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VECTORS



Itis well known, that there is a one-to-one correspondence between the elements of the
set of the real numbers and the points of a straight line. It is also known, that we can
make a similar one-to-one correspondence between the points of the plane and the
elements of set of the of ordered pairs of real numbers R Similarly, we can identify the
points of the 3-dimensional space and the elements of ordered real number triples R’.

We generalize and introduce the #-dimensional space as the set IR” containing all the
ordered real n-tuples, that is, 11-element real sequences.

Definition

The elements of IR” will be written in the form x = (x;, x5, ..., x,,)

x; €R,i=1,...,nand aresaid to be vectors. The real numbers x4, ... , x,, are the
components of x.

Remark: The zero vectorin R" is obviously the vector 0, all of whose components are
zero, and the opposite of a vector is obtained if each of its component is replaced with
its opposite.



Ify = (v1, 95, ..., V) is another vector in R” then we define the sum:
X+y = (X +91,% + Y20 X + Yp)
and if A is a real number we also define the scalar multiplication:
Ax = (Axy, Ax,, ..., Ax,,).
Thusx +y € R" and also Ax € R".
Example

Leta=(2,3,4,1)andb = (-1,0, 1, 2) be two vectors in R*. Determine the vector
a+2b.

a+2b = (2,3,4,1)+(2-(-1),2-0,2-1,2-2) =
(2-2,3+0,4+2,1+4)=(0,3,6,5)



Since the addition of vectors is led back to the addition of their coordinates, which are
real numbers, the following properties hold true.

Theorem

Let x, y and z be arbitrary vectors in IR", then

1. x+y =y + x, (the addition is commutative,)

2. (x+y)+z=x+(y+z) (associative,)

3. dJ0eR":Vx e R":0+x = x, (there exists zero vector,)

4. ¥xeR":3d(—x) € R" : x + (—x) = 0. (each element has an opposite.)
Furthermore, if A, i € IR, then

Alx+y) = Ax+ Ay,

2. (A+p)x = Ax+px,

3. (A p)x = AMpx),
4,

1l -x=x.

—_



Definition

Let an addition be defined on a set V' satisfying the first four properties above and for
any real number o letamap a : V — V - called scalar multiplication - be defined
satisfying the second four properties above. Then V' is called a real vector space.

» The directed line segments in the plane with fixed initial point form a real vector
space, with the addition according to the parallelogram rule and scalar
multiplication defined as follows: multiply the length of the vector by the absolute
value of the number and change its direction to the opposite if the number is
negative.

« IR" is a real vector space with the addition and scalar multiplication defined above.

« The set of all functions of the form f : X — IRis a real vector space, where the
addition of two functions f and g isdefined by (f + ¢)(x) := f(x)+g(x)Vx € X,
andforany A € R, (Af)(x) := A - f(x) defines the scalar multiplication.



SUBSPACE

Definition
A non-empty subset M of a vector space V is called to be a of V if

«x+ye€Mforallx,y € M;
e ax € Mforallx e Manda € R.



LINEAR COMBINATION



LINEARLY INDEPENDENT VECTOR SET

Letx;, ..., x; be arbitrary vectorsin R” and A, ..., A be real numbers. Then the
vector

/\lxl 9P 000 qp /\ka
is called a linear combination of the vectors x4, ... , X.

Definition
The set of vectors x,, ... , x; is said to be linearly independent if
/\1X1+"‘+/\ka :0:>/\1 = oo :/\k :0.

The only way to obtain the zero vector as a linear combination of a linearly independent

set of vectors is the trivial one, that is, if we choose all the scalar coefficients equal zero.

Definition
The system of vectors v, ... , v, is called linearly dependent if it is not independent.



Example
Decide if the system of vectors {a = (1,2,3),b = (-1,0,1),¢ = (-2,-1,0)} is
linearly independent or dependent.
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Example
Decide if the system of vectors {a = (1,2,3),b = (-1,0,1),¢ = (-2,-1,0)} is
linearly independent or dependent.

