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Why do we need the identitytype

If we're not interested in homotopy

We already have a notion of equality

j taquaty
The identitytype is alled positionally

tintupretation propositions are types proofs are terms

To prove an equality
and be consistent with the logical interpretation

we want to produce a termof a type ofqualities



Why do we need the identitytype actually

We can prove many judgmental qualities using computation was

Ex add x a x

add x sg
I s add x g



Why do we need the identitytype actually

We can prove many judgmental qualities using computation was

Ex add x a ex
add x sg

I s add x g

o but not all the qualities we want

Ex One cannotprove add o x x

To prove this we need to induct on n i e use in elimination
but this only allows us to construct a term of a type INelim roughly

h N Deatype
We will be able to prove add o D x

n Nrindina DIn



Type constructors often internalize structure

At a meta level we can talk about contexts

E X A y B A
z x g

t

We can discuss this at the type and term level byusing E types

Ex 2 Ig FB CMT



Type constructors often internalize structure

At a meta level we can talk about dependent terms as functions

X A y B A
t c ix g C ix g

We can discuss this at the type and term level byusing it types

E C IT IT Clay
x A y B Ix



Type constructors often internalize structure

r bool
o IN can also be seen as internalizing

external versionsI
The universe type next lecture internalizes the judgment ofthe form

A type

We'll see how the identity type internalizes judgmental equality



Eyre
form

AHanjitypet

into aid
ra a p a

elim x A y A z xTay
r Dix g 2 type

x A t d D xx A
x hey A Z x ay rind d x gD D ix ya type

comp x A Y A 2 x ay
t D Ix y I type

x A t d D xx A
x A rind d xx I d D xx a



Eye
mm 1context r everywherefor

into Fait
F ra a p a

elim T x A y A z xTay
r D ix g a type

Fx A t d D xx A

Tx hey A Z x ay rind d x gD D ix ya type

comp T X A Y A Z x ay
t D Ix y I type

T X A t d D xx A

T X A rind d xx I d D xx a



Eyre
form

AHanjitypet

into aid
ra a p a

elim x A y A z xTay
r Dix g 2 type

x A t d D xx A
x hey A Z x ay rind d x gD D ix ya type

comp x A Y A 2 x ay
t D Ix y I type

x A t d D xx A
x A rind d xx I d D xx a



Kip with basedpathinduction

um Tingtypet
m

into aid
ra a ha

a A

elim xia z a axrdlx.at type IIIii it.is I I
t d Dca r

x A Z a ax rind d x D 2 type

a A
x A Z x ay

r DIN type
comp y ya y

op x ya ayyy gggxHrinildx.xI
dDXxr

rind da ra d D Card



Type constructors often internalize structure

At a meta level we can talk about judgmental equality

a b A

We can discuss this at the type and term level byusingidentity
types

ra a g b

Note that the whs governing equality saythat

if a b it then la za a g b and
it ra a a a and la Ia e la z b then ra a g b

Reflexivity r turns judgmental qualities into propositional equalities



Functoriality

Functions act on paths

Prop For any types A B any function f A
B and any two

terms a a A there is a function

app a ga faffa

NI Every proposition we make in typetheory is really a type but we often
write some of the type in words for ease of understanding
This proposition stands for

