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Typeformer

The rules that define IT Xh inductive types are all
turners

When we study a type theory we choose which typeformers
to include

Hott as a typetheory usually means dependenttypetheory
all type formers introduced in this course an axiom



Comparisonwith la

In ZF c products functions etc have to be encoded

The practice of everyday mathematics is far away
from the foundations

In typetheory we postulate the existence ofproducts
functions etc

The practice of everyday mathematics is very close
to the foundations



Inductivetypes

Inductive types are fated by
canonical terms

E The booleans are freely generatedby the

canonical terms true false



Inductivetypes inAgda

data Bool Type where

the false Boot

To define a dependent function out of Boot

it suffices to define it on its canonical elements true and false



Inductivetypes inAgda

data type where tells Agda we are

defining an inductive type

To define a dependent function out of an inductive type
it suffices to define it on its canonical elements

In pen and paper Hott we specify the behavior of
inductive typesby hand



Theban bool

bool form Tooltyp

bool intro threiboot tfalseiboot

bool dim
TX bool DA type

T t a D true

rxbo.FInf fh x D

T X bool D x type
T t a D true

bool
comp r.xbo.FInf I twes a

DctwaFxbooltindboo Laib false b D flu



intro

Example not bool bool Ift
bool form

Tat
bool into

threibot
tfalseiboot

bool elim

T Xbool D x type
t boot boot T t a D tue

r.xbo.FInIEt x D
bool coup

T Xbool D x type
T t a Dtrue

r.xbo.FIntYttwes aDctwaFxbooltindbooLaibfalse b D fats



intro

Example not boot boot iii
bool form

Tat
bool into

threibot
tfalseiboot

bool elim
X booth bool

T Xbool D x type
t boot boot rt a D tue

r.xbo.FInIEt x D
bool coup

T Xbool D x type
T t a Dtrue

r.xbo.FIntYttwes aDctwaFxbooltindbooLaibfalse b D fats



intro

Example not bool bool Iifa
bool form

Fat
bool into

threibot

X bool t booltype t bool t bool falsest
bool elim

X booth bool
T Xbool D x type

t boot boot rt a D tue

r.xbo.FInIEt x D
bool coup

T Xbool D x type
T t a Dtrue

r.xbo.FInIYttwes aDctwaFxbooltindbooLaibfalse b D fats



intro

Example not bool bool Ift
bool form

Tat
bool into

threibot

X boothboottype t false boot the bool falsest
bool elim

X booth bool
T Xbool DA type

t bool bool tha D tue

r.xbo.FInIEt x D
bool coup

T Xbool DA type
T t a Dtrue

r.xbo.FInIYttwes aDctwaFxbooltindbooLaibfalse b D fats



intro

Example not bool bool Ift
bool form

It
weakened

bool into

f ttireibot

X boothboottype t false boot the bool falsest
bool elim

X booth bool
T Xbool DA type

t bool bool tha D tue

r.xbo.FInIEt x D
bool coup

T Xbool DA type
T t a Dtrue

rxbo.FInIYttwes aDctwaFxbooltindbooLaibfalse b D fats



intro

Example not bool bool Ift
bool form

Fat
bool into

threiboot

X bool t booltype t false boot the bool falsest
