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I

Martin-Löf’s Dependent Type Theory

Dependent type theory is a formal system to organize all mathematical objects,
structure, and knowledge. Dependent type theory is about types, or more
generally dependent types, and their elements. There are many ways to think
about type theory, types, and its elements. Types can be interpreted as sets, i.e.,
there is an interpretation of type theory into Zermelo-Fraenkel set theory, but
there are some important differences between type theory and set theory, and the
interpretation of types as sets has significant limitations. One of the differences
is that in type theory, every element comes equipped with its type. We will
write 𝑎 : 𝐴 for the judgment that 𝑎 is an element of type 𝐴. This leads us to a
second important difference between type theory and set theory. Set theory is
axiomatized in the formal system of first order logic, whereas type theory is
its own formal system. Types and their elements are constructed by following
the rules of this formal system, and the only way to construct an element is to
construct it as an element of a previously constructed type. The expression 𝑎 : 𝐴
is therefore not considered to be a proposition, i.e., something which one can
assert about an arbitrary element and an arbitrary type, but it is considered to be
a judgment, i.e., an assessment that is part of the construction of the element
𝑎 : 𝐴.

In type theory there is a much stronger focus on equality of elements than
there is in set theory. It is said that a type is not fully understood until (i) one
understands how to construct an element of the type and (ii) one understands
precisely how to show that two elements of the type are equal. Equality in
type theory is governed by the identity type. Unlike in classical set theory,
where equality is a decidable proposition of first order logic, the type 𝑥 = 𝑦 of
identifications of two elements 𝑥, 𝑦 : 𝐴 is itself a type, and therefore it could
posses intricate further structure.

Dependent type theory is built up in several stages. At the first stage we give
structural rules, which express the general theory of type dependency. There is

1
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2 Martin-Löf’s Dependent Type Theory

no ambient deductive system of first order logic in type theory. Type theory is
its own deductive system, and the structural rules are at the heart of this system.
The basic operations that are governed by the structural rules are substitution
and weakening operations. After the general system of dependent type theory
has been set up, we introduce the ways in which we can form types. The most
fundamental class of types are dependent function types, or Π-types. They are
used for practically everything. Next, we introduce the type of natural numbers,
where we use type-dependency to formulate a type-theoretic version of the
induction principle. By the type-theoretic nature of this induction principle, it
can be used in two ways: it can be used to construct the many familiar operations
on ℕ, such as addition and multiplication, and it can also be used to prove
properties about those operations.

The next idea is that we can consider induction principles for many other
types as well. This leads to the idea of more general inductive types. In Section 4
we introduce the unit type, the empty type, the booleans, coproducts, dependent
pair types, and cartesian products. All of these are examples of inductive types,
and their induction principles can be used to construct the basic operations on
them, as well as to prove properties about those operations.

Then we come to the most characteristic ingredient of Martin Löf’s dependent
type theory: the identity type. The identity type 𝑥 =𝐴 𝑦 is an example of a
dependent type, because it is indexed by 𝑥, 𝑦 : 𝐴, and it is inductively generated
by the reflexivity element refl𝑥 : 𝑥 =𝐴 𝑥. The catch is, however, that the identity
type 𝑥 =𝐴 𝑦 is just another type, and it could potentially have many different
elements.

The last class of types that we introduce are universes. Universes are type
families that are closed under the operations of type theory: Π-types, Σ-types,
identity types, and so on. Universes play a fundamental role in the theory. One
important reason for introducing universes is that they can be used to define
type families over inductive types via their induction principles. For example,
this allows us to define the ordering relations ≤ and < on the natural numbers.
We will also use the universes to show the Peano axioms asserting that succℕ is
injective, and that 0ℕ is not a successor.

In the final two sections of this chapter, we start developing mathematics in
type theory. In Section 7.2 we study the Curry-Howard interpretation, and use it
to develop modular arithmetic in type theory. In Section 8 we study the concept
of decidability, and use it to obtain basic theorems in elementary number theory,
such as the well-ordering theorem, the construction of the greatest common
divisor, and the infinitude of primes. Both of these sections can be viewed as
tutorials in type theory, designed to give you some practical experience with
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1 Dependent type theory 3

type theory before diving into the intricacies of the univalent foundations for
mathematics.

1 Dependent type theory

Dependent type theory is a system of inference rules that can be combined to
make derivations. In these derivations, the goal is often to construct an element
of a certain type. Such an element can be a function if the type of the constructed
element is a function type; a proof of a property if the type of the constructed
element is a proposition; but it can also be an identification if the type of the
constructed element is an identity type, and so on. In some respect, a type is just
a collection of mathematical objects and constructing elements of a type is the
everyday mathematical task or challenge. The system of inference rules that we
call type theory offers a principled way of engaging in mathematical activity.

1.1 Judgments and contexts in type theory
A mathematical argument or construction consists of a sequence of deductive
steps, each one using finitely many premises in order to get to the next stage
in the proof or construction. Such steps can be represented by inference rules,
which are written in the form

H1 H2 . . . H𝑛
C.

Inference rules contain above the horizontal line a finite listH1,H2, . . . ,H𝑛 of
judgments for the premises, and below the horizontal line a single judgment C
for the conclusion. The system of dependent type theory is described by a set of
such inference rules.

A straightforward example of an inference rule that we will encounter in
Section 2 when we introduce function types, is the inference rule

Γ ⊢ 𝑎 : 𝐴 Γ ⊢ 𝑓 : 𝐴→ 𝐵

Γ ⊢ 𝑓 (𝑎) : 𝐵.
This rule asserts that in any context Γ we may use an element 𝑎 : 𝐴 and a
function 𝑓 : 𝐴→ 𝐵 to obtain an element 𝑓 (𝑎) : 𝐵. Each of the expressions

Γ ⊢ 𝑎 : 𝐴
Γ ⊢ 𝑓 : 𝐴→ 𝐵

Γ ⊢ 𝑓 (𝑎) : 𝐵

are examples of judgments.
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4 Martin-Löf’s Dependent Type Theory

Definition 1.1.1 There are four kinds of judgments in Martin-Löf’s dependent
type theory:

(i) 𝐴 is a (well-formed) type in context Γ. We express this judgment as

Γ ⊢ 𝐴 type.

(ii) 𝐴 and 𝐵 are judgmentally equal types in context Γ. We express this
judgment as

Γ ⊢ 𝐴 � 𝐵 type.

(iii) 𝑎 is an element of type 𝐴 in context Γ. We express this judgment as

Γ ⊢ 𝑎 : 𝐴.

(iv) 𝑎 and 𝑏 are judgmentally equal elements of type 𝐴 in context Γ. We
express this judgment as

Γ ⊢ 𝑎 � 𝑏 : 𝐴.

We see that any judgment is of the form Γ ⊢ J , consisting of a context Γ and
a judgment thesis J asserting either that 𝐴 is a type, that 𝐴 and 𝐵 are equal
types, that 𝑎 is an element of type 𝐴, or that 𝑎 and 𝑏 are equal elements of type
𝐴. The role of a context is to declare what hypothetical elements are assumed,
along with their types. Hypothetical elements are commonly called variables.

Definition 1.1.2 A context is a finite list of variable declarations

𝑥1 : 𝐴1, 𝑥2 : 𝐴2 (𝑥1), . . . , 𝑥𝑛 : 𝐴𝑛 (𝑥1, . . . , 𝑥𝑛−1) (1.1.1)

satisfying the condition that for each 1 ≤ 𝑘 ≤ 𝑛 we can derive the judgment

𝑥1 : 𝐴1, . . . , 𝑥𝑘−1 : 𝐴𝑘−1 (𝑥1, . . . , 𝑥𝑘−2) ⊢ 𝐴𝑘 (𝑥1, . . . , 𝑥𝑘−1) type,

using the inference rules of type theory. We may use variable names other than
𝑥1, . . . , 𝑥𝑛, as long as no variable is declared more than once.

The condition in Definition 1.1.2 that each of the hypothetical elements is
assigned a type, is checked recursively. In other words, to check that a list of
variable declarations as in Eq. (1.1.1) is a context, one starts on the left and
works their way to the right, verifying that each hypothetical elements 𝑥𝑘 is
assigned a type.

Note that there is a context of length 0, the empty context, which declares no
variables. This context satisfies the requirement in Definition 1.1.2 vacuously. A
list of variable declarations 𝑥1 : 𝐴1 of length one is a context if and only if 𝐴1
is a type in the empty context. We will soon encounter the type ℕ of natural
numbers, which is an example of a type in the empty context.
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1 Dependent type theory 5

The next case is that a list of variable declarations 𝑥1 : 𝐴1, 𝑥2 : 𝐴2 (𝑥1) of
length two is a context if and only if 𝐴1 is a type in the empty context, and
𝐴2 (𝑥1) is a type in context 𝑥1 : 𝐴1. This process repeats itself for longer contexts.

1.2 Type families
It is a feature of dependent type theory that all judgments are context dependent,
and indeed that even the types of the variables in a context may depend on any
previously declared variables. For example, if 𝑛 is a natural number and we
know from the context that 𝑛 is prime, then we don’t have enough information
yet to decide whether or not 𝑛 is odd. However, if we also know from the context
that 𝑛 + 2 is prime, then we can derive that 𝑛 must be odd. Context dependency
is everywhere – not only in mathematics, but also in language and in everyday
life – and it gives rise to the notion of type families and their sections.

Definition 1.2.1 Consider a type 𝐴 in context Γ. A family of types over 𝐴
in context Γ is a type 𝐵(𝑥) in context Γ, 𝑥 : 𝐴. In other words, in the situation
where

Γ, 𝑥 : 𝐴 ⊢ 𝐵(𝑥) type,

we say that 𝐵 is a family of types over 𝐴 in context Γ. Alternatively, we say that
𝐵(𝑥) is a type indexed by 𝑥 : 𝐴, in context Γ.

We think of a type family 𝐵 over 𝐴 in context Γ as a type 𝐵(𝑥) varying along
𝑥 : 𝐴. A basic example of a type family occurs when we introduce identity types
in Section 5. They are introduced as follows:

Γ ⊢ 𝑎 : 𝐴
Γ, 𝑥 : 𝐴 ⊢ 𝑎 = 𝑥 type.

This rule asserts that given an element 𝑎 : 𝐴 in context Γ, we may form the type
𝑎 = 𝑥 in context Γ, 𝑥 : 𝐴. The type 𝑎 = 𝑥 in context Γ, 𝑥 : 𝐴 is an example of a
type family over 𝐴 in context Γ.

Definition 1.2.2 Consider a type family 𝐵 over 𝐴 in context Γ. A section of
the family 𝐵 over 𝐴 in context Γ is an element of type 𝐵(𝑥) in context Γ, 𝑥 : 𝐴,
i.e., in the judgment

Γ, 𝑥 : 𝐴 ⊢ 𝑏(𝑥) : 𝐵(𝑥)

we say that 𝑏 is a section of the family 𝐵 over 𝐴 in context Γ. Alternatively, we
say that 𝑏(𝑥) is an element of type 𝐵(𝑥) indexed by 𝑥 : 𝐴 in context Γ.
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6 Martin-Löf’s Dependent Type Theory

Note that in the above situations 𝐴, 𝐵, and 𝑏 also depend on the variables
declared in the context Γ, even though we have not explicitly mentioned them.
It is indeed common practice to not mention every variable in the context Γ in
such situations.

1.3 Inference rules
We are now ready to present the system of inference rules that underlies dependent
type theory. These rules are known as the structural rules of type theory, since
they establish the basic mathematical framework for type dependency. There
are five sets of inference rules:

(i) Rules postulating that judgmental equality is an equivalence relation.
(ii) Variable conversion rules.
(iii) Substitution rules.
(iv) Weakening rules.
(v) The generic element.

Judgmental equality is an equivalence relation
The rules postulating that judgmental equality on types and on elements is an
equivalence relation simply postulate that these relations are reflexive, symmetric,
and transitive:

Γ ⊢ 𝐴 type
Γ ⊢ 𝐴 � 𝐴 type

Γ ⊢ 𝐴 � 𝐵 type
Γ ⊢ 𝐵 � 𝐴 type

Γ ⊢ 𝐴 � 𝐵 type Γ ⊢ 𝐵 � 𝐶 type
Γ ⊢ 𝐴 � 𝐶 type

Γ ⊢ 𝑎 : 𝐴
Γ ⊢ 𝑎 � 𝑎 : 𝐴

Γ ⊢ 𝑎 � 𝑏 : 𝐴
Γ ⊢ 𝑏 � 𝑎 : 𝐴

Γ ⊢ 𝑎 � 𝑏 : 𝐴 Γ ⊢ 𝑏 � 𝑐 : 𝐴
Γ ⊢ 𝑎 � 𝑐 : 𝐴.

Variable conversion rules
The variable conversion rules are rules postulating that we can convert the
type of a variable to a judgmentally equal type. The first variable conversion
rule states that

Γ ⊢ 𝐴 � 𝐴′ type Γ, 𝑥 : 𝐴, Δ ⊢ 𝐵(𝑥) type
Γ, 𝑥 : 𝐴′, Δ ⊢ 𝐵(𝑥) type.

In this conversion rule, the context Γ, 𝑥 : 𝐴, Δ is just any extension of the
context Γ, 𝑥 : 𝐴, i.e., it is a context of the form

𝑥1 : 𝐴1, . . . , 𝑥𝑛−1 : 𝐴𝑛−1, 𝑥 : 𝐴, 𝑥𝑛+1 : 𝐴𝑛+1, . . . , 𝑥𝑛+𝑚 : 𝐴𝑛+𝑚.

Similarly, there are variable conversion rules for judgmental equality of types,
for elements, and for judgmental equality of elements. To avoid having to state
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essentially the same rule four times, we state all four variable conversion rules
at once using a generic judgment thesis J , which can be any of the four kinds
described in Definition 1.1.1:

Γ ⊢ 𝐴 � 𝐴′ type Γ, 𝑥 : 𝐴, Δ ⊢ J
Γ, 𝑥 : 𝐴′, Δ ⊢ J .

An analogous element conversion rule, stated in Exercise 1.1, converting the
type of an element to a judgmentally equal type, is derivable using the rules
from the rules presented in this section.

Substitution
Consider an element 𝑓 (𝑥) : 𝐵(𝑥) indexed by 𝑥 : 𝐴 in context Γ, and suppose
we also have an element 𝑎 : 𝐴. Then we can simultaneously substitute 𝑎 for
all occurrences of 𝑥 in 𝑓 (𝑥) to obtain a new element 𝑓 [𝑎/𝑥], which has type
𝐵[𝑎/𝑥]. A precise definition of substitution requires us to get too deep into the
theory of the syntax of type theory, but a mathematician is of course no stranger
to substitution. For example, substituting 0 for 𝑥 in the polynomial

1 + 𝑥 + 𝑥2 + 𝑥3

results in the number 1 + 0 + 02 + 03, which can be computed to the value 1.
Type theoretic substitution is similar. Type theoretic substitution is in fact a

bit more general than what we have described above. Suppose we have a type

Γ, 𝑥 : 𝐴, 𝑦1 : 𝐵1, . . . , 𝑦𝑛 : 𝐵𝑛 ⊢ 𝐶 type

and an element 𝑎 : 𝐴 in context Γ. Then we can simultaneously substitute 𝑎 for
all occurrences of 𝑥 in the types 𝐵1, . . . , 𝐵𝑛 and 𝐶, to obtain

Γ, 𝑦1 : 𝐵1 [𝑎/𝑥], . . . , 𝑦𝑛 : 𝐵𝑛 [𝑎/𝑥] ⊢ 𝐶 [𝑎/𝑥] type.

Note that the variables 𝑦1, . . . , 𝑦𝑛 are assigned new types after performing
the substitution of 𝑎 for 𝑥. Similarly, we can substitute 𝑎 for 𝑥 in an element
𝑐 : 𝐶 to obtain the element 𝑐[𝑎/𝑥] : 𝐶 [𝑎/𝑥], and we can substitute 𝑎 for 𝑥 in a
judgmental equality thesis, either of types or elements, by simply substituting
on both sides of the equation. The substitution rule are therefore stated using a
generic judgment J :

Γ ⊢ 𝑎 : 𝐴 Γ, 𝑥 : 𝐴, Δ ⊢ J
𝑆.

Γ, Δ[𝑎/𝑥] ⊢ J [𝑎/𝑥]
Furthermore, we add two more ‘congruence rules’ for substitution, postulating
that substitution by judgmentally equal elements results in judgmentally equal
types and elements:
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Γ ⊢ 𝑎 � 𝑎′ : 𝐴 Γ, 𝑥 : 𝐴, Δ ⊢ 𝐵 type
Γ, Δ[𝑎/𝑥] ⊢ 𝐵[𝑎/𝑥] � 𝐵[𝑎′/𝑥] type

Γ ⊢ 𝑎 � 𝑎′ : 𝐴 Γ, 𝑥 : 𝐴, Δ ⊢ 𝑏 : 𝐵
Γ, Δ[𝑎/𝑥] ⊢ 𝑏[𝑎/𝑥] � 𝑏[𝑎′/𝑥] : 𝐵[𝑎/𝑥].

To see that these rules make sense, we observe that both 𝐵[𝑎/𝑥] and 𝐵[𝑎′/𝑥] are
types in context Δ[𝑎/𝑥], provided that 𝑎 � 𝑎′. This is immediate by recursion
on the length of Δ.

Definition 1.3.1 When 𝐵 is a family of types over 𝐴 in context Γ, and if we
have 𝑎 : 𝐴, then we also say that 𝐵[𝑎/𝑥] is the fiber of 𝐵 at 𝑎. We will usually
write 𝐵(𝑎) for the fiber of 𝐵 at 𝑎.

When 𝑏 is a section of the family 𝐵 over 𝐴 in context Γ, we call the element
𝑏[𝑎/𝑥] the value of 𝑏 at 𝑎. Again, we will usually write 𝑏(𝑎) for the value of 𝑏
at 𝑎.

Weakening
If we are given a type 𝐴 in context Γ, then any judgment made in a longer
context Γ, Δ can also be made in the context Γ, 𝑥 : 𝐴, Δ, for a fresh variable 𝑥.
The weakening rule asserts that weakening by a type 𝐴 in context preserves
well-formedness and judgmental equality of types and elements.

Γ ⊢ 𝐴 type Γ, Δ ⊢ J
𝑊 .

Γ, 𝑥 : 𝐴, Δ ⊢ J
This process of expanding the context by a fresh variable of type 𝐴 is called
weakening (by 𝐴).

In the simplest situation where weakening applies, we have two types 𝐴 and
𝐵 in context Γ. Then we can weaken 𝐵 by 𝐴 as follows

Γ ⊢ 𝐴 type Γ ⊢ 𝐵 type
𝑊

Γ, 𝑥 : 𝐴 ⊢ 𝐵 type
in order to form the type 𝐵 in context Γ, 𝑥 : 𝐴. The type 𝐵 in context Γ, 𝑥 : 𝐴
is called the constant family 𝐵, or the trivial family 𝐵.

The generic elements
If we are given a type 𝐴 in context Γ, then we can weaken 𝐴 by itself to obtain
that 𝐴 is a type in context Γ, 𝑥 : 𝐴. The rule for the generic element now asserts
that any hypothetical element 𝑥 : 𝐴 in the context Γ, 𝑥 : 𝐴 is also an element of
type 𝐴 in context Γ, 𝑥 : 𝐴.

Γ ⊢ 𝐴 type
𝛿.

Γ, 𝑥 : 𝐴 ⊢ 𝑥 : 𝐴
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This rule is also known as the variable rule. One of the reasons for including
the generic element is to make sure that the variables declared in a context—i.e.,
the hypothetical elements—are indeed elements. It also provides the identity
function on the type 𝐴 in context Γ.

1.4 Derivations
A derivation in type theory is a finite tree in which each node is a valid rule of
inference. At the root of the tree we find the conclusion, and in the leaves of the
tree we find the hypotheses. We give two examples of derivations: a derivation
showing that any variable can be changed to a fresh one, and a derivation
showing that any two variables that do not mutually depend on one another can
be swapped in order.

Given a derivation with hypothesesH1, . . . ,H𝑛 and conclusion C, we can
form a new inference rule

H1 · · · H𝑛
C.

Such a rule is called derivable, because we have a derivation for it. In order to
keep proof trees reasonably short and manageable, we use the convention that
any derived rules can be used in future derivations.

Changing variables
Variables can always be changed to fresh variables. We show that this is the
case by showing that the inference rule

Γ, 𝑥 : 𝐴, Δ ⊢ J
𝑥′/𝑥

Γ, 𝑥′ : 𝐴, Δ[𝑥′/𝑥] ⊢ J [𝑥′/𝑥]

is derivable, where 𝑥′ is a variable that does not occur in the context Γ, 𝑥 : 𝐴, Δ.
Indeed, we have the following derivation using substitution, weakening, and

the generic element:

Γ ⊢ 𝐴 type
𝛿

Γ, 𝑥′ : 𝐴 ⊢ 𝑥′ : 𝐴
Γ ⊢ 𝐴 type Γ, 𝑥 : 𝐴, Δ ⊢ J

𝑊
Γ, 𝑥′ : 𝐴, 𝑥 : 𝐴, Δ ⊢ J

𝑆.
Γ, 𝑥′ : 𝐴, Δ[𝑥′/𝑥] ⊢ J [𝑥′/𝑥]

In this derivation it is the application of the weakening rule where we have to
check that 𝑥′ does not occur in the context Γ, 𝑥 : 𝐴, Δ.
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Interchanging variables
The interchange rule states that if we have two types 𝐴 and 𝐵 in context Γ, and
we make a judgment in context Γ, 𝑥 : 𝐴, 𝑦 : 𝐵, Δ, then we can make that same
judgment in context Γ, 𝑦 : 𝐵, 𝑥 : 𝐴, Δ where the order of 𝑥 : 𝐴 and 𝑦 : 𝐵 is
swapped. More formally, the interchange rule is the following inference rule

Γ ⊢ 𝐵 type Γ, 𝑥 : 𝐴, 𝑦 : 𝐵, Δ ⊢ J
Γ, 𝑦 : 𝐵, 𝑥 : 𝐴, Δ ⊢ J .

Just as the rule for changing variables, we claim that the interchange rule is a
derivable rule.

The idea of the derivation for the interchange rule is as follows: If we have a
judgment

Γ, 𝑥 : 𝐴, 𝑦 : 𝐵, Δ ⊢ J ,

then we can change the variable 𝑦 to a fresh variable 𝑦′ and weaken the judgment
to obtain the judgment

Γ, 𝑦 : 𝐵, 𝑥 : 𝐴, 𝑦′ : 𝐵, Δ[𝑦′/𝑦] ⊢ J [𝑦′/𝑦] .

Now we can substitute 𝑦 for 𝑦′ to obtain the desired judgment Γ, 𝑦 : 𝐵, 𝑥 :
𝐴, Δ ⊢ J . The formal derivation is as follows:

Γ ⊢ 𝐵 type
𝛿

Γ, 𝑦 : 𝐵 ⊢ 𝑦 : 𝐵
𝑊

Γ, 𝑦 : 𝐵, 𝑥 : 𝐴 ⊢ 𝑦 : 𝐵
Γ ⊢ 𝐵 type

Γ, 𝑥 : 𝐴, 𝑦 : 𝐵, Δ ⊢ J
𝑦′/𝑦

Γ, 𝑥 : 𝐴, 𝑦′ : 𝐵, Δ[𝑦′/𝑦] ⊢ J [𝑦′/𝑦]
𝑊

Γ, 𝑦 : 𝐵, 𝑥 : 𝐴, 𝑦′ : 𝐵, Δ[𝑦′/𝑦] ⊢ J [𝑦′/𝑦]
𝑆.

Γ, 𝑦 : 𝐵, 𝑥 : 𝐴, Δ ⊢ J

Exercises
1.1 (a) Give a derivation for the following element conversion rule:

Γ ⊢ 𝐴 � 𝐴′ type Γ ⊢ 𝑎 : 𝐴
Γ ⊢ 𝑎 : 𝐴′.

(b) Give a derivation for the following congruence rule for element
conversion:

Γ ⊢ 𝐴 � 𝐴′ type Γ ⊢ 𝑎 � 𝑏 : 𝐴
Γ ⊢ 𝑎 � 𝑏 : 𝐴′.
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2 Dependent function types

A fundamental concept of dependent type theory is that of a dependent function.
A dependent function is a function of which the type of the output may depend
on the input. For example, when we concatenate a vector of length 𝑚 with a
vector of length 𝑛, we obtain a vector of length 𝑚 + 𝑛. Depedent functions are a
generalization of ordinary functions, because an ordinary function 𝑓 : 𝐴→ 𝐵

is a function of which the output 𝑓 (𝑥) has type 𝐵 regardless of the value of 𝑥.

2.1 The rules for dependent function types
Consider a section 𝑏 of a family 𝐵 over 𝐴 in context Γ, i.e., consider

Γ, 𝑥 : 𝐴 ⊢ 𝑏(𝑥) : 𝐵(𝑥).

From one point of view, such a section 𝑏 is an operation or assignment 𝑥 ↦→ 𝑏(𝑥),
or a program, that takes as input 𝑥 : 𝐴 and produces a term 𝑏(𝑥) : 𝐵(𝑥). From a
more mathematical point of view we see 𝑏 as a choice of an element of each
𝐵(𝑥). In other words, we may see 𝑏 as a function that takes 𝑥 : 𝐴 to 𝑏(𝑥) : 𝐵(𝑥).
Note that the type 𝐵(𝑥) of the output may depend on 𝑥 : 𝐴. The assignment
𝑥 ↦→ 𝑏(𝑥) is in this sense a dependent function. The type of all such dependent
functions is called the dependent function type, and we will write∏

(𝑥:𝐴)𝐵(𝑥)

for the type of dependent functions. There are four principal rules for Π-types:

(i) The formation rule, which tells us how we may form dependent function
types.

(ii) The introduction rule, which tells us how to introduce new terms of
dependent function types.

(iii) The elimination rule, which tells us how to use arbitrary terms of dependent
function types.

(iv) The computation rules, which tell us how the introduction and elimination
rules interact. These computation rules guarantee that every term of a
dependent function type is indeed a dependent function taking the values
by which it is defined.

In the cases of the formation rule, the introduction rule, and the elimination
rule, we also need rules that assert that all the constructions respect judgmental
equality. Those rules are called congruence rules, and they are part of the
specification of dependent function types.

mailto:egbert.rijke@fmf.uni-lj.si
https://hott.zulipchat.com


This material will be published by Cambridge University Press as Introduction to Homotopy Type Theory by Egbert Rĳke. This pre-publication
version is free to view and download for personal use only. Not for re-distribution, re-sale or use in derivative works. © Egbert Rĳke 2020

The best way to support this book while it is still being prepared for publication, is to let the author know if you find inaccuracies of any kind at
Q egbert.rĳke@fmf.uni-lj.si, or at the homotopy type theory chat at  https://hott.zulipchat.com.

There are 306 exercises.

Ljubljana, April 8, 2022

12 Martin-Löf’s Dependent Type Theory

The Π-formation rule
The Π-formation rule tells us how Π-types are constructed. The idea of Π-
types is that for any type family 𝐵 of types over 𝐴, there is a type of dependent
functions

∏
(𝑥:𝐴)𝐵(𝑥), so the Π-formation rule is as follows:

Γ, 𝑥 : 𝐴 ⊢ 𝐵(𝑥) type
Π.

Γ ⊢∏ (𝑥:𝐴)𝐵(𝑥) type

This rule simply states that in order to form the type
∏
(𝑥:𝐴)𝐵(𝑥) in context Γ,

we must have a type family 𝐵 over 𝐴 in context Γ.
We also require that the the operation of forming dependent function types

respects judgmental equality. This is postulated in the congruence rule for
Π-types:

Γ ⊢ 𝐴 � 𝐴′ type Γ, 𝑥 : 𝐴 ⊢ 𝐵(𝑥) � 𝐵′ (𝑥) type
Π-eq.

Γ ⊢∏ (𝑥:𝐴)𝐵(𝑥) �
∏
(𝑥:𝐴′ )𝐵

′ (𝑥) type

The Π-introduction rule
The introduction rule for dependent functions tells us how we may construct
dependent functions of type

∏
(𝑥:𝐴)𝐵(𝑥). The idea is that a dependent function

𝑓 :
∏
(𝑥:𝐴)𝐵(𝑥) is an operation that takes an 𝑥 : 𝐴 to 𝑓 (𝑥) : 𝐵(𝑥). Hence the

introduction rule of dependent functions postulates that, in order to construct a
dependent function one has to construct a term 𝑏(𝑥) : 𝐵(𝑥) indexed by 𝑥 : 𝐴 in
context Γ, i.e.:

Γ, 𝑥 : 𝐴 ⊢ 𝑏(𝑥) : 𝐵(𝑥)
_.

Γ ⊢ _𝑥. 𝑏(𝑥) :
∏
(𝑥:𝐴)𝐵(𝑥)

This introduction rule for dependent functions is also called the _-abstraction
rule, and we also say that the _-abstraction _𝑥. 𝑏(𝑥) binds the variable 𝑥 in 𝑏.
Just like ordinary mathematicians, we will sometimes write 𝑥 ↦→ 𝑏(𝑥) for a
function _𝑥. 𝑏(𝑥). The map 𝑛 ↦→ 𝑛2 is an example.

We will also require that _-abstraction respects judgmental equality. Therefore
we postulate the congruence rule for _-abstraction, which asserts that

Γ, 𝑥 : 𝐴 ⊢ 𝑏(𝑥) � 𝑏′ (𝑥) : 𝐵(𝑥)
_-eq.

Γ ⊢ _𝑥. 𝑏(𝑥) � _𝑥. 𝑏′ (𝑥) :
∏
(𝑥:𝐴)𝐵(𝑥)

The Π-elimination rule
The elimination rule for dependent function types provides us with a way to use
dependent functions. The way to use a dependent function is to evaluate it at an
argument of the domain type. The Π-elimination rule is therefore also called
the evaluation rule:
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Γ ⊢ 𝑓 :
∏
(𝑥:𝐴)𝐵(𝑥)

𝑒𝑣.
Γ, 𝑥 : 𝐴 ⊢ 𝑓 (𝑥) : 𝐵(𝑥)

This rule asserts that given a dependent function 𝑓 :
∏
(𝑥:𝐴)𝐵(𝑥) in context Γ

we obtain a term 𝑓 (𝑥) of type 𝐵(𝑥) indexed by 𝑥 : 𝐴 in context Γ. Again we
require that evaluation respects judgmental equality:

Γ ⊢ 𝑓 � 𝑓 ′ :
∏
(𝑥:𝐴)𝐵(𝑥)

𝑒𝑣-eq.
Γ, 𝑥 : 𝐴 ⊢ 𝑓 (𝑥) � 𝑓 ′ (𝑥) : 𝐵(𝑥)

The Π-computation rules
We now postulate rules that specify the behavior of functions. First, we have a
rule that asserts that a function of the form _𝑥. 𝑏(𝑥) behaves as expected: when
we evaluate it at 𝑥 : 𝐴, then we obtain the value 𝑏(𝑥) : 𝐵(𝑥). This rule is called
the 𝛽-rule

Γ, 𝑥 : 𝐴 ⊢ 𝑏(𝑥) : 𝐵(𝑥)
𝛽.

Γ, 𝑥 : 𝐴 ⊢ (_𝑦.𝑏(𝑦)) (𝑥) � 𝑏(𝑥) : 𝐵(𝑥)
Second, we postulate a rule that asserts that all elements of a Π-type are
(dependent) functions. This rule is known as the [-rule

Γ ⊢ 𝑓 :
∏
(𝑥:𝐴)𝐵(𝑥)

[.
Γ ⊢ _𝑥. 𝑓 (𝑥) � 𝑓 :

∏
(𝑥:𝐴)𝐵(𝑥)

In other words, the computation rules (𝛽 and [) for dependent function types
postulate that _-abstraction rule and the evaluation rule are mutual inverses.
This completes the specification of dependent function types.

2.2 Ordinary function types
An important special case of Π-types arises when both 𝐴 and 𝐵 are types
in context Γ. In this case, we can first weaken 𝐵 by 𝐴 and then apply the
Π-formation rule to obtain the type 𝐴→ 𝐵 of ordinary functions from 𝐴 to 𝐵,
as in the following derivation:

Γ ⊢ 𝐴 type Γ ⊢ 𝐵 type
𝑊

Γ, 𝑥 : 𝐴 ⊢ 𝐵 type
Π

Γ ⊢∏ (𝑥:𝐴)𝐵 type.

A term 𝑓 :
∏
(𝑥:𝐴)𝐵 is a function that takes an argument 𝑥 : 𝐴 and returns

𝑓 (𝑥) : 𝐵. In other words, terms of type
∏
(𝑥:𝐴)𝐵 are indeed ordinary functions

from 𝐴 to 𝐵. Therefore, we define the type 𝐴 → 𝐵 of (ordinary) functions
from 𝐴 to 𝐵 by

𝐴→ 𝐵 B
∏
(𝑥:𝐴)𝐵.
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If 𝑓 : 𝐴→ 𝐵 is a function, then the type 𝐴 is also called the domain of 𝑓 , and
the type 𝐵 is also called the codomain of 𝑓 .

Sometimes we will also write 𝐵𝐴 for the type 𝐴 → 𝐵. Formally, we make
such definitions by adding one more line to the above derivation:

Γ ⊢ 𝐴 type Γ ⊢ 𝐵 type
𝑊

Γ, 𝑥 : 𝐴 ⊢ 𝐵 type
Π

Γ ⊢∏ (𝑥:𝐴)𝐵 type
Γ ⊢ 𝐴→ 𝐵 B

∏
(𝑥:𝐴)𝐵 type.

Remark 2.2.1 More generally, we can make definitions at the end of a
derivation if the conclusion is a certain type in context, or if the conclusion is a
certain term of a type in context. Suppose, for instance, that we have a derivation

D
Γ ⊢ 𝑎 : 𝐴,

in which the derivation D makes use of the premisesH1, . . . ,H𝑛. If we wish to
make a definition c B 𝑎, then we can extend the derivation tree with

D
Γ ⊢ 𝑎 : 𝐴

Γ ⊢ c B 𝑎 : 𝐴.
The effect of such a definition is that we have extended our type theory with a
new constant c, for which the following inference rules are valid

H1 H2 . . . H𝑛
Γ ⊢ c : 𝐴

H1 H2 . . . H𝑛
Γ ⊢ c � 𝑎 : 𝐴.

In our example of the definition of the ordinary function type 𝐴 → 𝐵, we
therefore have by definition the following valid inference rules

Γ ⊢ 𝐴 type Γ ⊢ 𝐵 type
Γ ⊢ 𝐴→ 𝐵 type

Γ ⊢ 𝐴 type Γ ⊢ 𝐵 type
Γ ⊢ 𝐴→ 𝐵 �

∏
(𝑥:𝐴)𝐵 type.

There are of course many such definitions throughout the development of
dependent type theory, the univalent foundations for mathematics, and synthetic
homotopy theory. They are all included in the index at the end of this book.

Remark 2.2.2 By the term conversion rules of Exercise 1.1 we can now use
the rules for _-abstraction, evaluation, and so on, to obtain corresponding rules
for the ordinary function type 𝐴→ 𝐵. We give a brief summary of these rules,
omitting the congruence rules.

Γ ⊢ 𝐴 type Γ ⊢ 𝐵 type →
Γ ⊢ 𝐴→ 𝐵 type
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Γ ⊢ 𝐵 type Γ, 𝑥 : 𝐴 ⊢ 𝑏(𝑥) : 𝐵
_

Γ ⊢ _𝑥. 𝑏(𝑥) : 𝐴→ 𝐵

Γ ⊢ 𝑓 : 𝐴→ 𝐵
𝑒𝑣

Γ, 𝑥 : 𝐴 ⊢ 𝑓 (𝑥) : 𝐵

Γ ⊢ 𝐵 type Γ, 𝑥 : 𝐴 ⊢ 𝑏(𝑥) : 𝐵
𝛽

Γ, 𝑥 : 𝐴 ⊢ (_𝑦. 𝑏(𝑦)) (𝑥) � 𝑏(𝑥) : 𝐵
Γ ⊢ 𝑓 : 𝐴→ 𝐵

[
Γ ⊢ _𝑥. 𝑓 (𝑥) � 𝑓 : 𝐴→ 𝐵

Now we can use these rules to construct some familiar functions, such as
the identity function id : 𝐴→ 𝐴 on an arbitrary type 𝐴, and the composition
𝑔 ◦ 𝑓 : 𝐴→ 𝐶 of any two functions 𝑓 : 𝐴→ 𝐵 and 𝑔 : 𝐵→ 𝐶.

Definition 2.2.3 For any type 𝐴 in context Γ, we define the identity function
id𝐴 : 𝐴→ 𝐴 using the generic term:

Γ ⊢ 𝐴 type
Γ, 𝑥 : 𝐴 ⊢ 𝑥 : 𝐴

Γ ⊢ _𝑥. 𝑥 : 𝐴→ 𝐴

Γ ⊢ id𝐴 B _𝑥. 𝑥 : 𝐴→ 𝐴.
The identity function therefore satisfies the following inference rules:

Γ ⊢ 𝐴 type
Γ ⊢ id𝐴 : 𝐴→ 𝐴

Γ ⊢ 𝐴 type
Γ ⊢ id𝐴 � _𝑥. 𝑥 : 𝐴→ 𝐴.

Next, we define the composition of functions. We will introduce the com-
position operation itself as a function comp that takes two arguments: the first
argument is a function 𝑔 : 𝐵 → 𝐶, and the second argument is a function
𝑓 : 𝐴→ 𝐵. The output is a function comp(𝑔, 𝑓 ) : 𝐴→ 𝐶, for which we often
write 𝑔 ◦ 𝑓 .

Remark 2.2.4 Since composition is a function that takes multiple arguments,
we need to know how to represent such functions. Types of functions with
multiple arguments can be formed by iterating the Π-formation rule or the
→-formation rule. For example, a function

𝑓 : 𝐴→ (𝐵→ 𝐶)

takes two arguments: first it takes an argument 𝑥 : 𝐴, and the output 𝑓 (𝑥) has
type 𝐵 → 𝐶. This is again a function type, so 𝑓 (𝑥) is a function that takes
an argument 𝑦 : 𝐵, and its output 𝑓 (𝑥) (𝑦) has type 𝐶. We will usually write
𝑓 (𝑥, 𝑦) for 𝑓 (𝑥) (𝑦).

Similarly, when 𝐶 (𝑥, 𝑦) is a family of types indexed by 𝑥 : 𝐴 and 𝑦 : 𝐵(𝑥),
then we can form the dependent function type

∏
(𝑥:𝐴)

∏
(𝑦:𝐵(𝑥 ) )𝐶 (𝑥, 𝑦). In the

special case where 𝐶 (𝑥, 𝑦) is a family of types indexed by two elements 𝑥, 𝑦 : 𝐴
of the same type, then we often write∏

(𝑥,𝑦:𝐴)𝐶 (𝑥, 𝑦)
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for the type
∏
(𝑥:𝐴)

∏
(𝑦:𝐴)𝐶 (𝑥, 𝑦).

With the idea of iterating function types, we see that type of the composition
operation comp is

(𝐵→ 𝐶) → ((𝐴→ 𝐵) → (𝐴→ 𝐶)).

It is the type of functions, taking a function 𝑔 : 𝐵→ 𝐶, to the type of functions
(𝐴→ 𝐵) → (𝐴→ 𝐶). Thus, comp(𝑔) is again a function, mapping a function
𝑓 : 𝐴→ 𝐵 to a function of type 𝐴→ 𝐶.

Definition 2.2.5 For any three types 𝐴, 𝐵, and 𝐶 in context Γ, there is a
composition operation

comp : (𝐵→ 𝐶) → ((𝐴→ 𝐵) → (𝐴→ 𝐶)).

We will usually write 𝑔 ◦ 𝑓 for comp(𝑔, 𝑓 ).

Construction The idea of the definition is to define comp(𝑔, 𝑓 ) to be the
function _𝑥. 𝑔( 𝑓 (𝑥)). The function comp is therefore defined as

comp B _𝑔. _ 𝑓 . _𝑥. 𝑔( 𝑓 (𝑥)).

The derivation we use to construct comp is as follows:

Γ ⊢ 𝐴 type Γ ⊢ 𝐵 type
(a)

Γ, 𝑓 : 𝐵𝐴, 𝑥 : 𝐴 ⊢ 𝑓 (𝑥) : 𝐵
Γ, 𝑔 : 𝐶𝐵, 𝑓 : 𝐵𝐴, 𝑥 : 𝐴 ⊢ 𝑓 (𝑥) : 𝐵

Γ ⊢ 𝐵 type Γ ⊢ 𝐶 type
(b)

Γ, 𝑔 : 𝐶𝐵, 𝑦 : 𝐵 ⊢ 𝑔(𝑦) : 𝐶
Γ, 𝑔 : 𝐶𝐵, 𝑓 : 𝐵𝐴, 𝑦 : 𝐵 ⊢ 𝑔(𝑦) : 𝐶

Γ, 𝑔 : 𝐶𝐵, 𝑓 : 𝐵𝐴, 𝑥 : 𝐴, 𝑦 : 𝐵 ⊢ 𝑔(𝑦) : 𝐶
Γ, 𝑔 : 𝐶𝐵, 𝑓 : 𝐵𝐴, 𝑥 : 𝐴 ⊢ 𝑔( 𝑓 (𝑥)) : 𝐶
Γ, 𝑔 : 𝐶𝐵, 𝑓 : 𝐵𝐴 ⊢ _𝑥. 𝑔( 𝑓 (𝑥)) : 𝐶𝐴

Γ, 𝑔 : 𝐵→ 𝐶 ⊢ _ 𝑓 . _𝑥. 𝑔( 𝑓 (𝑥)) : 𝐵𝐴→ 𝐶𝐴

Γ ⊢ _𝑔. _ 𝑓 . _𝑥. 𝑔( 𝑓 (𝑥)) : 𝐶𝐵 → (𝐵𝐴→ 𝐶𝐴)
Γ ⊢ comp B _𝑔. _ 𝑓 . _𝑥. 𝑔( 𝑓 (𝑥)) : 𝐶𝐵 → (𝐵𝐴→ 𝐶𝐴).

Note, however, that we haven’t derived the rules (a) and (b) yet. These rules
assert that the generic functions of 𝐴→ 𝐵 and 𝐵 → 𝐶 can also be evaluated.
The formal derivation of this fact is as follows:

Γ ⊢ 𝐴 type Γ ⊢ 𝐵 type
Γ ⊢ 𝐴→ 𝐵 type

Γ, 𝑓 : 𝐴→ 𝐵 ⊢ 𝑓 : 𝐴→ 𝐵

Γ, 𝑓 : 𝐴→ 𝐵, 𝑥 : 𝐴 ⊢ 𝑓 (𝑥) : 𝐵.

This completes the construction of comp. □
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In the remainder of this section we will see how to use the given rules for
function types to derive the laws of a category for functions. These are the laws
that assert that function composition is associative and that the identity function
satisfies the unit laws.

Lemma 2.2.6 Composition of functions is associative, i.e., we can derive

Γ ⊢ 𝑓 : 𝐴→ 𝐵 Γ ⊢ 𝑔 : 𝐵→ 𝐶 Γ ⊢ ℎ : 𝐶 → 𝐷

Γ ⊢ (ℎ ◦ 𝑔) ◦ 𝑓 � ℎ ◦ (𝑔 ◦ 𝑓 ) : 𝐴→ 𝐷.

Proof The main idea of the proof is that both ((ℎ◦𝑔)◦ 𝑓 ) (𝑥) and (ℎ◦(𝑔◦ 𝑓 )) (𝑥)
evaluate to ℎ(𝑔( 𝑓 (𝑥)), and therefore (ℎ ◦ 𝑔) ◦ 𝑓 and ℎ ◦ (𝑔 ◦ 𝑓 ) must be
judgmentally equal. This idea is made formal in the following derivation:

Γ ⊢ 𝑓 : 𝐴→ 𝐵

Γ, 𝑥 : 𝐴 ⊢ 𝑓 (𝑥) : 𝐵

Γ ⊢ 𝑔 : 𝐵→ 𝐶

Γ, 𝑦 : 𝐵 ⊢ 𝑔(𝑦) : 𝐶
Γ, 𝑥 : 𝐴, 𝑦 : 𝐵 ⊢ 𝑔(𝑦) : 𝐶

Γ, 𝑥 : 𝐴 ⊢ 𝑔( 𝑓 (𝑥)) : 𝐶

Γ ⊢ ℎ : 𝐶 → 𝐷

Γ, 𝑧 : 𝐶 ⊢ ℎ(𝑧) : 𝐷
Γ, 𝑥 : 𝐴, 𝑧 : 𝐶 ⊢ ℎ(𝑧) : 𝐷

Γ, 𝑥 : 𝐴 ⊢ ℎ(𝑔( 𝑓 (𝑥))) : 𝐷
Γ, 𝑥 : 𝐴 ⊢ ℎ(𝑔( 𝑓 (𝑥))) � ℎ(𝑔( 𝑓 (𝑥))) : 𝐷

Γ, 𝑥 : 𝐴 ⊢ (ℎ ◦ 𝑔) ( 𝑓 (𝑥)) � ℎ((𝑔 ◦ 𝑓 ) (𝑥)) : 𝐷
Γ, 𝑥 : 𝐴 ⊢ ((ℎ ◦ 𝑔) ◦ 𝑓 ) (𝑥) � (ℎ ◦ (𝑔 ◦ 𝑓 )) (𝑥) : 𝐷

Γ ⊢ (ℎ ◦ 𝑔) ◦ 𝑓 � ℎ ◦ (𝑔 ◦ 𝑓 ) : 𝐴→ 𝐷.
□

Lemma 2.2.7 Composition of functions satisfies the left and right unit laws,
i.e., we can derive

Γ ⊢ 𝑓 : 𝐴→ 𝐵

Γ ⊢ id𝐵 ◦ 𝑓 � 𝑓 : 𝐴→ 𝐵

and

Γ ⊢ 𝑓 : 𝐴→ 𝐵

Γ ⊢ 𝑓 ◦ id𝐴 � 𝑓 : 𝐴→ 𝐵.

Proof Note that it suffices to derive that id ( 𝑓 (𝑥)) � 𝑓 (𝑥) in context Γ, 𝑥 : 𝐴,
because once we derived this equality we can finish the derivation with

...

Γ, 𝑥 : 𝐴 ⊢ id ( 𝑓 (𝑥)) � 𝑓 (𝑥) : 𝐵
Γ ⊢ _𝑥. id ( 𝑓 (𝑥)) � _𝑥. 𝑓 (𝑥) : 𝐴→ 𝐵

Γ ⊢ 𝑓 : 𝐴→ 𝐵

Γ ⊢ _𝑥. 𝑓 (𝑥) � 𝑓 : 𝐴→ 𝐵

Γ ⊢ id ◦ 𝑓 � 𝑓 : 𝐴→ 𝐵.

The derivation of the equality id ( 𝑓 (𝑥)) � 𝑓 (𝑥) in context Γ, 𝑥 : 𝐴 is as follows:
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Γ ⊢ 𝑓 : 𝐴→ 𝐵

Γ, 𝑥 : 𝐴 ⊢ 𝑓 (𝑥) : 𝐵
Γ ⊢ 𝐴 type

Γ ⊢ 𝐵 type
Γ, 𝑦 : 𝐵 ⊢ id (𝑦) � 𝑦 : 𝐵

Γ, 𝑥 : 𝐴, 𝑦 : 𝐵 ⊢ id (𝑦) � 𝑦 : 𝐵
Γ, 𝑥 : 𝐴 ⊢ id ( 𝑓 (𝑥)) � 𝑓 (𝑥) : 𝐵.

We leave the right unit law as Exercise 2.2. □

Exercises
2.1 The [-rule is often seen as a judgmental extensionality principle. Use the

[-rule to show that if 𝑓 and 𝑔 take equal values, then they must be equal,
i.e., give a derivation for the rule

Γ⊢ 𝑓 :
∏
(𝑥:𝐴)𝐵(𝑥)

Γ⊢ 𝑔 :
∏
(𝑥:𝐴)𝐵(𝑥)

Γ, 𝑥 : 𝐴 ⊢ 𝑓 (𝑥) � 𝑔(𝑥) : 𝐵(𝑥)
Γ⊢ 𝑓 � 𝑔 :

∏
(𝑥:𝐴)𝐵(𝑥).

2.2 Give a derivation for the right unit law of Lemma 2.2.7.
2.3 (a) Construct the constant function

Γ ⊢ 𝐴 type
Γ, 𝑦 : 𝐵 ⊢ const𝑦 : 𝐴→ 𝐵.

(b) Show that

Γ ⊢ 𝑓 : 𝐴→ 𝐵

Γ, 𝑧 : 𝐶 ⊢ const𝑧 ◦ 𝑓 � const𝑧 : 𝐴→ 𝐶.
(c) Show that

Γ ⊢ 𝐴 type Γ ⊢ 𝑔 : 𝐵→ 𝐶

Γ, 𝑦 : 𝐵 ⊢ 𝑔 ◦ const𝑦 � const𝑔 (𝑦) : 𝐴→ 𝐶.

2.4 (a) Define the swap function

Γ ⊢ 𝐴 type Γ ⊢ 𝐵 type Γ, 𝑥 : 𝐴, 𝑦 : 𝐵 ⊢ 𝐶 (𝑥, 𝑦) type

Γ ⊢ 𝜎 :
(∏

(𝑥:𝐴)
∏
(𝑦:𝐵)𝐶 (𝑥, 𝑦)

)
→

(∏
(𝑦:𝐵)

∏
(𝑥:𝐴)𝐶 (𝑥, 𝑦)

)
that swaps the order of the arguments.

(b) Show that

Γ ⊢ 𝐴 type Γ ⊢ 𝐵 type Γ, 𝑥 : 𝐴, 𝑦 : 𝐵 ⊢ 𝐶 (𝑥, 𝑦) type

Γ ⊢ 𝜎 ◦ 𝜎 � id :
(∏

(𝑥:𝐴)
∏
(𝑦:𝐵)𝐶 (𝑥, 𝑦)

)
→

(∏
(𝑥:𝐴)

∏
(𝑦:𝐵)𝐶 (𝑥, 𝑦)

)
.
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3 The natural numbers

The set of natural numbers is the most important object in mathematics. We quote
Bishop, from his Constructivist Manifesto, the first chapter in Foundations of
Constructive Analysis [2], where he gives a colorful illustration of its importance
to mathematics.

“The primary concern of mathematics is number, and this means the positive integers.
We feel about number the way Kant felt about space. The positive integers and their
arithmetic are presupposed by the very nature of our intelligence and, we are tempted
to believe, by the very nature of intelligence in general. The development of the theory
of the positive integers from the primitive concept of the unit, the concept of adjoining
a unit, and the process of mathematical induction carries complete conviction. In the
words of Kronecker, the positive integers were created by God. Kronecker would have
expressed it even better if he had said that the positive integers were created by God for
the benefit of man (and other finite beings). Mathematics belongs to man, not to God. We
are not interested in properties of the positive integers that have no descriptive meaning
for finite man. When a man proves a positive integer to exist, he should show how to find
it. If God has mathematics of his own that needs to be done, let him do it himself.”

A bit later in the same chapter, he continues:

“Building on the positive integers, weaving a web of ever more sets and ever more
functions, we get the basic structures of mathematics: the rational number system, the
real number system, the euclidean spaces, the complex number system, the algebraic
number fields, Hilbert space, the classical groups, and so forth. Within the framework of
these structures, most mathematics is done. Everything attaches itself to number, and
every mathematical statement ultimately expresses the fact that if we perform certain
computations within the set of positive integers, we shall get certain results.”

3.1 The formal specification of the type of natural numbers
The type ℕ of natural numbers is the archetypal example of an inductive type.
The rules we postulate for the type of natural numbers come in four sets, just as
the rules for Π-types:

(i) The formation rule, which asserts that the type ℕ can be formed.
(ii) The introduction rules, which provide the zero element 0ℕ and the

successor function succℕ.
(iii) The elimination rule. This rule is the type theoretic version of the induction

principle for ℕ.
(iv) The computation rules, which assert that any application of the elimination

rule behaves as expected on the constructors 0ℕ and succℕ of ℕ.
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The formation rule of ℕ
The type ℕ is formed by the ℕ-formation rule

ℕ-form.⊢ ℕ type

In other words, ℕ is postulated to be a type in the empty context.

The introduction rules of ℕ
Unlike the set of positive integers in Bishop’s remarks, Peano’s first axiom
postulates that 0 is a natural number. The introduction rules for ℕ equip it with
the zero element and the successor function.

⊢ 0ℕ : ℕ ⊢ succℕ : ℕ→ ℕ

Remark 3.1.1 Every element in type theory always comes equipped with its
type. Therefore it is possible in type theory that all elements have a unique type.
In general, it is therefore good practice to make sure that every element is given
a unique name, and in formalized mathematics in computer proof assistants this
is even required. For example, the element 0ℕ has type ℕ, and it is not also a
type of ℤ. This is why we annotate the terms 0ℕ and succℕ with their type in
the subscript. The type ℤ of the integers will be introduced in the next section,
which will come equipped with a zero element 0ℤ and a successor function
succℤ.

The induction principle of ℕ
The classical induction principle of the natural numbers tells us what we have to
do in order to show that ∀(𝑛∈ℕ)𝑃(𝑛) holds, for a predicate 𝑃 over ℕ. Recall that
a predicate 𝑃 on a set 𝑋 is just a proposition 𝑃(𝑥) about an arbitrary 𝑥 ∈ 𝑋 . For
example, the assertion that ‘𝑛 is divisible by five’ is a predicate on the natural
numbers.

In dependent type theory we may think of a type family 𝑃 overℕ as a predicate
over ℕ. The type theoretical induction principle of ℕ is therefore formulated
using a type family 𝑃 over ℕ:

Γ, 𝑛 : ℕ ⊢ 𝑃(𝑛) type
Γ ⊢ 𝑝0 : 𝑃(0ℕ)
Γ ⊢ 𝑝𝑆 :

∏
(𝑛:ℕ)𝑃(𝑛) → 𝑃(succℕ (𝑛))

ℕ-ind.
Γ ⊢ indℕ (𝑝0, 𝑝𝑆) :

∏
(𝑛:ℕ)𝑃(𝑛)
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In other words, the type theoretical induction principle of ℕ tells us what we
need to do in order to construct a dependent function

∏
(𝑛:ℕ)𝑃(𝑛). Just as in

the classical induction principle, there are two things to be constructed given
a type family 𝑃 over ℕ: in the base case we need to construct an element
𝑝0 : 𝑃(0ℕ), and for the inductive step we need to construct a function of type
𝑃(𝑛) → 𝑃(succℕ (𝑛)) for all 𝑛 : ℕ.

Remark 3.1.2 We might alternatively present the induction principle of ℕ as
the following inference rule

Γ, 𝑛 : ℕ ⊢ 𝑃(𝑛) type

Γ ⊢ indℕ : 𝑃(0ℕ) →
((∏

(𝑛:ℕ)𝑃(𝑛) → 𝑃(succℕ (𝑛))
)
→∏

(𝑛:ℕ)𝑃(𝑛)
)
.

In other words, for any type family 𝑃 over ℕ there is a function indℕ that takes
two arguments, one for the base case and one for the inductive step, and returns a
section of 𝑃. We claim that this rule is interderivable with the rule ℕ-ind above.

To see that indeed we get such a function from the rule ℕ-ind, we use generic
elements. First, we let Γ′ be the context

Γ, 𝑝0 : 𝑃(0ℕ), 𝑝𝑆 :
∏
(𝑛:ℕ)𝑃(𝑛) → 𝑃(succℕ (𝑛)).

By weakening we obtain that

Γ′, 𝑛 : ℕ ⊢ 𝑃(𝑛) type
Γ′ ⊢ 𝑝0 : 𝑃(0ℕ)
Γ′ ⊢ 𝑝𝑆 :

∏
(𝑛:ℕ)𝑃(𝑛) → 𝑃(succℕ (𝑛)).

Therefore, the induction principle of ℕ provides us with a dependent function

Γ′ ⊢ indℕ (𝑝0, 𝑝𝑆) :
∏
(𝑛:ℕ)𝑃(𝑛).

Now we proceed by _-abstraction twice to obtain a function

indℕ : 𝑃(0ℕ) →
((∏

(𝑛:ℕ)𝑃(𝑛) → 𝑃(succℕ (𝑛))
)
→∏

(𝑛:ℕ)𝑃(𝑛)
)

in the original context Γ. This shows that we can define the function indℕ from
the rule ℕ-ind. Conversely, we can derive the rule ℕ-ind from the rule that
presents indℕ as a function. We conclude that the “official” rule ℕ-ind and the
rule that presents indℕ as a function are indeed interderivable.
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The computation rules of ℕ
The computation rules for ℕ postulate that the dependent function

indℕ (𝑝0, 𝑝𝑆) :
∏
(𝑛:ℕ)𝑃(𝑛)

behaves as expected when it is applied to 0ℕ or a successor. There is one
computation rule for each step in the induction principle, covering the base case
and the inductive step.

The computation rule for the base case is

Γ, 𝑛 : ℕ ⊢ 𝑃(𝑛) type
Γ ⊢ 𝑝0 : 𝑃(0ℕ)
Γ ⊢ 𝑝𝑆 :

∏
(𝑛:ℕ)𝑃(𝑛) → 𝑃(succℕ (𝑛))

Γ ⊢ indℕ (𝑝0, 𝑝𝑆 , 0ℕ) � 𝑝0 : 𝑃(0ℕ).
The computation rule for the inductive step has the same premises as the
computation rule for the base case:

· · ·
Γ, 𝑛 : ℕ ⊢ indℕ (𝑝0, 𝑝𝑆 , succℕ (𝑛)) � 𝑝𝑆 (𝑛, indℕ (𝑝0, 𝑝𝑆 , 𝑛)) : 𝑃(succℕ (𝑛)).

This completes the formal specification of the type ℕ of natural numbers.

3.2 Addition on the natural numbers
The type theoretic induction principle of ℕ can be used to do all the usual
constructions of operations on ℕ, and to derive all the familiar properties
about natural numbers. Many of those properties, however, require a few more
ingredients of Martin-Löf’s dependent type theory. For example, the traditional
inductive proof that the triangular numbers can be calculated by

1 + · · · + 𝑛 = 𝑛(𝑛 + 1)
2

is analogous in type theory, but it requires the identity type to state this equation.
We will introduce the identity type in Section 5. Until we have fully specified
all the ways of forming types in Martin-Löf’s dependent type theory, we are a
bit limited in what we can do with the natural numbers, but at the present stage
we can define some of the familiar operations on ℕ. We give in this section the
type theoretical construction the addition operation by induction on ℕ, along
with the complete derivation tree.

Definition 3.2.1 We define a function

addℕ : ℕ→ (ℕ→ ℕ)
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satisfying the specification

addℕ (𝑚, 0ℕ) � 𝑚
addℕ (𝑚, succℕ (𝑛)) � succℕ (addℕ (𝑚, 𝑛)).

Usually we will write 𝑚 + 𝑛 for addℕ (𝑚, 𝑛).

Construction. We will construct the binary operation addℕ : ℕ→ (ℕ→ ℕ)
by induction on the second variable. In other words, we will construct an element

𝑚 : ℕ ⊢ addℕ (𝑚) : ℕ→ ℕ.

The context Γ we work in is therefore 𝑚 : ℕ. The induction principle of ℕ is
used with the family of types 𝑃(𝑛) B ℕ indexed by 𝑛 : ℕ in context 𝑚 : ℕ.
Therefore we need to construct

𝑚 : ℕ ⊢ add-zeroℕ (𝑚) : ℕ
𝑚 : ℕ ⊢ add-succℕ (𝑚) : ℕ→ (ℕ→ ℕ),

in order to obtain

𝑚 : ℕ ⊢ addℕ (𝑚) B indℕ (add-zeroℕ (𝑚), add-succℕ (𝑚)) : ℕ→ ℕ.

The element add-zeroℕ (𝑚) : ℕ in context 𝑚 : ℕ is of course defined to be
𝑚 : ℕ, i.e., by the generic element, because adding zero should just be the
identity function. To see how the function add-succℕ (𝑚) : ℕ → (ℕ → ℕ)
should be defined, we look at the specification of addℕ (𝑚) when it is applied to
a successor:

addℕ (𝑚, succℕ (𝑛)) � succℕ (addℕ (𝑚, 𝑛)).

This shows us that we should define

add-succℕ (𝑚, 𝑛, 𝑥) � succℕ (𝑥),

because with this definition we will have

addℕ (𝑚, succℕ (𝑛)) � indℕ (add-zeroℕ (𝑚), add-succℕ (𝑚), succℕ (𝑛))
� add-succℕ (𝑚, 𝑛, addℕ (𝑚, 𝑛))
� succℕ (addℕ (𝑚, 𝑛)).

The formal derivation for the construction of add-succℕ is as follows:

⊢ ℕ type
⊢ ℕ type ⊢ succℕ : ℕ→ ℕ

𝑛 : ℕ ⊢ succℕ : ℕ→ ℕ

𝑚 : ℕ, 𝑛 : ℕ ⊢ succℕ : ℕ→ ℕ

𝑚 : ℕ ⊢ _𝑛. succℕ : ℕ→ (ℕ→ ℕ)
𝑚 : ℕ ⊢ add-succℕ (𝑚) B _𝑛. succℕ : ℕ→ (ℕ→ ℕ).
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We combine this derivation with the induction principle of ℕ to complete the
construction of addition:

...

𝑚 : ℕ ⊢ add-zeroℕ (𝑚) B 𝑚 : ℕ

...

𝑚 : ℕ ⊢ add-succℕ (𝑚) : ℕ→ (ℕ→ ℕ)
𝑚 : ℕ ⊢ indℕ (add-zeroℕ (𝑚), add-succℕ (𝑚)) : ℕ→ ℕ

𝑚 : ℕ ⊢ addℕ (𝑚) B indℕ (add-zeroℕ (𝑚), add-succℕ (𝑚)) : ℕ→ ℕ.
The asserted judgmental equalities then hold by the computation rules for ℕ. □

Remark 3.2.2 By the computation rules for ℕ it follows that

𝑚 + 0ℕ � 𝑚, and 𝑚 + succℕ (𝑛) � succℕ (𝑚 + 𝑛).

A simple consequence of this definition is that succℕ (𝑛) � 𝑛 + 1, as one would
expect. However, the rules that we provided so far are not sufficient to also
conclude that 0ℕ + 𝑛 � 𝑛 and succℕ (𝑚) + 𝑛 � succℕ (𝑚 + 𝑛). In fact, dependent
type theory with its inductive types does not provide any means to prove such
judgmental equalities.

Nevertheless, once we have introduced the identity type in Section 5 we will
be able to identify 0ℕ + 𝑛 with 𝑛, and succℕ (𝑚) + 𝑛 with succℕ (𝑚 + 𝑛). See
Propositions 5.6.1 and 5.6.2.

3.3 Pattern matching
Note that in definition Definition 3.2.1 we stated that addℕ is a function of type
ℕ→ (ℕ→ ℕ) satisfying the specification

addℕ (𝑚, 0ℕ) � 𝑚
addℕ (𝑚, succℕ (𝑛)) � succℕ (addℕ (𝑚, 𝑛)).

Such a specification is enough to characterize the function addℕ (𝑚) entirely,
because it postulates the behaviour of addℕ (𝑚) at the constructors of ℕ. It
is therefore convenient to present the definition of addℕ recursively in the
following way:

addℕ (𝑚, 0ℕ) B 𝑚

addℕ (𝑚, succℕ (𝑛)) B succℕ (addℕ (𝑚, 𝑛)).

More generally, if we want to define a dependent function 𝑓 :
∏
(𝑛:ℕ)𝑃(𝑛)

by induction on 𝑛, using

𝑝0 : 𝑃(0ℕ)
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𝑝𝑆 :
∏
(𝑛:ℕ)𝑃(𝑛) → 𝑃(succℕ (𝑛)),

we can present that definition by writing

𝑓 (0ℕ) B 𝑝0

𝑓 (succℕ (𝑛)) B 𝑝𝑆 (𝑛, 𝑓 (𝑛)).

When the definition of 𝑓 is presented in this way, we say that 𝑓 is defined by
pattern matching on the variable 𝑛. To see that 𝑓 is fully specified when it is
defined by pattern matching, we have to recover the dependent function

𝑝𝑆 :
∏
(𝑛:ℕ)𝑃(𝑛) → 𝑃(succℕ (𝑛))

from the expression 𝑝𝑆 (𝑛, 𝑓 (𝑛)) that was used in the definition of 𝑓 . This can of
course be done by replacing all occurrences of the term 𝑓 (𝑛) in the expression
𝑝𝑆 (𝑛, 𝑓 (𝑛)) with a fresh variable 𝑥 : 𝑃(𝑛). In other words, when a subexpression
of 𝑝𝑆 (𝑛, 𝑓 (𝑛)) matches 𝑓 (𝑛), we replace that subexpression by 𝑥. This is where
the name pattern matching comes from. Many computer proof assistants have the
pattern matching mechanism built in, because it is a concise way of presenting
a recursive definition. Another advantage of presenting definitions by pattern
matching is that the judgmental equalities by which the object is defined are
immediately displayed. Those judgmental equalities are all that is known about
the defined object, and often proving things about it amounts to finding a way to
apply those judgmental equalities.

Pattern matching can also be used in more complicated situations, such as
defining a function by pattern matching on multiple variables, or by iterated
pattern matching. For example, an alternative definition of addition on ℕ could
be given by pattern matching on both variables:

add′ℕ (0ℕ, 0ℕ) B 0ℕ
add′ℕ (0ℕ, succℕ (𝑛)) B succℕ (𝑛)
add′ℕ (succℕ (𝑚), 0ℕ) B succℕ (𝑚)

add′ℕ (succℕ (𝑚), succℕ (𝑛)) B succℕ (succℕ (add′ℕ (𝑚, 𝑛)).

An example of a definition by iterated pattern matching is the Fibonacci
function 𝐹 : ℕ→ ℕ. This function is defined by

𝐹 (0ℕ) B 0ℕ
𝐹 (1ℕ) B 1ℕ

𝐹 (succℕ (succℕ (𝑛))) B 𝐹 (succℕ (𝑛)) + 𝐹 (𝑛).

However, since 𝐹 (succℕ (succℕ (𝑛))) is defined using both 𝐹 (succℕ (𝑛)) and
𝐹 (𝑛), it is not immediately clear how to present 𝐹 by the usual induction
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principle of ℕ. It is a nice puzzle, which we leave as Exercise 3.5, to find a
definition of the Fibonacci sequence with the usual induction principle of ℕ.

Exercises
3.1 (a) Define the multiplication operation

mulℕ : ℕ→ (ℕ→ ℕ).

(b) Define the exponentiation function 𝑛, 𝑚 ↦→ 𝑚𝑛 of type ℕ →
(ℕ→ ℕ).

3.2 Define the binary min and max functions

minℕ,maxℕ : ℕ→ (ℕ→ ℕ).

3.3 (a) Define the triangular numbers

1 + · · · + 𝑛.

(b) Define the factorial operation 𝑛 ↦→ 𝑛!.
3.4 Define the binomial coefficient

(𝑛
𝑘

)
for any 𝑛, 𝑘 : ℕ, making sure that(𝑛

𝑘

)
� 0 when 𝑛 < 𝑘 .

3.5 Use the induction principle of ℕ to define the Fibonacci sequence as a
function 𝐹 : ℕ→ ℕ that satisfies the equations

𝐹 (0ℕ) � 0ℕ
𝐹 (1ℕ) � 1ℕ

𝐹 (succℕ (succℕ (𝑛))) � 𝐹 (succℕ (𝑛)) + 𝐹 (𝑛).

3.6 Define division by two rounded down as a function ℕ→ ℕ in two ways:
first by pattern matching, and then directly by the induction principle of
ℕ.

4 More inductive types

In the previous section we introduced the type of natural numbers. Many other
types can also be introduced as inductive types. In this section we will see
by example how that works. We will introduce the unit type, the empty type,
coproducts, dependent pair types, and cartesian products as inductive types, and
in the next section the identity type will be introduces as an inductive family of
types.

From this section on, we will also start using a more informal style. The
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inductive types will be specified by a description of their constructors and
induction principles in terms of operations on dependent function types, which
is more tightly connected with how we will use them, but we will not display
the formal rules. It is a good exercise for the reader to formally specify at least
some of the inductive types of this section by stating their formal rules.

4.1 The idea of general inductive types
Just like the type of natural numbers, other inductive types are also specified by
their constructors, an induction principle, and their computation rules:

(i) The constructors tell what structure the inductive type comes equipped
with. There may be any finite number of constructors, even no constructors
at all, in the specification of an inductive type.

(ii) The induction principle specifies the data that should be provided in order
to construct a section of an arbitrary type family over the inductive type.
The idea of the induction principle is always the same: in order to define
a dependent function 𝑓 :

∏
(𝑥:𝐴)𝐵(𝑥), one has to specify the behaviour

of 𝑓 at the constructors of 𝐴.
(iii) The computation rules assert that the inductively defined section agrees

on the constructors with the data that was used to define the section. Thus,
there is a computation rule for every constructor.

Since any inductively defined function is entirely determined by its behavior
on the constructors, we can again present such inductive definitions by pattern
matching. Therefore, we will also specify for each inductive type how to give
definitions by pattern matching.

4.2 The unit type
A straightforward example of an inductive type is the unit type, which has just
one constructor. Its induction principle is analogous to just the base case of
induction on the natural numbers.

Definition 4.2.1 We define the unit type to be a type 1 equipped with a term

★ : 1,

satisfying the induction principle that for any family of types 𝑃(𝑥) indexed by
𝑥 : 1, there is a function

ind1 : 𝑃(★) →∏
(𝑥:1)𝑃(𝑥)
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for which the computation rule

ind1 (𝑝,★) � 𝑝

holds. Alternatively, a definition of a dependent function 𝑓 :
∏
(𝑥:1)𝑃(𝑥) by

induction using 𝑝 : 𝑃(★) can be presented by pattern matching as

𝑓 (★) B 𝑝.

A special case of the induction principle arises when 𝑃 does not actually
depend on 1. If we are given a type 𝐴, then we can first weaken it to obtain the
constant family over 1, with value 𝐴. Then the induction principle of the unit
type provides a function

ind1 : 𝐴→ (1→ 𝐴).

In other words, by the induction principle for the unit type we obtain for every
𝑥 : 𝐴 a function pt𝑥 B ind1 (𝑥) : 1→ 𝐴.

4.3 The empty type
The empty type is a degenerate example of an inductive type. It does not come
equipped with any constructors, and therefore there are also no computation
rules. The induction principle merely asserts that any type family has a section.
In other words: if we assume the empty type has a term, then we can prove
anything.

Definition 4.3.1 We define the empty type to be a type ∅ satisfying the
induction principle that for any family of types 𝑃(𝑥) indexed by 𝑥 : ∅, there is a
term

ind∅ :
∏
(𝑥:∅)𝑃(𝑥).

It is again a special case of the induction principle that we have a function

ex-falso B ind∅ : ∅ → 𝐴

for any type 𝐴. Indeed, to obtain this function one first weakens 𝐴 to obtain
the constant family over ∅ with value 𝐴, and then the induction principle gives
the desired function. The function ex-falso can be used to draw any conclusion
after deriving a contradiction, because ex falso quodlibet.

We can also use the empty type to define the negation operation on types.

Definition 4.3.2 For any type 𝐴 we define negation of 𝐴 by

¬𝐴 B 𝐴→ ∅.
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We also say that a type 𝐴 is empty if it comes equipped with an element of type
¬𝐴. Therefore, we also define

is-empty(𝐴) B 𝐴→ ∅.

Remark 4.3.3 Since ¬𝐴 is the type of functions from 𝐴 to ∅, a proof of ¬𝐴 is
given by assuming that 𝐴 holds, and then constructing an element of the empty
type. In other words, we prove ¬𝐴 by assuming 𝐴 and deriving a contradiction.
This proof technique is called proof of negation.

Proofs of negation shound not be confused with proofs by contradiction. Even
though a proof of negation involves deriving a contradiction, in logic a proof
by contradiction of a proposition 𝑃 is an argument where we conclude that
𝑃 holds after showing that ¬𝑃 implies a contradiction. In other words, a proof
by contradiction uses the logical step ¬¬𝑃 ⇒ 𝑃, which is also called double
negation elimination.

In type theory, however, note that the type ¬¬𝐴 is the type of functions

(𝐴→ ∅) → ∅.

This type is quite different from the type 𝐴 itself, and with the given rules of
type theory it is not possible to construct a function ¬¬𝐴→ 𝐴 unless more is
known about the type 𝐴. In other words, before one can prove by contradiction
that there is an element in 𝐴, one has to construct a function ¬¬𝐴→ 𝐴, and it
depends on the specific type 𝐴 whether this is possible at all. In Exercise 4.3 (d)
we will see a situation where we can indeed construct a function ¬¬𝐴→ 𝐴. In
practice, however, we will rarely use double negation elimination.

In the following proposition we illustrate how to work with the type theoretic
definition of negation.

Proposition 4.3.4 For any two types 𝑃 and 𝑄, there is a function

(𝑃→ 𝑄) → (¬𝑄 → ¬𝑃).

Proof The desired function is defined by _-abstraction, so we begin by
assuming that we have a function 𝑓 : 𝑃 → 𝑄. Then we have to construct a
function ¬𝑄 → ¬𝑃, which is again constructed by _-abstraction. We assume
that we have 𝑞 : ¬𝑄. By our definition of ¬𝑄 we see that 𝑞 is a function 𝑄 → ∅.
Now we have to construct a term of type ¬𝑃, which is the type of functions
𝑃→ ∅. We apply _-abstraction once more, so we assume 𝑝 : 𝑃. Now we have

𝑓 : 𝑃→ 𝑄

𝑞 : 𝑄 → ∅
𝑝 : 𝑃,
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and our goal is to construct a term of the empty type.
Since we have 𝑓 : 𝑃→ 𝑄 and 𝑝 : 𝑃, we obtain 𝑓 (𝑝) : 𝑄. Moreover, we have

𝑞 : 𝑄 → ∅, so we obtain 𝑞( 𝑓 (𝑝)) : ∅. This completes the proof. The function
we have constructed is

_ 𝑓 . _𝑞. _𝑝. 𝑞( 𝑓 (𝑝)) : (𝑃→ 𝑄) → (¬𝑄 → ¬𝑃). □

We leave it to the reader to construct the corresponding natural deduction
tree, that formally constructs a function

(𝑃→ 𝑄) → (¬𝑄 → ¬𝑃).

4.4 Coproducts
Definition 4.4.1 Let 𝐴 and 𝐵 be types. We define the coproduct 𝐴 + 𝐵 to be
a type that comes equipped with

inl : 𝐴→ 𝐴 + 𝐵
inr : 𝐵→ 𝐴 + 𝐵,

satisfying the induction principle that for any family of types 𝑃(𝑥) indexed by
𝑥 : 𝐴 + 𝐵, there is a term

ind+ :
(∏

(𝑥:𝐴)𝑃(inl(𝑥))
)
→

((∏
(𝑦:𝐵)𝑃(inr(𝑦))

)
→∏

(𝑧:𝐴+𝐵)𝑃(𝑧)
)

for which the computation rules

ind+ ( 𝑓 , 𝑔, inl(𝑥)) � 𝑓 (𝑥)
ind+ ( 𝑓 , 𝑔, inr(𝑦)) � 𝑔(𝑦)

hold. Alternatively, a definition of a dependent function ℎ :
∏
(𝑥:𝐴+𝐵)𝑃(𝑥) by

induction using 𝑓 :
∏
(𝑥:𝐴)𝑃(inl(𝑥)) and 𝑔 :

∏
(𝑦:𝐵)𝑃(inr(𝑦)) can be presented

by pattern matching as

ℎ(inl(𝑥)) B 𝑓 (𝑥)
ℎ(inr(𝑦)) B 𝑔(𝑦).

Sometimes we write [ 𝑓 , 𝑔] for the function ind+ ( 𝑓 , 𝑔). The coproduct of two
types is sometimes also called the disjoint sum.

By the induction principle of coproducts we obtain a function

ind+ : (𝐴→ 𝑋) →
(
(𝐵→ 𝑋) → (𝐴 + 𝐵→ 𝑋)

)
for any type 𝑋 . Note that this special case of the induction principle of coproducts
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is very similar to the elimination rule of disjunction in first order logic: if 𝑃, 𝑃′,
and 𝑄 are propositions, then we have

(𝑃→ 𝑄) →
(
(𝑃′ → 𝑄) → (𝑃 ∨ 𝑃′ → 𝑄)

)
.

Indeed, we can think of propositions as types and of terms as their constructive
proofs. Under this interpretation of type theory the coproduct is indeed the
disjunction.

Remark 4.4.2 A simple application of the induction principle for coproducts
gives us a map

𝑓 + 𝑔 : 𝐴 + 𝐵→ 𝐴′ + 𝐵′

for every 𝑓 : 𝐴→ 𝐴′ and 𝑔 : 𝐵→ 𝐵′. Indeed, the map 𝑓 + 𝑔 is defined by

( 𝑓 + 𝑔) (inl(𝑥)) B inl( 𝑓 (𝑥))
( 𝑓 + 𝑔) (inr(𝑦)) B inr(𝑔(𝑦)).

