is normal

2. a 3-Sylow subgroup of G is normal

3. G has a nontrivial normal subgroup

4. G has a normal subgroup of order 72
(CSIR NET June 2012)

For a positive integer n>4 and a prime

number p<n,let U denote the union of

all p —Sylow subgroup of the alternating
group A, onn letters: Also let, K | denote

=

the subgroup of A, generated.by U ., and

p.,n?

let ‘van denote the order of K . Then
1 |K,,|=12 2. |K,,|=4
3. |K,| =60 4. |K,| =30

(CSIR NET Dec 2012)
Let'oc=(12)(345)and r=(123456) be
permutations in S, the group of
permutations on six symbols. Which of the
following statements are true ?

1. The subgroups <o > and <7 > are
isomorphic to each other
2. ocandr are conjugate in S

3. <o >n<t> isthe trivial group

10.

11.

12.

13.

14.

15.

4. ocandr commute
(CSIR NET June 2013)
Let S, denote the symmetric group onn

symbols. The group S, ®(Z/2Z) is
isomorphic to which of the following
groups ?

1. ZI1127Z

2. (zlez)®(Zl27)

3. A, the alternating group of order 12
4. D, the dihedral'group of order 12

(CSIRNET June 2013)
How many normal subgroups does a non
abelian group G of.order 21 have other than
the identity subgroup {e} and G ?
1. 0 2. 1 3.3 4. 7
(CSIR NET Dec 2013)
Determine which of the following cannot
be the class equation of a group
1. 10=1+1+1+2+5.

2.4 = 1+1+2.
3. 8=1+1+3+3.
4. 6=1+2+3.

(CSIR NET Dec 2013)
Consider the multiplicative group G of all
the (complex) 2" -th roots of unity where
n=0,1,2.. Then
1. Every proper subgroup of G is finite.
2. G has a finite set of generators.
3. Giscyclic.
4. Every finite subgroup of G is cyclic.
(CSIR NET June 2014)
Let G be a non abelian group. Then, its
order can be
1. 25 2. 55 3. 125 4. 35
(CSIR NET Dec 2014)
Let G be a group of order 45. Then
1. G has an element of order 9
2. G has a subgroup of order 9
3. G has a normal subgroup of order 9
4. G has a normal subgroup of order 5
(CSIR NET Dec 2014)

16.Let 5:{1,2,3,4,5} —>{1,2,3,4,5} be a

permutation (one-to-one and onto function)
suchthat o™'(j)<o(j) Vjl<j<5.
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17.

18.

19.

20.

21.

22.

Then which of the following are true ?
1. ceo(j)=]j forallj, 1<j<5

2. o'(j)=0o(j) forallj, 1< j<5
3. The set {k:c(k);tk} has an even

number of elements.
4. The set {k:c(k) = k} has an odd

number of elements.
(CSIR NET June 2015)
If x,y and z are elements of a group such
that xyz =1, then
1. yzx=1 2. yxz=1
3. xy=1 4. zyx=1
(CSIR NET June 2015)
Which of the following cannot be the class
equation of a group of order 10 ?
1. 1+1+1+2+5=10
2. 1+2+3+4 =10
3. 1+2+2+5=10
4. 1+1+2+2+2+42 =10
(CSIR NET June 2015)
Let a, denote the number of those

permutations ¢ on {1,2,...,n} such that o

is a product of exactly two disjoint cycles.

Then

1. a; =50 2. a,=14

3. a;=40 4. a, =11
(CSIR NET Dec 2015)

Let G be a simple group of order 60. Then

1. G has six Sylow-5 subgroups.

2. G has four Sylow-3 subgroups.

3. G has a cyclic subgroup of order 6.

4. G has a unique element of order 2.
(CSIR NET Dec 2015)

For n>1, let (Z/nZ) be the group of
units.of (Z/nZ). Which of the following
groups are cyclic ?

1. (Z/10Z) 2. (212°7)

3. (z1100Z) 4. (Z.1163Z)

(CSIR NET Dec 2015)
Let G be a finite abelian group of order n.
Pick each correct statement from below.
1. If d divides n, there exists a subgroup of
G of order d.
2. If d divides n, there exists an element of
orderdin G.
3. If every proper subgroup of G is cyclic,

23.