We have to find out if the equation aa + b + yc = 0 implies that each of the
coefficients «, 8, ) are zero. Comparing the coordinates of both sides of the equation
we obtain the system of linear equations:

a—-p-=2y
20—y =
3a+f

From the second equation it follows that )y = 2« and from the third one we have that
p = —3a and the first equation is a consequence of these. Thus for any real number t
thetriplea = 7, f = =37, = 27 satisfies the system of equations, therefore the
vector system {a = (1,2,3),b =(-1,0,1),c = (-2, 0, 2)} is linearly dependent.
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PROBLEMS

Decide if the systems of the following vectors form a linear independent or a dependent
set

{b; =(1,0,0),b, =(0,1,0),b; = (0,0, 1)}
{by =(1,1,0),b, =(0,1,1),b; = (1,0, 1)}
{by =(1,1,1),b, =(0,1,1),bs = (1, 1,0)}
{a, =(1,2,3),a, =(3,4,5),a; = (5,6,7)}

{al:(2,1,3),a2:(4,1,5),a3:(6,1)7)} 11



IMPORTANT PROPERTIES OF SYSTEM OF VECTORS

The subsequent statements are easily verified:

+ Aset of vectors containing the zero vector is linearly dependent.
+ A system of vectors having two equal vectors is linearly dependent.

« Any one element set containing only a non-zero vector is linearly independent.

12
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+ Aset of vectors containing the zero vector is linearly dependent.
+ A system of vectors having two equal vectors is linearly dependent.
« Any one element set containing only a non-zero vector is linearly independent.

« Any non-empty subset of a linearly independent set of vectors is linearly
independent.
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IMPORTANT PROPERTIES OF SYSTEM OF VECTORS

The subsequent statements are easily verified:

+ Aset of vectors containing the zero vector is linearly dependent.
+ A system of vectors having two equal vectors is linearly dependent.
« Any one element set containing only a non-zero vector is linearly independent.

« Any non-empty subset of a linearly independent set of vectors is linearly
independent.

« Asystem of vectors is linearly dependent if and only if one of its vector is the linear
combination of the other vectors in the system.

o Ifv =A%, + -+ + Axpand {x;, ..., x;} is linearly independent, then the scalars
Ay, ..., A areunique.
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SPAN

Definition
Let S be a subset of a vector space. The of S is defined as the set of all of linear
combinations of the vectors of S.

k
span (S) = {Z/\ixi:kelN,/\i eIR,xl-eS}.

i=1

Assume that M is a subspace of the vector space and S C M is a subset. If
span(S) = M, then Sisa M.

The commonly used terminologies are the following: S spans M; S generates M; S is a
spanning set of M; S is a generating set of M. Sometimes, the set span(S) is denoted
by lin(S) and the spans of S is called of S.

Observe that span (S) is always a subspace. @



Example

Consider the vector space R’. Decide if the set S is a spanning set of the vector space or
not. S = {a, b, c}.

1. a=(-1,0,0);b=(0,1,0);c = (0,0,-1).
1,0,0);b =(0,1,0);c = (1,1,0).
1,

2.a=(1,0,0
3.a=(1,0,0;b=(0,1,0);c=(L1,1).

14



Example

Decide if the vector x = (1, 0, 3) is in the linear hull of vector system
{al =(1,1,-1),a, =(2,1,2),a; = (0, 1,—4)}.

15
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RANK

Definition
The rank of a system of vectors {x,, ..., x;} is the integer 7 if it has an r element linearly
independent subset, but any at least  + 1 element subsystem is linearly dependent.

16



BASIS

MINIMAL SPANNING SET AND MAXIMAL
INDEPENDENT SET



MINIMAL SPANNING SET

Consider a vector space including a finite spanning set {x,, ..., x,}. Itis clear that if one
of the vectors—for example x, -is a linear combination of the rest of the vectors

{x5, ..., x,}, then after dropping this vector from the system, the set {x,, ..., x,}
remains a spanning set.

Let us call a spanning set H minimal iff there is no proper spannig subset of the set of H.

Thus we proved that every minimal spanning set is an independent set.

17



MAXIMAL INDEPENDENT SET

Assume that we have an {x,, ..., x,} independent set for which y & span {x,, ..., x,}.
One can see that only the trivial linear combinations of the system

{1, o0 x5, v}

provides 0, thus it is a linearly independent set.

Let us call a linear independent set H maximal iff there is no proper independent
superset of H.

Thus we proved that every maximal linear independent set is a spanning set.