Proposition 4.4.3 Consider two types 𝐴 and 𝐵, and suppose that 𝐵 is empty.
Then there is a function

(𝐴 + 𝐵) → 𝐴.

Remark 4.4.4 In other words, there is a function

is-empty(𝐵) → ((𝐴 + 𝐵) → 𝐴),

for any two types 𝐴 and 𝐵. Similarly, there is a function

is-empty(𝐴) → ((𝐴 + 𝐵) → 𝐵),

for any two types 𝐴 and 𝐵.

Proof We will construct the function (𝐴+𝐵) → 𝐴with the induction principle
of the coproduct 𝐴 + 𝐵. Therefore, we must construct two functions:

𝑓 : 𝐴→ 𝐴

𝑔 : 𝐵→ 𝐴.

The function 𝑓 is simply defined to be the identity function id : 𝐴→ 𝐴. Recall
that we have assumed that 𝐵 is empty, so we have a function �̃� : 𝐵 → ∅.
Furthermore, we always have the function ex-falso : ∅ → 𝐴. Therefore, we can
define 𝑔 B ex-falso ◦ �̃� to complete the proof. □
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4.5 The type of integers
The set of integers is usually defined as a quotient of the set ℕ × ℕ, by the
equivalence relation

((𝑛, 𝑚) ∼ (𝑛′, 𝑚′)) := (𝑛 + 𝑚′ = 𝑛′ + 𝑚).

We haven’t introduced the identity type yet, in order to consider the type of
identifications 𝑛 +𝑚′ = 𝑛′ +𝑚, but more importantly there are no quotient types
in Martin-Löf’s dependent type theory. We will only discuss quotient types
in Section 18 after we have assumed the univalence axiom and propositional
truncations, because we will use the univalence axiom and propositional
truncations to define them and derive their basic properties. Nevertheless, the
type of integers is also definable in dependent type theory without set quotients,
but we have to settle for a more pedestrian version of the integers that is defined
using coproducts.

Definition 4.5.1 We define the integers to be the type ℤ B ℕ + (1 + ℕ). The
type of integers comes equipped with inclusion functions of the positive and
negative integers

in-pos B inr ◦ inr : ℕ→ ℤ

in-neg B inl : ℕ→ ℤ

and with the constants

−1ℤ B in-neg(0)
0ℤ B inr(inl(★))
1ℤ B in-pos(0).

The definition of the integers as the coproduct ℕ + (1 +ℕ) can be pictured as
follows:

1 ℕ

ℕ 1 + ℕ

ℤ

←→ ←→

←

→ ←→

Remark 4.5.2 The type of integers is built entirely out of inductive types.
Therefore it is possible to derive an induction principle especially tailored
for the type ℤ, which can be used to define the basic operations on ℤ, such
as the successor map, addition and multiplication. This induction principle
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asserts that for any type family 𝑃 over ℤ, we can define a dependent function
𝑓 :

∏
(𝑘:ℤ)𝑃(𝑘) recursively by

𝑓 (−1ℤ) B 𝑝−1

𝑓 (in-neg(succℕ (𝑛))) B 𝑝−𝑆 (𝑛, 𝑓 (in-neg(𝑛)))
𝑓 (0ℤ) B 𝑝0

𝑓 (1ℤ) B 𝑝1

𝑓 (in-pos(succℕ (𝑛))) B 𝑝𝑆 (𝑛, 𝑓 (in-pos(𝑛))),

where the types of 𝑝−1, 𝑝−𝑆 , 𝑝0, 𝑝1, and 𝑝𝑆 are

𝑝−1 : 𝑃(−1ℤ)
𝑝−𝑆 :

∏
(𝑛:ℕ)𝑃(in-neg(𝑛)) → 𝑃(in-neg(succℕ (𝑛)))

𝑝0 : 𝑃(0ℤ)
𝑝1 : 𝑃(1ℤ)
𝑝𝑆 :

∏
(𝑛:ℕ)𝑃(in-pos(𝑛)) → 𝑃(in-pos(succℕ (𝑛))).

Definition 4.5.3 We define the successor function on the integers succℤ :
ℤ→ ℤ using the induction principle of Remark 4.5.2, taking

succℤ (−1ℤ) B 0ℤ
succℤ (in-neg(succℕ (𝑛))) B in-neg(𝑛)

succℤ (0ℤ) B 1ℤ
succℤ (1ℤ) B in-pos(1ℕ)

succℤ (in-pos(succℕ (𝑛))) B in-pos(succℕ (succℕ (𝑛))).

4.6 Dependent pair types
Given a type family 𝐵 over 𝐴, we may consider pairs (𝑎, 𝑏) of terms, where
𝑎 : 𝐴 and 𝑏 : 𝐵(𝑎). Note that the type of 𝑏 depends on the first term in the pair.
Therefore we call such a pair a dependent pair. The type of such dependent
pairs is the inductive type that is generated by the dependent pairs.

Definition 4.6.1 Consider a type family 𝐵 over 𝐴. The dependent pair type
(or Σ-type) is defined to be the inductive type

∑
(𝑥:𝐴) 𝐵(𝑥) equipped with a

pairing function

pair :
∏
(𝑥:𝐴)

(
𝐵(𝑥) → ∑

(𝑦:𝐴)𝐵(𝑦)
)
.
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The induction principle for
∑
(𝑥:𝐴) 𝐵(𝑥) asserts that for any family of types

𝑃(𝑝) indexed by 𝑝 :
∑
(𝑥:𝐴) 𝐵(𝑥), there is a function

indΣ :
(∏

(𝑥:𝐴)
∏
(𝑦:𝐵(𝑥 ) )𝑃(pair(𝑥, 𝑦))

)
→

(∏
(𝑧:∑(𝑥:𝐴) 𝐵(𝑥 ) )𝑃(𝑧)

)
.

satisfying the computation rule

indΣ (𝑔, pair(𝑥, 𝑦)) � 𝑔(𝑥, 𝑦).

Alternatively, a definition of a dependent function 𝑓 :
∏
(𝑧:∑(𝑥:𝐴) 𝐵(𝑥 ) )𝑃(𝑧) by

induction using a function 𝑔 :
∏
(𝑥:𝐴)

∏
(𝑦:𝐵(𝑥 ) )𝑃((𝑥, 𝑦)) can be presented by

pattern matching as

𝑓 (pair(𝑥, 𝑦)) B 𝑔(𝑥, 𝑦).

We will usually write (𝑥, 𝑦) for pair(𝑥, 𝑦).

The induction principle of Σ-types can be used to define the projection
functions.

Definition 4.6.2 Consider a type 𝐴 and a type family 𝐵 over 𝐴.

(i) The first projection map

pr1 :
(∑
(𝑥:𝐴)𝐵(𝑥)

)
→ 𝐴

is defined by induction as

pr1 (𝑥, 𝑦) B 𝑥.

(ii) The second projection map is a dependent function

pr2 :
∏
(𝑝:

∑
(𝑥:𝐴) 𝐵(𝑥 ) )𝐵(pr1 (𝑝)),

defined by induction as

pr2 (𝑥, 𝑦) B 𝑦.

Remark 4.6.3 If we want to construct a function

𝑓 :
∏
(𝑧:∑(𝑥:𝐴) 𝐵(𝑥 ) )𝑃(𝑧)

by Σ-induction, then we get to assume a pair (𝑥, 𝑦) consisting of 𝑥 : 𝐴 and
𝑦 : 𝐵(𝑥) and our goal will be to construct an element of type 𝑃(𝑥, 𝑦). The
induction principle of Σ-types is therefore converse to the currying operation,
a familiar concept from the theory of programming languages, which is given
by the function

ev-pair :
(∏

(𝑧:∑(𝑥:𝐴) 𝐵(𝑥 ) )𝑃(𝑧)
)
→

(∏
(𝑥:𝐴)

∏
(𝑦:𝐵(𝑥 ) )𝑃(𝑥, 𝑦)

)
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given by 𝑓 ↦→ _𝑥. _𝑦. 𝑓 (𝑥, 𝑦). The induction principle indΣ is therefore also
known as the uncurrying operation.

A common special case of the Σ-type occurs when the 𝐵 is a constant family
over 𝐴, i.e., when 𝐵 is just a type weakened by 𝐴. In this case, the type

∑
(𝑥:𝐴) 𝐵

is the type of ordinary pairs (𝑥, 𝑦) where 𝑥 : 𝐴 and 𝑦 : 𝐵, where the type of 𝑦
does not depend on 𝑥. The type of ordinary pairs (𝑥, 𝑦) consisting of 𝑥 : 𝐴 and
𝑦 : 𝐵 is of course the product of 𝐴 and 𝐵, so we see that product types arise as
a special case of Σ-types in a similar way to how function types were defined as
a special case of Π-types.

Definition 4.6.4 Consider two types 𝐴 and 𝐵. Then we define the (cartesian)
product 𝐴 × 𝐵 of 𝐴 and 𝐵 by

𝐴 × 𝐵 B ∑
(𝑥:𝐴)𝐵.

Remark 4.6.5 Since 𝐴 × 𝐵 is defined as a Σ-type, it follows that cartesian
products also satisfy the induction principle of Σ-types. In this special case, the
induction principle for 𝐴 × 𝐵 asserts that for any type family 𝑃 over 𝐴 × 𝐵 there
is a function

ind× :
(∏

(𝑥:𝐴)
∏
(𝑦:𝐵)𝑃(𝑥, 𝑦)

)
→

(∏
(𝑧:𝐴×𝐵)𝑃(𝑧)

)
that satisfies the computation rule

ind× (𝑔, (𝑥, 𝑦)) � 𝑔(𝑥, 𝑦).

The projection maps are defined similarly to the projection maps of Σ-types.
When one thinks of types as propositions, then 𝐴 × 𝐵 is interpreted as the
conjunction of 𝐴 and 𝐵.

Exercises
4.1 (a) Define the predecessor function predℤ : ℤ→ ℤ.

(b) Define the group operations

addℤ : ℤ→ (ℤ→ ℤ)
negℤ : ℤ→ ℤ.

(c) Define the multiplication operation mulℤ : ℤ→ (ℤ→ ℤ).
4.2 The type of booleans is defined to be an inductive type bool that comes

equipped with

false : bool and true : bool.
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The induction principle of the booleans asserts that for any family of types
𝑃(𝑥) indexed by 𝑥 : bool, there is a term

ind-bool : 𝑃(false) →
(
𝑃(true) →∏

(𝑥:bool)𝑃(𝑥)
)

for which the computation rules

ind-bool(𝑝0, 𝑝1, false) � 𝑝0

ind-bool(𝑝0, 𝑝1, true) � 𝑝1

hold.

(a) Construct the negation function neg-bool : bool→ bool.
(b) Construct the boolean conjuntion operation – ∧ – : bool →
(bool→ bool).

(c) Construct the boolean disjunction operation – ∨ – : bool →
(bool→ bool).

4.3 Let 𝑃 and 𝑄 be types. We will write 𝑃 ↔ 𝑄 for the type (𝑃→ 𝑄) ×
(𝑄 → 𝑃). Use the fact that ¬𝑃 is defined as the type 𝑃→ ∅ of functions
from 𝑃 to the empty type to give type theoretic proofs of the constructive
tautologies in this exercise.

(a) Show that

(i) ¬(𝑃 × ¬𝑃)
(ii) ¬(𝑃↔ ¬𝑃).

(b) Construct the following maps in the structure of the double negation
monad:

(i) 𝑃→ ¬¬𝑃
(ii) (𝑃→ 𝑄) → (¬¬𝑃→ ¬¬𝑄)
(iii) (𝑃→ ¬¬𝑄) → (¬¬𝑃→ ¬¬𝑄).

(c) Prove that the following double negations of classical laws hold:

(i) ¬¬(¬¬𝑃→ 𝑃)
(ii) ¬¬(((𝑃→ 𝑄) → 𝑃) → 𝑃)
(iii) ¬¬((𝑃→ 𝑄) + (𝑄 → 𝑃))
(iv) ¬¬(𝑃 + ¬𝑃).

(d) Show that

(i) (𝑃 + ¬𝑃) → (¬¬𝑃→ 𝑃)
(ii) ¬¬(𝑄 → 𝑃) ↔ ((𝑃 + ¬𝑃) → (𝑄 → 𝑃)).

(e) Prove the following tautologies, showing that ¬𝑃, 𝑃→ ¬¬𝑄, and
¬¬𝑃 × ¬¬𝑄 are double negation stable:
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(i) ¬¬¬𝑃→ ¬𝑃
(ii) ¬¬(𝑃→ ¬¬𝑄) → (𝑃→ ¬¬𝑄)
(iii) ¬¬((¬¬𝑃) × (¬¬𝑄)) → (¬¬𝑃) × (¬¬𝑄).

(f) Show that

(i) ¬¬(𝑃 ×𝑄) ↔ (¬¬𝑃) × (¬¬𝑄)
(ii) ¬¬(𝑃 +𝑄) ↔ ¬(¬𝑃 × ¬𝑄)
(iii) ¬¬(𝑃→ 𝑄) ↔ (¬¬𝑃→ ¬¬𝑄).

4.4 For any type 𝐴 we can define the type list(𝐴) of lists of elements of 𝐴 as
the inductive type with constructors

nil : list(𝐴)
cons : 𝐴→ (list(𝐴) → list(𝐴)).

(a) Write down the induction principle and the computation rules for
list(𝐴).

(b) Let 𝐴 and 𝐵 be types, suppose that 𝑏 : 𝐵, and consider a binary
operation ` : 𝐴→ (𝐵→ 𝐵). Define a function

fold-list(`) : list(𝐴) → 𝐵

that iterates the operation `, starting with fold-list(`, nil) B 𝑏.
(c) Define the operation

map-list : (𝐴→ 𝐵) → (list(𝐴) → list(𝐵))

for any two types 𝐴 and 𝐵.
(d) Define a function length-list : list(𝐴) → ℕ.
(e) Define the functions

sum-list : list(ℕ) → ℕ

product-list : list(ℕ) → ℕ,

where sum-list adds all the elements in a list of natural numbers,
and product-list takes their product.

(f) Define a function

concat-list : list(𝐴) → (list(𝐴) → list(𝐴))

that concatenates any two lists of elements in 𝐴.
(g) Define a function

flatten-list : list(list(𝐴)) → list(𝐴)

that concatenates all the lists in a lists of lists in 𝐴.
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(h) Define a function reverse-list : list(𝐴) → list(𝐴) that reverses the
order of the elements in any list.

5 Identity types

From the perspective of types as proof-relevant propositions, how should we
think of equality in type theory? Given a type 𝐴, and two elements 𝑥, 𝑦 : 𝐴, the
equality 𝑥 = 𝑦 should again be a type. Indeed, we want to use type theory to
prove equalities. Dependent type theory provides us with a convenient setting
for this: the equality type 𝑥 = 𝑦 is dependent on 𝑥, 𝑦 : 𝐴.

Then, if 𝑥 = 𝑦 is to be a type, how should we think of the elements of 𝑥 = 𝑦. An
element 𝑝 : 𝑥 = 𝑦 witnesses that 𝑥 and 𝑦 are equal elements of type 𝐴. In other
words 𝑝 : 𝑥 = 𝑦 is an identification of 𝑥 and 𝑦. In a proof-relevant world, there
might be many elements of type 𝑥 = 𝑦. I.e., there might be many identifications
of 𝑥 and 𝑦. And, since 𝑥 = 𝑦 is itself a type, we can form the type 𝑝 = 𝑞 for
any two identifications 𝑝, 𝑞 : 𝑥 = 𝑦. That is, since 𝑥 = 𝑦 is a type, we may also
use the type theory to prove things about identifications (for instance, that two
given such identifications can themselves be identified), and we may use the
type theory to perform constructions with them. As we will see shortly, we can
give every type a groupoidal structure.

Clearly, the equality type should not just be any type dependent on 𝑥, 𝑦 : 𝐴.
Then how do we form the equality type, and what ways are there to use
identifications in constructions in type theory? The answer to both these
questions is that we will form the identity type as an inductive type, generated
by just a reflexivity identification providing an identification of 𝑥 to itself. The
induction principle then provides us with a way of performing constructions
with identifications, such as concatenating them, inverting them, and so on. Thus,
the identity type is equipped with a reflexivity element, and further possesses
the structure that are generated by its induction principle and by the type theory.
This inductive construction of the identity type is elegant, beautifully simple,
but far from trivial!

The situation where two elements can be identified in possibly more than one
way is analogous to the situation in homotopy theory, where two points of a
space can be connected by possibly more than one path. Indeed, for any two
points 𝑥, 𝑦 in a space, there is a space of paths from 𝑥 to 𝑦. Moreover, between
any two paths from 𝑥 to 𝑦 there is a space of homotopies between them, and
so on. This leads to the homotopy interpretation of type theory, outlined in
Table I.1. The connection between homotopy theory and type theory has been
made precise by the construction of homotopical models of type theory, and it
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Table I.1 The homotopy interpretation

Type theory Homotopy theory

Types Spaces
Dependent types Fibrations
Elements Points
Dependent pair type Total space
Identity type Path fibration

has led to the fruitful research area of synthetic homotopy theory, the topic of
Chapter III.

5.1 The inductive definition of identity types
Definition 5.1.1 Consider a type 𝐴 and let 𝑎 : 𝐴. Then we define the identity
type of 𝐴 at 𝑎 as an inductive family of types 𝑎 =𝐴 𝑥 indexed by 𝑥 : 𝐴, of which
the constructor is

refl𝑎 : 𝑎 =𝐴 𝑎.

The induction principle of the identity type postulates that for any family of
types 𝑃(𝑥, 𝑝) indexed by 𝑥 : 𝐴 and 𝑝 : 𝑎 =𝐴 𝑥, there is a function

ind-eq𝑎 : 𝑃(𝑎, refl𝑎) →
∏
(𝑥:𝐴)

∏
(𝑝:𝑎=𝐴𝑥 )𝑃(𝑥, 𝑝)

that satisfies ind-eq𝑎 (𝑝, 𝑎, refl𝑎) � 𝑝.
An element of type 𝑎 =𝐴 𝑥 is also called an identification of 𝑎 with 𝑥, and

sometimes it is called a path from 𝑎 to 𝑥. The induction principle for identity
types is sometimes called identification elimination or path induction. We
also write Id𝐴 for the identity type on 𝐴, and often we write 𝑎 = 𝑥 for the type
of identifications of 𝑎 with 𝑥, omitting reference to the ambient type 𝐴.

Remark 5.1.2 We see that the identity type is not just an inductive type, like
the inductive types ℕ, ∅, and 1 for example, but it is an inductive family of types.
Even though we have a type 𝑎 =𝐴 𝑥 for any 𝑥 : 𝐴, the constructor only provides
an element refl𝑎 : 𝑎 =𝐴 𝑎, identifying 𝑎 with itself. The induction principle then
asserts that in order to prove something about all identifications of 𝑎 with some
𝑥 : 𝐴, it suffices to prove this assertion about refl𝑎 only. We will see in the next
sections that this induction principle is strong enough to derive many familiar
facts about equality, namely that it is a symmetric and transitive relation, and
that all functions preserve equality.
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Remark 5.1.3 Since the identity types require getting used to, we provide the
formal rules for identity types. The identity type is formed by the formation rule:

Γ ⊢ 𝑎 : 𝐴
Γ, 𝑥 : 𝐴 ⊢ 𝑎 =𝐴 𝑥 type

The constructor of the identity type is then given by the introduction rule:

Γ ⊢ 𝑎 : 𝐴
Γ ⊢ refl𝑎 : 𝑎 =𝐴 𝑎

The induction principle is now given by the elimination rule:

Γ ⊢ 𝑎 : 𝐴 Γ, 𝑥 : 𝐴, 𝑝 : 𝑎 =𝐴 𝑥 ⊢ 𝑃(𝑥, 𝑝) type
Γ ⊢ ind-eq𝑎 : 𝑃(𝑎, refl𝑎) →

∏
(𝑥:𝐴)

∏
(𝑝:𝑎=𝐴𝑥 )𝑃(𝑥, 𝑝)

And finally the computation rule is:

Γ ⊢ 𝑎 : 𝐴 Γ, 𝑥 : 𝐴, 𝑝 : 𝑎 =𝐴 𝑥 ⊢ 𝑃(𝑥, 𝑝) type
Γ, 𝑢 : 𝑃(𝑎, refl𝐴) ⊢ ind-eq𝑎 (𝑢, 𝑎, refl𝑎) � 𝑢 : 𝑃(𝑎, refl𝑎)

Remark 5.1.4 One might wonder whether it is also possible to form the
identity type at a variable of type 𝐴, rather than at an element. This is certainly
possible: since we can form the identity type in any context, we can form the
identity type at a variable 𝑥 : 𝐴 as follows:

Γ, 𝑥 : 𝐴 ⊢ 𝑥 : 𝐴
Γ, 𝑥 : 𝐴, 𝑦 : 𝐴 ⊢ 𝑥 =𝐴 𝑦 type

In this way we obtain the ‘binary’ identity type. Its constructor is then also
indexed by 𝑥 : 𝐴. We have the following introduction rule

Γ, 𝑥 : 𝐴 ⊢ 𝑥 : 𝐴
Γ, 𝑥 : 𝐴 ⊢ refl𝑥 : 𝑥 =𝐴 𝑥

and similarly we have elimination and computation rules.

5.2 The groupoidal structure of types
We show that identifications can be concatenated and inverted, which corre-
sponds to the transitivity and symmetry of the identity type.

Definition 5.2.1 Let 𝐴 be a type. We define the concatenation operation

concat :
∏
(𝑥,𝑦,𝑧:𝐴) (𝑥 = 𝑦) → ((𝑦 = 𝑧) → (𝑥 = 𝑧)).

We will write 𝑝 � 𝑞 for concat(𝑝, 𝑞).
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Construction We first construct a function

𝑓 (𝑥) :
∏
(𝑦:𝐴) (𝑥 = 𝑦) →

∏
(𝑧:𝐴) (𝑦 = 𝑧) → (𝑥 = 𝑧)

for any 𝑥 : 𝐴. By the induction principle for identity types, it suffices to construct

𝑓 (𝑥, 𝑥, refl𝑥) :
∏
(𝑧:𝐴) (𝑥 = 𝑧) → (𝑥 = 𝑧).

Here we have the function _𝑧. id(𝑥=𝑧) . The function 𝑓 (𝑥) we obtain via identity
elimination is explicitly thus defined as

𝑓 (𝑥) B ind-eq𝑥 (_𝑧. id) :
∏
(𝑦:𝐴) (𝑥 = 𝑦) →

∏
(𝑧:𝐴) (𝑦 = 𝑧) → (𝑥 = 𝑧).

To finish the construction of concat, we use Exercise 2.4 to swap the order of
the third and fourth variable of 𝑓 , i.e., we define

concat𝑥,𝑦,𝑧 (𝑝, 𝑞) := 𝑓 (𝑥, 𝑦, 𝑝, 𝑧, 𝑞). □

Definition 5.2.2 Let 𝐴 be a type. We define the inverse operation

inv :
∏
(𝑥,𝑦:𝐴) (𝑥 = 𝑦) → (𝑦 = 𝑥).

Most of the time we will write 𝑝−1 for inv(𝑝).

Construction By the induction principle for identity types, it suffices to
construct

inv(refl𝑥) : 𝑥 = 𝑥,

for any 𝑥 : 𝐴. Here we take inv(refl𝑥) B refl𝑥 . □

The next question is whether the concatenation and inverting operations
on identifications behave as expected. More concretely: is concatenation of
identifications associative, does it satisfy the unit laws, and is the inverse of an
identification indeed a two-sided inverse?

For example, in the case of associativity we are asking to compare the
identifications

(𝑝 � 𝑞) � 𝑟 and 𝑝 � (𝑞 � 𝑟)

for any 𝑝 : 𝑥 = 𝑦, 𝑞 : 𝑦 = 𝑧, and 𝑟 : 𝑧 = 𝑤 in a type 𝐴. The computation rules of
the identity type are not strong enough to conclude that (𝑝 � 𝑞) � 𝑟 and 𝑝 � (𝑞 � 𝑟)
are judgmentally equal. However, both (𝑝 � 𝑞) � 𝑟 and 𝑝 � (𝑞 � 𝑟) are elements of
the same type: they are identifications of type 𝑥 = 𝑤. Since the identity type is a
type like any other, we can ask whether there is an identification

(𝑝 � 𝑞) � 𝑟 = 𝑝 � (𝑞 � 𝑟).

This is a very useful idea: while it is often impossible to show that two elements
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of the same type are judgmentally equal, it may be the case that those two
elements can be identified. Indeed, we identify two elements by constructing an
element of the identity type, and we can use all the type theory at our disposal in
order to construct such an element. In this way we can show, for example, that
addition on the natural numbers or on the integers is associative and satisfies the
unit laws. And indeed, here we will show that concatenation of identifications is
associative and satisfies the unit laws.

Definition 5.2.3 Let 𝐴 be a type and consider three consecutive identifications

𝑥 𝑦 𝑧 𝑤

⇐⇐𝑝 ⇐⇐𝑞 ⇐⇐𝑟

in 𝐴. We define the associator

assoc(𝑝, 𝑞, 𝑟) : (𝑝 � 𝑞) � 𝑟 = 𝑝 � (𝑞 � 𝑟).

Construction By the induction principle for identity types it suffices to show
that ∏

(𝑧:𝐴)
∏
(𝑞:𝑥=𝑧)

∏
(𝑤:𝐴)

∏
(𝑟 :𝑧=𝑤) (refl𝑥 � 𝑞) � 𝑟 = refl𝑥 � (𝑞 � 𝑟).

Let 𝑞 : 𝑥 = 𝑧 and 𝑟 : 𝑧 = 𝑤. Note that by the computation rule of identity types
we have a judgmental equality refl𝑥 � 𝑞 � 𝑞. Therefore we conclude that

(refl𝑥 � 𝑞) � 𝑟 � 𝑞 � 𝑟.

Similarly we have a judgmental equality refl𝑥 � (𝑞 � 𝑟) � 𝑞 � 𝑟 . Thus we see that
the left-hand side and the right-hand side in

(refl𝑥 � 𝑞) � 𝑟 = refl𝑥 � (𝑞 � 𝑟)

are judgmentally equal, so we can simply define assoc(refl𝑥 , 𝑞, 𝑟) B refl𝑞 � 𝑟 .
□

Definition 5.2.4 Let 𝐴 be a type. We define the left and right unit law
operations, which assigns to each 𝑝 : 𝑥 = 𝑦 the identifications

left-unit(𝑝) : refl𝑥 � 𝑝 = 𝑝

right-unit(𝑝) : 𝑝 � refl𝑦 = 𝑝,

respectively.

Construction By identification elimination it suffices to construct

left-unit(refl𝑥) : refl𝑥 � refl𝑥 = refl𝑥
right-unit(refl𝑥) : refl𝑥 � refl𝑥 = refl𝑥 .

In both cases we take reflrefl𝑥 . □
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Definition 5.2.5 Let 𝐴 be a type. We define left and right inverse law
operations

left-inv(𝑝) : 𝑝−1 � 𝑝 = refl𝑦
right-inv(𝑝) : 𝑝 � 𝑝−1 = refl𝑥 .

Construction By identification elimination it suffices to construct

left-inv(refl𝑥) : refl−1
𝑥
� refl𝑥 = refl𝑥

right-inv(refl𝑥) : refl𝑥 � refl−1
𝑥 = refl𝑥 .

Using the computation rules we see that

refl−1
𝑥
� refl𝑥 � refl𝑥 � refl𝑥 � refl𝑥 ,

so we define left-inv(refl𝑥) B reflrefl𝑥 . Similarly it follows from the computation
rules that

refl𝑥 � refl−1
𝑥 � refl−1

𝑥 � refl𝑥

so we again define right-inv(refl𝑥) B reflrefl𝑥 . □

Remark 5.2.6 We have seen that the associator, the unit laws, and the inverse
laws, are all proven by constructing an identification of identifications. And
indeed, there is nothing that would stop us from considering identifications of
those identifications of identifications. We can go up as far as we like in the
tower of identity types, which is obtained by iteratively taking identity types.

The iterated identity types give types in homotopy type theory a very intricate
structure. One important way of studying this structure is via the homotopy
groups of types, a subject that we will gradually be working towards.

5.3 The action on identifications of functions
Using the induction principle of the identity type we can show that every function
preserves identifications. In other words, every function sends identified elements
to identified elements. Note that this is a form of continuity for functions in type
theory: if there is an identification that identifies two points 𝑥 and 𝑦 of a type 𝐴,
then there also is an identification that identifies the values 𝑓 (𝑥) and 𝑓 (𝑦) in
the codomain of 𝑓 .

Definition 5.3.1 Let 𝑓 : 𝐴→ 𝐵 be a map. We define the action on paths of
𝑓 as an operation

ap 𝑓 :
∏
(𝑥,𝑦:𝐴) (𝑥 = 𝑦) → ( 𝑓 (𝑥) = 𝑓 (𝑦)).
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Moreover, there are operations

ap-id𝐴 :
∏
(𝑥,𝑦:𝐴)

∏
(𝑝:𝑥=𝑦) 𝑝 = apid𝐴 (𝑝)

ap-comp( 𝑓 , 𝑔) :
∏
(𝑥,𝑦:𝐴)

∏
(𝑝:𝑥=𝑦)ap𝑔 (ap 𝑓 (𝑝)) = ap𝑔◦ 𝑓 (𝑝).

Construction First we define ap 𝑓 by the induction principle of identity types,
taking

ap 𝑓 (refl𝑥) B refl 𝑓 (𝑥 ) .

Next, we construct ap-id𝐴 by the induction principle of identity types, taking

ap-id𝐴(refl𝑥) B reflrefl𝑥 .

Finally, we construct ap-comp( 𝑓 , 𝑔) by the induction principle of identity types,
taking

ap-comp( 𝑓 , 𝑔, refl𝑥) B reflrefl𝑔 ( 𝑓 (𝑥) ) . □

Definition 5.3.2 Let 𝑓 : 𝐴→ 𝐵 be a map. Then there are identifications

ap-refl( 𝑓 , 𝑥) : ap 𝑓 (refl𝑥) = refl 𝑓 (𝑥 )
ap-inv( 𝑓 , 𝑝) : ap 𝑓 (𝑝−1) = ap 𝑓 (𝑝)−1

ap-concat( 𝑓 , 𝑝, 𝑞) : ap 𝑓 (𝑝 � 𝑞) = ap 𝑓 (𝑝) � ap 𝑓 (𝑞)

for every 𝑝 : 𝑥 = 𝑦 and 𝑞 : 𝑥 = 𝑦.

Construction To construct ap-refl( 𝑓 , 𝑥) we simply observe that ap 𝑓 (refl𝑥) �
refl 𝑓 (𝑥 ) , so we take

ap-refl( 𝑓 , 𝑥) B reflrefl 𝑓 (𝑥) .

We construct ap-inv( 𝑓 , 𝑝) by identification elimination on 𝑝, taking

ap-inv( 𝑓 , refl𝑥) B reflap 𝑓 (refl𝑥 ) .

Finally we construct ap-concat( 𝑓 , 𝑝, 𝑞) by identification elimination on 𝑝,
taking

ap-concat( 𝑓 , refl𝑥 , 𝑞) B reflap 𝑓 (𝑞) . □

5.4 Transport
Dependent types also come with an action on identifications: the transport
functions. Given an identification 𝑝 : 𝑥 = 𝑦 in the base type 𝐴, we can transport
any element 𝑏 : 𝐵(𝑥) to the fiber 𝐵(𝑦).
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Definition 5.4.1 Let 𝐴 be a type, and let 𝐵 be a type family over 𝐴. We will
construct a transport operation

tr𝐵 :
∏
(𝑥,𝑦:𝐴) (𝑥 = 𝑦) → (𝐵(𝑥) → 𝐵(𝑦)).

Construction We construct tr𝐵 (𝑝) by induction on 𝑝 : 𝑥 =𝐴 𝑦, taking

tr𝐵 (refl𝑥) B id𝐵(𝑥 ) . □

Thus we see that type theory cannot distinguish between identified elements
𝑥 and 𝑦, because for any type family 𝐵 over 𝐴 one obtains an element of 𝐵(𝑦)
from the elements of 𝐵(𝑥).

As an application of the transport function we construct the dependent action
on paths of a dependent function 𝑓 :

∏
(𝑥:𝐴)𝐵(𝑥). Note that for such a dependent

function 𝑓 , and an identification 𝑝 : 𝑥 =𝐴 𝑦, it does not make sense to directly
compare 𝑓 (𝑥) and 𝑓 (𝑦), since the type of 𝑓 (𝑥) is 𝐵(𝑥) whereas the type of
𝑓 (𝑦) is 𝐵(𝑦), which might not be exactly the same type. However, we can first
transport 𝑓 (𝑥) along 𝑝, so that we obtain the element tr𝐵 (𝑝, 𝑓 (𝑥)) which is of
type 𝐵(𝑦). Now we can ask whether it is the case that tr𝐵 (𝑝, 𝑓 (𝑥)) = 𝑓 (𝑦). The
dependent action on paths of 𝑓 establishes this identification.

Definition 5.4.2 Given a dependent function 𝑓 :
∏
(𝑎:𝐴)𝐵(𝑎) and an identifi-

cation 𝑝 : 𝑥 = 𝑦 in 𝐴, we construct an identification

apd 𝑓 (𝑝) : tr𝐵 (𝑝, 𝑓 (𝑥)) = 𝑓 (𝑦).

Construction The identification apd 𝑓 (𝑝) is constructed by the induction
principle for identity types. Thus, it suffices to construct an identification

apd 𝑓 (refl𝑥) : tr𝐵 (refl𝑥 , 𝑓 (𝑥)) = 𝑓 (𝑥).

Since transporting along refl𝑥 is the identity function on 𝐵(𝑥), we simply take
apd 𝑓 (refl𝑥) B refl 𝑓 (𝑥 ) . □

5.5 The uniqueness of refl
The identity type is an inductive family of types. This has some subtle, but
important implications. For instance, while the type 𝑎 = 𝑥 indexed by 𝑥 : 𝐴 is
inductively generated by refl𝑎, the type 𝑎 = 𝑎 is not inductively generated by
refl𝑎. Hence we cannot use the induction principle of identity types to show
that 𝑝 = refl𝑎 for any 𝑝 : 𝑎 = 𝑎. The obstacle, which prevents us from applying
the induction principle of identity types in this case, is that the endpoint of
𝑝 : 𝑎 = 𝑎 is not free.

Nevertheless, the identity type 𝑎 = 𝑥 is generated by a single element
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refl𝑎 : 𝑎 = 𝑎, so it is natural to wonder in what sense the reflexivity identification
is unique. An identification with an element 𝑎 is specified by first giving the
endpoint 𝑥 with which we seek to identify 𝑎, and then giving the identification
𝑝 : 𝑎 = 𝑥. It is therefore only the pair (𝑎, refl𝑎) which is unique in the type of
all pairs

(𝑥, 𝑝) :
∑
(𝑥:𝐴)𝑎 = 𝑥.

We prove this fact in the following proposition.

Proposition 5.5.1 Consider an element 𝑎 : 𝐴. Then there is an identification

(𝑎, refl𝑎) = 𝑦

in the type
∑
(𝑥:𝐴) 𝑎 = 𝑥, for any 𝑦 :

∑
(𝑥:𝐴) 𝑎 = 𝑥.

Proof By Σ-induction it suffices to show that there is an identification

(𝑎, refl𝑎) = (𝑥, 𝑝)

for any 𝑥 : 𝐴 and 𝑝 : 𝑎 = 𝑥. We proceed by the induction principle of identity
types. Therefore it suffices to show that

(𝑎, refl𝑎) = (𝑎, refl𝑎).

We obtain such an identification by reflexivity. □

Proposition 5.5.1 shows that there is, up to identification, only one element in
Σ-type of the identity type. Such types are called contractible, and they are the
subject of Section 10.

5.6 The laws of addition on ℕ

Now that we have introduced the identity type, we can start proving equations.
We will prove here that there are identifications

0 + 𝑛 = 𝑛 𝑚 + 0 = 𝑚

succℕ (𝑚) + 𝑛 = succℕ (𝑚 + 𝑛) 𝑚 + succℕ (𝑛) = succℕ (𝑚 + 𝑛)
(𝑚 + 𝑛) + 𝑘 = 𝑚 + (𝑛 + 𝑘) 𝑚 + 𝑛 = 𝑛 + 𝑚.

The unit laws, associativity, and commutativity of addition are of course familiar.
The successor laws will be useful to prove commutativity. In Exercise 5.5 you
will be asked to prove the laws of multiplication on ℕ. There will again be
successor laws as part of this exercise, because they are useful intermediate
steps in the more complicated laws.
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Recall that addition on the natural numbers is defined in such a way that

𝑚 + 0 � 𝑚 𝑚 + succℕ (𝑛) � succℕ (𝑚 + 𝑛).

These two judgmental equalities are all we currently know about the function
𝑚, 𝑛 ↦→ 𝑚 + 𝑛 on ℕ. Consequently, we will have to find ways to apply these
two judgmental equalities in our proofs of the laws of addition. Of course, the
judgmental equalities coincide with two of the six laws. For the remaining four
laws, we will have to proceed by induction on ℕ.

Proposition 5.6.1 For any natural number 𝑛, there are identifications

left-unit-law-addℕ (𝑛) : 0 + 𝑛 = 𝑛
right-unit-law-addℕ (𝑛) : 𝑛 + 0 = 𝑛.

Proof We can define

right-unit-law-addℕ (𝑛) B refl𝑛,

because the computation rule for addition gives us that 𝑛 + 0 � 𝑛.
It remains to define the left unit law. We proceed by induction on 𝑛. In the

base case we have to show that 0 + 0 = 0, which holds by reflexivity. For the
inductive step, assume that we have an identification 𝑝 : 0 + 𝑛 = 𝑛. Our goal
is to show that 0 + succℕ (𝑛) = succℕ (𝑛). However, it suffices to construct an
identification

succℕ (0 + 𝑛) = succℕ (𝑛),

because by the computation rule for addition we have that 0 + succℕ (𝑛) �
succℕ (0 + 𝑛). Now we use the action on paths of succℕ : ℕ→ ℕ to obtain

apsuccℕ (𝑝) : succℕ (0 + 𝑛) = succℕ (𝑛).

The left unit law is therefore defined by

left-unit-law-addℕ (𝑛) B indℕ (refl0, _𝑝. apsuccℕ (𝑝)). □

Proposition 5.6.2 For any natural numbers 𝑚 and 𝑛, there are identifications

left-successor-law-addℕ (𝑚, 𝑛) : succℕ (𝑚) + 𝑛 = succℕ (𝑚 + 𝑛)
right-successor-law-addℕ (𝑚, 𝑛) : 𝑚 + succℕ (𝑛) = succℕ (𝑚 + 𝑛).

Proof We can define

right-successor-law-addℕ (𝑚, 𝑛) B reflsuccℕ (𝑚+𝑛)

because we have a judgmental equality 𝑚 + succℕ (𝑛) � succℕ (𝑚 + 𝑛) by the
computation rules for addℕ.
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The left successor law is constructed by induction on 𝑛. In the base case
we have to construct an identification succℕ (𝑚) + 0 = succℕ (𝑚 + 0), which
is obtained by reflexivity. For the inductive step, assume that we have an
identification 𝑝 : succℕ (𝑚) + 𝑛 = succℕ (𝑚 + 𝑛). Our goal is to show that

succℕ (𝑚) + succℕ (𝑛) = succℕ (𝑚 + succℕ (𝑛)).

Note that we have the judgmental equalities

succℕ (𝑚) + succℕ (𝑛) � succℕ (succℕ (𝑚) + 𝑛)
succℕ (𝑚 + succℕ (𝑛)) � succℕ (succℕ (𝑚 + 𝑛))

Therefore it suffices to construct an identification

succℕ (succℕ (𝑚) + 𝑛) = succℕ (succℕ (𝑚 + 𝑛)).

Such an identification is given by apsuccℕ (𝑝). □

Proposition 5.6.3 Addition on the natural numbers is associative, i.e., for any
three natural numbers 𝑚, 𝑛, and 𝑘 , there is an identification

associative-addℕ (𝑚, 𝑛, 𝑘) : (𝑚 + 𝑛) + 𝑘 = 𝑚 + (𝑛 + 𝑘).

Proof We construct associative-addℕ (𝑚, 𝑛, 𝑘) by induction on 𝑘 . In the base
case we have the judgmental equalities

(𝑚 + 𝑛) + 0 � 𝑚 + 𝑛 � 𝑚 + (𝑛 + 0).

Therefore we define associative-addℕ (𝑚, 𝑛, 0) B refl𝑚+𝑛.
For the inductive step, let 𝑝 : (𝑚 + 𝑛) + 𝑘 = 𝑚 + (𝑛 + 𝑘). Our goal is to show

that
(𝑚 + 𝑛) + succℕ (𝑘) = 𝑚 + (𝑛 + succℕ (𝑘)).

Note that we have the judgmental equalities

(𝑚 + 𝑛) + succℕ (𝑘) � succℕ ((𝑚 + 𝑛) + 𝑘)
𝑚 + (𝑛 + succℕ (𝑘)) � 𝑚 + (succℕ (𝑛 + 𝑘))

� succℕ (𝑚 + (𝑛 + 𝑘))

Therefore it suffices to construct an identification

succℕ ((𝑚 + 𝑛) + 𝑘) = succℕ (𝑚 + (𝑛 + 𝑘)),

which we have by apsuccℕ (𝑝). □

Proposition 5.6.4 Addition on the natural numbers is commutative, i.e., for
any two natural numbers 𝑚 and 𝑛 there is an identification

commutative-addℕ (𝑚, 𝑛) : 𝑚 + 𝑛 = 𝑛 + 𝑚.
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Proof We construct commutative-addℕ (𝑚, 𝑛) by induction on 𝑚. In the base
case we have to show that 0 + 𝑛 = 𝑛 + 0, which holds by the unit laws for 𝑛,
proven in Proposition 5.6.1.

For the inductive step, let 𝑝 : 𝑚 + 𝑛 = 𝑛 + 𝑚. Our goal is to construct an
identification succℕ (𝑚) +𝑛 = 𝑛+succℕ (𝑚). Now it is clear why we first proved
the successor laws: we compute

succℕ (𝑚) + 𝑛 = succℕ (𝑚 + 𝑛)
= succℕ (𝑛 + 𝑚)
� 𝑛 + succℕ (𝑚).

The first identification is obtained by Proposition 5.6.2, and the second identifi-
cation is the identification apsuccℕ (𝑝). □

Exercises
5.1 Show that the operation inverting identifications distributes over the

concatenation operation, i.e., construct an identification

distributive-inv-concat(𝑝, 𝑞) : (𝑝 � 𝑞)−1 = 𝑞−1 � 𝑝−1.

for any 𝑝 : 𝑥 = 𝑦 and 𝑞 : 𝑦 = 𝑧.
5.2 For any 𝑝 : 𝑥 = 𝑦, 𝑞 : 𝑦 = 𝑧, and 𝑟 : 𝑥 = 𝑧, construct maps

inv-con(𝑝, 𝑞, 𝑟) : (𝑝 � 𝑞 = 𝑟) → (𝑞 = 𝑝−1 � 𝑟)
con-inv(𝑝, 𝑞, 𝑟) : (𝑝 � 𝑞 = 𝑟) → (𝑝 = 𝑟 � 𝑞−1).

5.3 Let 𝐵 be a type family over 𝐴, and consider an identification 𝑝 : 𝑎 = 𝑥 in
𝐴. Construct for any 𝑏 : 𝐵(𝑎) an identification

lift𝐵 (𝑝, 𝑏) : (𝑎, 𝑏) = (𝑥, tr𝐵 (𝑝, 𝑏)).

In other words, an identification 𝑝 : 𝑥 = 𝑦 in the base type 𝐴 lifts to an
identification in

∑
(𝑥:𝐴) 𝐵(𝑥) for every element in 𝐵(𝑥), analogous to the

path lifting property for fibrations in homotopy theory.
5.4 Consider four consecutive identifications

𝑎 𝑏 𝑐 𝑑 𝑒

⇐⇐𝑝 ⇐⇐𝑞 ⇐⇐𝑟 ⇐⇐𝑠

in a type 𝐴. In this exercise we will show that the Mac Lane pentagon
for identifications commutes.
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(a) Construct the five identifications 𝛼1, . . . , 𝛼5 in the pentagon

((𝑝 � 𝑞) � 𝑟) � 𝑠 (𝑝 � 𝑞) � (𝑟 � 𝑠)

(𝑝 � (𝑞 � 𝑟)) � 𝑠 𝑝 � (𝑞 � (𝑟 � 𝑠)),

𝑝 � ((𝑞 � 𝑟) � 𝑠)

⇐ ⇐𝛼4

⇐⇐𝛼1 ⇐

⇐
𝛼5

⇐

⇐𝛼2

⇐ ⇐
𝛼3

where 𝛼1, 𝛼2, and 𝛼3 run counter-clockwise, and 𝛼4 and 𝛼5 run
clockwise.

(b) Show that

(𝛼1 � 𝛼2) � 𝛼3 = 𝛼4 � 𝛼5.

5.5 In this exercise we show that the operations of addition and multiplication
on the natural numbers satisfy the laws of a commutative semi-ring.

(a) Show that multiplication satisfies the following laws:

𝑚 · 0 = 0 𝑚 · 1 = 𝑚 𝑚 · succℕ (𝑛) = 𝑚 + 𝑚 · 𝑛
0 · 𝑚 = 0 1 · 𝑚 = 𝑚 succℕ (𝑚) · 𝑛 = 𝑚 · 𝑛 + 𝑛.

(b) Show that multiplication on ℕ is commutative:

𝑚 · 𝑛 = 𝑛 · 𝑚.

(c) Show that multiplication on ℕ distributes over addition from the
left and from the right, i.e., show that we have identifications

𝑚 · (𝑛 + 𝑘) = 𝑚 · 𝑛 + 𝑚 · 𝑘
(𝑚 + 𝑛) · 𝑘 = 𝑚 · 𝑘 + 𝑛 · 𝑘.

(d) Show that multiplication on ℕ is associative:

(𝑚 · 𝑛) · 𝑘 = 𝑚 · (𝑛 · 𝑘).

5.6 Show that

succℤ (predℤ (𝑘)) = 𝑘 and predℤ (succℤ (𝑘)) = 𝑘

for any 𝑘 : ℤ, where predℤ is the predecessor function on the integers,
defined in Exercise 4.1 (a).

5.7 In this exercise we will show that the laws for abelian groups hold for
addition on the integers, using the group operations on ℤ defined in
Exercise 4.1 (b).
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(a) Show that addition satisfies the left and right unit laws, i.e., show
that

0 + 𝑥 = 𝑥
𝑥 + 0 = 𝑥.

(b) Show that the following successor and predecessor laws hold for
addition on ℤ.

predℤ (𝑥) + 𝑦 = predℤ (𝑥 + 𝑦) succℤ (𝑥) + 𝑦 = succℤ (𝑥 + 𝑦)
𝑥 + predℤ (𝑦) = predℤ (𝑥 + 𝑦) 𝑥 + succℤ (𝑦) = succℤ (𝑥 + 𝑦).

(c) Use part (b) to show that addition on the integers is associative and
commutative, show that

(𝑥 + 𝑦) + 𝑧 = 𝑥 + (𝑦 + 𝑧)
𝑥 + 𝑦 = 𝑦 + 𝑥.

(d) Show that addition satisfies the left and right inverse laws:

(−𝑥) + 𝑥 = 0
𝑥 + (−𝑥) = 0.

5.8 In this exercise we will show that ℤ satisfies the axioms of a ring, using
the multiplication operation defined in Exercise 4.1 (c).

(a) Show that multiplication on ℤ satisfies the following laws for 0 and
1:

0 · 𝑥 = 0 1 · 𝑥 = 𝑥
𝑥 · 0 = 0 𝑥 · 1 = 𝑥.

(b) Show that multiplication onℤ satisfies the predecessor and successor
laws:

predℤ (𝑥) · 𝑦 = 𝑥 · 𝑦 − 𝑦 succℤ (𝑥) · 𝑦 = 𝑥 · 𝑦 + 𝑦
𝑥 · predℤ (𝑦) = 𝑥 · 𝑦 − 𝑥 𝑦 · succℤ (𝑦) = 𝑥 · 𝑦 + 𝑥.

(c) Show that multiplication on ℤ distributes over addition, both from
the left and from the right:

𝑥 · (𝑦 + 𝑧) = 𝑥 · 𝑦 + 𝑥 · 𝑧
(𝑥 + 𝑦) · 𝑧 = 𝑥 · 𝑧 + 𝑦 · 𝑧.

mailto:egbert.rijke@fmf.uni-lj.si
https://hott.zulipchat.com


This material will be published by Cambridge University Press as Introduction to Homotopy Type Theory by Egbert Rĳke. This pre-publication
version is free to view and download for personal use only. Not for re-distribution, re-sale or use in derivative works. © Egbert Rĳke 2020

The best way to support this book while it is still being prepared for publication, is to let the author know if you find inaccuracies of any kind at
Q egbert.rĳke@fmf.uni-lj.si, or at the homotopy type theory chat at  https://hott.zulipchat.com.

There are 306 exercises.

Ljubljana, April 8, 2022

52 Martin-Löf’s Dependent Type Theory

(d) Show that multiplication on 𝑍 is associative and commutative:

(𝑥 · 𝑦) · 𝑧 = 𝑥 · (𝑦 · 𝑧)
𝑥 · 𝑦 = 𝑦 · 𝑥.

6 Universes

To complete our specification of dependent type theory, we introduce type
theoretic universes. Universes can be thought of as types that consist of types.
In reality, however, a universe consists of a typeU equipped with a type family
T overU. For any 𝑋 : U we think of 𝑋 as an encoding of the type T (𝑋). The
type family T is called a universal type family.

One of the aspects that make universes useful is that they are postulated to be
closed under all the type constructors. For example, if we are given 𝑋 : U and
𝑃 : T (𝑋) → U, then the universe is equipped with an element Σ̌(𝑋, 𝑃) : U
satisfying the judgmental equality

T (Σ̌(𝑋, 𝑃)) � ∑
(𝑥:T(𝑋) )T (𝑃(𝑥)).

This judgmental equality asserts that the element Σ̌(𝑋, 𝑃) of the universe U
represents the Σ-type

∑
(𝑥:T(𝑋) ) T (𝑃(𝑥)).

We will similarly assume that any universe is closed under Π-types and the
other ways of forming types. However, there is an important restriction: it would
be inconsistent to assume that the universe is contained in itself. One way of
thinking about this is that universes are types of small types, and it cannot be
the case that the universe is small with respect to itself. We address this problem
by assuming that there are many universes: enough universes so that any type
family can be obtained by substituting into the universal type family of some
universe.

There are several reasons to equip type theory with universes. One important
reason is that it enables us to define new type families over inductive types,
using their induction principle. We use this way of defining type families to
define many familiar relations over ℕ, such as the ordering relations ≤ and <.
We also introduce a relation Eqℕ called the observational equality on ℕ. This
equivalence relation can be used to show that 0ℕ ≠ 1ℕ.

The idea of introducing an observational equality relation for a particular type
is that it should help us thinking about the identity type. The identity type has
been introduced in a very generic and uniform way. In specific cases, however,
we have a clear idea of what the equality relation should be. In the case of the
natural numbers, for instance, we will use the observational equality Eqℕ to
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characterize the identity type of ℕ. Characterizing identity types is one of the
main themes in homotopy type theory.

A second reason to introduce universes is that it allows us to define many
types of types equipped with structure. One of the most important examples is
the type of groups, which is the type of types equipped with the group operations
satisfying the group laws, and for which the underlying type is a set. We won’t
discuss the condition for a type to be a set until Section 12, so the definition of
groups in type theory will be given much later.

6.1 Specification of type theoretic universes
Definition 6.1.1 A universe in type theory is a typeU in the empty context,
equipped with a type family T overU called a universal family, that is closed
under the type forming operations in the sense that it comes equipped with the
following structure:

(i) U is closed under Π, in the sense that it comes equipped with a function

Π̌ :
∏
(𝑋:U) (T (𝑋) → U) → U

for which the judgmental equality

T
(
Π̌(𝑋, 𝑃)

)
�
∏
(𝑥:T(𝑋) )T (𝑃(𝑥)).

holds, for every 𝑋 : U and 𝑃 : T (𝑋) → U.
(ii) U is closed under Σ in the sense that it comes equipped with a function

Σ̌ :
∏
(𝑋:U) (T (𝑋) → U) → U

for which the judgmental equality

T
(
Σ̌(𝑋, 𝑃)

)
�
∑
(𝑥:T(𝑋) )T (𝑃(𝑥))

holds, for every 𝑋 : U and 𝑃 : T (𝑋) → U.
(iii) U is closed under identity types, in the sense that it comes equipped with

a function

Ǐ :
∏
(𝑋:U)T (𝑋) → (T (𝑋) → U)

for which the judgmental equality

T
(
Ǐ(𝑋, 𝑥, 𝑦)

)
� (𝑥 = 𝑦)

holds, for every 𝑋 : U and 𝑥, 𝑦 : T (𝑋).
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(iv) U is closed under coproducts, in the sense that it comes equipped with a
function

+̌ : U → (U → U)

that satisfies T
(
𝑋 +̌ 𝑌

)
� T (𝑋) + T (𝑌 ).

(v) U contains elements ∅̌, 1̌, ℕ̌ : U that satisfy the judgmental equalities

T (∅̌) � ∅
T (1̌) � 1
T (ℕ̌) � ℕ.

Consider a universeU and a type 𝐴. We say that 𝐴 is a type inU, or thatU
contains 𝐴, if U comes equipped with an element �̌� : U in context Γ, for
which the judgment

Γ ⊢ T
(
�̌�
)
� 𝐴 type

holds. If 𝐴 is a type inU, we usually write simply 𝐴 for �̌� and also 𝐴 for T ( �̌�).

Remark 6.1.2 Since ordinary function types are defined as a special case of
dependent function types, we don’t have to assume separately that universes are
closed under ordinary function types. Similarly, it follows from the assumption
that universes are closed under dependent pair types that universes are closed
under cartesian product types.

6.2 Assuming enough universes
Most of the time we will get by with assuming one universeU, and indeed we
recommend on a first reading of this text to simply assume that there is one
universe U. However, sometimes we might want to consider the universe U
itself to be a type in some universe. In such situations we cannot get by with a
single universe, because the assumption thatU is a element of itself would lead
to inconsistencies like the Russell’s paradox.

Russell’s paradox is the famous argument that there cannot be a set of all sets.
If there were such a set 𝑆, then we could consider Russell’s subset

𝑅 := {𝑥 ∈ 𝑆 | 𝑥 ∉ 𝑥}.

Russell then observed that 𝑅 ∈ 𝑅 if and only if 𝑅 ∉ 𝑅, so we reach a contradiction.
A variant of this argument reaches a similar contradiction when we assume that
U is a universe that contains an element Ǔ : U such that T

(
Ǔ
)
� U. In order

to avoid such paradoxes, Russell and Whitehead formulated the ramified theory
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of types in their book Principia Mathematica. The ramified theory of types is a
precursor of Martin Löf’s type theory that we are studying in this book.

Even though the universe is not an element of itself, it is still convenient
if every type, including any universe, is in some universe. Therefore we will
assume that there are sufficiently many universes:

Postulate 6.2.1 We assume that there are enough universes, i.e., that for every
finite list of types in context

Γ1 ⊢ 𝐴1 type · · · Γ𝑛 ⊢ 𝐴𝑛 type,

there is a universeU that contains each 𝐴𝑖 in the sense thatU comes equipped
with

Γ𝑖 ⊢ �̌�𝑖 : U

for which the judgment

Γ𝑖 ⊢ T
(
�̌�𝑖
)
� 𝐴𝑖 type

holds.

With this assumption it will rarely be necessary to work with more than one
universe at the same time. Using the assumption that for any finite list of types
in context there is a universe that contains those types, we obtain many specific
universes.

Definition 6.2.2 The base universeU0 is the universe that we obtain using
Postulate 6.2.1 with the empty list of types in context.

In other words, the base universe is a universe that is closed under all the
ways of forming types, but it isn’t specified to contain any further types.

Definition 6.2.3 The successor universe of a universeU is the universeU+
obtained using Postulate 6.2.1 with the finite list

⊢ U type
𝑋 : U ⊢ T (𝑋) type.

Remark 6.2.4 The successor universeU+ ofU therefore contains the type
U as well as every type inU, in the following sense

⊢ Ǔ : U+ ⊢ T + (Ǔ) � U type
𝑋 : U ⊢ Ť (𝑋) : U+ 𝑋 : U ⊢ T + (Ť (𝑋)) � T (𝑋) type.
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In particular, we obtain a function 𝑖 : U → U+ that includes the types in U
intoU+, given by

𝑖 B _𝑋. Ť (𝑋).

Using successor universes we can create an infinite tower

U, U+, U++, . . .

of universes, starting at any universeU, in which each universe is contained in
the next. However, such towers of universes need not be exhaustive in the sense
that it might not be the case that every type is contained in a universe in this
tower.

Definition 6.2.5 The join of two universesU andV is the universeU ⊔V
that we obtain using Postulate 6.2.1 with the two types

𝑋 : U ⊢ TU (𝑋) type
𝑌 : V ⊢ TV (𝑌 ) type.

Remark 6.2.6 Since the joinU ⊔V contains all the types inU andV, there
are maps

𝑖 : U →U ⊔V
𝑗 : V →U ⊔V

Note that we don’t postulate any relations between the universes. In general it
will therefore be the case that the universes (U ⊔V) ⊔W andU ⊔ (V ⊔W)
will be unrelated.

6.3 Observational equality of the natural numbers
Using universes, we can define many relations on the natural numbers. We give
here the example of observational equality of ℕ. The idea of observational
equality is that, if we want to prove that 𝑚 and 𝑛 are observationally equal, we
may do so by looking at 𝑚 and 𝑛:

(i) If both 𝑚 and 𝑛 are 0ℕ, then they are observationally equal.
(ii) If one of them is 0ℕ and the other is a successor, then they are not

observationally equal.
(iii) If both 𝑚 and 𝑛 are successors, say 𝑚 � succℕ (𝑚′) and 𝑛 � succℕ (𝑛′),

then 𝑚 and 𝑛 are observationally equal if and only if their predecessors
𝑚′ and 𝑛′ are observationally equal.
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Thus, observational equality is an inductively defined relation, which gives us
an algorithm for checking equality on ℕ. Indeed, it can be used to show that
equality of natural numbers is decidable, i.e., there is a program that decides for
any two natural numbers 𝑚 and 𝑛 whether they are equal or not.

Definition 6.3.1 We define the observational equality of ℕ as binary relation
Eqℕ : ℕ→ (ℕ→U0) satisfying

Eqℕ (0ℕ, 0ℕ) � 1 Eqℕ (succℕ (𝑛), 0ℕ) � ∅
Eqℕ (0ℕ, succℕ (𝑛)) � ∅ Eqℕ (succℕ (𝑛), succℕ (𝑚)) � Eqℕ (𝑛, 𝑚).

Construction We define Eqℕ by double induction on ℕ. By the first application
of induction it suffices to provide

𝐸0 : ℕ→U0

𝐸𝑆 : ℕ→ ((ℕ→U0) → (ℕ→U0))

We define 𝐸0 by induction, taking 𝐸00 B 1 and 𝐸0𝑆 (𝑛, 𝑋, 𝑚) B ∅. The resulting
family 𝐸0 satisfies

𝐸0 (0ℕ) � 1
𝐸0 (succℕ (𝑛)) � ∅.

We define 𝐸𝑆 by induction, taking 𝐸𝑆0 B ∅ and 𝐸𝑆𝑆 (𝑛, 𝑋, 𝑚) B 𝑋 (𝑚). The
resulting family 𝐸𝑆 satisfies

𝐸𝑆 (𝑛, 𝑋, 0ℕ) � ∅
𝐸𝑆 (𝑛, 𝑋, succℕ (𝑚)) � 𝑋 (𝑚)

Therefore we have by the computation rule for the first induction that the
judgmental equality

Eqℕ (0ℕ, 𝑚) � 𝐸0 (𝑚)
Eqℕ (succℕ (𝑛), 𝑚) � 𝐸𝑆 (𝑛,Eqℕ (𝑛), 𝑚)

holds, from which the judgmental equalities in the statement of the definition
follow. □

The observational equality of the natural numbers is important because it
can be used to prove equalities and negations of equalities. Proposition 6.3.3
enables us to do so.

Lemma 6.3.2 Observational equality of ℕ is a reflexive relation, i.e., we have

refl-Eqℕ :
∏
(𝑛:ℕ)Eqℕ (𝑛, 𝑛).

mailto:egbert.rijke@fmf.uni-lj.si
https://hott.zulipchat.com


This material will be published by Cambridge University Press as Introduction to Homotopy Type Theory by Egbert Rĳke. This pre-publication
version is free to view and download for personal use only. Not for re-distribution, re-sale or use in derivative works. © Egbert Rĳke 2020

The best way to support this book while it is still being prepared for publication, is to let the author know if you find inaccuracies of any kind at
Q egbert.rĳke@fmf.uni-lj.si, or at the homotopy type theory chat at  https://hott.zulipchat.com.

There are 306 exercises.

Ljubljana, April 8, 2022

58 Martin-Löf’s Dependent Type Theory

Proof The function refl-Eqℕ is defined by induction on 𝑛, taking

refl-Eqℕ (0ℕ) B ★

refl-Eqℕ (succℕ (𝑛)) B refl-Eqℕ (𝑛). □

Proposition 6.3.3 For any two natural numbers 𝑚 and 𝑛, we have

(𝑚 = 𝑛) ↔ Eqℕ (𝑚, 𝑛).

Proof The function (𝑚 = 𝑛) → Eqℕ (𝑚, 𝑛) is defined by the induction principle
of identity types, using the reflexivity of Eqℕ.

The converse Eqℕ (𝑚, 𝑛) → (𝑚 = 𝑛) is defined by induction on 𝑚 and 𝑛.
If both 𝑚 and 𝑛 are zero, we have refl0ℕ : 0ℕ = 0ℕ. If one of 𝑚 and 𝑛 is zero
and the other is a successor, then Eqℕ (𝑚, 𝑛) is empty and we have a function
∅ → (𝑚 = 𝑛) by the induction principle of the empty type. In the inductive step,
suppose we have a function 𝑓 : Eqℕ (𝑚, 𝑛) → (𝑚 = 𝑛). Then we can define a
function

Eqℕ (succℕ (𝑚), succℕ (𝑛)) → (succℕ (𝑚) = succℕ (𝑛))

as the composite

Eqℕ (succℕ (𝑚), succℕ (𝑛)) (succℕ (𝑚) = succℕ (𝑛)).

Eqℕ (𝑚, 𝑛) (𝑚 = 𝑛)
←→

←→id
← →

𝑓

← →apsuccℕ

Note that the map on the left is the identity function, because we have the
judgmental equality Eqℕ (succℕ (𝑚), succℕ (𝑛)) � Eqℕ (𝑚, 𝑛) by definition of
Eqℕ. □

6.4 Peano’s seventh and eighth axioms
Using the observational equality of ℕ, we can prove Peano’s seventh and eighth
axioms. In his Arithmetices Principia [4], the natural numbers are based at 1,
but today it is customary to have the natural numbers based at 0. Adapting for
this, the seventh and eighth axioms assert that

(P7) For any two natural numbers 𝑚 and 𝑛, we have

(𝑚 = 𝑛) ↔ (succℕ (𝑚) = succℕ (𝑛)).

(P8) For any natural number 𝑛, we have 0ℕ ≠ succℕ (𝑛).
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Theorem 6.4.1 For any two natural numbers 𝑚 and 𝑛, we have

(𝑚 = 𝑛) ↔ (succℕ (𝑚) = succℕ (𝑛)).

Proof The forward implication is given by the action on paths of the successor
function

apsuccℕ : (𝑚 = 𝑛) → (succℕ (𝑚) = succℕ (𝑛)).

The direction of interest is the converse, which asserts that the successor function
is injective.

Here we use Proposition 6.3.3, which asserts that (𝑚 = 𝑛) ↔ Eqℕ (𝑚, 𝑛) for
all 𝑚, 𝑛 : ℕ. Furthermore, we have Eqℕ (succℕ (𝑚), succℕ (𝑛)) � Eqℕ (𝑚, 𝑛).
Therefore, we obtain

(succℕ (𝑚) = succℕ (𝑛)) (𝑚 = 𝑛)

Eqℕ (succℕ (𝑚), succℕ (𝑛)) Eqℕ (𝑚, 𝑛),

← →

←→

←→
id

← →
and we define the function (succℕ (𝑚) = succℕ (𝑛)) → (𝑚 = 𝑛) as the
composite of the maps going down, then right, and then up. □

Theorem 6.4.2 For any natural number 𝑛, we have 0ℕ ≠ succℕ (𝑛).

Proof By Proposition 6.3.3 it follows that there is a family of maps

(0ℕ = 𝑛) → Eqℕ (0ℕ, 𝑛).

indexed by 𝑛 : ℕ. Since Eqℕ (0ℕ, succℕ (𝑛)) � ∅ it follows that

(0ℕ = succℕ (𝑛)) → ∅,

which is precisely the claim. □

Exercises
6.1 (a) Show that

(𝑚 = 𝑛) ↔ (𝑚 + 𝑘 = 𝑛 + 𝑘)
(𝑚 = 𝑛) ↔ (𝑚 · (𝑘 + 1) = 𝑛 · (𝑘 + 1))

for all 𝑚, 𝑛, 𝑘 : ℕ. In other words, adding 𝑘 and multiplying by 𝑘 +1
are injective functions.
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(b) Show that

(𝑚 + 𝑛 = 0) ↔ (𝑚 = 0) × (𝑛 = 0)
(𝑚𝑛 = 0) ↔ (𝑚 = 0) + (𝑛 = 0)
(𝑚𝑛 = 1) ↔ (𝑚 = 1) × (𝑛 = 1)

for all 𝑚, 𝑛 : ℕ.
(c) Show that

𝑚 ≠ 𝑚 + (𝑛 + 1)
𝑚 + 1 ≠ (𝑚 + 1) (𝑛 + 2)

for all 𝑚, 𝑛 : ℕ.
6.2 (a) Define observational equality Eq-bool by induction on the booleans.

(b) Show that

(𝑥 = 𝑦) ↔ Eq-bool(𝑥, 𝑦)

for any 𝑥, 𝑦 : bool.
(c) Show that 𝑏 ≠ neg-bool(𝑏) for any 𝑏 : bool. Conclude that false ≠

true.
6.3 The ordering relation ≤ on ℕ is defined recursively by

(0ℕ ≤ 0ℕ) B 1 (0ℕ ≤ 𝑛 + 1) B 1
(𝑚 + 1 ≤ 0ℕ) B ∅ (𝑚 + 1 ≤ 𝑛 + 1) B (𝑚 ≤ 𝑛).

(a) Show that ≤ satisfies the axioms of a poset, i.e., show that ≤ is

(i) reflexive,
(ii) antisymmetric, and
(iii) transitive.

(b) Show that

(𝑚 ≤ 𝑛) + (𝑛 ≤ 𝑚)

for any 𝑚, 𝑛 : ℕ.
(c) Show that

(𝑚 ≤ 𝑛) ↔ (𝑚 + 𝑘 ≤ 𝑛 + 𝑘)

holds for any 𝑚, 𝑛, 𝑘 : ℕ.
(d) Show that

(𝑚 ≤ 𝑛) ↔ (𝑚 · (𝑘 + 1) ≤ 𝑛 · (𝑘 + 1))

holds for any 𝑚, 𝑛, 𝑘 : ℕ.
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(e) Show that 𝑘 ≤ minℕ (𝑚, 𝑛) holds if and only if both 𝑘 ≤ 𝑚 and
𝑘 ≤ 𝑛 hold, and show that maxℕ (𝑚, 𝑛) ≤ 𝑘 holds if and only if
both 𝑚 ≤ 𝑘 and 𝑛 ≤ 𝑘 hold.

6.4 The strict ordering relation < on ℕ is defined recursively by

(0ℕ < 0ℕ) B ∅ (0ℕ < 𝑛 + 1) B 1
(𝑚 + 1 < 0ℕ) B ∅ (𝑚 + 1 < 𝑛 + 1) B (𝑚 < 𝑛).

(a) Show that the strict ordering relation is

(i) antireflexive,
(ii) antisymmetric, and
(iii) transitive.

(b) Show that 𝑛 < 𝑛 + 1 and

(𝑚 < 𝑛) → (𝑚 < 𝑛 + 1)

for any 𝑚, 𝑛 : ℕ.
(c) Show that

(𝑚 < 𝑛) ↔ (𝑚 + 1 ≤ 𝑛)
(𝑚 < 𝑛) ↔ (𝑛 ≰ 𝑚)

for any 𝑚, 𝑛 : ℕ.

6.5 The distance function

distℕ : ℕ→ (ℕ→ ℕ)

is defined recursively by

distℕ (0, 0) B 0 distℕ (0, 𝑛 + 1) B 𝑛 + 1
distℕ (𝑚 + 1, 0) B 𝑚 + 1 distℕ (𝑚 + 1, 𝑛 + 1) B distℕ (𝑚, 𝑛).

In other words, the distance between two natural numbers is the symmetric
difference between them.

(a) Show that distℕ satisfies the axioms of a metric:

(i) (𝑚 = 𝑛) ↔ (distℕ (𝑚, 𝑛) = 0),
(ii) distℕ (𝑚, 𝑛) = distℕ (𝑛, 𝑚),
(iii) distℕ (𝑚, 𝑛) ≤ distℕ (𝑚, 𝑘) + distℕ (𝑘, 𝑛).

(b) Show that distℕ (𝑚, 𝑛) = distℕ (𝑚, 𝑘) + distℕ (𝑘, 𝑛) if and only if
either both 𝑚 ≤ 𝑘 and 𝑘 ≤ 𝑛 hold or both 𝑛 ≤ 𝑘 and 𝑘 ≤ 𝑚 hold.
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(c) Show that distℕ is translation invariant and linear:

distℕ (𝑎 + 𝑚, 𝑎 + 𝑛) = distℕ (𝑚, 𝑛),
distℕ (𝑘 · 𝑚, 𝑘 · 𝑛) = 𝑘 · distℕ (𝑚, 𝑛).

(d) Show that 𝑥 + distℕ (𝑥, 𝑦) = 𝑦 for any 𝑥 ≤ 𝑦.
6.6 Construct the absolute value function

|– | : ℤ→ ℕ

and show that it satisfies the following three properties:

(i) (𝑥 = 0) ↔ (|𝑥 | = 0),
(ii) |𝑥 + 𝑦 | ≤ |𝑥 | + |𝑦 |,
(iii) |𝑥𝑦 | = |𝑥 | |𝑦 |.

7 Modular arithmetic via the Curry-Howard interpretation

We have now fully described Martin-Löf’s dependent type theory. It is now up
to us to start developing some mathematics in it, and Martin-Löf’s dependent
type theory is great for elementary mathematics, such as basic number theory,
some algebra, and combinatorics. The fundamental idea that is used to develop
basic mathematics in type theory is the Curry-Howard interpretation. This is a
translation of logic into type theory, which we will use to express concepts of
mathematics such as divisibility, the congruence relations, and so on.

We will also introduce the family Fin of the standard finite types, indexed
by ℕ, and show how each Fin𝑘+1 can be equipped with the group structure of
integers modulo 𝑘 + 1. Our goal here is to demonstrate how to do those things
in type theory, so we will aim for a high degree of accuracy.

7.1 The Curry-Howard interpretation
The Curry-Howard interpretation is an interpretation of logic into type theory.
Recall that in type theory there is no separation between the logical framework
and the general theory of collections of mathematical objects the way there
is in the more traditional setup with Zermelo-Fraenkel set theory, which is
postulated by axioms in first order logic. These two aspects of the foundations
of mathematics are unified in type theory. The idea of the Curry-Howard
interpretation is therefore to express propositions as types, and to think of the
elements of those types as their proofs. We illustrate this idea with an example.
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Example 7.1.1 A natural number 𝑑 is said to divide a natural number 𝑛 if
there exists a natural number 𝑘 such that 𝑑 · 𝑘 = 𝑛. To represent the divisibility
predicate in type theory, we need to define a type

𝑑 | 𝑛,

of which the elements are witnesses that 𝑑 divides 𝑛. In other words, 𝑑 | 𝑛 should
be the type that consists of natural numbers 𝑘 equipped with an identification
𝑑 · 𝑘 = 𝑛. In general, the type of 𝑥 : 𝐴 equipped with 𝑦 : 𝐵(𝑥) is represented
as the type

∑
(𝑥:𝐴) 𝐵(𝑥). The interpretation of the existential quantification (∃)

into type theory via the Curry-Howard interpretation is therefore using Σ-types.

Definition 7.1.2 Consider two natural numbers 𝑑 and 𝑛. We say that 𝑑 divides
𝑛 if there is a element of type

𝑑 | 𝑛 B ∑
(𝑘:ℕ)𝑑 · 𝑘 = 𝑛.

Remark 7.1.3 This type-theoretical definition of the divisibility relation using
Σ-types has two important consequences:

(i) The principal way to show that 𝑑 | 𝑛 holds is to construct a pair (𝑘, 𝑝)
consisting of a natural number 𝑘 and an identification 𝑝 : 𝑑 · 𝑘 = 𝑛.

(ii) The principal way to use a hypothesis 𝐻 : 𝑑 | 𝑛 in a proof is to proceed by
Σ-induction on the variable 𝐻. We then get to assume a natural number 𝑘
and an identification 𝑝 : 𝑑 · 𝑘 = 𝑛, in order to proceed with the proof.

Example 7.1.4 Just as existential quantification (∃) is translated via the Curry-
Howard interpretation to Σ-types, the translation of the universal quantification
(∀) in type theory via the Curry-Howard interpretation is toΠ-types. For example,
the assertion that every natural number is divisible by 1 is expressed in type
theory as ∏

(𝑥:ℕ)1 | 𝑥.

In other words, in order to show that every number 𝑥 : ℕ is divisible by 1 we
need to construct a dependent function

_𝑥. 𝑝(𝑥) :
∏
(𝑥:ℕ)1 | 𝑥.

We do this by constructing an element

𝑝(𝑥) :
∑
(𝑘:ℕ)1 · 𝑘 = 𝑥

indexed by 𝑥 : ℕ. Such an element 𝑝(𝑥) is constructed as the pair (𝑥, 𝑞(𝑥)),
where the identification 𝑞(𝑥) : 1 · 𝑥 = 𝑥 is obtained from the left unit law of
multiplication on ℕ, which was constructed in Exercise 5.5.
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Similarly, the type theoretic proof that every natural number 𝑘 divides 0,
i.e., that 𝑘 | 0, is the pair (0, 𝑝) consisting of the natural number 0 and
the identification 𝑝 : 𝑘 · 0 = 0 obtained from the right annihilation law of
multiplication on ℕ. This identification was also constructed in Exercise 5.5.

In the following proposition we will see examples of how a hypothesis of
type 𝑑 | 𝑥 can be used.

Proposition 7.1.5 Consider three natural numbers 𝑑, 𝑥 and 𝑦. If 𝑑 divides
any two of the three numbers 𝑥, 𝑦, and 𝑥 + 𝑦, then it also divides the third.

Proof We will only show that if 𝑑 divides 𝑥 and 𝑦, then it divides 𝑥 + 𝑦. The
remaining two claims, that if 𝑑 divides 𝑦 and 𝑥 + 𝑦 then it divides 𝑥, and that if
𝑑 divides 𝑥 and 𝑥 + 𝑦 then it divides 𝑦, are left as Exercise 7.1.

Suppose that 𝑑 divides both 𝑥 and 𝑦. By assumption we have elements

𝐻 :
∑
(𝑘:ℕ)𝑑 · 𝑘 = 𝑥, and 𝐾 :

∑
(𝑘:ℕ)𝑑 · 𝑘 = 𝑦.

Since the types of the variables 𝐻 and 𝐾 are Σ-types, we proceed by Σ-induction
on 𝐻 and 𝐾 . Therefore we get to assume a natural number 𝑘 : ℕ equipped with
an identification 𝑝 : 𝑑 · 𝑘 = 𝑥, and a natural number 𝑙 : ℕ equipped with an
identification 𝑞 : 𝑑 · 𝑙 = 𝑦. Our goal is now to construct an identification

𝑑 · (𝑘 + 𝑙) = 𝑥 + 𝑦.