bool elim

X boot rindboo false true x boot
T Xbool D x type

t bool bool r a D tue

r.xbo.FInIEt x D
bool coup

T Xbool D x type
T t a Dtrue

rxbo.FInIYttwes aDctwaFxbooltindbooLaibfalse b D fats



intro

Example not bool bool Ift
bool form

Fat
bool into

threibot

X bool t booltype t false bool tthe bool falsest
bool elim

X boot rindboo false true x boot
T Xbool D x type

t XX indbool false true D bool bool r r a D tue

r.xbo.FInIEt x D
bool coup

T Xbool D x type
T t a Dtrue

rxbo.FInIYttwes a Dctwe
Txbool t indbooLaibfalse b D fats



bets
form trptypep.at getype

intro Trp P Tra Q

Thinly PtQ Thing PtQ

elim
TX Q DA type
Fp P ta D limp

rI ÉIÉ i x
T X PtQ DX type
Fp P ta D limp

comp
ftp.t IIi I nip a

DciniTiqQrindp qla b inrg b D lining



Logicalinterpretation

Edts
We can prove Pt Q

form trpfypep.at gtype
if we canproveP or

we canprove Q

Trp Pintro
Thin Ip p o

Th 9 Q

Trinity Pt Q Toprovesomething
from Pt Q we do a

am
T X PtQ D A type proofby causF p P r a D intp

rx.FI Ejotijy p
so behaves like

disjunction or

T x Pta D A type Set interpretation
Fp P r a D intp

comp behaves like U

ftp.ii.IE nip a

sciniTiqQrindp p a b inrap b D linng



x elim
Example Forany types A B C there is

a function AxB Ax c Ax Btc IpÉ_
Fist
form

TretEpioffett
intro

Trp P
Printp PtQ

rt p a

t elim
T X PtQ D x type

AXB AXL A Btc
comp

T XPtQ D x type
FpP t a D intp

ftpYIIIp ti inip a Dline
TigQ rindpea a b inrap b Dlinng



x elim
Example Forany types A B C there is

a function AxB Ax c Ax Btc ftp

fF81
form

TrPIIpitIFett
intro

Trp P
Trini p PtQ

X AXB Ax Ct rt a
Ax B c

elim
T X PtQ D x type

t ripP r a D intp

r.IE IIIE x ooAxB Axc A x Btc

T XPtQ D x type

TigQ rindpea a b inrap b Dlinng



x elim
Example Forany types A B C there is

a function AxB Axe Ax Btc ftp

fF81
form

X AxBr Ax Bed trptyp.IE
Xz Axcr Btc

t into

Trp P
Thinly P Q

X AxB Axct r.int EoAxCB dt
elimTxPtQrDIx type

t

AxB Axc A Btc

T XPtQ DA type
FpP ta DinspIIjqii.IE

ap a

oniTiqQrindpp a b ing b Dlining



x elim
Example Forany types A B C there is

a function AxB Ax C Ax Btc ftp

fF8
form

Xi A x B r Cpr x int prexD A x Btc trptyp.IEte

intro
Xz Ax Cr pr xz in r prex A x Btc

Trp P
Ftinlip PtQ

X AXB Ax Ct
rt a

Ax B c
elim

T X PtQ D x type
t

AXB Ax C A x Btc
comp

T XPtQ D x type
FpP r a D intp

ftpYIIIp ti inip a Dline
TigQ rindpea a b inrg i b Dlinng



x elim
Example Forany types A B C there is

a function AxB Ax C Ax Btc ftp.t

Ip
form

Xi A x B r Cpr x int prexD A x Btc trptyp.IEte

intro
Xz Ax Cr pr xz in r prex A x Btc

Trp P
Ftinlip PtQ

X AXB Ax c t ind prix int prexD rtX a

pr xz in r prexd x A x B c
elim

T X PtQ D x type
t

iAXB Ax C A x Btc
comp

T XPtQ D x type
FpP r a D intp

ftpYIIIp ti inip a Dline
TigQ rindpea a b inrg i b Dlinng



x elim
Example Forany types A B C there is

a function AXB Ax C Ax B c ftp

fF81
form