18



THE EXISTENCE OF A MINIMAL SPANNING SET

Definition
A vector space having finite spanning set is called finite dimensional or finitely
generated vector space.

Assume that the vector space has a finite spanning set H;. If it is minimal then, the set
H, islinearly independent. Otherwise we are able to find a proper subset H, C H,
which remains spanning set.

If the system H, is minimal then, the set H, is linearly independent. Otherwise we are
able to find a proper subset H; C H, which remains spanning set.

Using this process-after finite steps-we obtain a minimal spanning set: It is a subset of
the original system {x,, ..., x,,} which is spanning set and linearly independent
together.

19



THE EXISTENCE OF A MINIMAL SPANNING SET

Thus the following proposition is proven.

Proposition

Every finitely generated vector space does have a linearly independent spanning set.

20



Definition
A set of vectors {vy, ..., v, } is called a basis of the vector space V, if
« itis linearly independent and

« itisaspanningset of V.

We have just proved that every finitely generated vector space has a basis.

Verify that the set of vectors {e,, ... , e,}, where e; is the vector with all Os except fora 1
in the ith component, is a basis of the vector space IR".

1) The linear combination A;e; + --- + A, e, = (A, ..., A,) = Oimplies that
A =...= A, =0,thatis,{e, ..., e,} islinearly independent.
2)Ifx = (x,...,x,)is an arbitrary vector in R", then obviously x = x;e; + --- + x,;e,,,
thereforelin(ey, ..., e,) = R".
21



Itis important to emphasize that there are many bases in the vector spaces.

But if we have two bases in a vector space then the number of the vectors of the two
systems are the same. We are going to prove this fact.

First, we realize that the number of the vectors of an independent system can not be
greater than the number of the vectors of a spanning set.

22



Lemma (Steinitz)
Assume that a vector space has a finite spanning set having exactly n vectors. Then every
system of vectors including more than n vector is linearly dependent.

Let{y;, ..., v,} be a spanning set and assume that the system {x, ..., x,,} has more
vector than the spanning set has. Thus m > n. By the definition of the spanning set: for
all 1 < k < m there exist coefficients @jk, 1 < j < n,suchthat
n
X = Zaj,kyj.

j=1
Write a linear combination of the system {x4, ..., x,,} using the multipliers &, ... , &,
specified later.

iékxk = iiékaj,kyj = i Zaj,kék v (1)
k=1

m
k=1 j=1 j=1 \ k=1

23



Consider the homogeneous system of linear equations belonging to the coefficients
(aj,k). Herej =1,...,nandk = 1,..., m. The assumption m > n indicates the
number of unknowns is greater than the number of equations of this linear system.
Remember: this fact implicates the existence of a nontrivial solution of this system.
Thus there exist numbers &, ..., &, for which not all of them is zero and at the same
timeforeveryj = 1, ..., n the equations

m
) e =0
k=1

hold. Thus if we use the above found unknowns () for the multipliers of (1), then the
right hand side of (1) becomes zero. Consider now the left hand side of (1). Itis a
non-trivial linear combination of the system {x,, ..., x,,}.

It was to be proved.

24



BASIS

Definition
The dimension of a vector space is m if it has an m element basis.

The above concept of dimension is well defined.
Assume that systems {x;, ..., x,,} and {y;, ..., v, } form bases.

Ontheone hand, m < n because {x,, ..., x,,} isindependentand {y,, ..., v, } isa
spanning set.

On the other hand, n < m because {y, ..., v,} isindependent and {x,, ..., x,,} isa
spanning set.

Thus, we proved, that any two bases have the same number of terms in a vector space
(in which there exist finitely many vectors forming a spanning set).

25



The other consequence of the Steinitz lemma is as follows.

Proposition

LetV be an n dimensional vector space.

1.

If the system {x,, --+ , x,,} is an exactly n element independent set then it is a
maximal independent set, thus it is a basis.

. Ifthe system {x,, -+, x,,} is an exactly n element spanning set then it is a minimal

spanning set, thus it is a basis.

26



GAUSS-JORDAN ELIMINATION




GAUSS-JORDAN ELIMINATION: A THEORETICAL VIEW

So far, we have learned the Gauss-Jordan algorithm through examples. We now
reconsider the procedure from a theoretical point of view.