We construct such an identification as a concatenation 𝛼 � (𝛽 � 𝛾), where the
types of the identifications 𝛼, 𝛽, and 𝛾 are as follows:

𝑑 · (𝑘 + 𝑙) 𝑑 · 𝑘 + 𝑑 · 𝑙 𝑥 + 𝑑 · 𝑙 𝑥 + 𝑦.⇐⇐𝛼 ⇐⇐𝛽 ⇐⇐𝛾

The identification 𝛼 is obtained from the fact that multiplication on ℕ distributes
over addition, which was shown in Exercise 5.5 (c). The identifications 𝛽 and 𝛾
are constructed using the action on paths of a function:

𝛽 B ap(_𝑡. 𝑡+𝑑 ·𝑙) (𝑝), and 𝛾 B ap(_𝑡. 𝑥+𝑡 ) (𝑞)

To conclude the proof that 𝑑 | 𝑥 + 𝑦, note that we have constructed the pair

(𝑘 + 𝑙, 𝛼 � (𝛽 � 𝛾)) :
∑
(𝑘:ℕ)𝑑 · 𝑘 = 𝑥 + 𝑦. □

The full Curry-Howard interpretation of logic into type theory also involves
interpretations of disjunction, conjunction, implication, and equality.

The introduction and elimination rules for disjunction are, for instance,

𝑃

𝑃 ∨𝑄
𝑄

𝑃 ∨𝑄 and 𝑃⇒ 𝑅 𝑄 ⇒ 𝑅

𝑃 ∨𝑄 ⇒ 𝑅

The two introduction rules assert that 𝑃∨𝑄 holds provided that 𝑃 holds, and that
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The Curry-Howard interpretation

Propositions Types
Proofs Elements
Predicates Type families
⊤ 1
⊥ ∅
𝑃 ∨𝑄 𝐴 + 𝐵
𝑃 ∧𝑄 𝐴 × 𝐵
𝑃⇒ 𝑄 𝐴→ 𝐵

¬𝑃 𝐴→ ∅
∃𝑥𝑃(𝑥)

∑
(𝑥:𝐴) 𝐵(𝑥)

∀𝑥𝑃(𝑥)
∏
(𝑥:𝐴)𝐵(𝑥)

𝑥 = 𝑦 𝑥 = 𝑦

Table I.2 The Curry-Howard interpretation of logic into type theory.

𝑃∨𝑄 holds provided that𝑄 holds. These rules are analogous to the introduction
rules for coproduct, which assert that there are functions inl : 𝐴→ 𝐴 + 𝐵 and
inr : 𝐵 → 𝐴 + 𝐵. Furthermore, the non-dependent elimination principle for
coproducts gives a function

(𝐴→ 𝐶) → ((𝐵→ 𝐶) → (𝐴 + 𝐵→ 𝐶))

for any type 𝐶, which is again analogous to the elimination rule of disjunction.
The Curry-Howard interpretation of disjunction into type theory is therefore as
coproducts.

To interpret conjunction into type theory we observe that the introduction
rule and elimination rules for conjunction are

𝑃 𝑄

𝑃 ∧𝑄 and 𝑃 ∧𝑄
𝑃

𝑃 ∧𝑄
𝑄

Product types possess such structure, where we have the pairing operation
pair : 𝐴 → (𝐵 → 𝐴 × 𝐵) and the projections pr1 : 𝐴 × 𝐵 → 𝐴 and
pr2 : 𝐴 × 𝐵 → 𝐵 give interpretations of the introduction and elimination
rules for conjunction. The Curry-Howard interpretation of conjunction into
type theory is therefore by products. We summarize the full Curry-Howard
interpretation in Table I.2.

Remark 7.1.6 We should note, however, that despite the similarities between
logic and type theory that are highlighted in the Curry-Howard interpretation,
there are also some differences. One important difference is that types may
contain many elements, whereas in logic, propositions are usually considered

mailto:egbert.rijke@fmf.uni-lj.si
https://hott.zulipchat.com


This material will be published by Cambridge University Press as Introduction to Homotopy Type Theory by Egbert Rĳke. This pre-publication
version is free to view and download for personal use only. Not for re-distribution, re-sale or use in derivative works. © Egbert Rĳke 2020

The best way to support this book while it is still being prepared for publication, is to let the author know if you find inaccuracies of any kind at
Q egbert.rĳke@fmf.uni-lj.si, or at the homotopy type theory chat at  https://hott.zulipchat.com.

There are 306 exercises.

Ljubljana, April 8, 2022

66 Martin-Löf’s Dependent Type Theory

to be proof irrelevant. This means that to establish the truth of a proposition it
only matters whether it can be proven, not in how many different ways it can
be proven. To address this dissimilarity between general types and logic, we
will introduce in Chapter II a more refined way of interpreting logic into type
theory. In Section 12 we will define the type is-prop(𝐴), which expresses the
property that the type 𝐴 is a proposition. Furthermore, we will introduce the
propositional truncation operation in Section 14, which we will use to interpret
logic into type theory in such a way that all logical assertions are interpreted as
types that satisfy the condition of being a proposition.

7.2 The congruence relations on ℕ

Relations in the Curry-Howard interpretation of logic into type theory are also
type valued. More specifically, a binary relation on a type 𝐴 is a family of types
𝑅(𝑥, 𝑦) indexed by 𝑥, 𝑦 : 𝐴. Such relations are sometimes called typal.

Definition 7.2.1 Consider a type 𝐴. A (typal) binary relation on 𝐴 is defined
to be a family of types 𝑅(𝑥, 𝑦) indexed by 𝑥, 𝑦 : 𝐴. Given a binary relation 𝑅 on
𝐴, we say that 𝑅 is reflexive if it comes equipped with

𝜌 :
∏
(𝑥:𝐴)𝑅(𝑥, 𝑥),

we say that 𝑅 is symmetric if it comes equipped with

𝜎 :
∏
(𝑥,𝑦:𝐴)𝑅(𝑥, 𝑦) → 𝑅(𝑦, 𝑥),

and we say that 𝑅 is transitive if it comes equipped with

𝜏 :
∏
(𝑥,𝑦,𝑧:𝐴)𝑅(𝑥, 𝑦) → (𝑅(𝑦, 𝑧) → 𝑅(𝑥, 𝑧)).

A (typal) equivalence relation on 𝐴 is a reflexive, symmetric, and transitive
binary typal relation on 𝐴.

To define the congruence relation modulo 𝑘 in type theory using the Curry-
Howard interpretation, we will define for any three natural numbers 𝑥, 𝑦, and 𝑘 ,
a type

𝑥 ≡ 𝑦 mod 𝑘

consisting of the proofs that 𝑥 is congruent to 𝑦 modulo 𝑘 . We will define this
type by directly interpreting Gauss’ definition of the congruence relations in his
Disquisitiones Arithmeticae [3]: two numbers 𝑥 and 𝑦 are congruent modulo 𝑘
if 𝑘 divides the symmetric difference distℕ (𝑥, 𝑦) between 𝑥 and 𝑦. Recall that
distℕ (𝑥, 𝑦) was defined in Exercise 6.5 recursively by

distℕ (0, 0) B 0 distℕ (0, 𝑦 + 1) B 𝑦 + 1
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distℕ (𝑥 + 1, 0) B 𝑥 + 1 distℕ (𝑥 + 1, 𝑦 + 1) B distℕ (𝑥, 𝑦).

Definition 7.2.2 Consider three natural numbers 𝑘, 𝑥, 𝑦 : ℕ. We say that 𝑥 is
congruent to 𝑦 modulo 𝑘 if it comes equipped with an element of type

𝑥 ≡ 𝑦 mod 𝑘 B 𝑘 | distℕ (𝑥, 𝑦).

Example 7.2.3 For example, 𝑘 ≡ 0 mod 𝑘 . To see this, we have to show that
𝑘 | distℕ (𝑘, 0). Since distℕ (𝑘, 0) = 𝑘 it suffices to show that 𝑘 | 𝑘 . That is, we
have to construct a natural number 𝑙 equipped with an identification 𝑝 : 𝑘𝑙 = 𝑘 .
Of course, we choose 𝑙 B 1, and the equation 𝑘1 = 𝑘 holds by the right unit
law for multiplication on ℕ, which was shown in Exercise 5.5.

Proposition 7.2.4 For each 𝑘 : ℕ, the congruence relation modulo 𝑘 is an
equivalence relation.

Proof Reflexivity follows from the fact that distℕ (𝑥, 𝑥) = 0, and any number
divides 0. Symmetry follows from the fact that distℕ (𝑥, 𝑦) = distℕ (𝑦, 𝑥) for any
two natural numbers 𝑥 and 𝑦.

The non-trivial part of the claim is therefore transitivity. Here we use the fact
that for any three natural numbers 𝑥, 𝑦, and 𝑧, at least one of the equalities

distℕ (𝑥, 𝑦) + distℕ (𝑦, 𝑧) = distℕ (𝑥, 𝑧)
distℕ (𝑦, 𝑧) + distℕ (𝑥, 𝑧) = distℕ (𝑥, 𝑦)
distℕ (𝑥, 𝑧) + distℕ (𝑥, 𝑦) = distℕ (𝑦, 𝑧)

holds. A formal proof of this fact is given by case analysis on the six possible
ways in which 𝑥, 𝑦, and 𝑧 can be ordered:

𝑥 ≤ 𝑦 and 𝑦 ≤ 𝑧, 𝑥 ≤ 𝑧 and 𝑧 ≤ 𝑦,
𝑦 ≤ 𝑧 and 𝑧 ≤ 𝑥, 𝑦 ≤ 𝑥 and 𝑥 ≤ 𝑧,
𝑧 ≤ 𝑥 and 𝑥 ≤ 𝑦, 𝑧 ≤ 𝑦 and 𝑦 ≤ 𝑥.

Therefore it follows by Exercise 6.5 (b) and Proposition 7.1.5 that 𝑘 | distℕ (𝑥, 𝑧)
if 𝑘 | distℕ (𝑥, 𝑦) and 𝑘 | distℕ (𝑦, 𝑧). □

7.3 The standard finite types
The standard finite sets are classically defined as the sets {𝑥 ∈ ℕ | 𝑥 < 𝑘}. This
leads to the question of how to interpret a subset {𝑥 ∈ 𝐴 | 𝑃(𝑥)} in type theory.

Since type theory is set up in such a way that elements come equipped with
their types, subsets aren’t formed the same way as in set theory, where the
comprehension axiom is used to form the set {𝑥 ∈ 𝐴 | 𝑃(𝑥)} for any predicate 𝑃

mailto:egbert.rijke@fmf.uni-lj.si
https://hott.zulipchat.com


This material will be published by Cambridge University Press as Introduction to Homotopy Type Theory by Egbert Rĳke. This pre-publication
version is free to view and download for personal use only. Not for re-distribution, re-sale or use in derivative works. © Egbert Rĳke 2020

The best way to support this book while it is still being prepared for publication, is to let the author know if you find inaccuracies of any kind at
Q egbert.rĳke@fmf.uni-lj.si, or at the homotopy type theory chat at  https://hott.zulipchat.com.

There are 306 exercises.

Ljubljana, April 8, 2022

68 Martin-Löf’s Dependent Type Theory

over 𝐴. The Curry-Howard interpretation dictates that predicates are interpreted
as dependent types. Therefore, a set of elements 𝑥 ∈ 𝐴 such that 𝑃(𝑥) holds is
interpreted in type theory as the type of terms 𝑥 : 𝐴 equipped with an element
(a proof) 𝑝 : 𝑃(𝑥). In other words, we interpret a subset {𝑥 ∈ 𝐴 | 𝑃(𝑥)} as the
type

∑
(𝑥:𝐴) 𝑃(𝑥).

Remark 7.3.1 The alert reader may now have observed that the interpretation
of a subset {𝑥 ∈ 𝐴 | 𝑃(𝑥)} in type theory is the same as the interpretation
of the proposition ∃(𝑥∈𝐴)𝑃(𝑥), while indeed the subset {𝑥 ∈ 𝐴 | 𝑃(𝑥)} has a
substantially different role in mathematics than the proposition ∃(𝑥∈𝐴)𝑃(𝑥). This
points at a slight problem of the Curry-Howard interpretation of the existential
quantifier. While the Curry-Howard interpretation of the existential quantifier is
nevertheless useful and important, we will reinterpret the existential quantifier
in type theory in Section 17.4.

Since subsets are interpreted as Σ-types, the ‘classical’ definition of the
standard finite types is

classical-Fin𝑘 :=
∑
(𝑥:ℕ)𝑥 < 𝑘.

This is a perfectly fine definition of the standard finite types. However, the usual
definition of the standard finite types in Martin-Löf’s dependent type theory is a
more direct, recursive definition, which takes full advantage of the inductive
constructions of dependent type theory.

Definition 7.3.2 We define the type family Fin of the standard finite types
over ℕ recursively by

Fin0 B ∅
Fin𝑘+1 B Fin𝑘 + 1.

We will write 𝑖 for the inclusion inl : Fin𝑘 → Fin𝑘+1 and we will write ★ for the
point inr(★).

In Exercise 7.7 you will be asked to show that the types classical-Fin𝑘 and
Fin𝑘 are isomorphic.

Remark 7.3.3 The type family Fin over ℕ can be given its own induction
principle, which is, at least for the time being, the principal way to make
constructions on Fin𝑘 for arbitrary 𝑘 : ℕ and to prove properties about those
constructions. The induction principle of the standard finite types tells us that
the family of standard finite types is inductively generated by

𝑖 : Fin𝑘 → Fin𝑘+1
★ : Fin𝑘+1.
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In other words, we can define a dependent function 𝑓 :
∏
(𝑘:ℕ)

∏
(𝑥:Fin𝑘 )𝑃𝑘 (𝑥)

by defining

𝑔𝑘 :
∏
(𝑥:Fin𝑘 )𝑃𝑘 (𝑥) → 𝑃𝑘+1 (𝑖(𝑥))

𝑝𝑘 : 𝑃𝑘+1 (★)

for each 𝑘 : ℕ. The function 𝑓 defined in this way then satisfies the judgmental
equalities

𝑓𝑘+1 (𝑖(𝑥)) � 𝑔𝑘 (𝑥, 𝑓𝑘 (𝑥))
𝑓𝑘+1 (★) � 𝑝𝑘 .

These judgmental equalities completely determine the function 𝑓 , and therefore
we may also present such inductive definitions by pattern matching:

𝑓𝑘+1 (𝑖(𝑥)) B 𝑔𝑘 (𝑥, 𝑓𝑘 (𝑥))
𝑓𝑘+1 (★) B 𝑝𝑘 .

We will often use definitions by pattern matching for two reasons: (i) such
definitions are concise, and (ii) they display the judgmental equalities that hold
for the defined object. Those judgmental equalities are the only thing we know
about that object, and proving a claim about it often amounts to finding a way to
apply these judgmental equalities.

To illustrate this way of working with the standard finite types, we define the
inclusion functions Fin𝑘 → ℕ, and show that these are injective. In order to
show that ]𝑘 is injective, we will also show that ]𝑘 is bounded.

Definition 7.3.4 We define the inclusion ]𝑘 : Fin𝑘 → ℕ inductively by

]𝑘+1 (𝑖(𝑥)) B ]𝑘 (𝑥)
]𝑘+1 (★) B 𝑘.

Lemma 7.3.5 The function ] : Fin𝑘 → ℕ is bounded, in the sense that ](𝑥) < 𝑘
for each 𝑥 : Fin𝑘 .

Proof The proof is by induction. In the base case there is nothing to show.
In the inductive step, we have the inequalities ]𝑘+1 (𝑖(𝑥)) � ]𝑘 (𝑥) < 𝑘 < 𝑘 + 1,
where the first inequality holds by the inductive hypothesis, and we also have

]𝑘+1 (★) � 𝑘 < 𝑘 + 1. □

Proposition 7.3.6 The inclusion function ]𝑘 : Fin𝑘 → ℕ is injective, for each
𝑘 : ℕ.
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Proof We define a function 𝛼𝑘 (𝑥, 𝑦) : (]𝑘 (𝑥) = ]𝑘 (𝑦)) → (𝑥 = 𝑦) recursively
by

𝛼𝑘+1 (𝑖(𝑥), 𝑖(𝑦), 𝑝) B ap𝑖 (𝛼𝑘 (𝑥, 𝑦, 𝑝)) 𝛼𝑘+1 (𝑖(𝑥), ★, 𝑝) B ex-falso( 𝑓 (𝑝))
𝛼𝑘+1 (★, 𝑖(𝑦), 𝑝) B ex-falso(𝑔(𝑝)) 𝛼𝑘+1 (★,★, 𝑝) B refl,

where 𝑓 : (]𝑘+1 (𝑖(𝑥)) = ]𝑘+1 (★)) → ∅ and 𝑔 : (]𝑘+1 (★) = ]𝑘+1 (𝑖(𝑦))) → ∅ are
obtained from the fact that ]𝑘+1 (𝑖(𝑧)) � ]𝑘 (𝑧) < 𝑘 for any 𝑧 : Fin𝑘 , and the fact
that ]𝑘+1 (★) � 𝑘 . □

7.4 The natural numbers modulo 𝑘 + 1

Given an equivalence relation ∼ on a set 𝐴 in classical mathematics, the quotient
𝐴/∼ comes equipped with a quotient map 𝑞 : 𝐴 → 𝐴/∼ that satisfies two
important properties: (1) The map 𝑞 satisfies the condition

𝑞(𝑥) = 𝑞(𝑦) ↔ 𝑥 ∼ 𝑦,

and (2) the map 𝑞 is surjective. The first condition is called the effectiveness of
the quotient map.

In classical mathematics, a map 𝑓 : 𝐴 → 𝐵 is said to be surjective if for
every 𝑏 ∈ 𝐵 there exists an element 𝑎 ∈ 𝐴 such that 𝑓 (𝑎) = 𝑏. Following the
Curry-Howard interpretation, a map 𝑓 : 𝐴 → 𝐵 is therefore surjective if it
comes equipped with a dependent function∏

(𝑏:𝐵)
∑
(𝑎:𝐴) 𝑓 (𝑎) = 𝑏.

However, there is a subtle issue with this interpretation of surjectivity. It is
somewhat stronger than the classical notion of surjectivity, because a dependent
function

∏
(𝑏:𝐵)

∑
(𝑎:𝐴) 𝑓 (𝑎) = 𝑏 provides for every element 𝑏 : 𝐵 an explicit

element 𝑎 : 𝐴 equipped with an explicit identification 𝑝 : 𝑓 (𝑎) = 𝑏, whereas in
the classical notion of surjectivity such an element 𝑎 ∈ 𝐴 is merely asserted
to exist. To emphasize that the Curry-Howard interpretation of surjectivity is
stronger than intended we make the following definition, and we will properly
introduce surjective maps in Section 15.2.

Definition 7.4.1 Consider a function 𝑓 : 𝐴 → 𝐵. We say that 𝑓 is split
surjective if it comes equipped with an element of type

is-split-surjective( 𝑓 ) :=
∏
(𝑏:𝐵)

∑
(𝑎:𝐴) 𝑓 (𝑎) = 𝑏.

Martin-Löf’s dependent type theory doesn’t have a general way of forming
quotients of types. However, in the specific case of the congruence relations on

mailto:egbert.rijke@fmf.uni-lj.si
https://hott.zulipchat.com


This material will be published by Cambridge University Press as Introduction to Homotopy Type Theory by Egbert Rĳke. This pre-publication
version is free to view and download for personal use only. Not for re-distribution, re-sale or use in derivative works. © Egbert Rĳke 2020

The best way to support this book while it is still being prepared for publication, is to let the author know if you find inaccuracies of any kind at
Q egbert.rĳke@fmf.uni-lj.si, or at the homotopy type theory chat at  https://hott.zulipchat.com.

There are 306 exercises.

Ljubljana, April 8, 2022

7 Modular arithmetic via the Curry-Howard interpretation 71

ℕ we can define the type of natural numbers modulo 𝑘 + 1 as the standard finite
type Fin𝑘+1. We will show that Fin𝑘+1 comes equipped with a map

[– ]𝑘+1 : ℕ→ Fin𝑘+1

for each 𝑘 : ℕ, and we will show in Theorems 7.4.7 and 7.4.8 that this map
satisfies conditions (1) and (2) in the split surjective sense.

To prepare for the definition of the quotient map [– ]𝑘+1, we will first define
a zero element of Fin𝑘+1 and successor function on each Fin𝑘 . We will also
define an auxiliary function skip-zero𝑘 : Fin𝑘 → Fin𝑘+1, which is used in the
definition of the successor function. The map [– ]𝑘+1 is then defined by iterating
the successor function.

Definition 7.4.2

(i) We define the zero element zero𝑘 : Fin𝑘+1 recursively by

zero0 B ★

zero𝑘+1 B 𝑖(zero𝑘).

Since there is a mismatch between the index of zero𝑘 and the index of its
type, we will often simply write zero or 0 for the zero element of Fin𝑘+1.

(ii) We define the function skip-zero𝑘 : Fin𝑘 → Fin𝑘+1 recursively by

skip-zero𝑘+1 (𝑖(𝑥)) B 𝑖(skip-zero𝑘 (𝑥))
skip-zero𝑘+1 (★) B ★.

(iii) We define the successor function succ𝑘 : Fin𝑘 → Fin𝑘 recursively by

succ𝑘+1 (𝑖(𝑥)) B skip-zero𝑘 (𝑥)
succ𝑘+1 (★) B zero𝑘 .

Definition 7.4.3 For any 𝑘 : ℕ, we define the map [– ]𝑘+1 : ℕ → Fin𝑘+1
recursively on 𝑥 by

[0]𝑘+1 B 0
[𝑥 + 1]𝑘+1 B succ𝑘+1 [𝑥]𝑘+1.

Our next intermediate goal is to show that 𝑥 ≡ ][𝑥]𝑘+1 mod 𝑘 + 1 for any
natural number 𝑥. This fact is a consequence of the following simple lemma,
that will help us compute with the maps ] : Fin𝑘 → ℕ.

Lemma 7.4.4 We make three claims:
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(i) For any 𝑘 : ℕ there is an identification

](zero𝑘) = 0

(ii) For any 𝑘 : ℕ and any 𝑥 : Fin𝑘 , we have

](skip-zero𝑘 (𝑥)) = ](𝑥) + 1.

(iii) For any 𝑘 : ℕ and any 𝑥 : Fin𝑘 , we have

](succ𝑘 (𝑥)) ≡ ](𝑥) + 1 mod 𝑘.

Proof For the first claim, we define an identification 𝛼𝑘 : ](zero𝑘) = 0
recursively by

𝛼0 B refl
𝛼𝑘+1 B 𝛼𝑘 .

For the second claim, we define an identification 𝛽𝑘 (𝑥) : ](skip-zero𝑘 (𝑥)) =
](𝑥) + 1 recursively by

𝛽𝑘+1 (𝑖(𝑥)) B 𝛽𝑘 (𝑥)
𝛽𝑘+1 (★) B refl.

For the third claim, we again define an element 𝛾𝑘 (𝑥) : ](succ𝑘 (𝑥)) ≡ ](𝑥) +
1 mod 𝑘 recursively. To obtain

𝛾𝑘+1 (𝑖(𝑥)) : ](succ𝑘+1 (𝑖(𝑥))) ≡ ](𝑖(𝑥)) + 1 mod 𝑘 + 1,

we calculate

](succ𝑘+1 (𝑖(𝑥))) � ](skip-zero(𝑥)) by definition of succ
= ](𝑥) + 1 by claim (ii).

Since the congruence relation modulo 𝑘 + 1 is reflexive, we obtain 𝛾𝑘+1 (𝑖(𝑥))
from the identification of the above calculation. To obtain

𝛾𝑘+1 (★) : ](succ𝑘+1 (★)) ≡ ](★) + 1 mod 𝑘 + 1,

we calculate

](succ𝑘+1 (★)) � ](0) by definition of succ
= 0 by claim (i)
≡ 𝑘 + 1 by Example 7.1.4
� ](★) + 1 by definition of ]. □
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Proposition 7.4.5 For any 𝑥 : ℕ we have

][𝑥]𝑘+1 ≡ 𝑥 mod 𝑘 + 1.

Proof The proof by induction on 𝑥. The fact that

][0]𝑘+1 ≡ 0 mod 𝑘 + 1

is immediate from the fact that ][0]𝑘+1 � ](0) = 0, which was shown in
Lemma 7.4.4. In the inductive step, we have to show that

][𝑥 + 1]𝑘+1 ≡ 𝑥 + 1 mod 𝑘 + 1.

This follows from the following computation

][𝑥 + 1]𝑘+1 � ](succ𝑘+1 [𝑥]𝑘+1) by definition of [– ]𝑘+1
≡ ][𝑥]𝑘+1 + 1 by Lemma 7.4.4
≡ 𝑥 + 1 by the inductive hypothesis. □

We need one more fact before we can prove Theorems 7.4.7 and 7.4.8.

Proposition 7.4.6 For any natural number 𝑥 < 𝑑 we have

𝑑 | 𝑥 ↔ 𝑥 = 0.

Consequently, for any two natural numbers 𝑥 and 𝑦 such that distℕ (𝑥, 𝑦) < 𝑘 ,
we have

𝑥 ≡ 𝑦 mod 𝑘 ↔ 𝑥 = 𝑦.

Proof Note that the implication 𝑥 = 0→ 𝑑 | 𝑥 is trivial, so it suffices to prove
the forward implication

𝑑 | 𝑥 → 𝑥 = 0.

This implication clearly holds if 𝑥 � 0. Therefore we only have to show that
𝑑 | 𝑥 + 1 implies 𝑥 + 1 = 0, if we assume that 𝑥 + 1 < 𝑑. In other words, we
will derive a contradiction from the hypotheses that 𝑥 + 1 < 𝑑 and 𝑑 | 𝑥 + 1. To
reach a contradiction we use Exercise 6.4 (c), by which it suffices to show that
𝑑 ≤ 𝑥 + 1.

We proceed by Σ-induction on the (unnamed) variable of type 𝑑 | 𝑥 + 1, so we
get to assume a natural number 𝑘 equipped with an identification 𝑝 : 𝑑𝑘 = 𝑥 + 1.
In the case where 𝑘 � 0 we reach an immediate contradiction via Theorem 6.4.2,
because we obtain that 0 = 𝑑 · 0 = 𝑥 + 1. In the case where 𝑘 � succℕ (𝑘 ′) it
follows that

𝑑 ≤ 𝑑𝑘 ′ + 𝑑 � 𝑑𝑘 = 𝑥 + 1. □
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Theorem 7.4.7 Consider a natural number 𝑘 . Then we have

[𝑥]𝑘+1 = [𝑦]𝑘+1 ↔ 𝑥 ≡ 𝑦 mod 𝑘 + 1,

for any 𝑥, 𝑦 : ℕ.

Proof First note that, since ] is injective by Proposition 7.3.6, we have

[𝑥]𝑘+1 = [𝑦]𝑘+1 ↔ ][𝑥]𝑘+1 = ][𝑦]𝑘+1.

Since the inequalities ][𝑥]𝑘+1 < 𝑘 + 1 and ][𝑦]𝑘+1 < 𝑘 + 1 hold by Lemma 7.3.5,
it follows by Proposition 7.4.6 that

][𝑥]𝑘+1 = ][𝑦]𝑘+1 ↔ ][𝑥]𝑘+1 ≡ ][𝑦]𝑘+1 mod 𝑘 + 1.

The latter condition is by Proposition 7.4.5 equivalent to the condition that
𝑥 ≡ 𝑦 mod 𝑘 + 1. □

Theorem 7.4.8 For any 𝑥 : Fin𝑘+1 there is an identification

[](𝑥)]𝑘+1 = 𝑥.

In other words, the map [– ]𝑘+1 : ℕ→ Fin𝑘+1 is split surjective.

Proof Since ] : Fin𝑘+1 → ℕ is injective by Proposition 7.3.6, it suffices to
show that

][](𝑥)]𝑘+1 = ](𝑥).

Now observe that ][](𝑥)]𝑘+1 < 𝑘 + 1 and ](𝑥) < 𝑘 + 1. By Proposition 7.4.6 it
therefore suffices to show that

][](𝑥)]𝑘+1 ≡ ](𝑥) mod 𝑘 + 1.

This fact is an instance of Proposition 7.4.5. □

7.5 The cyclic group structure on the standard finite types
We now define the group operations on Fin𝑘+1, and using Theorems 7.4.7
and 7.4.8 we will show that these group operations satisfy the laws of an abelian
group. This abelian group is the familiar group ℤ𝑘 of integers modulo 𝑘 , and
therefore we define ℤ𝑘 B Fin𝑘 .

Definition 7.5.1 We define the addition operation on ℤ𝑘+1 by

𝑥 + 𝑦 B [](𝑥) + ](𝑥)]𝑘+1,

and we define the additive inverse operation on ℤ𝑘+1 by

−𝑥 B [distℕ (](𝑥), 𝑘 + 1)]𝑘+1.
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Remark 7.5.2 The following congruences modulo 𝑘 + 1 follow immediately
from Proposition 7.4.5:

](0) ≡ 0
](𝑥 + 𝑦) ≡ ](𝑥) + ](𝑦)
](−𝑥) ≡ distℕ (](𝑥), 𝑘 + 1).

Before we show that addition on ℤ𝑘 satisfies the group laws, we have to show
that addition on ℕ preserves the congruence relation.

Proposition 7.5.3 Consider 𝑥, 𝑦, 𝑥′, 𝑦′ : ℕ. If any two of the following three
properties hold, then so does the third:

(i) 𝑥 ≡ 𝑥′ mod 𝑘 ,
(ii) 𝑦 ≡ 𝑦′ mod 𝑘 ,
(iii) 𝑥 + 𝑦 ≡ 𝑥′ + 𝑦′ mod 𝑘 .

Proof Recall that the distance function distℕ is translation invariant by Exer-
cise 6.5 (c). Therefore it follows that

𝑎 ≡ 𝑏 mod 𝑘 ↔ 𝑎 + 𝑐 ≡ 𝑏 + 𝑐 mod 𝑘. (∗)

We will use this observation to prove the claim.
First, suppose that 𝑥 ≡ 𝑥′ and 𝑦 ≡ 𝑦′ modulo 𝑘 . Then it follows by Eq. (∗)

that

𝑥 + 𝑦 ≡ 𝑥′ + 𝑦 ≡ 𝑥′ + 𝑦′.

This shows that (i) and (ii) together imply (iii).
Next, suppose that 𝑥 ≡ 𝑥′ and 𝑥 + 𝑦 ≡ 𝑥′ + 𝑦′ modulo 𝑘 . Then it follows that

𝑥 + 𝑦 ≡ 𝑥′ + 𝑦′ ≡ 𝑥 + 𝑦′.

Applying Eq. (∗) once more in the reverse direction, we obtain that 𝑦 ≡ 𝑦′
modulo 𝑘 . This shows that (i) and (iii) together imply (ii).

The remaining claim, that (ii) and (iii) together imply (i), follows by commu-
tativity of addition from the fact that (i) and (iii) together imply (ii). □

Theorem 7.5.4 The addition operation on ℤ𝑘+1 satisfies the laws of an abelian
group:

0 + 𝑥 = 𝑥 𝑥 + 0 = 𝑥

(−𝑥) + 𝑥 = 0 𝑥 + (−𝑥) = 0
(𝑥 + 𝑦) + 𝑧 = 𝑥 + (𝑦 + 𝑧) 𝑥 + 𝑦 = 𝑦 + 𝑥.
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Proof We first note that by commutativity of addition on ℕ, it follows immedi-
ately that addition on ℤ𝑘+1 is commutative.

To prove associativity, note that by Theorem 7.4.7 it suffices to show that

](𝑥 + 𝑦) + ](𝑧) ≡ ](𝑥) + ](𝑦 + 𝑧) mod 𝑘 + 1.

Since addition on ℤ𝑘+1 maps preserves the congruence relation, and since we
have the congruences

](𝑥 + 𝑦) ≡ ](𝑥) + ](𝑦) mod 𝑘 + 1
](𝑦 + 𝑧) ≡ ](𝑦) + ](𝑧) mod 𝑘 + 1,

it suffices to show that

(](𝑥) + ](𝑦)) + ](𝑧) ≡ ](𝑥) + (](𝑦) + ](𝑧)) mod 𝑘 + 1.

This follows immediately by associativity of addition on ℕ.
To show that addition on ℤ𝑘+1 satisfies the right unit law, we first observe

that it suffices to show that

[](𝑥) + ](0)]𝑘+1 = [](𝑥)]𝑘+1

because there is an identification [](𝑥)]𝑘+1 = 𝑥 by Theorem 7.4.8. By Theo-
rem 7.4.7 it now suffices tho show that

](𝑥) + ](0) ≡ ](𝑥) mod 𝑘 + 1.

This follows immediately from the fact that ](0) = 0. The left unit law now
follows from the right unit law by commutativity. We leave the inverse laws as
an exercise. □

Exercises
7.1 Complete the proof of Proposition 7.1.5.
7.2 Show that the divisibility relation satisfies the axioms of a poset, i.e., that

it is reflexive, antisymmetric, and transitive.
7.3 Construct a dependent function∏

(𝑥:ℕ) (𝑥 ≠ 0) → ((𝑥 ≤ 𝑛) → (𝑥 | 𝑛!))

for every 𝑛 : ℕ.
7.4 Define 1 B [1]𝑘+1 : Fin𝑘+1. Show that

succ𝑘+1 (𝑥) = 𝑥 + 1

for any 𝑥 : Fin𝑘+1.
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7.5 The observational equality on Fin𝑘 is a binary relation

Eq𝑘 : Fin𝑘 → (Fin𝑘 →U0)

defined recursively by

Eq𝑘+1 (𝑖(𝑥), 𝑖(𝑦)) B Eq𝑘 (𝑥, 𝑦) Eq𝑘+1 (𝑖(𝑥), ★) B ∅
Eq𝑘+1 (★, 𝑖(𝑦)) B ∅ Eq𝑘+1 (★,★) B 1.

(a) Show that

(𝑥 = 𝑦) ↔ Eq𝑘 (𝑥, 𝑦)

for any two elements 𝑥, 𝑦 : Fin𝑘 .
(b) Show that the function 𝑖 : Fin𝑘 → Fin𝑘+1 is injective, for each

𝑘 : ℕ.
(c) Show that

succ𝑘+1 (𝑖(𝑥)) ≠ 0

for any 𝑥 : Fin𝑘 .
(d) Show that function succ𝑘 : Fin𝑘 → Fin𝑘 is injective, for each 𝑘 : ℕ.

7.6 The predecessor function pred𝑘 : Fin𝑘 → Fin𝑘 is defined in three steps,
just as in the definition of the successor function on Fin𝑘 .

(i) We define the element neg-two𝑘 : Fin𝑘+1 by

neg-two0 B ★

neg-two𝑘+1 B 𝑖(★).

(ii) We define the function skip-neg-two𝑘 : Fin𝑘 → Fin𝑘+1 recursively
by

skip-neg-two𝑘+1 (𝑖(𝑥)) B 𝑖(𝑖(𝑥))
skip-neg-two𝑘+1 (★) B ★.

(iii) Finally, we define the predecessor function pred𝑘 : Fin𝑘 → Fin𝑘
recursively by

pred𝑘+1 (𝑖(𝑥)) B skip-neg-two𝑘 (pred𝑘 (𝑥))
pred𝑘+1 (★) B neg-two𝑘 .

Show that pred𝑘 is an inverse to succ𝑘 , i.e., construct identifications

succ𝑘 (pred𝑘 (𝑥)) = 𝑥, and pred𝑘 (succ𝑘 (𝑥)) = 𝑥

for each 𝑥 : Fin𝑘 .
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7.7 Recall that
classical-Fin𝑘 :=

∑
(𝑥:ℕ)𝑥 < 𝑘.

(a) Show that
(𝑥 = 𝑦) ↔ (pr1 (𝑥) = pr1 (𝑦))

for each 𝑥, 𝑦 : classical-Fin𝑘 .
(b) By Lemma 7.3.5 it follows that the map ] : Fin𝑘 → ℕ induces a

map ] : Fin𝑘 → classical-Fin𝑘 . Construct a map

𝛼𝑘 : classical-Fin𝑘 → Fin𝑘

for each 𝑘 : ℕ, and show that

𝛼𝑘 (](𝑥)) = 𝑥 and ](𝛼𝑘 (𝑦)) = 𝑦

for each 𝑥 : Fin𝑘 and each 𝑦 : classical-Fin𝑘 .
7.8 The multiplication operation 𝑥, 𝑦 ↦→ 𝑥𝑦 on ℤ𝑘+1 is defined by

𝑥𝑦 B [](𝑥)](𝑦)]𝑘+1.

(a) Show that ](𝑥𝑦) ≡ ](𝑥)](𝑦) mod 𝑘 + 1 for each 𝑥, 𝑦 : ℤ𝑘+1.
(b) Show that

𝑥𝑦 ≡ 𝑥′𝑦′ mod 𝑘

for any 𝑥, 𝑦, 𝑥′, 𝑦′ : ℕ such that 𝑥 ≡ 𝑥′ and 𝑦 ≡ 𝑦′ mod 𝑘 .
(c) Show that multiplication onℤ𝑘+1 satisfies the laws of a commutative

ring:

(𝑥𝑦)𝑧 = 𝑥(𝑦𝑧) 𝑥𝑦 = 𝑦𝑥

1𝑥 = 𝑥 𝑥1 = 𝑥

𝑥(𝑦 + 𝑧) = 𝑥𝑦 + 𝑦𝑧 (𝑥 + 𝑦)𝑧 = 𝑥𝑧 + 𝑦𝑧.

7.9 (Euclidean division) Consider two natural numbers 𝑎 and 𝑏.
(a) Construct two natural numbers 𝑞 and 𝑟 such that (𝑏 ≠ 0) → (𝑟 < 𝑏),

along with an identification

𝑎 = 𝑞𝑏 + 𝑟.

(b) Show that for any four natural numbers 𝑞, 𝑞′ and 𝑟, 𝑟 ′ such that the
implications (𝑏 ≠ 0) → (𝑟 < 𝑏) and (𝑏 ≠ 0) → (𝑟 ′ < 𝑏) hold,
and for which there are identifications

𝑎 = 𝑞𝑏 + 𝑟 and 𝑎 = 𝑞′𝑏 + 𝑟 ′,

we have 𝑞 = 𝑞′ and 𝑟 = 𝑟 ′.
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7.10 The type ℕ𝑘 of 𝑘-ary natural numbers is an inductive type with the
following constructors:

constantℕ𝑘 : Fin𝑘 → ℕ𝑘

unary-opℕ𝑘
: Fin𝑘 → (ℕ𝑘 → ℕ𝑘).

A 𝑘-ary natural number can be converted back into an ordinary natural
number via the function 𝑓𝑘 : ℕ𝑘 → ℕ, which is defined recursively by

𝑓𝑘 (constantℕ𝑘 (𝑥)) B ](𝑥)
𝑓𝑘 (unary-opℕ𝑘

(𝑥, 𝑛)) B 𝑘 ( 𝑓𝑘 (𝑛) + 1) + ](𝑥).

(a) Show that the type ℕ0 is empty.
(b) Show that the function 𝑓𝑘 : ℕ𝑘 → ℕ is injective.
(c) Show that the function 𝑓𝑘+1 : ℕ𝑘+1 → ℕ has an inverse, i.e. construct

a function

𝑔𝑘 : ℕ→ ℕ𝑘+1

equipped with identifications

𝑓𝑘+1 (𝑔𝑘 (𝑛)) = 𝑛
𝑔𝑘 ( 𝑓𝑘+1 (𝑥)) = 𝑥

for each 𝑛 : ℕ and each 𝑥 : ℕ𝑘+1.

8 Decidability in elementary number theory

Martin-Löf’s dependent type theory is a foundation for constructive mathematics,
but in constructive mathematics there is no way to show that 𝑃 ∨ ¬𝑃 holds for
an arbitrary proposition 𝑃. Likewise, in type theory there is no way to construct
an element of type 𝐴 + ¬𝐴 for an arbitrary type 𝐴. Consequently, if we want to
reason by case analysis over whether 𝐴 is empty or nonempty, we first have to
show that 𝐴 + ¬𝐴 holds.

A type 𝐴 that comes equipped with an element of type 𝐴 + ¬𝐴 is said to be
decidable. Even though we cannot show that all types are decidable, many types
are indeed decidable. Examples include the empty type and any type that comes
equipped with a point, such as the type of natural numbers.

Decidability is an important concept with many applications in number theory
and finite mathematics, and in this section we will explore the applications of
decidability to elementary number theory. For example, the natural numbers
satisfy a well-ordering principle with respect to decidable type families over
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the natural numbers; decidability can be used to construct the greatest common
divisor of any two natural numbers; and it can also be used to show that there
are infinitely many prime numbers.

8.1 Decidability and decidable equality
Definition 8.1.1 A type 𝐴 is said to be decidable if it comes equipped with
an element of type

is-decidable(𝐴) B 𝐴 + ¬𝐴.

A family 𝑃 over a type 𝐴 is said to be decidable if 𝑃(𝑥) is decidable for every
𝑥 : 𝐴.

Example 8.1.2 The principal way to show that a type 𝐴 is decidable is to either
construct an element 𝑎 : 𝐴, or to construct a function 𝐴→ ∅. For example, the
types 1 and ∅ are decidable. Indeed, we have

inl(★) : is-decidable(1)
inr(id) : is-decidable(∅).

Furthermore, any type 𝐴 equipped with a point 𝑎 : 𝐴 is decidable because we
have inl(𝑎) : is-decidable(𝐴) for such 𝐴.

Example 8.1.3 The principal way to use a hypothesis that 𝐴 is decidable is
to proceed by the induction principle of coproducts, i.e., to proceed by case
analysis.

For example, if 𝐴 and 𝐵 are decidable types, then the types 𝐴 + 𝐵, 𝐴 × 𝐵,
and 𝐴 → 𝐵 are also decidable. This is straightforward to prove directly by
pattern-matching on the variables of type is-decidable(𝐴) and is-decidable(𝐵).
When we go through these proofs, the familiar truth table emerges:

is-decidable

𝐴 𝐵 𝐴 + 𝐵 𝐴 × 𝐵 𝐴→ 𝐵

inl(𝑎) inl(𝑏) inl(inl(𝑎)) inl(𝑎, 𝑏) inl(_𝑥. 𝑏)
inl(𝑎) inr(𝑔) inl(inl(𝑎)) inr(𝑔 ◦ pr2) inr(_ℎ. 𝑔(ℎ(𝑎)))
inr( 𝑓 ) inl(𝑏) inl(inr(𝑏)) inr( 𝑓 ◦ pr1) inl(ex-falso ◦ 𝑓 )
inr( 𝑓 ) inr(𝑔) inr[ 𝑓 , 𝑔] inr( 𝑓 ◦ pr1) inl(ex-falso ◦ 𝑓 )

Since 𝐴→ 𝐵 is decidable whenever both 𝐴 and 𝐵 are decidable, it also follows
that the negation ¬𝐴 of any decidable type 𝐴 is decidable.
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Example 8.1.4 Since the empty type and the unit type are both decidable
types, it also follows that the types Eqℕ (𝑚, 𝑛), 𝑚 ≤ 𝑛 and 𝑚 < 𝑛 are decidable
for each 𝑚, 𝑛 : ℕ. The proofs in each of the three cases is by induction on 𝑚 and
𝑛.

For instance, to show that Eqℕ (𝑚, 𝑛) is decidable for each𝑚, 𝑛 : ℕ, we simply
note that the types

Eqℕ (0ℕ, 0ℕ) � 1
Eqℕ (0ℕ, succℕ (𝑛)) � ∅
Eqℕ (succℕ (𝑚), 0ℕ) � ∅

are all decidable, and that the type Eqℕ (succℕ (𝑚), succℕ (𝑛)) � Eqℕ (𝑚, 𝑛) is
decidable by the inductive hypothesis.

The fact that ℕ has decidable observational equality also implies that equality
itself is decidable on ℕ. This leads to the general concept of decidable equality,
which is important in many results about decidability.

Definition 8.1.5 We say that a type 𝐴 has decidable equality if the identity
type 𝑥 = 𝑦 is decidable for every 𝑥, 𝑦 : 𝐴. We will write

has-decidable-eq(𝐴) B ∏
(𝑥,𝑦:𝐴) is-decidable(𝑥 = 𝑦).

Before we show that ℕ has decidable equality, let us show that if 𝐴↔ 𝐵 and
𝐴 is decidable, then 𝐵 must be decidable.

Lemma 8.1.6 Consider two types 𝐴 and 𝐵, and suppose that 𝐴↔ 𝐵. Then 𝐴
is decidable if and only if 𝐵 is decidable.

Proof Since we have functions 𝑓 : 𝐴→ 𝐵 and 𝑔 : 𝐵→ 𝐴 by assumption, we
obtain by Proposition 4.3.4 the functions

𝑓 : ¬𝐵→ ¬𝐴
�̃� : ¬𝐴→ ¬𝐵.

By Remark 4.4.2 we have therefore the functions

𝑓 + �̃� : (𝐴 + ¬𝐴) → (𝐵 + ¬𝐵)
𝑔 + 𝑓 : (𝐵 + ¬𝐵) → (𝐴 + ¬𝐴). □

Proposition 8.1.7 Equality on the natural numbers is decidable.

Proof Recall from Proposition 6.3.3 that we have

(𝑚 = 𝑛) ↔ Eqℕ (𝑚, 𝑛).
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The claime therefore follows by Lemma 8.1.6, since we have observed in
Example 8.1.4 that Eqℕ (𝑚, 𝑛) is decidable for every 𝑚, 𝑛 : ℕ. □

It is certainly not provable with the given rules of type theory that every type
has decidable equality. In fact, we will show in Theorem 12.3.5 that if a type has
decidable equality, then it is a set. However, it is also not provable that every set
has decidable equality unless one assumes the law of excluded middle. We will
discuss this principle in Section 17.4. For now, it is important to remember that
in order to use decidability, we must first prove that it holds, and many familiar
types do indeed have decidable equality.

Proposition 8.1.8 The type Fin𝑘 has decidable equality for each 𝑘 : ℕ.

Proof Recall from Exercise 7.5 that we constructed an observational equality
relation Eq𝑘 on Fin𝑘 for each 𝑘 : ℕ, which satisfies

(𝑥 = 𝑦) ↔ Eq𝑘 (𝑥, 𝑦).

The type Eq𝑘 (𝑥, 𝑦) is decidable, since it is recursively defined using the decidable
types ∅ and 1. □

We can use the fact that the finite types Fin𝑘 have decidable equality to show
that the divisibility relation on ℕ is decidable.

Theorem 8.1.9 For any 𝑑, 𝑥 : ℕ, the type 𝑑 | 𝑥 is decidable.

Proof Note that 0 | 𝑥 is decidable because 0 | 𝑥 if and only if 𝑥 = 0, which is
decidable by Proposition 8.1.7. Therefore it suffices to show that 𝑑 + 1 | 𝑥 is
decidable.

By Theorem 7.4.7 it follows that 𝑑 + 1 | 𝑥 holds if and only if we have an
identification [𝑥]𝑑+1 = 0 in Fin𝑑+1. Therefore the claim follows from the fact
that Fin𝑑+1 has decidable equality. □

8.2 Constructions by case analysis
A common way to construct functions and to prove properties about them is by
case analysis. For example, a famous function of Collatz is specified by case
analysis on whether 𝑛 is even or odd:

collatz(𝑛) =
{
𝑛/2 if 𝑛 is even
3𝑛 + 1 if 𝑛 is odd.

The Collatz function is of course uniquely determined by this specification, but
it is important to note that there is a bit of work to be done in order to define
the Collatz function according to the rules of dependent type theory. First we
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note that, since the Collatz function is specified by case analysis on whether
𝑛 is even or odd, we will have to use a dependent function witnessing the fact
that every number is either even or odd. In other words, we will make use of the
dependent function

𝑑 :
∏
(𝑛:ℕ) is-decidable(2 | 𝑛),

which we have by Theorem 8.1.9. The type is-decidable(2 | 𝑛) is the coproduct
(2 | 𝑛) + (2 ∤ 𝑛), so the idea is to proceed by case analysis on whether 𝑑 (𝑛) is of
the form inl(𝑥) or inr(𝑥), i.e., by the induction principle of coproducts. However,
𝑑 (𝑛) is not a free variable of type is-decidable(2 | 𝑛). Before we can proceed by
induction, we must therefore first generalize the element 𝑑 (𝑛) to a free variable
𝑦 : is-decidable(2 | 𝑛). In other words, we will first define a function

ℎ :
∏
(𝑛:ℕ) (is-decidable(2 | 𝑛) → ℕ)

by the induction principle of coproducts, and then we obtain the Collatz function
by substituting 𝑑 (𝑛) for 𝑦 in ℎ(𝑛, 𝑦). Putting these ideas together, we obtain the
following type theoretical definition of the Collatz function.

Definition 8.2.1 Write 𝑑 :
∏
(𝑛:ℕ) is-decidable(2 | 𝑛) for the function deciding

2 | 𝑛, given in Theorem 8.1.9.

(i) We define a function ℎ :
∏
(𝑛:ℕ) (is-decidable(2 | 𝑛) → ℕ) by

ℎ(𝑛, inl(𝑚, 𝑝)) B 𝑚

ℎ(𝑛, inr( 𝑓 )) B 3𝑛 + 1.

(ii) We define the function collatz : ℕ→ ℕ by

collatz(𝑛) B ℎ(𝑛, 𝑑 (𝑛)).

Remark 8.2.2 The general ideas behind the formal construction of the Collatz
function lead to the type theoretic concept of with-abstraction. With-abstraction
is a type-theoretically precise generalization of case analysis.

In full generality, if our goal is to define a dependent function 𝑓 :
∏
(𝑥:𝐴)𝐶 (𝑥),

and we already have a function 𝑔 :
∏
(𝑥:𝐴)𝐵(𝑥), then it suffices to define a

dependent function

ℎ :
∏
(𝑥:𝐴)𝐵(𝑥) → 𝐶 (𝑥).

Indeed, given 𝑔 and ℎ as above, we can define 𝑓 B _𝑥. ℎ(𝑥, 𝑔(𝑥)). In other
words, to define 𝑓 (𝑥) using 𝑔(𝑥) : 𝐵(𝑥), we generalize 𝑔(𝑥) to an arbitrary
element 𝑦 : 𝐵(𝑥) and proceed to define an element ℎ(𝑥, 𝑦) : 𝐶 (𝑥).
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With-abstraction is a concise way to present such a definition. In a definition
by with-abstraction, we may write

𝑓 (𝑥) with [𝑔(𝑥)/𝑦] B ℎ(𝑥, 𝑦),

to define a function 𝑓 :
∏
(𝑥:𝐴)𝐶 (𝑥) that satisfies the judgmental equality

𝑓 � _𝑥. ℎ(𝑥, 𝑔(𝑥)). In other words, 𝑓 (𝑥) is defined to be ℎ(𝑥, 𝑦) with 𝑔(𝑥) for
𝑦.

The definition of the Collatz function can therefore be given by with-
abstraction as

collatz(𝑛) with [𝑑 (𝑛)/𝑦] B ℎ(𝑥, 𝑦).

However, recall that the function ℎ was defined by pattern matching on 𝑦. We
can combine with-abstraction and pattern matching to obtain a direct definition
of the Collatz function that doesn’t explicitly mention the function ℎ anymore.
This gives us the following concise way to define the Collatz function:

collatz(𝑛) with [𝑑 (𝑛)/inl(𝑚, 𝑝)] B 𝑚

collatz(𝑛) with [𝑑 (𝑛)/inr( 𝑓 )] B 3𝑛 + 1.

Notice that in addition to the information in the specification of the Collatz
function, the definition by with-abstraction also tells us which decision procedure
was used to decide whether 𝑛 is even or not. The combination of with-abstraction
and pattern matching, which allows us to skip the explicit definition of the
function ℎ, is what makes with-abstraction so useful.

Using with-abstraction we can find a slight improvement of the decidability
results of 𝐴→ 𝐵 and 𝐴 × 𝐵 in Example 8.1.3, and we will use these improved
claims in the construction of the greatest common divisor.

Proposition 8.2.3 Consider a decidable type 𝐴, and let 𝐵 be a type equipped
with a function

𝐴→ is-decidable(𝐵).

Then the types 𝐴 × 𝐵 and 𝐴→ 𝐵 are also decidable.

Proof We only prove the claim about the decidability of 𝐴 → 𝐵, since the
claim about the decidability of 𝐴 × 𝐵 is proven similarly. Since 𝐴 is assumed
to be decidable, we proceed by case analysis on 𝐴 + ¬𝐴. In the case where we
have 𝑓 : ¬𝐴, we have the functions

𝐴 ∅ 𝐵.

← →𝑓 ← →ex-falso
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Therefore we obtain the element inl(ex-falso ◦ 𝑓 ) : is-decidable(𝐴 → 𝐵). In
the case where we have an element 𝑎 : 𝐴, we have to construct a function

𝑑 : (𝐴→ is-decidable(𝐵)) → is-decidable(𝐴→ 𝐵)

Given 𝐻 : 𝐴 → is-decidable(𝐵), we can use with-abstraction to proceed by
case analysis on 𝐻 (𝑎) : 𝐵 + ¬𝐵. The function 𝑑 is therefore defined as

𝑑 (𝐻) with [𝐻 (𝑎)/inl(𝑏)] B inl(_𝑥. 𝑏)
𝑑 (𝐻) with [𝐻 (𝑎)/inr(𝑔)] B inr(_ℎ. 𝑔(ℎ(𝑎))). □

For a general family of decidable types 𝑃 over ℕ, we cannot prove that the
type ∏

(𝑥:ℕ)𝑃(𝑥)

is decidable. However, if we know in advance that 𝑃(𝑥) holds for any 𝑚 ≤ 𝑥,
then we can decide

∏
(𝑥:ℕ)𝑃(𝑥) by checking the decidability of each 𝑃(𝑥) until

𝑚.

Proposition 8.2.4 Consider a decidable type family 𝑃 over ℕ equipped with a
natural number 𝑚 such that the type∏

(𝑥:ℕ) (𝑚 ≤ 𝑥) → 𝑃(𝑥)

is decidable. Then the type
∏
(𝑥:ℕ)𝑃(𝑥) is decidable.

Proof Our proof is by induction on 𝑚, but we will first make sure that the
inductive hypothesis will be strong enough by quantifying over all decidable
type families over ℕ. Of course, we cannot do this directly. However, by the
assumption that there are enough universes (Postulate 6.2.1), there is a universe
U that contains 𝑃. We fix this universe, and we will prove by induction on 𝑚
that for every decidable type family 𝑄 : ℕ→U for which the type∏

(𝑥:ℕ) (𝑚 ≤ 𝑥) → 𝑄(𝑥),

is decidable, the type
∏
(𝑥:ℕ)𝑄(𝑥) is again decidable.

In the base case, it follows by assumption that the type
∏
(𝑥:𝐴)𝑄(𝑥) is

decidable. For the inductive step, let 𝑄 : ℕ→U be a decidable type family for
which the type ∏

(𝑥:ℕ) (𝑚 + 1 ≤ 𝑥) → 𝑄(𝑥)

is decidable. Since 𝑄 is assumed to be decidable, we can proceed by case
analysis on 𝑄(0) + ¬𝑄(0). In the case of ¬𝑄(0), it follows that ¬∏ (𝑥:ℕ)𝑄(𝑥).
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In the case where we have 𝑞 : 𝑄(0), consider the type family 𝑄′ : ℕ → U
given by

𝑄′ (𝑥) B 𝑄(𝑥 + 1).

Then 𝑄′ is decidable since 𝑄 is decidable, and moreover it follows that the
type

∏
(𝑥:ℕ) (𝑚 ≤ 𝑥) → 𝑄′ (𝑥) is decidable. The inductive hypothesis im-

plies therefore that the type
∏
(𝑥:ℕ)𝑄

′ (𝑥) is decidable. In the case where
¬∏ (𝑥:ℕ)𝑄

′ (𝑥), it follows that ¬∏ (𝑥:ℕ)𝑄(𝑥), and in the case where we have a
function 𝑔 :

∏
(𝑥:ℕ)𝑄

′ (𝑥), we can construct a function 𝑓 :
∏
(𝑥:ℕ)𝑄(𝑥) by

𝑓 (0) B 𝑞

𝑓 (𝑥 + 1) B 𝑔(𝑥). □

Corollary 8.2.5 Consider two decidable families 𝑃 and𝑄 over ℕ, and suppose
that 𝑃 comes equipped with an upper bound 𝑚. Then the type∏

(𝑛:ℕ)𝑃(𝑛) → 𝑄(𝑛)

is decidable.

Proof Since𝑚 is assumed to be an upper bound for 𝑃, it follows 𝑃(𝑛) → 𝑄(𝑛)
for any 𝑚 ≤ 𝑛. With this observation we apply Proposition 8.2.4. □

8.3 The well-ordering principle of ℕ
The well-ordering principle of the natural numbers in classical mathematics
asserts that any nonempty subset of ℕ has a least element. To formulate the
well-ordering principle in type theory, we will use type families over ℕ instead
of subsets of ℕ. Moreover, the classical well-ordering principle tacitly assumes
that subsets are decidable. The type theoretic well-ordering principle of ℕ is
therefore formulated using decidable families over ℕ.

Definition 8.3.1 Let 𝑃 be a family over ℕ, not necessarily decidable.

(i) We say that a natural number 𝑛 is a lower bound for 𝑃 if it comes equipped
with an element of type

is-lower-bound𝑃 (𝑛) B
∏
(𝑥:ℕ)𝑃(𝑥) → (𝑛 ≤ 𝑥).

(ii) We say that a natural number 𝑛 is an upper bound for 𝑃 if it comes
equipped with an element of type

is-upper-bound𝑃 (𝑛) B
∏
(𝑥:ℕ)𝑃(𝑥) → (𝑥 ≤ 𝑛).
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A minimal element of 𝑃 is therefore a natural number 𝑛 for which 𝑃(𝑛) holds,
and which is also a lower bound for 𝑃. The well-ordering principle of ℕ asserts
that such an element exists for any decidable family 𝑃, as soon as 𝑃(𝑛) holds
for some 𝑛.

Theorem 8.3.2 (Well-ordering principle of ℕ) Let 𝑃 be a decidable family
over ℕ, where 𝑑 witnesses that 𝑃 is decidable. Then there is a function

w(𝑃, 𝑑) :
(∑
(𝑛:ℕ)𝑃(𝑛)

)
→

(∑
(𝑚:ℕ)𝑃(𝑚) × is-lower-bound𝑃 (𝑚)

)
.

Proof By the assumption that there are enough universes (Postulate 6.2.1),
there is a universeU that contains 𝑃. Instead of proving the claim for the given
type family 𝑃, we will show by induction on 𝑛 : ℕ that there is a function

𝑄(𝑛) →
(∑
(𝑚:ℕ)𝑄(𝑚) × is-lower-bound𝑄 (𝑚)

)
(∗)

for every decidable family 𝑄 : ℕ→U. Note that we are now also quantifying
over the decidable families 𝑄 : ℕ→U. This slightly strengthens the inductive
hypothesis, which we will be able to exploit.

The base case is trivial, since 0ℕ is a lower bound of every type family over ℕ.
For the inductive step, assume that Eq. (∗) holds for every decidable type family
𝑄 : ℕ→U. Furthermore, let 𝑄 : ℕ→U be a decidable type family equipped
with an element 𝑞 : 𝑄(succℕ (𝑛)). Our goal is to construct an element of type∑

(𝑚:ℕ)𝑄(𝑚) × is-lower-bound𝑄 (𝑚).

Since 𝑄(0ℕ) is assumed to be decidable, it suffices to construct a function

(𝑄(0ℕ) + ¬𝑄(0ℕ)) →
∑
(𝑚:ℕ)𝑄(𝑚) × is-lower-bound𝑄 (𝑚).

Therefore we can proceed by case analysis on 𝑄(0ℕ) + ¬𝑄(0ℕ). In the case
where we have an element of type 𝑄(0ℕ), it follows immediately that 0ℕ must
be minimal. In the case where ¬𝑄(0ℕ), we consider the decidable subset 𝑄′ of
ℕ given by

𝑄′ (𝑛) B 𝑄(succℕ (𝑛)).

Since we have 𝑞 : 𝑄′ (𝑛), we obtain a minimal element in 𝑄′ by the inductive
hypothesis. Of course, by the assumption that 𝑄(0ℕ) doesn’t hold, the minimal
element of 𝑄′ is also the minimal element of 𝑄. □
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8.4 The greatest common divisor
The greatest common divisor of two natural numbers 𝑎 and 𝑏 is a natural number
gcd(𝑎, 𝑏) that satisfies the property that

𝑥 | 𝑎 and 𝑥 | 𝑏 if and only if 𝑥 | gcd(𝑎, 𝑏)

for any 𝑥 : ℕ. In other words, any number 𝑥 : ℕ that divides both 𝑎 and 𝑏 also
divides the greatest common divisor. Moreover, since gcd(𝑎, 𝑏) divides itself,
it follows from the reverse implication that gcd(𝑎, 𝑏) divides both 𝑎 and 𝑏.

This property can also be seen as the specification of what it means to be a
greatest common divisor of 𝑎 and 𝑏. In formal developments of mathematics,
when you’re about to construct an object that satisfies a certain specification,
it can be useful to start out with that specification. For example, there is more
than one way to define the greatest common divisor—we will define it here
in Definition 8.4.6 using the well-ordering principle and again in ?? using
Euclid’s algorithm—and both definitions satisfy the specification that uniquely
characterizes it. Hence we make the following definition.

Definition 8.4.1 Consider three natural numbers 𝑎, 𝑏, and 𝑑. We say that 𝑑 is
a greatest common divisor of 𝑎 and 𝑏 if it comes equipped with an element of
type

is-gcd𝑎,𝑏 (𝑑) B
∏
(𝑥:ℕ) (𝑥 | 𝑎) × (𝑥 | 𝑏) ↔ (𝑥 | 𝑑).

The property of being a greatest common divisor uniquely characterizes the
greatest common divisor, in the following sense.

Proposition 8.4.2 Suppose 𝑑 and 𝑑′ are both a greatest common divisor of 𝑎
and 𝑏. Then 𝑑 = 𝑑′.

Proof If both 𝑑 and 𝑑′ are a greatest common divisor of 𝑎 and 𝑏, then both 𝑑
and 𝑑′ divide both 𝑎 and 𝑏, and hence it follows that 𝑑 | 𝑑′ and 𝑑′ | 𝑑. Since the
divisibility relation was shown to be a partial order in Exercise 7.2, it follows by
antisymmetry that 𝑑 = 𝑑′. □

Note that for any two natural numbers 𝑎 and 𝑏, the type∑
(𝑛:ℕ)

∏
(𝑥:ℕ) (𝑥 | 𝑎) × (𝑥 | 𝑏) → (𝑥 | 𝑛) (∗)

consists of all the multiples of the common divisors of 𝑎 and 𝑏, including 0. On
the other hand, the type∑

(𝑛:ℕ)
∏
(𝑥:ℕ) (𝑥 | 𝑛) → (𝑥 | 𝑎) × (𝑥 | 𝑏) (∗∗)

consists of all the common divisors of 𝑎 and 𝑏 except in the case where 𝑎 = 0
and 𝑏 = 0. In this case, the type in Eq. (∗∗) consists of all natural numbers.
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Eqs. (∗) and (∗∗) provide us with two ways to define the greatest common
divisor. We can either define the greatest common divisor of 𝑎 and 𝑏 as the
greatest natural number in the type in Eq. (∗∗) or we can define it as the
least nonzero natural number of the type in Eq. (∗), provided that we make
an exception in the case where both 𝑎 = 0 and 𝑏 = 0. Since we already have
established the well-ordering principle of ℕ, we will opt for the second approach.
In Exercise 8.10 you will be asked to show that any bounded decidable family
over ℕ has a maximum as soon as it contains some natural number.

In order to correctly define the greatest common divisor using well-ordering
principle of ℕ, we need a slight modification of the type family in Eq. (∗). We
define this family as follows:

Definition 8.4.3 Given 𝑎, 𝑏 : ℕ, we define the type family 𝑀 (𝑎, 𝑏) over ℕ by

𝑀 (𝑎, 𝑏, 𝑛) B (𝑎 + 𝑏 ≠ 0) → (𝑛 ≠ 0) ×
(∏

(𝑥:ℕ) (𝑥 | 𝑎) × (𝑥 | 𝑏) → (𝑥 | 𝑛)
)
.

In other words, if 𝑎 + 𝑏 = 0 then the type
∑
(𝑛:ℕ) 𝑀 (𝑎, 𝑏, 𝑛) consist of all

the natural numbers. On the other hand, if 𝑎 + 𝑏 ≠ 0 it consists of the nonzero
natural numbers 𝑛 with the property that any common divisor of 𝑎 and 𝑏 also
divides 𝑛. These are exactly the nonzero multiples of the greatest common
divisor of 𝑎 and 𝑏.

Since we intend to apply the well-ordering principle, we must show that
the family 𝑀 (𝑎, 𝑏) is decidable. This is a step that one can skip in classical
mathematics, because all the subsets of ℕ are decidable there. However, in our
current setting we have no choice but to prove it.

Proposition 8.4.4 The type family 𝑀 (𝑎, 𝑏) is decidable for each 𝑎, 𝑏 : ℕ.

Proof The type 𝑎 + 𝑏 ≠ 0 is decidable because it is the negation of the type
𝑎 + 𝑏 = 0, which is decidable by Proposition 8.1.7. Therefore it suffices to show
that the type

(𝑛 ≠ 0) ×∏ (𝑥:ℕ) (𝑥 | 𝑎) × (𝑥 | 𝑏) → (𝑥 | 𝑛)

is decidable, and by Proposition 8.2.3 we also get to assume that 𝑎 + 𝑏 ≠ 0. The
type 𝑛 ≠ 0 is again decidable by Proposition 8.1.7, so it suffices to show that the
type ∏

(𝑥:ℕ) (𝑥 | 𝑎) × (𝑥 | 𝑏) → (𝑥 | 𝑛)

is decidable. The types (𝑥 | 𝑎) × (𝑥 | 𝑏) and (𝑥 | 𝑛) are decidable by
Theorem 8.1.9, so by Corollary 8.2.5 it suffices to check that the family of
types (𝑥 | 𝑎) × (𝑥 | 𝑏) indexed by 𝑥 : ℕ has an upper bound. If 𝑥 is a common
divisor of 𝑎 and 𝑏, then it follows that 𝑥 divides 𝑎 + 𝑏. Furthermore, since we

mailto:egbert.rijke@fmf.uni-lj.si
https://hott.zulipchat.com


This material will be published by Cambridge University Press as Introduction to Homotopy Type Theory by Egbert Rĳke. This pre-publication
version is free to view and download for personal use only. Not for re-distribution, re-sale or use in derivative works. © Egbert Rĳke 2020

The best way to support this book while it is still being prepared for publication, is to let the author know if you find inaccuracies of any kind at
Q egbert.rĳke@fmf.uni-lj.si, or at the homotopy type theory chat at  https://hott.zulipchat.com.

There are 306 exercises.

Ljubljana, April 8, 2022

90 Martin-Löf’s Dependent Type Theory

have assumed that 𝑎 + 𝑏 ≠ 0, it follows that 𝑥 ≤ 𝑎 + 𝑏. This provides the upper
bound. □

We are almost in position to apply the well-ordering principle of ℕ to define
the greatest common divisor. It just remains to show that there is some 𝑛 : ℕ for
which 𝑀 (𝑎, 𝑏, 𝑛) holds. We prove this in the following lemma.

Lemma 8.4.5 There is an element of type 𝑀 (𝑎, 𝑏, 𝑎 + 𝑏).

Proof To construct an element of type 𝑀 (𝑎, 𝑏, 𝑎 + 𝑏), assume that 𝑎 + 𝑏 ≠ 0.
Then we have tautologically that 𝑎 + 𝑏 ≠ 0, and any common divisor of 𝑎 and 𝑏
is also a divisor of 𝑎 + 𝑏. □

Definition 8.4.6 We define the greatest common divisor gcd : ℕ→ (ℕ→ ℕ)
by the well-ordering principle of ℕ (Theorem 8.3.2) as the least natural number
𝑛 for which 𝑀 (𝑎, 𝑏, 𝑛) holds, using the fact that 𝑀 (𝑎, 𝑏) is a decidable type
family (Proposition 8.4.4) and that 𝑀 (𝑎, 𝑏, 𝑎 + 𝑏) always holds (Lemma 8.4.5).

Lemma 8.4.7 For any two natural numbers 𝑎 and 𝑏, we have gcd(𝑎, 𝑏) = 0 if
and only if 𝑎 + 𝑏 = 0.

Proof To prove the forward direction, assume that gcd(𝑎, 𝑏) = 0. By defini-
tion of gcd(𝑎, 𝑏) we have that 𝑀 (𝑎, 𝑏, gcd(𝑎, 𝑏)) holds. More explicitly, the
implication

(𝑎 + 𝑏 ≠ 0) → (gcd(𝑎, 𝑏) ≠ 0) ×∏ (𝑥:ℕ) (𝑥 | 𝑎) × (𝑥 | 𝑏) → (𝑥 | gcd(𝑎, 𝑏))

holds. However, we have assumed that gcd(𝑎, 𝑏) = 0, so it follows from the
above implication that ¬(𝑎 + 𝑏 ≠ 0). In other words, we have ¬¬(𝑎 + 𝑏 = 0).
The fact that equality on ℕ is decidable implies via Exercise 4.3 (d) that
¬¬(𝑎 + 𝑏 = 0) → (𝑎 + 𝑏 = 0), so we conclude that 𝑎 + 𝑏 = 0.

For the converse direction, recall that the inequality gcd(𝑎, 𝑏) ≤ 𝑎 + 𝑏 holds
by minimality, since 𝑀 (𝑎, 𝑏, 𝑎 + 𝑏) holds by Lemma 8.4.5. If 𝑎 + 𝑏 = 0, it
therefore follows that gcd(𝑎, 𝑏) ≤ 0, which implies that gcd(𝑎, 𝑏) = 0. □

Theorem 8.4.8 For any two natural numbers 𝑎 and 𝑏, the number gcd(𝑎, 𝑏)
is a greatest common divisor of 𝑎 and 𝑏 in the sense of Definition 8.4.1.

Proof We give the proof by case analysis on whether 𝑎 + 𝑏 = 0. If we assume
that 𝑎 + 𝑏 = 0, then it follows that both 𝑎 = 0 and 𝑏 = 0, and by Lemma 8.4.7 it
also follows that gcd(𝑎, 𝑏) = 0. Since any number divides 0, the claim follows
immediately.

In the case where 𝑎+𝑏 ≠ 0, it follows from Lemma 8.4.7 that also gcd(𝑎, 𝑏) ≠
0. From the fact that 𝑀 (𝑎, 𝑏, gcd(𝑎, 𝑏)) we therefore immediately obtain that∏

(𝑥:ℕ) (𝑥 | 𝑎) × (𝑥 | 𝑏) → (𝑥 | gcd(𝑎, 𝑏)).
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Therefore it remains to show that if 𝑥 divides gcd(𝑎, 𝑏), then 𝑥 divides both 𝑎
and 𝑏. By transitivity of the divisibility relation it suffices to show that gcd(𝑎, 𝑏)
divides both 𝑎 and 𝑏. We will show only that gcd(𝑎, 𝑏) divides 𝑎, the proof that
gcd(𝑎, 𝑏) divides 𝑏 is similar.

Since gcd(𝑎, 𝑏) is nonzero, it follows by Euclidean divison (Exercise 7.9)
that there are numbers 𝑞 and 𝑟 < gcd(𝑎, 𝑏) such that

𝑎 = 𝑞 · gcd(𝑎, 𝑏) + 𝑟.

From this equation and Proposition 7.1.5 it follows that any number 𝑥 which
divides both 𝑎 and 𝑏 also divides 𝑟, because we have already noted that any
such 𝑥 divides gcd(𝑎, 𝑏). This observation implies that 𝑟 = 0, because we have
𝑟 < gcd(𝑎, 𝑏) by construction and gcd(𝑎, 𝑏) is minimal. Therefore we conclude
that gcd(𝑎, 𝑏) divides 𝑎. □

8.5 The infinitude of primes
When the natural numbers are ordered by the divisibility relation, the number
1 is at the bottom. Directly above 1 are the prime numbers. Above the prime
numbers are the multiples of two primes, then the multiples of three primes,
and so on. At the top of this ordering we find 0. For any natural number 𝑛,
the numbers strictly below 𝑛 are the proper divisors of 𝑛. A prime number is
therefore a number of which has exactly one proper divisor.

Definition 8.5.1

(i) Consider two natural numbers 𝑑 and 𝑛. Then 𝑑 is said to be a proper
divisor of 𝑛 if it comes equipped with an element of type

is-proper-divisor(𝑛, 𝑑) B (𝑑 ≠ 𝑛) × (𝑑 | 𝑛).

(ii) A natural number 𝑛 is said to be prime if it comes equipped with an
element of type

is-prime(𝑛) B ∏
(𝑥:ℕ) is-proper-divisor(𝑛, 𝑥) ↔ (𝑥 = 1).

Proposition 8.5.2 For any 𝑛 : ℕ, the type is-prime(𝑛) is decidable.

Proof We will first show that is-prime(𝑛) ↔ is-prime′ (𝑛), where

is-prime′ (𝑛) B (𝑛 ≠ 1) ×∏ (𝑥:ℕ) is-proper-divisor(𝑛, 𝑥) → (𝑥 = 1).

For the forward direction, simply note that 1 is not a proper divisor of itself, and
therefore 1 is not a prime. For the converse direction, suppose that 𝑛 ≠ 1 and
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that any proper divisor of 𝑛 is 1. Then it follows that 1 is a proper divisor of 𝑛,
which implies that 𝑛 is prime.

Now we proceed by showing that the type is-prime′ (𝑛) is decidable for every
𝑛 : ℕ. The proof is by case analysis on whether 𝑛 = 0 or 𝑛 ≠ 0. In the case where
𝑛 = 0, note that any nonzero number is a proper divisor of 0, and therefore
is-prime′ (0) doesn’t hold. In particular, is-prime′ (0) is decidable.

Now suppose that 𝑛 ≠ 0. In order to show that the type is-prime′ (𝑛) is
decidable, note that the type 𝑛 ≠ 1 is decidable since it is the negation of the
decidable type 𝑛 = 1. Therefore it suffices ot show that the type∏

(𝑥:ℕ) is-proper-divisor(𝑛, 𝑥) → (𝑥 = 1)

is decidable. Since the types (𝑥 ≠ 𝑛) × (𝑥 | 𝑛) and 𝑥 = 1 are decidable, it follows
from Corollary 8.2.5 that it suffices to check that

((𝑥 ≠ 𝑛) × (𝑥 | 𝑛)) → (𝑥 ≤ 𝑛)

for any 𝑥 : ℕ. This follows from the implication (𝑥 | 𝑛) → (𝑥 ≤ 𝑛), which holds
because we have assumed that 𝑛 ≠ 0. □

The proof that there are infinitely many primes proceeds by constructing a
prime number larger than 𝑛, for any 𝑛 : ℕ. The number 𝑛! + 1 is relatively prime
with any number 𝑥 ≤ 𝑛. Therefore there is a least number 𝑛 < 𝑚 that is relatively
prime with any number 𝑥 ≤ 𝑛, and it follows that this number 𝑚 must be prime.

Definition 8.5.3 For any two natural numbers 𝑛 and 𝑚, we define the type

𝑅(𝑛, 𝑚) B (𝑛 < 𝑚) ×∏ (𝑥:ℕ) (𝑥 ≤ 𝑛) → ((𝑥 | 𝑚) → (𝑥 = 1)).

Lemma 8.5.4 The type 𝑅(𝑛, 𝑚) is decidable for each 𝑛, 𝑚 : ℕ.

Proof The type 𝑛 < 𝑚 and, and for each 𝑥 : ℕ both types 𝑥 ≤ 𝑛 and
(𝑥 | 𝑚) → (𝑥 = 1) are decidable, so it follows via Corollary 8.2.5 that the
product ∏

(𝑥:ℕ) (𝑥 ≤ 𝑛) → ((𝑥 | 𝑚) → (𝑥 = 1))

is decidable. □

Lemma 8.5.5 There is an element of type 𝑅(𝑛, 𝑛! + 1) for each 𝑛 : ℕ.

Proof The fact that 𝑛 < 𝑛! + 1 follows from the fact that 𝑛 ≤ 𝑛!, which is
shown by induction. We leave this to the reader, and focus on the second aspect
of the claim: that every 𝑥 ≤ 𝑛 that divides 𝑛! + 1 must be equal to 1.

To see this, note that any divisor of 𝑛! + 1 is automatically nonzero, and recall
that any nonzero 𝑥 ≤ 𝑛 divides 𝑛! by Exercise 7.3. Therefore it follows that any
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𝑥 ≤ 𝑛 that divides 𝑛! + 1 also divides 𝑛!, and consequently it divides 1 as well.
Now we are done, because if 𝑥 divides 1 then 𝑥 = 1. □

We finally show that there are infinitely many primes.

Theorem 8.5.6 For each 𝑛 : ℕ, there is a prime number 𝑝 : ℕ such that 𝑛 < 𝑝.

Proof It suffices to show that for each nonzero 𝑛 : ℕ, there is a prime number
𝑝 : ℕ such that 𝑛 ≤ 𝑝. Let 𝑛 be a nonzero natural number.

Since the type 𝑅(𝑛, 𝑚) is decidable for each𝑚 : ℕ, and since 𝑅(𝑛, 𝑛!+1) holds
by Lemma 8.5.5, it follows by the well-ordering principle of ℕ (Theorem 8.3.2)
that there is a minimal 𝑚 : ℕ such that 𝑅(𝑛, 𝑚) holds. In order to prove the
theorem, we will show that this number 𝑚 is prime, i.e., that there is an element
of type

(𝑚 ≠ 1) ×∏ (𝑥:ℕ) is-proper-divisor(𝑚, 𝑥) → (𝑥 = 1).

