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INNER PRODUCT



INNER PRODUCT IN [R”

To generalize the geometric concepts known in the plane or 3-dimensional space some
new notion must be introduced.

Definition

The inner product of two vectorsa =(a; ..., a,) and b =(by, ..., b,) € R" is the real
number

Theorem (Properties of inner product)
1. Ya,b €R" : (a,b) = (b, a),
2. Ya,b,c €R" :{(a+b,c) = {(a,c)+(b,c),
3. Ya,b€eR",¥Y1 € R:(1a,b) = A{a,b),
4. (a,a) > 0and(a,a) = 0,iffa = 0.



Example

Leta = (3,-6,1)and b = (1,0,4) € R’. Find the inner product (2a - 3b,a + 2b).

2a—3b =(3,-12,-10)anda + 2b =(5, =6, 9) thus their inner product
(2a—3b,a+2b)=3-5+(-12)-(-6) +(-10)-9 = -3.

another solution can be obtained if we use the properties of the inner product:

(2a—3b,a+2b) = 2(a,a)+(a,b)—6(b,b)=
= 2-46+7-6-17 = -3,
where (a,a) = 3% + (=6)° + 1° = 46,
(a,by)=3-1+(=6)-0+1-4=7and
(b,b) = 1° +0* +4% = 17.



Using the concept of inner product the norm of a vector can be defined:

Definition (Norm)

Foravectorin R" ||x|| := \/<x, x) = \/Z?zl x?.

The norm of a vector is obviously the generalization of the absolute value of real
numbers, or the length of vectors in the 2-dimensional Cartesian coordinate systems.

It is easy to verify that the following two important properties of function norm hold
true.

1. x| = 0and|x| = 0iffx = 0,
2. [ Ax[l = [A]- 1]



CAUCHY-SCHWARZ INEQUALITY

One can see the first two properties. For the third one we need the so-called
Cauchy-Schwarz inequality.

Theorem (Cauchy-Schwarz inequality)

For any pairx,y € IR"
|y | < M%) -yl

We have for any real number A
(x = Ay, x = Ay) = [x]* =24 (x,y) + A*|y[* 2 0,

This is a quadratic polynomial in A which is non-negative everywhere. Therefore its
discriminant is not positive:

D = 4({(x,y))> = 4|x|*yl* < 0.

It was to be proved. 6



TRIANGLE INEQUALITY

We are ready to prove the triangle inequality and summarize the three most important
properties of the norm.

Theorem (Properties of norm)
1. |x|| = 0and ||x]|| = 0iffx = 0,
2. [ Ax] = [A]- =],
3. Ix+yll < lIxIl + Iyl

The first two properties hold true as we saw it earlier.
Now we have

2 2 2
Ix+y1° = &x+y,x+y) = IxI"+2xy) + lyl° <
2 2 2
< I=l” + 20l - Dyl + iy ll™ = =l + Ty )~



DISTANCE IN [R”

Using the concept of the norm of vectors a distance function can be introduced.
Definition

Vx,y e R" 1 d(x,y) := [x-yI.

From the properties of the norm of vectors the expected properties of the distance
function immediately follow:
Properties of the distance function

1. d(x,y) 2 0andd(x,y) = 0,iffx =y,

2. d(x,y) =d(y, x),

3. d(x,y) <d(x,z) +d(z,y).



The Cauchy-Schwarz inequality implies that

<X/Y>

Tlxl -yl T
Therefore there is a unique angle ¢ € [0, 1t], such that

(x,y)

COS(P = o
(BN RN

Definition (Angle)

The number @ € [0, 7t] defined above is the angle enclosed by the vectors x and y.



EUCLIDEAN SPACES

Introducing the inner product in IR" it became possible to define distance of vectors and
measuring the angle of vectors. Therefore the Euclidean geometry of the plane or space
can be generalized. Therefore the vector space IR" with the inner product is said to be
Euclidean n-space.

Example
Find the area of triangle with verticesa = (1,1 -1,1), b=(2,1,-1,0) and
c=(1,2,1,1).