Let
A e R™™

The algorithm transforms A by repeated row operations:

1. multiply a row by a nonzero scalar;
2. subtract a scalar multiple of one row from another row.

At each stage, choose a nonzero entry as a pivot term and use row operations to
eliminate all other entries in its pivot column.

The algorithm terminates in a reduced row echelon form in which each nonzero row

includes a pivot term.
27



Our main theoretical questions are:

« Which properties are preserved by the row operations?

+ Why is the number of pivot terms independent of their choice?

28



GAUSS-JORDAN ELIMINATION: BASIC IDEA

Let A € R be a matrix over the real field IR.

The Gauss-Jordan algorithm transforms A by elementary operations on its rows.
During the algorithm, we choose a nonzero entry as a pivot term and eliminate all other
entries in its column: both the entries below and the entries above the pivot term.

We use only the following two types of row operations:
1. Multiply a row by a nonzero scalar:
R, «— AR;, A =0.
2. Subtract a scalar multiple of one row from another row:

Both operations are reversible. Therefore, they preserve the subspace spanned by the

rows of the matrix. 29



THE PIVOT STEPS

Suppose that a nonzero entry Ay has been chosen as a pivot term.

First, we may multiply row i by a nonzero scalar so that the pivot term becomes 1.

Then, for every k # i, we subtract a suitable multiple of row i from row k. In this way,

the entry in position (k, j) becomes zero.

Thus, after processing the pivot column, it has the form

pivot term.

, where the entry 1 is the

30

The algorithm then continues with a new pivot term in a different row.



THE FINAL MATRIX

The Gauss-Jordan algorithm terminates, if every non zero row includes pivot term. The
resulting matrix is called reduced row echelon form.

Its nonzero rows have exactly one pivot term. Moreover, because we eliminate all
entries above and below each pivot term, every pivot column contains exactly one
nonzero entry.

Thus the nonzero rows are linearly independent: No nonzero row can be expressed as
the linear combination of the rest of the rows.

Each elementary row operation preserves the row space: Indeed, after an elementary
row operation, every new row is a linear combination of the old rows. Hence the new
row space is contained in the old one. Since every elementary row operation is
reversible, the old rows are also linear combinations of the new rows. Thus the two row
spaces are equal. Since the row operations preserve the row space, the nonzero rows of
the final matrix form a basis of the row space of the original matrix.

31



INDEPENDENCE OF THE NUMBER OF PIVOTS

Theorem

Let A € R"™. Suppose that two executions of Gaussian-Jordan elimination, possibly
using different pivot choices, produce matrices R and S in reduced row echelon form.
Then R and S have the same number of nonzero rows.

Proof.
Let W C IR" be the subspace spanned by the rows of A:

W = span{rows of A}.

Each elementary row operation preserves the row space.

Consequently, Row(A) = Row(R) = Row(S) = W.

Since the nonzero rows of R span W, they form a basis of W. Similarly, the nonzero

rows of S form a basis of W.

Hence R and S have the same number of nonzero rows. .y 32



BASIS TRANSFORMATION




COORDINATE OF A VECTOR WITH RESPECT TO A BASIS

Definition

LetV = {v,, ..., v;} be abasis of the vector space V and x € V. Then the scalarsin the
linear combination x = &, v; + -+ + &, v are called the coordinates of the vector x. In
particular, éj is the coordinate of x with respect to the basis vector v;. The column
vector

1

Xy = :
Sk

is said to be the coordinate vector of x with respect to the basis V.

The coordinate vector depends on the basis. The same vector has different coordinate
vectors with respect to different bases.

38



ELEMENTARY BASIS TRANSFORMATION

The problem is to find out how the coordinate vector is changing if the basis is changed.

LetV ={v,,...,v;, ..., v} be abasis of the vector space V and w € V a nonzero

vector,w = ayv; + -+ + ;v; + -+ + oV, such that a; = 0. Then we have

v, = —%vl — e iw — e — %vk, Therefore if the vector x as a linear combination
1 1 1

of basis vectorsin V' is
X = E v+ E e+

then it can be written as the linear combination of the system V' = {v, ..., w, ..., v}

as follows
X = GV e R E e+ U =
a, 1 1o
= &+ + gi(__yl = 000 db —A7)) = co0 = _vk) + -+ & =
a; a; a;
éi éi éi

(& —an vyt et Pt e+ (G — e vk 34
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SUMMARY

We started from a basis {v;, ..., v;} and a vector w for which the i-th coordinate of w
(with respect to the basis above) is non-zero. We proved that any vector

X € span {vy, -+, v} can be expressed as a linear combination of the system

{vi, ..., w, ..., v} It means that the new system {v,, ..., w, ..., v} is also a spanning
set.