First, we note that 𝑚 ≠ 1 because 𝑛 < 𝑚 holds by construction, and 𝑛 is
assumed to be nonzero. Therefore it suffices to show that 1 is the only proper
divisor of𝑚. Let 𝑥 be a proper divisor of𝑚. Since 𝑅(𝑛, 𝑚) holds by construction,
we will prove that 𝑥 = 1 by showing that 𝑥 ≤ 𝑛 holds.

Since 𝑚 is nonzero, it follows from the assumption that 𝑥 | 𝑚 that 𝑥 < 𝑚. By
minimality of 𝑚, it therefore follows that ¬𝑅(𝑛, 𝑥) holds. However, any divisor
of 𝑥 is also a divisor of 𝑚 by transitivity of the divisibility relation. Therefore it
follows that any 𝑦 ≤ 𝑛 that divides 𝑥 must be 1. In other words:∏

(𝑦:ℕ) (𝑦 ≤ 𝑛) → ((𝑦 | 𝑥) → (𝑦 = 1))

holds. Since ¬𝑅(𝑛, 𝑥) holds, we conclude now that 𝑛 ≮ 𝑥. To finish the proof, it
follows that 𝑥 ≤ 𝑛. □

Exercises
8.1 (a) State Goldbach’s Conjecture in type theory.

(b) State the Twin Prime Conjecture in type theory.
(c) State the Collatz Conjecture in type theory.

If you have a solution to any of these open problems, you should certainly
formalize it before you submit it to the Annals of Mathematics.

8.2 Show that

is-decidable(is-decidable(𝑃)) → is-decidable(𝑃)

for any type 𝑃.
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8.3 For any family 𝑃 of decidable types indexed by Fin𝑘 , construct a function

¬
(∏

(𝑥:Fin𝑘 )𝑃(𝑥)
)
→ ∑

(𝑥:Fin𝑘 )¬𝑃(𝑥).

8.4 (a) Define the function prime : ℕ→ ℕ for which prime(𝑛) is the 𝑛-th
prime.

(b) Define the prime-counting function 𝜋 : ℕ→ ℕ, which counts for
each 𝑛 : ℕ the number of primes 𝑝 ≤ 𝑛.

8.5 For any natural number 𝑛, show that

is-prime(𝑛) ↔ (2 ≤ 𝑛) ×∏ (𝑥:ℕ) (𝑥 | 𝑛) → (𝑥 = 1) + (𝑥 = 𝑛).

8.6 Consider two types 𝐴 and 𝐵. Show that the following are equivalent:

(i) There are functions

𝐵→ has-decidable-eq(𝐴)
𝐴→ has-decidable-eq(𝐵).

(ii) The product 𝐴 × 𝐵 has decidable equality.

Conclude that if both 𝐴 and 𝐵 have decidable equality, then so does 𝐴× 𝐵.
8.7 Consider two types 𝐴 and 𝐵, and consider the observational equality

Eq-copr on the coproduct 𝐴 + 𝐵 defined by

Eq-copr(inl(𝑥), inl(𝑥′)) B 𝑥 = 𝑥′ Eq-copr(inl(𝑥), inr(𝑦′)) B ∅
Eq-copr(inr(𝑦), inl(𝑥′)) B ∅ Eq-copr(inr(𝑦), inr(𝑦′)) B 𝑦 = 𝑦′.

(a) Show that (𝑥 = 𝑦) ↔ Eq-copr(𝑥, 𝑦) for every 𝑥, 𝑦 : 𝐴 + 𝐵.
(b) Show that the following are equivalent:

(i) Both 𝐴 and 𝐵 have decidable equality.
(ii) The coproduct 𝐴 + 𝐵 has decidable equality.

8.8 Consider a family 𝐵 over 𝐴, and consider the following three conditions:

(i) The type 𝐴 has decidable equality.
(ii) The type 𝐵(𝑥) has decidable equality for each 𝑥 : 𝐴.
(iii) The type

∑
(𝑥:𝐴) 𝐵(𝑥) has decidable equality.

Show that if (i) holds, then (ii) and (iii) are equivalent, and show that if 𝐵
has a section 𝑏 :

∏
(𝑥:𝐴)𝐵(𝑥), then (ii) and (iii) together imply (i).

8.9 Consider a family 𝐵 of types over Fin𝑘 , for some 𝑘 : ℕ.

(a) Show that if each 𝐵(𝑥) is decidable, then
∏
(𝑥:Fin𝑘 )𝐵(𝑥) is again

decidable.
(b) Show that if each 𝐵(𝑥) has decidable equality, then

∏
(𝑥:Fin𝑘 )𝐵(𝑥)

also has decidable equality.
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8.10 Consider a decidable type family 𝑃 over ℕ equipped with an upper bound
𝑚.

(a) Show that the type
∑
(𝑛:ℕ) 𝑃(𝑛) is decidable.

(b) Construct a function(∑
(𝑛:ℕ)𝑃(𝑛)

)
→

(∑
(𝑛:ℕ)𝑃(𝑛) × is-upper-bound𝑃 (𝑛)

)
.

(c) Use the function of part (b) to give a second construction of the
greatest common divisor, and verify that it satisfies the specification
of Definition 8.4.1.

8.11 (a) For any three natural numbers 𝑥, 𝑦, and 𝑧, show that the type∑
(𝑘:ℕ)

∑
(𝑙:ℕ)distℕ (𝑘𝑥, 𝑙𝑦) = 𝑧

is decidable.
(b) (Bézout’s identity) For any two natural numbers 𝑥 and 𝑦, construct

two natural numbers 𝑘 and 𝑙 equipped with an identification

distℕ (𝑘𝑥, 𝑙𝑦) = gcd(𝑥, 𝑦).

8.12 (a) Show that every natural number 𝑛 ≥ 2 has a prime factor.
(b) Define a function

prime-factors :
(∑
(𝑛:ℕ)2 ≤ 𝑛

)
→ list(ℕ)

such that prime-factors(𝑛) is an increasing list of primes, and 𝑛 is
the product of the primes in the list prime-factors(𝑛).

(c) Show that any increasing list 𝑙 of primes of which the product is 𝑛
is equal to the list prime-factors(𝑛).

8.13 Show that there are infinitely many primes 𝑝 ≡ 3 mod 4.
8.14 Show that for each prime 𝑝, the ring ℤ𝑝 of integers modulo 𝑝 is a field,

i.e., construct a multiplicative inverse

(– )−1 :
∏
(𝑥:ℤ𝑝 ) → (𝑥 ≠ 0) → ℤ𝑝

equipped with identifications

𝑥−1𝑥 = 1 𝑥𝑥−1 = 1.

8.15 Let 𝐹 : ℕ→ ℕ be the Fibonacci sequence. Construct a function 𝐺 : ℕ→
ℕ such that

(𝐺𝑚 | 𝑛) ↔ (𝑚 | 𝐹𝑛)

for all 𝑚, 𝑛 : ℕ. Hint: for 𝑚 > 0, 𝐺𝑚 is the least 𝑥 > 0 such that 𝑚 | 𝐹𝑥 .
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II

The Univalent Foundations for Mathematics

The univalent foundations program is an approach to mathematics in which
mathematics is formalized in dependent type theory, using the homotopy inter-
pretation and the univalence axiom. Recall that with the homotopy interpretation,
we think of types as spaces, type families as fibrations, and identifications as
paths. The univalence axiom characterizes the identity type of the universes in
type theory, asserting that for any two types 𝐴 and 𝐵 in a universeU, we have
an equivalence

(𝐴 =U 𝐵) ≃ (𝐴 ≃ 𝐵).

In other words, identifications of types are equivalent to equivalences of types. A
consequence of the univalence axiom is that many kinds of isomorphic objects in
mathematics, such as isomorphic groups or isomorphic rings, can be identified.

The concept of equivalences generalizes the concept of set-isomorphisms
to type theory in a way that is suitable for the homotopy interpretation of
type theory. Equivalent types are the same for all practical purposes, just as
isomorphic objects are practically the same in everyday mathematics. By the
univalence axiom, isomorphic objects get identified.

However, the informal practice of identifying isomorphic objects is technically
inconsistent with the set theoretic foundations of mathematics. The extensionality
axiom of Zermelo-Fraenkel set theory implies, for instance, that there are many
different singleton sets {𝑥}. All those singleton sets are isomorphic, so the
univalence axiom would identify them. We conclude that the univalence axiom
would be inconsistent within Zermelo-Fraenkel set theory, and therefore we
depart definitively from the set-theoretic foundations by assuming the univalence
axiom.

Since the univalence axiom characterizes the identity type of the universe, it
is important to understand the general task of characterizing the identity type
of any given type. It is a crucial observation, which we already made when we
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discussed the uniqueness of refl in Section 5.5, that for any 𝑎 : 𝐴, the type∑
(𝑥:𝐴)𝑎 = 𝑥

is contractible. Contractible types are types that are singletons up to homotopy,
i.e., they are types 𝐴 that come equipped with a point 𝑎 : 𝐴 such that 𝑎 = 𝑥

for every 𝑥 : 𝐴. We have seen in Proposition 5.5.1 that the total space of all
paths starting at 𝑎 is such a type, so it is an example of a contractible type. The
fundamental theorem of identity types asserts that a type family 𝐵 over 𝐴 with
𝑏 : 𝐵(𝑎) has a contractible total space∑

(𝑥:𝐴)𝐵(𝑥)

if and only if (𝑎 = 𝑥) ≃ 𝐵(𝑥) for all 𝑥 : 𝐴. The fundamental theorem of
identity types can be used to characterize the identity types of virtually any
type that we will encounter. Since types are only fully understood if we also
have a clear understanding of their identity types, it is one of the core tasks of
a homotopy type theorist to characterize identity types, and the fundamental
theorem (Theorem 11.2.2) is the main tool.

Not all types have very complicated identity types. For example, some types
have the property that all their identity types are contractible. For example,
the types ∅ and 1 satisfy this condition. Any two terms of such a type can
therefore be identified, so in this sense they are proof irrelevant. The only thing
that matters about such types is whether or not they are inhabited by a term.
Analogously, this is also the case for propositions in the propositional calculus
or first order logic. Therefore we call such types propositions, and we see that
propositions are present in type theory as certain types.

Next, there are the types of which the identity types are propositions. In other
words, the identity types of such types have the property of proof irrelevance.
We are familiar with this situation from set theory, because equality in set theory
is a proposition. Therefore we call such types sets. The types ℕ, ℤ, and Fin𝑘 are
all examples of sets.

It is now clear that there is a hierarchy arising: at the bottom of the hierarchy
we have the contractible types; then we have the propositions, of which the
identity types are contractible; after the propositions we have the sets, of which
the identity types are propositions. Defining sets to be of truncation level 0,
we define a type to be of truncation level 𝑘 + 1 if its identity types are of
truncation level 𝑘 . Types of truncation level 𝑘 for 𝑘 ≥ 1 are also called 𝑘-types
or 𝑘-groupoids.

This hierarchy of truncation levels is due to Voevodsky, who recognized that,
when you are formalizing mathematics in type theory, it is important to specify
the truncation level in which you are working. Most mathematics, for example,
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takes place at truncation level 0, the level of sets. Groups, rings, posets, and
so on are all set-level objects. Categories, on the other hand, are objects of
truncation level 1, the level of the 1-groupoids. This is because two objects in
a category are considered equal if they are isomorphic, and between any two
objects in a category there is a set of isomorphisms.

The fundamental theorem of identity types and the basic facts about truncation
levels are proved without assuming any axioms. In other words, they are theorems
of Martin-Löf’s dependent type theory, as introduced in Chapter I. In particular,
the rules of dependent type theory are sufficient to characterize the identity types
of Σ-types and of the type of natural numbers, and also to prove the disjointness
of coproducts. However, there are still two important characterizations of identity
types missing: those of Π-types and those of universes. For those two cases we
need axioms:

(i) For any two dependent functions 𝑓 , 𝑔 :
∏
(𝑥:𝐴)𝐵(𝑥), the canonical map

( 𝑓 = 𝑔) → ( 𝑓 ∼ 𝑔)

that maps refl 𝑓 to the constant homotopy, is an equivalence.
(ii) For any two types 𝐴 and 𝐵 in a universeU, the canonical map

(𝐴 = 𝐵) → (𝐴 ≃ 𝐵)

that maps refl𝐴 to the identity equivalence, is an equivalence.

The function extensionality axiom (i) characterizes the identity types of Π-types,
and the univalence axiom (ii) characterizes the identity types of universes.

With the addition of the function extensionality axiom and the univalence
axiom, we have almost fully specified the univalent foundations for mathematics.
The one ingredient missing is that of quotients. In order to obtain quotients, we
will postulate two more axioms:

(iii) We will assume that every type 𝐴 has a propositional truncation.
(iv) We will assume the type theoretic replacement axiom.

Propositional truncations are the simplest kind of quotients, identifying all the
elements in a type 𝐴. In other words, the propositional truncation of a type 𝐴 is
a proposition ∥𝐴∥ that is true if and only if 𝐴 is inhabited. Using propositional
truncations we can construct the homotopy image of a map. A quotient of a
type 𝐴 by an equivalence relation 𝑅 can then be constructed as the type of all
equivalence classes of 𝑅, i.e., as the image of the map 𝑅 : 𝐴 → (𝐴 → U).
With this construction of the quotient, we immediately obtain a surjective map
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𝑞 : 𝐴→ 𝐴/𝑅, and a striking application of the univalence axiom ensures that
the quotient is effective, i.e., that for any 𝑥, 𝑦 : 𝐴 we have

(𝑞(𝑥) = 𝑞(𝑦)) ≃ 𝑅(𝑥, 𝑦).

However, this construction does not guarantee that the quotient 𝐴/𝑅 is small
with respect to the universeU, because it is constructed as a subtype of the type
𝐴→U. This is why we assume the replacement axiom, which will imply that
the quotient 𝐴/𝑅 is essentially small. Essentially small types are types that are
equivalent to a small type, and the replacement axiom asserts that if 𝑓 : 𝐴→ 𝐵

is a map from an essentially small type 𝐴 into a type 𝐵 of which the identity
types are essentially small, then the image of 𝑓 is also essentially small. The role
of the replacement axiom in type theory is similar to the role of the replacement
axiom in Zermelo-Fraenkel set theory: to ensure that quotients are small.

9 Equivalences

We introduce equivalences in this section as functions that have a left inverse
and a separate right inverse. This choice of definition might seem a little strange:
why would we not say that an equivalence map is a map 𝑓 : 𝐴→ 𝐵 for which
there is a map 𝑔 : 𝐵→ 𝐴 that is at the same time a left and a right inverse? We
will be able to show, after all, that if a map has separate left and right inverses,
then it has an inverse. For a precise answer to this question we will have to
wait until ??, but we can say already that it turns out to be important that the
condition of being an equivalence is a property, not structure. We have chose the
definition of equivalences with a separate left and right inverses so that being an
equivalence will indeed be a property.

9.1 Homotopies
Remark 9.1.1 Consider the negation function neg-bool : bool→ bool on the
booleans, which was defined in Exercise 4.2. Type theory does not provide any
means to show that

neg-bool ◦ neg-bool = id.

The best we can do is to construct an identification

neg-neg-bool(𝑏) : neg-bool(neg-bool(𝑏)) = 𝑏
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for any 𝑏 : bool. Indeed, neg-neg-bool is defined using the induction principle
of bool, by

neg-neg-bool(true) B refltrue

neg-neg-bool(false) B reflfalse.

Therefore we see that, while we cannot identify neg-bool◦neg-bool with id, we
can define a pointwise identification between the values of neg-bool ◦ neg-bool
and id.

The observations in Remark 9.1.1 are an instance of a general phenomenon
in type theory: it is often much easier to construct a pointwise identification
between the values of two maps, than it is to construct an identification between
those two maps. In fact, the prevalent notion of sameness of maps is the notion
of pointwise identifications. Since they are so important, we will give them a
name and call them homotopies.

Definition 9.1.2 Let 𝑓 , 𝑔 :
∏
(𝑥:𝐴)𝐵(𝑥) be two dependent functions. The type

of homotopies from 𝑓 to 𝑔 is defined as the type of pointwise identifications,
i.e., we define

𝑓 ∼ 𝑔 B ∏
(𝑥:𝐴) 𝑓 (𝑥) = 𝑔(𝑥).

Example 9.1.3 By Remark 9.1.1 we have a homotopy

neg-neg-bool : neg-bool ◦ neg-bool ∼ id.

Remark 9.1.4 We will use homotopies, for example, to express the commuta-
tivity of diagrams. For example, we say that a triangle

𝐴 𝐵

𝑋

←→ℎ

←→

𝑓

←→

𝑔

commutes if it comes equipped with a homotopy 𝐻 : 𝑓 ∼ 𝑔 ◦ ℎ. Similarly, we
say that a square

𝐴 𝐴′

𝐵 𝐵′

←→𝑔

←→𝑓 ←→ 𝑓 ′

←→
ℎ

commutes if it comes equipped with a homotopy ℎ ◦ 𝑓 ∼ 𝑓 ′ ◦ 𝑔.

Note that the type of homotopies 𝑓 ∼ 𝑔 is defined for dependent functions,
and moreover the type of homotopies is itself a dependent function type. The
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definition of homotopies is therefore set up in such a way that we may also
consider homotopies between homotopies, and even further homotopies between
those higher homotopies. More concretely, if 𝐻, 𝐾 : 𝑓 ∼ 𝑔 are two homotopies,
then the type of homotopies 𝐻 ∼ 𝐾 between them is just the type∏

(𝑥:𝐴)𝐻 (𝑥) = 𝐾 (𝑥).

Since homotopies are pointwise identifications, we can use the groupoidal
structure of identity types to also define the groupoidal structure of homotopies.
In this case, however, we state the groupoid laws as homotopies and homotopies
between homotopies rather than as identifications.

Definition 9.1.5 For any type family 𝐵 over 𝐴 we define the operations on
homotopies

refl-htpy :
∏
( 𝑓 :∏ (𝑥:𝐴)𝐵(𝑥 ) ) 𝑓 ∼ 𝑓

inv-htpy :
∏
( 𝑓 ,𝑔:

∏
(𝑥:𝐴)𝐵(𝑥 ) ) ( 𝑓 ∼ 𝑔) → (𝑔 ∼ 𝑓 )

concat-htpy :
∏
( 𝑓 ,𝑔,ℎ:

∏
(𝑥:𝐴)𝐵(𝑥 ) ) ( 𝑓 ∼ 𝑔) → ((𝑔 ∼ ℎ) → ( 𝑓 ∼ ℎ))

pointwise by

refl-htpy( 𝑓 ) B _𝑥. refl 𝑓 (𝑥 )
inv-htpy(𝐻) B _𝑥. 𝐻 (𝑥)−1

concat-htpy(𝐻, 𝐾) B _𝑥. 𝐻 (𝑥) � 𝐾 (𝑥).

We will often write 𝐻−1 for inv-htpy(𝐻), and 𝐻 � 𝐾 for concat-htpy(𝐻, 𝐾).

Proposition 9.1.6 Homotopies satisfy the groupoid laws:

(i) Concatenation of homotopies is associative up to homotopy, i.e., there is
a homotopy

assoc-htpy(𝐻, 𝐾, 𝐿) : (𝐻 � 𝐾) � 𝐿 ∼ 𝐻 � (𝐾 � 𝐿)

for any homotopies 𝐻 : 𝑓 ∼ 𝑔, 𝐾 : 𝑔 ∼ ℎ and 𝐿 : ℎ ∼ 𝑖.
(ii) Homotopies satisfy the left and right unit laws up to homotopy, i.e., there

are homotopies

left-unit-htpy(𝐻) : refl-htpy 𝑓 � 𝐻 ∼ 𝐻
right-unit-htpy(𝐻) : 𝐻 � refl-htpy𝑔 ∼ 𝐻

for any homotopy 𝐻.
(iii) Homotopies satisfy the left and right inverse laws up to homotopy, i.e.,

there are homotopies

left-inv-htpy(𝐻) : 𝐻−1 � 𝐻 ∼ refl-htpy𝑔
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right-inv-htpy(𝐻) : 𝐻 � 𝐻−1 ∼ refl-htpy 𝑓

for any homotopy 𝐻.

Proof The homotopy assoc-htpy(𝐻, 𝐾, 𝐿) is defined pointwise by

assoc-htpy(𝐻, 𝐾, 𝐿, 𝑥) B assoc(𝐻 (𝑥), 𝐾 (𝑥), 𝐿(𝑥)).

The other homotopies are similarly defined pointwise. □

Apart from the groupoid operations and their laws, we will occasionally need
whiskering operations. Whiskering operations are operations that allow us to
compose homotopies with functions. There are two situations where we want
this:

𝐴 𝐵 𝐶 𝐴 𝐵 𝐶.

←→

←→
⇓ ←→ ←→

←→

←→
⇓

Definition 9.1.7 We define the following whiskering operations on homo-
topies:

(i) Suppose 𝐻 : 𝑓 ∼ 𝑔 for two functions 𝑓 , 𝑔 : 𝐴 → 𝐵, and let ℎ : 𝐵 → 𝐶.
We define

ℎ · 𝐻 B _𝑥. apℎ (𝐻 (𝑥)) : ℎ ◦ 𝑓 ∼ ℎ ◦ 𝑔.

(ii) Suppose 𝑓 : 𝐴→ 𝐵 and 𝐻 : 𝑔 ∼ ℎ for two functions 𝑔, ℎ : 𝐵 → 𝐶. We
define

𝐻 · 𝑓 B _𝑥. 𝐻 ( 𝑓 (𝑥)) : ℎ ◦ 𝑓 ∼ 𝑔 ◦ 𝑓 .

9.2 Bi-invertible maps
We use homotopies to define sections and retractions of a map 𝑓 , and to define
what it means for a map 𝑓 to be an equivalence.

Definition 9.2.1 Let 𝑓 : 𝐴→ 𝐵 be a function.

(i) The type of sections of 𝑓 is defined to be the type

sec( 𝑓 ) B ∑
(𝑔:𝐵→𝐴) 𝑓 ◦ 𝑔 ∼ id𝐵.

In other words, a section of 𝑓 is a map 𝑔 : 𝐵 → 𝐴 equipped with a
homotopy 𝑓 ◦ 𝑔 ∼ id.

(ii) The type of retractions of 𝑓 is defined to be the type

retr( 𝑓 ) B ∑
(ℎ:𝐵→𝐴)ℎ ◦ 𝑓 ∼ id𝐴.

If a map 𝑓 : 𝐴→ 𝐵 has a retraction, we also say that 𝐴 is a retract of 𝐵.
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(iii) We say that a function 𝑓 : 𝐴 → 𝐵 is an equivalence if it has both a
section and a retraction, i.e., if it comes equipped with an element of type

is-equiv( 𝑓 ) B sec( 𝑓 ) × retr( 𝑓 ).

We will write 𝐴 ≃ 𝐵 for the type
∑
( 𝑓 :𝐴→𝐵) is-equiv( 𝑓 ) of all equivalences

from 𝐴 to 𝐵. For any equivalence 𝑒 : 𝐴 ≃ 𝐵 we define 𝑒−1 to be the
section of 𝑒.

Remark 9.2.2 An equivalence, as we defined it here, can be thought of as a
bi-invertible map, since it comes equipped with a separate left and right inverse.
Explicitly, if 𝑓 is an equivalence, then there are

𝑔 : 𝐵→ 𝐴 ℎ : 𝐵→ 𝐴

𝐺 : 𝑓 ◦ 𝑔 ∼ id𝐵 𝐻 : ℎ ◦ 𝑓 ∼ id𝐴.

Example 9.2.3 For any type 𝐴, the identity function id : 𝐴 → 𝐴 is an
equivalence, since it is its own section and its own retraction

Example 9.2.4 Since we have seen in Remark 9.1.1 that the negation function
neg-bool : bool → bool on the booleans is its own inverse, it follows that
neg-bool is an equivalence.

Example 9.2.5 The successor and predecessor functions onℤ are equivalences
by Exercise 5.6. Furthermore, the function

𝑥 ↦→ 𝑥 + 𝑘

is an equivalence from ℤ to ℤ, for each 𝑘 : ℤ. This follows from the group
laws on ℤ, proven in Exercise 5.7. Indeed, the inverse of 𝑥 ↦→ 𝑥 + 𝑘 is the map
𝑥 ↦→ 𝑥 + (−𝑘). Finally, it also follows from the group laws on ℤ that the map
𝑥 ↦→ −𝑥 is an equivalence.

The same holds for the finite types: the maps succ𝑘 , pred𝑘 , add𝑘 (𝑥) and
neg𝑘 are all equivalences on Fin𝑘 .

Remark 9.2.6 More generally, if 𝑓 has an inverse in the sense that we have a
function 𝑔 : 𝐵 → 𝐴 equipped with homotopies 𝑓 ◦ 𝑔 ∼ id𝐵 and 𝑔 ◦ 𝑓 ∼ id𝐴,
then 𝑓 is an equivalence. We write

has-inverse( 𝑓 ) B ∑
(𝑔:𝐵→𝐴) ( 𝑓 ◦ 𝑔 ∼ id𝐵) × (𝑔 ◦ 𝑓 ∼ id𝐴).

However, we did not define equivalences to be functions that have inverses.
The reason is that we would like that being an equivalence is a property, not a
non-trivial structure on the map 𝑓 . This fact requires the function extensionality
axiom, but we can already say that if a map 𝑓 is an equivalence, then it has up
to homotopy only one section and only one retraction (see Exercise 13.4).

mailto:egbert.rijke@fmf.uni-lj.si
https://hott.zulipchat.com


This material will be published by Cambridge University Press as Introduction to Homotopy Type Theory by Egbert Rĳke. This pre-publication
version is free to view and download for personal use only. Not for re-distribution, re-sale or use in derivative works. © Egbert Rĳke 2020

The best way to support this book while it is still being prepared for publication, is to let the author know if you find inaccuracies of any kind at
Q egbert.rĳke@fmf.uni-lj.si, or at the homotopy type theory chat at  https://hott.zulipchat.com.

There are 306 exercises.

Ljubljana, April 8, 2022

9 Equivalences 105

The type has-inverse( 𝑓 ) on the other hand, turns out to be homotopically
complicated. In Exercise 21.6 we will see that the identity function idS1 : S1 →
S1 on the circle is an example of a map for which

has-inverse(idS1 ) ≃ ℤ.

Even though is-equiv( 𝑓 ) and has-inverse( 𝑓 ) can be wildly different types,
there are maps back and forth between the two. We have already observed in
Remark 9.2.6 that there is a map

has-inverse( 𝑓 ) → is-equiv( 𝑓 ).

The following proposition gives the converse implication.

Proposition 9.2.7 Any map 𝑓 : 𝐴→ 𝐵 which is an equivalence, can be given
the structure of an invertible map i.e., there is a map

is-equiv( 𝑓 ) → has-inverse( 𝑓 ).

Proof First we construct for any equivalence 𝑓 with right inverse 𝑔 and left
inverse ℎ a homotopy 𝐾 : 𝑔 ∼ ℎ. For any 𝑦 : 𝐵, we have

𝑔(𝑦) ℎ 𝑓 𝑔(𝑦) ℎ(𝑦).⇐ ⇐𝐻 (𝑔 (𝑦) )−1 ⇐ ⇐apℎ (𝐺 (𝑦) )

In other words, the homotopy 𝐾 : 𝑔 ∼ ℎ is defined to be (𝐻 · 𝑔)−1 � (ℎ · 𝐺).
Using the homotopy 𝐾 we are able to show that 𝑔 is also a left inverse of 𝑓 . For
𝑥 : 𝐴 we have the identification

𝑔 𝑓 (𝑥) ℎ 𝑓 (𝑥) 𝑥.

⇐ ⇐𝐾 ( 𝑓 (𝑥 ) ) ⇐ ⇐𝐻 (𝑥 )
□

Corollary 9.2.8 The inverse of an equivalence is again an equivalence.

Proof Let 𝑓 : 𝐴→ 𝐵 be an equivalence. By Proposition 9.2.7 it follows that
the section of 𝑓 is also a retraction. Therefore it follows that the section is itself
an invertible map, with inverse 𝑓 . Hence it is an equivalence. □

Example 9.2.9 Types, just as sets in classical mathematics, satisfy the usual
laws of coproducts and products, such as unit laws, commutativity, and associa-
tivity. These laws are formulated as equivalences:

∅ + 𝐵 ≃ 𝐵 𝐴 + ∅ ≃ 𝐴
𝐴 + 𝐵 ≃ 𝐵 + 𝐴 (𝐴 + 𝐵) + 𝐶 ≃ 𝐴 + (𝐵 + 𝐶)
∅ × 𝐵 ≃ ∅ 𝐴 × ∅ ≃ ∅
1 × 𝐵 ≃ 𝐵 𝐴 × 1 ≃ 𝐴
𝐴 × 𝐵 ≃ 𝐵 × 𝐴 (𝐴 × 𝐵) × 𝐶 ≃ 𝐴 × (𝐵 × 𝐶)
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𝐴 × (𝐵 + 𝐶) ≃ (𝐴 × 𝐵) + (𝐴 × 𝐶) (𝐴 + 𝐵) × 𝐶 ≃ (𝐴 × 𝐶) + (𝐵 × 𝐶).

All of these equivalences are constructed in a similar way: the maps back and
forth as well as the required homotopies are constructed using induction, or,
more efficiently, using pattern matching. For example, to show that cartesian
products distribute from the left over coproducts, we construct maps

𝛼 : 𝐴 × (𝐵 + 𝐶) → (𝐴 × 𝐵) + (𝐴 × 𝐶)
𝛽 : (𝐴 × 𝐵) + (𝐴 × 𝐶) → 𝐴 × (𝐵 + 𝐶)

as follows:

𝛼(𝑥, inl(𝑦)) B inl(𝑥, 𝑦) 𝛽(inl(𝑥, 𝑦)) B (𝑥, inl(𝑦))
𝛼(𝑥, inr(𝑧)) B inr(𝑥, 𝑧) 𝛽(inr(𝑥, 𝑧)) B (𝑥, inr(𝑧)).

The homotopies 𝐺 : 𝛼 ◦ 𝛽 ∼ id and 𝐻 : 𝛽 ◦ 𝛼 ∼ id are then defined by

𝐺 (inl(𝑥, 𝑦)) B refl 𝐻 (𝑥, inl(𝑦)) B refl
𝐺 (inr(𝑥, 𝑧)) B refl 𝐻 (𝑥, inr(𝑧)) B refl.

We encourage the reader to write out the definitions of at least a few of these
equivalences.

Example 9.2.10 The laws for cartesian products can be generalized to arbitrary
Σ-types. The absorption laws and unit laws, for instance, are as follows:∑

(𝑥:∅)𝐵(𝑥) ≃ ∅
∑
(𝑥:𝐴)∅ ≃ ∅∑

(𝑥:1)𝐵(𝑥) ≃ 𝐵(★)
∑
(𝑥:𝐴)1 ≃ 𝐴.

Note that the right absorption law and the right unit law are exactly the same as
the right absorption and unit laws for cartesian products. The left absorption
and unit laws are, however, formulated with a type family 𝐵 over ∅ and over 1,
and therefore they are slightly more general.

Commutativity cannot be generalized to Σ-types. Associativity, on the other
hand, can be expressed in two ways:∑

(𝑤:
∑
(𝑥:𝐴) 𝐵(𝑥 ) )𝐶 (𝑤) ≃

∑
(𝑥:𝐴)

∑
(𝑦:𝐵)𝐶 (pair(𝑥, 𝑦))∑

(𝑤:
∑
(𝑥:𝐴) 𝐵(𝑥 ) )𝐶 (pr1 (𝑤), pr2 (𝑤)) ≃

∑
(𝑥:𝐴)

∑
(𝑦:𝐵(𝑥 ) )𝐶 (𝑥, 𝑦).

In the first of these equivalences associativity is stated using a type family 𝐶
over

∑
(𝑥:𝐴) 𝐵(𝑥) while in the second it is stated using a family of types 𝐶 (𝑥, 𝑦)

indexed by 𝑥 : 𝐴 and 𝑦 : 𝐵(𝑥).
Finally, we note that Σ also distributes over coproducts. In other words, there
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are the following two equivalences:∑
(𝑥:𝐴)𝐵(𝑥) + 𝐶 (𝑥) ≃

(∑
(𝑥:𝐴)𝐵(𝑥)

)
+
(∑
(𝑥:𝐴)𝐶 (𝑥)

)
∑
(𝑤:𝐴+𝐵)𝐶 (𝑤) ≃

(∑
(𝑥:𝐴)𝐶 (inl(𝑥))

)
+
(∑
(𝑦:𝐵)𝐶 (inr(𝑦))

)
.

Remark 9.2.11 We haven’t stated any laws involving function types or
dependent function types, because it requires the function extensionality principle
to prove them.

9.3 Characterizing the identity types of Σ-types
In this section we characterize the identity type of a Σ-type as a Σ-type of
identity types. Characterizing identity types is a task that a homotopy type
theorist routinely performs, so we will follow the general outline of how such a
characterization goes:

(i) First we define a binary relation 𝑅 : 𝐴→ 𝐴→U on the type 𝐴 that we
are interested in. This binary relation is intended to be equivalent to its
identity type.

(ii) Then we will show that this binary relation is reflexive, by constructing a
dependent function of type ∏

(𝑥:𝐴)𝑅(𝑥, 𝑥)

(iii) Using the reflexivity we will show that there is a canonical map

(𝑥 = 𝑦) → 𝑅(𝑥, 𝑦)

for every 𝑥, 𝑦 : 𝐴. This map is just constructed by path induction, using
the reflexivity of 𝑅.

(iv) Finally, it has to be shown that the map

(𝑥 = 𝑦) → 𝑅(𝑥, 𝑦)

is an equivalence for each 𝑥, 𝑦 : 𝐴.

The last step is usually the most difficult, and we will refine our methods for
this step in Section 11, where we establish the fundamental theorem of identity
types.

In this section we consider a type family 𝐵 over 𝐴. Given two pairs

(𝑥, 𝑦), (𝑥′, 𝑦′) :
∑
(𝑥:𝐴)𝐵(𝑥),
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if we have a path 𝛼 : 𝑥 = 𝑥′ then we can compare 𝑦 : 𝐵(𝑥) to 𝑦′ : 𝐵(𝑥′) by first
transporting 𝑦 along 𝛼, i.e., we consider the identity type

tr𝐵 (𝛼, 𝑦) = 𝑦′.

Thus it makes sense to think of (𝑥, 𝑦) to be identical to (𝑥′, 𝑦′) if there is an
identification 𝛼 : 𝑥 = 𝑥′ and an identification 𝛽 : tr𝐵 (𝛼, 𝑦) = 𝑦′. In the following
definition we turn this idea into a binary relation on the Σ-type.

Definition 9.3.1 We will define a relation

EqΣ :
(∑
(𝑥:𝐴)𝐵(𝑥)

)
→

(∑
(𝑥:𝐴)𝐵(𝑥)

)
→U

by defining

EqΣ (𝑠, 𝑡) B
∑
(𝛼:pr1 (𝑠)=pr1 (𝑡 ) ) tr𝐵 (𝛼, pr2 (𝑠)) = pr2 (𝑡).

Lemma 9.3.2 The relation EqΣ is reflexive, i.e., we can construct

reflexive-EqΣ :
∏
(𝑠:∑(𝑥:𝐴) 𝐵(𝑥 ) )EqΣ (𝑠, 𝑠).

Construction The element reflexive-EqΣ is constructed by Σ-induction on
𝑠 :

∑
(𝑥:𝐴) 𝐵(𝑥). Thus, it suffices to construct a dependent function of type∏

(𝑥:𝐴)
∏
(𝑦:𝐵(𝑥 ) )

∑
(𝛼:𝑥=𝑥 ) tr𝐵 (𝛼, 𝑦) = 𝑦.

Here we take _𝑥. _𝑦. (refl𝑥 , refl𝑦). □

Definition 9.3.3 Consider a type family 𝐵 over 𝐴. Then for any 𝑠, 𝑡 :∑
(𝑥:𝐴) 𝐵(𝑥) we define a map

pair-eq : (𝑠 = 𝑡) → EqΣ (𝑠, 𝑡)

by path induction, taking pair-eq(refl𝑠) B reflexive-EqΣ (𝑠).

Theorem 9.3.4 Let 𝐵 be a type family over 𝐴. Then the map

pair-eq : (𝑠 = 𝑡) → EqΣ (𝑠, 𝑡)

is an equivalence for every 𝑠, 𝑡 :
∑
(𝑥:𝐴) 𝐵(𝑥).

Proof The maps in the converse direction

eq-pair : EqΣ (𝑠, 𝑡) → (𝑠 = 𝑡)

are defined by repeated Σ-induction. By Σ-induction on 𝑠 and 𝑡 we see that it
suffices to define a map

eq-pair :
(∑
(𝑝:𝑥=𝑥′ ) tr𝐵 (𝑝, 𝑦) = 𝑦′

)
→ ((𝑥, 𝑦) = (𝑥′, 𝑦′)).
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A map of this type is again defined by Σ-induction. Thus it suffices to define a
dependent function of type∏

(𝑝:𝑥=𝑥′ ) (tr𝐵 (𝑝, 𝑦) = 𝑦′) → ((𝑥, 𝑦) = (𝑥′, 𝑦′)).

Such a dependent function is defined by double path induction by sending
(refl𝑥 , refl𝑦) to refl(𝑥,𝑦) . This completes the definition of the function eq-pair.

Next, we must show that eq-pair is a section of pair-eq. In other words, we
must construct an identification

pair-eq(eq-pair(𝛼, 𝛽)) = (𝛼, 𝛽)

for each (𝛼, 𝛽) :
∑
(𝛼:𝑥=𝑥′ ) tr𝐵 (𝛼, 𝑦) = 𝑦′. We proceed by path induction on

𝛼, followed by path induction on 𝛽. Then our goal becomes to construct an
identification of type

pair-eq(eq-pair(refl𝑥 , refl𝑦)) = (refl𝑥 , refl𝑦)

By the definition of eq-pair we have eq-pair(refl𝑥 , refl𝑦) � refl(𝑥,𝑦) , and by
the definition of pair-eq we have pair-eq(refl(𝑥,𝑦) ) � (refl𝑥 , refl𝑦). Thus we
may take refl(refl𝑥 ,refl𝑦 ) to complete the construction of the homotopy pair-eq ◦
eq-pair ∼ id.

To complete the proof, we must show that eq-pair is a retraction of pair-eq.
In other words, we must construct an identification

eq-pair(pair-eq(𝑝)) = 𝑝

for each 𝑝 : 𝑠 = 𝑡. We proceed by path induction on 𝑝 : 𝑠 = 𝑡, so it suffices to
construct an identification

eq-pair(reflpr1 (𝑠) , reflpr2 (𝑠) ) = refl𝑠 .

Now we proceed by Σ-induction on 𝑠 :
∑
(𝑥:𝐴) 𝐵(𝑥), so it suffices to construct

an identification
eq-pair(refl𝑥 , refl𝑦) = refl(𝑥,𝑦) .

Since eq-pair(refl𝑥 , refl𝑦) computes to refl(𝑥,𝑦) , we may simply take reflrefl(𝑥,𝑦) .
□

Exercises
9.1 Show that the functions

inv : (𝑥 = 𝑦) → (𝑦 = 𝑥)
concat(𝑝) : (𝑦 = 𝑧) → (𝑥 = 𝑧)
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concat′ (𝑞) : (𝑥 = 𝑦) → (𝑥 = 𝑧)
tr𝐵 (𝑝) : 𝐵(𝑥) → 𝐵(𝑦)

are equivalences, where concat′ (𝑞, 𝑝) B 𝑝 � 𝑞. Give their inverses
explicitly.

9.2 (a) Use Exercise 6.2 (c) to show that the constant function const𝑏 :
bool→ bool is not an equivalence, for any 𝑏 : bool.

(b) Show that bool ; 1.
(c) Show that ℕ ; Fin𝑘 for any 𝑘 : ℕ.

9.3 (a) Consider two functions 𝑓 , 𝑔 : 𝐴→ 𝐵 and a homotopy 𝐻 : 𝑓 ∼ 𝑔.
Then

is-equiv( 𝑓 ) ↔ is-equiv(𝑔).

(b) Show that for any two homotopic equivalences 𝑒, 𝑒′ : 𝐴 ≃ 𝐵, their
inverses are also homotopic.

9.4 Consider a commuting triangle

𝐴 𝐵

𝑋.

←→ℎ

←→

𝑓

←→

𝑔

with 𝐻 : 𝑓 ∼ 𝑔 ◦ ℎ.

(a) Suppose that the map ℎ has a section 𝑠 : 𝐵 → 𝐴. Show that the
triangle

𝐵 𝐴

𝑋.

←→𝑠

←→

𝑔

←→

𝑓

commutes, and that 𝑓 has a section if and only if 𝑔 has a section.
(b) Suppose that the map 𝑔 has a retraction 𝑟 : 𝑋 → 𝐵. Show that the

triangle

𝐴 𝑋

𝐵.

←→𝑓

←→

ℎ

←→

𝑟

commutes, and that 𝑓 has a retraction if and only if ℎ has a retraction.
(c) (The 3-for-2 property for equivalences.) Show that if any two of

the functions

𝑓 , 𝑔, ℎ
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are equivalences, then so is the third. Conclude that any section and
any retraction of an equivalence is again an equivalence.

9.5 (a) Let 𝐴 and 𝐵 be types, and let 𝐶 be a family over 𝑥 : 𝐴, 𝑦 : 𝐵.
Construct an equivalence(∑

(𝑥:𝐴)
∑
(𝑦:𝐵)𝐶 (𝑥, 𝑦)

)
≃
(∑
(𝑦:𝐵)

∑
(𝑥:𝐴)𝐶 (𝑥, 𝑦)

)
.

(b) Let 𝐴 be a type, and let 𝐵 and 𝐶 be type families over 𝐴. Construct
an equivalence(∑

(𝑢:
∑
(𝑥:𝐴) 𝐵(𝑥 ) )𝐶 (pr1 (𝑢))

)
≃
(∑
(𝑣:

∑
(𝑥:𝐴) 𝐶 (𝑥 ) )𝐵(pr1 (𝑣))

)
.

9.6 In this exercise we will construct the functorial action of coproducts.
(a) Construct for any two maps 𝑓 : 𝐴→ 𝐴′ and 𝑔 : 𝐵→ 𝐵′, a map

𝑓 + 𝑔 : 𝐴 + 𝐵→ 𝐴′ + 𝐵′.

(b) Show that id𝐴 + id𝐵 ∼ id𝐴+𝐵.
(c) Show that for any two pairs of composable functions

𝐴 𝐴′ 𝐴′′←→𝑓 ←→𝑓
′

and 𝐵 𝐵′ 𝐵′′←→𝑔 ←→𝑔
′

there is a homotopy ( 𝑓 ′ ◦ 𝑓 ) + (𝑔′ ◦ 𝑔) ∼ ( 𝑓 ′ + 𝑔′) ◦ ( 𝑓 + 𝑔).
(d) Show that if 𝐻 : 𝑓 ∼ 𝑓 ′ and 𝐾 : 𝑔 ∼ 𝑔′, then there is a homotopy

𝐻 + 𝐾 : ( 𝑓 + 𝑔) ∼ ( 𝑓 ′ + 𝑔′).

(e) Show that if both 𝑓 and 𝑔 are equivalences, then so is 𝑓 + 𝑔. (The
converse of this statement also holds, see Exercise 11.7.)

9.7 (a) Construct for any two maps 𝑓 : 𝐴→ 𝐴′ and 𝑔 : 𝐵→ 𝐵′, a map

𝑓 × 𝑔 : 𝐴 × 𝐵→ 𝐴′ × 𝐵′

(b) Show that id𝐴 × id𝐵 ∼ id𝐴×𝐵.
(c) Show that for any two pairs of composable functions

𝐴 𝐴′ 𝐴′′←→𝑓 ←→𝑓
′

and 𝐵 𝐵′ 𝐵′′←→𝑔 ←→𝑔
′

there is a homotopy ( 𝑓 ′ ◦ 𝑓 ) × (𝑔′ ◦ 𝑔) ∼ ( 𝑓 ′ × 𝑔′) ◦ ( 𝑓 × 𝑔).
(d) Show that if 𝐻 : 𝑓 ∼ 𝑓 ′ and 𝐾 : 𝑔 ∼ 𝑔′, then there is a homotopy

𝐻 × 𝐾 : ( 𝑓 × 𝑔) ∼ ( 𝑓 ′ × 𝑔′).

(e) Show that for any two maps 𝑓 : 𝐴 → 𝐴′ and 𝑔 : 𝐵 → 𝐵′, the
following are equivalent:

(i) The map 𝑓 × 𝑔 is an equivalence.
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(ii) There are functions

𝛼 : 𝐵→ is-equiv( 𝑓 )
𝛽 : 𝐴→ is-equiv(𝑔).

9.8 Construct equivalences

Fin𝑘+𝑙 ≃ Fin𝑘 + Fin𝑙
Fin𝑘𝑙 ≃ Fin𝑘 × Fin𝑙 .

9.9 A map 𝑓 : 𝑋 → 𝑋 is said to be finitely cyclic if it comes equipped with
an element of type

is-finitely-cyclic( 𝑓 ) B ∏
(𝑥,𝑦:𝑋)

∑
(𝑘:ℕ) 𝑓

𝑘 (𝑥) = 𝑦.

(a) Show that any finitely cyclic map is an equivalence.
(b) Show that succ : Fin𝑘 → Fin𝑘 is finitely cyclic for any 𝑘 : ℕ.

10 Contractible types and contractible maps

A contractible type is a type which has, up to identification, only one element.
In other words, a contractible type is a type that comes equipped with a point,
and an identification of this point with any point.

We may think of contractible types as singletons up to homotopy, and indeed
we show that the unit type is an example of a contractible type. Moreover, we
show that contractible types satisfy an induction principle that is very similar to
the induction principle of the unit type.

Another case of an inductive type with a single constructor is the type of
identifications 𝑝 : 𝑎 = 𝑥 with a fixed starting point 𝑎 : 𝐴. To specify such an
identification, we have to give its end point 𝑥 : 𝐴 as well as the identification
𝑝 : 𝑎 = 𝑥, and the path induction principle asserts that in order to show
something about all such identifications, it suffices to show that thing in the case
where the end point is 𝑎, and the path is refl𝑎. This suggests that the total space∑

(𝑥:𝐴)𝑎 = 𝑥

of all paths with starting point 𝑎 : 𝐴 is contractible. This important fact will be
shown in Theorem 10.1.4, and it is the basis for the fundamental theorem of
identity types (Section 11).

Next, we introduce the fiber of a map 𝑓 : 𝐴 → 𝐵. The fiber of 𝑓 at
𝑏 : 𝐵 consists of the type of elements 𝑎 : 𝐴 equipped with an identification
𝑝 : 𝑓 (𝑎) = 𝑏. In other words, the fiber of 𝑓 at 𝑏 is the preimage of 𝑓 at
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𝑏. In Theorems 10.3.5 and 10.4.6 we show that a map is an equivalence if
and only if its fibers are contractible. The condition that the fibers of a map
are contractible is analogous to the set theoretic notion of bĳective map, or
1-to-1-correspondence.

10.1 Contractible types
Definition 10.1.1 We say that a type 𝐴 is contractible if it comes equipped
with an element of type

is-contr(𝐴) B ∑
(𝑐:𝐴)

∏
(𝑥:𝐴)𝑐 = 𝑥.

Given a pair (𝑐, 𝐶) : is-contr(𝐴), we call 𝑐 : 𝐴 the center of contraction of 𝐴,
and we call 𝐶 :

∏
(𝑥:𝐴)𝑐 = 𝑥 the contraction of 𝐴.

Remark 10.1.2 Suppose 𝐴 is a contractible type with center of contraction 𝑐
and contraction 𝐶. Then the type of 𝐶 is (judgmentally) equal to the type

const𝑐 ∼ id𝐴.

In other words, the contraction 𝐶 is a homotopy from the constant function to
the identity function.

Example 10.1.3 The unit type is easily seen to be contractible. For the center
of contraction we take ★ : 1. Then we define a contraction

∏
(𝑥:1)★ = 𝑥 by the

induction principle of 1. Applying the induction principle, it suffices to construct
an identification of type ★ = ★, for which we just take refl★.

Theorem 10.1.4 For any 𝑎 : 𝐴, the type∑
(𝑥:𝐴)𝑎 = 𝑥

is contractible.

Proof For the center of contraction we take

(𝑎, refl𝑎) :
∑
(𝑥:𝐴)𝑎 = 𝑥.

The contraction is constructed in Proposition 5.5.1. □

10.2 Singleton induction
Contractible types are singletons up to homotopy. Indeed, every element of a
contractible type can be identified with the center of contraction. Therefore
we can prove an induction principle for contractible types that is similar to the
induction principle of the unit type.
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Definition 10.2.1 Suppose 𝐴 comes equipped with an element 𝑎 : 𝐴. Then
we say that 𝐴 satisfies singleton induction if for every type family 𝐵 over 𝐴,
the map

ev-pt :
(∏

(𝑥:𝐴)𝐵(𝑥)
)
→ 𝐵(𝑎)

defined by ev-pt( 𝑓 ) B 𝑓 (𝑎) has a section. In other words, if 𝐴 satisfies singleton
induction we have a function and a homotopy

ind-sing𝑎 : 𝐵(𝑎) →∏
(𝑥:𝐴)𝐵(𝑥)

comp-sing𝑎 : ev-pt ◦ ind-sing𝑎 ∼ id

for any type family 𝐵 over 𝐴.

Example 10.2.2 Note that the singleton induction principle is almost the
same as the induction principle for the unit type, the difference being that the
‘computation rule’ in the singleton induction for 𝐴 is stated using an identification
rather than as a judgmental equality. The unit type 1 comes equipped with a
function

ind1 : 𝐵(★) →∏
(𝑥:1)𝐵(𝑥)

for every type family 𝐵 over 1, satisfying the judgmental equality ind1 (𝑏,★) � 𝑏
for every 𝑏 : 𝐵(★) by the computation rule. Therefore, we obtain the homotopy

_𝑏. refl𝑏 : ev-pt ◦ ind1 ∼ id,

and we conclude that the unit type satisfies singleton induction.

Theorem 10.2.3 Let 𝐴 be a type. The following are equivalent:

(i) The type 𝐴 is contractible.
(ii) The type 𝐴 comes equipped with an element 𝑎 : 𝐴, and satisfies singleton

induction.

Proof Suppose 𝐴 is contractible with center of contraction 𝑎 and contraction
𝐶. First we observe that, without loss of generality, we may assume that 𝐶
comes equipped with an identification 𝑝 : 𝐶 (𝑎) = refl𝑎. To see this, note that
we can always define a new contraction 𝐶′ by

𝐶′ (𝑥) B 𝐶 (𝑎)−1 � 𝐶 (𝑥),

which satisfies the requirement by the left inverse law, constructed in Defini-
tion 5.2.5.

To show that 𝐴 satisfies singleton induction let 𝐵 be a type family over 𝐴,
and suppose we have 𝑏 : 𝐵(𝑎). Our goal is to define

ind-sing𝑎 (𝑏) :
∏
(𝑥:𝐴)𝐵(𝑥).
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Let 𝑥 : 𝐴. Since we have an identification 𝐶 (𝑥) : 𝑎 = 𝑥, and an element 𝑏 in
𝐵(𝑎), we may transport 𝑏 along the path 𝐶 (𝑥) to obtain

ind-sing𝑎 (𝑏, 𝑥) B tr𝐵 (𝐶 (𝑥), 𝑏) : 𝐵(𝑥).

Therefore, the function ind-sing𝑎 (𝑏) is defined to be the dependent function
_𝑥. tr𝐵 (𝐶 (𝑥), 𝑏). Now we have to show that ind-sing𝑎 (𝑏, 𝑎) = 𝑏. Then we have
the identifications

tr𝐵 (𝐶 (𝑎), 𝑏) tr𝐵 (refl𝑎, 𝑏) 𝑏.

⇐ ⇐
ap_𝜔. tr𝐵 (𝜔,𝑏) (𝑝) ⇐⇐refl𝑏

This shows that the computation rule is satisfied, which completes the proof
that 𝐴 satisfies singleton induction.

For the converse, suppose that 𝑎 : 𝐴 and that 𝐴 satisfies singleton induction.
Our goal is to show that 𝐴 is contractible. For the center of contraction we take
the element 𝑎 : 𝐴. By singleton induction applied to 𝐵(𝑥) B 𝑎 = 𝑥 we have the
map

ind-sing𝑎 : 𝑎 = 𝑎 →∏
(𝑥:𝐴)𝑎 = 𝑥.

Therefore ind-sing𝑎 (refl𝑎) is a contraction. □

10.3 Contractible maps
Definition 10.3.1 Let 𝑓 : 𝐴→ 𝐵 be a function, and let 𝑏 : 𝐵. The fiber of 𝑓
at 𝑏 is defined to be the type

fib 𝑓 (𝑏) B
∑
(𝑎:𝐴) 𝑓 (𝑎) = 𝑏.

In other words, the fiber of 𝑓 at 𝑏 is the type of 𝑎 : 𝐴 that get mapped by 𝑓 to
𝑏. One may think of the fiber as a type theoretic version of the preimage of a
point.

It will be useful to have a characterization of the identity type of a fiber. In
order to identify any (𝑥, 𝑝) and (𝑥′, 𝑝′) in fib 𝑓 (𝑦), we may first construct an
identification 𝛼 : 𝑥 = 𝑥′. Then we obtain a triangle

𝑓 (𝑥) 𝑓 (𝑥′)

𝑦,

⇐

⇐𝑝

⇐⇐
ap 𝑓 (𝛼)

⇐⇐

𝑝′

so we may consider the type of identifications 𝛽 : 𝑝 = ap 𝑓 (𝛼) � 𝑝′. We will
show that the type of all identifications (𝑥, 𝑝) = (𝑥′, 𝑝′) is equivalent to the type
of such pairs (𝛼, 𝛽).
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Definition 10.3.2 Let 𝑓 : 𝐴 → 𝐵 be a map, and let (𝑥, 𝑝), (𝑥′, 𝑝′) : fib 𝑓 (𝑦)
for some 𝑦 : 𝐵. Then we define

Eq-fib 𝑓 ((𝑥, 𝑝), (𝑥′, 𝑝′)) B
∑
(𝛼:𝑥=𝑥′ ) 𝑝 = ap 𝑓 (𝛼) � 𝑝′

The relation Eq-fib 𝑓 : fib 𝑓 (𝑦) → fib 𝑓 (𝑦) → U is a reflexive relation, since we
have

_(𝑥, 𝑝). (refl𝑥 , refl𝑝) :
∏
( (𝑥,𝑝):fib 𝑓 (𝑦) )Eq-fib 𝑓 ((𝑥, 𝑝), (𝑥, 𝑝)).

Proposition 10.3.3 Consider a map 𝑓 : 𝐴→ 𝐵 and let 𝑦 : 𝐵. The canonical
map

((𝑥, 𝑝) = (𝑥′, 𝑝′)) → Eq-fib 𝑓 ((𝑥, 𝑝), (𝑥′, 𝑝′))

induced by the reflexivity of Eq-fib 𝑓 is an equivalence for any (𝑥, 𝑝), (𝑥′, 𝑝′) :
fib 𝑓 (𝑦).

Proof The converse map

Eq-fib 𝑓 ((𝑥, 𝑝), (𝑥′, 𝑝′)) → ((𝑥, 𝑝) = (𝑥′, 𝑝′))

is easily defined by Σ-induction, and then path induction twice. The homotopies
witnessing that this converse map is indeed a right inverse as well as a left
inverse are similarly constructed by induction. □

Now we arrive at the notion of contractible map.

Definition 10.3.4 We say that a function 𝑓 : 𝐴 → 𝐵 is contractible if it
comes equipped with an element of type

is-contr( 𝑓 ) B ∏
(𝑏:𝐵) is-contr(fib 𝑓 (𝑏)).

Theorem 10.3.5 Any contractible map is an equivalence.

Proof Let 𝑓 : 𝐴→ 𝐵 be a contractible map. Using the center of contraction
of each fib 𝑓 (𝑦), we obtain the dependent function

_𝑦. (𝑔(𝑦), 𝐺 (𝑦)) :
∏
(𝑦:𝐵)fib 𝑓 (𝑦).

Thus, we get map 𝑔 : 𝐵 → 𝐴, and a homotopy 𝐺 :
∏
(𝑦:𝐵) 𝑓 (𝑔(𝑦)) = 𝑦. In

other words, we get a section of 𝑓 .
It remains to construct a retraction of 𝑓 . Taking 𝑔 as our retraction, we

have to show that
∏
(𝑥:𝐴)𝑔( 𝑓 (𝑥)) = 𝑥. Note that we get an identification

𝑝 : 𝑓 (𝑔( 𝑓 (𝑥))) = 𝑓 (𝑥) since 𝑔 is a section of 𝑓 . Therefore, it follows that
(𝑔( 𝑓 (𝑥)), 𝑝) : fib 𝑓 ( 𝑓 (𝑥)). Moreover, since fib 𝑓 ( 𝑓 (𝑥)) is contractible we get an
identification 𝑞 : (𝑔( 𝑓 (𝑥)), 𝑝) = (𝑥, refl 𝑓 (𝑥 ) ). The base path appr1

(𝑞) of this
identification is an identification of type 𝑔( 𝑓 (𝑥)) = 𝑥, as desired. □
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10.4 Equivalences are contractible maps
In Theorem 10.4.6 we will show the converse to Theorem 10.3.5, i.e., we will
show that any equivalence is a contractible map. We will do this in two steps.

First we introduce a new notion of coherently invertible map, for which we
can easily show that such maps have contractible fibers. Then we show that any
equivalence is a coherently invertible map.

Recall that an invertible map is a map 𝑓 : 𝐴→ 𝐵 equipped with 𝑔 : 𝐵→ 𝐴

and homotopies

𝐺 : 𝑓 ◦ 𝑔 ∼ id and 𝐻 : 𝑔 ◦ 𝑓 ∼ id.

Then we observe that both 𝐺 · 𝑓 and 𝑓 · 𝐻 are homotopies of the same type

𝑓 ◦ 𝑔 ◦ 𝑓 ∼ 𝑓 .

A coherently invertible map is an invertible map for which there is a further
homotopy 𝐺 · 𝑓 ∼ 𝑓 · 𝐻.

Definition 10.4.1 Consider a map 𝑓 : 𝐴 → 𝐵. We say that 𝑓 is coherently
invertible if it comes equipped with

𝑔 : 𝐵→ 𝐴

𝐺 : 𝑓 ◦ 𝑔 ∼ id
𝐻 : 𝑔 ◦ 𝑓 ∼ id
𝐾 : 𝐺 · 𝑓 ∼ 𝑓 · 𝐻.

We will write is-coh-invertible( 𝑓 ) for the type of quadruples (𝑔, 𝐺, 𝐻, 𝐾).

Although we will encounter the notion of coherently invertible map on
some further occasions, the following proposition is our main motivation for
considering it.

Proposition 10.4.2 Any coherently invertible map has contractible fibers.

Proof Consider a map 𝑓 : 𝐴→ 𝐵 equipped with

𝑔 : 𝐵→ 𝐴

𝐺 : 𝑓 ◦ 𝑔 ∼ id
𝐻 : 𝑔 ◦ 𝑓 ∼ id
𝐾 : 𝐺 · 𝑓 ∼ 𝑓 · 𝐻,

and let 𝑦 : 𝐵. Our goal is to show that fib 𝑓 (𝑦) is contractible. For the center of
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contraction we take (𝑔(𝑦), 𝐺 (𝑦)). In order to construct a contraction, it suffices
to construct a dependent function of type∏

(𝑥:𝐴)
∏
(𝑝: 𝑓 (𝑥 )=𝑦)Eq-fib 𝑓 ((𝑔(𝑦), 𝐺 (𝑦)), (𝑥, 𝑝)).

By path induction on 𝑝 : 𝑓 (𝑥) = 𝑦 it suffices to construct a dependent function
of type ∏

(𝑥:𝐴)Eq-fib 𝑓 ((𝑔( 𝑓 (𝑥)), 𝐺 ( 𝑓 (𝑥))), (𝑥, refl 𝑓 (𝑥 ) )).

By definition of Eq-fib 𝑓 , we have to construct for each 𝑥 : 𝐴 an identification
𝛼 : 𝑔( 𝑓 (𝑥)) = 𝑥 equipped with a further identification

𝐺 ( 𝑓 (𝑥)) = ap 𝑓 (𝛼) � refl 𝑓 (𝑥 ) .

Such a dependent function is constructed as _𝑥. (𝐻 (𝑥), 𝐾 ′ (𝑥)), where the
homotopy 𝐻 : 𝑔 ◦ 𝑓 ∼ id is given by assumption, and the homotopy

𝐾 ′ :
∏
(𝑥:𝐴)𝐺 ( 𝑓 (𝑥)) = ap 𝑓 (𝐻 (𝑥)) � refl 𝑓 (𝑥 )

is defined as

𝐾 ′ B 𝐾 � right-unit-htpy( 𝑓 · 𝐻)−1. □

Our next goal is to show that for any map 𝑓 : 𝐴→ 𝐵 equipped with

𝑔 : 𝐵→ 𝐴, 𝐺 : 𝑓 ◦ 𝑔 ∼ id, and 𝐻 : 𝑔 ◦ 𝑓 ∼ id,

we can improve the homotopy 𝐺 to a new homotopy 𝐺′ : 𝑓 ◦ 𝑔 ∼ id for which
there is a further homotopy

𝑓 · 𝐻 ∼ 𝐺′ · 𝑓 .

Note that this situation is analogous to the situation in the proof of Theo-
rem 10.2.3, where we improved the contraction 𝐶 so that it satisfied 𝐶 (𝑐) = refl.
The extra coherence 𝑓 · 𝐻 ∼ 𝐺′ · 𝑓 is then used in the proof that the fibers of an
equivalence are contractible.

Definition 10.4.3 Let 𝑓 , 𝑔 : 𝐴→ 𝐵 be functions, and consider 𝐻 : 𝑓 ∼ 𝑔 and
𝑝 : 𝑥 = 𝑦 in 𝐴. We define the identification

nat-htpy(𝐻, 𝑝) B ap 𝑓 (𝑝) � 𝐻 (𝑦) = 𝐻 (𝑥) � ap𝑔 (𝑝)

witnessing that the square

𝑓 (𝑥) 𝑔(𝑥)

𝑓 (𝑦) 𝑔(𝑦)

⇐⇐𝐻 (𝑥 )

⇐⇐ap 𝑓 (𝑝) ⇐⇐ ap𝑔 (𝑝)

⇐⇐
𝐻 (𝑦)
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commutes. This square is also called the naturality square of the homotopy 𝐻
at 𝑝.

Construction By path induction on 𝑝 it suffices to construct an identification

ap 𝑓 (refl𝑥) � 𝐻 (𝑥) = 𝐻 (𝑥) � ap𝑔 (refl𝑥)

since ap 𝑓 (refl𝑥) � refl 𝑓 (𝑥 ) and ap𝑔 (refl𝑥) � refl𝑔 (𝑥 ) , and since refl 𝑓 (𝑥 ) �𝐻 (𝑥) �
𝐻 (𝑥), we see that the path right-unit(𝐻 (𝑥))−1 is of the asserted type. □

Definition 10.4.4 Consider 𝑓 : 𝐴 → 𝐴 and 𝐻 : 𝑓 ∼ id𝐴. We construct an
identification 𝐻 ( 𝑓 (𝑥)) = ap 𝑓 (𝐻 (𝑥)), for any 𝑥 : 𝐴.

Construction By the naturality of homotopies with respect to identifications
the square

𝑓 𝑓 (𝑥) 𝑓 (𝑥)

𝑓 (𝑥) 𝑥

⇐⇐ap 𝑓 (𝐻 (𝑥 ) )

⇐ ⇐𝐻 ( 𝑓 (𝑥 ) )

⇐⇐ 𝐻 (𝑥 )

⇐ ⇐
𝐻 (𝑥 )

commutes. This gives the desired identification 𝐻 ( 𝑓 (𝑥)) = ap 𝑓 (𝐻 (𝑥)). □

Lemma 10.4.5 Let 𝑓 : 𝐴 → 𝐵 be a map equipped with an inverse, i.e.,
consider

𝑔 : 𝐵→ 𝐴

𝐺 : 𝑓 ◦ 𝑔 ∼ id
𝐻 : 𝑔 ◦ 𝑓 ∼ id.

Then there is a homotopy 𝐺′ : 𝑓 ◦ 𝑔 ∼ id equipped with a further homotopy

𝐾 : 𝑓 · 𝐻 ∼ 𝐺′ · 𝑓 .

Thus we obtain a map has-inverse( 𝑓 ) → is-coh-invertible( 𝑓 ).

Proof For each 𝑦 : 𝐵, we construct the identification𝐺′ (𝑦) as the concatenation

𝑓 𝑔(𝑦) 𝑓 𝑔 𝑓 𝑔(𝑦) 𝑓 𝑔(𝑦) 𝑦.

⇐ ⇐𝐺 ( 𝑓 𝑔 (𝑦) )−1 ⇐ ⇐
ap 𝑓 (𝐻 (𝑔 (𝑦) ) ) ⇐⇐𝐺 (𝑦)

In order to construct a homotopy 𝑓 · 𝐻 ∼ 𝐺′ · 𝑓 , it suffices to show that the
square

𝑓 𝑔 𝑓 𝑔 𝑓 (𝑥) 𝑓 𝑔 𝑓 (𝑥)

𝑓 𝑔 𝑓 (𝑥) 𝑓 (𝑥)

⇐ ⇐𝐺 ( 𝑓 𝑔 𝑓 (𝑥 ) )

⇐⇐ap 𝑓 (𝐻 (𝑔 𝑓 (𝑥 ) ) ) ⇐⇐ ap 𝑓 (𝐻 (𝑥 ) )

⇐ ⇐
𝐺 ( 𝑓 (𝑥 ) )
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commutes for every 𝑥 : 𝐴. Recall from Definition 10.4.4 that we have
𝐻 (𝑔 𝑓 (𝑥)) = ap𝑔 𝑓 (𝐻 (𝑥)). Using this identification, we see that it suffices
to show that the square

𝑓 𝑔 𝑓 𝑔 𝑓 (𝑥) 𝑓 𝑔 𝑓 (𝑥)

𝑓 𝑔 𝑓 (𝑥) 𝑓 (𝑥)

⇐ ⇐(𝐺 · 𝑓 ) (𝑔 𝑓 (𝑥 ) )

⇐⇐ap 𝑓 𝑔 𝑓 (𝐻 (𝑥 ) ) ⇐⇐ ap 𝑓 (𝐻 (𝑥 ) )

⇐ ⇐(𝐺 · 𝑓 ) (𝑥 )

commutes. Now we observe that this is just a naturality square the homotopy
𝐺 · 𝑓 : 𝑓 𝑔 𝑓 ∼ 𝑓 , which commutes by Definition 10.4.3. □

Now we put the pieces together to conclude that any equivalence has con-
tractible fibers.

Theorem 10.4.6 Any equivalence is a contractible map.

Proof We have seen in Proposition 10.4.2 that any coherently invertible map is
a contractible map. Moreover, any equivalence has the structure of an invertible
map by Proposition 9.2.7, and any invertible map is coherently invertible by
Lemma 10.4.5. □

The following corollary is very similar to Theorem 10.1.4, which asserts
that the type

∑
(𝑥:𝐴) 𝑎 = 𝑥 is contractible. However, we haven’t yet established

that the equivalence (𝑎 = 𝑥) ≃ (𝑥 = 𝑎) induces an equivalence on total spaces.
However, using the fact that equivalences are contractible maps we can give a
direct proof.

Corollary 10.4.7 Let 𝐴 be a type, and let 𝑎 : 𝐴. Then the type∑
(𝑥:𝐴)𝑥 = 𝑎

is contractible.

Proof By Example 9.2.3, the identity function is an equivalence. Therefore,
the fibers of the identity function are contractible by Theorem 10.4.6. Note that∑
(𝑥:𝐴) 𝑥 = 𝑎 is exactly the fiber of id𝐴 at 𝑎 : 𝐴. □

Exercises
10.1 Show that if 𝐴 is contractible, then for any 𝑥, 𝑦 : 𝐴 the identity type 𝑥 = 𝑦

is also contractible.
10.2 Suppose that 𝐴 is a retract of 𝐵. Show that

is-contr(𝐵) → is-contr(𝐴).
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10.3 (a) Show that for any type 𝐴, the map const★ : 𝐴→ 1 is an equivalence
if and only if 𝐴 is contractible.

(b) Apply Exercise 9.4 to show that for any map 𝑓 : 𝐴→ 𝐵, if any two
of the three assertions

(i) 𝐴 is contractible
(ii) 𝐵 is contractible
(iii) 𝑓 is an equivalence

hold, then so does the third.
10.4 Show that Fin𝑘 is not contractible for all 𝑘 ≠ 1.
10.5 Show that for any two types 𝐴 and 𝐵, the following are equivalent:

(i) Both 𝐴 and 𝐵 are contractible.
(ii) The type 𝐴 × 𝐵 is contractible.

10.6 Let 𝐴 be a contractible type with center of contraction 𝑎 : 𝐴. Furthermore,
let 𝐵 be a type family over 𝐴. Show that the map

𝑦 ↦→ (𝑎, 𝑦) : 𝐵(𝑎) → ∑
(𝑥:𝐴)𝐵(𝑥)

is an equivalence.
10.7 Let 𝐵 be a family of types over 𝐴, and consider the projection map

pr1 :
(∑
(𝑥:𝐴)𝐵(𝑥)

)
→ 𝐴.

(a) Show that for any 𝑎 : 𝐴, the map

_((𝑥, 𝑦), 𝑝). tr𝐵 (𝑝, 𝑦) : fibpr1 (𝑎) → 𝐵(𝑎),

is an equivalence.
(b) Show that the following are equivalent:

(i) The projection map pr1 is an equivalence.
(ii) The type 𝐵(𝑥) is contractible for each 𝑥 : 𝐴.

(c) Consider a dependent function 𝑏 :
∏
(𝑥:𝐴)𝐵(𝑥). Show that the

following are equivalent:

(i) The map

_𝑥. (𝑥, 𝑏(𝑥)) : 𝐴→ ∑
(𝑥:𝐴)𝐵(𝑥)

is an equivalence.
(ii) The type 𝐵(𝑥) is contractible for each 𝑥 : 𝐴.

10.8 Construct for any map 𝑓 : 𝐴→ 𝐵 an equivalence 𝑒 : 𝐴 ≃ ∑
(𝑦:𝐵) fib 𝑓 (𝑦)
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and a homotopy 𝐻 : 𝑓 ∼ pr1 ◦ 𝑒 witnessing that the triangle

𝐴
∑
(𝑦:𝐵) fib 𝑓 (𝑦)

𝐵

← →𝑒

←

→𝑓
←→

pr1

commutes. The projection pr1 : (∑(𝑦:𝐵) fib 𝑓 (𝑦)) → 𝐵 is sometimes also
called the fibrant replacement of 𝑓 , because first projection maps are
fibrations in the homotopy interpretation of type theory.

11 The fundamental theorem of identity types

For many types it is useful to have a characterization of their identity types.
For example, we have used a characterization of the identity types of the fibers
of a map in order to conclude that any equivalence is a contractible map.
The fundamental theorem of identity types is our main tool to carry out such
characterizations, and with the fundamental theorem it becomes a routine task
to characterize an identity type whenever that is of interest. We note that the
fundamental theorem also appears as Theorem 5.8.4 in [5].

In our first application of the fundamental theorem of identity types we
show that any equivalence is an embedding. Embeddings are maps that induce
equivalences on identity types, i.e., they are the homotopical analogue of
injective maps. In our second application we characterize the identity types of
coproducts.

Throughout this book we will encounter many more occasions to characterize
identity types. For example, we will show in Theorem 11.3.1 that the identity
type of the natural numbers is equivalent to its observational equality, and we
will show in Theorem 21.5.2 that the loop space of the circle is equivalent to ℤ.

In order to prove the fundamental theorem of identity types, we first prove
the basic fact that a family of maps is a family of equivalences if and only if it
induces an equivalence on total spaces.

11.1 Families of equivalences
Definition 11.1.1 Consider a family of maps

𝑓 :
∏
(𝑥:𝐴)𝐵(𝑥) → 𝐶 (𝑥).
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We define the map

tot ( 𝑓 ) :
∑
(𝑥:𝐴)𝐵(𝑥) →

∑
(𝑥:𝐴)𝐶 (𝑥)

by _(𝑥, 𝑦). (𝑥, 𝑓 (𝑥, 𝑦)).

Lemma 11.1.2 For any family of maps 𝑓 :
∏
(𝑥:𝐴)𝐵(𝑥) → 𝐶 (𝑥) and any

𝑡 :
∑
(𝑥:𝐴) 𝐶 (𝑥), there is an equivalence

fibtot ( 𝑓 ) (𝑡) ≃ fib 𝑓 (pr1 (𝑡 ) ) (pr2 (𝑡)).

Proof We first define

𝜑 :
∏
(𝑡:∑(𝑥:𝐴) 𝐶 (𝑥 ) )fibtot ( 𝑓 ) (𝑡) → fib 𝑓 (pr1 (𝑡 ) ) (pr2 (𝑡))

by pattern matching, by taking

𝜑((𝑥, 𝑓 (𝑥, 𝑦)), ((𝑥, 𝑦), refl)) B (𝑦, refl).

For the proof that 𝜑(𝑡) is an equivalence, for each 𝑡 :
∑
(𝑥:𝐴) 𝐶 (𝑥), we

construct a map

𝜓(𝑡) : fib 𝑓 (pr1 (𝑡 ) ) (pr2 (𝑡)) → fibtot ( 𝑓 ) (𝑡)

equipped with homotopies 𝐺 (𝑡) : 𝜑(𝑡) ◦ 𝜓(𝑡) ∼ id and 𝐻 (𝑡) : 𝜓(𝑡) ◦ 𝜑(𝑡) ∼ id.
Each of these definitions is given by pattern matching, as follows:

𝜓((𝑥, 𝑓 (𝑥, 𝑦)), (𝑦, refl)) B ((𝑥, 𝑦), refl)
𝐺 ((𝑥, 𝑓 (𝑥, 𝑦)), (𝑦, refl)) B refl

𝐻 ((𝑥, 𝑓 (𝑥, 𝑦)), ((𝑥, 𝑦), refl)) B refl. □

Theorem 11.1.3 Let 𝑓 :
∏
(𝑥:𝐴)𝐵(𝑥) → 𝐶 (𝑥) be a family of maps. The

following are equivalent:

(i) For each 𝑥 : 𝐴, the map 𝑓 (𝑥) is an equivalence. In this case we say that 𝑓
is a family of equivalences.

(ii) The map tot ( 𝑓 ) :
∑
(𝑥:𝐴) 𝐵(𝑥) →

∑
(𝑥:𝐴) 𝐶 (𝑥) is an equivalence.

Proof By Theorems 10.3.5 and 10.4.6 it suffices to show that 𝑓 (𝑥) is a
contractible map for each 𝑥 : 𝐴, if and only if tot ( 𝑓 ) is a contractible map.
Thus, we will show that fib 𝑓 (𝑥 ) (𝑐) is contractible if and only if fibtot ( 𝑓 ) (𝑥, 𝑐)
is contractible, for each 𝑥 : 𝐴 and 𝑐 : 𝐶 (𝑥). However, by Lemma 11.1.2 these
types are equivalent, so the result follows by Exercise 10.3. □

Now consider the situation where we have a map 𝑓 : 𝐴→ 𝐵, and a family 𝐶
over 𝐵. Then we have the map

_(𝑥, 𝑧). ( 𝑓 (𝑥), 𝑧) :
∑
(𝑥:𝐴)𝐶 ( 𝑓 (𝑥)) →

∑
(𝑦:𝐵)𝐶 (𝑦).
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We claim that this map is an equivalence when 𝑓 is an equivalence. The technique
to prove this claim is the same as the technique we used in Theorem 11.1.3: first
we note that the fibers are equivalent to the fibers of 𝑓 , and then we use the fact
that a map is an equivalence if and only if its fibers are contractible to finish the
proof.

The converse of the following lemma does not hold. Why not?

Lemma 11.1.4 Consider a map 𝑓 : 𝐴→ 𝐵, and let 𝐶 be a type family over 𝐵.
If 𝑓 is an equivalence, then the map

𝜎 𝑓 (𝐶) B _(𝑥, 𝑧). ( 𝑓 (𝑥), 𝑧) :
∑
(𝑥:𝐴)𝐶 ( 𝑓 (𝑥)) →

∑
(𝑦:𝐵)𝐶 (𝑦)

is an equivalence.

Proof We claim that for each 𝑡 :
∑
(𝑦:𝐵) 𝐶 (𝑦) there is an equivalence

fib𝜎 𝑓 (𝐶 ) (𝑡) ≃ fib 𝑓 (pr1 (𝑡)).