24,

25.

26.

then G is cyclic.
4. If H is a subgroup of G, there exists a
subgroup N of G suchthat G/N = H .
(CSIR NET June 2016)
Consider the symmetric group S,, and its

subgroup A,, consisting of all even

permutations. Let H be a 7-sylow subgroup
of A,,. Pick each correct statement from

below :

1. [H|=49.

2. H must be cyclic.

3. His a normal subgroup of A,,.

4. Any 7-Sylow subgroup of S, is a
subset of A;.

(CSIR NET June 2016)
Let p be-a prime. Pick each correct
statement. from below. Up to isomorphism,
1. there are exactly two abelian groups of

order p°.

2. there are exactly two groups of order
2

p-.
3. there are exactly two commutative rings
of order p?.
4. there is exactly one integral domain of
order p°.
(CSIR NET June 2016)

Consider the following subsets of the group
of 2x2 non-singular matrices over R :

o5 3 )ranacran-y)
- oo

Which of the following statements are

correct ?

1. G forms a group under matrix
multiplication

2. Hisanormal subgroup of G.

3. The quotient group G/ H is well-
defined and is Abelian.

4. The quotient group G/ H is well
defined and is isomorphic to the group
of 2x 2 diagonal matrices (over R)
with determinant 1.

(CSIR NET Dec 2016)
Let C be the field of complex numbers and

C” be the group of non zero complex
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numbers under multiplication. Then which

of the following are true ?

1. C is cyclic.

2. Every finite subgroup of C* is cyclic.

3. C" has finitely many finite subgroups.

4. Every proper subgroup of C* is cyclic.
(CSIR NET Dec 2016)

27. For an integer n> 2, let S, be the

permutation group on n letters and A, the

alternating group. Let C”* be the group of
non-zero complex numbers under
multiplication. Which of the following are
correct statements ?

1. For every integer n>2, thereisa

nontrivial homomorphism y:S, — C*
2. Foreveryinteger n>2, thereisa
unique nontrivial homomorphism
2:S, > C"
3. Forevery integer n>3, there is a
nontrivial homomorphism y:A, — C*
4. For every integer n>5, there is no

nontrivial homomorphism y:A;= C*.

(CSIR NET June 2017)
28. Let G be a group of order 125. Which of
the following statements are necessarily
true ?
1. G has a non-trivial abelian.subgroup
2. The centre of G is a proper subgroup
3. The centre of G has order 5
4. There is a subgroup of order 25
(CSIR NET June 2017)
29. Let F be a finite field and let K/ F be a
field extension of degree 6. Then the Galois
group of K /F is isomorphic to
1. the cyclic group of order 6

2. the permutation group on {1,2,3}
3. the permutation group on {1,2,3,4,5,6}
4. the permutation group on {1}

(CSIR NET Dec 2017)

30.

3L

Let G =S, be the permutation group of 3

symbols. Then

1. G is isomorphic to a subgroup of a
cyclic group

2. there exists a cyclic group H such that G
maps homomorphically onto H

3. Gis a product of cyclic groups

4. there exists a nontrivial group

homomorphism from G to the additive

group (Q, +) of rational numbers
(CSIR NET June 2018)
Let Grbe a group with |G|=96. Suppose H
and K are subgroups of G with |H|=12
and |K|=16. Then
1 HAK={e)
2. HNK #{e}

3. HnN K is Abelian
4. HnK is not Abelian
(CSIR NET June 2018)
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Answer Key
SCQ
1.3 2. 4 3. 4 4. 2 5.2 6. 3 7.2
8.1 9.4 10. 2 11.3 12. 2 13.1 14. 1
15. 2 16. 3 17.1 18.2 19.3 20.4
MCQ
1. -- 2. -- 3. 24 4. 134 5. 1,234 6. 4 7. 3,4
8. 2,3 9. 13 10.4 11.2 12.1,2,3 13. 14 14.2,3
15.2,3,4 16.1,2,3,4 17.1,3 18.1,2,4 19.14 20.1 21. 14
22.14 23.14 24.1,2,4 25.1,2,34 26. 2 27.1,24 28.14
29.1 30. 2,3 31.2,3







