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SOLUTION OF HOMOGENEOUS LINEAR SYSTEM OF EQUATIONS

A homogeneous linear system of equation Ax = 0 always has a solution, namely
the vector 0. By the concept of the linearly independent set of vectors it is
obvious, that 0 is the only solution if the columns of the coefficient matrix A are
linearly independent.

In the general case there are non-zero solutions as well. For if the basis factored
form of the coefficient matrix is

A=AA,,
then the equation takes the form A;A,x = 0 and taking into account, that the

columns of A, are linearly independent, a vector satisfies the original system of
equations if and only if it satisfies the equation

A2X = 0.



Just for the sake of simplicity let us assume, that the rank of A is r and its first r
column is linearly independent and these columns form the matrix A;. Then the
A, factor contains the identity matrix I of order r, that is, it has the form

A, = [I,D]. Collecting the first » unknowns to the vector u, and the rest of the
unknowns to the vector v, we obtain a partition of the vector x of unknowns

u . . .
X = [ } . Our equation is equivalent to
A%

\%

A,x = [I,D]- [“] —u+Dv=0.

It follows that the components of v can be chosen arbitrarily, while the
components of u must be given by u = —Dv.



Thus x belongs to the set of the general solutions if and only if

[t 7]

We proved that the solution set of homogeneous linear equations coincides to

—-D
E

. (-D : . .
the column space of the matrix 3 |- Here E isann —r x n — r type identity

matrix. The number of components in v, which is n — r, called the degree of
freedom of the linear system of equations.

The columns of the matrix above form a base of the subspace of the general
solution.

Observe the fact, that the rank and the degree of freedom is always the number
of the unknowns.



Example
Solve the homogeneous linear system of equations:

.fUl —+ 2$2 4F 3$4 = 0
2:1,‘1 +IL’2+31‘3+31‘4 = 0
—xl aF 332 — 3$3 = 0

The process is similar to the one performed at basis factoring matrices, the only
change is that the columns of the matrix are labelled by the corresponding
variables and the starting basis is usually not denoted in the left heading.

as Q4
2 1
—1 1




The last table shows, that the rank of the coefficient matrix is 2 and its first two
columns form a basis in the column space, the corresponding variables z; and x,
are the components of the vector u and the free variables are x5 and x, form the
vector v. The coordinate vectors of the third and fourth column of the matrix with
respect to the basis of the column space are the columns of the matrix D.

The connection between the free and non-free variables is

B Es =

therefore the solutions are

T4 =2 =l
1 -1 t
x=| " | = L, Vi, t,ER.
T3 1 0 ty




Find all solutions of homogeneous linear systems of equations!

Example
20, — 2m9 — 4dz3 = 0
-9, — Ty + 1l6xz3 = 0




Find the rank, the nullity and all solutions of homogeneous linear systems of
equations!

Example
—3z, + 93
-5z, + Sz, + 10z4
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Find the rank, the nullity and all solutions of homogeneous linear systems of
equations!

Example
_':I"l + 41:2 — 2333 == 0
—4z, + 8z; = 0

Ty — Ty — w3 = 0

10



Find the rank, the nullity and all solutions of homogeneous linear systems of
equations!

Example
-z, + 4z, — x3 + x4 = 0

-5z, + 10z9 + 5z3 — 5z, = 0

i



Find the rank, the nullity and all solutions of homogeneous linear systems of
equations!

Example
— x5y — 2z4 0
_14371 + 5:1:2 - 4.?(,‘3 - 0
2371 + 1’2 + 4.%3 - 0
_61.1 + 4%2 + 2x3 0
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Find the rank, the nullity and all solutions of homogeneous linear systems of
equations!

Example
_5:1;1 + 5372 + 10x3 0
22, — 4z9 — 2253 = 0
Ty — Ty — 253 = 0
0

3z, + 3my — 124




Find the rank, the nullity and all solutions of homogeneous linear systems of
equations!

Example
_2.'1;1 — 3:172 + 5:1:3 - 0
_3.'1;1 - 3372 + 3-’1:3 = 0
Ty + Ty — @3 0




Find the rank, the nullity and all solutions of homogeneous linear systems of
equations!

Example
—5ry + 8ry + 33 + 1924 = O
- Ty — T3 — x4 = 0




Find the rank, the nullity and all solutions of homogeneous linear systems of
equations!

Example
—3z; + 4xy — 14z = 0
—2$1 — 4:1;'3 = 0
—4z, — bdzy + 224 0




Find the rank, the nullity and all solutions of homogeneous linear systems of
equations!

Example
—2x, + 2z5 4+  4dzy
5.’1)1 i 3:1?2 + IS i ].6.’1:4 ==
—4r, + dxry + 2x3 + 18wy

oS O O O




Find the rank, the nullity and all solutions of homogeneous linear systems of
equations!