Realize that this new system is a k element spanning set of a k dimensional space, thus
it becomes a new basis.

Proposition

Let the system {v,, ..., v} be a basis and assume that the i-th coordinate of the vector
w-with respect to the basis above-is non-zero. Then the changed system

vy, ..., w, ... v}

. . 35
is also a basis.



NEW COORDINATES

The change can be better followed in the subsequent tables:

w | X X
é.
V| a | & V| & — 0‘1;11.
w|Emie T e
Ve | X% | &k Vi | Sk — ak =

In the left heading of the tables the base vectors and in the top heading the vectors are
listed and below in the jth row of the tables the coordinate of the corresponding vector
with respect to the jth base vector. Replacing the ith basis vector by the vector w is
denoted by the frame around the ith coordinate of w. This coordinate is called pivot

element. Notice that the pivot element is nonzero, this makes possible to exchange the
v, basis vector with the vector w. 36



SOME APPLICATIONS

In the second table the coordinates of the x vector is shown with respect to the new
basisV’' = {v,, ..., w, ... vx}. The coordinate of x with respect to the new basis vector
w is the quotient of its original coordinate and the pivot element, while any other
coordinate is obtained if from the original coordinate we subtract the product of this
quotient and the corresponding coordinate of w. Thus the coordinate vectors of the x

vector are £
_ i r _ Si ]
& <1 Qg
xy = & and Xy = &
i \% a;
: .
[ &k | &t
1

with respect to the basis V and V'’ respectively.

37



SOME APPLICATIONS




Using elementary basis transformation actually any problem arising in linear algebra
can be solved, that is, the linear algebra problems are easily solvable in appropriate
coordinate system. To illustrate this statement we provide some examples.

Example

Decide if the system of vectors
{Y1 = (1/ =1, 2, 0)» Y2 = (_1/ Ly =2, 3)/ Y3 = (3; —-4,6, —3)}

in R*is linearly independent or dependent!

38



The set of vectors E = {e;, e,, €5, ,} is a basisin IR*. The coordinate vectors of
vy =(1,-1,2,0),y, = (-1,2,-2,3),y5 = (3,—4, 6, —3) with respect to the basis E
are

1 -1 3

=1l 2 —4

YiIET| 5|0 YeeT| 5| ™ yie=|
0 3 -3

Using a sequence of elementary basis transformations we change the original E basis
taking as many y; vectors as we can into the new basis.

39



The calculation is shown by the subsequent tables:

Y1 Y2 VY3 Y2 Y3 Y3
e, -1 3 vy, | -1 3 yi| 2
e -1 2 -4 — e |[1] -1 — y,|-1
e;| 2 -2 6 es| 0 O e;| O
e,] 0 3 -3 e, | 3 -3 e, | O

The last table shows, that the new basisis {y,, y,, €5, e,} and that y; can be expressed

as a linear combination of y,

and y,,namelyy; = 2y, — ly,. Therefore the

system {y,,y,,ys} is linearly dependent.

40



Example

Decide if the vector x = (1, 0, 3) is in the linear hull of vector system
la, =(1,1,-1),a, = (2,1,2),a; = (0, 1,-4)}.
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Example

Decide if the vector x = (1, 0, 3) is in the linear hull of vector system
la, =(1,1,-1),a, = (2,1,2),a; = (0, 1,-4)}.

Again begin with the basis of unit vectors {e;, e,, e;} of IR? because the coordinates of
the vectors in IR® with respect to this basis is the same as their components. Now the
calculations are:

From the last table it can be concluded that x = —1a; + la,, thatisx € lin(a,, a,, a;)
Notice that the subspace lin(a,, a,, a5) is already spanned by the vectors a; and a, as
well, since a; is linear combination of them, that is, {a;, a,} is a basis of lin(a,, a,, a3)
and therefore it is a 2-dimensional subspace of R’.

41
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