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DEFINITION OF QUADRATIC FORMS



A quadratic form is a special multi-variable function.
Definition

Let A € R"*" be a symmetric matrix. Assume that ay,; denotes the appropriate
element of that matrix. The function Q : R" — R

n n
Q (x1, %3, , %) = Z Zak,jxkxj
k=1 j=1

is called n-variable quadratic function.

If n = 1then Q(x,;) = ax?.
If n = 2 then
_ 2 2
Q(x1,x,) = A11X1 T A1 2X1Xy + 4y 1XXy + a5 5X;.

Compute the case when n = 3.



Theorem

If A € R is a symmetric matrix then the quadratic form determined by A is
Q(x) =x-Ax
forevery x € R".

Example

Write the symmetric matrix of quadratic form given before. Write the quadratic form of
a symmetric matrix given before.

Theorem

The quadratic form determined by A + B is the same as the sum of quadratic forms
determined by A and B respectively. Similarly, the quadratic form determined by a A is
the same as the form determined by A multiplied by «.



DEFINITENESS

Our goal is to classify a quadratic form with respect to its range!

Definition
Let Q : R" — IR be a non-zero quadratic form. Itis called
positive definite, if Q (x) > 0 foreveryx € R",x = 0;

positive semidefinite, if Q (x) > 0 foreveryx € IR", butthereexistsaz € R",z = 0
suchthatQ (z) = 0;

negative definite, if Q (x) < 0 foreveryx € R", x = 0;

negative semidefinite, if Q (x) < 0foreveryx € R", butthereexistsaz € R",z = 0
such that Q (z) = 0;

indefinite, if there exist two vectors x, vy € R" for which Q (x) > 0 but Q (v) < 0.



DYADIC DECOMPOSITION



DYADIC DECOMPOSITION

DYAD AND COMPLETING THE SQUARE



The dyad is a special symmetric matrix representing the perfect squares.

Definition

A symmetric matrix A € IR is called dyad, if there exists a vector a € R"*! for which
A=a-a’

Theorem

A quadratic form is a complete square if and only if it is determined by a dyad. If
A=a-a" wherea = (a,,a,,---,a,), then

Q (X1, Xy, -+, X,) = (%] + GyXy + -+« + a,x,)’, here Q is the quadratic form
determined by the dyad A.



DYADIC DECOMPOSITION

HIGH SCHOOL METHOD FOR A FEW VARIABLES
ONLY



DECOMPOSITION

Theorem
Every symmetric matrix is a linear combination of dyads. Thus every quadratic form is a
linear combination of complete squares.

Example

Completing the square, rewrite the following quadratic forms as a linear combination of
perfect squares.

Q (xy,%,) = X7 + 4x,x, — 53,

Q(xq,x,) = 4x12 + 6x1Xx, + 9x§,
Q(xy,x;) = 5x12 —6x1x, + x§)
Q(xq,x5,%3) = 5xf — 6X1X, + X1X3,



DYADIC DECOMPOSITION

PROFESSIONAL METHOD



DYADIC DECOMPOSITION USING GAUSS—-JORDAN ELIMINATION

Every n-variable quadratic form can be reduced by subtracting a multiple of a dyad such
that the resulting quadratic form has one fewer variable:

Theorem

Consider a symmetric matrix A € R"". Assume that a, ; # 0 and denote d = tat,
where a, is the t-th column of the matrix A. Then ’

is a symmetric matrix whose t-th row (and column) is zero vector.

Proof.

The sum of symmetric matrices is symmetric. If 9, denotes the k-th coordinate of d,

then atT - at,téth is the t-th row of matrix R. It is the zero row because ¢, = 1 and

a;d = a,. By the symmetry of R, the ¢-th column is also the zero column. O g



Understanding the second step of the algorithm guaranteeing dyadic decomposition
relies on the observation that the matrix of the residual quadratic form, namely

R = A—ﬂt’td'dT,

can be calculated far more efficiently than by the original formula. It was already seen
that every element in the t-th row is zero. Now let us write down the k-th row of matrix
R for k # t. Itis important to note that the row dTis the auxiliary row of the
Gauss-Jordan elimination when choosing the pivot element 4, ;. Consider the k-th row
ofthedyad d - d" as &d’. Then itis clear that the k-th row of matrix R is the difference
of the k-th row of matrix A and the row at,de because

at,téde = at’t@dT.

Ayt

Recognize that this is exactly the computational rule of the elimination algorithm in the
case when the diagonal ¢-th element is the pivot and we compute the entries of the
rows not containing the pivot element.



This means that the operation
A - ﬂt’td ' dT

can be calculated by Gauss-Jordan elimination instead of dyadic multiplication and
matrix subtraction.

We have thus proven the following proposition.
Proposition

Let A € R™" be a symmetric matrix such that a, , # 0. Let R be the matrix of the
residual quadratic form after removing the first dyad, that is,

R = A_at,td'dT,

where d is the t-th column of matrix A multiplied by the reciprocal of at’t.a We know that
the t-th column and row of matrix R contain only zeros. The rest of matrix R can be
obtained by Gauss-Jordan elimination on matrix A with the pivot element a, ;.

“That is, dTisthe auxiliary row of the elimination.