Xi A x B r Cpr x int prexD A x Btc trptyp.IEte

intro
Xz A x Cr pr x z in r prex A x Btc

Trp P
Ttintp PtQ

X AXB Ax c t ind pr x int prexD r thEa
pr xz in r prexd x A x B c

t elim
T X PtQ D x type

t Xx ind p r X int prexD Cpr x z in r prexd x

IAXB Ax C A x Btc
comp

T XPtQ D x type

am a

TigQ r indpeg a b inrg i b Dlinng



Dependentpair types I

aka dependent sum types Sigma types

E n Nr Vert n type

We learned about
n I Vent n the typeof dependent fun ti ons

It's also natural to take a union In Vert n

Ex n Nr isPrime n type

There is no dependent function IT isPrime n

We can consider Ig isPrime n This has manyterms



Dependentpair types E

E form T.xi.pt x

THE Q x

I intro Trp P Tr
q Q p

T t pair pg Q Ip

I elim T 2 Ep Q p rD z

T X P y
Q x r a D pair x y

T 2 Ep Q p r ind Ca z D z

I comp
T 2 Q p KD z

T X P y
Q x r a D pair x y

T X P y
Q x r ind z la pair ix g

I a D pair x y



Dependentpair types I Logaintpretation

Toprove Ep Q 17E form T.xi.pt x

thinkingof P as a setTHE Q x
and Q as a predicate

I intro Trp P tr
g Q p

we find one element of
P for which QholdsT t pair pg Q Ip

I elim T 2 Ep Q p rD z

F X P y
Q x r a D pair g y

I behaves like F

Set interpretation
T 2 Ep Q p r ind Ca z D z

o E behaves like U

I comp
T 2 Q p rD z

T X P y
Q x r a D pair x y

T X P y
Q x r ind z la pair ix g

I a D pair x y



Example For any X Pr Qa type E form

there is a projection function
E intro

T Ip Q x D rrp P tr g Q pT tpairpg QIp

E elim

T 2 E Q p rD z

T X P y
Q x r a D pair x y

T 2 EpQ p rindCaz D z

E comp
T 2 E Q p rD z

T X P y
Q x r a D pair x y

T XP y
Q x r indz lapairx.gs

a D pair x y



Example For any X Pr Qa type E form

there is a projection function
E intro

it Ip Q x D rrp P tr g Q pT tpairpg QIp

E elim

T 2 E Q p rD z

T X P y
Q x r a D pair x y

T 2 EpQ p rindCaz D z

E comp
T 2 E Q p rD z

T X P y
Q x r a D pair x y

t X2 Ip Q x P T x P y
QG r indelapairlx.gs

a D pair x y



Example For any X Pr Qa type E form

there is a projection function
E intro

it Ip Q x D rrp P tr g Q pTtpairpg QIp

E elim

T 2 Q p rD z

T X P y
QG r a D pair x y

T 2 EpQ p rind Ca2 D z

2 Ep Q x t P E comp
T 2 Q p rD z

T X P y
QG r a D pair x y

t X2 Ip Q x P T x P y
QG rindzla.pairlx.gs

a D pair x y



Example For any X Pr Qa type E form

there is a projection function
E intro

T Ip Q X D rrp P tr g Q pTtpairpg QIp

E elim

T 2 Q p rD z

T X P y
QG r a D pair x y

T 2 EpQ p rind Ca2 D z

x P y
Q P

2 Ep Q x t P E comp
T 2 E Q p rD z

T X P y
QG r a D pair x y

t X2 Ip Q x P T x P y Qur indzla.pairlx.gs
a D pair x y



Example For any X Pr Qa type E form

there is a projection function
E intro

T Ip Q x D rrp P tr g Q pTtpairpg QIp

E elim

T Z E Q p TD z
T X P y

QG r a D pair x y
T 2 EpQ p rind Ca2 D z

x P y
Q x P

2 Ep Q x t P E comp
T Z E Q p TD z
T X P y

QG r a D pair x y
t X2 Ip Q x P T x P y Qur indzla.pairlx.gs

a D pair x y