We obtain such an equivalence by constructing the following functions and
homotopies:

𝜑(𝑡) : fib𝜎 𝑓 (𝐶 ) (𝑡) → fib 𝑓 (pr1 (𝑡)) 𝜑(( 𝑓 (𝑥), 𝑧), ((𝑥, 𝑧), refl)) B (𝑥, refl)
𝜓(𝑡) : fib 𝑓 (pr1 (𝑡)) → fib𝜎 𝑓 (𝐶 ) (𝑡) 𝜓(( 𝑓 (𝑥), 𝑧), (𝑥, refl)) B ((𝑥, 𝑧), refl)
𝐺 (𝑡) : 𝜑(𝑡) ◦ 𝜓(𝑡) ∼ id 𝐺 (( 𝑓 (𝑥), 𝑧), (𝑥, refl)) B refl
𝐻 (𝑡) : 𝜓(𝑡) ◦ 𝜑(𝑡) ∼ id 𝐻 (( 𝑓 (𝑥), 𝑧), ((𝑥, 𝑧), refl)) B refl.

Now the claim follows, since we see that 𝜑 is a contractible map if and only if 𝑓
is a contractible map. □

Now we use Lemma 11.1.4 to obtain a generalization of Theorem 11.1.3.

Definition 11.1.5 Consider a map 𝑓 : 𝐴→ 𝐵 and a family of maps

𝑔 :
∏
(𝑥:𝐴)𝐶 (𝑥) → 𝐷 ( 𝑓 (𝑥)),

where 𝐶 is a type family over 𝐴, and 𝐷 is a type family over 𝐵. In this situation
we also say that 𝑔 is a family of maps over 𝑓 . Then we define

tot 𝑓 (𝑔) :
∑
(𝑥:𝐴)𝐶 (𝑥) →

∑
(𝑦:𝐵)𝐷 (𝑦)

by tot 𝑓 (𝑔) (𝑥, 𝑧) B ( 𝑓 (𝑥), 𝑔(𝑥, 𝑧)).

Theorem 11.1.6 Suppose that 𝑔 is a family of maps over 𝑓 as in Defini-
tion 11.1.5, and suppose that 𝑓 is an equivalence. Then the following are
equivalent:

(i) The family of maps 𝑔 over 𝑓 is a family of equivalences.
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(ii) The map tot 𝑓 (𝑔) is an equivalence.

Proof Note that we have a commuting triangle∑
(𝑥:𝐴) 𝐶 (𝑥)

∑
(𝑦:𝐵) 𝐷 (𝑦)

∑
(𝑥:𝐴) 𝐷 ( 𝑓 (𝑥))

← →
tot 𝑓 (𝑔)

←

→tot (𝑔)

← →
_(𝑥,𝑧) . ( 𝑓 (𝑥 ) ,𝑧)

By the assumption that 𝑓 is an equivalence, it follows that the map∑
(𝑥:𝐴)𝐷 ( 𝑓 (𝑥)) →

∑
(𝑦:𝐵)𝐷 (𝑦)

is an equivalence. Therefore it follows that tot 𝑓 (𝑔) is an equivalence if and only
if tot (𝑔) is an equivalence. Now the claim follows, since tot (𝑔) is an equivalence
if and only if 𝑔 if a family of equivalences. □

11.2 The fundamental theorem
The fundamental theorem of identity types (Theorem 11.2.2) is a general theorem
that can be used to characterize the identity type of a given type. It describes a
necessary and sufficient condition on a type family 𝐵 over a type 𝐴 equipped with
a point 𝑎 : 𝐴, for there to be a family of equivalences

∏
(𝑥:𝐴) (𝑎 = 𝑥) ≃ 𝐵(𝑥).

Before we state the fundamental theorem of identity types we introduce the
notion of identity systems. Those are families 𝐵 over a 𝐴 that satisfy an induction
principle that is similar to the path induction principle.

Definition 11.2.1 Let 𝐴 be a type equipped with a term 𝑎 : 𝐴. A (unary)
identity system on 𝐴 at 𝑎 consists of a type family 𝐵 over 𝐴 equipped with
𝑏 : 𝐵(𝑎), such that for any family of types 𝑃(𝑥, 𝑦) indexed by 𝑥 : 𝐴 and 𝑦 : 𝐵(𝑥),
the function

ℎ ↦→ ℎ(𝑎, 𝑏) :
(∏

(𝑥:𝐴)
∏
(𝑦:𝐵(𝑥 ) )𝑃(𝑥, 𝑦)

)
→ 𝑃(𝑎, 𝑏)

has a section.

In other words, if 𝐵 is an identity system on 𝐴 at 𝑎 and 𝑃 is a family of types
indexed by 𝑥 : 𝐴 and 𝑦 : 𝐵(𝑥), then there is for each 𝑝 : 𝑃(𝑎, 𝑏) a dependent
function

𝑓 :
∏
(𝑥:𝐴)

∏
(𝑦:𝐵(𝑥 ) )𝑃(𝑥, 𝑦)

such that 𝑓 (𝑎, 𝑏) = 𝑝. This is of course a variant of path induction, where the
computation rule is given by an identification.

The fundamental theorem of identity types asserts that three conditions are
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equivalent. The most important implication in the fundamental theorem is that
(ii) implies (i). Occasionally we will also use the third equivalent statement.

Theorem 11.2.2 (The fundamental theorem of identity types) Let 𝐴 be a type
with 𝑎 : 𝐴, and let 𝐵 be be a type family over 𝐴. Then the following are logically
equivalent for any family of maps

𝑓 :
∏
(𝑥:𝐴) (𝑎 = 𝑥) → 𝐵(𝑥).

(i) The family of maps 𝑓 is a family of equivalences.
(ii) The total space ∑

(𝑥:𝐴)𝐵(𝑥)

is contractible.
(iii) The family 𝐵 is an identity system.

In particular, we see that for any 𝑏 : 𝐵(𝑎), the canonical family of maps

ind-eq𝑎 (𝑏) :
∏
(𝑥:𝐴) (𝑎 = 𝑥) → 𝐵(𝑥)

is a family of equivalences if and only if
∑
(𝑥:𝐴) 𝐵(𝑥) is contractible.

Proof First we show that (i) and (ii) are equivalent. By Theorem 11.1.3 it
follows that the family of maps 𝑓 is a family of equivalences if and only if it
induces an equivalence (∑

(𝑥:𝐴)𝑎 = 𝑥

)
≃
(∑
(𝑥:𝐴)𝐵(𝑥)

)
on total spaces. We have that

∑
(𝑥:𝐴) 𝑎 = 𝑥 is contractible, so it follows

by Exercise 10.3 that tot ( 𝑓 ) is an equivalence if and only if
∑
(𝑥:𝐴) 𝐵(𝑥) is

contractible.
Now we show that (ii) and (iii) are equivalent. Note that we have the following

commuting triangle∏
(𝑡:∑(𝑥:𝐴) 𝐵(𝑥 ) )𝑃(𝑡)

∏
(𝑥:𝐴)

∏
(𝑦:𝐵(𝑥 ) )𝑃(𝑥, 𝑦)

𝑃(𝑎, 𝑏)

← →ev-pair

←

→ev-pt(𝑎,𝑏)
←→

_ℎ. ℎ(𝑎,𝑏)

In this diagram the top map has a section. Therefore it follows by Exercise 9.4
that the left map has a section if and only if the right map has a section. Recall
from Definition 10.2.1 that the type

∑
(𝑥:𝐴) 𝐵(𝑥) satisfies singleton induction if

and only if the left map in the triangle has a section for each 𝑃. Therefore we
conclude our proof with Theorem 10.2.3, which shows that the type

∑
(𝑥:𝐴) 𝐵(𝑥)

satisfies singleton induction if and only if it is contractible. □
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11.3 Equality on the natural numbers
As a first application of the fundamental theorem of identity types, we charac-
terize the identity type of the natural numbers. We will use the observational
equality Eqℕ on ℕ. Recall from Definition 6.3.1 that Eqℕ is defined by

Eqℕ (0ℕ, 0ℕ) B 1 Eqℕ (0ℕ, 𝑛 + 1) B ∅
Eqℕ (𝑚 + 1, 0ℕ) B ∅ Eqℕ (𝑚 + 1, 𝑛 + 1) B Eqℕ (𝑚, 𝑛).

This relation is an equivalence relation. In particular, the reflexivity term
refl-Eqℕ (𝑚) : Eqℕ (𝑚, 𝑚) is defined inductively by

refl-Eqℕ (0ℕ) B ★

refl-Eqℕ (𝑚 + 1) B refl-Eqℕ (𝑚).

Using the reflexivity term, we obtain a canonical map

(𝑚 = 𝑛) → Eqℕ (𝑚, 𝑛)

for every 𝑚, 𝑛 : ℕ.

Theorem 11.3.1 For each 𝑚, 𝑛 : ℕ, the canonical map

(𝑚 = 𝑛) → Eqℕ (𝑚, 𝑛)

is an equivalence.

Proof By Theorem 11.2.2 it suffices to show that the type∑
(𝑛:ℕ)Eqℕ (𝑚, 𝑛)

is contractible, for each 𝑚 : ℕ. The center of contraction is defined to be
(𝑚, refl-Eqℕ (𝑚)).

The contraction

𝛾(𝑚) :
∏
(𝑛:ℕ)

∏
(𝑒:Eqℕ (𝑚,𝑛) ) (𝑚, refl-Eqℕ (𝑚)) = (𝑛, 𝑒)

is defined for each 𝑚 by induction on 𝑚, 𝑛 : ℕ. In the base case we define

𝛾(0ℕ, 0ℕ, ★) B refl.

If one of 𝑚 and 𝑛 is zero and the other is a successor, then the type Eqℕ (𝑚, 𝑛)
is empty, so the desired path can be obtained via the induction principle of the
empty type.

The inductive step remains, in which we have to define the identification

𝛾(𝑚 + 1, 𝑛 + 1, 𝑒) : (𝑚 + 1, refl-Eqℕ (𝑚 + 1)) = (𝑛 + 1, 𝑒)
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for each 𝑚, 𝑛 : ℕ equipped with 𝑒 : Eqℕ (𝑚, 𝑛). We first observe that there is a
map ( ∑

(𝑛:ℕ) Eqℕ (𝑚, 𝑛)
) ( ∑

(𝑛:ℕ) Eqℕ (𝑚 + 1, 𝑛)
)←→𝑓

given by (𝑛, 𝑒) ↦→ (𝑛 + 1, 𝑒). With this definition of 𝑓 we have

𝑓 (𝑚, refl-Eqℕ (𝑚)) � (𝑚 + 1, refl-Eqℕ (𝑚 + 1)).

Therefore we can define

𝛾(𝑚 + 1, 𝑛 + 1, 𝑒) B ap 𝑓 (𝛾(𝑚, 𝑛, 𝑒)). □

11.4 Embeddings
As an application of the fundamental theorem we show that equivalences are
embeddings. The notion of embedding is the homotopical analogue of the set
theoretic notion of injective map.

Definition 11.4.1 An embedding is a map 𝑓 : 𝐴 → 𝐵 that satisfies the
property that

ap 𝑓 : (𝑥 = 𝑦) → ( 𝑓 (𝑥) = 𝑓 (𝑦))

is an equivalence, for every 𝑥, 𝑦 : 𝐴. We write is-emb( 𝑓 ) for the type of
witnesses that 𝑓 is an embedding.

Another way of phrasing the following statement is that equivalent types have
equivalent identity types.

Theorem 11.4.2 Any equivalence is an embedding.

Proof Let 𝑒 : 𝐴 ≃ 𝐵 be an equivalence, and let 𝑥 : 𝐴. Our goal is to show that

ap𝑒 : (𝑥 = 𝑦) → (𝑒(𝑥) = 𝑒(𝑦))

is an equivalence for every 𝑦 : 𝐴. By Theorem 11.2.2 it suffices to show that∑
(𝑦:𝐴)𝑒(𝑥) = 𝑒(𝑦)

is contractible. Now observe that there is an equivalence∑
(𝑦:𝐴)𝑒(𝑥) = 𝑒(𝑦) ≃

∑
(𝑦:𝐴)𝑒(𝑦) = 𝑒(𝑥)

� fib𝑒 (𝑒(𝑥))

by Theorem 11.1.3, since for each 𝑦 : 𝐴 the map

inv : (𝑒(𝑥) = 𝑒(𝑦)) → (𝑒(𝑦) = 𝑒(𝑥))
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is an equivalence by Exercise 9.1. The fiber fib𝑒 (𝑒(𝑥)) is contractible by
Theorem 10.4.6, so it follows by Exercise 10.3 that the type

∑
(𝑦:𝐴) 𝑒(𝑥) = 𝑒(𝑦)

is indeed contractible. □

11.5 Disjointness of coproducts
To give a second application of the fundamental theorem of identity types, we
characterize the identity types of coproducts. Our goal in this section is to prove
the following theorem.

Theorem 11.5.1 Let 𝐴 and 𝐵 be types. Then there are equivalences

(inl(𝑥) = inl(𝑥′)) ≃ (𝑥 = 𝑥′)
(inl(𝑥) = inr(𝑦′)) ≃ ∅
(inr(𝑦) = inl(𝑥′)) ≃ ∅
(inr(𝑦) = inr(𝑦′)) ≃ (𝑦 = 𝑦′)

for any 𝑥, 𝑥′ : 𝐴 and 𝑦, 𝑦′ : 𝐵.

In order to prove Theorem 11.5.1, we first define a binary relation Eq-copr𝐴,𝐵
on the coproduct 𝐴 + 𝐵.

Definition 11.5.2 Let 𝐴 and 𝐵 be types. We define

Eq-copr𝐴,𝐵 : (𝐴 + 𝐵) → (𝐴 + 𝐵) → U

by double induction on the coproduct, postulating

Eq-copr𝐴,𝐵 (inl(𝑥), inl(𝑥′)) B (𝑥 = 𝑥′)
Eq-copr𝐴,𝐵 (inl(𝑥), inr(𝑦′)) B ∅
Eq-copr𝐴,𝐵 (inr(𝑦), inl(𝑥′)) B ∅
Eq-copr𝐴,𝐵 (inr(𝑦), inr(𝑦′)) B (𝑦 = 𝑦′).

The relation Eq-copr𝐴,𝐵 is also called the observational equality of coproducts.

Lemma 11.5.3 The observational equality relation Eq-copr𝐴,𝐵 on 𝐴 + 𝐵 is
reflexive, and therefore there is a map

Eq-copr-eq :
∏
(𝑠,𝑡 :𝐴+𝐵) (𝑠 = 𝑡) → Eq-copr𝐴,𝐵 (𝑠, 𝑡).

Construction The reflexivity term 𝜌 is constructed by induction on 𝑡 : 𝐴 + 𝐵,
using

𝜌(inl(𝑥)) B refl𝑥 : Eq-copr𝐴,𝐵 (inl(𝑥), inl(𝑥))
𝜌(inr(𝑦)) B refl𝑦 : Eq-copr𝐴,𝐵 (inr(𝑦), inr(𝑦)). □
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To show that Eq-copr-eq is a family of equivalences, we will use the
fundamental theorem of identity types, Theorem 11.2.2. Therefore, we need to
prove the following proposition.

Proposition 11.5.4 For any 𝑠 : 𝐴 + 𝐵 the total space∑
(𝑡:𝐴+𝐵)Eq-copr𝐴,𝐵 (𝑠, 𝑡)

is contractible.

Proof By induction on 𝑠, it suffices to show that the total spaces∑
(𝑡:𝐴+𝐵)Eq-copr𝐴,𝐵 (inl(𝑥), 𝑡) and

∑
(𝑡:𝐴+𝐵)Eq-copr𝐴,𝐵 (inr(𝑦), 𝑡)

are contractible. The two proofs are similar, so we only prove that the type
on the left is contractible. By the laws of coproducts and Σ-types given in
Examples 9.2.9 and 9.2.10, we simply compute∑
(𝑡:𝐴+𝐵)Eq-copr𝐴,𝐵 (inl(𝑥), 𝑡)

≃
(∑
(𝑥′:𝐴)Eq-copr𝐴,𝐵 (inl(𝑥), inl(𝑥′))

)
+
(∑
(𝑦′:𝐵)Eq-copr𝐴,𝐵 (inl(𝑥), inr(𝑦′))

)
≃
(∑
(𝑥′:𝐴)𝑥 = 𝑥

′
)
+
(∑
(𝑦′:𝐵)∅

)
≃
(∑
(𝑥′:𝐴)𝑥 = 𝑥

′
)
+ ∅

≃ ∑
(𝑥′:𝐴)𝑥 = 𝑥

′.

The last type in this computation is contractible by Theorem 10.1.4, so we
conclude that the total space of Eq-copr𝐴,𝐵 (inl(𝑥)) is contractible. □

Proof of Theorem 11.5.1 The proof is now concluded with an application of
Theorem 11.2.2, using Proposition 11.5.4. □

11.6 The structure identity principle
We often encounter a type consisting of certain objects equipped with further
structure. For example, the fiber of a map 𝑓 : 𝐴 → 𝐵 at 𝑏 : 𝐵 is the type of
elements 𝑎 : 𝐴 equipped with an identification 𝑝 : 𝑓 (𝑎) = 𝑏. Such structure
types occur all over mathematics, and it is important to have an efficient
characterization of their identity types. A general structure type is just a Σ-type,
and we’re asking for a characterization of its identity type.
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Recall from Theorem 9.3.4 that the identity type of the type
∑
(𝑥:𝐴) 𝐵(𝑥) can

be characterized as

((𝑥, 𝑦) = (𝑥′, 𝑦′)) ≃ ∑
(𝑝:𝑥=𝑥′ ) tr𝐵 (𝑝, 𝑦) = 𝑦′.

However, this characterization of
∑
(𝑥:𝐴) 𝐵(𝑥) is not as clear and useful as we

like it to be, because it uses the transport function, which is completely generic.
Moreover, if we already have a characterization of the identity type of 𝐴 and of
the identity type of 𝐵(𝑎) at each 𝑎 : 𝐴, then we can use those characterizations
in the characterization of the identity type of

∑
(𝑥:𝐴) 𝐵(𝑥).

Definition 11.6.1 Consider a type 𝐴 equipped with an identity system 𝐶 based
at 𝑎 : 𝐴, and let 𝑐 : 𝐶 (𝑎). Furthermore, consider a type family 𝐵 over 𝐴. A
dependent identity system over 𝐶 at 𝑏 : 𝐵(𝑎) consists of a type family

𝐷 :
∏
(𝑥:𝐴)𝐵(𝑥) → (𝐶 (𝑥) → U)

such that 𝑦 ↦→ 𝐷 (𝑎, 𝑦, 𝑐) is an identity system at 𝑏.

Theorem 11.6.2 Consider a type family 𝐵 over 𝐴, and let 𝑎 : 𝐴 and 𝑏 : 𝐵(𝑎).
If𝐶 is an identity system of 𝐴 at 𝑎 and 𝐷 is an identity system over𝐶 at 𝑏 : 𝐵(𝑎),
then the type family

𝑤 ↦→ ∑
(𝑧:𝐶 (pr1 (𝑤) ) )𝐷 (pr1 (𝑤), pr2 (𝑤), 𝑧)

indexed by 𝑤 :
∑
(𝑥:𝐴) 𝐵(𝑥) is an identity system over

∑
(𝑥:𝐴) 𝐵(𝑥) at (𝑎, 𝑏).

Proof First, we note that there is an equivalence∑
(𝑤:

∑
(𝑥:𝐴) 𝐵(𝑥 ) )

∑
(𝑧:𝐶 (pr1 (𝑤) ) )𝐷 (pr1 (𝑤), pr2 (𝑤), 𝑧)

≃ ∑
(𝑤:

∑
(𝑥:𝐴) 𝐶 (𝑥 ) )

∑
(𝑦:𝐵(pr1 (𝑤) ) )𝐷 (pr1 (𝑤), 𝑦, pr2 (𝑤)).

This equivalence, its inverse, and the homotopies that belong to it are all
straightforward to construct using pattern matching.

By Theorem 11.2.2 it therefore suffices to show that the type∑
(𝑤:

∑
(𝑥:𝐴) 𝐶 (𝑥 ) )

∑
(𝑦:𝐵(pr1 (𝑤) ) )𝐷 (pr1 (𝑤), 𝑦, pr2 (𝑤))

is contractible. However, since 𝐶 is an identity system of 𝐴 at 𝑎, it follows that
the type

∑
(𝑥:𝐴) 𝐶 (𝑥) is contractible with center of contraction (𝑎, 𝑐). Therefore

we obtain by Exercise 10.6 an equivalence(∑
(𝑦:𝐵(𝑎) )𝐷 (𝑎, 𝑦, 𝑐)

)
≃
(∑
(𝑤:

∑
(𝑥:𝐴) 𝐶 (𝑥 ) )

∑
(𝑦:𝐵(pr1 (𝑤) ) )𝐷 (pr1 (𝑤), 𝑦, pr2 (𝑤))

)
,

so it suffices to show that the type in the domain of this equivalence is contractible.
This follows from the assumption that 𝐷 is a dependent identity system over 𝐶
at 𝑏 : 𝐵(𝑎). □
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Example 11.6.3 By the structure identity principle of Theorem 11.6.2 in
combination with the fundamental theorem of identity types (Theorem 11.2.2),
it becomes completely routine to characterize identity types of structures: We
only have to show that the types∑

(𝑥:𝐴)𝐶 (𝑥) and
∑
(𝑦:𝐵(𝑎) )𝐷 (𝑎, 𝑦, 𝑐)

are contractible. To illustrate this use of the structure identity principle, we give
an alternative characterization of the fiber of a map 𝑓 : 𝐴 → 𝐵 at 𝑏 : 𝐵. We
claim that

((𝑥, 𝑝) = (𝑦, 𝑞)) ≃ fibap 𝑓 (𝑝 � 𝑞
−1)

�
∑
(𝛼:𝑥=𝑦)ap 𝑓 (𝛼) = 𝑝 � 𝑞−1.

To see this, we apply Theorem 11.6.2. Note that
∑
(𝑦:𝐴) 𝑥 = 𝑦 is contractible by

Theorem 10.1.4 with center of contraction (𝑥, refl 𝑓 (𝑥 ) ). Therefore it suffices to
show that the type ∑

(𝑞: 𝑓 (𝑥 )=𝑏) refl 𝑓 (𝑥 ) = 𝑝 � 𝑞−1

is contractible. Of course, this type is equivalent to
∑
(𝑞: 𝑓 (𝑥 )=𝑏) 𝑝 = 𝑞, which is

again contractible by Theorem 10.1.4.

Exercises
11.1 (a) Show that the map ∅ → 𝐴 is an embedding for every type 𝐴.

(b) Show that inl : 𝐴 → 𝐴 + 𝐵 and inr : 𝐵 → 𝐴 + 𝐵 are embeddings
for any two types 𝐴 and 𝐵.

(c) Show that inl : 𝐴 → 𝐴 + 𝐵 is an equivalence if and only if 𝐵 is
empty, and that inr : 𝐵→ 𝐴 + 𝐵 is an equivalence if and only if 𝐴
is empty.

11.2 Consider an equivalence 𝑒 : 𝐴 ≃ 𝐵. Construct an equivalence

𝑝 ↦→ 𝑝 : (𝑒(𝑥) = 𝑦) ≃ (𝑥 = 𝑒−1 (𝑦))

for every 𝑥 : 𝐴 and 𝑦 : 𝐵, such that the triangle

𝑒(𝑥) 𝑒(𝑒−1 (𝑦))

𝑦

⇐ ⇐ap𝑒 ( �̃�)

⇐

⇐𝑝

⇐⇐ 𝐺 (𝑦)

commutes for every 𝑝 : 𝑒(𝑥) = 𝑦. In this diagram, the homotopy 𝐺 :
𝑒 ◦ 𝑒−1 ∼ id is the homotopy witnessing that 𝑒−1 is a section of 𝑒.
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11.3 Show that

( 𝑓 ∼ 𝑔) → (is-emb( 𝑓 ) ↔ is-emb(𝑔))

for any 𝑓 , 𝑔 : 𝐴→ 𝐵.
11.4 Consider a commuting triangle

𝐴 𝐵

𝑋

←→ℎ

←→

𝑓

←→

𝑔

with 𝐻 : 𝑓 ∼ 𝑔 ◦ ℎ.

(a) Suppose that 𝑔 is an embedding. Show that 𝑓 is an embedding if
and only if ℎ is an embedding.

(b) Suppose that ℎ is an equivalence. Show that 𝑓 is an embedding if
and only if 𝑔 is an embedding.

11.5 Consider two embeddings 𝑓 : 𝐴 ↩→ 𝐵 and 𝑔 : 𝐵 ↩→ 𝐶. Show that the
following are equivalent:

(i) The composite 𝑔 ◦ 𝑓 is an equivalence.
(ii) Both 𝑓 and 𝑔 are equivalences.

11.6 Consider two maps 𝑓 : 𝐴→ 𝐶 and 𝑔 : 𝐵→ 𝐶. Use Exercise 11.1 (b) to
show that the following are equivalent:

(i) The map [ 𝑓 , 𝑔] : 𝐴 + 𝐵→ 𝐶 is an embedding.
(ii) Both 𝑓 and 𝑔 are embeddings, and

𝑓 (𝑎) ≠ 𝑔(𝑏)

for all 𝑎 : 𝐴 and 𝑏 : 𝐵.

11.7 Consider two maps 𝑓 : 𝐴→ 𝐴′ and 𝑔 : 𝐵→ 𝐵′.

(a) Show that if the map

𝑓 + 𝑔 : (𝐴 + 𝐵) → (𝐴′ + 𝐵′)

is an equivalence, then so are both 𝑓 and 𝑔 (this is the converse of
Exercise 9.6 (e)).

(b) Show that 𝑓 + 𝑔 is an embedding if and only if both 𝑓 and 𝑔 are
embeddings.

11.8 (a) Let 𝑓 , 𝑔 :
∏
(𝑥:𝐴)𝐵(𝑥) → 𝐶 (𝑥) be two families of maps. Show that(∏
(𝑥:𝐴) 𝑓 (𝑥) ∼ 𝑔(𝑥)

)
→

(
tot ( 𝑓 ) ∼ tot (𝑔)

)
.
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(b) Let 𝑓 :
∏
(𝑥:𝐴)𝐵(𝑥) → 𝐶 (𝑥) and let 𝑔 :

∏
(𝑥:𝐴)𝐶 (𝑥) → 𝐷 (𝑥).

Show that

tot (_𝑥. 𝑔(𝑥) ◦ 𝑓 (𝑥)) ∼ tot (𝑔) ◦ tot ( 𝑓 ).

(c) For any family 𝐵 over 𝐴, show that

tot (_𝑥. id𝐵(𝑥 ) ) ∼ id.

(d) Let 𝑎 : 𝐴, and let 𝐵 be a type family over 𝐴. Use Exercise 10.2 to
show that if each 𝐵(𝑥) is a retract of 𝑎 = 𝑥, then 𝐵(𝑥) is equivalent
to 𝑎 = 𝑥 for every 𝑥 : 𝐴.

(e) Conclude that for any family of maps

𝑓 :
∏
(𝑥:𝐴) (𝑎 = 𝑥) → 𝐵(𝑥),

if each 𝑓 (𝑥) has a section, then 𝑓 is a family of equivalences.
11.9 Use Exercise 11.8 to show that for any map 𝑓 : 𝐴→ 𝐵, if

ap 𝑓 : (𝑥 = 𝑦) → ( 𝑓 (𝑥) = 𝑓 (𝑦))

has a section for each 𝑥, 𝑦 : 𝐴, then 𝑓 is an embedding.
11.10 We say that a map 𝑓 : 𝐴 → 𝐵 is path-split if 𝑓 has a section, and for

each 𝑥, 𝑦 : 𝐴 the map

ap 𝑓 (𝑥, 𝑦) : (𝑥 = 𝑦) → ( 𝑓 (𝑥) = 𝑓 (𝑦))

also has a section. We write is-path-split( 𝑓 ) for the type

sec( 𝑓 ) ×∏ (𝑥,𝑦:𝐴)sec(ap 𝑓 (𝑥, 𝑦)).

Show that for any map 𝑓 : 𝐴→ 𝐵 the following are equivalent:

(i) The map 𝑓 is an equivalence.
(ii) The map 𝑓 is path-split.

11.11 Consider a triangle

𝐴 𝐵

𝑋

← →ℎ

←→

𝑓

←→

𝑔

with a homotopy 𝐻 : 𝑓 ∼ 𝑔 ◦ ℎ witnessing that the triangle commutes.

(a) Construct a family of maps

fib-triangle(ℎ, 𝐻) :
∏
(𝑥:𝑋)fib 𝑓 (𝑥) → fib𝑔 (𝑥),
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for which the square∑
(𝑥:𝑋) fib 𝑓 (𝑥)

∑
(𝑥:𝑋) fib𝑔 (𝑥)

𝐴 𝐵

← →tot (fib-triangle(ℎ,𝐻 ) )

←→ ←→

← →
ℎ

commutes, where the vertical maps are as constructed in Exer-
cise 10.8.

(b) Show that ℎ is an equivalence if and only if fib-triangle(ℎ, 𝐻) is a
family of equivalences.

12 Propositions, sets, and the higher truncation levels

The set theoretic foundations of mathematics arise in two stages. The first stage
is to specify the formal system of first order logic; the second stage is to give
an axiomatizaion of set theory in this formal system. Unlike set theory, type
theory is its own formal system. The logic of dependent types, as given by the
inference rules, is all we need.

However, even though type theory is not built upon a separate system of logic
such as first order logic, we can find logic in type theory by recognizing certain
types as propositions. Note that the propositions of first order logic have a virtue
that could be rather useful sometimes: First order logic does not offer any way
to distinguish between any two proofs of the same proposition. Therefore we say
that propositions in type theory are those types that have at most one element.

This condition can be expressed with the identity type: any two elements must
be equal. Examples of such types include the empty type ∅ and the unit type 1.
We call such types propositions. Propositions are useful, because if we know that
a certain type is a proposition, then we know that any of its inhabitants are equal.
Many important conditions, such as the condition that a map is an equivalence,
will turn out to be propositions. This fact implies that two equivalences 𝐴 ≃ 𝐵
are equal if and only if their underlying maps 𝐴→ 𝐵 are equal. However, the
claim that being an equivalence is a proposition requires function extensionality,
the topic of the next section.

In this section we use the idea of propositions in a different way. After we
establish some basic properties of propositions, we will introduce the sets as the
types of which the identity types are propositions. This is again reminiscent of
the situation in set theory, where equality is a predicate in first order logic. We
will see in Example 12.3.2 that the type of natural numbers is a set.
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Next, one might ask about the types of which the identity types are sets.
Such types are called 1-types. There is an entire hierarchy of special types that
arises this way, where a type is said to be a (𝑘 + 1)-type if its identity types are
𝑘-types. Since the identity types of the 1-types are sets, we see that sets are in
fact 0-types. Most of mathematics takes place at this level, the level of sets. The
types in higher levels, as well as types that do not belong to any finite level in
this hierarchy, are studied extensively in synthetic homotopy theory.

However, we can also go a step further down: Since the identity types of
sets are propositions, we see that the propositions are (−1)-types. Moreover,
the identity types of propositions are contractible. Hence we find at the bottom
of this hierarchy the contractible types as the (−2)-types. There is no point in
going down further, since we have seen in Exercise 10.1 that the identity types
of contractible types are again contractible.

12.1 Propositions
Definition 12.1.1 A type 𝐴 is said to be a proposition if its identity types are
contractible, i.e., if it comes equipped with a term of type

is-prop(𝐴) B ∏
(𝑥,𝑦:𝐴) is-contr(𝑥 = 𝑦).

Given a universeU, we define PropU to be the type of all small propositions,
i.e.,

PropU B
∑
(𝑋:U) is-prop(𝑋).

Example 12.1.2 Any contractible type is a proposition by Exercise 10.1. In
particular, the unit type is a proposition. The empty type is also a proposition,
since we have ∏

(𝑥,𝑦:∅) is-contr(𝑥 = 𝑦)

by the induction principle of the empty type.

There are many conditions on a type 𝐴 that are equivalent to the condition that
𝐴 is a proposition. In the following proposition we state four such conditions.

Proposition 12.1.3 Let 𝐴 be a type. Then the following are equivalent:

(i) The type 𝐴 is a proposition.
(ii) Any two terms of type 𝐴 can be identified, i.e., there is a dependent function

of type

is-prop′ (𝐴) B ∏
(𝑥,𝑦:𝐴)𝑥 = 𝑦.
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(iii) The type 𝐴 is contractible as soon as it is inhabited, i.e., there is a function
of type

𝐴→ is-contr(𝐴).

(iv) The map const★ : 𝐴→ 1 is an embedding.

Proof If 𝐴 is a proposition, then we can use the center of contraction of the
identity types of 𝐴 to identify any two terms in 𝐴. This shows that (i) implies
(ii).

To show that (ii) implies (iii), suppose that 𝐴 comes equipped with 𝑝 :∏
(𝑥,𝑦:𝐴)𝑥 = 𝑦. Then for any 𝑥 : 𝐴 the dependent function 𝑝(𝑥) :

∏
(𝑦:𝐴)𝑥 = 𝑦

is a contraction of 𝐴. Thus we obtain the function

_𝑥. (𝑥, 𝑝(𝑥)) : 𝐴→ is-contr(𝐴).

To show that (iii) implies (iv), suppose that 𝐴→ is-contr(𝐴). We first make
the simple observation that

(𝑋 → is-emb( 𝑓 )) → is-emb( 𝑓 )

for any map 𝑓 : 𝑋 → 𝑌 , so it suffices to show that 𝐴 → is-emb(const★).
However, assuming we have 𝑥 : 𝐴, it follows by assumption that 𝐴 is contractible.
Therefore, it follows by Exercise 10.3 that the map const★ : 𝐴 → 1 is an
equivalence, and any equivalence is an embedding by Theorem 11.4.2.

To show that (iv) implies (i), note that if 𝐴 → 1 is an embedding, then the
identity types of 𝐴 are equivalent to contractible types and therefore they must
be contractible. □

One useful feature of propositions, is that in order to construct an equivalence
𝑒 : 𝑃 ≃ 𝑄 between propositions, it suffices to construct maps back and forth
between them.

Proposition 12.1.4 A map 𝑓 : 𝑃→ 𝑄 between two propositions 𝑃 and 𝑄 is
an equivalence if and only if there is a map 𝑔 : 𝑄 → 𝑃. Consequently, we have
for any two propositions 𝑃 and 𝑄 that

(𝑃 ≃ 𝑄) ↔ (𝑃↔ 𝑄).

Proof Of course, if we have an equivalence 𝑒 : 𝑃 ≃ 𝑄, then we get maps back
and forth between 𝑃 and 𝑄. Therefore it remains to show that

(𝑃↔ 𝑄) → (𝑃 ≃ 𝑄).

Suppose we have 𝑓 : 𝑃→ 𝑄 and 𝑔 : 𝑄 → 𝑃. Then we obtain the homotopies
𝑓 ◦ 𝑔 ∼ id and 𝑔 ◦ 𝑓 ∼ id by the fact that any two elements in 𝑃 and 𝑄 can be
identified. Therefore 𝑓 is an equivalence with inverse 𝑔. □

mailto:egbert.rijke@fmf.uni-lj.si
https://hott.zulipchat.com


This material will be published by Cambridge University Press as Introduction to Homotopy Type Theory by Egbert Rĳke. This pre-publication
version is free to view and download for personal use only. Not for re-distribution, re-sale or use in derivative works. © Egbert Rĳke 2020

The best way to support this book while it is still being prepared for publication, is to let the author know if you find inaccuracies of any kind at
Q egbert.rĳke@fmf.uni-lj.si, or at the homotopy type theory chat at  https://hott.zulipchat.com.

There are 306 exercises.

Ljubljana, April 8, 2022

138 The Univalent Foundations for Mathematics

12.2 Subtypes
In set theory, a set 𝑦 is said to be a subset of a set 𝑥, if any element of 𝑦 is an
element of 𝑥, i.e., if the condition

∀𝑧 (𝑧 ∈ 𝑦) → (𝑧 ∈ 𝑥)

holds. We have already noted that type theory is different from set theory in that
terms in type theory come equipped with a unique type. Moreover, in set theory
the proposition 𝑥 ∈ 𝑦 is well-formed for any two sets 𝑥 and 𝑦, whereas in type
theory we can only judge that 𝑎 : 𝐴 by applying the rules of inference of type
theory in such a manner that we arrive at the conclusion that 𝑎 : 𝐴. Because of
these differences we must find a different way to talk about subtypes.

Note that in set theory there is a correspondence between the subsets of a set
𝑥, and the predicates on 𝑥. A predicate on 𝑥 is just a proposition 𝑃(𝑧) that varies
over the elements 𝑧 ∈ 𝑥. Indeed, if 𝑦 is a subset of 𝑥, then the corresponding
predicate is the proposition 𝑧 ∈ 𝑦. Conversely, if 𝑃 is a predicate on 𝑥, then we
obtain the subset

{𝑧 ∈ 𝑥 | 𝑃(𝑧)}

of 𝑥. This observation suggests that in type theory we should define a subtype
of a type 𝐴 to be a family of propositions over 𝐴.

Definition 12.2.1 A type family 𝐵 over 𝐴 is said to be a subtype of 𝐴 if for
each 𝑥 : 𝐴 the type 𝐵(𝑥) is a proposition. When 𝐵 is a subtype of 𝐴, we also
say that 𝐵(𝑥) is a property of 𝑥 : 𝐴.

One reason why subtypes are important and useful, is that for any

(𝑥, 𝑝), (𝑦, 𝑞) :
∑
(𝑥:𝐴)𝑃(𝑥)

in a subtype of 𝐴, we have (𝑥, 𝑝) = (𝑦, 𝑞) if and only if 𝑥 = 𝑦. In other words,
two terms of a subtype of 𝐴 are equal if and only if they are equal as terms of 𝐴.
This fact is properly expressed using embeddings: we claim that the projection
map

pr1 :
(∑
(𝑥:𝐴)𝑃(𝑥)

)
→ 𝐴

is an embedding, for any subtype 𝑃 of 𝐴. This claim can be strengthened slightly.
We will prove the following two closely related facts:

(i) A map 𝑓 : 𝐴→ 𝐵 is an embedding if and only if its fibers are propositions.
(ii) A family of types 𝐵 over 𝐴 is a subtype of 𝐴 if and only if the projection

map (∑
(𝑥:𝐴)𝐵(𝑥)

)
→ 𝐴
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is an embedding.

The first fact is analogous to the fact that a map is an equivalence if and only if its
fibers are contractible, which we saw in Theorems 10.3.5 and 10.4.6. To prove
the above claims, we will need that propositions are closed under equivalences.

Lemma 12.2.2 Let 𝐴 and 𝐵 be types, and let 𝑒 : 𝐴 ≃ 𝐵. Then we have

is-prop(𝐴) ↔ is-prop(𝐵).

Proof We will show that is-prop(𝐵) implies is-prop(𝐴). This suffices, because
the converse follows from the fact that 𝑒−1 : 𝐵→ 𝐴 is also an equivalence.

Since 𝑒 is assumed to be an equivalence, it follows by Theorem 11.4.2 that

ap𝑒 : (𝑥 = 𝑦) → (𝑒(𝑥) = 𝑒(𝑦))

is an equivalence for any 𝑥, 𝑦 : 𝐴. If 𝐵 is a proposition, then in particular the
type 𝑒(𝑥) = 𝑒(𝑦) is contractible for any 𝑥, 𝑦 : 𝐴, so the claim follows from
Theorem 10.4.6. □

Theorem 12.2.3 Consider a map 𝑓 : 𝐴→ 𝐵. The following are equivalent:

(i) The map 𝑓 is an embedding.
(ii) The fiber fib 𝑓 (𝑏) is a proposition for each 𝑏 : 𝐵.

Proof By the fundamental theorem of identity types, it follows that 𝑓 is an
embedding if and only if ∑

(𝑥:𝐴) 𝑓 (𝑥) = 𝑓 (𝑦)

is contractible for each 𝑦 : 𝐴. In other words, 𝑓 is an embedding if and only if
fib 𝑓 ( 𝑓 (𝑦)) is contractible for each 𝑦 : 𝐴. Note that we obtain equivalences

fib 𝑓 ( 𝑓 (𝑦)) ≃ fib 𝑓 (𝑏)

for any 𝑏 : 𝐵 and 𝑝 : 𝑓 (𝑦) = 𝑏, by transporting along 𝑝. Therefore it follows
by Lemma 12.2.2 that fib 𝑓 ( 𝑓 (𝑦)) is contractible for each 𝑦 : 𝐴 if and only if
fib 𝑓 (𝑏) is contractible for each 𝑦 : 𝐴, and each 𝑏 : 𝐵 such that 𝑝 : 𝑓 (𝑦) = 𝑏.
The latter condition holds if and only if we have

fib 𝑓 (𝑏) → is-contr(fib 𝑓 (𝑏))

for any 𝑏 : 𝐵, which is by Proposition 12.1.3 equivalent to the condition that
each fib 𝑓 (𝑏) is a proposition. □

Corollary 12.2.4 Consider a family 𝐵 of types over 𝐴. The following are
equivalent:
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(i) The map pr1 : (∑(𝑥:𝐴) 𝐵(𝑥)) → 𝐴 is an embedding.
(ii) The type 𝐵(𝑥) is a proposition for each 𝑥 : 𝐴.

Proof This corollary follows at once from Exercise 10.7, where we showed
that

fibpr1 (𝑥) ≃ 𝐵(𝑥). □

12.3 Sets
Definition 12.3.1 A type 𝐴 is said to be a set if its identity types are propositions,
i.e., if it comes equipped with a term of type

is-set(𝐴) B ∏
(𝑥,𝑦:𝐴) is-prop(𝑥 = 𝑦).

Example 12.3.2 The type of natural numbers is a set. To see this, recall from
Theorem 11.3.1 that we have an equivalence

(𝑚 = 𝑛) ≃ Eqℕ (𝑚, 𝑛)

for every 𝑚, 𝑛 : ℕ. Therefore it suffices to show that each Eqℕ (𝑚, 𝑛) is a
proposition. This follows easily by induction on both 𝑚 and 𝑛.

Proposition 12.3.3 Consider a type 𝐴. The following are equivalent:

(i) The type 𝐴 is a set.
(ii) The type 𝐴 satisfies axiom K, i.e., if and only if it comes equipped with a

term of type

axiom-K(𝐴) B ∏
(𝑥:𝐴)

∏
(𝑝:𝑥=𝑥 ) refl𝑥 = 𝑝.

Proof If 𝐴 is a set, then 𝑥 = 𝑥 is a proposition, so any two of its elements are
equal. This implies axiom 𝐾 .

For the converse, if 𝐴 satisfies axiom 𝐾, then for any 𝑝, 𝑞 : 𝑥 = 𝑦 we have
𝑝 � 𝑞−1 = refl𝑥 , and hence 𝑝 = 𝑞. This shows that 𝑥 = 𝑦 is a proposition, and
hence that 𝐴 is a set. □

Theorem 12.3.4 Let 𝐴 be a type, and let 𝑅 : 𝐴 → 𝐴 → U be a binary
relation on 𝐴 satisfying

(i) Each 𝑅(𝑥, 𝑦) is a proposition,
(ii) 𝑅 is reflexive, as witnessed by 𝜌 :

∏
(𝑥:𝐴)𝑅(𝑥, 𝑥),

(iii) There is a map
𝑅(𝑥, 𝑦) → (𝑥 = 𝑦)

for each 𝑥, 𝑦 : 𝐴.
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Then any family of maps ∏
(𝑥,𝑦:𝐴) (𝑥 = 𝑦) → 𝑅(𝑥, 𝑦)

is a family of equivalences. Consequently, the type 𝐴 is a set.

Proof Let 𝑓 :
∏
(𝑥,𝑦:𝐴)𝑅(𝑥, 𝑦) → (𝑥 = 𝑦). Since 𝑅 is assumed to be reflexive,

we also have a family of maps

ind-eq𝑥 (𝜌(𝑥)) :
∏
(𝑦:𝐴) (𝑥 = 𝑦) → 𝑅(𝑥, 𝑦).

Since each 𝑅(𝑥, 𝑦) is assumed to be a proposition, it therefore follows that
each 𝑅(𝑥, 𝑦) is a retract of 𝑥 = 𝑦. Therefore it follows that

∑
(𝑦:𝐴) 𝑅(𝑥, 𝑦) is a

retract of
∑
(𝑦:𝐴) 𝑥 = 𝑦, which is contractible. We conclude that

∑
(𝑦:𝐴) 𝑅(𝑥, 𝑦)

is contractible, and therefore that any family of maps∏
(𝑦:𝐴) (𝑥 = 𝑦) → 𝑅(𝑥, 𝑦)

is a family of equivalences.
Now it also follows that 𝐴 is a set, since its identity types are equivalent to

propositions, and therefore they are propositions by Lemma 12.2.2. □

Theorem 12.3.5 (Hedberg) Any type with decidable equality is a set.

Proof Let 𝐴 be a type, and let 𝑑 :
∏
(𝑥,𝑦:𝐴) (𝑥 = 𝑦) + (𝑥 ≠ 𝑦) be the witness

that 𝐴 has decidable equality. Furthermore, letU be a universe containing the
type 𝐴. We will prove that 𝐴 is a set by applying Theorem 12.3.4.

For every 𝑥, 𝑦 : 𝐴, we first define a type family 𝑅′ (𝑥, 𝑦) : ((𝑥=𝑦)+(𝑥 ≠ 𝑦)) →
U by

𝑅′ (𝑥, 𝑦, inl(𝑝)) B 1
𝑅′ (𝑥, 𝑦, inr(𝑝)) B ∅.

Note that 𝑅′ (𝑥, 𝑦, 𝑞) is a proposition for each 𝑥, 𝑦 : 𝐴 and 𝑞 : (𝑥 = 𝑦) + (𝑥 ≠ 𝑦).
Now we define 𝑅(𝑥, 𝑦) B 𝑅′ (𝑥, 𝑦, 𝑑 (𝑥, 𝑦)). Then 𝑅 is a reflexive binary
relation on 𝐴, and furthermore each 𝑅(𝑥, 𝑦) is a proposition. In order to apply
Theorem 12.3.4, it therefore it remains to show that 𝑅 implies identity.

Since 𝑅 is defined as an instance of 𝑅′, it suffices to construct a function

𝑓 (𝑞) : 𝑅′ (𝑞) → (𝑥 = 𝑦).

for each 𝑞 : (𝑥 = 𝑦) + (𝑥 ≠ 𝑦). Such a function is defined by

𝑓 (inl(𝑝), 𝑟) := 𝑝
𝑓 (inr(𝑝), 𝑟) := ex-falso(𝑟). □
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12.4 General truncation levels
Consider a type 𝐴 in a universeU. The conditions

is-contr(𝐴) B ∑
(𝑎:𝐴)

∏
(𝑥:𝐴)𝑎 = 𝑥

is-prop(𝐴) B ∏
(𝑥,𝑦:𝐴) is-contr(𝑥 = 𝑦)

is-set(𝐴) B ∏
(𝑥,𝑦:𝐴) is-prop(𝑥 = 𝑦)

define the first few layers of the hierarchy of truncation levels. This hierarchy
starts at the level of the contractible types, which we call level −2. The next
level is the level of propositions, and at level 0 we have the sets.

The indexing type of the truncation levels, which will be equivalent to the
type ℤ≥−2 of integers greater than −2, is an inductive type 𝕋 equipped with the
constructors

−2𝕋 : 𝕋
succ𝕋 : 𝕋 → 𝕋 .

The natural inclusion 𝑖 : ℕ→ 𝕋 is defined recursively by

𝑖(0ℕ) B succ𝕋 (succ𝕋 (−2𝕋 ))
𝑖(succℕ (𝑛)) B succ𝕋 (𝑖(𝑛)).

Of course, we will simply write −2 for −2𝕋 and 𝑘 + 1 for succ𝕋 (𝑘).

Definition 12.4.1 We define is-trunc : 𝕋 →U →U recursively by

is-trunc−2 (𝐴) B is-contr(𝐴)
is-trunc𝑘+1 (𝐴) B

∏
(𝑥,𝑦:𝐴) is-trunc𝑘 (𝑥 = 𝑦).

For any type 𝐴, we say that 𝐴 is 𝑘-truncated, or a 𝑘-type, if there is a term of
type is-trunc𝑘 (𝐴). We also say that a type 𝐴 is a proper (𝑘 + 1)-type if 𝐴 is a
(𝑘 + 1)-type and not a 𝑘-type.

Given a universeU, we define the universeU𝑘 of 𝑘-truncated types by

U≤𝑘 B ∑
(𝑋:U) is-trunc𝑘 (𝑋).

Furthermore, we say that a map 𝑓 : 𝐴 → 𝐵 is 𝑘-truncated if its fibers are
𝑘-truncated.

Remark 12.4.2 There is a subtlety in the definition of is-trunc regarding
universes. Note that the truncation levels are defined with respect to a universe
U. To be completely precise, we should therefore write is-truncU

𝑘
(𝐴) for the
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type is-trunc𝑘 (𝐴) defined with respect to the universeU. If 𝐴 is also contained
in a second universeV, then it is legitimate to ask whether

is-truncU
𝑘
(𝐴) ↔ is-truncV

𝑘
(𝐴).

A simple inductive argument shows that this is indeed the case, where the base
case follows from the judgmental equalities

is-truncU−2 (𝐴) �
∑
(𝑥:𝐴)

∏
(𝑦:𝐴)𝑥 = 𝑦

is-truncV−2 (𝐴) �
∑
(𝑥:𝐴)

∏
(𝑦:𝐴)𝑥 = 𝑦.

We may therefore safely omit explicit reference to the universes when considering
truncatedness of a type.

We show in the following theorem that the truncation levels are successively
contained in one another.

Proposition 12.4.3 If 𝐴 is a 𝑘-type, then 𝐴 is also a (𝑘 + 1)-type.

Proof We have seen in Example 12.1.2 that contractible types are propositions.
This proves the base case. For the inductive step, note that if any 𝑘-type is also
a (𝑘 + 1)-type, then any (𝑘 + 1)-type is a (𝑘 + 2)-type, since its identity types
are 𝑘-types and therefore (𝑘 + 1)-types. □

It is immediate from the proof of Proposition 12.4.3 that the identity types of
𝑘-types are also 𝑘-types.

Corollary 12.4.4 If 𝐴 is a 𝑘-type, then its identity types are also 𝑘-types. □

Proposition 12.4.5 If 𝑒 : 𝐴 ≃ 𝐵 is an equivalence, and 𝐵 is a 𝑘-type, then so
is 𝐴.

Proof We have seen in Exercise 10.3 that if 𝐵 is contractible and 𝑒 : 𝐴 ≃ 𝐵 is
an equivalence, then 𝐴 is also contractible. This proves the base case.

For the inductive step, assume that the 𝑘-types are stable under equivalences,
and consider 𝑒 : 𝐴 ≃ 𝐵 where 𝐵 is a (𝑘 + 1)-type. In Theorem 11.4.2 we have
seen that

ap𝑒 : (𝑥 = 𝑦) → (𝑒(𝑥) = 𝑒(𝑦))

is an equivalence for any 𝑥, 𝑦. Note that 𝑒(𝑥) = 𝑒(𝑦) is a 𝑘-type, so by the
induction hypothesis it follows that 𝑥 = 𝑦 is a 𝑘-type. This proves that 𝐴 is a
(𝑘 + 1)-type. □

Corollary 12.4.6 If 𝑓 : 𝐴→ 𝐵 is an embedding, and 𝐵 is a (𝑘 + 1)-type, then
so is 𝐴.
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Proof By the assumption that 𝑓 is an embedding, the action on paths

ap 𝑓 : (𝑥 = 𝑦) → ( 𝑓 (𝑥) = 𝑓 (𝑦))

is an equivalence for every 𝑥, 𝑦 : 𝐴. Since 𝐵 is assumed to be a (𝑘 + 1)-type, it
follows that 𝑓 (𝑥) = 𝑓 (𝑦) is a 𝑘-type for every 𝑥, 𝑦 : 𝐴. Therefore we conclude
by Proposition 12.4.5 that 𝑥 = 𝑦 is a 𝑘-type for every 𝑥, 𝑦 : 𝐴. In other words, 𝐴
is a (𝑘 + 1)-type. □

We end this section with a theorem that characterizes (𝑘 + 1)-truncated
maps. Note that it generalises Theorem 12.2.3, which asserts that a map is an
embedding if and only if its fibers are propositions.

Theorem 12.4.7 Let 𝑓 : 𝐴→ 𝐵 be a map. The following are equivalent:

(i) The map 𝑓 is (𝑘 + 1)-truncated.
(ii) For each 𝑥, 𝑦 : 𝐴, the map

ap 𝑓 : (𝑥 = 𝑦) → ( 𝑓 (𝑥) = 𝑓 (𝑦))

is 𝑘-truncated.

Proof First we show that for any 𝑠, 𝑡 : fib 𝑓 (𝑏) there is an equivalence

(𝑠 = 𝑡) ≃ fibap 𝑓 (pr2 (𝑠) � pr2 (𝑡)−1)

We do this by Σ-induction on 𝑠 and 𝑡, and then we calculate

((𝑥, 𝑝) = (𝑦, 𝑞)) ≃ Eq-fib 𝑓 ((𝑥, 𝑝), (𝑦, 𝑞))
�
∑
(𝛼:𝑥=𝑦) 𝑝 = ap 𝑓 (𝛼) � 𝑞

≃ ∑
(𝛼:𝑥=𝑦)ap 𝑓 (𝛼) � 𝑞 = 𝑝

≃ ∑
(𝛼:𝑥=𝑦)ap 𝑓 (𝛼) = 𝑝 � 𝑞−1

� fibap 𝑓 (𝑝 � 𝑞
−1).

By these equivalences, it follows that if ap 𝑓 is 𝑘-truncated, then for each
𝑠, 𝑡 : fib 𝑓 (𝑏) the identity type 𝑠 = 𝑡 is equivalent to a 𝑘-truncated type, and
therefore we obtain by Proposition 12.4.5 that 𝑓 is (𝑘 + 1)-truncated.

For the converse, note that we have equivalences

fibap 𝑓 (𝑝) ≃ ((𝑥, 𝑝) = (𝑦, refl 𝑓 (𝑦) )).

It follows that if 𝑓 is (𝑘+1)-truncated, then the identity type (𝑥, 𝑝) = (𝑦, refl 𝑓 (𝑦) )
in fib 𝑓 ( 𝑓 (𝑦)) is 𝑘-truncated for any 𝑝 : 𝑓 (𝑥) = 𝑓 (𝑦). We conclude by Proposi-
tion 12.4.5 that the fiber fibap 𝑓 (𝑝) is 𝑘-truncated. □
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Exercises
12.1 Show that bool is a set by applying Theorem 12.3.4 with the observational

equality on bool defined in Exercise 6.2.
12.2 Recall that a partially ordered set (poset) is defined to be a type 𝐴

equipped with a relation

– ≤ – : 𝐴→ (𝐴→ PropU)

that is reflexive, anti-symmetric, and transitive. Show that the underlying
type of any poset is a set.

12.3 (a) Show that any injective map 𝑓 : 𝐴→ 𝐵 into a set 𝐵 is an embedding,
and conclude that 𝐴 is automatically a set in this case.

(b) Show that 𝑛 ↦→ 𝑚 + 𝑛 is an embedding, for each 𝑚 : ℕ. Moreover,
conclude that there is an equivalence

(𝑚 ≤ 𝑛) ≃ ∑
(𝑘:ℕ)𝑚 + 𝑘 = 𝑛.

(c) Show that 𝑛 ↦→ 𝑚𝑛 is an embedding, for each nonzero number
𝑚 : ℕ. Conclude that the divisibility relation

𝑑 | 𝑛

is a proposition for each 𝑑, 𝑛 : ℕ such that 𝑑 > 0.
12.4 (a) Show that for any two contractible types 𝐴 and 𝐵, the coproduct

𝐴 + 𝐵 is not contractible.
(b) Show that for any two propositions 𝑃 and 𝑄, the coproduct 𝑃 +𝑄

is a proposition if and only if 𝑃→ ¬𝑄.
(c) Show that for any two (𝑘 + 2)-types 𝐴 and 𝐵, the coproduct 𝐴 + 𝐵

is again a (𝑘 + 2)-type. Conclude that ℤ is a set.
12.5 Let 𝐴 be a type, and let the diagonal of 𝐴 be the map 𝛿𝐴 : 𝐴→ 𝐴 × 𝐴

given by _𝑥. (𝑥, 𝑥).
(a) Show that

is-equiv(𝛿𝐴) ↔ is-prop(𝐴).

(b) Construct an equivalence fib𝛿𝐴 (𝑥, 𝑦) ≃ (𝑥 = 𝑦) for any 𝑥, 𝑦 : 𝐴.
(c) Show that 𝐴 is (𝑘 + 1)-truncated if and only if 𝛿𝐴 : 𝐴→ 𝐴 × 𝐴 is

𝑘-truncated.
12.6 (a) Consider a type family 𝐵 over a 𝑘-truncated type 𝐴. Show that the

following are equivalent:
(i) The type 𝐵(𝑥) is 𝑘-truncated for each 𝑥 : 𝐴.
(ii) The type

∑
(𝑥:𝐴) 𝐵(𝑥) is 𝑘-truncated.

Hint: for the base case, use Exercises 10.3 and 10.6.
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(b) Consider a map 𝑓 : 𝐴→ 𝐵 into a 𝑘-type 𝐵. Show that the following
are equivalent:

(i) The type 𝐴 is 𝑘-truncated.
(ii) The map 𝑓 is 𝑘-truncated.

12.7 Consider two types 𝐴 and 𝐵. Show that the following are equivalent:

(i) There are functions

𝑓 : 𝐵→ is-trunc𝑘+1 (𝐴)
𝑔 : 𝐴→ is-trunc𝑘+1 (𝐵).

(ii) The type 𝐴 × 𝐵 is (𝑘 + 1)-truncated.

Conclude with Exercise 10.5 that, if both 𝐴 and 𝐵 come equipped with
an element, then both 𝐴 and 𝐵 are 𝑘-truncated if and only if the product
𝐴 × 𝐵 is 𝑘-truncated.

12.8 (a) Consider a section-retraction pair

𝐴 𝐵 𝐴,

←→𝑖 ←→𝑟

with 𝐻 : 𝑟 ◦ 𝑖 ∼ id. Show that 𝑥 = 𝑦 is a retract of 𝑖(𝑥) = 𝑖(𝑦).
(b) Use Exercise 10.2 to show that if 𝐴 is a retract of a 𝑘-type 𝐵, then

𝐴 is also a 𝑘-type.
12.9 Consider an arbitrary type 𝐴. Recall that concatenation of lists was defined

in Exercise 4.4. Show that the map

𝑓 : list(𝐴) × list(𝐴) → list(𝐴).

given by 𝑓 (𝑥, 𝑦) B concat-list(𝑥, 𝑦) is 0-truncated.
12.10 Show that a type 𝐴 is a (𝑘 +1)-type if and only if the map const𝑥 : 1→ 𝐴

is 𝑘-truncated for every 𝑥 : 𝐴.
12.11 Consider a commuting triangle

𝐴 𝐵

𝑋

←→ℎ

←→

𝑓

←→

𝑔

with 𝐻 : 𝑓 ∼ 𝑔 ◦ ℎ, and suppose that 𝑔 is 𝑘-truncated. Show that 𝑓 is
𝑘-truncated if and only if ℎ is 𝑘-truncated.

12.12 Let 𝑓 :
∏
(𝑥:𝐴)𝐵(𝑥) → 𝐶 (𝑥) be a family of maps. Show that the following

are equivalent:

(i) For each 𝑥 : 𝐴 the map 𝑓 (𝑥) is 𝑘-truncated.
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(ii) The induced map

tot ( 𝑓 ) :
(∑
(𝑥:𝐴)𝐵(𝑥)

)
→

(∑
(𝑥:𝐴)𝐶 (𝑥)

)
is 𝑘-truncated.

12.13 Consider a type 𝐴. Show that the following are equivalent:

(i) The type 𝐴 is (𝑘 + 1)-truncated.
(ii) For any type family 𝐵 over 𝐴 and any 𝑎 : 𝐴, the fiber inclusion

𝑖𝑎 : 𝐵(𝑎) → ∑
(𝑥:𝐴)𝐵(𝑥)

given by 𝑦 ↦→ (𝑎, 𝑦) is a 𝑘-truncated map.

In particular, if 𝐴 is a set then any fiber inclusion 𝑖𝑎 : 𝐵(𝑎) → ∑
(𝑥:𝐴) 𝐵(𝑥)

is an embedding.
12.14 Consider a type 𝐴 equipped with an element 𝑎 : 𝐴. We say that 𝑎 is an

isolated point of 𝐴 if it comes equipped with an element of type

is-isolated(𝑎) B ∏
(𝑥:𝐴) (𝑎 = 𝑥) + (𝑎 ≠ 𝑥).

(a) Show that 𝑎 is isolated if and only if the map const𝑎 : 1→ 𝐴 has
decidable fibers.

(b) Show that if 𝑎 is isolated, then 𝑎 = 𝑥 is a proposition, for every
𝑥 : 𝐴. Conclude that if 𝑎 is isolated, then the map const𝑎 : 1→ 𝐴

is an embedding.

13 Function extensionality

The function extensionality axiom asserts that for any two dependent functions
𝑓 , 𝑔 :

∏
(𝑥:𝐴)𝐵(𝑥), the type of identifications 𝑓 = 𝑔 is equivalent to the type

of homotopies 𝑓 ∼ 𝑔 from 𝑓 to 𝑔. In other words, two (dependent) functions
can only be distinguished by their values. The function extensionality axiom
therefore provides a characterization of the identity type of (dependent) function
types. By the fundamental theorem of identity types it follows immediately that
the function extensionality axiom has at least three equivalent forms. There is,
however, a fourth useful equivalent form of the function extensionality axiom:
the weak function extensionality axiom. This axiom asserts that any dependent
product of contractible types is again contractible. A simple consequence of the
weak function extensionality axiom is that any dependent product of a family of
𝑘-types is again a 𝑘-type.

The function extensionality axiom is used to derive many important properties
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in type theory. One class of such properties are (dependent) universal properties.
Universal properties give a characterization of the type of functions into, or
out of a type. For example, the universal property of the coproduct 𝐴 + 𝐵
characterizes the type of maps (𝐴 + 𝐵) → 𝑋 as the type of pairs of maps ( 𝑓 , 𝑔)
consisting of 𝑓 : 𝐴 → 𝑋 and 𝑔 : 𝐵 → 𝑋 , i.e., the universal property of the
coproduct 𝐴 + 𝐵 is an equivalence

((𝐴 + 𝐵) → 𝑋) ≃ (𝐴→ 𝑋) × (𝐵→ 𝑋).

Note that there are function types on both sides of this equivalence. Therefore we
will need function extensionality in order to construct the homotopies witnessing
that the inverse map is both a left and a right inverse. In fact, we leave this
particular universal property as Exercise 13.9. The universal properties that we
do show in the main text, are the universal properties of Σ-types and of the
identity type.

We end this section with two further applications of the function extensionality
axiom. In the first, Theorem 13.4.1, we show that precomposition by an
equivalence is again an equivalence. More precisely we show that 𝑓 : 𝐴→ 𝐵 is
an equivalence if and only if for every type family 𝑃 over 𝐵, the precomposition
map

– ◦ 𝑓 :
(∏

(𝑦:𝐵)𝑃(𝑦)
)
→

(∏
(𝑥:𝐴)𝑃( 𝑓 (𝑥))

)
is an equivalence. To prove this fact we will make use of coherently invertible
maps, which were introduced in Section 10.4. In the second application, The-
orem 13.5.1, we prove the strong induction principle of the natural numbers.
Function extensionality is needed in order to derive the computation rule for the
strong induction principle.

Many important consequences of the function extensionality axiom are left
as exercises. For example, in Exercise 13.3 you are asked to show that both
is-contr(𝐴) and is-trunc𝑘 (𝐴) are propositions, and in Exercise 13.4 you are
asked to show that is-equiv( 𝑓 ) is a proposition. The universal properties of ∅,
1, and 𝐴 + 𝐵 are left as Exercises 13.7 to 13.9. A few more advanced properties,
such as the fact that post-composition

𝑔 ◦ – : (𝐴→ 𝑋) → (𝐴→ 𝑌 )

by a 𝑘-truncated map 𝑔 : 𝑋 → 𝑌 is itself a 𝑘-truncated map, appear in the later
exercises. We encourage you to read through all of them, and get at least a basic
idea of why they are true.

mailto:egbert.rijke@fmf.uni-lj.si
https://hott.zulipchat.com


This material will be published by Cambridge University Press as Introduction to Homotopy Type Theory by Egbert Rĳke. This pre-publication
version is free to view and download for personal use only. Not for re-distribution, re-sale or use in derivative works. © Egbert Rĳke 2020

The best way to support this book while it is still being prepared for publication, is to let the author know if you find inaccuracies of any kind at
Q egbert.rĳke@fmf.uni-lj.si, or at the homotopy type theory chat at  https://hott.zulipchat.com.

There are 306 exercises.

Ljubljana, April 8, 2022

13 Function extensionality 149

13.1 Equivalent forms of function extensionality
The function extensionality principle characterizes the identity type of an
arbitrary dependent function type. It asserts that the type 𝑓 = 𝑔 of identifications
between two dependent functions is equivalent to the type of homotopies 𝑓 ∼ 𝑔.
By Theorem 11.2.2 there are three equivalent ways of doing this.

Proposition 13.1.1 Consider a dependent function 𝑓 :
∏
(𝑥:𝐴)𝐵(𝑥). The

following are equivalent:

(i) The function extensionality principle holds at 𝑓 : for each 𝑔 :
∏
(𝑥:𝐴)𝐵(𝑥),

the family of maps

htpy-eq : ( 𝑓 = 𝑔) → ( 𝑓 ∼ 𝑔)

defined by htpy-eq(refl 𝑓 ) := refl-htpy 𝑓 is a family of equivalences.
(ii) The total space ∑

(𝑔:
∏
(𝑥:𝐴)𝐵(𝑥 ) ) 𝑓 ∼ 𝑔

is contractible.
(iii) The principle of homotopy induction: for any family of types 𝑃(𝑔, 𝐻)

indexed by 𝑔 :
∏
(𝑥:𝐴)𝐵(𝑥) and 𝐻 : 𝑓 ∼ 𝑔, the evaluation function(∏

(𝑔:
∏
(𝑥:𝐴)𝐵(𝑥 ) )

∏
(𝐻: 𝑓∼𝑔)𝑃(𝑔, 𝐻)

)
→ 𝑃( 𝑓 , refl-htpy 𝑓 ),

given by 𝑠 ↦→ 𝑠( 𝑓 , refl-htpy 𝑓 ), has a section.

Proof This theorem follows directly from Theorem 11.2.2. □

There is, however, yet a fourth condition equivalent to the function extension-
ality principle: the weak function extensionality principle. The weak function
extensionality principle asserts that any dependent product of contractible types
is again contractible.

The following theorem is stated with respect to an arbitrary universe U,
because we will use it in Theorem 17.2.2 to show that the univalence axiom
implies function extensionality.

Theorem 13.1.2 Consider a universeU. The following are equivalent:

(i) The function extensionality principle holds inU: For every type family 𝐵
over 𝐴 inU and any 𝑓 , 𝑔 :

∏
(𝑥:𝐴)𝐵(𝑥), the map

htpy-eq : ( 𝑓 = 𝑔) → ( 𝑓 ∼ 𝑔)

is an equivalence.
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(ii) The weak function extensionality principle holds inU: For every type
family 𝐵 over 𝐴 inU one has(∏

(𝑥:𝐴) is-contr(𝐵(𝑥))
)
→ is-contr

(∏
(𝑥:𝐴)𝐵(𝑥)

)
.

Proof First, we show that function extensionality implies weak function
extensionality, suppose that each 𝐵(𝑎) is contractible with center of contraction
𝑐(𝑎) and contraction 𝐶𝑎 :

∏
(𝑦:𝐵(𝑎) )𝑐(𝑎) = 𝑦. Then we take 𝑐 B _𝑎. 𝑐(𝑎) to

be the center of contraction of
∏
(𝑥:𝐴)𝐵(𝑥). To construct the contraction we

have to define a term of type∏
( 𝑓 :∏ (𝑥:𝐴)𝐵(𝑥 ) )𝑐 = 𝑓 .

Let 𝑓 :
∏
(𝑥:𝐴)𝐵(𝑥). By function extensionality we have a map (𝑐 ∼ 𝑓 ) →

(𝑐 = 𝑓 ), so it suffices to construct a term of type 𝑐 ∼ 𝑓 . Here we take
_𝑎. 𝐶𝑎 ( 𝑓 (𝑎)). This completes the proof that function extensionality implies
weak function extensionality.

It remains to show that weak function extensionality implies function exten-
sionality. By Proposition 13.1.1 it suffices to show that the type∑

(𝑔:
∏
(𝑥:𝐴)𝐵(𝑥 ) ) 𝑓 ∼ 𝑔

is contractible for any 𝑓 :
∏
(𝑥:𝐴)𝐵(𝑥). In order to do this, we first note that we

have a section-retraction pair(∑
(𝑔:

∏
(𝑥:𝐴)𝐵(𝑥 ) ) 𝑓 ∼ 𝑔

)
𝑖−→

(∏
(𝑥:𝐴)

∑
(𝑏:𝐵(𝑥 ) ) 𝑓 (𝑥) = 𝑏

)
𝑟−→

(∑
(𝑔:

∏
(𝑥:𝐴)𝐵(𝑥 ) ) 𝑓 ∼ 𝑔

)
Here we have the functions

𝑖 B _(𝑔, 𝐻). _𝑥. (𝑔(𝑥), 𝐻 (𝑥))
𝑟 B _𝑝. (_𝑥. pr1 (𝑝(𝑥)), _𝑥. pr2 (𝑝(𝑥))).

Their composite is homotopic to the identity function by the computation rule
for Σ-types and the [-rule for Π-types:

𝑟 (𝑖(𝑔, 𝐻)) � 𝑟 (_𝑥. (𝑔(𝑥), 𝐻 (𝑥)))
� (_𝑥. 𝑔(𝑥), _𝑥. 𝐻 (𝑥))
� (𝑔, 𝐻).

Now we observe that the type
∏
(𝑥:𝐴)

∑
(𝑏:𝐵(𝑥 ) ) 𝑓 (𝑥) = 𝑏 is a product of

contractible types, so it is contractible by our assumption of the weak function
extensionality principle. The claim now follows, because retracts of contractible
types are contractible by Exercise 10.2. □
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We will henceforth assume the function extensionality principle as an axiom.

Axiom 13.1.3 (Function Extensionality) For any type family 𝐵 over 𝐴, and
any two dependent functions 𝑓 , 𝑔 :

∏
(𝑥:𝐴)𝐵(𝑥), the map

htpy-eq : ( 𝑓 = 𝑔) → ( 𝑓 ∼ 𝑔)

is an equivalence. We will write eq-htpy for its inverse.

Remark 13.1.4 The function extensionality axiom is added to type theory by
adding the rule

Γ, 𝑥 : 𝐴 ⊢ 𝐵(𝑥) type Γ ⊢ 𝑓 :
∏
(𝑥:𝐴)𝐵(𝑥) Γ ⊢ 𝑔 :

∏
(𝑥:𝐴)𝐵(𝑥)

Γ ⊢ funext : is-equiv(htpy-eq 𝑓 ,𝑔)

In the following theorem we extend the weak function extensionality principle
to general truncation levels.

Theorem 13.1.5 For any type family 𝐵 over 𝐴 one has(∏
(𝑥:𝐴) is-trunc𝑘 (𝐵(𝑥))

)
→ is-trunc𝑘

(∏
(𝑥:𝐴)𝐵(𝑥)

)
.

Proof The theorem is proven by induction on 𝑘 ≥ −2. The base case is just
the weak function extensionality principle, which was shown to follow from
function extensionality in Theorem 13.1.2.

For the inductive step, assume that the 𝑘-truncated types are closed under
Π-types, and consider a family 𝐵 of (𝑘 + 1)-truncated types. To show that the
type

∏
(𝑥:𝐴)𝐵(𝑥) is (𝑘 + 1)-truncated, we have to show that the type 𝑓 = 𝑔 is

𝑘-truncated for every 𝑓 , 𝑔 :
∏
(𝑥:𝐴) . By function extensionality, the type 𝑓 = 𝑔

is equivalent to 𝑓 ∼ 𝑔 for any two dependent functions 𝑓 , 𝑔 :
∏
(𝑥:𝐴)𝐵(𝑥). Now

observe that 𝑓 ∼ 𝑔 is a dependent product of 𝑘-truncated types, and therefore
it is 𝑘-truncated by the inductive hypothesis. Since the 𝑘-truncated types are
closed under equivalences by Proposition 12.4.5, it follows that the type 𝑓 = 𝑔
is 𝑘-truncated. □

Corollary 13.1.6 Suppose 𝐵 is a 𝑘-type. Then 𝐴 → 𝐵 is also a 𝑘-type, for
any type 𝐴.

Remark 13.1.7 It follows that ¬𝐴 is a proposition for each type 𝐴. Note that
it requires function extensionality even just to prove that ¬𝑃 is a proposition for
any proposition 𝑃.
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13.2 Identity systems on Π-types
Recall from Section 11.6 that the structure identity principle is a way to obtain an
identity system on a Σ-type. Identity systems were defined in Definition 11.2.1.
In this section we will describe how to obtain identity systems on a Π-type. We
will first show that Π-types distribute over Σ-types. This theorem is sometimes
called the type theoretic principle of choice because it can be seen as the
Curry-Howard interpretation of the axiom of choice.

Theorem 13.2.1 Consider a family of types 𝐶 (𝑥, 𝑦) indexed by 𝑥 : 𝐴 and
𝑦 : 𝐵(𝑥). Then the map

choice :
(∏

(𝑥:𝐴)
∑
(𝑦:𝐵(𝑥 ) )𝐶 (𝑥, 𝑦)

)
→

(∑
( 𝑓 :∏ (𝑥:𝐴)𝐵(𝑥 ) )

∏
(𝑥:𝐴)𝐶 (𝑥, 𝑓 (𝑥))

)
given by

choice(ℎ) := (_𝑥. pr1 (ℎ(𝑥)), _𝑥. pr2 (ℎ(𝑥))).

is an equivalence.

Proof We define the map

choice−1 :
(∑
( 𝑓 :∏ (𝑥:𝐴)𝐵(𝑥 ) )

∏
(𝑥:𝐴)𝐶 (𝑥, 𝑓 (𝑥))

)
→∏

(𝑥:𝐴)
∑
(𝑦:𝐵(𝑥 ) )𝐶 (𝑥, 𝑦)

by choice−1 ( 𝑓 , 𝑔) := _𝑥. ( 𝑓 (𝑥), 𝑔(𝑥)). Then we have to construct homotopies

choice ◦ choice−1 ∼ id, and choice−1 ◦ choice ∼ id.

For the first homotopy it suffices to construct an identification

choice(choice−1 ( 𝑓 , 𝑔)) = ( 𝑓 , 𝑔)

for any 𝑓 :
∏
(𝑥:𝐴)𝐵(𝑥) and any 𝑔 :

∏
(𝑥:𝐴)𝐶 (𝑥, 𝑓 (𝑥)). We compute the

left-hand side as follows:

choice(choice−1 ( 𝑓 , 𝑔)) � choice(_𝑥. ( 𝑓 (𝑥), 𝑔(𝑥)))
� (_𝑥. 𝑓 (𝑥), _𝑥. 𝑔(𝑥)).

By the [-rule for Π-types we have the judgmental equalities 𝑓 � _𝑥. 𝑓 (𝑥) and
𝑔 � _𝑥. 𝑔(𝑥). Therefore we have the identification

refl( 𝑓 ,𝑔) : choice(choice−1 ( 𝑓 , 𝑔)) = ( 𝑓 , 𝑔).

This completes the construction of the first homotopy.
For the second homotopy we have to construct an identification

choice−1 (choice(ℎ)) = ℎ
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for any ℎ :
∏
(𝑥:𝐴)

∑
(𝑦:𝐵(𝑥 ) ) 𝐶 (𝑥, 𝑦). We compute the left-hand side as follows:

choice−1 (choice(ℎ)) � choice−1 (_𝑥. pr1 (ℎ(𝑥)), (_𝑥. pr2 (ℎ(𝑥))))
� _𝑥. (pr1 (ℎ(𝑥)), pr2 (ℎ(𝑥)))

However, it is not the case that (pr1 (ℎ(𝑥)), pr2 (ℎ(𝑥))) � ℎ(𝑥) for any ℎ :∏
(𝑥:𝐴)

∑
(𝑦:𝐵(𝑥 ) ) 𝐶 (𝑥, 𝑦). Nevertheless, we have the identification

eq-pair(refl, refl) : (pr1 (ℎ(𝑥)), pr2 (ℎ(𝑥))) = ℎ(𝑥).