Example
_:L‘l - 31/'2 — 41’3 = O
22, + 2z + 4z = 0

- 2z, — 223 = 0




SOLUTION OF THE NON-HOMOGENEOUS
SYSTEM OF LINEAR EQUATIONS




THE NON-HOMOGENEOUS CASE

The Ax = b linear system is called non-homogeneous if the vector b # 0. The
system has a solution iff b is a linear combination of the columns of A, that is

p[A,b] = p[Al].
Proposition
Let x, be an arbitrary solution of the system Ax = b. For any vector x the

equation Ax = b holds if and only if there exists a vector y for which x =y + x,
and Ay = 0.

As a summary: the general solution of the non-homogeneous system is the
general solution of the homogeneous system shifted by a particular solution.



SOLVE THE LINEAR SYSTEM

Ty +4x9 + 13 =
20, + 3z9 +x, =
3371 + 21’2 + xg =

— W = =

4:L‘1—|-5L'2+35L‘4 =

20



SOLVE THE LINEAR SYSTEM

4.@2"’1’3"‘.%4 ==
Ty +3xy + 22, =
2$2+$3+3x4 =

w O = O

$1+$2+4$4 ==

21



SOLVE THE LINEAR SYSTEM

1’1+3$2—|—4$3+5l‘4—$5 - 6
_2:E1 +$2_ZB3+4$4_5$5 == _5
2.%'1 +$2+3x3+3x5 = 7

31‘1 +$2 +4:L‘3—$4+5$5 = 10

22



MATRIX EQUATIONS




MATRIX EQUATIONS

Definition
Let A and B be given matrices. The equations of the form

AX =B or YA =8B
are called matrix equations.

Since YA =B < A'Y" =B itis enough to deal with the first type equations.

23



Remembering the partitions of a matrix product AX = [Ax;, AX,, ..., AX,],
where x; i = 1,2, ..., p are the column vectors of the unknown matrix X it can be
recognized that a matrix equation is equivalent to linear systems of equations
having the same coefficient matrix:

AX1:b17AX2:b27...,A.X :b .

Theorem
The matrix equation AX = B is solvable if and only if each column of B is a
linear combination of columns of A, that is, p(A) = p([A, B]).

24



TWO-SIDEDNESS

The special case of this theorem becomes important soon, when we discuss the
concept of the inverse matrix.

Theorem

Assume that A is an n x n square matrix and let E be the identity matrix having
the same size. Then A- X = E is solvable if and only if the rank of A is n.

Theorem (Two-sidedness theorem)

Assume that A, B are n x n. matrices, and the identity matrix is denoted by E. If
AB = F, then BA=E.

One can see that if the matrix equation A - X = FE is solvable then the solution
matrix is the unique solution.

25



INVERSE OF MATRICES




INVERSE OF MATRICES

Definition
The inverse of a square matrix A is the solution of the matrix equation AX = E,
where E is the identity matrix. The inverse of A is denoted by A1,

Proposition
A square matrix has an inverse if and only if its rank equals to its order.

The invertible matrices are called or - while the matrices
having no inverse are said to be

The inverse A~! of a regular matrix A is unique and

A'A=AA'=E.

26



Theorem
The product of reqgular matrices is reqular and

(AB)"! = B1AL.

The transpose of a reqular matrix is reqular and

(A7) = (A7)
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DETERMINING MATRIX INVERSE

To find the inverse of a given square matrix A the solution method of
inhomogeneous linear system of equations can be used, because the columns of
the inverse matrix are the solutions of the equations Ax = ey, ..., Ax = e,,. Since
the coefficient matrix of these equations is the same the solutions can be
performed together as the following example illustrates it.

Example

Find the inverse of the matrix A =

S ==
—_ = O
— = =
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We solve three linear system of equations at the same time as they have common

coefficient matrix:

0 1)1 0 0 a0 1/ 1 0 0
1 1 1/0 1 0 0]-1 1 0
0 1 1]0 0 1 1 1] 0 0 1
a, | 1| 1 0 0 a, | 0 1 —1
— —
a,| 0| -1 1 0 a,|—1 1 0
1 -1 1 a;| 1 -1 1
from which the inverse matrix is
0 1 —1
All=| -1 1 0
1 -1 1

29



SUMMARY

We demonstrated that the following assumptions are equivalent for a square
matrix A.

- Ais invertible,

- A is row-equivalent to the identity matrix,

- Az = b is solvable for every vector b,

- The columns of A are linearly independent,

- Az = 0 homogeneous system has only the trivial solution,
- The columns of A span R™,

« The columns of A form a bases of R”.

30



Example

Find the inverse of the given matrices!
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