Example For any X Pr Qa type E form

there is a projection function
E intro

T Ip Q x D rrp P tr g Q pT tpairpg QIp

E elim

T Z E Q p rD z

T X P y
Q x r a D pair x y

T 2 EpQ p rindCaz D z

x P y
Q x P

2 Ep Q x t ind e x 2 P E comp
T Z E Q p rD z

T X P y
Q x r a D pair x y

t X2 Ip Q x P T x P y Qar
indelapairlx.gs
a D pair x y



Example For any X Pr Qa type E form

there is a projection function
E intro

T Ip Q x D rrp P tr g Q pT tpairpg QIp

E elim

T 2 E Q p rD z

T X P y
Q x r a D pair x y

T 2 EpQ p rindCaz D z

x P y
Q x P

2 Ep Q x t ind e x 2 P E comp
T 2 E Q p rD z

T X P y
Q x r a D pair x y

t Xz Ind e x 2 Ip Q x P T x P y Qar
indelapairlx.gs
a D pair x y



The natural numbers IN

IN form

Twtr
IN intro th n in

rush IN

Tx IN DA type
IN elim T t a D o

T x IN y
D x t b D Csx

Fx N t indola b D D x

IN comp
Tx IN DA type
r r a D o

T x IN y
D x t b D Csx

Tr ind la b o a D o

T x IN t ind nCab sx blindin aibig D Csx



Exampd 2 bool IN N form

Ftp
INintro

an
tr n in
rush N

N elim

Fx IN DA type
r r a D o

r xIN yD x t b DCsx
Fx N rind lab D D x

IN comp

Tx IN DA type
r r a D o

r xIN yD x t b DCsx
Tr ind la b o a D o

T xIN t indn ab sx
blindinlabMy DCsx



Exampd 2 bool IN N form

Ftp
INintro

an
r rn in
rushIN

t N N elim

Fx IN DA type
r r a D o

r xIN yD x t b DCsx
Fx IN rind lab D D x

IN comp

Tx IN DA type
r r a D o

r xIN yD x t b DCsx
Tr ind la b o a D o

T xIN t indn ab sx
blindinlabMy DCsx



Exampd 2 bool IN N form

Ftp
INintro

an

X booth IN renin
rushIN

t N N elim

Fx IN DA type
fr a D o

Fx IN yD x t b DCsx
Fx N t indolaibx D x

IN comp

Tx IN DA type
or a D o

Fx IN yD x t b DCsx
Tr incl la b o a D o

T xIN t indin ab sx
blindinlaibidly DCsx



Exampd 2 bool IN N form

Ftp
INintro

Tin Tin not

X booth IN renin
rushIN

t N N elim

Fx IN DA type

Fx IN yD x r b D sx

g ay

d

Fx IN rind ab x D x

Tx IN DA type
or a D o

Fx IN yD x t b DCsx
Tr incl la b o a D o

T xIN t indinCab sx
blindinlaibidly DCsx



Exampd 2 bool IN N form

Ftp
INintro

to rot not

X booth IN renin
rushIN

t N N elim

Tx IN DA type
or a D o

Fx IN yD x t b DCsx
Fx N t indolaibx D x

IN comp

Tx IN DA type
fr a D o

Fx IN yD x t b DCsx
Tr incl la b o a D o

T xIN t indinCab sx
blindinlaibidly DCsx



Exampd 2 bool IN N form

Ftp
INintro

to rot an

X bool t indboo so O x IN renin
rushIN

t N N elim

Fx IN DA type
r r a D o

Fx IN yD x t b DCsx
Fx N t indolaibx D x

IN comp

Tx IN DA type
r r a D o

Fx IN yD x t b DCsx
Tr incl la b o a D o

T xIN t indinCab sx
blindinlaibidly DCsx



Exampd 2 bool IN N form

Ftp
INintro

to rot not

X bool hindboo so O x IN renin
rushIN

t Xx indboo so O x N N elim

Fx IN DA type
r r a D o

Fx IN yD x r b DCsx
Fx IN rind lab x D x

IN comp

Tx IN DA type
r r a D o

Fx IN yD x t b DCsx
Tr incl la b o a D o

T xIN t indinCab sx
blindinlaibidly DCsx



trample add IN N N in am

Ftp
INintro

a
r r n in
tr sn IN

IN elim

