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Problem - V (Chocolate Problem)
This problem is taken from ...surprise... (Page 101):

Any non trivial subgroup of (R,+) is either cyclic or it is dense in R.

Definition: A set S ⊆ R is said to be dense in R if for every open interval (a, b) ⊆ R, there
exists an element x ∈ S such that x ∈ (a, b).

Proof. Let H ≤ R be a subgroup that is not dense in R as a metric subspace. We want to show
that H is cyclic.

Claim. There exists t > 0 such that (0, t) ∩H = ∅.
Proof. Since H is not dense, find an interval (a, b) not intersecting H. Since 0 ∈ H, it must be
that a and b have the same sign. Since H is a subgroup, c ∈ H iff −c ∈ H. Thus, replacing a and
b by −a and −b respectively if needed, we can assume that b > a > 0. Then, for any positive
integer n, we have that
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∩H = ∅ (as if x lies in this intersection, then nx ∈ H ∩ (a, b) = ∅, a

contradiction.)
Now, find N such that 1 + 1/N < b/a. Then, the inequality holds for all n ≥ N as well. Further,
the inequality is equivalent to b/(n+ 1) > a/n. Thus, for n ≥ N and any y,(
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and so
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and H does not intersect with this set. Set t = b/N .
Now, if H = {0}, we are done. Else, let r = inf{x ∈ H | x > 0}. We claim that r ∈ H. If not, find
0 < s ∈ H such that r < s < r+ t. Then, find s′ ∈ H with r < s′ < s. Then, 0 < s− s′ < t is in H
- contradiction. Thus, r ∈ H.
Finally, claim that ⟨r⟩ = H. Take x ∈ H and find an integer m such that x ∈ [mr, (m+ 1)r).
Then, x−mr ∈ H and 0 ≤ x−mr < r so we must have x−mr = 0 or x ∈ ⟨r⟩. Thus, H is
cyclic.
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