The length of the sides in the triangle are:

d(a,b) = ”b_a” = ”(110; 0,0- 1)” = \/E, d(a,c) = ”C_a” = ||(O, L, 2, O)” =
V5, d(b,c) = |c=b| = [|(1,0,0,1)] = V7. The angle at the vertex a is 90°,

Y10

because (b — a,c — a) = 0, therefore the area of the triangle is =

10



PERPENDICULARITY

Definition (Orthonormal system of vectors)

Two vectors x, y in IR” are said to be orthogonal if their inner product is zero.
The set of vectors {x,, ..., x;} is an orthonormal set, if

0 if i=j,
<Xi’xf>:{1 if 1= .

Theorem
An orthonormal set is linearly independent.

11



CARTESIAN COORDINATE SYSTEM

Definition (Orthonormal basis)

If any vector v € IR" is the linear combination of the vectors of the orthonormal set

{x1,...,x,}, then{x,, ..., x,} is called orthonormal basis, or Cartesian coordinate
system.

Theset {eq, ..., e,}, is a Cartesian coordinate system of the Euclidean #-space.

12



CONCEPT OF MATRICES




In our everyday life we often meet tables of numbers containing statistical data,
coefficients of system of linear equations and so on. In linear algebra these tables of

numbers are referred to as matrices.
Definition
A rectangular shaped array of numbers is called matrix, that is, a matrix is

0(11 0(12 oo aln

(04 (04 ooo  (OF
a=| 2 fmo G|

N1 A oo Oy

where @ (i=1,...,m; j=1,...,n)arenumbers. If the matrix has m rows and n
columns, then it is said to be of type m X n. If m = n then we call it square matrix of
order m. Here a; is the entry in the intersection of the ith row and jth column.

13



If the entries of the matrix are real numbers, then we say that A is a real matrix, and the
set of all real matrices of type 7 x 1 will be denoted by IR"*".

For short we often refer to a matrix A by its general entry and we denote it as [aij].

If a matrix has only one column, then we call it column matrix or more often column
vector and similarly if the matrix consists of only one row, then we call it row matrix or
row vector.

In some cases we partition the matrix into sub-matrices

All A12 e Alk
A21 Azz .o A.2k

14



In particular, we often use the partition, where the sub-matrices are the columns or
rows of the matrix

a’y
a/
A= layanar=| 22

)

A

where a; denotes the ith column and a’; the jth row of A.

15



MATRIX OPERATIONS




OPERATIONS ON R"™"

The sum of two matrices of the same type A = [a;;] and B = [f;;] is the matrix

If A € Rand A = [a;;] € R™" then we define the multiplication of a matrix by scalar

AA as follows:

Combining the addition and multiplication by scalars we can form the linear
combination of matrices of the same type: A, ..., A\, € Rand A4, ..., A; € R™",
then their linear combination is

/\lAl 9P °°0 qp /\kAk S IRWIXVI.

16



Example

1

6
2A —3Bis

IfA =

2
5

—1

] then the linear combination

PRNEORNS
2 46| (-3 0 3]_
12 10 8 6 -6 9|

EX 3B

2-(-3) 4-0 6-3|_
12-6 10-(-6) 8-9 |
5 4 3
6 16 -1 |’
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VECTOR SPACE OF MATRICES

Similarly to the operations of vectors, the addition of matrices is also led back to the
addition of numbers, and the multiplication of matrices by scalars is led back to the
multiplication of numbers, therefore the following properties are obviously hold true.
If A, B, C are arbitrary matrices in R"*" and a, f € IR, then

1. A+tB=B+A,

22 (A+B)+C=A+(B+0),
3. JO: YA : O+ A = A,

4 YA :d(-A): A+ (-A) =0.

18



VECTOR SPACE OF MATRICES

The addition of matrices is commutative, associative, there exists zero matrix (each
entry is 0), and each matrix has an opposite (additive inverse).

1. a(A+B)=aA +aB,
2. (0 + P)A = aA + A,
3. (ap)A = a(BA),

4. 1A = A.

The set R™*" of matrices with the addition and scalar multiplication is a real vector
space.