Fx N DIx type
r r a D o

r xIN yD x r b DCsx
Fx IN rind lab D D x

IN comp

Tx N DIx type
r r a D o

r xIN yD x t b DCsx
Tr ind la b o a D o

T xIN t indn ab sx I

bfindinlabMy DCsx



Tampa add IN N N in am

Ftp
INintro

an
Trn IN
rushIN

IN elim

Fx IN DA type

Fx IN yD x t b D sx

g ay

d

t IN IN IN r.xnrindwla.ba D x

Tx IN DA type
or a D o

Fx IN yD x t b DCsx
Tr incl la b o a D o

T xIN t indin ab sx
blindinlaibidly DCsx



trample add IN N N in am

Ftp
INintro

a
run in
rushIN

IN elim

x Nt IN IN
Tx IN DA type
r r a D o

Fx IN yD x t b D sxt IN IN IN r.xnrindwla.ba D x

IN comp

Tx IN DA type
r r a D o

Fx IN yD x t b DCsx
Tr incl la b o a D o

T xIN t indinCab sx
blindinlaibidly DCsx



Tampa add IN N N in.com

Ftp
INintro

an

X N.y Nt IN renin
rushN

IN elim

x Nt IN IN
Tx IN DA type
Tra D o

Fx lN yDG tb D sxt IN IN IN r.xnrindwla.ba D x

IN comp

Tx IN DA type
Tra D o

Fx lN yDA tb DCsx
Tr incl la b o a D o

Fx N t indicab sx
indinlaibidly DCsx



Tampa add IN N N in.com

Ftp
INintro

x Nt N X lN y lN z Nt IN Tn
run DX N.y Nt IN rsn

IN elim

x Nt IN IN
Tx IN DA type
Tra D o

Fx N yDG tb D sxt IN IN IN r.xnrindwla.ba D x

IN comp

Tx IN DA type
Tra D o

Fx lN yDG tb DCsx
Tr incl la b o a D o

Fx vtindinca.b.si
indivisibly DCsx



Tampa add IN N N in.com

Ftp
INintro

x Nro IN X IN y lN z Ntsz IN Tn
run DX N.y Nt IN rsn

IN elim

x Nt IN IN
Tx IN DA type
Tra D o

Fx lN yDA tb D sxt IN IN IN r.xnrindwla.ba D x

IN comp

Tx IN DA type
Tra D o

Fx lN yDA tb DCsx
Tr incl la b o a D o

Fx vtindinca.b.si
indivisibly DCsx



Tampa add IN N N in.com

Ftp
INintro

x N O IN X IN y lN z Ntsz IN Tn
run DX N y lNtindn

O 52,9 IN rsn

IN elim

x Nt IN IN
Tx IN DA type
Fra D o

Fx lN yDA tb D sxt IN IN IN r.xnrindwla.ba D x

IN comp

Tx IN DA type
Fra D o

Fx lN yDA tb DCsx
Tr incl la b o a D o

Fx vtindinca.b.si
indivisibly DCsx



Tampa add IN N N in.com

Ftp
INintro

x Nro IN X IN y lN z Ntsz IN Tn
run DX N y lNtindn

O 52,4 IN rsn

IN elim

x lNtXy indinCO S2 y IN IN
Tx IN DA type
Fra D o

Fx N yDA tb D sxt IN IN IN r.xnrindwla.ba D x

IN comp

Tx IN DA type
Fra D o

Fx lN yDA tb DCsx
Tr incl la b o a D o

Fx vtindwca.b.si
indivisibly DCsx



Tampa add IN N N in.com

Ftp
INintro

x Nt O IN X IN y lN z IN tsz IN a
run DX N y Ntind n

O 52,9 IN rsn

IN elim

x Nt Xy indinCO S2 y IN IN
Tx IN DA type
Fra D o

Fx lN yD x b D sx
t IX Xy indio 0,52 y IN IN IN t.xnrindwla.ba D x

IN comp

Tx IN DA type
Fra D o

Fx lN yDA tb DCsx
Tr incl la b o a D o

Fx N t indicab sx
indivisibly DCsx



Tampa molt IN N N in am

Ftp
INintro

x N O IN X IN y IN z IN t a a
r rn NX IN y IN rind in

O S2 9 IN rsn

IN elim

x Nr Xy indin O S2 y IN IN
Tx IN DA type
r r a D o

r xIN yD x t b D sxt Xx Ty incl in O 52 y IN IN IN t.xnrindwla.ba D x

IN comp

Tx IN DA type
r r a D o

Fx IN yD x t b DCsx
Tr incl la b o a D o

T xIN t indin ab sx
blindinlabMy DCsx