IT IT IT
ABType f A B a a

a a fa gfa



Functoriality ap I att agar fa fi

elim

x A yin z x yr Ding a type
x A t d DCx.x.rs

x A ya 2 xayrind ld.x.gs D ixgidtype



Functoriality ap p I att agar fa fi

if a at afar faze

elim

x Ayin z x yr Ding a type
x t d DCx.x.rs

x Ay A 2 xayrind ld.x.gs D ixgidtype



Functoriality ap p I att agar fa fi

f A B a a A p a ga't fagfa

if a at afar fait

elim

x Ayin z x ayrDIxy.atypexAtd

DCx.x.raxAyA 2 x ayrind d x.gs D ixgidtype



Functoriality ap p I att agar fa fi

f A B a t faffa
f A B a a A p a ga't fagfa

if a at afar fait

elim

x Ayin z x yr Ding a type
x t d DCx.x.rs

x A ya 2 xayrind ld.x.gs D ixgidtype



Functoriality ap p I att agar fa fi

f A B at rta fagfa
f A B a a A p a ga't fagfa

if a at afar fait

elim

x Ayin z x yr Ding a type
x t d DCx.x.rs

x Aya 2 xayrind ld.x.gs D ixgidtype



Functoriality ap I att agar fa fi

f A B at rta fa Jfa
f A B a a A p a ga tinct a rte a a p fat fat

if a at afar
ta ta

elim

x Ay A z x yr Ding a type
x A t d D xx ra

x A ya 2 x ay rind d xg D ix g a type



Functoriality ap I att agar fa fi

f A B a t rta fa tf a

f A B a a A p a ga tinct a rte a a p fat fat

Af Xa Xa ind lava a a d if at afar fait

elim

x A y A z x Tyr D Ix y a type
x A t d D xx ra

x A ya 2 x ay rind d x y DX yidtype



Example TI add on n
n N

Use add no n

add In she saddles m
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Example TI add on n
n N

Use add no n

add In she saddles m

nina aiilo.nl n
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Example TI add on n
n N

Use add no n

add In she saddles.nl

addlo o o n N p add o n n t iadtlo.sn su

nina aid loin n

inttaddlon n



Example add on n
n N

Use add no n

add In she saddles m

ro add 0,0 o n N p add o n n tapspiadtlo.sn su

nina aiilo.nl n

intaddlon n



Example TI add on n
n N

Use add no In

add In she saddles in

ro add o.o o n N p add o n n tapspiadtlo.sn su

him into ro aps n aid loin n

intaddlon n



Example TI add on n
n N

Use add no n

add In she saddles in

ro add o.o o n N p add o n n tapspiadtlo.sn su

him into ro aps n aid loin n

xn.int y ro aps n rt add to n n



The groupoidal behaviour of types
The first homotopical phenomena

A

We can now think of types as collections of points terms
connected by homotopies paths qualities
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The groupoidal behaviour of types it
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A

We can now think of types as collections of points terms
connected by homotopies paths qualities

We can

have multiple qualities of the same type ex p p a g b

take the inverse of an equality if q bae then g c g b



The groupoidal behaviour of types s

The first homotopical phenomena
A

We can now think of types as collections of points terms
connected by homotopies paths qualities