10



PROBLEMS




PROBLEMS

Write the following quadratic forms as a linear combination of complete squares.
1. Q(xy,x3) = 13x5 — 4x,x; + 8x3,
2. Q(x1, X5, X3) = 5X7 + 6x5 + 4x35 — 4x,x, — 4%, X3,
3. Q(z1,2,,23) = 227 + 523 + 2212, — 42,25 + 22,25,

Q(

4. Q (%], %5, X3) = 3X5 4+ 2X,%, + 2X, X5 + 6X,X5,
CQ (g, Xa, X5, X4) = 2X7 + 2X5 + 2X5 + 25 — 4X, %, + 2X, X4 + 2X,X5 — 4X3%X,
- Q(

X1,Xp,X3) = 2X1Xy + 2X,X5

11



Let Q be a quadratic form defined as
2 2 2
Q (x1, X3, X3, X4) = (X1 + X5 + 2X3 + X4)" + (X1 +X4)" + (x5 + 2x3)
for real numbers x;, x5, x5, X,4.

1. Characterize the definiteness of Q.
2. Write the matrix of the quadratic form above.
3. Compute the rank of the matrix above.

4. Write the matrix as a linear combinations of » dyads, where r is the rank above.

12



DEFINITENESS OF A QUADRATIC FORM




DEFINITENESS

Classify a quadratic form with respect to its range!

Definition
Let Q : R” — IR be a non-zero quadratic form. It is called
positive definite, if Q (x) > 0 foreveryx € R", x = 0;

positive semidefinite, if Q (x) > 0 foreveryx € IR", butthereexistsaz € R",z = 0
suchthatQ (z) = 0;

negative definite, if Q (x) < 0 foreveryx € R",x = 0;

negative semidefinite, if Q (x) < 0 foreveryx € IR", butthereexistsaz € R",z = 0
such that Q (z) = 0;

indefinite, if there exist two vectors x, v € R" for which Q (x) > 0 but Q (y) < 0.

13



Theorem
Consider a square matrix A having rank r. Assume that

A=B-C

where the number of the columns of B (and the number of the rows of C) is the same as
the rankr.
Then the row system of C is a linearly independent system.

Proof.

Every row of A is a linear combination of the rows of C. It means that the row system of
C is a spanning set of the row space of A. But the number of the rows of C is the same
as the dimension of the row space of A, thus it is a minimal spanning set. We proved,
that the rows of C form an independent set. O]

We also proved that the the row system of C is a base of the row space of A and
similarly the column system of B forms a base of the column space of A. 14



DEFINITENESS OF A QUADRATIC FORM

SUMMARY



DEFINITENESS AFTER COMPLETING THE SQUARE

It is not hard to decide the definiteness of a quadratic form if it is given with its dyad
decomposition. Let Q be an #-variable non-zero quadratic form.
If the dyad decomposition

« includes positive and negative pivot terms then Q is an indefinite quadratic form.
Now assume the dyad decomposition includes exactly # complete squares. If

« all pivot terms are positive numbers then Q is positive definite;

« all pivot terms are negative numbers then Q is negative definite.

15



DEFINITENESS AFTER COMPLETING THE SQUARE ...

If the number of dyads is less than 7, the same characterization holds true but the
quadratic form is semidefinite only:
Thus if

« all pivot terms are positive numbers then Q is positive semidefinite;

« all pivot terms are negative numbers then Q is negative semidefinite.
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PROOF.

Let us start with the case when, in the last tableau of the elimination algorithm, all
elements on the diagonal are zero, but there exists at least one nonzero element.

Then the quadratic form Q) can be decomposed as Q = Q, + Qg, where Qp is
indefinite.

For simplicity, assume that x,, ... , x; are the separated variables, and Qy depends
only on the remaining variables. Accordingly, the quadratic form Q) is a linear
combination of at most k perfect squares.

17



Consider the homogeneous linear system whose coefficient matrix is formed by
stacking the auxiliary rows of the elimination algorithm in the order given by the
elimination tableaux. It is clear that the last row contains the variable x;.

Each higher row contains at least one more variable than the row below it. Thus, for
arbitrary values of x4 ¢, ... , X,,, there exist values for x;, ..., x; such that the variables
form a solution to the linear system, hence Q(x,, ..., x,) = 0.

This shows that not only Q but also Q is indefinite.

18



Assume, now that Q is a linear combination of r perfect squares, where r is the rank of
the matrix representing the original quadratic form.

Consider the case when there are both positive and negative pivot elements.

Denote by Dx = b, and Dx = b_ the inhomogeneous systems where the rows of D
are the auxiliary rows of the elimination algorithm, and the vector b, (respectively b_)
contains 1 or 0 depending on whether the pivot element corresponding to the row is
positive or negative.

Similarly, the elements of b_ are 1 or zero, depending on whether the pivot element of
the corresponding row is negative or not.

Here, x = (x4, ..., X,) are the variables of the quadratic form.

Since the row system of D is linearly independent system, therefore, both systems
Dx = b, and Dx = b_ have solutions, implying that Q is indeed indefinite.

19



Finally, consider the case when all pivot elements are positive (or all are negative).

Itis clear that
Q(xy,...,x,) =20 (or <0).

If r = n, then with the above notations, D is a regular matrix. Hence,
Q(x) =0 ifandonlyif Dx =0, whichholdsonlyif x = 0.

This proves the statement about positive (or negative) definite quadratic forms.

Ifr < n, then the dimension of the nullspace is n — r > 0, so there exists a nonzero x
such that Q(x) = 0. This proves the statement about positive (or negative) semi
definite quadratic forms.

20
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