Therefore we obtain the required homotopy by function extensionality:

_ℎ. eq-htpy(_𝑥. eq-pair(reflpr1 (ℎ (𝑥 ) ) , reflpr2 (ℎ (𝑥 ) ) )) : choice−1 ◦ choice ∼ id.
□

The fact that Π-types distribute over Σ-types has many useful consequences.
The most straightforward consequence is the following.

Corollary 13.2.2 For any two types 𝐴 and 𝐵, and any type family 𝐶 over 𝐵,
we have an equivalence(

𝐴→ ∑
(𝑦:𝐵)𝐶 (𝑦)

)
≃
(∑
( 𝑓 :𝐴→𝐵)

∏
(𝑥:𝐴)𝐶 ( 𝑓 (𝑥))

)
.

Another direct consequence of the distributivity of Π-types over Σ-types is
the fact that ∏

(𝑏:𝐵)fib 𝑓 (𝑏) ≃
∑
(𝑔:𝐵→𝐴) 𝑓 ◦ 𝑔 ∼ id.

In the following corollary we use the distributivity of Π-types over Σ-types to
show that dependent functions are sections of projection maps.

Corollary 13.2.3 Consider a type family 𝐵 over 𝐴, and consider the projection
map

pr1 :
(∑
(𝑥:𝐴)𝐵(𝑥)

)
→ 𝐴.

Then we have an equivalence

sec(pr1) ≃
∏
(𝑥:𝐴)𝐵(𝑥).

Proof Theorem 13.2.1 gives the first equivalence in the following calculation:∑
(ℎ:𝐴→∑

(𝑥:𝐴) 𝐵(𝑥 ) )pr1 ◦ ℎ ∼ id ≃ ∑
( ( 𝑓 ,𝑔):∑( 𝑓 :𝐴→𝐴) ∏ (𝑥:𝐴)𝐵( 𝑓 (𝑥 ) ) ) 𝑓 ∼ id

≃ ∑
( ( 𝑓 ,𝐻 ):∑( 𝑓 :𝐴→𝐴) 𝑓∼id )

∏
(𝑥:𝐴)𝐵( 𝑓 (𝑥))

≃∏
(𝑥:𝐴)𝐵(𝑥)

In the second equivalence we used Exercise 9.5 to swap the family 𝑓 ↦→
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(𝑥:𝐴)𝐵( 𝑓 (𝑥)) with the family 𝑓 ↦→ 𝑓 ∼ id, and in the third equivalence we

used the fact that ∑
( 𝑓 :𝐴→𝐴) 𝑓 ∼ id

is contractible, with center of contraction (id, refl-htpy). One way to see that
it is contractible is by Exercise 13.1. A direct way to see this, is by another
application of Theorem 13.2.1. This gives an equivalence(∑

( 𝑓 :𝐴→𝐴) 𝑓 ∼ id
)
≃
(∏

(𝑥:𝐴)
∑
(𝑦:𝐴) 𝑦 = 𝑥

)
,

and the right-hand side is a product of contractible types. □

In the final application of distributivity of Π-types over Σ-types we obtain a
general way of constructing identity systems of Π-types.

Theorem 13.2.4 Consider a family 𝐵 of types over 𝐴, and for each 𝑏 : 𝐵(𝑎)
consider an identity system 𝐸 (𝑏) at 𝑏. Furthermore, consider a dependent
function 𝑓 :

∏
(𝑥:𝐴)𝐵(𝑥). Then the family of types∏

(𝑥:𝐴)𝐸 ( 𝑓 (𝑥), 𝑔(𝑥))

indexed by 𝑔 :
∏
(𝑥:𝐴)𝐵(𝑥) is an identity system at 𝑓 .

Proof By Theorem 11.2.2 it suffices to show that the type∑
(𝑔:

∏
(𝑥:𝐴)𝐵(𝑥 ) )

∏
(𝑥:𝐴)𝐸 ( 𝑓 (𝑥), 𝑔(𝑥))

is contractible. By Theorem 13.2.1 it follows that this type is equivalent to the
type ∏

(𝑥:𝐴)
∑
(𝑦:𝐵(𝑥 ) )𝐸 ( 𝑓 (𝑥), 𝑦).

This is a product of contractible types because each 𝐸 ( 𝑓 (𝑥)) is an identity
system at 𝑓 (𝑥) : 𝐵(𝑥). This product is therefore contractible by the weak
function extensionality principle. □

13.3 Universal properties
The function extensionality principle allows us to prove universal properties.
Universal properties are characterizations of all maps out of or into a given
type, so they are very important. Among other applications, universal properties
characterize a type up to equivalence. We prove here the universal properties of
dependent pair types and of identity types. In the exercises, you are asked to
prove the universal properties of 1, ∅, and coproducts.
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The universal property of Σ-types
The universal property of Σ-types characterizes maps out of a dependent pair
type

∑
(𝑥:𝐴) 𝐵(𝑥). It asserts that the map

ev-pair :
((∑

(𝑥:𝐴)𝐵(𝑥)
)
→ 𝑋

)
→

(∏
(𝑥:𝐴) (𝐵(𝑥) → 𝑋)

)
,

given by 𝑓 ↦→ _𝑥. _𝑦. 𝑓 (𝑥, 𝑦), is an equivalence for any type 𝑋 . In fact, we
will prove a slight generalization of this universal property. We will prove
the dependent universal property of Σ-types, which characterizes dependent
functions out of

∑
(𝑥:𝐴) 𝐵(𝑥).

Theorem 13.3.1 Let 𝐵 be a type family over 𝐴, and let 𝐶 be a type family over∑
(𝑥:𝐴) 𝐵(𝑥). Then the map

ev-pair :
(∏

(𝑧:∑(𝑥:𝐴) 𝐵(𝑥 ) )𝐶 (𝑧)
)
→

(∏
(𝑥:𝐴)

∏
(𝑦:𝐵(𝑥 ) )𝐶 (𝑥, 𝑦)

)
,

given by 𝑓 ↦→ _𝑥. _𝑦. 𝑓 (𝑥, 𝑦), is an equivalence.

Proof The map in the converse direction is obtained by the induction principle
of Σ-types. It is simply the map

indΣ :
(∏

(𝑥:𝐴)
∏
(𝑦:𝐵(𝑥 ) )𝐶 (𝑥, 𝑦)

)
→

(∏
(𝑧:∑(𝑥:𝐴) 𝐵(𝑥 ) )𝐶 (𝑧)

)
.

By the computation rule for Σ-types we have the homotopy

refl-htpy : ev-pair ◦ indΣ ∼ id.

This shows that indΣ is a section of ev-pair.
To show that indΣ ◦ ev-pair ∼ id we will apply the function extensionality

principle. Therefore it suffices to show that indΣ (_𝑥. _𝑦. 𝑓 (𝑥, 𝑦)) = 𝑓 . We apply
function extensionality again, so it suffices to show that∏

(𝑡:∑(𝑥:𝐴) 𝐵(𝑥 ) ) indΣ

(
_𝑥. _𝑦. 𝑓 (𝑥, 𝑦)

)
(𝑡) = 𝑓 (𝑡).

We obtain this homotopy by another application of Σ-induction. □

Corollary 13.3.2 Let 𝐴, 𝐵, and 𝑋 be types. Then the map

ev-pair : (𝐴 × 𝐵→ 𝑋) → (𝐴→ (𝐵→ 𝑋))

given by 𝑓 ↦→ _𝑎. _𝑏. 𝑓 (𝑎, 𝑏) is an equivalence.
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The universal property of identity types
The universal property of identity types is the fact that families of maps out
of the identity type are uniquely determined by their action on the reflexivity
identification. More precisely, the map

ev-refl :
(∏

(𝑥:𝐴) (𝑎 = 𝑥) → 𝐵(𝑥)
)
→ 𝐵(𝑎)

given by _ 𝑓 . 𝑓 (𝑎, refl𝑎) is an equivalence, for every type family 𝐵 over 𝐴. Since
this result is similar to the Yoneda lemma of category theory, the universal
property of identity types is sometimes referred to as the type theoretic Yoneda
lemma. We will prove the dependent universal property of identity types, a
slight generalization of the universal property.

Theorem 13.3.3 Consider a type 𝐴 equipped with 𝑎 : 𝐴, and consider a family
of types 𝐵(𝑥, 𝑝) indexed by 𝑥 : 𝐴 and 𝑝 : 𝑎 = 𝑥. Then the map

ev-refl :
(∏

(𝑥:𝐴)
∏
(𝑝:𝑎=𝑥 )𝐵(𝑥, 𝑝)

)
→ 𝐵(𝑎, refl𝑎),

given by _ 𝑓 . 𝑓 (𝑎, refl𝑎), is an equivalence.

Proof The inverse is the function

ind-eq𝑎 : 𝐵(𝑎, refl𝑎) →
∏
(𝑥:𝐴)

∏
(𝑝:𝑎=𝑥 )𝐵(𝑥, 𝑝).

It is immediate from the computation rule of the path induction principle that
ev-refl ◦ ind-eq𝑎 ∼ id.

To see that ind-eq𝑎 ◦ev-refl ∼ id, let 𝑓 :
∏
(𝑥:𝐴) (𝑎 = 𝑥) → 𝐵(𝑥, 𝑝). To show

that ind-eq𝑎 ( 𝑓 (𝑎, refl𝑎)) = 𝑓 we apply function extensionality twice. Therefore
it suffices to show that∏

(𝑥:𝐴)
∏
(𝑝:𝑎=𝑥 ) ind-eq𝑎 ( 𝑓 (𝑎, refl𝑎), 𝑥, 𝑝) = 𝑓 (𝑥, 𝑝).

This follows by path induction on 𝑝, since ind-eq𝑎 ( 𝑓 (𝑎, refl𝑎), 𝑎, refl𝑎) �
𝑓 (𝑎, refl𝑎) by the computation rule of path induction. □

13.4 Composing with equivalences
We show in the following theorem that a map 𝑓 : 𝐴→ 𝐵 is an equivalence if
and only if precomposing by 𝑓 is an equivalence.

Theorem 13.4.1 For any map 𝑓 : 𝐴→ 𝐵, the following are equivalent:

(i) 𝑓 is an equivalence.
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(ii) For any type family 𝑃 over 𝐵 the map(∏
(𝑦:𝐵)𝑃(𝑦)

)
→

(∏
(𝑥:𝐴)𝑃( 𝑓 (𝑥))

)
given by ℎ ↦→ ℎ ◦ 𝑓 is an equivalence.

(iii) For any type 𝑋 the map

(𝐵→ 𝑋) → (𝐴→ 𝑋)

given by 𝑔 ↦→ 𝑔 ◦ 𝑓 is an equivalence.

Proof To show that (i) implies (ii), we first recall from Lemma 10.4.5 that any
equivalence is also coherently invertible. Therefore 𝑓 comes equipped with

𝑔 : 𝐵→ 𝐴

𝐺 : 𝑓 ◦ 𝑔 ∼ id𝐵
𝐻 : 𝑔 ◦ 𝑓 ∼ id𝐴
𝐾 : 𝐺 · 𝑓 ∼ 𝑓 · 𝐻.

Then we define the inverse of – ◦ 𝑓 to be the map

𝜑 :
(∏

(𝑥:𝐴)𝑃( 𝑓 (𝑥))
)
→

(∏
(𝑦:𝐵)𝑃(𝑦)

)
given by ℎ ↦→ _𝑦. tr𝑃 (𝐺 (𝑦), ℎ(𝑔(𝑦))).

To see that 𝜑 is a section of – ◦ 𝑓 , let ℎ :
∏
(𝑥:𝐴)𝑃( 𝑓 (𝑥)). By function

extensionality it suffices to construct a homotopy 𝜑(ℎ) ◦ 𝑓 ∼ ℎ. In other words,
we have to show that

tr𝑃 (𝐺 ( 𝑓 (𝑥)), ℎ(𝑔( 𝑓 (𝑥))) = ℎ(𝑥)

for any 𝑥 : 𝐴. Now we use the additional homotopy 𝐾 from our assumption
that 𝑓 is coherently invertible. Since we have 𝐾 (𝑥) : 𝐺 ( 𝑓 (𝑥)) = ap 𝑓 (𝐻 (𝑥)) it
suffices to show that

tr𝑃 (ap 𝑓 (𝐻 (𝑥)), ℎ(𝑔( 𝑓 (𝑥)))) = ℎ(𝑥).

A simple path-induction argument yields that

tr𝑃 (ap 𝑓 (𝑝)) ∼ tr𝑃◦ 𝑓 (𝑝)

for any path 𝑝 : 𝑥 = 𝑦 in 𝐴, so it suffices to construct an identification

tr𝑃◦ 𝑓 (𝐻 (𝑥), ℎ(𝑔( 𝑓 (𝑥)))) = ℎ(𝑥).

We have such an identification by apdℎ (𝐻 (𝑥)).
To see that 𝜑 is a retraction of – ◦ 𝑓 , let ℎ :

∏
(𝑦:𝐵)𝑃(𝑦). By function
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extensionality it suffices to construct a homotopy 𝜑(ℎ ◦ 𝑓 ) ∼ ℎ. In other words,
we have to show that

tr𝑃 (𝐺 (𝑦), ℎ( 𝑓 (𝑔(𝑦)))) = ℎ(𝑦)

for any 𝑦 : 𝐵. We have such an identification by apdℎ (𝐺 (𝑦)). This completes
the proof that (i) implies (ii).

Note that (iii) is an immediate consequence of (ii), since we can just choose
𝑃 to be the constant family 𝑋 .

It remains to show that (iii) implies (i). Suppose that

– ◦ 𝑓 : (𝐵→ 𝑋) → (𝐴→ 𝑋)

is an equivalence for every type 𝑋 . Then its fibers are contractible by Theo-
rem 10.4.6. In particular, choosing 𝑋 � 𝐴 we see that the fiber

fib–◦ 𝑓 (id𝐴) �
∑
(ℎ:𝐵→𝐴)ℎ ◦ 𝑓 = id𝐴

is contractible. Thus we obtain a function ℎ : 𝐵 → 𝐴 and a homotopy
𝐻 : ℎ ◦ 𝑓 ∼ id𝐴 showing that ℎ is a retraction of 𝑓 . We will show that ℎ is also
a section of 𝑓 . To see this, we use that the fiber

fib–◦ 𝑓 ( 𝑓 ) �
∑
(𝑖:𝐵→𝐵) 𝑖 ◦ 𝑓 = 𝑓

is contractible (choosing 𝑋 B 𝐵). Of course we have (id𝐵, refl 𝑓 ) in this fiber.
However we claim that there also is an identification 𝑝 : ( 𝑓 ◦ ℎ) ◦ 𝑓 = 𝑓 ,
showing that ( 𝑓 ◦ ℎ, 𝑝) is in this fiber, because

( 𝑓 ◦ ℎ) ◦ 𝑓 � 𝑓 ◦ (ℎ ◦ 𝑓 )
= 𝑓 ◦ id𝐴
� 𝑓

From the contractibility of the fiber we obtain an identification (id𝐵, refl 𝑓 ) =
( 𝑓 ◦ ℎ, 𝑝). In particular we obtain that id𝐵 = 𝑓 ◦ ℎ, showing that ℎ is a section
of 𝑓 . □

13.5 The strong induction principle of ℕ
In the final application of the function extensionality principle we prove the strong
induction principle for the type of natural numbers. Function extensionality is
used to derive the computation rules of the strong induction principle.

Theorem 13.5.1 Consider a type family 𝑃 over ℕ equipped with

𝑝0 : 𝑃(0)
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𝑝𝑆 :
∏
(𝑛:ℕ)

(∏
(𝑚:ℕ) (𝑚 ≤ 𝑛) → 𝑃(𝑚)

)
→ 𝑃(𝑛 + 1).

Then there is a dependent function

strong-indℕ (𝑝0, 𝑝𝑆) :
∏
(𝑛:ℕ)𝑃(𝑛)

that satisfies the following computation rules

strong-indℕ (𝑝0, 𝑝𝑆 , 0) = 𝑝0

strong-indℕ (𝑝0, 𝑝𝑆 , 𝑛 + 1) = 𝑝𝑆 (𝑛, (_𝑚. _𝑝. strong-indℕ (𝑝0, 𝑝𝑆 , 𝑚))).

In order to construct strong-indℕ (𝑝0, 𝑝𝑆), we first define the type family �̃�
over ℕ by

�̃�(𝑛) B ∏
(𝑚:ℕ) (𝑚 ≤ 𝑛) → 𝑃(𝑚).

The idea is then to first use 𝑝0 and 𝑝𝑆 to construct

𝑝0 : �̃�(0)
𝑝𝑆 :

∏
(𝑛:ℕ) �̃�(𝑛) → �̃�(𝑛 + 1).

The ordinary induction principle of ℕ then gives a function

indℕ (𝑝0, 𝑝𝑆) :
∏
(𝑛:ℕ) �̃�(𝑛),

which can be used to define a function
∏
(𝑛:ℕ)𝑃(𝑛).

Before we start by the proof of Theorem 13.5.1 we state two lemmas in which
we construct 𝑝0 and 𝑝𝑆 with computation rules of their own. We will assume a
type family 𝑃 over ℕ equipped with

𝑝0 : 𝑃(0)
𝑝𝑆 :

∏
(𝑛:ℕ) �̃�(𝑛) → 𝑃(𝑛 + 1),

as in the hypotheses of Theorem 13.5.1.

Lemma 13.5.2 There is an element 𝑝0 : �̃�(0) that satisfies the judgmental
equality

𝑝0 (0, 𝑝) � 𝑝0

for any 𝑝 : 0 ≤ 0.

Proof The fact that we have such a dependent function 𝑝0 follows immediately
by induction on 𝑚 and 𝑝 : 𝑚 ≤ 0. □

Lemma 13.5.3 There is a function

𝑝𝑆 :
∏
(𝑛:ℕ) �̃�(𝑛) → �̃�(𝑛 + 1)

equipped with
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(i) an identification

𝑝𝑆 (𝑛, 𝐻, 𝑚, 𝑝) = 𝐻 (𝑚, 𝑞)

for every 𝐻 : �̃�(𝑛) and every 𝑝 : 𝑚 ≤ 𝑛 + 1 and 𝑞 : 𝑚 ≤ 𝑛, and
(ii) an identification

𝑝𝑆 (𝑛, 𝐻, 𝑛 + 1, 𝑝) = 𝑝𝑆 (𝑛, 𝐻)

for every 𝑝 : 𝑛 + 1 ≤ 𝑛 + 1.

Proof To define the function 𝑝𝑆 (𝑛, 𝐻), note that there is a function

𝑓 : (𝑚 ≤ 𝑛 + 1) → (𝑚 ≤ 𝑛) + (𝑚 = 𝑛 + 1) (∗)

which can be defined by induction on 𝑛 and 𝑚. Using the fact that the domain
and codomain of this map are both propositions, this function is easily seen to
be an equivalence. Therefore we define first a function

ℎ(𝑛, 𝐻) :
∏
(𝑚:ℕ) ((𝑚 ≤ 𝑛) + (𝑚 = 𝑛 + 1)) → 𝑃(𝑚)

by case analysis on 𝑥 : (𝑚 ≤ 𝑛) + (𝑚 = 𝑛 + 1). There are two cases to consider:
one where we have 𝑞 : 𝑚 ≤ 𝑛, and one where we have 𝑞 : 𝑚 = 𝑛 + 1. Note that
in the second case it suffices to make a definition for 𝑞 � refl. Therefore we
define

ℎ(𝑛, 𝐻, 𝑚, 𝑥) =
{
𝐻 (𝑚, 𝑞) if 𝑥 � inl(𝑞)
𝑝𝑆 (𝑛, 𝐻) if 𝑥 � inr(refl).

Now we define 𝑝𝑆 by

𝑝𝑆 (𝑛, 𝐻, 𝑚, 𝑝) B ℎ(𝑛, 𝐻, 𝑚, 𝑓 (𝑝)),

where 𝑓 : (𝑚 ≤ 𝑛 + 1) → (𝑚 ≤ 𝑛) + (𝑚 = 𝑛 + 1) is the map we mentioned in
(∗).

To construct identificiations claimed in (i) and (ii), note that there is an
equivalence (

𝑝𝑆 (𝑛, 𝐻, 𝑚, 𝑝) = 𝑦
)
≃
(
ℎ(𝑛, 𝐻, 𝑚, 𝑥) = 𝑦

)
,

for any 𝑦 : 𝑃(𝑚). This equivalence is obtained from the fact that 𝑓 (𝑝) = 𝑥 for
any 𝑥 : (𝑚 ≤ 𝑛) + (𝑚 = 𝑛 + 1), i.e., the fact that (𝑚 ≤ 𝑛) + (𝑚 = 𝑛 + 1) is
a proposition. Now the identifications in (i) and (ii) are obtained as a simple
consequence of the computation rule for coproducts. □

We are now ready to finish the proof of Theorem 13.5.1.
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Proof of Theorem 13.5.1 Using 𝑝0 and 𝑝𝑆 , we obtain by induction on 𝑛 a
function

𝑠 :
∏
(𝑛:ℕ) �̃�(𝑛)

satisfying the computation rules

𝑠(0) � 𝑝0

𝑠(𝑛 + 1) � 𝑝𝑆 (𝑛, 𝑠(𝑛)).

Now we define

strong-indℕ (𝑝0, 𝑝𝑆 , 𝑛) B 𝑠(𝑛, 𝑛, refl-leqℕ (𝑛)),

where refl-leqℕ (𝑛) : 𝑛 ≤ 𝑛 is the proof of reflexivity of ≤.
It remains to show that strong-indℕ satisfies the computation rules of the

strong induction principle. The identification that computes strong-indℕ at 0 is
easy to obtain, because we have the judgmental equalities

strong-indℕ (𝑝0, 𝑝𝑆 , 0) � 𝑠(0, 0, refl-leqℕ (0))
� 𝑝0 (0, refl-leqℕ (0))
� 𝑝0.

To construct the identification that computes strong-indℕ at a successor, we
start by a similar computation:

strong-indℕ (𝑝0, 𝑝𝑆 , 𝑛 + 1) � 𝑠(𝑛 + 1, 𝑛 + 1, refl-leqℕ (𝑛 + 1))
� 𝑝𝑆 (𝑛, 𝑠(𝑛), 𝑛 + 1, refl-leqℕ (𝑛 + 1))
= 𝑝𝑆 (𝑛, 𝑠(𝑛)).

The last identification is obtained from Lemma 13.5.3 (ii). Therefore we see
that, in order to show that

𝑝𝑆 (𝑛, 𝑠(𝑛)) = 𝑝𝑆 (𝑛, (_𝑚. _𝑝. 𝑠(𝑚, 𝑚, refl-leqℕ (𝑚)))),

we need to prove that

𝑠(𝑛) = _𝑚. _𝑝. 𝑠(𝑚, 𝑚, refl-leqℕ (𝑚)).

Here we apply function extensionality, so it suffices to show that

𝑠(𝑛, 𝑚, 𝑝) = 𝑠(𝑚, 𝑚, refl-leqℕ (𝑚))

for every 𝑚 : ℕ and 𝑝 : 𝑚 ≤ 𝑛. We proceed by induction on 𝑛 : ℕ. The base
case is trivial. For the inductive step, we note that

𝑠(𝑛 + 1, 𝑚, 𝑝) = 𝑝𝑆 (𝑛, 𝑠(𝑛), 𝑚, 𝑝) =
{
𝑠(𝑛, 𝑚, 𝑝) if 𝑚 ≤ 𝑛
𝑝𝑆 (𝑛, 𝑠(𝑛)) if 𝑚 = 𝑛 + 1.
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Therefore it follows by the inductive hypothesis that

𝑠(𝑛 + 1, 𝑚, 𝑝) = 𝑠(𝑚, 𝑚, refl-leqℕ (𝑚))

if 𝑚 ≤ 𝑛 holds. In the remaining case, where 𝑚 = 𝑛 + 1, note that we have

𝑠(𝑛 + 1, 𝑛 + 1, refl-leqℕ (𝑛 + 1)) = 𝑝𝑆 (𝑛, 𝑠(𝑛), 𝑛 + 1, refl-leqℕ (𝑛 + 1))
= 𝑝𝑆 (𝑛, 𝑠(𝑛)).

Therefore we see that we also have an identification

𝑠(𝑛 + 1, 𝑚, 𝑝) = 𝑠(𝑚, 𝑚, refl-leqℕ (𝑚))

when 𝑚 = 𝑛 + 1. This completes the proof of the computation rules for the
strong induction principle of ℕ. □

Exercises
13.1 Show that the functions

inv-htpy : ( 𝑓 ∼ 𝑔) → (𝑔 ∼ 𝑓 )
concat-htpy(𝐻) : (𝑔 ∼ ℎ) → ( 𝑓 ∼ ℎ)

concat-htpy′ (𝐾) : ( 𝑓 ∼ 𝑔) → ( 𝑓 ∼ ℎ)

are equivalences for every 𝑓 , 𝑔, ℎ :
∏
(𝑥:𝐴)𝐵(𝑥). Here, concat-htpy′ (𝐾)

is the function defined by 𝐻 ↦→ 𝐻 � 𝐾 .
13.2 Characterize the identity types of the following types:

(a) The type
∑
(ℎ:𝐴→𝐵) 𝑓 ∼ 𝑔 ◦ ℎ of commuting triangles

𝐴 𝐵

𝑋,

←→ℎ

←→

𝑓

←→

𝑔

where 𝑓 : 𝐴→ 𝑋 and 𝑔 : 𝐵→ 𝑋 are given.
(b) The type

∑
(ℎ:𝑋→𝑌 ) ℎ ◦ 𝑓 ∼ 𝑔 of commuting triangles

𝐴

𝑋 𝑌,

←→𝑓 ←→𝑔

←→
ℎ

where 𝑓 : 𝐴→ 𝑋 and 𝑔 : 𝐴→ 𝑌 are given.
(c) The type

∑
(ℎ:𝐴→𝐵) ℎ(𝑎) = 𝑏 of base-point preserving maps, where

𝑎 : 𝐴 and 𝑏 : 𝐵 are given.
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(d) The type
∑
(𝑖:𝐴→𝑋)

∑
( 𝑗:𝐵→𝑌 ) 𝑗 ◦ 𝑓 ∼ 𝑔 ◦ 𝑖 of commuting squares

𝐴 𝑋

𝐵 𝑌,

←→𝑓

←→𝑖

←→ 𝑔

←→
𝑗

where 𝑓 : 𝐴→ 𝐵 and 𝑔 : 𝑋 → 𝑌 are given.
13.3 (a) Show that for any type 𝐴 the type is-contr(𝐴) is a proposition.

(b) Show that for any type 𝐴 and any 𝑘 ≥ −2, the type is-trunc𝑘 (𝐴) is
a proposition.

13.4 Let 𝑓 : 𝐴→ 𝐵 be a function.
(a) Show that if 𝑓 is an equivalence, then the type

∑
(𝑔:𝐵→𝐴) 𝑓 ◦ 𝑔 ∼ id

of sections of 𝑓 is contractible.
(b) Show that if 𝑓 is an equivalence, then the type

∑
(ℎ:𝐵→𝐴) ℎ ◦ 𝑓 ∼ id

of retractions of 𝑓 is contractible.
(c) Show that is-equiv( 𝑓 ) is a proposition.
(d) Show that for any two equivalences 𝑒, 𝑒′ : 𝐴 ≃ 𝐵, the canonical

map
(𝑒 = 𝑒′) → (𝑒 ∼ 𝑒′)

is an equivalence.
(e) Show that the type 𝐴 ≃ 𝐵 is a 𝑘-type if both 𝐴 and 𝐵 are 𝑘-types.

13.5 (a) Show that is-path-split( 𝑓 ) and is-coh-invertible( 𝑓 ) are propositions
for any map 𝑓 : 𝐴→ 𝐵. Conclude that we have equivalences

is-equiv( 𝑓 ) ≃ is-path-split( 𝑓 ) ≃ is-coh-invertible( 𝑓 ).

(b) Construct for any type 𝐴 an equivalence

has-inverse(id𝐴) ≃
(
id𝐴 ∼ id𝐴

)
.

Note: We will use this fact in Exercise 21.6 to show that there are
types for which is-invertible(id𝐴) ̸≃ is-equiv(id𝐴).

13.6 The type 𝐴 is empty.
13.7 Consider a type 𝐴. Show that the following are equivalent:

(i) The type
∏
(𝑥:𝐴)𝑃(𝑥) is contractible for any family 𝑃 of types over

𝐴. This property is the dependent universal property of an empty
type.

(ii) The type 𝐴 → 𝑋 is contractible for any type 𝑋 . This property is
the universal property of an empty type.

13.8 Consider a type 𝐴. Show that the following are equivalent:
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(i) The type 𝐴 is contractible.
(ii) The type 𝐴 comes equipped with a point 𝑎 : 𝐴, and the map(∏

(𝑥:𝐴)𝑃(𝑥)
)
→ 𝑃(𝑎)

given by 𝑓 ↦→ 𝑓 (𝑎) is an equivalence for any type family 𝑃

over 𝐴. This property is the dependent universal property of a
contractible type.

(iii) The type 𝐴 comes equipped with a point 𝑎 : 𝐴, and the map

(𝐴→ 𝑋) → 𝑋

given by 𝑓 ↦→ 𝑓 (𝑎) is an equivalence for any type 𝑋 . This property
is the universal property of a contractible type.

(iv) The type 𝐴 comes equipped with a point 𝑎 : 𝐴, and the map

(𝐴→ 𝐴) → 𝐴

given by 𝑓 ↦→ 𝑓 (𝑎) is an equivalence.
(v) The map

𝑋 → (𝐴→ 𝑋)

given by 𝑥 ↦→ _𝑦. 𝑥 is an equivalence for any type 𝑋 .
(vi) The map

𝐴→ (𝐴→ 𝐴)

given by 𝑥 ↦→ _𝑦. 𝑥 is an equivalence.

13.9 Consider two types 𝐴 and 𝐵. Show that the map(∏
(𝑧:𝐴+𝐵)𝑃(𝑧)

)
→

(∏
(𝑥:𝐴)𝑃(inl(𝑥))

)
×
(∏

(𝑦:𝐵)𝑃(inr(𝑏))
)

given by 𝑓 ↦→ ( 𝑓 ◦ inl, 𝑓 ◦ inr) is an equivalence for any type family 𝑃
over 𝐴 + 𝐵. This property is the dependent universal property of the
coproduct of 𝐴 and 𝐵. Conclude that the map

(𝐴 + 𝐵→ 𝑋) → (𝐴→ 𝑋) × (𝐵→ 𝑋)

given by 𝑓 ↦→ ( 𝑓 ◦ inl, 𝑓 ◦ inr) is an equivalence for any type 𝑋 . This
latter property is the universal property of the coproduct of 𝐴 and 𝐵.

13.10 Prove the universal property of ℕ: For any type 𝑋 equipped with 𝑥 : 𝑋
and 𝑓 : 𝑋 → 𝑋 , the type∑

(ℎ:ℕ→𝑋) (ℎ(0ℕ) = 𝑥) × (ℎ ◦ succℕ ∼ 𝑓 ◦ ℎ)

is contractible.
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13.11 Show that ℕ satisfies ordinal induction, i.e., construct for any type family
𝑃 over ℕ a function ord-indℕ of type(∏

(𝑘:ℕ)
(∏

(𝑚:ℕ) (𝑚 < 𝑘) → 𝑃(𝑚)
)
→ 𝑃(𝑘)

)
→∏

(𝑛:ℕ)𝑃(𝑛).

Moreover, prove that

ord-indℕ (ℎ, 𝑛) = ℎ(𝑛, _𝑚. _𝑝. ord-indℕ (ℎ, 𝑚))

for any 𝑛 : ℕ and any ℎ :
∏
(𝑘:ℕ)

(∏
(𝑚:ℕ) (𝑚 < 𝑘) → 𝑃(𝑚)

)
→ 𝑃(𝑘).

13.12 (a) Consider a family of 𝑘-truncated maps 𝑓𝑖 : 𝐴𝑖 → 𝐵𝑖 indexed by
𝑖 : 𝐼. Show that the map

_ℎ. _𝑖. 𝑓𝑖 (ℎ(𝑖)) :
(∏

(𝑖:𝐼 ) 𝐴𝑖
)
→

(∏
(𝑖:𝐼 )𝐵𝑖

)
is also 𝑘-truncated.

(b) Consider an equivalence 𝑒 : 𝐼 ≃ 𝐽, and a family of equivalences
𝑓𝑖 : 𝐴𝑖 ≃ 𝐵𝑒 (𝑖) indexed by 𝑖 : 𝐼, where 𝐴 is a family of types indexed
by 𝐼 and 𝐵 family of types indexed by 𝐽. Show that the map

_ℎ. _ 𝑗 . 𝑓𝑒−1 ( 𝑗 ) (ℎ(𝑒−1 ( 𝑗))) :
(∏

(𝑖:𝐼 ) 𝐴𝑖
)
→

(∏
( 𝑗:𝐽 )𝐵 𝑗

)
is an equivalence.

(c) Consider a family of maps 𝑓𝑖 : 𝐴𝑖 → 𝐵𝑖 indexed by 𝑖 : 𝐼. Show that
the the following are equivalent:

(i) Each 𝑓𝑖 is 𝑘-truncated.
(ii) For every map 𝛼 : 𝑋 → 𝐼, the map

_ℎ. _𝑥. 𝑓𝛼(𝑥 ) (ℎ(𝑥)) :
(∏

(𝑥:𝑋) 𝐴𝛼(𝑥 )
)
→

(∏
(𝑥:𝑋)𝐵𝛼(𝑥 )

)
is 𝑘-truncated.

(d) Show that for any map 𝑓 : 𝐴→ 𝐵 the following are equivalent:
(i) The map 𝑓 is 𝑘-truncated.
(ii) For every type 𝑋 , the postcomposition function

𝑓 ◦ – : (𝑋 → 𝐴) → (𝑋 → 𝐵)

is 𝑘-truncated.
In particular, 𝑓 is an equivalence if and only if 𝑓 ◦– is an equivalence,
and 𝑓 is an embedding if and only if 𝑓 ◦ – is an embedding.

13.13 Show that Π-types distribute over coproducts, i.e., construct for any type
𝑋 and any two families 𝐴 and 𝐵 over 𝑋 an equivalence from the type∏
(𝑥:𝑋) 𝐴(𝑥) + 𝐵(𝑥) to the type∑

( 𝑓 :𝑋→Fin2 )

(∏
(𝑥:𝑋) 𝐴(𝑥) 𝑓 (𝑥 )=0

)
×
(∏

(𝑥:𝑋)𝐵(𝑥) 𝑓 (𝑥 )=1
)
.
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13.14 Consider a commuting triangle

𝐴 𝐵

𝑋

←→ℎ

←→

𝑓

←→

𝑔

with 𝐻 : 𝑓 ∼ 𝑔 ◦ ℎ.
(a) Show that if ℎ has a section, then sec(𝑔) is a retract of sec( 𝑓 ).
(b) Show that if 𝑔 has a retraction, then retr(ℎ) is a retract of sec( 𝑓 ).

13.15 For any two maps 𝑓 : 𝐴 → 𝑋 and 𝑔 : 𝐵 → 𝑋 , define the type of
morphisms from 𝑓 to 𝑔 over 𝑋 by

hom𝑋 ( 𝑓 , 𝑔) B
∑
(ℎ:𝐴→𝐵) 𝑓 ∼ 𝑔 ◦ ℎ.

In other words, the type hom𝑋 ( 𝑓 , 𝑔) is the type of maps ℎ : 𝐴 → 𝐵

equipped with a homotopy witnessing that the triangle

𝐴 𝐵

𝑋

←→

𝑓

←→ℎ

←→

𝑔

commutes.
(a) Consider a family 𝑃 of types over 𝑋 . Show that the map(∏

(𝑥:𝑋)fib 𝑓 (𝑥) → 𝑃(𝑥)
)
→

(∏
(𝑎:𝐴)𝑃( 𝑓 (𝑎))

)
given by ℎ ↦→ ℎ 𝑓 (𝑎) (𝑎, refl 𝑓 (𝑎) ) is an equivalence.

(b) Construct three equivalences 𝛼, 𝛽, and 𝛾 as shown in the following
diagram, and show that this triangle commutes:

hom𝑋 ( 𝑓 , 𝑔)

(∏
(𝑥:𝑋)fib 𝑓 (𝑥) → fib𝑔 (𝑥)

) ∏
(𝑎:𝐴)fib𝑔 ( 𝑓 (𝑎)).

←→𝛼

←

→
𝛽

←→𝛾

Given a morphism (ℎ, 𝐻) : hom𝑋 ( 𝑓 , 𝑔) over 𝑋 , we also say that
𝛼(ℎ, 𝐻) is its action on fibers.

(c) Given (ℎ, 𝐻) : hom𝑋 ( 𝑓 , 𝑔), show that the following are equivalent:
(i) The map ℎ : 𝐴→ 𝐵 is an equivalence.
(ii) The action on fibers

𝛼(ℎ, 𝐻) :
∏
(𝑥:𝑋)fib 𝑓 (𝑥) → fib𝑔 (𝑥)
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is a family of equivalences.
(iii) The precomposition function

– ◦ (ℎ, 𝐻) : hom𝑋 (𝑔, 𝑖) → hom𝑋 ( 𝑓 , 𝑖)

given by (𝑘, 𝐾)◦(ℎ, 𝐻) B (𝑘◦ℎ, 𝐻 � (𝐾 ·ℎ)) is an equivalence
for each map 𝑖 : 𝐶 → 𝑋 .

Conclude that the type
∑
(ℎ:𝐴≃𝐵) 𝑓 ∼ 𝑔 ◦ ℎ is equivalent to the type

of families of equivalences∏
(𝑥:𝑋)fib 𝑓 (𝑥) ≃ fib𝑔 (𝑥).

13.16 Let 𝐴 and 𝐵 be sets. Show that type type 𝐴 ≃ 𝐵 of equivalences from 𝐴

to 𝐵 is equivalent to the type 𝐴 � 𝐵 of isomorphisms from 𝐴 to 𝐵, i.e.,
the type of quadruples ( 𝑓 , 𝑔, 𝐻, 𝐾) consisting of

𝑓 : 𝐴→ 𝐵

𝑔 : 𝐵→ 𝐴

𝐻 : 𝑓 ◦ 𝑔 = id𝐵
𝐾 : 𝑔 ◦ 𝑓 = id𝐴.

13.17 Suppose that 𝐴 : 𝐼 → U is a type family over a set 𝐼 with decidable
equality. Show that(∏

(𝑖:𝐼 ) is-contr(𝐴𝑖)
)
↔ is-contr

(∏
(𝑖:𝐼 ) 𝐴𝑖

)
.

14 Propositional truncations

It is common in mathematics to express the property that a certain type of
objects is inhabited, without imposing extra structure on those objects. For
example, when we assert the property that a set is finite, then we only claim
that there exists a bĳection to a standard finite set {0, . . . , 𝑛 − 1} for some 𝑛,
not that the set is equipped with such a bĳection. There is indeed a conceptual
difference between a finite set and a set equipped with a bĳection to a standard
finite set. The latter concept is that of a finite totally ordered set. This difference
is due to the fact finiteness is a property, whereas there may be many different
bĳections to a standard finite set.

A similar observation can be made in the case of the image of a map. Note
that being in the image of a given map 𝑓 : 𝐴→ 𝐵 is a property. When we claim
that 𝑏 : 𝐵 is in the image of 𝑓 , then we only claim that the type of 𝑎 : 𝐴 such
that 𝑓 (𝑎) = 𝑏 is inhabited. On the other hand, we saw in Exercise 10.8 that the
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type of 𝑏 : 𝐵 equipped with an 𝑎 : 𝐴 such that 𝑓 (𝑎) = 𝑏 is equivalent to the
type 𝐴, i.e., we have an equivalence

𝐴 ≃ ∑
(𝑏:𝐵)

∑
(𝑎:𝐴) 𝑓 (𝑎) = 𝑏.

Something is clearly off here, because the type 𝐴 is often not a subtype of the
type 𝐵, while we would expect the image of 𝑓 to be a subtype of 𝐵. Therefore
we see that the type

∑
(𝑎:𝐴) 𝑓 (𝑎) = 𝑏 does not quite capture the concept of 𝑏

being in the image of 𝑓 . The difference is again due to the fact that fib 𝑓 (𝑏) is
often not a proposition, whereas we are looking to express the proposition that
the preimage of 𝑓 at 𝑏 is inhabited.

To correctly capture the concepts of finiteness and the image of a map in type
theory, and many further mathematical concepts, we need a way to assert the
proposition that a type is inhabited. The proposition that a type 𝐴 is inhabited is
called the propositional truncation of 𝐴.

14.1 The universal property of propositional truncations
The propositional truncation of a type 𝐴 is a proposition ∥𝐴∥ equipped with a
map

[ : 𝐴→ ∥𝐴∥ .

This map ensures that if we have an element 𝑎 : 𝐴, then the proposition ∥𝐴∥ that
𝐴 is inhabited holds. The complete specification of the propositional truncation
includes the universal property of the map [. In this section we will specify in
full generality when a map 𝑓 : 𝐴→ 𝑃 into a proposition 𝑃 is a propositional
truncation.

Definition 14.1.1 Let 𝐴 be a type, and let 𝑓 : 𝐴 → 𝑃 be a map into a
proposition 𝑃. We say that 𝑓 is a propositional truncation of 𝐴 if for every
proposition 𝑄, the precomposition map

– ◦ 𝑓 : (𝑃→ 𝑄) → (𝐴→ 𝑄)

is an equivalence. This property of 𝑓 is called the universal property of the
propositional truncation of 𝐴.

Remark 14.1.2 Using the fact that equivalences are maps that have contractible
fibers, we can reformulate the universal property of the propositional truncation.
Note that the fiber of the precomposition map – ◦ 𝑓 : (𝑃 → 𝑄) → (𝐴→ 𝑄)
at a map 𝑔 : 𝐴→ 𝑄 is the type.∑

(ℎ:𝑃→𝑄)ℎ ◦ 𝑓 = 𝑔
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Therefore we see that if 𝑓 satisfies the universal property of the propositional
truncation, then these fibers are contractible. In other words, for each map
𝑔 : 𝐴 → 𝑄 into a proposition 𝑄 there is a unique map ℎ : 𝑃 → 𝑄 for which
ℎ ◦ 𝑓 = 𝑔. We also say that every map 𝑔 : 𝐴→ 𝑄 into a proposition 𝑄 extends
uniquely along 𝑓 , as indicated in the diagram

𝐴

𝑃 𝑄.

←→𝑓 ←

→
𝑔

←→

Remark 14.1.3 For any two propositions 𝑃 and 𝑃′, a map 𝑓 : 𝑃→ 𝑃′ is an
equivalence if and only if there is a function 𝑔 : 𝑃′ → 𝑃. To see this, simply
note that any such function 𝑔 is an inverse of 𝑓 , because any two elements in 𝑃
and any two elements in 𝑃′ are equal.

Note that the type 𝑋 → 𝑄 is a proposition, for any type 𝑋 and any proposition
𝑄. Using the previous observation, it therefore follows that the map (𝑃 →
𝑄) → (𝐴 → 𝑄) is an equivalence as soon as there is a map in the converse
direction. In other words, to prove that a map 𝑓 : 𝐴→ 𝑃 into a proposition 𝑃
satisfies the universal property of the propositional truncation of 𝐴, it suffices to
construct a function

(𝐴→ 𝑄) → (𝑃→ 𝑄)

for every proposition 𝑄.

In the following proposition we show that the propositional truncation of a
type 𝐴 is uniquely determined up to equivalence, if it exists. In other words, any
two propositional truncations of a type 𝐴 must be equivalent.

Proposition 14.1.4 Let 𝐴 be a type, and consider two maps

𝑓 : 𝐴→ 𝑃 and 𝑓 ′ : 𝐴→ 𝑃′

into two propositions 𝑃 and 𝑃′. If any two of the following three assertions hold,
so does the third:

(i) The map 𝑓 is a propositional truncation of 𝐴.
(ii) The map 𝑓 ′ is a propositional truncation of 𝐴.
(iii) There is a (unique) equivalence 𝑃 ≃ 𝑃′.

Proof We first show that (i) and (ii) together imply (iii). If 𝑓 and 𝑓 ′ are both
propositional truncations of 𝐴, then we have maps 𝑃 → 𝑃′ and 𝑃′ → 𝑃 by
the universal properties of 𝑓 and 𝑓 ′. Since 𝑃 and 𝑃′ are both propositions, it
follows that 𝑃 ≃ 𝑃′. For the uniqueness claim, note that the type 𝑃 ≃ 𝑃′ is itself
a proposition.
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Finally we show that (iii) implies that (i) holds if and only if (ii) holds.
Suppose we have an equivalence 𝑃 ≃ 𝑃′, let 𝑄 be an arbitrary proposition, and
consider the triangle

(𝐴→ 𝑄)

(𝑃→ 𝑄) (𝑃′ → 𝑄),

←→ ←

→

where the fact that (𝑃→ 𝑄) ↔ (𝑃′ → 𝑄) holds follows from the assumption
that 𝑃 is equivalent to 𝑃′. We see from this triangle that(

(𝐴→ 𝑄) → (𝑃→ 𝑄)
)
↔

(
(𝐴→ 𝑄) → (𝑃′ → 𝑄)

)
,

and this implies that (i) holds if and only if (ii) holds. □

Remark 14.1.5 One might be tempted to think that a type is inhabited if and
only if it is nonempty. Recall that a type 𝐴 is nonempty if it satisfies the property
¬¬𝐴. Indeed, the type ¬¬𝐴 is a proposition, and it comes equipped with a
map 𝐴→ ¬¬𝐴. It is therefore natural to wonder whether the map 𝐴→ ¬¬𝐴
satisfies the universal property of the propositional truncation.

Recall that we have shown in Exercise 4.3 (b) that any map 𝐴→ ¬¬𝑄 extends
to a map ¬¬𝐴→ ¬¬𝑄, as indicated in the diagram

𝐴

¬¬𝐴 ¬¬𝑄.

←→

←
→

←→

It follows that the natural map

(¬¬𝐴→ ¬¬𝑄) → (𝐴→ ¬¬𝑄)

given by precomposition by 𝐴→ ¬¬𝐴 is an equivalence. However, this only
gives us a universal property with respect to doubly negated propositions and
there is no way to prove the more general universal property of the propositional
truncation for the map 𝐴 → ¬¬𝐴. In fact, propositional truncations are not
guaranteed to exist in Martin Löf’s dependent type theory, the way it is set up in
Chapter I. We will therefore add new rules to the type theory to ensure their
existence.

14.2 Propositional truncations as higher inductive types
We have given a specification of the propositional truncation of a type 𝐴, and
we have seen that this specification by a universal property determines the
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propositional truncation up to equivalence if it exists. However, the propositional
truncation is not guaranteed to exist, so we will add new rules to the type
theory that ensure that any type has a propositional truncation. We do this by
presenting the propositional truncation of a type 𝐴 as a higher inductive type.
The propositional truncation ∥𝐴∥ of a type 𝐴 was one of the first examples of a
higher inductive type, along with the circle, which we will discuss in Sections 20
and 21.

The idea of higher inductive types is similar to the idea of ordinary inductive
types, with the added feature that constructors of higher inductive types can also
be used to generate identifications. In other words, higher inductive types may
be specified by two kinds of constructors:

(i) The point constructors are used to generate elements of the higher inductive
types.

(ii) The path constructors are used to generate identifications between elements
of the higher inductive type.

The induction principle of the higher inductive type then tells us how to construct
sections of families over it. The rules for higher inductive types therefore come
in four sets, just as the rules for ordinary inductive types in Section 4: the
formation rule, the constructors, the induction principle, and the computation
rules.

The formation rules and the constructors
The formation rule of the propositional truncation postulates that for every type
𝐴 we can form the propositional truncation of 𝐴. The formation rule is therefore
as follows:

Γ ⊢ 𝐴 type
Γ ⊢ ∥𝐴∥ type.

Furthermore, we will assume that all universes are closed under propositional
truncations. In other words, for any universeU we will assume the rules

𝑋 : U ⊢ ∥𝑋 ∥ ˇ : U 𝑋 : U ⊢ T (∥𝑋 ∥ ˇ) � ∥T (𝑋)∥ type

The constructors of a (higher) inductive type tell what structure the type
comes equipped with. In the case of a higher inductive type there may be point
constructors and path constructors. The point constructors generate elements
of the higher inductive type, and the path constructors generate identifications
between those elements. In the case of the propositional truncation, there is one
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point constructor and one path constructor:

[ : 𝐴→ ∥𝐴∥
𝛼 :

∏
(𝑥,𝑦:∥𝐴∥ )𝑥 = 𝑦.

The point constructor [ is sometimes called the unit of the propositional
truncation. It gives us that any element of 𝐴 also generates an element of ∥𝐴∥ .
The path constructor 𝛼 simply identifies any two elements of ∥𝐴∥ . Therefore it
follows immediately that ∥𝐴∥ is a proposition.

Lemma 14.2.1 For any type 𝐴, the type ∥𝐴∥ is a proposition. □

The induction principle and computation rules
The induction principle for the propositional truncation tells us how to construct
dependent functions

ℎ :
∏
(𝑡:∥𝐴∥ )𝑄(𝑡).

The induction principle will imply that such a dependent function ℎ is entirely
determined by its behavior on the constructors of ∥𝐴∥ . The type ∥𝐴∥ has two
constructors: a point constructor [ and a path constructor 𝛼, so we have two
cases to consider:

(i) Applying ℎ to points of the form [(𝑎) gives us a dependent function

ℎ ◦ [ :
∏
(𝑎:𝐴)𝑄([(𝑎)).

The induction principle of ∥𝐴∥ has therefore the requirement that we can
construct

𝑓 :
∏
(𝑎:𝐴)𝑄([(𝑎))

(ii) To apply ℎ to the paths 𝛼(𝑥, 𝑦), we need to use the dependent action on
paths from Definition 5.4.2. For each 𝑥, 𝑦 : ∥𝐴∥ we obtain an identification

apdℎ (𝛼(𝑥, 𝑦)) : tr𝑄 (𝛼(𝑥, 𝑦), ℎ(𝑥)) = ℎ(𝑦)

in the type 𝑄(𝑦). Note, however, that ℎ(𝑥) and ℎ(𝑦) are not determined
by our choice of 𝑓 :

∏
(𝑎:𝐴)𝑄([(𝑎)). The second requirement of the

induction principle of ∥𝐴∥ is therefore that, no matter what values ℎ takes,
they must always be related via the dependent action on paths of ℎ. This
second requirement is therefore that

tr𝑃 (𝛼(𝑥, 𝑦), 𝑢) = 𝑣

for any 𝑢 : 𝑄(𝑥) and 𝑣 : 𝑄(𝑦).
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Definition 14.2.2 The induction principle of the propositional truncation
∥𝐴∥ of 𝐴 asserts that for any family 𝑄 of types over ∥𝐴∥ , if we have

𝑓 :
∏
(𝑎:𝐴)𝑄([(𝑎))

and if we can construct identifications

tr𝑄 (𝛼(𝑥, 𝑦), 𝑢) = 𝑣

for any 𝑢 : 𝑄(𝑥), 𝑣 : 𝑄(𝑦) and any 𝑥, 𝑦 : ∥𝐴∥ , then we obtain a dependent
function

ℎ :
∏
(𝑡:∥𝐴∥ )𝑄(𝑡)

equipped with a homotopy ℎ ◦ [ ∼ 𝑓 .

Remark 14.2.3 In fact, a family 𝑄 over ∥𝐴∥ satisfies the second requirement
in the induction principle of the propositional truncation if and only if 𝑄 is a
family of propositions. To see this, simply note that transporting along 𝛼(𝑥, 𝑦)
is an embedding. Therefore we have

(tr𝑄 (𝛼(𝑥, 𝑦), 𝑢) = tr𝑄 (𝛼(𝑥, 𝑦), 𝑣)) ≃ (𝑢 = 𝑣)

for any 𝑢, 𝑣 : 𝑄(𝑥). By assumption, there is an identification on the left hand
side, so any two elements 𝑢 and 𝑣 in 𝑄(𝑥) are equal.

Since the induction principle of the propositional truncation is only applicable
to families of propositions over ∥𝐴∥ , it also follows that there are no interesting
computation rules to state: any identification in a proposition just holds.

The universal property
We have now completed the description of the propositional truncation as a
higher inductive type, so it is time to show that it meets the specification we gave
for the propositional truncations. In other words, we have to show that the map
[ : 𝐴→ ∥𝐴∥ satisfies the universal property of the propositional truncation.

Theorem 14.2.4 The map [ : 𝐴→ ∥𝐴∥ satisfies the universal property of the
propositional truncation.

Proof In order to prove that [ : 𝐴→ ∥𝐴∥ satisfies the universal property of
the propositional truncation of 𝐴, it suffices to construct a map

(𝐴→ 𝑄) → (∥𝐴∥ → 𝑄)

for any proposition 𝑄. Consider a map 𝑓 : 𝐴 → 𝑄. Then we will construct a
function ∥𝐴∥ → 𝑄 by the induction principle of the propositional truncation.
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We have to provide a function 𝐴→ 𝑄, which we have assumed already, and we
have to show that

tr_𝑥. 𝑄 (𝛼(𝑥, 𝑦), 𝑢) = 𝑣.

for any 𝑢, 𝑣 : 𝑄 and any 𝑥, 𝑦 : ∥𝐴∥ . However, we have such identifications by
the assumption that 𝑄 is a proposition, so the proof is complete. □

One simple application of the universal property of the propositional truncation
is that ∥ – ∥ acts on functions in a functorial way.

Proposition 14.2.5 There is a map

∥– ∥ : (𝐴→ 𝐵) → (∥𝐴∥ → ∥𝐵∥)

for any two types 𝐴 and 𝐵, such that

∥id∥ ∼ id
∥𝑔 ◦ 𝑓 ∥ ∼ ∥𝑔∥ ◦ ∥ 𝑓 ∥ .

Proof For any 𝑓 : 𝐴 → 𝐵, the map ∥ 𝑓 ∥ : ∥𝐴∥ → ∥𝐵∥ is defined to be the
unique extension

𝐴 𝐵

∥𝐴∥ ∥𝐵∥ .

←→[

← →𝑓

←→ [

←→∥ 𝑓 ∥

To see that ∥– ∥ preserves identity maps and compositions, simply note that
id∥𝐴∥ is an extension of id𝐴, and that ∥𝑔∥ ◦ ∥ 𝑓 ∥ is an extension of 𝑔 ◦ 𝑓 . Hence
the homotopies are obtained by uniqueness. □

14.3 Logic in type theory
In Section 7.2 we interpreted logic in type theory via the Curry-Howard
correspondence, which stiuplates that disjunction (∨) is interpreted by coproducts
and the existential quantifier (∃) is interpreted by Σ-types. However, when the
existential quantifier is interpreted by Σ-types, then it is not possible to express
certain concepts correctly, such as finiteness of a type or being in the image a
map, and therefore we will add a second interpretation of logic in type theory,
where logical propositions are interpreted by type theoretic propositions, i.e.,
the types of truncation level −1.

We have seen that the propositions are closed under cartesian products,
implication, and dependent products indexed by arbitrary types. However, they
are not closed under coproducts, and if 𝑃 is a family of propositions over a type
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𝐴, then it is not necessarily the case that
∑
(𝑥:𝐴) 𝑃(𝑥) is a proposition. We will

therefore use propositional truncations to interpret disjunctions and existential
quantifiers in type theory.

Definition 14.3.1 Given two propositions 𝑃 and𝑄, we define their disjunction

𝑃 ∨𝑄 B ∥𝑃 +𝑄∥ .

Proposition 14.3.2 Consider two propositions 𝑃 and 𝑄. Then the disjunction
𝑃∨𝑄 comes equipped with maps 𝑖 : 𝑃→ 𝑃∨𝑄 and 𝑗 : 𝑄 → 𝑃∨𝑄. Moreover,
for any proposition 𝑅, we have

(𝑃 ∨𝑄 → 𝑅) ↔ ((𝑃→ 𝑅) × (𝑄 → 𝑅)).

Proof The maps 𝑖 and 𝑗 are defined by

𝑖 B [ ◦ inl
𝑗 B [ ◦ inr.

Now consider the following composition of maps, for an arbitrary proposition
𝑅:

(𝑃 ∨𝑄 → 𝑅) (𝑃 +𝑄 → 𝑅) (𝑃→ 𝑅) × (𝑄 → 𝑅).←→–◦[ ← →ℎ ↦→ (ℎ◦inl,ℎ◦inr)

The first map is an equivalence by the universal property of the propositional
truncation, and the second map is an equivalence by the universal property of
coproducts (Exercise 13.9). □

Definition 14.3.3 Given a family 𝑃 of propositions over a type 𝐴, we define
the existential quantification

∃(𝑥:𝐴)𝑃(𝑥) B
∑(𝑥:𝐴)𝑃(𝑥)

.
Proposition 14.3.4 Consider a family 𝑃 of propositions over a type 𝐴. Then
the existential quantification ∃(𝑥:𝐴)𝑃(𝑥) comes equipped with a dependent
function ∏

(𝑎:𝐴)
(
𝑃(𝑎) → ∃(𝑥:𝐴)𝑃(𝑥)

)
.

Furthermore, for any proposition 𝑄, we have((
∃(𝑥:𝐴)𝑃(𝑥)

)
→ 𝑄

)
↔

(∏
(𝑥:𝐴)𝑃(𝑥) → 𝑄

)
.

Proof The dependent function Y :
∏
(𝑎:𝐴)

(
𝑃(𝑎) → ∃(𝑥:𝐴)𝑃(𝑥)

)
is given by

Y(𝑎, 𝑝) := [(𝑎, 𝑝). Now consider the following composition of maps( (
∃(𝑥:𝐴)𝑃(𝑥)

)
→ 𝑄

) ( ( ∑
(𝑥:𝐴) 𝑃(𝑥)

)
→ 𝑄

) ( ∏
(𝑥:𝐴)𝑃(𝑥) → 𝑄

)
.

←→ ←→
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The first map in this composite is an equivalence by the universal property of the
propositional truncation, and the second map is an equivalence by the universal
property of Σ-types (Theorem 13.3.1). □

In the following table we give an overview of the interpretation of the logical
connectives using the propositions in type theory.

logical connective interpretation in type theory

⊤ 1
⊥ ∅
𝑃⇒ 𝑄 𝑃→ 𝑄

𝑃 ∧𝑄 𝑃 ×𝑄
𝑃 ∨𝑄 ∥𝑃 +𝑄∥
𝑃⇔ 𝑄 𝑃↔ 𝑄

∃(𝑥:𝐴)𝑃(𝑥)
∑(𝑥:𝐴) 𝑃(𝑥)


∀(𝑥:𝐴)𝑃(𝑥)

∏
(𝑥:𝐴)𝑃(𝑥)

14.4 Mapping propositional truncations into sets
The universal property of the propositional truncation only applies when we
want to define a map into a proposition. However, in some situations we might
want to map the propositional truncation into a type that is not a proposition.
Here we will see what we might do in such a case.

One strategy, if we want to define a map ∥𝐴∥ → 𝑋 , is to find a type family
𝑃 over 𝑋 such that the type

∑
(𝑥:𝑋) 𝑃(𝑥) is a proposition. In that case, we

may use the universal property of the propositional truncation to obtain a
map ∥𝐴∥ → ∑

(𝑥:𝑋) 𝑃(𝑥) from a map 𝐴 → ∑
(𝑥:𝑋) 𝑃(𝑥), and then we simply

compose with the projection map.

Example 14.4.1 Consider a decidable subtype 𝑃 of the natural numbers. We
claim that there is a function∑(𝑥:ℕ)𝑃(𝑥)

 → ∑
(𝑥:ℕ)𝑃(𝑥).

Of course, we cannot directly use the universal property of the propositional
truncation here. However, there is at most one minimal natural number 𝑥 in 𝑃.
In other words, we claim that the type∑

(𝑥:ℕ)𝑃(𝑥) × is-lower-bound𝑃 (𝑥) (∗)
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is a proposition. To see this, note that the type is-lower-bound𝑃 (𝑥) is a propo-
sition. By the assumption that each 𝑃(𝑥) is a proposition, it now follows that
any two natural numbers 𝑥, 𝑦 : ℕ that are in 𝑃 and that are both lower bounds
of 𝑃 are equal as elements in the type of Eq. (∗) if and only if they are equal
as natural numbers. Furthermore, since both 𝑥 and 𝑦 are lower bounds of 𝑃, it
follows that 𝑥 ≤ 𝑦 and 𝑦 ≤ 𝑥, so indeed 𝑥 = 𝑦 holds.

By the observation that the type in Eq. (∗) is a proposition, we may define a
map ∑(𝑥:ℕ)𝑃(𝑥)

 → ∑
(𝑥:ℕ)𝑃(𝑥) × is-lower-bound𝑃 (𝑥)

by the universal property of the propositional truncation. A map∑
(𝑥:ℕ)𝑃(𝑥) →

∑
(𝑥:ℕ)𝑃(𝑥) × is-lower-bound𝑃 (𝑥)

was constructed in Theorem 8.3.2 using the decidability of 𝑃.
As a corollary of this observation, we observe that there is also a map∑(𝑥:Fin𝑘 )𝑃(𝑥)

 → ∑
(𝑥:Fin𝑘 )𝑃(𝑥)

for any decidable subtype 𝑃 over Fin𝑘 .

Remark 14.4.2 The function of type∑(𝑥:ℕ)𝑃(𝑥)
 → ∑

(𝑥:ℕ)𝑃(𝑥)

we constructed in Example 14.4.1 for decidable subtypes of ℕ is a rare case in
which it is possible to obtain a function

∥𝐴∥ → 𝐴.

We say that the type 𝐴 satisfies the principle of global choice if there is such a
function ∥𝐴∥ → 𝐴. Using the univalence axiom, we will see in Corollary 17.4.3
that not every type satisfies the principle of global choice.

More generally, we may wish to define a map ∥𝐴∥ → 𝐵 where the type 𝐵 is
a set. In this situation it is helpful to think of the propositional truncation of 𝐴
as the quotient of the type 𝐴 by the equivalence relation that relates every two
elements of 𝐴 with each other. Propositional truncations can therefore also be
characterized by the universal property of this quotient, which can be used to
extend maps 𝑓 : 𝐴→ 𝐵 to maps ∥𝐴∥ → 𝐵 when the type 𝐵 is a set. The idea
is that a map 𝑓 : 𝐴→ 𝐵 into a set 𝐵 extends to a map ∥𝐴∥ → 𝐵 if it satisfies
𝑓 (𝑥) = 𝑓 (𝑦) for all 𝑥, 𝑦 : 𝐴.
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Definition 14.4.3 A map 𝑓 : 𝐴→ 𝐵 is said to be weakly constant if it comes
equipped with an element of type

is-weakly-constant( 𝑓 ) B ∏
(𝑥,𝑦:𝐴) 𝑓 (𝑥) = 𝑓 (𝑦).

Remark 14.4.4 A constant map 𝐴→ 𝐵 is a map of the form const𝑏. A map
𝑓 : 𝐴→ 𝐵 is therefore constant if comes equipped with an element 𝑏 : 𝐵 and
a homotopy 𝑓 ∼ const𝑏. This is a stronger notion than the notion of weakly
constant maps, which doesn’t require there to be an element in 𝐵.

One of the differences between constant maps and weakly constant maps
manifests itself as follows: A type 𝐴 is contractible if and only if the identity
map on 𝐴 is constant, while a type 𝐴 is a proposition if and only if the identity
map on 𝐴 is weakly constant.

Lemma 14.4.5 Consider a commuting triangle

𝐴

∥𝐴∥ 𝐵

←→[ ←

→
𝑓

←→𝑔

where 𝐵 is an arbitrary type. Then the map 𝑓 is weakly constant.

Proof Since 𝑓 is assumed to be homotopic to 𝑔 ◦ [, it suffices to show
that 𝑔 ◦ [ is weakly constant. For any 𝑥, 𝑦 : 𝐴, we have the identification
𝛼(𝑥, 𝑦) : [(𝑥) = [(𝑦) in ∥𝐴∥ . Using the action on paths of 𝑔, we obtain the
identification

ap𝑔 (𝛼(𝑥, 𝑦)) : 𝑔([(𝑥)) = 𝑔([(𝑦))

in 𝐵. □

We now show, in a theorem due to Kraus [Kraus], that any weakly constant
map 𝑓 : 𝐴→ 𝐵 into a set 𝐵 extends uniquely to a map ∥𝐴∥ → 𝐵. We therefore
conclude that, in order to define a map ∥𝐴∥ → 𝐵 into a set 𝐵 it suffices to define
a map 𝑓 : 𝐴→ 𝐵 and show that it is weakly constant.

Theorem 14.4.6 (Kraus) Let 𝐴 be a type and let 𝐵 be a set. Then the map

(∥𝐴∥ → 𝐵) → ∑
( 𝑓 :𝐴→𝐵)

∏
(𝑥,𝑦:𝐴) 𝑓 (𝑥) = 𝑓 (𝑦)

given by 𝑔 ↦→ (𝑔 ◦ [, _𝑥. _𝑦. ap𝑔 (𝛼(𝑥, 𝑦))) is an equivalence.

Proof Consider a map 𝑓 : 𝐴→ 𝐵 equipped with 𝐻 :
∏
(𝑥,𝑦:𝐴) 𝑓 (𝑥) = 𝑓 (𝑦).

We first show that 𝑓 extends in at most one way to a map ∥𝐴∥ → 𝐵. Let
𝑔, ℎ : ∥𝐴∥ → 𝐵 be two maps equipped with homotopies 𝑓 ∼ 𝑔◦[ and 𝑓 ∼ ℎ◦[.
In order to construct a homotopy 𝑔 ∼ ℎ, note that each identity type 𝑔(𝑥) = ℎ(𝑥)
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is a proposition by the assumption that 𝐵 is a set. We can therefore construct a
homotopy 𝑔 ∼ ℎ by the induction principle of propositional truncations. By the
induction principle, it suffices to construct a homotopy 𝑔 ◦ [ ∼ ℎ ◦ [, which we
obtain from the homotopies 𝑓 ∼ 𝑔 ◦ [ and 𝑓 ∼ ℎ ◦ [.

Since we’ve already proven uniqueness, it remains to construct an extension
of the map 𝑓 . We first claim that the type∑

(𝑏:𝐵)

∑(𝑥:𝐴) 𝑓 (𝑥) = 𝑏


is a proposition. To see this, consider two elements 𝑏 and 𝑏′ in this subtype of 𝐵.
It suffices to show that 𝑏 = 𝑏′. Since 𝐵 is assumed to be a set, the identity type
𝑏 = 𝑏′ is a proposition. Therefore we may assume an element 𝑥 : 𝐴 equipped
with 𝑝 : 𝑓 (𝑥) = 𝑏 and an element 𝑥′ : 𝐴 equipped with 𝑝′ : 𝑓 (𝑥′) = 𝑏′. Using
the assumption that 𝑓 is weakly constant, we obtain the identification

𝑏 𝑓 (𝑥) 𝑓 (𝑥′) 𝑏′.⇐⇐𝑝
−1 ⇐⇐𝐻 (𝑥,𝑥′ ) ⇐⇐𝑝

′

Now we observe that the map 𝑓 : 𝐴→ 𝐵 factors uniquely as follows

𝐴
∑
(𝑏:𝐵)

∑(𝑥:𝐴) 𝑓 (𝑥) = 𝑏


𝐵.

← →𝑔

←

→𝑓
←→ pr1

Indeed, the map 𝑔 is given by 𝑥 ↦→ ( 𝑓 (𝑥), [(𝑥, refl)). Since the codomain of
𝑔 is a proposition, we obtain via the universal property of the propositional
truncation of 𝐴 a unique map ℎ : ∥𝐴∥ → ∑

(𝑏:𝐵)
∑(𝑥:𝐴) 𝑓 (𝑥) = 𝑏

 equipped
with a homotopy 𝑔 ∼ ℎ◦[. Now we obtain the map pr1 ◦ ℎ : ∥𝐴∥ → 𝐵 equipped
with the concatenated homotopy

(pr1 ◦ ℎ) ◦ [ � pr1 ◦ (ℎ ◦ [) ∼ pr1 ◦ 𝑔 ∼ 𝑓 . □

Exercises
14.1 Let 𝐴 be a type. Show that

(a) ∥∥𝐴∥ ∥ ↔ ∥𝐴∥ .
(b) ∥is-decidable(𝐴)∥ ↔ is-decidable∥𝐴∥ .
(c) is-decidable(𝐴) → (∥𝐴∥ → 𝐴).
(d) ¬¬∥𝐴∥ ↔ ¬¬𝐴.
(e) ∥𝐴∥ ∨ ∥𝐵∥ ↔ ∥𝐴 + 𝐵∥ .
(f) ∃(𝑥:𝐴) ∥𝐵(𝑥)∥ ↔ ∥

∑
(𝑥:𝐴) 𝐵(𝑥)∥ .
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14.2 Show that the relation 𝑥, 𝑦 ↦→ ∥𝑥 = 𝑦∥ is an equivalence relation, on any
type.

14.3 Consider two maps 𝑓 : 𝐴→ 𝑃 and 𝑔 : 𝐵 → 𝑄 into propositions 𝑃 and
𝑄. Show that if both 𝑓 and 𝑔 are propositional truncations then the map
𝑓 × 𝑔 : 𝐴 × 𝐵→ 𝑃 ×𝑄 is also a propositional truncation. Conclude that

∥𝐴 × 𝐵∥ ≃ ∥𝐴∥ × ∥𝐵∥ .

14.4 Consider a map 𝑓 : 𝐴→ 𝑃 into a proposition 𝑃. We say that 𝑓 satisfies
the dependent universal property of the propositional truncation of 𝐴,
if for any family 𝑄 of propositions over 𝑃, the precomposition function

– ◦ 𝑓 :
(∏

(𝑝:𝑃)𝑄(𝑝)
)
→

(∏
(𝑥:𝐴)𝑄( 𝑓 (𝑥))

)
is an equivalence. Show that the following are equivalent:

(i) The map 𝑓 is a propositional truncation.
(ii) The map 𝑓 satisfies the dependent universal property of the propo-

sitional truncation.
14.5 Consider a map 𝑓 : 𝐴→ 𝑃 into a proposition 𝑃.

(a) Show that if there is a map 𝑔 : 𝑃 → 𝐴, then 𝑓 is a propositional
truncation. Conclude that for any type 𝐴 equipped with a point
𝑎 : 𝐴, the constant map

const★ : 𝐴→ 1

is a propositional truncation of 𝐴.
(b) Show that if 𝐴 is a proposition, then 𝑓 is a propositional truncation

if and only if 𝑓 is an equivalence. Conclude that if 𝐴 is a proposition,
then the identity function id : 𝐴→ 𝐴 is a propositional truncation.

14.6 Consider a type 𝐴 equipped with an element 𝑑 : is-decidable(𝐴).
(a) Define a function 𝑓 : 𝐴→ ∑

(𝑥:𝐴) inl(𝑥) = 𝑑 and show that 𝑓 is a
propositional truncation of 𝐴.

(b) Consider the function 𝜋 : is-decidable(𝐴) → Fin2 defined by

𝜋(inl(𝑥)) := 1
𝜋(inr(𝑥)) := 0.

Define a function 𝑔 : 𝐴 → (𝜋(𝑑) = 1) and show that 𝑔 is a
propositional truncation of 𝐴.

14.7 Consider a family 𝐵 of (𝑘 + 1)-truncated types over the propositional
truncation ∥𝐴∥ of a type 𝐴. Show that the map(∏

(𝑥:∥𝐴∥ )𝐵(𝑥)
)
→

(∏
(𝑥:𝐴)𝐵(𝑥)

)
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given by 𝑓 ↦→ 𝑓 ◦ [ is a 𝑘-truncated map.
14.8 Consider a universeU, let 𝑃1 and 𝑃2 be propositions inU, and further-

more, let 𝑃 be a family of propositions inU over a type 𝐴 inU. Construct
the following equivalences:

⊤ ≃∏
(𝑄:PropU )𝑄 → 𝑄,

⊥ ≃∏
(𝑄:PropU )𝑄,

∥𝐴∥ ≃∏
(𝑄:PropU ) (𝐴→ 𝑄) → 𝑄,

𝑃1 ∨ 𝑃2 ≃
∏
(𝑄:PropU ) (𝑃1 → 𝑄) → ((𝑃2 → 𝑄) → 𝑄),

𝑃1 ∧ 𝑃2 ≃
∏
(𝑄:PropU ) (𝑃1 → (𝑃2 → 𝑄)) → 𝑄,

𝑃1 ⇒ 𝑃2 ≃
∏
(𝑄:PropU )𝑃1 → ((𝑃2 → 𝑄) → 𝑄),

¬𝐴 ≃∏
(𝑄:PropU ) 𝐴→ 𝑄,

∃(𝑥:𝐴)𝑃(𝑥) ≃
∏
(𝑄:PropU )

(∏
(𝑥:𝐴)𝑃(𝑥) → 𝑄

)
→ 𝑄,

∀(𝑥:𝐴)𝑃(𝑥) ≃
∏
(𝑄:PropU )

∏
(𝑥:𝐴) (𝑃(𝑥) → 𝑄) → 𝑄

∥𝑎 = 𝑥∥ ≃∏
(𝑄:𝐴→PropU )𝑄(𝑎) → 𝑄(𝑥).

These are the impredicative encodings of the logical operators. Note: It
has the appearence that we could have defined ∥𝐴∥ by its impredicative
encoding. There is, however, a subtle issue if we take this as a definition:
The map

𝐴→∏
(𝑄:PropU ) (𝐴→ 𝑄) → 𝑄

only satisfies the universal property of the propositional truncation with
respect to propositions that are equivalent to propositions inU.

14.9 In this exercise we introduce the interval as a higher inductive type 𝕀,
equipped with two point constructors and one path constructor

source, target : 𝕀
path : source = target.

The induction principle of 𝕀 asserts that for any type family 𝑃 over 𝕀, if we
have

𝑢 : 𝑃(source)
𝑣 : 𝑃(target)
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𝑝 : tr𝑃 (path, 𝑢) = 𝑣,

then there is a section 𝑓 :
∏
(𝑥:𝕀)𝑃(𝑥) equipped with identifications

𝛼 : 𝑓 (source) = 𝑢
𝛽 : 𝑓 (target) = 𝑣

and an identification 𝛾 witnessing that the square

tr𝑃 (path, 𝑓 (source)) tr𝑃 (path, 𝑢)

𝑓 (target) 𝑣

⇐ ⇐
aptr𝑃 (path) (𝛼)

⇐⇐apd 𝑓 (path) ⇐⇐ 𝑝

⇐ ⇐
𝛽

commutes. Note that the constructors of 𝕀 induce a map

Y :
(∏

(𝑥:𝕀)𝑃(𝑥)
)
→

(∑
(𝑢:𝑃 (source) )

∑
(𝑣:𝑃 (target) ) tr𝑃 (path, 𝑢) = 𝑣

)
.

given by 𝑓 ↦→ ( 𝑓 (source), 𝑓 (target), apd 𝑓 (path)).
(a) Characterize the identity types of the codomain of the map Y in

the following way: for any (𝑢, 𝑣, 𝑞) and (𝑢′, 𝑣′, 𝑞′), construct an
equivalence

((𝑢, 𝑣, 𝑞) = (𝑢′, 𝑣′, 𝑞′)) ≃ ∑
(𝛼:𝑢=𝑢′ )

∑
(𝛽:𝑣=𝑣′ )𝑞�𝛽 = aptr𝑃 (path) (𝛼)�𝑞′.

(b) Prove the dependent universal property of 𝕀, i.e., show that the map
Y is an equivalence.

(c) Show that 𝕀 is contractible.

15 Image factorizations

The image of a map 𝑓 : 𝐴→ 𝑋 can be thought of as the least subtype of 𝑋 that
contains all the values of 𝑓 . More precisely, the image of 𝑓 is an embedding
𝑖 : im( 𝑓 ) ↩→ 𝑋 that fits in a commuting triangle

𝐴 im( 𝑓 )

𝑋

← →𝑞

←

→𝑓
←↪→

𝑖

and satisfies the universal property of the image of 𝑓 , which states that if a
subtype 𝐵 ↩→ 𝑋 contains all the values of 𝑓 , then it contains the image of 𝑓 .
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15.1 The image of a map
The universal property of the image

Recall from Exercise 13.15 that we made the following definition:

Definition 15.1.1 Let 𝑓 : 𝐴 → 𝑋 and 𝑔 : 𝐵 → 𝑋 be maps. A morphism
from 𝑓 to 𝑔 over 𝑋 consists of a map ℎ : 𝐴 → 𝐵 equipped with a homotopy
𝐻 : 𝑓 ∼ 𝑔 ◦ ℎ witnessing that the triangle

𝐴 𝐵

𝑋

←→ℎ

←→

𝑓

←→

𝑔

commutes. Thus, we define the type

hom𝑋 ( 𝑓 , 𝑔) B
∑
(ℎ:𝐴→𝐵) 𝑓 ∼ 𝑔 ◦ ℎ.

Composition of morphisms over 𝑋 is defined by

(𝑘, 𝐾) ◦ (ℎ, 𝐻) B (𝑘 ◦ ℎ, 𝐻 � (𝐾 · ℎ)).