We can

have multiple qualities of the same type ex p p a g b

take the inverse of an equality if q bae then g c g b

take composition of equalities if p a gb and g b c then p g a g c



The groupoidal behaviour of types
The first homotopical phenomena

A
We can now think of types as collections of points terms

connected by homotopies paths qualities
We can

have multiple qualities of the same type ex p p a g b

take the inverse of an equality if q bae then g c g b

take composition of equalities if p a gb and q bye then p g a g c

have qualities ofequalities a p g p



The groupoidal behaviour of types
The first homotopical phenomena

A
We can now think of types as collections of points terms

connected by homotopies paths qualities
We can

have multiple qualities of the same type ex p p a g b

take the inverse of an equality if q bae then g c g b

take composition of equalities if p a gb and g bye then p g a g c

have qualities ofequalities a p g p

This is how halopies in spas behave



The space interpretation

Tha Voerodsky There is an interpretation of dependent typetheory

into Spaces the categoryof Kan complexes in which

types in
spaces or Kan complexes

terms m
points or o cells

equalities m paths or O cellsof the path object
it E E b Bu Kan fibrations

b.IE b m sections of it E EA B



Inverse of qualities att a ab baa

a A r ra a

a b A p a g b r incl r a b p b Ea

ha b p in r a b p at a tab baa

A

x hey A Z x Tyr D yidtype
x A t d D xx

x A y A Z x ay rind d xg e D Ix y a type



Composition of qualities IT a
a b c p

Ab bgc age

dm

x Any A 2 xayrdlxy.atypexAtd

DCx.x.rdxAiyiAi2 x arind d x.gs Day 2 type



Composition of qualities IT a
a b c p

Ab bgc age

Ilia a Eb bye age

dm

x Ay A Z xayrdlxy.atypexAtd

DCx.x.rdxAiyiA 2 x arind d x.gs DMy 2 type



Composition of qualities IT a
a b c p

Ab bgc age

a b c A p agb h b age

Ilga Eb b c age

dm

x Any A 2 xayrdlxy.atypexAtd

DCx.x.rdxAiyiAi2 x arind d x.ge Dlxyizylpe



Composition of qualities IT a
a b c p

Ab bgc age

c a b A p agb h bye age

a b c A p agb h b age

Ilia a Eb bye age

dm

x Any A 2 xayrdlxy.atypexAtd

DCx.x.rdxAiyiAi2 x arind d x.ge Dlxy 2 type



Composition of qualities IT a
a b c p

Ab bgc age

c a At
age a

c a b X p agb h bye age

a b c A p agb h by age

Ilia a Eb bye age

dm

x Any A 2 xayrdlxy.atypexAtd

DCx.x.rdxAiyiA 2 x arind d x.ge Dlxyizylpe



Composition of qualities IT a
a b c p

Ab bgc age

c a At Xxix a go a

c a b A p agb h bye age

a b c A p agb h b age

Ilia a Eb bye age

dm

x Ay A Z xayrdlxy.atypexAtd

DCx.x.rdxAiyiA 2 x arind d x.gs DMy 2 type



Composition of qualities IT a
a b c p Ab b Ic age

c a A tax x a go a

c a b A p a tab Linde xx x a b p bye age

a b c A p agb h b age

Ilia a Eb bye age

dm

x Ay A Z xayrdlxy.atypexAtd

DCx.x.rdxAiyiAi2 x arind d x.gs Day 2 type



Composition of qualities IT a
a b c p Ab b g c age

c a A t Xx x a go a

c a b A p a tab hind ax x a b p bye age

a b c A p a g b Linde ix x a b p b age

Ilia a Eb bye age

dm

x A Y A Z x yr Dixy a type
x A t d D xx

x A Y A 2 x a rind d x.gs DMy 2 type



Composition of qualities IT a
a b c p Ab b Ec age

c a At Xxix a go a

c a b A p a tab Linde xx x a b p bye age

a b c A p a gab Linde ix x a b p b age

Ha b c p Inde
xx x aib.pt Ilg a Eb bye age

dm

x Ay A Z xayrdlxy.attype
x A t d Dex x

x A yin 2 x a rind d x.gs DMy 2 type



Transport

Prop For
any dependent type x B EA type any

terms b b B and any equality p b b there is
a function trig E b Elbe

This ensures that everything respectspropositionalequality
If we think of E as a predicate on B then it E b is true

and b b so is E b

This is part of a more sophisticatedrelationship between type theory
and homotopy theory Quillenmodel categorytheory Transport says
that to E b B behaves like a fibration in a QM c



Transport IT b b EN Eib

elim

X A YA 2 x a yr DX yidtype
x A t d D xx A

x A yin 2 x a rind d x.gs Ding a type



Transport IT b b EN Eib

T1 b b EN Eib
b b B

elim

x'AYA 2 xayr DNA type
A t d D xx

YA YA 2 x a rinds d x.gs D ix g 2 type



Transport IT b b EN Eib

b b B p b b t E bl E 5

T1 b b EN Eib
b b B

elim

x'AYA 2 x a yr Digit type
x A t d D xx

x yin 2 x a rind d x.gs Ding 2 type



Transport IT b b EN Eib

b B r EG E b

b b B p b b t Ela Ela

T1 b b EN Eib
b b B

elim

x'AYA 2 x ayrDxy.deypexAtd
DCx.x.AxAsyiAi2x arind d x.ge DIxy 2 type



Transport IT b b EN Eib

b B r ix x EG E b

b b B p b b t E bl E 5

T1 b b EN Eib
b b B

elim

x'AYA 2 x a yr Digit type
x A t d D xx

x A yin 2 x a rind d x.gs Ding 2 type



transport IT b b EN Eib

b B r xx x EG E b

b b B p b b rind xxx b bi p E b Elbe

T b b EN Eib
b b B

elim

X AYA 2 x a yr Digit type
x A t d D xx

x A yin 2 x a rind d x.gs Ding 2 type



Transport IT b b EN Eib

b B r Xx x EG E b

b b B p b b rind xxx b bi p E b Elbe

X b b p ind ix x b b p T b b EA Ecb
b b B

elim

X AYA 2 x a yr Digit type
x A t d D xx

x A yin 2 x a rind d x.gs Ding 2 type



the homotopical content so far

Types behave like spaces

However VIP the principle of uniqueness of identity proofs
is still consistent with what we have introduced thus far

VIP A IT IT
a b A pig ay

P Iab9

lie we still have an interpretation into sets

Only with higher inductive types or the univalence axiom

honest homotopical content

l e we won't have an interpretation into sets



CODA

Uniqueness of canonical terms in E types

We have it E E b B and we can construct

P x IE
E Ctx

Then we can show

III X pair ex ex

This is a propositional y rule for E types

There is a similar propositional y uh for Id types if you set it up sweetly
see exercises