19



MULTIPLICATION OF MATRICES




MULTIPLICATION OF MATRICES

While the addition of matrices was defined for matrices having the same type, the
multiplication of two matrices is defined only if the number of columns in the left side
matrix equals the number of rows in the right side one.

Definition (Product of matrices)

Let A = [a;;] bean m x n matrixand B = [f;;] be an n x p matrix, then their product
AB = C = [y;;]is the m x p matrix for which

n

Vij = Zaikﬁkj = Byt Apfoj + o0 + Wy

k=1

20



Example

A

1
6

|

) 3 -1 0
and B = 2 —2 |thentheir product ABis
5 4 0 1

1-(-=1)+2-2+43-0 1-042-(=2)+3-1
6-(-1)+5-2+4-0 6-0+5-(-2)+4-1

|

|

3
4

-1
-6

|
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MATRIX MULTIPLIED BY A VECTOR FROM RIGHT

Ax
Multiplying the matrix of type m X n

(04 (04 soo  (OF X
A=| 2 T2 n by the vector x =| ~?
A1 Az o Ay Xn

the product is the linear combination of the columns of A, where the scalar coefficients
are the components of x.

22



PROOF

X101 T Xpqp + -+ + X0y
X101 + Xolpy + - + Xy (py

Ax = =
X1 Qpy + XpQpp + 200 + X Qi
a1y a1y Ay
= X S X, afz + X, af” )
A1 A2 X

23



MATRIX MULTIPLIED BY A VECTOR FROM RIGHT

xB
The product of a row vector and a matrix is a row vector, which is a linear combination
of the rows of the matrix.

24



IfA = 2 |, where a’; denotes the ith row of A and B = [by,b,, ..., bp], where

’
am

b; is the jth column of B, then their product is

a,lbl
AT — a'z.bl

/
a’,, b,

a’;b, ... a'ib,
a’,b, ... a\b,
a’,yb, ... a',b,
a’,B
a’,B
a’, B

= [Ab,, Ab,, ..., Ab,] =

25



PROPERTIES OF MATRIX MULTIPLICATION

Theijth entry a’ibj of the product is the product of the row matrix a’; and column
matrix b;, which is a scalar like the inner product of two vectors.

Theorem
Each column of the matrix product AB is the linear combination of the columns of A and
each row of AB is the linear combination of the rows of B.

Theorem (Properties of matrix multiplication)
1. noncommutative,

2. associative,

3. distributive with respect to the addition.

26



POWERS OF MATRIX




POWER OF SQUARE MATRIX

Using the multiplication of matrices we can define the powers of square matrices
(number of rows and columns are equal) with non-negative integer exponents as
follows: if A € R"*" then

A’:=E, andVk € N: AF! .= AF. A,

1 0 ... 0
o 1 .. . . . . .

whereE, = | | | . | isthen x nidentity matrix. Notice that for an
0O 0 .. 1

arbitrary matrix A € R™" : AE, = E,,A = A, thatis, the identity matrix plays the
same role among the matrices as the 1 among the numbers.

27



PROBLEMS

o Let
A= 1 1
0 1

Calculate A%, A%, A*, --. until you detect a pattern. Write a general formula for A”.
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PROBLEMS

o Let
1 1
A=
Calculate A%, A3, A%, --- until you detect a pattern. Write a general formula for A”.

o Let

Calculate A%, A%, A*, --- until you detect a pattern. Write a general formula for A”.
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THE RANK




TRANSPOSE OF MATRICES

Definition

The transpose of a matrix A = [a;;] € R™" is the matrix AT of type n x m is obtained
by exchanging A’s columns and rows.

Properties:
1. (A+B)'=AT +B',
2. (AA)T = AAT,
3. (AB)" =BTA".

29



THE RANK

Definition
1. The is the dimension of the span of this system.
2. The is span of the column system of the matrix. Similarly,
the is the span of row system of the matrix.
3. The of a matrix is the dimension of the column space. Similarly, the

of a matrix is the dimension of the row space.

Our goal is to understand that for any matrices the two concepts of rank, the column
rank and the row rank, are the same!
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