Definition 15.1.2 Consider a commuting triangle

𝐴 𝐼

𝑋
←→𝑞

←→

𝑓

←→

𝑖

with 𝐻 : 𝑓 ∼ 𝑖 ◦ 𝑞, where 𝑖 is an embedding. We say that 𝑖 satisfies the universal
property of the image of 𝑓 if the precomposition function

– ◦ (𝑞, 𝐻) : hom𝑋 (𝑖, 𝑚) → hom𝑋 ( 𝑓 , 𝑚)

is an equivalence for every embedding 𝑚 : 𝐵 ↩→ 𝑋 .

Lemma 15.1.3 For any 𝑓 : 𝐴→ 𝑋 and any embedding 𝑚 : 𝐵→ 𝑋 , the type
hom𝑋 ( 𝑓 , 𝑚) is a proposition.

Proof Recall from Exercise 13.15 that the type hom𝑋 ( 𝑓 , 𝑚) is equivalent to
the type ∏

(𝑎:𝐴)fib𝑚 ( 𝑓 (𝑎)).

Furthermore, recall from Theorem 12.2.3 that a map is an embedding if and
only if its fibers are propositions. Thus we see that the type

∏
(𝑎:𝐴)fib𝑚 ( 𝑓 (𝑎))

is a product of propositions, hence it is a proposition by Theorem 13.1.5. □
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Proposition 15.1.4 Consider a commuting triangle

𝐴 𝐼

𝑋

←→𝑞

←→

𝑓

←→

𝑖

with 𝐻 : 𝑓 ∼ 𝑖 ◦ 𝑞, where 𝑖 is an embedding. Then the following are equivalent:

(i) The embedding 𝑖 satisfies the universal property of the image inclusion of
𝑓 .

(ii) For every embedding 𝑚 : 𝐵→ 𝑋 there is a map

hom𝑋 ( 𝑓 , 𝑚) → hom𝑋 (𝑖, 𝑚).

Proof Since hom𝑋 ( 𝑓 , 𝑚) is a proposition for every every embedding𝑚 : 𝐵→
𝑋 , the claim follows immediately by the observation made in Remark 14.1.2. □

The existence of the image
The image of a map 𝑓 : 𝐴 → 𝑋 can be defined using the propositional
truncation.

Definition 15.1.5 For any map 𝑓 : 𝐴→ 𝑋 we define the image of 𝑓 to be the
type

im( 𝑓 ) B ∑
(𝑥:𝑋) ∥fib 𝑓 (𝑥)∥ .

Furthermore, we define

(i) the image inclusion

𝑖 𝑓 : im( 𝑓 ) → 𝑋

to be the projection pr1,
(ii) the map

𝑞 𝑓 : 𝐴→ im( 𝑓 )

to be the map given by 𝑞 𝑓 (𝑥) B ( 𝑓 (𝑥), [(𝑥, refl 𝑓 (𝑥 ) )), and
(iii) the homotopy 𝐼 𝑓 : 𝑓 ∼ 𝑖 𝑓 ◦ 𝑞 𝑓 witnessing that the triangle

𝐴 im( 𝑓 )

𝑋

← →
𝑞 𝑓

←

→𝑓 ←→

𝑖 𝑓

commutes, to be given by 𝐼 𝑓 (𝑥) B refl 𝑓 (𝑥 ) .
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Proposition 15.1.6 The image inclusion 𝑖 𝑓 : im( 𝑓 ) → 𝑋 of any map 𝑓 : 𝐴→
𝑋 is an embedding.

Proof The claim follows directly by Corollary 12.2.4, because the type
∥fib 𝑓 (𝑥)∥ is a proposition for each 𝑥 : 𝑋 . □

Theorem 15.1.7 The image inclusion 𝑖 𝑓 : im( 𝑓 ) → 𝑋 of any map 𝑓 : 𝐴→ 𝑋

satisfies the universal property of the image inclusion of 𝑓 .

Proof Consider an embedding 𝑚 : 𝐵 ↩→ 𝑋 . Note that we have a commuting
square

hom𝑋 (𝑖 𝑓 , 𝑚) hom𝑋 ( 𝑓 , 𝑚)

(∏
(𝑥:𝑋)fib𝑖 𝑓 (𝑥) → fib𝑚 (𝑥)

) (∏
(𝑥:𝑋)fib 𝑓 (𝑥) → fib𝑚 (𝑥)

)←→

← →

←→

← →
ℎ ↦→_𝑥. ℎ𝑥◦𝜑𝑥

in which all four types are propositions, and the vertical maps are equivalences.
Therefore it suffices to construct a map(∏

(𝑥:𝑋)fib 𝑓 (𝑥) → fib𝑚 (𝑥)
)
→

(∏
(𝑥:𝑋)fib𝑖 𝑓 (𝑥) → fib𝑚 (𝑥)

)
The fiber fib𝑖 𝑓 (𝑥) is equivalent to the propositional truncation ∥fib 𝑓 (𝑥)∥ and
the type fib𝑚 (𝑥) is a proposition by the assumption that 𝑚 is an embedding.
Therefore we obtain the desired map by the universal property of the propositional
truncation. □

The uniqueness of the image
We will now show that the universal property of the image implies that the
image is determined uniquely up to equivalence.

Theorem 15.1.8 Let 𝑓 be a map, and consider two commuting triangles

𝐴 𝐵 𝐴 𝐵′

𝑋 𝑋

←→

𝑓

←→𝑞

←→

𝑖

←→

𝑓

←→𝑞
′

←→

𝑖′

with 𝐼 : 𝑓 ∼ 𝑖 ◦ 𝑞 and 𝐼 ′ : 𝑓 ∼ 𝑖′ ◦ 𝑞′, in which 𝑖 and 𝑖′ are assumed to be
embeddings. Then, if any two of the following three properties hold, so does the
third:

(i) The embedding 𝑖 satisfies the universal property of the image inclusion of
𝑓 .
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(ii) The embedding 𝑖′ satisfies the universal property of the image inclusion of
𝑓 .

(iii) The type of equivalences 𝑒 : 𝐵 ≃ 𝐵′ equipped with a homotopy witnessing
that the triangle

𝐵 𝐵′

𝑋

←

→𝑖

← →𝑒

←→

𝑖′

commutes is contractible.

Proof First, we show that if (i) and (ii) hold, then (iii) holds. Note that the type
hom𝑋 (𝑖, 𝑖′) is a proposition, since 𝑖′ is assumed to be an embedding. Therefore
it suffices to show that the unique map ℎ : 𝐵→ 𝐵′ such that the triangle

𝐵 𝐵′

𝑋

←→
𝑖

←→ℎ

←→

𝑖′

commutes, is an equivalence. To see this, note that by Exercise 13.15 it suffices
to show that the action on fibers

fib𝑖 (𝑥) → fib𝑖′ (𝑥)

is an equivalence for each 𝑥 : 𝑋 . This follows from the universal property of 𝑖′,
since we similarly obtain a family of maps

fib𝑖′ (𝑥) → fib𝑖 (𝑥)

indexed by 𝑥 : 𝑋 , and the types fib𝑖 (𝑥) and fib𝑖′ (𝑥) are propositions by the
assumptions that 𝑖 and 𝑖′ are embeddings.

Now we will show that (iii) implies that (i) holds if and only if (ii) holds.
We will assume a morphism (𝑒, 𝐻) : hom𝑋 (𝑖, 𝑖′) such that the map 𝑒 is an
equivalence. Furthermore, consider an embedding 𝑚 : 𝐶 → 𝑋 . Then the fact
that (i) holds if and only if (ii) holds follows from the equivalence(

hom𝑋 ( 𝑓 , 𝑚) → hom𝑋 (𝑖, 𝑚)
)
≃
(
hom𝑋 ( 𝑓 , 𝑚) → hom𝑋 (𝑖′, 𝑚)

)
. □

15.2 Surjective maps
A map 𝑓 : 𝐴→ 𝐵 is surjective if for every 𝑏 : 𝐵 there is an unspecified element
𝑎 : 𝐴 that maps to 𝑏. We define this property using the propositional truncation.
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Definition 15.2.1 A map 𝑓 : 𝐴 → 𝐵 is said to be surjective if there is an
element of type

is-surj( 𝑓 ) B ∏
(𝑦:𝐵) ∥fib 𝑓 (𝑏)∥ .

Example 15.2.2 Any equivalence is a surjective map, since its fibers are
contractible. More generally, any map that has a section is surjective. Those are
sometimes called split epimorphisms. Note that having a section is stronger
than surjectivity, since in general we don’t have a function ∥fib 𝑓 (𝑏)∥ → fib 𝑓 (𝑏).

In Exercise 14.4 we showed the dependent universal property of the proposi-
tional truncation: a map 𝑓 : 𝐴→ 𝐵 into a proposition 𝐵 satisfies the universal
property of the propositional truncation if and only if for every family of
propositions 𝑃 over 𝐵, the precomposition map

– ◦ 𝑓 :
(∏

(𝑏:𝐵)𝑃(𝑏)
)
→

(∏
(𝑎:𝐴)𝑃( 𝑓 (𝑎))

)
is an equivalence. In the following proposition we show that, if we omit the
condition that 𝐵 is a proposition, then 𝑓 satisfies this dependent universal
property if and only if 𝑓 is surjective.

Proposition 15.2.3 Consider a map 𝑓 : 𝐴 → 𝐵. Then the following are
equivalent:

(i) The map 𝑓 : 𝐴→ 𝐵 is surjective.
(ii) For any family 𝑃 of propositions over 𝐵, the precomposition map

– ◦ 𝑓 :
(∏

(𝑦:𝐵)𝑃(𝑦)
)
→

(∏
(𝑥:𝐴)𝑃( 𝑓 (𝑥))

)
is an equivalence.

Proof Suppose first that 𝑓 is surjective, and consider the commuting square(∏
(𝑦:𝐵)𝑃(𝑦)

) (∏
(𝑥:𝐴)𝑃( 𝑓 (𝑥))

)
(∏

(𝑦:𝐵) ∥fib 𝑓 (𝑦)∥ → 𝑃(𝑦)
) (∏

(𝑦:𝐵)fib 𝑓 (𝑦) → 𝑃(𝑦)
)

← →–◦ 𝑓

←→ℎ ↦→_𝑦. constℎ (𝑦)

← →
ℎ ↦→ℎ ( – )◦[

← →ℎ ↦→_𝑥. ℎ ( 𝑓 (𝑥 ) , (𝑥,refl ) )

In this square, the bottom map is an equivalence by Exercise 13.12 (a) and by
the universal property of the propositional truncation of fib 𝑓 (𝑦). The map on
the right is an equivalence by Exercise 13.15 (a). Furthermore, the map on the
left is an equivalence by Exercise 13.12 (a) and Exercise 13.8, because the type
∥fib 𝑓 (𝑦)∥ is contractible by the assumption that 𝑓 is surjective. Therefore it
follows that the top map is an equivalence, which completes the proof that (i)
implies (ii).
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For the converse, it follows immediately from the assumption (ii) that

– ◦ 𝑓 :
(∏

(𝑦:𝐵) ∥fib 𝑓 (𝑦)∥
)
→

(∏
(𝑥:𝐴) ∥fib 𝑓 ( 𝑓 (𝑥))∥

)
is an equivalence. Hence it suffices to construct an element of type ∥fib 𝑓 ( 𝑓 (𝑥))∥
for each 𝑥 : 𝐴. This is easy, because we have

[(𝑥, refl 𝑓 (𝑥 ) ) : ∥fib 𝑓 ( 𝑓 (𝑥))∥ . □

As a corollary we obtain that any surjective map into a proposition satisfies
the universal property of the propositional truncation.

Corollary 15.2.4 For any map 𝑓 : 𝐴→ 𝑃 into a proposition 𝑃, the following
are equivalent:

(i) The map 𝑓 satisfies the universal property of the propositional truncation
of 𝐴.

(ii) The map 𝑓 is surjective.

Using the characterization of surjective maps of Proposition 15.2.3, we can
also give a new characterization of the image of a map.

Theorem 15.2.5 Consider a commuting triangle

𝐴 𝐵

𝑋

←→𝑞

←→

𝑓

←→

𝑚

in which 𝑚 is an embedding. Then the following are equivalent:

(i) The embedding 𝑚 satisfies the universal property of the image inclusion
of 𝑓 .

(ii) The map 𝑞 is surjective.

Proof First assume that𝑚 satisfies the universal property of the image inclusion
of 𝑓 , and consider the composite function( ∑

(𝑦:𝐵) ∥fib𝑞 (𝑦)∥
)

𝐵 𝑋.

←→pr1 ←→𝑚

Note that 𝑚 ◦ pr1 is a composition of embeddings, so it is an embedding. By the
universal property of 𝑚 there is a unique map ℎ for which the triangle

𝐵
∑
(𝑦:𝐵) ∥fib𝑞 (𝑦)∥

𝑋

←

→𝑚

← →ℎ

←→

𝑚◦pr1
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commutes. Now note that pr1 ◦ ℎ is a map such that 𝑚 ◦ (pr1 ◦ ℎ) ∼ 𝑚. The
identity function is another map for which we have 𝑚 ◦ id ∼ 𝑚, so it follows
by uniqueness that pr1 ◦ ℎ ∼ id. In other words, the map ℎ is a section of the
projection map. Therefore we obtain by Corollary 13.2.3 a dependent function∏

(𝑏:𝐵) ∥fib𝑞 (𝑏)∥ ,

showing that 𝑞 is surjective.
For the converse, suppose that 𝑞 is surjective. To prove that 𝑚 satisfies the

universal property of the image factorization of 𝑓 , it suffices to construct a map

hom𝑋 ( 𝑓 , 𝑚′) → hom𝑋 (𝑚, 𝑚′),

for any embedding 𝑚′ : 𝐵′ → 𝑋 . To see that there is such an equivalence, we
make the following calculation

hom𝑋 (𝑚, 𝑚′) ≃
∏
(𝑏:𝐵)fib𝑚′ (𝑚(𝑏)) (By Exercise 13.15)

≃∏
(𝑎:𝐴)fib𝑚′ (𝑚(𝑞(𝑎))) (By Proposition 15.2.3)

≃∏
(𝑎:𝐴)fib𝑚′ ( 𝑓 (𝑎)) (By 𝑓 ∼ 𝑚 ◦ 𝑞)

≃ hom𝑋 ( 𝑓 , 𝑚′). (By Exercise 13.15)

□

Corollary 15.2.6 Every map factors uniquely as a surjective map followed by
an embedding.

Proof Consider a map 𝑓 : 𝐴→ 𝑋 , and two factorizations

𝐴 𝐵 𝐴 𝐵′

𝑋 𝑋

←→𝑞

←→

𝑓

←→

𝑖

←→𝑞
′

←→

𝑓

←→

𝑖′

of 𝑓 where 𝑚 and 𝑚′ are embeddings, and 𝑞 and 𝑞′ are surjective. Then
both 𝑚 and 𝑚′ satisfy the universal property of the image factorization of
𝑓 by Theorem 15.2.5. Now it follows by Theorem 15.1.8 that the type of
(𝑒, 𝐻) : hom𝑋 (𝑖, 𝑖′) in which 𝑒 is an equivalence, equipped with an identification

(𝑒, 𝐻) ◦ (𝑞, 𝐼) = (𝑞′, 𝐼 ′)

in hom𝑋 ( 𝑓 , 𝑖′), is contractible. □

15.3 Cantor’s diagonal argument
Now that we have introduced surjective maps, we are in position to give Cantor’s
famous diagonal argument, which he used to show that there are infinite sets
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of different cardinality. The diagonal argument gives a proof that there is no
surjective map from 𝑋 to its power set P(𝑋). The power set of a type 𝑋 is
of course defined with respect to a universe U, as the type of families of
propositions inU indexed by 𝑋 .

Definition 15.3.1 Consider a type 𝑋 , and a universeU. We define theU-power
set of 𝑋 to be

PU (𝑋) B 𝑋 → PropU .

Theorem 15.3.2 For any type 𝑋 and any universeU, there is no surjective
function

𝑓 : 𝑋 → PU (𝑋)

Proof Consider a function 𝑓 : 𝑋 → (𝑋 → PropU), and suppose that 𝑓 is
surjective. Following Cantor’s diagonalization argument, we define the subset
𝑃 : 𝑋 → PropU by

𝑃(𝑥) B ¬( 𝑓 (𝑥, 𝑥)).

Our goal is to reach a contradiction and 𝑓 is assumed to be surjective. Therefore,
it suffices to show that ∑(𝑥:𝑋) 𝑓 (𝑥) = 𝑃

 → ∅.
The empty type is a proposition, so by the universal property of the propositional
truncation it is equivalent to show that(∑

(𝑥:𝑋) 𝑓 (𝑥) = 𝑃
)
→ ∅.

Consider an element 𝑥 : 𝑋 equipped with an identification 𝑓 (𝑥) = 𝑃. Our goal
is to construct an element of the empty type, i.e, to reach a contradiction. By the
identification 𝑓 (𝑥) = 𝑃 it follows that

𝑓 (𝑥, 𝑦) ↔ 𝑃(𝑦)

for all 𝑦 : 𝑋 . In particular, it follows that 𝑓 (𝑥, 𝑥) ↔ 𝑃(𝑥). However, since 𝑃(𝑥) is
defined as ¬( 𝑓 (𝑥, 𝑥)), we obtain that 𝑓 (𝑥, 𝑥) ↔ ¬( 𝑓 (𝑥, 𝑥)). By Exercise 4.3 (a)
this gives us the desired contradiction. □
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Exercises
15.1 Consider a commuting triangle

𝐴 𝐵

𝑋

←→

𝑓

←→ℎ

←→

𝑔

where 𝑔 is an embedding.
(a) Show that if there is a morphism

𝐵 𝐴

𝑋
←→

𝑔

←→𝑘

←→

𝑓

over 𝑋 , then 𝑔 satisfies the universal property of the image of 𝑓 .
(b) Show that if 𝑓 is an embedding, then 𝑔 satisfies the universal

property of 𝑓 if and only if ℎ is an equivalence.
15.2 (a) Show that for any proposition 𝑃, the constant map

const★ : 𝑃→ 1

is an embedding. Use this fact to construct an equivalence(∑
(𝐴:U) 𝐴 ↩→ 1

)
≃ PropU .

(b) Consider a map 𝑓 : 𝐴 → 𝑃 into a proposition 𝑃. Show that the
following are equivalent:

(i) The map 𝑓 is a propositional truncation of 𝐴.
(ii) The constant map 𝑃 → 1 satisfies the universal property of

the image of the constant map 𝐴→ 1.
15.3 Consider a map 𝑓 : 𝐴→ 𝐵. Show that the following are equivalent:

(i) 𝑓 is an equivalence.
(ii) 𝑓 is both surjective and an embedding.

15.4 Consider a commuting triangle

𝐴 𝐵

𝑋

←→ℎ

←→

𝑓

←→

𝑔

with 𝐻 : 𝑓 ∼ 𝑔 ◦ ℎ.
(a) Show that if 𝑓 is surjective, then 𝑔 is surjective.
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(b) Show that if both 𝑔 and ℎ are surjective, then 𝑓 is surjective.
(c) As a converse to Exercise 12.11, show that if 𝑓 and ℎ are 𝑘-truncated,

then 𝑔 is also 𝑘-truncated.
15.5 Prove Lawvere’s fixed point theorem: For any two types 𝐴 and 𝐵, if

there is a surjective map 𝑓 : 𝐴→ 𝐵𝐴, then for any ℎ : 𝐵→ 𝐵 there exists
an 𝑥 : 𝐵 such that ℎ(𝑥) = 𝑥, i.e., show that(

∃( 𝑓 :𝐴→(𝐴→𝐵) ) is-surj( 𝑓 )
)
→

(
∀(ℎ:𝐵→𝐵)∃(𝑏:𝐵)ℎ(𝑏) = 𝑏

)
.

16 Finite types

16.1 Counting in type theory
When someone counts the elements of a finite set 𝐴, they go through the
elements of 𝐴 one by one, at each stage keeping track of how many elements
have been counted so far. This process results in the number |𝐴| of elements of
the set 𝐴, and moreover it gives a bĳection from the standard finite set with |𝐴|
elements. In other words, to count the elements of 𝐴 is to give an equivalence
from one of the standard finite sets to the set 𝐴. We turn this into a definition.

Definition 16.1.1 For each type 𝐴, we define the type

count(𝐴) B ∑
(𝑘:ℕ) (Fin𝑘 ≃ 𝐴).

The elements of count(𝐴) are called countings of 𝐴. When we have (𝑘, 𝑒) :
count(𝐴), we also say that 𝐴 has 𝑘 elements.

Note that the type count(𝐴) is often not a proposition. For instance, different
equivalences of type Fin𝑘 ≃ Fin𝑘 induce different elements of type count(Fin𝑘).

Example 16.1.2 It follows immediately from the definition of countings that
every standard finite type can be counted in a canonical way: For any 𝑘 : ℕ we
have (𝑘, id) : count(Fin𝑘). It also follows immediately from the definition of
countings that types equipped with countings are closed under equivalences.

Example 16.1.3 Suppose 𝐴 comes equipped with a counting (𝑘, 𝑒) : count(𝐴).
Then 𝑘 = 0 if and only if 𝐴 is empty. Indeed, the inverse of 𝑒 is a map
𝑒−1 : 𝐴→ ∅. Conversely, if we have 𝑓 : is-empty(𝐴), then the map 𝑓 : 𝐴→ ∅
is automatically an equivalence. This shows that Fin𝑘 ≃ ∅, and a short argument
by induction on 𝑘 yields that 𝑘 = 0.

Example 16.1.4 A type 𝐴 has one element if and only if it is contractible.
Indeed, the type Fin1 is contractible, so it follows from the 3-for-2 property of
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contractible types (Exercise 10.2) that there is an equivalence Fin1 ≃ 𝐴 if and
only if 𝐴 is contractible.

Example 16.1.5 A proposition 𝑃 comes equipped with a counting if and only if
it is decidable. To see this, note that for any type 𝑋 , if we have (𝑘, 𝑒) : count(𝑋),
then it follows that 𝑋 is decidable. This is shown by induction on 𝑘 . In the case
where 𝑘 = 0, it follows that 𝑋 is empty, and hence that 𝑋 is decidable. In the
case where 𝑘 is a successor, the bĳection 𝑒 : Fin𝑘 ≃ 𝑋 gives us the element
𝑒(★) : 𝑋 . Again we conclude that 𝑋 is decidable.

Conversely, if 𝑃 is decidable, then we can construct a counting of 𝑃 by case
analysis on 𝑑 : 𝑃 + ¬𝑃. If 𝑃 holds, then it is contractible and hence equivalent
to Fin1. If ¬𝑃 holds, then 𝑃 is equivalent to Fin0.

Remark 16.1.6 We also note that any type 𝐴 equipped with a counting
𝑒 : Fin𝑘 ≃ 𝐴 has decidable equality. This follows from Proposition 8.1.8, where
we showed that Fin𝑘 has decidable equality, for any 𝑘 : ℕ.

Theorem 16.1.7 We make the following claims about countings:

(i) Consider two types 𝐴 and 𝐵. The following are equivalent:

(a) Both 𝐴 and 𝐵 come equipped with a counting.
(b) The coproduct 𝐴 + 𝐵 comes equipped with a counting.

(ii) Consider a type family 𝐵 indexed by a type 𝐴. Consider the following
three conditions:

(a) The type 𝐴 comes equipped with a counting.
(b) The type 𝐵(𝑥) comes equipped with a counting, for each 𝑥 : 𝐴.
(c) The type

∑
(𝑥:𝐴) 𝐵(𝑥) comes equipped with a counting.

If (a) holds, then (b) holds if and only if (c) holds. Furthermore, if both
(b) and (c) hold and if 𝐵 comes equipped with a section 𝑓 :

∏
(𝑥:𝐴)𝐵(𝑥),

then (a) holds.
Consequently, if 𝑃 is a subtype of a type 𝐴 equipped with a counting,

then we have

count
(∑
(𝑥:𝐴)𝑃(𝑥)

)
↔∏

(𝑥:𝐴) is-decidable(𝑃(𝑥)).

Proof We will first prove the forward direction of (i). Then we will prove both
claims in (ii), and we will prove the reverse direction of claim (i) last.

For the forward direction of claim (i), suppose we have equivalences 𝑒 :
Fin𝑘 ≃ 𝐴 and 𝑓 : Fin𝑙 ≃ 𝐵. The equivalences 𝑒 and 𝑓 induce via Exercises 9.6
and 9.8 a composite equivalence

𝐴 + 𝐵 Fin𝑘 + Fin𝑙 Fin𝑘+𝑙 ,←→≃ ←→≃
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from which we obtain an element of type count(𝐴 + 𝐵).
Next, we will prove the forward direction in the first claim of (ii), i.e., we will

prove that if 𝐴 comes equipped with an equivalence 𝑒 : Fin𝑘 ≃ 𝐴, and if 𝐵 is a
family of types over 𝐴 equipped with

𝑓 :
∏
(𝑥:𝐴)count(𝐵(𝑥)),

then the total space
∑
(𝑥:𝐴) 𝐵(𝑥) also has a counting. The proof is by induction

on 𝑘 . Note that in the base case, where 𝑘 = 0, the type
∑
(𝑥:𝐴) 𝐵(𝑥) is empty, so

it has a counting. For the inductive step, note Σ distributes from the right over
coproducts. This gives an equivalence∑

(𝑥:𝐴)𝐵(𝑥) ≃
∑
(𝑥:Fin𝑘+1 )𝐵(𝑒(𝑥))

≃
(∑
(𝑥:Fin𝑘 )𝐵(𝑒(inl(𝑥)))

)
+ 𝐵(𝑒(inr(★))).

The type
∑
(𝑥:Fin𝑘 ) 𝐵(𝑒(inl(𝑥))) has a counting by the inductive hypothesis, and

the type 𝐵(𝑒(inr(★))) has a counting by assumption. Therefore, it follows that
the total space

∑
(𝑥:𝐴) 𝐵(𝑥) has a counting.

Now we will prove the converse direction of the first claim in (ii). Suppose
that 𝐴 comes equipped with 𝑒 : Fin𝑘 ≃ 𝐴, and that

∑
(𝑥:𝐴) 𝐵(𝑥) comes equipped

with 𝑓 : Fin𝑙 ≃
∑
(𝑥:𝐴) 𝐵(𝑥). By Example 16.1.5 it suffices to show that, for

𝑎 : 𝐴, the type 𝐵(𝑎) is a decidable subtype of
∑
(𝑥:𝐴) 𝐵(𝑥). Consider the map

𝑖 : 𝐵(𝑎) → ∑
(𝑥:𝐴)𝐵(𝑥)

given by 𝑏 ↦→ (𝑎, 𝑏). For (𝑥, 𝑦) :
∑
(𝑥:𝐴) 𝐵(𝑥), we have the equivalences

fib𝑖 (𝑥, 𝑦) ≃
∑
(𝑏:𝐵(𝑎) ) (𝑎, 𝑏) = (𝑥, 𝑦)

≃ ∑
(𝑏:𝐵(𝑎) )

∑
(𝑝:𝑎=𝑥 ) tr𝐵 (𝑝, 𝑏) = 𝑦

≃ ∑
(𝑝:𝑎=𝑥 )fibtr𝐵 (𝑝) (𝑦)

≃ 𝑎 = 𝑥.

Here we used that tr𝐵 (𝑝) is an equivalence, and therefore has contractible fibers.
Now note that the type 𝑎 = 𝑥 is a decidable proposition by Remark 16.1.6.

Next, we will prove the second claim in (ii). Suppose that 𝐵 is a family over
𝐴 that comes equipped with a section 𝑏 :

∏
(𝑥:𝐴)𝐵(𝑥), and suppose that each

𝐵(𝑥) has a counting, and that the total space
∑
(𝑥:𝐴) 𝐵(𝑥) has a counting. Then

we have a map
𝑔 : 𝐴→ ∑

(𝑥:𝐴)𝐵(𝑥)

given by 𝑎 ↦→ (𝑎, 𝑏(𝑎)). The fibers of 𝑔 can be computed by the following
equivalences:

fib𝑔 (𝑥, 𝑦) ≃
∑
(𝑎:𝐴) (𝑎, 𝑏(𝑎)) = (𝑥, 𝑦)
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≃ ∑
(𝑎:𝐴)

∑
(𝑝:𝑎=𝑥 ) tr𝐵 (𝑝, 𝑏(𝑎)) = 𝑦

≃ tr𝐵 (𝑝, 𝑏(𝑥)) = 𝑦.

Note that the type tr𝐵 (𝑝, 𝑏(𝑥)) = 𝑦 is a decidable proposition by Remark 16.1.6.
Now it follows by the forward direction of the first claim in (ii) that 𝐴 has a
counting.

It remains to prove the converse direction of (i). Note that the forward direction
of the first claim in (ii) implies that countings on a type 𝑋 induce countings on
any decidable subtype of 𝑋 . Note that both 𝐴 and 𝐵 are decidable subtypes of
the coproduct 𝐴 + 𝐵. Any counting of 𝐴 + 𝐵 therefore induces countings of 𝐴
and of 𝐵. □

Corollary 16.1.8 Consider two types 𝐴 and 𝐵. We make two claims:

(i) If both 𝐴 and 𝐵 come equipped with a counting, then the product 𝐴 × 𝐵
has a counting.

(ii) If the product 𝐴 × 𝐵 comes equipped with a counting, then we have two
functions

𝐵→ count(𝐴)
𝐴→ count(𝐵).

Proof The first claim follows from (ii) (ii)(a) in Theorem 16.1.7, and the
second claim follows from (ii) (ii)(b) in Theorem 16.1.7. □

16.2 Double counting in type theory
In combinatorics, counting arguments often proceed by showing that two finite
sets are isomorphic—or, in the language of type theory, by showing that two
finite types are equivalent. The idea here is, of course, that when we count the
elements of a type twice correctly, then both countings must result in the same
number. However, this is something that we must prove before we can use it. In
other words, we must show that

(Fin𝑘 ≃ Fin𝑙) → (𝑘 = 𝑙)

for any two natural numbers 𝑘 and 𝑙. We will prove this claim as a consequence
of the following general fact.

Proposition 16.2.1 For any two types 𝑋 and 𝑌 , there is a map

(𝑋 + 1 ≃ 𝑌 + 1) → (𝑋 ≃ 𝑌 ).

mailto:egbert.rijke@fmf.uni-lj.si
https://hott.zulipchat.com


This material will be published by Cambridge University Press as Introduction to Homotopy Type Theory by Egbert Rĳke. This pre-publication
version is free to view and download for personal use only. Not for re-distribution, re-sale or use in derivative works. © Egbert Rĳke 2020

The best way to support this book while it is still being prepared for publication, is to let the author know if you find inaccuracies of any kind at
Q egbert.rĳke@fmf.uni-lj.si, or at the homotopy type theory chat at  https://hott.zulipchat.com.

There are 306 exercises.

Ljubljana, April 8, 2022

196 The Univalent Foundations for Mathematics

Proof We prove the claim in four steps. We will write 𝑖 for inl : 𝑋 → 𝑋 + 1
and also for inl : 𝑌 → 𝑌 + 1, and we will write ★ for inr(★) : 𝑋 + 1 and also for
inr(★) : 𝑌 + 1.

(i) We first show that for any equivalence 𝑒 : 𝑋 + 1 ≃ 𝑌 + 1 and any 𝑥 : 𝑋
equipped with an identification 𝑝 : 𝑒(𝑖(𝑥)) = ★, that there is an element

star-value(𝑒, 𝑥, 𝑝) : 𝑌

equipped with an identification

𝛼 : 𝑖(star-value(𝑒, 𝑥, 𝑝)) = 𝑒(★).

To see this, note that the map 𝑒 is injective. The elements 𝑖(𝑥) and ★ are
distinct, so it follows that the elements 𝑒(𝑖(𝑥)) and 𝑒(★) are distinct. In
particular, we have 𝑒(★) ≠ ★. Therefore it follows that there is an element
𝑦 : 𝑌 equipped with an identification 𝑖(𝑦) = 𝑒(★).

(ii) Next, we construct for every equivalence 𝑒 : 𝑋 + 1 ≃ 𝑌 + 1 a map
𝑓 : 𝑋 → 𝑌 equipped with identifications

𝛽 :
∏
(𝑦:𝑌 ) (𝑒(𝑖(𝑥)) = 𝑖(𝑦)) → ( 𝑓 (𝑥) = 𝑦)

𝛾 :
∏
(𝑝:𝑒 (𝑖 (𝑥 ) )=★) 𝑓 (𝑥) = star-value(𝑒, 𝑥, 𝑝).

In order to construct the map 𝑓 : 𝑋 → 𝑌 , we first construct a dependent
function

𝑓 ′ :
∏
(𝑥:𝑋)

∏
(𝑢:𝑌+1) ((𝑒(𝑖(𝑥)) = 𝑢) → 𝑌 ).

This function is defined by pattern matching on 𝑢, by

𝑓 ′ (𝑥, 𝑖(𝑦), 𝑝) B 𝑦

𝑓 ′ (𝑥,★, 𝑝) B star-value(𝑒, 𝑥, 𝑝)

Then we define 𝑓 (𝑥) := 𝑓 ′ (𝑥, 𝑒(𝑖(𝑥)), refl). By the definition of 𝑓 ′ it then
follows that we have an identification

𝑓 (𝑥) � 𝑓 ′ (𝑥, 𝑒(𝑖(𝑥)), refl)
= 𝑓 ′ (𝑥, 𝑖(𝑦), 𝑝)
� 𝑦

for any 𝑦 : 𝑌 and 𝑝 : 𝑒(𝑖(𝑥)) = 𝑖(𝑦), and that we have an identification

𝑓 (𝑥) � 𝑓 ′ (𝑥, 𝑒(𝑖(𝑥)), refl)
= 𝑓 ′ (𝑥,★, 𝑝)
� star-value(𝑒, 𝑥, 𝑝)

for any 𝑝 : 𝑒(𝑖(𝑥)) = ★.
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(iii) The inverse function 𝑔 : 𝑌 → 𝑋 is constructed in the same way as the
function 𝑓 : 𝑋 → 𝑌 , using the equivalence 𝑒−1 : 𝑌 + 1 ≃ 𝑋 + 1. This
function comes equipped with

𝛿 :
∏
(𝑥:𝑋) (𝑒−1 (𝑖(𝑦)) = 𝑖(𝑥)) → (𝑔(𝑦) = 𝑥)

Y :
∏
(𝑝:𝑒−1 (𝑖 (𝑦) )=★)𝑔(𝑦) = star-value(𝑒−1, 𝑦, 𝑝).

(iv) It remains to show that 𝑓 and 𝑔 are inverse to each other. The proof that 𝑔
is a retraction of 𝑓 is similar to the proof that 𝑔 is a section of 𝑓 , so we will
only prove the latter. In other words, we will construct an identification

𝑓 (𝑔(𝑦)) = 𝑦

for any 𝑦 : 𝑌 . The proof is by case analysis on (𝑒−1 (𝑖(𝑦)) = ★) +
(𝑒−1 (𝑖(𝑦)) ≠ ★). In the case where 𝑝 : 𝑒−1 (𝑖(𝑦)) = ★, we have the
identification

Y(𝑝) : 𝑔(𝑦) = star-value(𝑒−1, 𝑦, 𝑝).

Furthermore, we have the identification

𝛾(𝑞) : 𝑓 (𝑔(𝑦)) = star-value(𝑒, 𝑔(𝑦), 𝑞),

where 𝑞 : 𝑒(𝑖(𝑔(𝑦))) = ★ is the composite of the identifications

𝑒(𝑖(𝑔(𝑦))) = 𝑒(𝑖(star-value(𝑒−1, 𝑦, 𝑝)))
= 𝑒(𝑒−1 (★))
= ★.

Using the identification 𝛾(𝑞), we obtain

𝑖( 𝑓 (𝑔(𝑦))) = 𝑖(star-value(𝑒, 𝑔(𝑦), 𝑞))
= 𝑒(★)
= 𝑒(𝑒−1 (𝑖(𝑦)))
= 𝑖(𝑦).

Since 𝑖 : 𝑌 → 𝑌 + 1 is injective, it follows that 𝑓 (𝑔(𝑦)) = 𝑦. □

Theorem 16.2.2 For any two natural numbers 𝑘 and 𝑙, there is a map

(Fin𝑘 ≃ Fin𝑙) → (𝑘 = 𝑙).

Proof The proof is by induction on 𝑘 and 𝑙. In the base case, where both 𝑘
and 𝑙 are zero, the claim is obvious. If 𝑘 is zero and 𝑙 is a successor, then we
have 0 : Fin𝑙 . Any equivalence 𝑒 : Fin𝑘 ≃ Fin𝑙 now gives us the element

𝑒−1 (0) : ∅,
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which is of course absurd. Similarly, if 𝑘 is a successor and 𝑙 is zero, we obtain
𝑒(0) : ∅, which is again absurd. If both 𝑘 and 𝑙 are a successor, then we have by
Proposition 16.2.1 the composite

(Fin𝑘+1 ≃ Fin𝑙+1) (Fin𝑘 ≃ Fin𝑙) (𝑘 = 𝑙) (𝑘 + 1 = 𝑙 + 1).←→ ←→ ←→ □

16.3 Finite types
The type of all finite types is the subtype of the base universeU0 consisting of
all types 𝑋 for which there exists an unspecified equivalence Fin𝑘 ≃ 𝑋 for some
𝑘 : ℕ.

Definition 16.3.1 A type 𝑋 is said to be finite if it comes equipped with an
element of type

is-finite(𝑋) B
∑(𝑘:ℕ)Fin𝑘 ≃ 𝑋


The type 𝔽 of all finite types is defined to be

𝔽 :=
∑
(𝑋:U0 ) is-finite(𝑋).

In other words, the type 𝔽 of finite types is the image of the map Fin : ℕ→U0.
We also define the type 𝔽𝑘 of 𝑘-element types by

𝔽𝑘 B
∑
(𝑋:U0 ) ∥Fin𝑘 ≃ 𝑋 ∥ .

Remark 16.3.2 It follows directly from the definition of finiteness that any
type 𝑋 equipped with a counting is finite. In particular, any Fin𝑘 is finite.
Furthermore, it follows that if 𝑋 is equivalent to a finite type 𝑌 , then 𝑋 is also
finite. Indeed, we can use the functoriality of the propositional truncation to
obtain a function ∑(𝑘:ℕ)Fin𝑘 ≃ 𝑌

 → ∑(𝑘:ℕ)Fin𝑘 ≃ 𝑋


from a map
( ∑
(𝑘:ℕ) Fin𝑘 ≃ 𝑌

)
→

( ∑
(𝑘:ℕ) Fin𝑘 ≃ 𝑋 . Given an equivalence

𝑒 : 𝑋 ≃ 𝑌 , such a map is given as the map induced on total spaces from the
family of maps 𝑓 ↦→ 𝑒−1 ◦ 𝑓 .

Similarly, it follows that any finite type has decidable equality, and that every
finite type is a set.

In the following proposition we will show that each finite type can be assigned
a unique cardinality.

Theorem 16.3.3 For any type 𝑋 , consider the type is-finite′ (𝑋) defined by

is-finite′ (𝑋) B ∑
(𝑘:ℕ) ∥Fin𝑘 ≃ 𝑋 ∥ .
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Then the type is-finite′ (𝑋) is a proposition, and there is an equivalence

is-finite(𝑋) ↔ is-finite′ (𝑋).

If 𝑋 is a finite type, then the unique number 𝑘 such that ∥Fin𝑘 ≃ 𝑋 ∥ is the
cardinality of 𝑋 . We write |𝑋 | for the cardinality of 𝑋 .

Proof We first prove the claim that the type is-finite′ (𝑋) is a proposition. In
other words, we need to show that any two natural numbers 𝑘 and 𝑘 ′ for which
there are respective elements of the types ∥Fin𝑘 ≃ 𝑋 ∥ and ∥Fin𝑘′ ≃ 𝑋 ∥ , can be
identified.

Since the type of natural numbers is a set, the type 𝑘 = 𝑘 ′ is a proposition.
Therefore, we may assume that we have equivalences Fin𝑘 ≃ 𝑋 and Fin𝑘′ ≃ 𝑋 .
Consequently, we have an equivalence Fin𝑘 ≃ Fin𝑘′ . Now it follows from
Theorem 16.2.2 that 𝑘 = 𝑘 ′.

The second claim is that the propositions is-finite(𝑋) and is-finite′ (𝑋) are
equivalent, which we will show by constructing functions back and forth. Since
we have shown that the type is-finite′ (𝑋) is a proposition, we obtain a map
is-finite(𝑋) → is-finite′ (𝑋) via the universal property of the propositional
truncation, from the map(∑

(𝑘:ℕ)Fin𝑘 ≃ 𝑋
)
→ ∑

(𝑘:ℕ) ∥Fin𝑘 ≃ 𝑋 ∥

given by (𝑘, 𝑒) ↦→ (𝑘, [(𝑒)).
To construct a map is-finite′ (𝑋) → is-finite(𝑋), it suffices to construct a map

∥Fin𝑘′ ≃ 𝑋 ∥ →
∑(𝑘:ℕ)Fin𝑘 ≃ 𝑋


for each 𝑘 ′ : ℕ. Again by the universal property of the propositional truncation,
we obtain this map from the function

(Fin𝑘′ ≃ 𝑋) →
∑(𝑘:ℕ)Fin𝑘 ≃ 𝑋


given by 𝑒 ↦→ [(𝑘 ′, 𝑒). □

Corollary 16.3.4 There is an equivalence

𝔽 ≃ ∑
(𝑘:ℕ)𝔽𝑘 .

Proof This equivalence can be obtained by composing the equivalences∑
(𝑋:U0 ) is-finite(𝑋) ≃ ∑

(𝑋:U0 )
∑
(𝑘:ℕ) ∥Fin𝑘 ≃ 𝑋 ∥

≃ ∑
(𝑘:ℕ)

∑
(𝑋:U0 ) ∥Fin𝑘 ≃ 𝑋 ∥ . □

We now aim to extend Theorem 16.1.7 to obtain some closure properties of
finite types. Before we do so, we prove the finite principle of choice.
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Proposition 16.3.5 Consider a type family 𝐵 over a finite type 𝐴. Then there
is a map (∏

(𝑥:𝐴) ∥𝐵(𝑥)∥
)
→

∏ (𝑥:𝐴)𝐵(𝑥)


Proof Note that the type
∏ (𝑥:𝐴)𝐵(𝑥)

 is a proposition. Therefore we may
assume that the type 𝐴 comes equipped with a counting 𝑒 : Fin𝑘 ≃ 𝐴. By this
equivalence, it suffices to show that for every type family 𝐵 over Fin𝑘 , there is a
map (∏

(𝑥:Fin𝑘 ) ∥𝐵(𝑥)∥
)
→

∏ (𝑥:Fin𝑘 )𝐵(𝑥)
.

We proceed by induction on 𝑘 . In the base case, Fin𝑘 is empty and therefore the
type

∏
(𝑥:𝐹𝑖𝑛𝑘 )𝐵(𝑥) is contractible. The asserted function therefore exists.

For the inductive step, note that by the dependent universal property of
coproducts (Exercise 13.9) we have the equivalences(∏

(𝑥:Fin𝑘+1 ) ∥𝐵(𝑥)∥
)
≃
(∏

(𝑥:Fin𝑘 ) ∥𝐵(𝑖(𝑥))∥
)
× ∥𝐵(★)∥∏ (𝑥:Fin𝑘 )𝐵(𝑥)

 ≃ (∏ (𝑥:Fin𝑘 )𝐵(𝑖(𝑥))
)
× 𝐵(★)

.
Recall from Exercise 14.3 that ∥𝑋 × 𝑌 ∥ ≃ ∥𝑋 ∥ × ∥𝑌 ∥ for any two types 𝑋 and
𝑌 . We use this fact, along with the inductive hypothesis, to finish the proof. □

Theorem 16.3.6

(i) For any two types 𝑋 and 𝑌 , the following are equivalent:

(a) Both 𝑋 and 𝑌 are finite.
(b) The coproduct 𝑋 + 𝑌 is finite.

(ii) For any two types 𝑋 and 𝑌 , we make two claims:

(a) If both 𝑋 and 𝑌 are finite, then the cartesian product 𝑋 ×𝑌 is finite.
(b) If the type 𝑋 × 𝑌 is finite, then we have two functions

𝑌 → is-finite(𝑋)
𝑋 → is-finite(𝑌 ).

(iii) Consider a type family 𝐵 over 𝐴, and consider the following three
conditions:

(a) The type 𝐴 is finite.
(b) The type 𝐵(𝑥) is finite for each 𝑥 : 𝐴.
(c) The type

∑
(𝑥:𝐴) 𝐵(𝑥) is finite.
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If (a) holds, then (b) is equivalent to (c). Moreover, if (b) and (c) hold,
then (a) holds if and only if 𝐴 is a set and the type

∑
(𝑥:𝐴) ¬𝐵(𝑥) is finite.

Furthermore, if (b) and (c) hold and 𝐵 has a section, then (a) holds.

Proof To prove claim (i), first suppose that both 𝑋 and 𝑌 are finite. Since
the type is-finite(𝑋 + 𝑌 ) is a proposition, we may assume that 𝑋 and 𝑌 come
equipped with countings. It follows from Theorem 16.1.7 that 𝑋 + 𝑌 has a
counting, so it is finite. Conversely, suppose that the type 𝑋 + 𝑌 is finite. Since
the types is-finite(𝑋) and is-finite(𝑌 ) are both propositions, we may assume that
the coproduct 𝑋 + 𝑌 comes equipped with a counting. Again it follows from
Theorem 16.1.7 that the types 𝑋 and 𝑌 have countings, so they are finite.

The proof of claim (ii) is similar to the proof of claim (i), hence we omit it.
It remains to prove claim (iii). First, suppose that the type 𝐴 is finite, and that

each 𝐵(𝑥) is finite. By Proposition 16.3.5 we have a map(∏
(𝑥:𝐴) is-finite(𝐵(𝑥))

)
→

∏ (𝑥:𝐴)count(𝐵(𝑥))
.

Since our goal is to construct an element of a proposition, we may therefore
assume that each 𝐵(𝑥) comes equipped with a counting. We may also assume
that 𝐴 comes equipped with a counting. It follows from Theorem 16.1.7 that the
type

∑
(𝑥:𝐴) 𝐵(𝑥) has a counting, so it is finite.

Next, assume that 𝐴 is finite and that the type
∑
(𝑥:𝐴) 𝐵(𝑥) is finite, and

let 𝑎 : 𝐴. The type is-finite(𝐵(𝑎)) is a proposition, so we may assume that
the types 𝐴 and

∑
(𝑥:𝐴) 𝐵(𝑥) come equipped with countings. It follows from

Theorem 16.1.7 that 𝐵(𝑎) has a counting, so it is finite.
The final claim has two parts. First, assume that each 𝐵(𝑥) is finite, that the type∑
(𝑥:𝐴) 𝐵(𝑥) is finite, and that the type family 𝐵 has a section 𝑓 :

∏
(𝑥:𝐴)𝐵(𝑥).

It follows that the map

𝐴→ ∑
(𝑥:𝐴)𝐵(𝑥)

given by 𝑥 ↦→ (𝑥, 𝑓 (𝑥)) is a decidable embedding, because the fiber at (𝑥, 𝑦) of
this map is equivalent to the identity type 𝑓 (𝑥) = 𝑦 in 𝐵(𝑥), which is a decidable
proposition. It follows from the fact that (a) and (b) together imply (c) that 𝐴 is
finite.

For the remaining part of the final claim, assume that 𝐴 is a set. Note that the
assumption that each 𝐵(𝑥) is finite implies that each 𝐵(𝑥) is either inhabited or
empty. It follows that we have an equivalence

𝐴 ≃
(∑
(𝑥:𝐴) ∥𝐵(𝑥)∥

)
+
(∑
(𝑥:𝐴)¬𝐵(𝑥)

)
.

We assume that the type
∑
(𝑥:𝐴) ¬𝐵(𝑥) is finite. In order to show that 𝐴 is finite,

it therefore suffices to show that the type
∑
(𝑥:𝐴) ∥𝐵(𝑥)∥ is finite. Without loss
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of generality, we assume that each 𝐵(𝑥) is inhabited. To finish the proof, it
suffices to show that there is an element of type∏ (𝑥:𝐴)𝐵(𝑥)


using the assumption that

∏
(𝑥:𝐴) ∥𝐵(𝑥)∥ . To construct such an element, we may

assume a counting 𝑒 : Fin𝑘 ≃
∑
(𝑥:𝐴) 𝐵(𝑥). We claim that there is a function

∥𝐵(𝑎)∥ → 𝐵(𝑎),

i.e., that the type 𝐵(𝑎) satisfies the principle of global choice of Remark 14.4.2
for each 𝑎 : 𝐴. Recall from Example 14.4.1 that the decidable subtypes of
Fin𝑘 satisfy global choice. Therefore it also follows that the decidable subtypes
of

∑
(𝑥:𝐴) 𝐵(𝑥) satisfy global choice. Thus, it suffices to show that 𝐵(𝑥) is a

decidable subtype of
∑
(𝑥:𝐴) 𝐵(𝑥).

The assumption that 𝐴 is a set implies by Exercise 12.13 that the fiber inclusion
𝑖𝑎 : 𝐵(𝑎) → ∑

(𝑥:𝐴) 𝐵(𝑥) is an embedding for each 𝑎 : 𝐴. Furthermore, we note
that we have the following equivalence computing the fibers of 𝑖𝑎 at (𝑥, 𝑦):(∑

(𝑧:𝐵(𝑎) ) (𝑎, 𝑧) = (𝑥, 𝑦)
)
≃ (𝑎 = 𝑥).

The type on the left hand side is decidable, so it follows that the type 𝐴 has
decidable equality. We conclude that each 𝐵(𝑎) is a decidable subtype of∑
(𝑥:𝐴) 𝐵(𝑥). □

Theorem 16.3.7 Consider a universeU. The subuniverse∑
(𝑋:U) is-finite(𝑋)

of finite types in U is the least subuniverse that contains ∅, 1, and is closed
under coproducts.

Exercises
16.1 Suppose that 𝐴 is a retract of 𝐵. Show that count(𝐵) → count(𝐴).

Conclude that is-finite(𝐵) → is-finite(𝐴).
16.2 (a) Consider a family of decidable types 𝐴𝑖 indexed by a finite type 𝐼.

Show that the dependent product∏
(𝑖:𝐼 ) 𝐴𝑖

is decidable.
(b) Show that is-emb( 𝑓 ) is decidable, for any map 𝑓 : 𝐼 → 𝐽 between

finite types.
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(c) Show that is-surj( 𝑓 ) is decidable, for any map 𝑓 : 𝐼 → 𝐽 between
finite types.

(d) Show that is-equiv( 𝑓 ) is decidable, for any map 𝑓 : 𝐼 → 𝐽 between
finite types.

16.3 Consider a finite type 𝑋 .
(a) Show that any embedding 𝑓 : 𝑋 → 𝑋 is an equivalence.
(b) Show that any surjective map 𝑓 : 𝑋 → 𝑋 is an equivalence.

16.4 (a) Construct an equivalence Fin𝑛𝑚 ≃ (Fin𝑚 → Fin𝑛). Conclude that
if 𝐴 and 𝐵 are finite types, then 𝐴→ 𝐵 is finite.

(b) Construct an equivalence Fin𝑛! ≃ (Fin𝑛 ≃ Fin𝑛). Conclude that if
𝐴 is finite, then 𝐴 ≃ 𝐴 is finite.

16.5 (a) Consider a set 𝐴 and an arbitrary type 𝐵. Show that any embedding
𝐴 ↩→ 𝐵 factors uniquely through the embedding (1 ↩→ 𝐵) ↩→ 𝐵

given by 𝑒 ↦→ 𝑒(★).
(b) A map 𝑓 : 𝐴 → 𝐵 is said to be decidable if the type fib 𝑓 (𝑏) is

decidable for all 𝑏 : 𝐵. Write 𝐴 ↩→d 𝐵 for the type of decidable
embeddings from 𝐴 to 𝐵. Show that for any type 𝐴 with decidable
equality and an arbitrary type 𝐵, any embedding 𝐴 ↩→ 𝐵 factors
uniquely through the embedding (1 ↩→d 𝐵) ↩→ 𝐵.

(c) (Escardó) For any two types 𝐴 and 𝐵, construct an equivalence

((𝐴 + 1) ≃ (𝐵 + 1)) ≃ (1 ↩→d (𝐵 + 1)) × (𝐴 ≃ 𝐵).

16.6 (a) For any two types 𝐴 and 𝐵, construct an equivalence

((𝐴 + 1) ↩→d (𝐵 + 1)) ≃ (1 ↩→d (𝐵 + 1)) × (𝐴 ↩→d 𝐵).

(b) Construct an equivalence Fin(𝑛)𝑚 ≃ (Fin𝑚 ↩→ Fin𝑛), where (𝑛)𝑚
is the 𝑚-th falling factorial of 𝑛, which is defined recursively by

(0)0 B 1 (0)𝑚+1 B 0
(𝑛 + 1)0 B 1 (𝑛 + 1)𝑚+1 B (𝑛 + 1) (𝑛)𝑚.

Conclude that if 𝐴 and 𝐵 are finite with cardinality 𝑚 and 𝑛, then
the type 𝐴 ↩→ 𝐵 is finite with candinality (𝑛)𝑚.

16.7 (a) Consider an arbitrary type 𝐴 and a type 𝐵 with decidable equality.
Construct an equivalence

((𝐴 + 1) ↠ (𝐵 + 1)) ≃ (𝐵 + 1) × (𝐴 ↠ 𝐵) + (𝐴 ↠ 𝐵 + 1).

(b) Construct an equivalence FinS(𝑚,𝑛) ≃ (Fin𝑚 ↠ Fin𝑛), where
S(𝑚, 𝑛) is defined recursively by

S(0, 0) B 1
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S(0, 𝑛 + 1) B 0
S(𝑚 + 1, 0) B 0

S(𝑚 + 1, 𝑛 + 1) B (𝑛 + 1)S(𝑚, 𝑛) + S(𝑚, 𝑛 + 1).

Conclude that if 𝐴 and 𝐵 are finite with cardinality 𝑚 and 𝑛, then
the type 𝐴 ↠ 𝐵 is finite with cardinality S(𝑚, 𝑛). Note: the number
S(𝑚, 𝑛) is 𝑛!

{
𝑚
𝑛

}
, where

{
𝑚
𝑛

}
is the Stirling number of the second

kind at (𝑚, 𝑛).
16.8 Consider a surjective map 𝑓 : 𝑋 → 𝑌 , and suppose that 𝑋 is finite. Show

that the following are equivalent:
(i) The type 𝑌 has decidable equality.
(ii) The type 𝑌 is finite.

16.9 Consider a family 𝐵 of types over 𝐴.
(a) Show that if 𝐴 is finite and if each 𝐵(𝑥) is finite, then the type∏

(𝑥:𝐴)𝐵(𝑥)

is finite.
(b) Show that if 𝐴 is finite and if

∏
(𝑥:𝐴)𝐵(𝑥) is finite, then we have(∏

(𝑥:𝐴) ∥𝐵(𝑥)∥
)
→

(∏
(𝑥:𝐴) is-finite(𝐵(𝑥))

)
.

(c) Show that if
∏
(𝑥:𝐴)𝐵(𝑥) is finite and if each 𝐵(𝑥) is finite, then 𝐴

is finite if and only if the following three conditions hold:
(i) 𝐴 has decidable equality.
(ii) The type ∑

(𝑥:𝐴) |𝐵(𝑥) | ≤ 1

is finite.
(iii) The type ∏

(𝑥:𝐴) (2 ≤ |𝐵(𝑥) |) → 𝐵(𝑥)

is finite.
16.10 Consider two arbitrary types 𝐴 and 𝐵. For any 2-element type 𝑋 , construct

an equivalence

(𝐴 + 𝐵)𝑋 ≃ 𝐴𝑋 + 𝑋 × (𝐴 × 𝐵) + 𝐵𝑋 .

16.11 Consider two finite types 𝑋 and 𝑌 with 𝑚 and 𝑛 elements, respectively,
and let 𝑓 : 𝑋 → 𝑌 be a map.

(a) Show that
is-inj( 𝑓 ) → (𝑚 ≤ 𝑛).
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(b) Prove the pigeonhole principle, i.e., show that

(𝑛 > 𝑚) → ∃(𝑥,𝑥′:𝑋) (𝑥 ≠ 𝑥′) × ( 𝑓 (𝑥) = 𝑓 (𝑥′)).

(c) Show that there is no embedding ℕ ↩→ Fin𝑘 , for any 𝑘 : ℕ.

16.12 A unital magma consists of a type 𝐴 equipped with an element 𝑒 : 𝐴
and a binary operation ` : 𝐴 → (𝐴 → 𝐴) such that `(𝑒, 𝑦) = 𝑦 and
`(𝑥, 𝑒) = 𝑥 for each 𝑥, 𝑦 : 𝐴.

(a) Let (𝐴, 𝑒, `, 𝛼, 𝛽) be a unital magma. Show that for any type 𝑋
equipped with a counting 𝑓 : Fin𝑘 ≃ 𝑋 , the binary operation ` can
be extended to an operation

¯̀𝑋 : (𝑋 → 𝐴) → 𝐴.

(b) Show that if the unital magma (𝐴, 𝑒, `, 𝛼, 𝛽) is associative, then
the family of operations ¯̀ is associative in the sense that there is an
identification

¯̀𝑋 (_𝑥. ¯̀𝑌 (𝑥 ) ( 𝑓 (𝑥))) = ¯̀∑(𝑥:𝑋) 𝑌 (𝑥 ) (indΣ ( 𝑓 )).

for any family 𝑌 of types equipped with countings indexed by a type
𝑋 equiped with a counting, and any 𝑓 :

∏
(𝑥:𝑋)𝑌 (𝑥) → 𝐴.

17 The univalence axiom

The univalence axiom characterizes the identity type of a universe. Roughly
speaking, it asserts that equivalent types are equal. By the fundamental theorem
of identity types, Theorem 11.2.2, it is immediate that the univalence axiom
comes in three equivalent forms:

(i) The univalence axiom itself.
(ii) The total space of equivalences from 𝐴 into any type inU is contractible.
(iii) The type family 𝐴 ≃ 𝑋 indexed by 𝑋 : U is an identity system. The

induction principle that we obtain is called equivalence induction.

The univalence axiom is due to Voevodsky, who also showed that it is modeled
in the simplicial sets. He also showed, in one of his first applications, that the
univalence axiom implies function extensionality.

17.1 Equivalent forms of the univalence axiom
Theorem 17.1.1 Consider a universeU. The following are equivalent:
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(i) The universeU is univalent: For any two types 𝐴, 𝐵 : U, the map

equiv-eq : (𝐴 = 𝐵) → (𝐴 ≃ 𝐵)

given by equiv-eq(refl) := id, is an equivalence.
(ii) The type ∑

(𝐵:U) 𝐴 ≃ 𝐵

is contractible for each 𝐴 : U.
(iii) For any type 𝐴 : U, the family of types 𝐴 ≃ 𝑋 indexed by 𝑋 : U is an

identity system onU. In other words, the universeU satisfies the principle
of equivalence induction: For every 𝐴 : U and for every type family of
types 𝑃(𝑋, 𝑒) indexed by 𝑋 : U and 𝑒 : 𝐴 ≃ 𝑋 , the map(∏

(𝑋:U)
∏
(𝑒:𝐴≃𝑋)𝑃(𝑋, 𝑒)

)
→ 𝑃(𝐴, id)

given by 𝑓 ↦→ 𝑓 (𝐴, id) has a section.

Proof The claim is a special case of Theorem 11.2.2, the fundamental theorem
of identity types. □

Axiom 17.1.2 (The univalence axiom) We will assume that all the universes
generated by Postulate 6.2.1 are univalent. Given a univalent universeU, we
will write eq-equiv for the inverse of equiv-eq.1

An important direct consequence of the univalence axiom is the principle
of propositional extensionality. This principle asserts that any two logically
equivalent propositions 𝑃 and 𝑄 can be identified. Propositional extensionality
is sometimes assumed in formal systems without the univalence axiom.

In order to prove propositional extensionality, we first observe that the
univalence axiom also characterises the identity type of any subuniverse.

Proposition 17.1.3 Consider a universeU, and let 𝑃 be a family of propositions
overU. Then the family of maps

equiv-eq : (𝐴 = 𝐵) → (pr1 (𝐴) ≃ pr1 (𝐵))

indexed by 𝐴, 𝐵 :
∑
(𝑋:U) 𝑃(𝑋), given by equiv-eq(refl) := id is an equivalence.

Proof Since 𝑃 is a subuniverse, it follows from Corollary 12.2.4 that the

1 The naming of the functions equiv-eq and eq-equiv is in the order of function application. The
element equiv-eq(𝑝) is the equivalence obtained from the identification 𝑝, whereas
eq-equiv(𝑒) is the identification (equality) obtained from the equivalence 𝑒. The type of the
output comes first in the name, and the type of the input comes closest to the input itself.
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projection map is an embedding. Therefore we see that the asserted map is the
composite of the equivalences

(𝐴 = 𝐵) (pr1 (𝐴) = pr1 (𝐵)) (pr1 (𝐴) ≃ pr1 (𝐵)).

←→
appr1 ← →equiv-eq

□

Remark 17.1.4 Often, when 𝑃 is a subuniverse and 𝐴 :
∑
(𝑋:U) 𝑃(𝑋), we

will also write 𝐴 for the type pr1 (𝐴). Using this convention, the equivalence in
Proposition 17.1.3 is displayed as

(𝐴 = 𝐵) ≃ (𝐴 ≃ 𝐵).

Important examples of subuniverses include the subuniverse PropU of
propositions inU, the subuniverse SetU of sets inU, and the subuniverseU≤𝑘
of 𝑘-truncated types in U. The subuniverse 𝔽 of finite types in U0, and the
subuniverses 𝔽𝑘 of 𝑘-element types are further important subuniverses to which
Proposition 17.1.3 applies. Note that by the univalence axiom, any subuniverse
is automatically closed under equivalences. Indeed, if we have 𝑋 ≃ 𝑌 , then
we have 𝑃(𝑋) → 𝑃(𝑌 ) by transporting along the equality 𝑋 = 𝑌 induced by
univalence.

Theorem 17.1.5 Propositions satisfy propositional extensionality: for any
two propositions 𝑃 and 𝑄, the canonical map

iff-eq : (𝑃 = 𝑄) → (𝑃↔ 𝑄)

defined by iff-eq(refl) := (id, id) is an equivalence. It follows that the type
PropU of propositions inU is a set.

Proof Recall from Exercise 13.3 that is-prop(𝑋) is a proposition for any type
𝑋 . Proposition 17.1.3 therefore applies, which gives

(𝑃 = 𝑄) ≃ (𝑃 ≃ 𝑄) ≃ (𝑃↔ 𝑄).

The last equivalence follows from Proposition 12.1.4, using the fact that (𝑃 ≃ 𝑄)
is a proposition by Exercise 13.4. □

Corollary 17.1.6 The type

dec-PropU B
∑
(𝑃:PropU ) is-decidable(𝑃)

of decidable propositions in any universeU is equivalent to bool.

Proof Note that Σ distributes from the left over coproducts, so we have an
equivalence(∑

(𝑃:PropU )𝑃 + ¬𝑃
)
≃
(∑
(𝑃:PropU )𝑃

)
+
(∑
(𝑄:PropU )¬𝑄

)
.
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Therefore it suffices to show that both
∑
(𝑃:PropU ) 𝑃 and

∑
(𝑄:PropU ) ¬𝑄 are

contractible. At the centers of contraction we have (1, ★) and (∅, id), respectively.
For the contractions, note that both types are subtypes of the types of propositions.
Therefore it suffices to show that 1 = 𝑃 for any proposition 𝑃 equipped with
𝑝 : 𝑃, and that ∅ = 𝑄 for any proposition 𝑄 equipped with 𝑞 : ¬𝑄. Both
identifications are obtained immediately from propositional extensionality. □

17.2 Univalence implies function extensionality
One of the first applications of the univalence axiom was Voevodsky’s theorem
that the univalence axiom on a universeU implies function extensionality for
types inU. The proof uses the fact that weak function extensionality implies
function extensionality. We will also make use of the following lemma.

Lemma 17.2.1 For any equivalence 𝑒 : 𝑋 ≃ 𝑌 in a univalent universeU, and
any type 𝐴, the post-composition map

𝑒 ◦ – : (𝐴→ 𝑋) → (𝐴→ 𝑌 )

is an equivalence.

Note that this statement was also part of Exercise 13.12 (d). That exercise
is solved using function extensionality. However, since our present goal is to
derive function extensionality from the univalence axiom, we cannot make use
of that exercise. Therefore we give a new proof, using the univalence axiom.

Proof Since U is assumed to be a univalent universe, it satisfies by Theo-
rem 17.1.1 the principle of equivalence induction. Therefore, it suffices to show
that the post-composition map

id ◦ – : (𝐴→ 𝑋) → (𝐴→ 𝑋)

is an equivalence. This post-composition map is of course just the identity map
on 𝐴→ 𝑋 , so it is indeed an equivalence. □

Theorem 17.2.2 For any universe U, the univalence axiom on U implies
function extensionality onU.

Proof Note that by Theorem 13.1.2 it suffices to show that univalence implies
weak function extensionality. We note that the proof of Theorem 13.1.2 also
goes through when it is restricted to types inU.

Suppose that 𝐵 : 𝐴→U is a family of contractible types. Our goal is to show
that the product

∏
(𝑥:𝐴)𝐵(𝑥) is contractible. Since each 𝐵(𝑥) is contractible, the

projection map pr1 :
( ∑
(𝑥:𝐴) 𝐵(𝑥)

)
→ 𝐴 is an equivalence by Exercise 10.7.
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Now it follows by Lemma 17.2.1 that pr1 ◦ – is an equivalence. Consequently,
it follows from Theorem 10.4.6 that the fibers of

pr1 ◦ – :
(
𝐴→ ∑

(𝑥:𝐴)𝐵(𝑥)
)
→ (𝐴→ 𝐴)

are contractible. In particular, the fiber at id𝐴 is contractible. Therefore it suffices
to show that

∏
(𝑥:𝐴)𝐵(𝑥) is a retract of

∑
( 𝑓 :𝐴→∑

(𝑥:𝐴) 𝐵(𝑥 ) ) pr1 ◦ 𝑓 = id𝐴. In
other words, we will construct a section-retraction pair(∏

(𝑥:𝐴)𝐵(𝑥)
) ( ∑

( 𝑓 :𝐴→∑
(𝑥:𝐴) 𝐵(𝑥 ) ) pr1 ◦ 𝑓 = id𝐴

) (∏
(𝑥:𝐴)𝐵(𝑥)

)
,

←→𝑖 ←→𝑟

with 𝐻 : 𝑟 ◦ 𝑖 ∼ id.
We define the function 𝑖 by

𝑖( 𝑓 ) B (_𝑥. (𝑥, 𝑓 (𝑥)), reflid ).

To see that this definition is correct, we need to know that

_𝑥. pr1 (𝑥, 𝑓 (𝑥)) � id.

This is indeed the case, by the rule _-eq for Π-types, on Page 12.
Next, we define the function 𝑟. Consider a function ℎ : 𝐴 → ∑

(𝑥:𝐴) 𝐵(𝑥)
equipped with an identification 𝑝 : pr1 ◦ ℎ = id. Then we have the homotopy
htpy-eq(𝑝) : pr1 ◦ ℎ ∼ id. Furthermore, we obtain pr2 (ℎ(𝑥)) : 𝐵(pr1 (ℎ(𝑥))).
Using these ingredients, we define 𝑟 by

𝑟 ((ℎ, 𝑝), 𝑥) B tr𝐵 (htpy-eq(𝑝, 𝑥), pr2 (ℎ(𝑥))).

It remains to construct a homotopy 𝐻 : 𝑟 ◦ 𝑖 ∼ id. We simply compute

𝑟 (𝑖( 𝑓 )) � 𝑟 (_𝑥. (𝑥, 𝑓 (𝑥)), refl)
� tr𝐵 (htpy-eq(refl, 𝑥), pr2 (𝑥, 𝑓 (𝑥)))
� tr𝐵 (refl, 𝑓 (𝑥))
� 𝑓 (𝑥).

Thus we see that 𝑟 ◦ 𝑖 � id by an application of the [-rule for Π-types. Therefore
we simply define 𝐻 ( 𝑓 ) B refl. □

17.3 Maps and families of types
Using the univalence axiom, we can establish a fundamental relation between
maps into a type 𝐴, and families of types indexed by 𝐴. A special case of this
relation asserts that the type of all pairs (𝑋, 𝑒) consisting of a type 𝑋 and an
embedding 𝑒 : 𝑋 ↩→ 𝐴 is equivalent to the type of all subtypes of 𝐴, i.e., the
type of all families 𝑃 of propositions inU indexed by 𝐴.
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Theorem 17.3.1 For any type 𝐴 and any univalent universeU containing 𝐴,
the map (∑

(𝑋:U)𝑋 → 𝐴

)
→ (𝐴→U)

given by (𝑋, 𝑓 ) ↦→ fib 𝑓 is an equivalence.

Proof The map in the converse direction is given by

𝐵 ↦→
(∑
(𝑥:𝐴)𝐵(𝑥), pr1

)
.

To verify that this map is a section of the asserted map, we have to prove that

fibpr1 = 𝐵

for any 𝐵 : 𝐴→U. By function extensionality and the univalence axiom, this
is equivalent to ∏

(𝑥:𝐴)fibpr1 (𝑥) ≃ 𝐵(𝑥).

Such a family of equivalences was constructed in Exercise 10.7.
It remains to verify that

(𝑋, 𝑓 ) =
(∑
(𝑥:𝐴)fib 𝑓 (𝑥), pr1

)
.

Before we do this, we claim that the identity type

(𝑋, 𝑓 ) = (𝑌, 𝑔)

in the type
∑
(𝑋:U) 𝑋 → 𝐴 is equivalent to the type of pairs (𝑒, 𝑓 ) consisting

of an equivalence 𝑒 : 𝑋 ≃ 𝑌 equipped with a homotopy 𝑓 ∼ 𝑔 ◦ 𝑒. This fact
follows from Theorem 11.2.2, because the type∑

(𝑌 :U)
∑
(𝑔:𝑌→𝐴)

∑
(𝑒:𝑋≃𝑌 ) 𝑓 ∼ 𝑔 ◦ 𝑒

is contractible by the structure identity principle, Theorem 11.6.2.
To finish the proof, it therefore suffices to construct an equivalence

𝑒 : 𝑋 ≃ ∑
(𝑎:𝐴)fib 𝑓 (𝑎)

equipped with a homotopy 𝑓 ∼ pr1 ◦ 𝑒. Such an equivalence 𝑒 equipped with a
homotopy was constructed in Exercise 10.8. □

The following corollary is so important, that we call it a theorem.

Theorem 17.3.2 Consider a type 𝐴 and a univalent universeU containing 𝐴.
Furthermore, let 𝑃 be a family of types indexed byU, and write

U𝑃 B
∑
(𝑋:U)𝑃(𝑋).
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Then the map(∑
(𝑋:U)

∑
( 𝑓 :𝑋→𝐴)

∏
(𝑎:𝐴)𝑃(fib 𝑓 (𝑎))

)
→ (𝐴→U𝑃)

given by (𝑋, 𝑓 , 𝑝) ↦→ _𝑎. (fib 𝑓 (𝑎), 𝑝(𝑎)) is an equivalence.

Proof The asserted map is homotopic to the composition of the equivalences∑
(𝑋:U)

∑
( 𝑓 :𝑋→𝐴)

∏
(𝑎:𝐴)𝑃(fib 𝑓 (𝑎))

≃ ∑
( (𝑋, 𝑓 ):∑(𝑋:U) 𝑋→𝐴)

∏
(𝑎:𝐴)𝑃(fib 𝑓 (𝑎))

≃ ∑
(𝐵:𝐴→U)

∏
(𝑎:𝐴)𝑃(𝐵(𝑎))

≃ 𝐴→ ∑
(𝑋:U)𝑃(𝑋). □

Theorem 17.3.2 applies to any subuniverse. Examples include the subuniverse
of 𝑘-types, for any truncation level 𝑘 , the subuniverse of decidable propositions,
the subuniverse of finite types, the subuniverse of inhabited types, and so on. It
also applies to type families over U that aren’t families of propositions. The
families 𝑃 B is-decidable and 𝑃 B count are examples.

Corollary 17.3.3 Consider a type 𝐴 and a univalent universeU containing
𝐴. Then the map (∑

(𝑋:U)𝑋 ↩→ 𝐴

)
→ (𝐴→ PropU)

given by (𝑋, 𝑓 ) ↦→ fib 𝑓 is an equivalence.

In other words, a subtype of a type 𝐴 is the same thing as a type 𝑋 equipped
with an embedding 𝑒 : 𝑋 ↩→ 𝐴. This brings us to an important point about
equality of subtypes.

Remark 17.3.4 By function extensionality and propositional extensionality, it
follows that two subtypes 𝑃,𝑄 : 𝐴→ PropU are the same if and only if

𝑃(𝑎) ↔ 𝑄(𝑎)

holds for all 𝑎 : 𝐴. In other words, two subtypes of 𝐴 are the same if and only if
they contain the same elements of 𝐴.

On the other hand, by Corollary 17.3.3 we can also consider two types 𝑋 and
𝑌 equipped with embeddings 𝑓 : 𝑋 ↩→ 𝐴 and 𝑔 : 𝑌 ↩→ 𝐴 as subtypes of 𝐴.
Now one might be inclined to think that the subtypes 𝑋 and 𝑌 are equal if and
only if 𝑋 and 𝑌 are equivalent. However, this is not the case.

Using the structure identity principle, Theorem 11.6.2, we see that the identity
type (𝑋, 𝑓 ) = (𝑌, 𝑔) in the type

∑
(𝑋:U) 𝑋 ↩→ 𝐴 is equivalent to the type∑

(𝑒:𝑋≃𝑌 ) 𝑓 ∼ 𝑔 ◦ 𝑒.
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In other words, two subtypes (𝑋, 𝑓 ) and (𝑌, 𝑔) of 𝐴 are equal if and only if there
is an equivalence 𝑋 ≃ 𝑌 that is compatible with the embeddings 𝑓 : 𝑋 ↩→ 𝐴

and 𝑔 : 𝑌 ↩→ 𝑋 . Indeed, this condition is equivalent to the previous condition
that two subtypes are the same if and only if they have the same elements.

We see that the combination of the structure identity principle and the
univalence axiom automatically characterizes equality of subtypes in the most
natural way, and we will see similar natural characerizations of identity types
throughout this book.

17.4 Classical mathematics with the univalence axiom
In classical mathematics, the axiom of choice asserts that for any collection 𝑋
of nonempty sets, there is a choice function 𝑓 such that 𝑓 (𝑥) ∈ 𝑥 for each 𝑥 ∈ 𝑋 .
The univalence axiom is consistent with the axiom of choice, but we have to be
careful in our formulation of the axiom of choice to make it about sets. A naive
interpretation that would be applicable to all types, such as the assertion that
every family 𝐵 of inhabited types has a section, is not consistent with univalence.
We will use the type 𝔽2 of 2-element types for a counterexample.

Proposition 17.4.1 The type ∑
(𝑋:𝔽2 )𝑋

of pointed 2-element types is contractible. Consequently, the canonical family
of maps

(Fin2 = 𝑋) → 𝑋

indexed by 𝑋 : 𝔽2, is a family of equivalences.

Proof By the univalence axiom it follows that the type
∑
(𝑋:𝔽2 ) Fin2 ≃ 𝑋 is

contractible. In order to show that
∑
(𝑋:𝔽2 ) 𝑋 is contractible, it therefore suffices

to show that the map
𝑓 : (Fin2 ≃ 𝑋) → 𝑋

given by 𝑓 (𝑒) B 𝑒(★), is an equivalence. Since being an equivalence is a
proposition by Exercise 13.4, we may assume an equivalence 𝛼 : Fin2 ≃ 𝑋 , and
we proceed by equivalence induction on 𝛼. Therefore, it suffices to show that
the map

𝑓 : (Fin2 ≃ Fin2) → Fin2

give by 𝑓 (𝑒) B 𝑒(★) is an equivalence. Using the notation from Section 7.3,
we define the inverse map 𝑔 by

𝑔(★) B id
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𝑔(𝑖(★)) B succ2,

and it is a straightforward verification that 𝑓 and 𝑔 are inverse to each other. □

Corollary 17.4.2 There is no dependent function∏
(𝑋:𝔽2 )𝑋.

Proof By Proposition 17.4.1 and Exercise 13.12 (a), we have an equivalence(∏
(𝑋:𝔽2 )Fin2 = 𝑋

)
≃
(∏

(𝑋:𝔽2 )𝑋
)
.

Note that
∏
(𝑋:𝔽2 )Fin2 = 𝑋 is the type of contractions of 𝔽2, using the center

of contraction Fin2. Therefore it suffices to show that 𝔽2 is not contractible.
Recall from Exercise 10.1 that the identity types of contractible types are
contractible. On the other hand, it follows from Proposition 17.4.1 that the
identity type Fin2 = Fin2 in 𝔽2 is equivalent to Fin2. This type isn’t contractible
by Exercise 10.4. We conclude that 𝔽2 is not contractible. □

The family 𝑋 ↦→ 𝑋 over 𝔽2 is therefore an example of a family of nonempty
types for which there are provably no sections. In the following corollary we
conclude more generally that there is no way to construct an element of an
arbitrary inhabited type.

Corollary 17.4.3 IfU is a univalent universe, then there is no function∏
(𝐴:U) ∥𝐴∥ → 𝐴.

Proof Suppose 𝑓 :
∏
(𝐴:U) ∥𝐴∥ → 𝐴. By restricting 𝑓 to the type of 2-element

types inU, we obtain a function∏
(𝐴:𝔽2 ) ∥𝐴∥ → 𝐴.

Note that every 2-element type is inhabited, i.e., there is an element of type
∥𝐴∥ for every 2-element type 𝐴. To see this, consider a type 𝐴 : U such that
∥Fin2 ≃ 𝐴∥ . To obtain an element of type ∥𝐴∥ , we may assume an equivalence
𝑒 : Fin2 ≃ 𝐴. Then we have [(𝑒(0)) : ∥𝐴∥ .

Since every 2-element type is inhabited, we obtain a function
∏
(𝐴:𝔽2 ) 𝐴,

which is impossible by Corollary 17.4.2. □

Corollary 17.4.3 is of philosophical importance. It shows that the principle
of global choice is incompatible with the univalence axiom, i.e., that there is
no way to obtain construct a function ∥𝐴∥ → 𝐴 for all types 𝐴. In other words,
we cannot obtain an element of 𝐴 merely from the assumption that the type
𝐴 is inhabited. What is the obstruction? It is the fact that no such choice of
an element of 𝐴 can be invariant under the automorphisms on 𝐴, i.e., under
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the self-equivalences on 𝐴. Indeed, in the example where 𝐴 is the 2-element
type Fin2 there are no fixed point of the equivalence succ2 : Fin2 ≃ Fin2. By
the univalence axiom, there is an identification 𝑝 : Fin2 = Fin2 inU, such that
tr(𝑝, 𝑥) = succ2 (𝑥). If we’d have a function

𝑓 :
∏
(𝑋:U) ∥𝑋 ∥ → 𝑋,

the dependent action on paths of 𝑓 would give an identification

apd 𝑓 (𝑝) : succ2 ( 𝑓 (Fin2, 𝑝, 𝐻)) = 𝑓 (Fin2, 𝑝, [(0)).

In other words, it would give us a fixed point for the successor function on Fin2.
This is perhaps a good moment to stress that the axiom of choice is really an

axiom about sets, not about more general types. And indeed, when we restrict
the axiom of choice to sets, it turns out to be consistent with the univalence
axiom and therefore safe to assume. In this book, however, we will not have
many applications for the axiom of choice and therefore we will not assume it,
unless we explicitly say otherwise.

Definition 17.4.4 The axiom of choice asserts that for any family 𝐵 of
inhabited sets indexed by a set 𝐴, the type of sections of 𝐵 is also inhabited, i.e.,
it asserts that there is an element of type

ACU (𝐴, 𝐵) B
(∏

(𝑥:𝐴) ∥𝐵(𝑥)∥
)
→

∏ (𝑥:𝐴)𝐵(𝑥)
,

for every 𝐴 : SetU and 𝐵 : 𝐴→ SetU .

Similar care has to be taken with the type theoretic formulation of the law of
excluded middle. It is again inconsistent to assume that every type is decidable.

Theorem 17.4.5 There is no dependent function∏
(𝑋:U) is-decidable(𝑋).

Proof Suppose there is such a dependent function 𝑑. By restricting 𝑑 to the
subuniverse of 2-element types, we obtain a dependent function

𝑑 :
∏
(𝑋:𝔽2 ) is-decidable(𝑋).

However, each 2-element type 𝑋 is inhabited. By Exercise 14.1 we obtain a
function

is-decidable(𝑋) → 𝑋

for each 2-element type 𝑋 . Therefore, we obtain from 𝑑 a dependent function∏
(𝑋:𝔽2 )𝑋 , which does not exist by Corollary 17.4.2. □
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The law of excluded middle is really an axiom of propositional logic, and it is
indeed consistent with the univalence axiom that every proposition is decidable.

Definition 17.4.6 The law of excluded middle asserts that every proposition
is decidable, i.e.,

LEMU B
∏
(𝑃:PropU ) is-decidable(𝑃).

We will again not assume the law of excluded middle, unless we say otherwise.
Nevertheless, we have seen in Section 8 that many propositions are already
decidable without assuming the law of excluded middle, and decidability remains
an important concept in type theory and mathematics.

17.5 The binomial types
Definition 17.5.1 A map 𝑓 : 𝐴 → 𝐵 is said to be decidable if it comes
equipped with an element of type

is-decidable( 𝑓 ) B ∏
(𝑏:𝐵) is-decidable(fib 𝑓 (𝑏)).

We will write 𝐴 ↩→d 𝐵 for the type of decidable embeddings from 𝐴 to 𝐵.

Definition 17.5.2 Consider a type 𝐴, and a universe U. We define the
connected component ofU at 𝐴 by

U𝐴 B
∑
(𝑋:U) ∥𝐴 ≃ 𝑋 ∥ .

Example 17.5.3 Note that type UFin𝑘 is the type 𝔽𝑘 of all 𝑘-element types.
Note also that if 𝐴 ≃ 𝐵, thenU𝐴 ≃ U𝐵.

Definition 17.5.4 Consider two types 𝐴 and 𝐵 and a universeU containing
both 𝐴 and 𝐵. We define the binomial type

(𝐴
𝐵

)
U by(

𝐴

𝐵

)
U
B

∑
(𝑋:U𝐵 )𝑋 ↩→d 𝐴.

Remark 17.5.5 We define the binomial types using decidable embeddings
because the usual properties of binomial coefficients generalise most naturally
under the extra assumption of decidability. In particular the binomial theorem,
which is stated as Exercise 17.11 and generalised in Exercise 18.15, rely on the
use of decidable embeddings.

Proposition 17.5.6 Consider two types 𝐴 and 𝐵, and a universeU containing
both 𝐴 and 𝐵. Then we have an equivalence(

𝐴

𝐵

)
U
≃

∑︁
(𝑃:𝐴→dec-PropU )

𝐵 ≃ ∑
(𝑎:𝐴)𝑃(𝑎)

.
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Proof This equivalence follows from Theorem 17.3.2, by which we have(∑
(𝑋:U)𝑋 ↩→d 𝐴

)
≃ (𝐴→ dec-PropU). □

Remark 17.5.7 Combining Corollary 17.1.6 and Proposition 17.5.6, we obtain
an equivalence (

𝐴

𝐵

)
U
≃

∑︁
( 𝑓 :𝐴→bool)

𝐵 ≃ ∑
(𝑎:𝐴) 𝑓 (𝑎) = true

.
for any universeU that contains both 𝐴 and 𝐵. This equivalence is important,
because the right hand side doesn’t depend on the universe U. Therefore we
will simply write

(𝐴
𝐵

)
for

(𝐴
𝐵

)
U , if the universeU contains both 𝐴 and 𝐵.

Lemma 17.5.8 For any two types 𝐴 and 𝐵, we have equivalences(
∅
∅

)
≃ 1

(
𝐴 + 1
∅

)
≃ 1(

∅
𝐵 + 1

)
≃ ∅

(
𝐴 + 1
𝐵 + 1

)
≃
(
𝐴

𝐵

)
+
(
𝐴

𝐵 + 1

)
.

Proof For the first two equivalences, we prove that
(𝑋
∅
)

is contractible for any
type 𝑋 . To see this, we first note that the type U∅ is contractible. Indeed, at
the center of contraction we have the empty type, and any two types that are
merely equivalent to the empty type are empty and hence equivalent. Therefore
it follows that (

𝑋

∅

)
≃ ∅ ↩→d 𝑋.

The type of decidable embeddings ∅ ↩→d 𝑋 is contractible, because the type
∅ → 𝑋 is contractible with the map ex-falso : ∅ → 𝑋 at the center of contraction,
which is of course a decidable embedding.

Next, the fact that the binomial type
( ∅
𝐵+1

)
is empty follows from the fact that

the type of maps 𝑋 → ∅ is empty for any type 𝑋 merely equivalent to 𝐵 + 1.
For the last equivalence we will use Proposition 17.5.6. Using the universal

property of 𝐴 + 1, we see that(
𝐴 + 1
𝐵 + 1

)
≃ ∑

(𝑃:𝐴→dec-PropU )
∑
(𝑄:dec-PropU ) ∥(𝐵 + 1) ≃ ∑

(𝑎:𝐴)𝑃(𝑎) +𝑄∥ .

Using the fact that dec-PropU ≃ Fin2, observe that we have an equivalence∑
(𝑄:dec-PropU ) ∥(𝐵 + 1) ≃ (∑(𝑎:𝐴)𝑃(𝑎) +𝑄)∥
≃ ∥(𝐵 + 1) ≃ (∑(𝑎:𝐴)𝑃(𝑎) + 1)∥ + ∥(𝐵 + 1) ≃ ∑

(𝑎:𝐴)𝑃(𝑎)∥ .
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Furthermore, note that it follows from Proposition 16.2.1 that

∥(𝐵 + 1) ≃ (∑(𝑎:𝐴)𝑃(𝑎) + 1)∥ ≃ ∥𝐵 ≃ ∑
(𝑎:𝐴)𝑃(𝑎)∥ .

Thus we see that(
𝐴 + 1
𝐵 + 1

)
≃
(∑
(𝑃:𝐴→dec-PropU ) ∥𝐵 ≃

∑
(𝑎:𝐴)𝑃(𝑎)∥

)
+
(∑
(𝑃:𝐴→dec-PropU ) ∥(𝐵 + 1) ≃ ∑

(𝑎:𝐴)𝑃(𝑎)∥
)
. □

Theorem 17.5.9 If 𝐴 and 𝐵 are finite types of cardinality 𝑛 and 𝑘 , respectively,
then the type

(𝐴
𝐵

)
is finite of cardinality

(𝑛
𝑘

)
.

Proof The claim that the type
(𝐴
𝐵

)
is finite of cardinality

(𝑛
𝑘

)
is a proposition,

so we may assume 𝑒 : Fin𝑛 ≃ 𝐴 and 𝑓 : Fin𝑘 ≃ 𝐵. The claim now follows by
induction on 𝑛 and 𝑘 , using Lemma 17.5.8. □

Remark 17.5.10 It is perhaps remarkable that the type
∑
(𝑋:U𝐵 ) 𝑋 ↩→d 𝐴

is a good generalisation of the binomial coefficients to types. When 𝐴 and 𝐵
are finite types of cardinality 𝑛 and 𝑘 , respectively, then the type 𝐵 ↩→d 𝐴

has a factor 𝑘! too many elements. When we seemingly enlarge it by the type
U𝐵 of all types merely equivalent to 𝐵, it turns out that we obtain the correct
generalisation of the binomial coefficients.

One reason why it works is that the identity type of
∑
(𝑋:U𝐵 ) 𝑋 ↩→d 𝐴 is

characterised, via the univalence axiom, by

((𝑋, 𝑓 ) = (𝑌, 𝑔)) ≃ ∑
(𝑒:𝑋≃𝑌 ) 𝑓 ∼ 𝑔 ◦ 𝑒.

Therefore it follows that for any two decidable embeddings 𝑓 , 𝑔 : 𝐵 ↩→d 𝐴, if
𝑓 and 𝑔 are the same up to a permutation on 𝐵, then we get an identification
(𝐵, 𝑓 ) = (𝐵, 𝑔) in the type

∑
(𝑋:U𝐵 ) 𝑋 ↩→d 𝐴.

From a group theoretic perspective we may observe that the automorphism
group 𝐵 ≃ 𝐵 acts freely on the set of decidable embeddings B ↩→d 𝐴, and the
type

∑
(𝑋:U𝐵 ) 𝑋 ↩→ 𝐴 can be viewed as the type of orbits of that action. Since

this action of Aut(𝐵) on 𝐵 ↩→d 𝐴 is free, we see that the number of orbits is
1
𝑘! times the number of elements in 𝐵 ↩→d 𝐴. We will study groups and group
actions in more detail in Section 28.

Exercises
17.1 (a) Use the univalence axiom to show that the type

∑
(𝐴:U) is-contr(𝐴)

of all contractible types inU is contractible.
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(b) Use the univalence axiom and Exercises 13.3 and 13.4 to show that
the universe of 𝑘-types

U≤𝑘 B ∑
(𝑋:U) is-trunc𝑘 (𝑋)

is a (𝑘 + 1)-type, for any 𝑘 ≥ −2.
(c) Show that PropU is not a proposition.
(d) Show that the universe SetU of sets inU is not a set.

17.2 Give an example of a type family 𝐵 over a type 𝐴 for which the implication

¬
(∏

(𝑥:𝐴)𝐵(𝑥)
)
→

(∑
(𝑥:𝐴)¬𝐵(𝑥)

)
is false.

17.3 Consider a type 𝐴 and a univalent universeU containing 𝐴. Construct an
equivalence

𝐴 ≃ ∑
(𝐵:𝐴→U) is-contr

(∑
(𝑎:𝐴)𝐵(𝑎)

)
.

17.4 Consider a map 𝑓 : 𝐴→ 𝐵. Show that the following are equivalent:

(i) The map 𝑓 is surjective.
(ii) For every set 𝐶, the precomposition function

– ◦ 𝑓 : (𝐵→ 𝐶) → (𝐴→ 𝐶)

is an embedding.

Hint: To show that (ii) implies (i), use the assumption with the set
𝐶 B PropU , whereU is a univalent universe containing both 𝐴 and 𝐵.

17.5 (Escardó) Consider a type 𝐴 inU. Show that the identity type, seen as a
function

Id : 𝐴→ (𝐴→U),

is an embedding.
17.6 (a) For any type 𝐴 inU, consider the function

Σ𝐴 : (𝐴→U) → U,

which takes a family 𝐵 ofU-small types to its Σ-type. Show that
the following are equivalent:

(i) The type 𝐴 is 𝑘-truncated.
(ii) The map Σ𝐴 is 𝑘-truncated.

Hint: Construct an equivalence fibΣ𝐴 (𝑋) ≃ (𝑋 → 𝐴).
(b) Show that the map + : U × U → U, which takes (𝐴, 𝐵) to the

coproduct 𝐴 + 𝐵, is 0-truncated.
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17.7 (Escardó) Consider a proposition 𝑃 and a universeU containing 𝑃. Show
that the map

Π𝑃 : (𝑃→U) → U,

given by 𝐴 ↦→∏
(𝑝:𝑃) 𝐴(𝑝), is an embedding.

17.8 For any 𝑘 : ℕ, show that the type∑
(𝑋:𝔽𝑘+1 )Fin𝑘 ↩→ 𝑋

is contractible.
17.9 Consider a type 𝐴.

(a) Recall from Exercise 12.14 that an element 𝑎 : 𝐴 is isolated if
and only if the map const𝑎 : 1 → 𝐴 is a decidable embedding.
Construct an equivalence(

𝐴

1

)
≃ ∑

(𝑎:𝐴) is-isolated(𝑎).

(b) Construct an equivalence(
𝐴

1

)
≃
(∑
(𝑋:U) (𝑋 + 1) ≃ 𝐴

)
.

Conclude that the map 𝑋 ↦→ 𝑋 + 1 on a univalent universe U is
0-truncated.

(c) More generally, construct an equivalence(
𝐴

𝐵

)
≃ ∑

(𝑋:U𝐵 )
∑
(𝑌 :U) (𝑋 + 𝑌 ≃ 𝐴).

17.10 (a) For any type 𝐴, construct an equivalence

U𝐴 ≃
∑︁

(𝑋:U𝐴+1 )

(
𝑋

1

)
.

(b) For any 𝑘 : ℕ, construct an equivalence(∑
(𝑋:𝔽𝑘+1 )𝑋

)
≃ 𝔽𝑘 .

In other words, show that the type of (𝑘 +1)-element types equipped
with a point is equivalent to the type of 𝑘-element types. Conclude
that the type of pointed finite types is equivalent to the type of finite
types, i.e., conclude that we have an equivalence(∑

(𝑋:𝔽 )𝑋
)
≃ 𝔽 .
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17.11 For any (𝑋, 𝑖) :
(𝐴
𝐵

)
, we define 𝐴 \ (𝑋, 𝑖) B (𝐴 \ 𝑋, 𝐴 \ 𝑖) :

(𝐴
𝐵

)
, where

𝐴 \ 𝑋 B ∑
(𝑎:𝐴)¬(fib𝑖 (𝑎))

𝐴 \ 𝑖 B pr1.

Now consider a finite type 𝑋 and two arbitrary types 𝐴 and 𝐵. Construct
an equivalence

(𝐴 + 𝐵)𝑋 ≃ ∑
(𝑘:ℕ)

∑
( (𝑌,𝑖):( 𝑋Fin𝑘) )

𝐴𝑌 × 𝐵𝑋\𝑌 .

17.12 Consider two types 𝐴 and 𝐵. The Stirling type of the second kind is the
type {

𝐴

𝐵

}
:=

∑
(𝑋:U𝐵 ) 𝐴 ↠ 𝑋.

(a) Suppose that 𝐵 has decidable equality. Construct an equivalence{
𝐴 + 1
𝐵 + 1

}
≃ (𝐵 + 1)

{
𝐴

𝐵 + 1

}
+
{
𝐴

𝐵

}
(b) Suppose that 𝐴 and 𝐵 are finite types of cardinality 𝑛 and 𝑘 . Show

that the Stirling type
{
𝐴
𝐵

}
of the second kind is a finite type of

cardinality
{
𝑛
𝑘

}
, where

{
𝑛
𝑘

}
is the Stirling number of the second

kind.

17.13 (a) Show that for 𝑘 ≠ 2, the type∏
(𝑋:𝔽𝑘 )𝑋 → 𝑋

is contractible. Conclude that the type
∏
(𝑋:𝔽𝑘 )𝑋 ≃ 𝑋 is also

contractible. Hint: Use Exercise 17.10.
(b) Show that the type ∏

(𝑋:𝔽2 )𝑋 → 𝑋

is equivalent to Fin2. Conclude that the type
∏
(𝑋:𝔽2 )𝑋 ≃ 𝑋 is also

equivalent to Fin2.
17.14 (a) Show that for 𝑘 ≥ 3, the type∏

(𝑋:𝔽𝑘 ) (𝑋 + 𝑋) ↩→ (𝑋 × 𝑋) + 1

is empty, even though the inequality 2𝑘 ≤ 𝑘2 + 1 holds for all 𝑘 : ℕ.
(b) Show that the type∏

(𝑋:𝔽2 ) (𝑋 + 𝑋) ↩→ (𝑋 × 𝑋) + 1

is equivalent to Fin8.
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17.15 Consider a preorder (𝐴, ≤), and define for any 𝑎 : 𝐴 the order preserving
map

𝑦𝑎 : PreOrd((𝐴, ≤)op, (PropU ,→))

by 𝑦𝑎 (𝑥) B (𝑥 ≤ 𝑎). Furthermore, define the poset reflection ∥𝐴∥Pos to
be the image of the map

𝑎 ↦→ 𝑦𝑎 : 𝐴→ PreOrd((𝐴, ≤)op, (PropU ,→)).

Equip the type ∥𝐴∥Pos with the structure of a poset and construct
an order preserving map [ : 𝐴 → ∥𝐴∥Pos that satisfies the following
universal property: For any poset 𝑃, any order preserving map 𝑓 : 𝐴→ 𝑃

extends uniquely along [ to an order preserving map 𝑔 : ∥𝐴∥Pos → 𝑃, as
indicated in the following diagram:

𝐴 𝑃.

∥𝐴∥Pos

← →𝑓

←→[ ← →

17.16 Given a type 𝐴, the type of unordered pairs in 𝐴 is defined to be

unordered-pairs(𝐴) :=
∑
(𝑋:𝔽2 ) 𝐴

𝑋 .

The type of homotopy commutative binary operations from 𝐴 to 𝐵 is
defined using the type of unordered pairs as

unordered-pairs(𝐴) → 𝐵.

(a) Show that if 𝐵 is a set, then this type is equivalent to the type∑
(𝑚:𝐴→(𝐴→𝐵) )

∏
(𝑥,𝑦:𝐴)𝑚(𝑥, 𝑦) = 𝑚(𝑦, 𝑥).

(b) Show that the type of undirected graphs inU with at most one edge
between any two points∑

(𝑉 :U)

(
unordered-pairs(𝑉) → PropU

)
.

is equivalent to the type∑
(𝑉 :U)

∑
(𝐸:𝑉→(𝑉→PropU ) )

∏
(𝑥,𝑦:𝑉 )𝐸 (𝑥, 𝑦) → 𝐸 (𝑦, 𝑥).

Note: More generally, the type of (undirected) graphs in a univalent
universeU is defined to be

GraphU B
∑
(𝑉 :U)

(
unordered-pairs(𝑉) → U

)
.
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18 Set quotients

In this section we construct the quotient of a type by an equivalence relation. By
an equivalence relation we understand a binary relation 𝑅 which is reflexive,
symmetric, and transitive. Moreover, we require that the type 𝑅(𝑥, 𝑦) relating 𝑥
and 𝑦 is a proposition. Therefore, if U is a universe that contains 𝑅(𝑥, 𝑦) for
each 𝑥, 𝑦 : 𝐴, then we can view 𝑅 as a map

𝐴→ (𝐴→ PropU).

The quotient 𝐴/𝑅 is constructed as the type of equivalence classes, which is just
the image of the map 𝑅 : 𝐴→ (𝐴→ PropU). This construction of the quotient
by an equivalence relation is very much like the construction of a quotient set
in classical set theory. Examples of set quotients are abundant in mathematics.
We cover two of them in this section: the type of rational numbers and the set
truncation of a type.

There is, however, a subtle issue with our construction of the set quotient as
the image of the map 𝑅 : 𝐴 → (𝐴 → PropU). What universe is the quotient
𝐴/𝑅 in? Note that PropU is a type in the successor universeU+, constructed in
Definition 6.2.3. Therefore the function type 𝐴→ PropU as well as the quotient
𝐴/𝑅 are also types inU+. That seems unfortunate, because in Zermelo-Fraenkel
set theory the quotient of a set by an equivalence relation is an ordinary set, and
not a more general class.

In Zermelo-Fraenkel set theory quotients are are sets because of the axiom
schema of replacement. The replacement axioms assert that the image of any
function is again a set. This leads us to wonder about a type theoretical variant
of the replacement axioms. Indeed, there is such a variant. The type theoretic
replacement property asserts that for any map 𝑓 : 𝐴→ 𝐵 from a type 𝐴 inU
to a type 𝐵 of which the identity types are equivalent to types inU, the image
of 𝑓 is also equivalent to a type inU, and in fact this property is a theorem. We
prove it in Theorem 26.6.11, using the univalence axiom and a new construction
of the image of a map.

18.1 Equivalence relations and the replacement axiom

Definition 18.1.1 Let 𝑅 : 𝐴→ (𝐴→ PropU) be a binary relation valued in
the propositions. We say that 𝑅 is an equivalence relation if 𝑅 comes equipped
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with

𝜌 :
∏
(𝑥:𝐴)𝑅(𝑥, 𝑥)

𝜎 :
∏
(𝑥,𝑦:𝐴)𝑅(𝑥, 𝑦) → 𝑅(𝑦, 𝑥)

𝜏 :
∏
(𝑥,𝑦,𝑧:𝐴)𝑅(𝑥, 𝑦) → (𝑅(𝑦, 𝑧) → 𝑅(𝑥, 𝑧)),

witnessing that 𝑅 is reflexive, symmetric, and transitive.

Example 18.1.2 Consider the type

𝑄 B ℤ ×
(∑
(𝑥:ℕ)0 < 𝑥

)
.

We define ((𝑥, (𝑦, 𝑝)) ∼ (𝑥′, (𝑦′, 𝑝′))) B (𝑥𝑦′ = 𝑥′𝑦). Then the relation ∼ is
an equivalence relation on 𝑄. Indeed, we have

refl : (𝑥, (𝑦, 𝑝)) ∼ (𝑥, (𝑦, 𝑝))

for any (𝑥, (𝑦, 𝑝)) : 𝑄, and

𝑟−1 : (𝑥′, (𝑦′, 𝑝′)) ∼ (𝑥, (𝑦, 𝑝))

for any 𝑟 : (𝑥, (𝑦, 𝑝)) ∼ (𝑥′, (𝑦′, 𝑝′)).

Definition 18.1.3 Let 𝑅 : 𝐴 → (𝐴 → PropU) be an equivalence relation.
The equivalence class of 𝑥 : 𝐴 is defined to be

[𝑥]𝑅 B 𝑅(𝑥).

More generally, a subtype 𝑃 : 𝐴→ PropU is said to be an equivalence class if
it satisfies

is-equivalence-class(𝑃) B ∃(𝑥:𝐴)𝑃 = 𝑅(𝑥).

Furthermore, we define 𝐴/𝑅 to be the type of equivalence classes, i.e., we define

𝐴/𝑅 B ∑
(𝑃:𝐴→PropU ) is-equivalence-class(𝑃).

In other words, 𝐴/𝑅 is the image of the map [−]𝑅 : 𝐴 → (𝐴 → PropU).
In the following proposition we characterize the identity type of 𝐴/𝑅. As a
corollary, we obtain equivalences

( [𝑥]𝑅 = [𝑦]𝑅) ≃ 𝑅(𝑥, 𝑦),

justifying that the quotient 𝐴/𝑅 is defined to be the type of equivalence classes.
Note that in our characterization of the identity type of 𝐴/𝑅 we make use of the
univalence axiom.
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Proposition 18.1.4 Let 𝑅 : 𝐴→ (𝐴→ PropU) be an equivalence relation.
Furthermore, consider 𝑥 : 𝐴 and an equivalence class 𝑃. Then the canonical
map

( [𝑥]𝑅 = 𝑃) → 𝑃(𝑥)

is an equivalence.

Proof By Theorem 11.2.2 it suffices to show that the total space∑
(𝑃:𝐴/𝑅)𝑃(𝑥)

is contractible. The center of contraction is of course [𝑥]𝑅, which satisfies
[𝑥]𝑅 (𝑥) by reflexivity of 𝑅. It remains to construct a contraction. Since∑
(𝑃:𝐴/𝑅) 𝑃(𝑥) is a subtype of 𝐴/𝑅, we construct a contraction by showing that

[𝑥]𝑅 = 𝑃

whenever 𝑃(𝑥) holds. Recall that 𝑃 is an equivalence class, i.e., that there exists
an element 𝑦 : 𝐴 such that 𝑃 = [𝑦]𝑅. Note that our goal is a proposition, so we
may assume that we have such a 𝑦. Then we obtain that 𝑅(𝑥, 𝑦) holds from the
assumption that 𝑃(𝑥) holds. Thus, we have to show that

[𝑥]𝑅 = [𝑦]𝑅

given that 𝑅(𝑥, 𝑦) holds. By function extensionality and propositional exten-
sionality, it is equivalent to show that∏

(𝑧:𝐴)𝑅(𝑥, 𝑧) ↔ 𝑅(𝑦, 𝑧)

We get a function 𝑅(𝑥, 𝑧) → 𝑅(𝑦, 𝑧) by transitivity, since 𝑅(𝑦, 𝑥) holds by
symmetry. Conversely, we get a function 𝑅(𝑦, 𝑧) → 𝑅(𝑥, 𝑧) directly by transi-
tivity. □

Corollary 18.1.5 Consider an equivalence relation 𝑅 on a type 𝐴, and let
𝑥, 𝑦 : 𝐴. Then there is an equivalence

( [𝑥]𝑅 = [𝑦]𝑅) ≃ 𝑅(𝑥, 𝑦).

Proof By Proposition 18.1.4 we have an equivalence

( [𝑥]𝑅 = [𝑦]𝑅) ≃ 𝑅(𝑦, 𝑥).

Moreover, 𝑅(𝑦, 𝑥) is equivalent to 𝑅(𝑥, 𝑦) by symmetry of 𝑅. □

A question that sometimes comes up in mathematics, is whether a certain
type or object is small with respect to a universe. Notice that in type theory,
the type of equivalence classes of an equivalence relation inU is only a type
in U+, the universe that contains U and every type in U. Indeed, the type
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PropU of propositions in U is only a type in U+, from which it follows that
the type 𝐴 → PropU is only a type in U+. The type of equivalence classes
of an equivalence relation 𝑅 on 𝐴 in U is a subtype of 𝐴 → PropU , so we
conclude that 𝐴/𝑅 is a type inU+. In classical mathematics, on the other hand,
we consider the class of equivalence classes of an equivalence relation to be a
(small) set. We introduce the notion of smallness to type theory.

Definition 18.1.6 Consider a universeU.

(i) A type 𝐴 is said to beU-small if there is a type 𝑋 : U and an equivalence
𝐴 ≃ 𝑋 . We write

is-smallU (𝐴) B
∑
(𝑋:U) 𝐴 ≃ 𝑋.

Similarly, a map 𝑓 : 𝐴→ 𝐵 is said to beU-small if all of its fibers are
U-small.

(ii) A type 𝐴 is said to be locally U-small if for every 𝑥, 𝑦 : 𝐴 the identity
type 𝑥 = 𝑦 isU-small. We write

is-locally-smallU (𝐴) B
∏
(𝑥,𝑦:𝐴) is-smallU (𝑥 = 𝑦).

Similarly, a map 𝑓 : 𝐴 → 𝐵 is said to be locally U-small if all of its
fibers are locallyU-small.

Example 18.1.7

(i) AnyU-small type is also locallyU-small.
(ii) Any contractible type isU-small with respect to any universe, and any

proposition is locally small with respect to any universeU.
(iii) Any univalent universeU is locallyU-small, because by the univalence

axiom we have an equivalence

(𝐴 = 𝐵) ≃ (𝐴 ≃ 𝐵)

for each 𝐴, 𝐵 : U, and the type 𝐴 ≃ 𝐵 is inU.
(iv) For any family 𝑃 ofU-small types over aU-small type 𝐴, the dependent

product
∏
(𝑥:𝐴)𝐵(𝑥) isU-small. Furthermore, for any family 𝑃 of locally

U-small types over aU-small type 𝐴, the dependent product
∏
(𝑥:𝐴)𝑃(𝑥)

is locally U-small. In particular, any type 𝐴 → 𝐵 of functions from a
small type into a small or locally small type is again small or locally small,
respectively.

(v) The type of U-small types in V is equivalent to the type of V-small
types inU. This follows from the equivalence(∑

(𝑌 :V)
∑
(𝑋:U)𝑌 ≃ 𝑋

)
≃
(∑
(𝑋:U)

∑
(𝑌 :V)𝑋 ≃ 𝑌

)
.

mailto:egbert.rijke@fmf.uni-lj.si
https://hott.zulipchat.com


This material will be published by Cambridge University Press as Introduction to Homotopy Type Theory by Egbert Rĳke. This pre-publication
version is free to view and download for personal use only. Not for re-distribution, re-sale or use in derivative works. © Egbert Rĳke 2020

The best way to support this book while it is still being prepared for publication, is to let the author know if you find inaccuracies of any kind at
Q egbert.rĳke@fmf.uni-lj.si, or at the homotopy type theory chat at  https://hott.zulipchat.com.

There are 306 exercises.

Ljubljana, April 8, 2022

226 The Univalent Foundations for Mathematics

(vi) If the law of excluded middle holds for propositions inU, then we obtain
from Corollary 17.1.6 an equivalence

PropU ≃ bool.

This implies that the type PropU isU0-small, and that any set is locally
U0-small.

(vii) In Theorem B.5.10 we will show that U cannot be U-small, i.e., that
there can be no type𝑈 : U equipped with an equivalence𝑈 ≃ U.

By the following proposition there is at most one way in which a type can be
U-small.

Proposition 18.1.8 The type is-smallU (𝐴) is a proposition for any type 𝐴.

Proof Let 𝐴 be an arbitrary type. In order to show that is-smallU (𝐴) is a
proposition, we will use Proposition 12.1.3 and show that for any 𝑋 : U and
any equivalence 𝑒 : 𝐴 ≃ 𝑋 , the type∑

(𝑌 :U) 𝐴 ≃ 𝑌

is contractible. Note that we have an equivalence(∑
(𝑌 :U)𝑋 ≃ 𝑌

)
≃
(∑
(𝑌 :U) 𝐴 ≃ 𝑌

)
because precomposing with the equivalence 𝑒 : 𝐴 ≃ 𝑋 is an equivalence.
However, the type

∑
(𝑌 :U) 𝑋 ≃ 𝑌 is contractible by Theorem 17.1.1. □

The following is an immediate corollary.

Corollary 18.1.9 For each function 𝑓 : 𝐴 → 𝐵, the type is-smallU ( 𝑓 ) is a
proposition, and for each type 𝑋 the type is-locally-smallU (𝑋) is a proposition.

Since the type ofU-small types in a universeV is a subuniverse ofV, we
also obtain the following corollary.

Corollary 18.1.10 Consider a type 𝐴 inU and an arbitrary type 𝐵. If ∥𝐴 ≃ 𝐵∥ ,
then 𝐵 isU-small.

Proof Since is-smallU (𝐵) is a proposition, we may assume 𝐴 ≃ 𝑋 and the
claim follows immediately. □

Corollary 18.1.11 Any finite type isU-small for any universeU. Consequently,
we get equivalences(∑

(𝑋:U) is-finite(𝑋)
)
≃
(∑
(𝑌 :V) is-finite(𝑌 )

)
for any two univalent universesU andV.
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Using Proposition 18.1.8 we can show that the universe inclusions

U →U+

U →U ⊔V
V → U ⊔V .

constructed in Remarks 6.2.4 and 6.2.6 are embeddings. These claims follow
from the following, slightly more general theorem.

Theorem 18.1.12 Consider two universes U and V, and suppose that V
contains every type inU. Then the universe inclusion

𝑖 B _𝑋. Ť (𝑋) : U → V

is an embedding.

Proof By univalence it follows that fib𝑖 (𝑌 ) ≃ is-smallU (𝑌 ) for any 𝑌 : V,
which is a proposition by Proposition 18.1.8. □

Recall that in set theory, the replacement axiom asserts that for any family of
sets {𝑋𝑖}𝑖∈𝐼 indexed by a set 𝐼, there is a set 𝑋 [𝐼] consisting of precisely those
sets 𝑥 for which there exists an 𝑖 ∈ 𝐼 such that 𝑥 ∈ 𝑋𝑖 . In other words: the image
of a set-indexed family of sets is again a set. Without the replacement axiom,
𝑋 [𝐼] would be a class.

In type theory, we may similarly wonder about the universe level of the
image of a map 𝑋 : 𝐼 →U, given that 𝐼 is inU. Recall from Definition 6.1.1
that a type 𝐴 is in U if U comes equipped with an element �̌� : U such that
T ( �̌�) � 𝐴. We make the following generalization of this concept.

Axiom 18.1.13 For any map 𝑓 : 𝐴 → 𝐵 from a small type 𝐴 into a locally
small type 𝐵, the image of 𝑓 is again small.

Example 18.1.14 For any type 𝐴 : U, the type U𝐴 of all types in 𝑈𝑈
merely equivalent to 𝐴 is is equivalent to the image of the constant map
const𝐴 : 1→U is small. Since 1 is small andU is locallyU-small, it follows
from the replacement axiom thatU𝐴 isU-small.

Example 18.1.15 The type 𝔽 of all finite types is equivalent to be the image
of the map

Fin : ℕ→U0.

Since ℕ isU-small andU0 is locallyU-small, it follows from the replacement
axiom that 𝔽 isU-small.
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18.2 The universal property of set quotients
The quotient 𝐴/𝑅 is constructed as the image of 𝑅, so we obtain a commuting
triangle

𝐴 𝐴/𝑅

Prop𝐴U ,

←→𝑞𝑅

←→

𝑅
←
↪→

𝑖𝑅

and the embedding 𝑖𝑅 : 𝐴/𝑅 → Prop𝐴U satisfies the universal property of the
image of 𝑅. This universal property is, however, not the usual universal property
of the quotient.

Definition 18.2.1 Consider a map 𝑞 : 𝐴 → 𝐵 into a set 𝐵 satisfying the
property that

𝑅(𝑥, 𝑦) → ( 𝑓 (𝑥) = 𝑓 (𝑦))

for all 𝑥, 𝑦 : 𝐴. We say that 𝑞 : 𝐴→ 𝐵 is a set quotient of 𝑅, or that 𝑞 satisfies
the universal property of the set quotient by 𝑅, if for every map 𝑓 : 𝐴→ 𝑋

into a set 𝑋 such that 𝑓 (𝑥) = 𝑓 (𝑦) whenever 𝑅(𝑥, 𝑦) holds, there is a unique
extension

𝐴

𝐵 𝑋.

←→𝑞 ←
→
𝑓

←→

Remark 18.2.2 Formally, we express the universal property of the quotient by
𝑅 as follows. Consider a map 𝑞 : 𝐴→ 𝐵 that satisfies the property that

𝐻 :
∏
(𝑥,𝑦:𝐴)𝑅(𝑥, 𝑦) → ( 𝑓 (𝑥) = 𝑓 (𝑦)).

Then there is for any set 𝑋 a map

𝑞∗ : (𝐵→ 𝑋) →
(∑
( 𝑓 :𝐴→𝑋)

∏
(𝑥,𝑦:𝐴)𝑅(𝑥, 𝑦) → ( 𝑓 (𝑥) = 𝑓 (𝑦))

)
.

This map takes a function ℎ : 𝐵→ 𝑋 to the pair

𝑞∗ (ℎ) B (ℎ ◦ 𝑞, _𝑥. _𝑦. _𝑟. apℎ (𝐻𝑥,𝑦 (𝑟))).

The universal property of the set quotient of 𝑅 asserts that the map 𝑞∗ is an
equivalence for every set 𝑋 . It is important to note that the universal property of
set quotients is formulated with respect to sets.

Theorem 18.2.3 Consider a type 𝐴 and a universeU containing 𝐴. Further-
more, let 𝑅 : 𝐴 → (𝐴 → PropU) be an equivalence relation, and consider
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a map 𝑞 : 𝐴 → 𝐵 into a set 𝐵, not necessarily in U. Then the following are
equivalent.

(i) The map 𝑞 satisfies the property that

𝑞(𝑥) = 𝑞(𝑦)

for every 𝑥, 𝑦 : 𝐴 for which 𝑅(𝑥, 𝑦) holds, and moreover 𝑞 satisfies the
universal property of the set quotient of 𝑅.

(ii) The map 𝑞 is surjective and effective, which means that for each 𝑥, 𝑦 : 𝐴
we have an equivalence

(𝑞(𝑥) = 𝑞(𝑦)) ≃ 𝑅(𝑥, 𝑦).

(iii) The map 𝑅 : 𝐴→ (𝐴→ PropU) extends along 𝑞 to an embedding

𝐴 𝐵

Prop𝐴U

← →𝑞

←→

𝑅
←→

𝑖

and the embedding 𝑖 satisfies the universal property of the image inclusion
of 𝑅.

In the formulation of Theorem 18.2.3, we don’t assume that 𝐵 is in the same
universe as 𝐴 and 𝑅, because we want to apply it to 𝐵 B im(𝑅). As we will see
below, this extra generality only affects the proof that (ii) implies (iii).

Proof We first show that (ii) is equivalent to (iii), since this is the easiest part.
After that, we will show that (i) is equivalent to (ii).

Assume that (iii) holds. Then 𝑞 is surjective by Theorem 15.2.5. Moreover,
we have

𝑅(𝑥, 𝑦) ≃ 𝑅(𝑥) = 𝑅(𝑦)
≃ 𝑖(𝑞(𝑥)) = 𝑖(𝑞(𝑦))
≃ 𝑞(𝑥) = 𝑞(𝑦)

In this calculation, the first equivalence holds by Corollary 18.1.5; the second
equivalence holds since we have a homotopy 𝑅 ∼ 𝑖 ◦𝑞; and the third equivalence
holds since 𝑖 is an embedding. This completes the proof that (iii) implies (ii).

Next, we show that (ii) implies (iii). First, we want to define a map

𝑖 : 𝐵→ Prop𝐴U .

We would like to define 𝑖(𝑏, 𝑎) := (𝑏 = 𝑞(𝑎)). This direct definition does not go
through, however, because the type 𝐵 is not assumed to be inU. Nevertheless,
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observe that by the assumption that 𝑞 is surjective and effective, the type 𝐵
is locally U-small. Indeed, is-small𝑈 (𝑋) is a proposition for any type 𝑋 . By
surjectiveness of 𝑞, it therefore suffices to show that 𝑞(𝑎) = 𝑞(𝑎′) isU-small for
each 𝑎, 𝑎′ : 𝐴. This follows by the assumption that 𝑞 is effective. In particular,
the identity type type 𝑏 = 𝑞(𝑎) is a U-small proposition, for every 𝑏 : 𝐵
and 𝑎 : 𝐴. Let us write 𝑠(𝑏, 𝑎) for the element of type is-smallU (𝑏 = 𝑞(𝑎)).
Consider a universeV containing 𝐵. Then we can define a map

𝑗 : 𝐵→ (𝐴→ ∑
(𝑃:PropV ) is-smallU (𝑃))

by 𝑗 (𝑏, 𝑎) := (𝑏 = 𝑞(𝑎), 𝑠(𝑏, 𝑎)), and now we obtain 𝑖 from 𝑗 by defining

𝑖(𝑏, 𝑎) := pr1 (pr2 ( 𝑗 (𝑏, 𝑎))).

Note that 𝑖(𝑏, 𝑎) ≃ (𝑏 = 𝑞(𝑎)) for all 𝑏 : 𝐵 and 𝑎 : 𝐴. Then the triangle

𝐴 𝐵

Prop𝐴U

← →𝑞

←→
𝑅

←→

𝑖

commutes, since we have an equivalence

𝑖(𝑞(𝑎), 𝑎′) ≃ (𝑞(𝑎) = 𝑞(𝑎′)) ≃ 𝑅(𝑎, 𝑎′)

for each 𝑎, 𝑎′ : 𝐴. To show that 𝑖 is an embedding, it suffices to show that 𝑖 is
injective, i.e., that ∏

(𝑏,𝑏′:𝐵) (𝑖(𝑏) = 𝑖(𝑏′)) → (𝑏 = 𝑏′)

Note that this is a property, and that 𝑞 is assumed to be surjective. Hence by
Proposition 15.2.3 it is equivalent to show that∏

(𝑎,𝑎′:𝐴) (𝑖(𝑞(𝑎)) = 𝑖(𝑞(𝑎′))) → (𝑞(𝑎) = 𝑞(𝑎′)).

Since 𝑅 ∼ 𝑖 ◦ 𝑞, and 𝑞(𝑎) = 𝑞(𝑎′) is assumed to be equivalent to 𝑅(𝑎, 𝑎′), it
suffices to show that∏

(𝑎,𝑎′:𝐴) (𝑅(𝑎) = 𝑅(𝑎′)) → 𝑅(𝑎, 𝑎′),

which follows directly from Corollary 18.1.5. Thus we have shown that the
factorization 𝑅 ∼ 𝑖◦𝑞 factors 𝑅 as a surjective map followed by an injective map.
We conclude by Theorem 15.2.5 that the embedding 𝑖 satisfies the universal
property of the image factorization of 𝑅, which finishes the proof that (ii) implies
(iii).
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Now we show that (i) implies (ii). To see that 𝑞 is surjective if it satisfies the
assumptions in (i), consider the image factorization

𝐴 im(𝑞)

𝐵.

←

→𝑞

← →
𝑞𝑞

←→

𝑖𝑞

We claim that the map 𝑖𝑞 has a section. To see this, we first note that we have

𝑞𝑞 (𝑥) = 𝑞𝑞 (𝑦)

for any 𝑥, 𝑦 : 𝐴 satisfying 𝑅(𝑥, 𝑦), because if 𝑅(𝑥, 𝑦) holds, then 𝑞(𝑥) = 𝑞(𝑦)
and hence 𝑖𝑞 (𝑞𝑞 (𝑥)) = 𝑖𝑞 (𝑞𝑞 (𝑦)) holds and 𝑖𝑞 is an embedding. Since im(𝑞) is
a set, we may apply the universal property of 𝑞 and we obtain a unique extension
of 𝑞𝑞 along 𝑞

𝐴

𝐵 im(𝑞).

←→𝑞

←

→
𝑞𝑞

←→
ℎ

Now we observe that the composite 𝑖𝑞 ◦ ℎ is an extension of 𝑞 along 𝑞, so it
must be the identity function by uniqueness. Thus we have established that ℎ
is a section of 𝑖𝑞 . Now it follows from the fact that 𝑖𝑞 is an embedding with a
section, that 𝑖𝑞 is an equivalence. We conclude that 𝑞 is surjective, because 𝑞 is
the composite 𝑖𝑞 ◦ 𝑞𝑞 of a surjective map followed by an equivalence.

Now we have to show that 𝑞(𝑥) = 𝑞(𝑦) is equivalent to 𝑅(𝑥, 𝑦). We first apply
the universal property of 𝑞 to obtain for each 𝑥 : 𝐴 an extension of 𝑅(𝑥) along 𝑞

𝐴

𝐵 PropU .

←→𝑞

←

→
𝑅 (𝑥 )

←→
�̃� (𝑥 )

Since the triangle commutes, we have an equivalence �̃�(𝑥, 𝑞(𝑥′)) ≃ 𝑅(𝑥, 𝑥′)
for each 𝑥′ : 𝐴. Now we apply Theorem 11.2.2 to see that the canonical family
of maps ∏

(𝑦:𝐵) (𝑞(𝑥) = 𝑦) → �̃�(𝑥, 𝑦)

is a family of equivalences. Thus, we need to show that the type
∑
(𝑦:𝐵) �̃�(𝑥, 𝑦)

is contractible. For the center of contraction, note that we have 𝑞(𝑥) : 𝐵, and
the type �̃�(𝑥, 𝑞(𝑥)) is equivalent to the type 𝑅(𝑥, 𝑥), which is inhabited by
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reflexivity of 𝑅. To construct the contraction, it suffices to show that∏
(𝑦:𝐵) �̃�(𝑥, 𝑦) → (𝑞(𝑥) = 𝑦).

Since this is a property, and since we have already shown that 𝑞 is a surjective
map, we may apply Proposition 15.2.3, by which it suffices to show that∏

(𝑥′:𝐴) �̃�(𝑥, 𝑞(𝑥′)) → (𝑞(𝑥) = 𝑞(𝑥′)).

Since �̃�(𝑥, 𝑞(𝑥′)) ≃ 𝑅(𝑥, 𝑥′), this is immediate from our assumption on 𝑞.
Thus we obtain the contraction, and we conclude that we have an equivalence
�̃�(𝑥, 𝑦) ≃ (𝑞(𝑥) = 𝑦) for each 𝑦 : 𝐵. It follows that we have an equivalence

𝑅(𝑥, 𝑦) ≃ (𝑞(𝑥) = 𝑞(𝑦))

for each 𝑥, 𝑦 : 𝐴, which completes the proof that (i) implies (ii).
It remains to show that (ii) implies (i). Assume (ii), and let 𝑓 : 𝐴→ 𝑋 be a

map into a set 𝑋 , satisfying the property that∏
(𝑎,𝑎′:𝐴)𝑅(𝑎, 𝑎′) → ( 𝑓 (𝑎) = 𝑓 (𝑎′)).

Our goal is to show that the type of extensions of 𝑓 along 𝑞 is contractible. By
Exercise 17.4 it follows that there is at most one such an extension, so it suffices
to construct one.

In order to construct an extension, we will construct for every 𝑏 : 𝐵 a term
𝑥 : 𝑋 satisfying the property

𝑃(𝑥) B ∃(𝑎:𝐴) ( 𝑓 (𝑎) = 𝑥) ∧ (𝑞(𝑎) = 𝑏).

Before we make this construction, we first observe that there is at most one such
𝑥, i.e., that the type of 𝑥 : 𝑋 satisfying 𝑃(𝑥) is in fact a proposition. To see this,
we need to show that 𝑥 = 𝑥′ for any 𝑥, 𝑥′ : 𝑋 satisfying 𝑃(𝑥) and 𝑃(𝑥′). Since 𝑋
is assumed to be a set, our goal of showing that 𝑥 = 𝑥′ is a property. Therefore
we may assume that we have 𝑎, 𝑎′ : 𝐴 satisfying

𝑓 (𝑎) = 𝑥 𝑞(𝑎) = 𝑏
𝑓 (𝑎′) = 𝑥′ 𝑞(𝑎′) = 𝑏.

It follows from these assumptions that 𝑞(𝑎) = 𝑞(𝑎′), and hence that 𝑅(𝑎, 𝑎′)
holds. This in turn implies that 𝑓 (𝑎) = 𝑓 (𝑎′), and hence that 𝑥 = 𝑥′.

Now let 𝑏 : 𝐵. Our goal is to construct an 𝑥 : 𝑋 that satisfies the property

∃(𝑎:𝐴) ( 𝑓 (𝑎) = 𝑥) ∧ (𝑞(𝑎) = 𝑏).

Since 𝑞 is assumed to be surjective, we have ∥fib𝑞 (𝑏)∥ . Moreover, since we
have shown that at most one 𝑥 : 𝑋 exists with the asserted property, we get to
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assume that we have 𝑎 : 𝐴 satisfying 𝑞(𝑎) = 𝑏. Now we see that 𝑥 B 𝑓 (𝑎)
satisfies the desired property.

Thus, we obtain a function ℎ : 𝐵 → 𝑋 satisfying the property that for all
𝑏 : 𝐵 there exists an 𝑎 : 𝐴 such that

𝑓 (𝑎) = ℎ(𝑏) and 𝑞(𝑎) = 𝑏.

In particular, it follows that ℎ(𝑞(𝑎)) = 𝑓 (𝑎) for all 𝑎 : 𝐴, which completes the
proof that (ii) implies (i). □

Corollary 18.2.4 Consider an equivalence relation 𝑅 over a type 𝐴. Then the
quotient map

𝑞 : 𝐴→ 𝐴/𝑅

is surjective and effective, and it satisfies the universal property of the set
quotient.

18.3 Set truncations
An instance of set quotients is the notion of set truncation. Analogous to the
propositional truncation, the set truncation of a type 𝐴 is a map [ : 𝐴→ ∥𝐴∥0
into a set ∥𝐴∥0 such that any map 𝑓 : 𝐴 → 𝑋 into a set 𝑋 extends uniquely
along [:

𝐴

∥𝐴∥0 𝑋.

←

→
𝑓←→[

←→

In other words, the set truncation [ : 𝐴→ ∥𝐴∥0 is the universal way of mapping
𝐴 into a set. We first specify what it means for a map 𝑓 : 𝐴→ 𝐵 into a set 𝐵 to
be a set truncation of 𝐴.

Definition 18.3.1 We say that a map 𝑓 : 𝐴→ 𝐵 into a set 𝐵 is a set truncation
if the precomposition function

– ◦ 𝑓 : (𝐵→ 𝑋) → (𝐴→ 𝑋)

is an equivalence for every set 𝑋 .

In the following theorem we prove several conditions that are equivalent to
being a set truncation.

Theorem 18.3.2 Consider a map 𝑓 : 𝐴→ 𝐵 into a set 𝐵. Then the following
are equivalent:

mailto:egbert.rijke@fmf.uni-lj.si
https://hott.zulipchat.com


This material will be published by Cambridge University Press as Introduction to Homotopy Type Theory by Egbert Rĳke. This pre-publication
version is free to view and download for personal use only. Not for re-distribution, re-sale or use in derivative works. © Egbert Rĳke 2020

The best way to support this book while it is still being prepared for publication, is to let the author know if you find inaccuracies of any kind at
Q egbert.rĳke@fmf.uni-lj.si, or at the homotopy type theory chat at  https://hott.zulipchat.com.

There are 306 exercises.

Ljubljana, April 8, 2022

234 The Univalent Foundations for Mathematics

(i) The map 𝑓 is a set truncation.
(ii) The map 𝑓 satisfies the dependent universal property of the set truncation:

For every family 𝑋 of sets over 𝐵, the precomposition function

– ◦ 𝑓 :
(∏

(𝑏:𝐵)𝑋 (𝑏)
)
→

(∏
(𝑎:𝐴)𝑋 ( 𝑓 (𝑎))

)
is an equivalence.

(iii) The map 𝑓 is a set quotient with respect to the equivalence relation
𝑥, 𝑦 ↦→ ∥𝑥 = 𝑦∥ .

Proof The fact that (ii) implies (i) is immediate. Moreover, the fact that (i) is
equivalent to (iii) follows from the fact that any map ℎ : 𝐴 → 𝑋 into a set 𝑋
comes equipped with a function

∥𝑥 = 𝑦∥ → (ℎ(𝑥) = ℎ(𝑦))

for every 𝑥, 𝑦 : 𝐴.
It remains to prove that (i) implies (ii). Consider a family 𝑋 of sets over 𝐵,

and consider the commuting square∑
(𝑔:𝐵→𝐵)

∏
(𝑏:𝐵)𝑋 (𝑔(𝑏))

∑
(ℎ:𝐴→𝐵)

∏
(𝑎:𝐴)𝑋 (ℎ(𝑎))

(𝐵→ ∑
(𝑏:𝐵) 𝑋 (𝑏)) (𝐴→ ∑

(𝑏:𝐵) 𝑋 (𝑏))

←→≃

← →(𝑔,𝑠) ↦→(𝑔◦ 𝑓 ,𝑠◦ 𝑓 )

←→ ≃

← →
–◦ 𝑓

The side maps are equivalences by the distributivity of Π over Σ, and the bottom
map is an equivalence by the assumption that 𝑓 is a set truncation. Therefore it
follows that the top map is an equivalence. Furthermore, note that the map

– ◦ 𝑓 : (𝐵→ 𝐵) → (𝐴→ 𝐵)

is an equivalence by the assumption that 𝑓 is a set truncation. Therefore it
follows from Theorem 11.1.6 that the map

– ◦ 𝑓 :
(∏

(𝑏:𝐵)𝑋 (𝑔(𝑏))
)
→

(∏
(𝑎:𝐴)𝑋 (𝑔( 𝑓 (𝑎)))

)
is an equivalence for every 𝑔 : 𝐵 → 𝐵. Now we take 𝑔 B id to complete the
proof that (i) implies (ii). □

Corollary 18.3.3 On any universe U, there is an operation ∥ – ∥0 : U →∑
(𝑋:U) is-set(𝑋) such that every type 𝐴 inU comes equipped with a map

[ : 𝐴→ ∥𝐴∥0

that satisfies the universal property of the set truncation. The set ∥𝐴∥0 is called
the set truncation of 𝐴.
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Proof By Theorem 18.3.2 it follows that a map 𝑓 : 𝐴 → 𝐵 into a set 𝐵
is a set truncation if and only if it is a quotient map with respect to the
equivalence relation 𝑥, 𝑦 ↦→ ∥𝑥 = 𝑦∥ . Given a type 𝐴 inU, the quotient of 𝐴 by
𝑥, 𝑦 ↦→ ∥𝑥 = 𝑦∥ is again a type inU by Axiom 18.1.13. □

Corollary 18.3.4 The set truncation [ : 𝐴→ ∥𝐴∥0 is surjective and effective
with respect to the equivalence relation 𝑥, 𝑦 ↦→ ∥𝑥 = 𝑦∥ , i.e., we have an
equivalence

([(𝑥) = [(𝑦)) ≃ ∥𝑥 = 𝑦∥

for each 𝑥, 𝑦 : 𝐴.

By this corollary, we may think of the set truncation ∥𝐴∥0 of 𝐴 as the set of
connected components of 𝐴. Indeed, if we have an unspecified identification
∥𝑥 = 𝑦∥ in 𝐴, then we think of 𝑥 and 𝑦 as being in the same connected component.
For example, any 𝑘-element set is a type that is in the same connected component
ofU as the type Fin𝑘 .

There are truncation operations for every truncation level. That is, we can
define for every type 𝐴 a map [ : 𝐴→ ∥𝐴∥𝑘 such that the map

– ◦ [ : (∥𝐴∥𝑘 → 𝑋) → (𝐴→ 𝑋)

is an equivalence for every 𝑘-truncated type 𝑋 . We will study 𝑘-truncations in
more detail in Section 31, when we have more types of higher truncation levels
available and when we have more things to say about them.

18.4 Unique representatives of equivalence classes
Definition 18.4.1 Consider an equivalence relation 𝑅 on a type 𝐴, and let 𝑃 be
a family of types over 𝐴. We say that 𝑃 is a choice of (unique) representatives
for 𝑅 if 𝑃 comes equipped with an element of type

is-choice-of-reps(𝑃) B ∏
(𝑥:𝐴) is-contr

(∑
(𝑦:𝐴)𝑃(𝑦) × 𝑅(𝑥, 𝑦)

)
.

Theorem 18.4.2 Consider an equivalence relation 𝑅 on a type 𝐴, and let 𝑃 be
a family of types over 𝐴. If 𝑃 is a choice of unique representatives, then the map

𝐴→ ∑
(𝑥:𝐴)𝑃(𝑥)

obtained from is-choice-of-reps(𝑃) satisfies the universal property of the set
quotient of 𝐴 by 𝑅.
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Exercises

18.1 Consider a map 𝑓 : 𝐴→ 𝐵 into a set 𝐵, and let 𝑅 : 𝐴→ (𝐴→ PropU)
be the equivalence relation given by

𝑅(𝑥, 𝑦) B 𝑓 (𝑥) = 𝑓 (𝑦).

Show that the map 𝑞 𝑓 : 𝐴→ im( 𝑓 ) satisfies the universal property of the
set quotient of 𝑅.

18.2 Show that the set truncation of a loop space is a group.
18.3 Recall that a normal subgroup 𝐻 of a group 𝐺 is a subgroup of 𝐺 such

that 𝑔ℎ𝑔−1 is in 𝐻 for every ℎ : 𝐻 and 𝑔 : 𝐺. Given a normal subgroup
𝐻 of 𝐺, we write 𝐺/𝐻 for the quotient of 𝐺 by the equivalence relation
where 𝑔 ∼ 𝑔′ if and only if there is a ℎ : 𝐻 such that 𝑔ℎ = 𝑔′. Show that
𝐺/𝐻 is again a group.

18.4 (a) Show that any proposition is locally small.
(b) Show that any essentially small type is locally small.
(c) Show that the function type 𝐴→ 𝑋 is locally small whenever 𝐴 is

essentially small and 𝑋 is locally small.
18.5 Let 𝑓 : 𝐴→ 𝐵 be a map. Show that the following are equivalent:

(i) The map 𝑓 is locally small in the sense that for every 𝑥, 𝑦 : 𝐴, the
action on paths of 𝑓

ap 𝑓 : (𝑥 = 𝑦) → ( 𝑓 (𝑥) = 𝑓 (𝑦))

is an essentially small map.
(ii) The diagonal 𝛿 𝑓 of 𝑓 as defined in Exercise 22.2 is classified by the

universal fibration.

18.6 Consider an abelian group 𝐴. Define an operation∏
(𝑋:𝔽 ) 𝐴

𝑋 → 𝐴

that extends the (binary) group operation to the finite un-ordered 𝑛-tuples
of elements in 𝐴.

18.7 Consider the relation

(𝑚, 𝑛) ≈ (𝑚′, 𝑛′)

on the type ℕ × ℕ.

(a) Show that this relation is an equivalence relation.
(b) Construct an equivalence 𝑒 : ((ℕ × ℕ)/≈) ≃ ℤ, such that the
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triangle

ℕ

(ℕ × ℕ)/≈ ℤ

←→𝑗 ←

→

𝑖

← →𝑒

commutes, where the map 𝑗 is given by 𝑗 (𝑛) B [(𝑛, 0ℕ)]≈.
18.8 Recall that the group ℤ𝑛 was constructed in ??. Construct a group

isomorphism

ℤ/𝑛ℤ � ℤ/𝑛,

where the group on the left-hand side is defined as the quotient of ℤ by
the normal subgroup 𝑛ℤ.

18.9 Consider a type 𝐴, and letU be an arbitrary universe. Define the type of
U-small partitions on 𝐴 to be the type of 𝑄 : (𝐴→ PropU) → PropU
equipped with a term of type

is-partition(𝑄) B ∏
(𝑎:𝐴) is-contr

(∑
(𝑃:𝐴→PropU )𝑄(𝑃) × 𝑃(𝑎)

)
.

We will write PartitionU (𝐴) for the type of all U-small partitions on
𝐴. When 𝑄 is a partition on 𝐴, then we write 𝑄𝑥 for the unique subset
𝑃 : 𝐴→ PropU such that 𝑄(𝑃) and 𝑃(𝑥) both hold. Furthermore, given
a partition 𝑄 on 𝐴, define the type

𝐴/𝑄 B ∑
(𝑃:𝐴→PropU )𝑄(𝑃),

and define the map 𝑞 : 𝐴→ 𝐴/𝑄 by 𝑞(𝑥) B 𝑄𝑥 .

(a) For anyU-small equivalence relation 𝑅 on 𝐴, define 𝑄𝑅 : (𝐴→
PropU) → PropU by

𝑄𝑅 (𝑃) B ∃(𝑥:𝐴)∀(𝑦:𝐴)𝑃(𝑦) ↔ 𝑅(𝑥, 𝑦).

As a special case, we define 𝐾 𝑓 B 𝑄 𝑓 ( – )= 𝑓 ( – ) for any map
𝑓 : 𝐴→ 𝐵 into a set 𝐵. Show that 𝑄𝑅 is a partition on 𝐴, and that
we therefore obtain a map

Eq-RelU (𝐴) → PartitionU (𝐴).

(b) Show that the map

Eq-RelU (𝐴) → PartitionU (𝐴)

is an equivalence.
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(c) Define the ordering relation ≤ on the partitions on 𝐴 by

(𝑄 ≤ 𝑄′) B ∀(𝑥:𝐴)𝑄𝑥 ⊆ 𝑄′𝑥
Show that this relation satisfies the axioms of a poset.

(d) Show that the map 𝑞 : 𝐴→ 𝐴/𝑄 satisfies the following universal
property: For any map 𝑓 : 𝐴 → 𝐵 into a set 𝐵 such that 𝑄 ≤ 𝐾 𝑓 ,
there is a unique map 𝑔 : 𝐴/𝑄 → 𝐵 such that the triangle

𝐴

𝐴/𝑄 𝐵

←→𝑞 ←

→
𝑓

←→𝑔
commutes.

(e) Show that the map 𝑞 : 𝐴 → 𝐴/𝑄 satisfies the universal property
of the quotient 𝐴/𝑅𝑄, where 𝑅𝑄 is the equivalence relation on 𝐴
given by

𝑅𝑄 (𝑥, 𝑦) B ∃(𝑃:𝐴→PropU )𝑄(𝑃) × 𝑃(𝑥) × 𝑃(𝑦).

18.10 (a) Consider a proposition 𝑃, and define the relation ∼𝑃 on bool by

(true ∼𝑃 true) B 1 (true ∼𝑃 false) B 𝑃

(false ∼𝑃 (true) B 𝑃 (false ∼𝑃 false) B 1

Show that ∼𝑃 is an equivalence relation.
(b) Consider a universeU containing the proposition 𝑃. Construct an

embedding bool/∼𝑃 ↩→ PropU .
(c) Show that the law of excluded middle holds if and only if every set

has decidable equality.
(d) Use the quotient bool/∼𝑃 to show that the axiom of choice implies

the law of excluded middle.
18.11 A map 𝑓 : 𝐴→ 𝐵 is called weakly path-constant if it comes equipped

with an element of type

is-weakly-path-constant( 𝑓 ) :
∏
(𝑥,𝑦:𝐴)

∏
(𝑝,𝑞:𝑥=𝑦)ap 𝑓 (𝑝) = ap 𝑓 (𝑞).

In other words, 𝑓 is weakly path-constant if for each 𝑥, 𝑦 : 𝐴 the map
ap 𝑓 : (𝑥 = 𝑦) → ( 𝑓 (𝑥) = 𝑓 (𝑦)) is weakly constant in the sense of
Definition 14.4.3.

(a) Show that every map ∥𝐴∥0 → 𝐵 is weakly path-constant. Use this
to obtain a map

𝛼 :
(
∥𝐴∥0 → 𝐵

)
→

(∑
( 𝑓 :𝐴→𝐵) is-weakly-path-constant( 𝑓 )

)
.
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(b) Show that if 𝐵 is a 1-type, then the map 𝛼 is an equivalence. In
other words, show that every weakly path-constant map 𝑓 : 𝐴→ 𝐵

into a 1-type 𝐵 has a unique extension

𝐴 𝐵.

∥𝐴∥0

←→𝑓

←→[ ← →

18.12 For any natural number 𝑘 , define

𝑄𝑘 B list(Fin𝑘) × list(Fin𝑘),

and let ∼𝑘 : 𝑄𝑘 → (𝑄𝑘 → PropU) be the equivalence relation generated
by

(cons(0, 𝑥), 𝑦) ∼𝑘+1 (𝑥, 𝑦)
(𝑥, (concat-list(𝑦, 0))) ∼𝑘+1 (𝑥, 𝑦).

Show that ℚ≥0 ≃ 𝑄𝑘+1/∼𝑘+1.
18.13 Consider two (unrelated) univalent universesU andV.

(a) Show that the type of essentiallyV-small types inU is equivalent
to the type of essentiallyU-small types inV.

(b) Suppose that each type inU is essentiallyV-small. Show that the
typeU itself isV+-small.

18.14 Consider a type 𝐴 and a universeU containing 𝐴. Let

𝜏 : 𝐴→ ((𝐴→ PropU) → PropU)

be the map defined by 𝜏(𝑎) B _ 𝑓 . 𝑓 (𝑎). Show that the map

𝑞𝜏 : 𝐴→ im(𝜏)

obtained from the image factorization of 𝐴 is a set truncation of 𝐴.
18.15 In this exercise we extend the definition of the binomial types to ∥U∥0 as

follows: For a type 𝐴 : U and 𝑘 : ∥U∥0, we define(
𝐴

𝑘

)
B

∑
( (𝑋,𝑝):fib[ (𝑘 ) )𝑋 ↩→d 𝐴.

Furthermore, for (𝑋, 𝑖) :
(𝐴
𝑘

)
, define

𝐴 \ 𝑋 B ∑
(𝑎:𝐴)¬(fib𝑖 (𝑎)).

𝑖 B pr1.

Now consider a type 𝑋 and two type families 𝐴 and 𝐵 over 𝑋 , and letU be
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a universe containing 𝑋 , 𝐴, and 𝐵. Show that the type
∏
(𝑥:𝑋) 𝐴(𝑥) +𝐵(𝑥)

is equivalent to the type∑
(𝑘:∥U∥0 )

∑
( (𝑌,𝑖):(𝑋𝑘) )

(∏
(𝑦:𝑌 ) 𝐴(𝑖(𝑦))

)
×
(∏

(𝑦:𝑌 c )𝐵(𝑖c (𝑦))
)
.

18.16 For any type 𝑋 , construct an equivalence

∥list(𝑋)∥0 ≃ list∥𝑋 ∥0.

18.17 Consider a type 𝐴 equipped with an element 𝑎 : 𝐴. Show that the following
are equivalent:

(i) The type 𝐴 is connected in the sense that ∥𝐴∥0 is contractible.
(ii) There is an element of type ∥𝑎 = 𝑥∥ for any 𝑥 : 𝐴.
(iii) For any family 𝐵 over 𝐴, the fiber inclusion

𝑖𝑎 : 𝐵(𝑎) → ∑
(𝑥:𝐴)𝐵(𝑥)

defined in Exercise 12.13 is surjective.
18.18 Consider a type 𝐴, and suppose that ∥𝐴∥0 is a finite type with 𝑘 elements.

Show that there exists a map 𝑓 : Fin𝑘 → 𝐴 such that [◦ 𝑓 is an equivalence,
i.e., prove the proposition

∃( 𝑓 :Fin𝑘→𝐴) is-equiv([ ◦ 𝑓 ).

18.19 Consider a map 𝑓 : 𝐴→ 𝐵.
(a) Show that if 𝑓 is injective, then ∥ 𝑓 ∥0 : ∥𝐴∥0 → ∥𝐵∥0 is injective.
(b) Show that the following are equivalent

(i) The map 𝑓 is surjective.
(ii) the map ∥ 𝑓 ∥0 : ∥𝐴∥0 → ∥𝐵∥0 is surjective.

(c) Construct a map ℎ : im( 𝑓 ) → im ∥ 𝑓 ∥0 such that the squares

𝐴 im( 𝑓 ) 𝐵

∥𝐴∥0 im ∥ 𝑓 ∥0 ∥𝐵∥0

← →
𝑞 𝑓

←→[ ←→ℎ

← →
𝑖 𝑓

←→ [

←→𝑞∥ 𝑓 ∥0

←→
𝑖∥ 𝑓 ∥0

commute, and show that ℎ is a set truncation of im( 𝑓 ).

19 Groups in univalent mathematics

In this section we demonstrate a typical way to use the univalence axiom,
showing that isomorphic groups can be identified. For example, by the third

mailto:egbert.rijke@fmf.uni-lj.si
https://hott.zulipchat.com


This material will be published by Cambridge University Press as Introduction to Homotopy Type Theory by Egbert Rĳke. This pre-publication
version is free to view and download for personal use only. Not for re-distribution, re-sale or use in derivative works. © Egbert Rĳke 2020

The best way to support this book while it is still being prepared for publication, is to let the author know if you find inaccuracies of any kind at
Q egbert.rĳke@fmf.uni-lj.si, or at the homotopy type theory chat at  https://hott.zulipchat.com.

There are 306 exercises.

Ljubljana, April 8, 2022

19 Groups in univalent mathematics 241

isomorphism theorem, which gives an isomorphism

(𝐺/𝑁)/(𝐾/𝑁) � (𝐺/𝐾)

for any sequence 𝑁 ⊴ 𝐾 ⊴ 𝐺 of normal subgroups of 𝐺, we will be able to
identify (𝐺/𝑁)/(𝐾/𝑁) with 𝐺/𝐾 . Identifying such “canonically” isomorphic
groups is common practice. This is an instance of the structure identity principle,
which is described in more detail in section 9.8 of [5].

In order to show that isomorphic groups can be identified, it has to be part of
the definition of a group that its underlying type is a set. This is an important
observation: in many branches of algebra the objects of study are set-level
structures2 .

19.1 The type of all groups
We introduce the type of groups in two stages: first we introduce the type of
semi-groups, and then we introduce groups as semi-groups that possess further
structure. It will turn out that this further structure is in fact a property, and this
fact will help us to prove that isomorphic groups are equal.

Definition 19.1.1 A semi-group consists of a set 𝐺 equipped with a term
of type has-associative-mul(𝐺), which is the type of pairs (`𝐺 , assoc𝐺)
consisting of a binary operation

`𝐺 : 𝐺 → (𝐺 → 𝐺)

and a homotopy

assoc𝐺 :
∏
(𝑥,𝑦.𝑧:𝐺)`𝐺 (`𝐺 (𝑥, 𝑦), 𝑧) = `𝐺 (𝑥, `𝐺 (𝑦, 𝑧)).

We write Semi-Group for the type of all semi-groups inU.

Definition 19.1.2 A semi-group 𝐺 is said to be unital if it comes equipped
with a unit 𝑒𝐺 : 𝐺 that satisfies the left and right unit laws

left-unit𝐺 :
∏
(𝑦:𝐺)`𝐺 (𝑒𝐺 , 𝑦) = 𝑦

right-unit𝐺 :
∏
(𝑥:𝐺)`𝐺 (𝑥, 𝑒𝐺) = 𝑥.

We write is-unital(𝐺) for the type of such triples (𝑒𝐺 , left-unit𝐺 , right-unit𝐺).
Unital semi-groups are also called monoids.

2 A notable exception is that of categories, which are objects at truncation level 1, i.e., at the level
of groupoids. We will briefly introduce categories in ??. For more about categories we
recommend Chapter 9 of [5].
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The unit of a semi-group is of course unique once it exists. In univalent
mathematics we express this fact by asserting that the type is-unital(𝐺) is a
proposition for each semi-group 𝐺. In other words, being unital is a property of
semi-groups rather than structure on it. This is typical for univalent mathematics:
we express that a structure is a property by proving that this structure is a
proposition.

Lemma 19.1.3 For a semi-group 𝐺 the type is-unital(𝐺) is a proposition.

Proof Let 𝐺 be a semi-group. Note that since 𝐺 is a set, it follows that the
types of the left and right unit laws are propositions. Therefore it suffices to
show that any two terms 𝑒, 𝑒′ : 𝐺 satisfying the left and right unit laws can be
identified. This is easy:

𝑒 = `𝐺 (𝑒, 𝑒′) = 𝑒′. □

Definition 19.1.4 Let 𝐺 be a unital semi-group. We say that 𝐺 has inverses if
it comes equipped with an operation 𝑥 ↦→ 𝑥−1 of type 𝐺 → 𝐺, satisfying the
left and right inverse laws

left-inv𝐺 :
∏
(𝑥:𝐺)`𝐺 (𝑥−1, 𝑥) = 𝑒𝐺

right-inv𝐺 :
∏
(𝑥:𝐺)`𝐺 (𝑥, 𝑥−1) = 𝑒𝐺 .

We write is-group′ (𝐺, 𝑒) for the type of such triples ((– )−1, left-inv𝐺 , right-inv𝐺),
and we write

is-group(𝐺) B ∑
(𝑒:is-unital(𝐺) ) is-group′ (𝐺, 𝑒)

A group is a unital semi-group with inverses. We write Group for the type of
all groups inU.

Lemma 19.1.5 For any semi-group 𝐺 the type is-group(𝐺) is a proposition.

Proof We have already seen that the type is-unital(𝐺) is a proposition. There-
fore it suffices to show that the type is-group′ (𝐺, 𝑒) is a proposition for any
𝑒 : is-unital(𝐺).

Since a semi-group 𝐺 is assumed to be a set, we note that the types of the
inverse laws are propositions. Therefore it suffices to show that any two inverse
operations satisfying the inverse laws are homotopic.

Let 𝑥 ↦→ 𝑥−1 and 𝑥 ↦→ 𝑥−1 be two inverse operations on a unital semi-group
𝐺, both satisfying the inverse laws. Then we have the following identifications

𝑥−1 = `𝐺 (𝑒𝐺 , 𝑥−1)
= `𝐺 (`𝐺 (𝑥−1, 𝑥), 𝑥−1)
= `𝐺 (𝑥−1, `𝐺 (𝑥, 𝑥−1))
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= `𝐺 (𝑥−1, 𝑒𝐺)
= 𝑥−1

for any 𝑥 : 𝐺. Thus the two inverses of 𝑥 are the same, so the claim follows. □

Example 19.1.6 An important class of examples consists of loop spaces 𝑥 = 𝑥
of a 1-type 𝑋 , for any 𝑥 : 𝑋 . We will write Ω (𝑋, 𝑥) for the loop space of 𝑋 at
𝑥. Since 𝑋 is assumed to be a 1-type, it follows that the type Ω (𝑋, 𝑥) is a set.
Then we have

refl : Ω (𝑋, 𝑥)
inv : Ω (𝑋, 𝑥) → Ω (𝑋, 𝑥)

concat : Ω (𝑋, 𝑥) → (Ω (𝑋, 𝑥) → Ω (𝑋, 𝑥)),

and these operations satisfy the group laws, since the group laws are just a
special case of the groupoid laws for identity types, constructed in Section 5.2.

Example 19.1.7 The type ℤ of integers can be given the structure of a group,
with the group operation being addition. The fact that ℤ is a set follows from
Theorem 11.3.1 and Exercise 12.4. The group laws were shown in Exercise 5.7.

Example 19.1.8 Our last class of examples consists of the automorphism
groups on sets. Given a set 𝑋 , we define

Aut(𝑋) B (𝑋 ≃ 𝑋).

The group operation of Aut(𝑋) is just composition of equivalences, and the
unit of the group is the identity function. Note however, that although function
composition is strictly associative and satisfies the unit laws strictly, composition
of equivalences only satisfies the group laws up to identification because the
proof that composites are equivalences is carried along.

Important special cases of the automorphism groups are the symmetric
groups

S𝑛 B Aut(Fin𝑛).

19.2 Group homomorphisms
Definition 19.2.1 Let 𝐺 and 𝐻 be semi-groups. A homomorphism of semi-
groups from 𝐺 to 𝐻 is a pair ( 𝑓 , ` 𝑓 ) consisting of a function 𝑓 : 𝐺 → 𝐻

between their underlying types, and a term

` 𝑓 :
∏
(𝑥,𝑦:𝐺) 𝑓 (`𝐺 (𝑥, 𝑦)) = `𝐻 ( 𝑓 (𝑥), 𝑓 (𝑦))
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witnessing that 𝑓 preserves the binary operation of 𝐺. We will write

hom(𝐺, 𝐻)

for the type of all semi-group homomorphisms from 𝐺 to 𝐻.

Remark 19.2.2 Since it is a property for a function to preserve the multiplica-
tion of a semi-group, it follows easily that equality of semi-group homomor-
phisms is equivalent to the type of homotopies between their underlying functions.
In particular, it follows that the type of homomorphisms of semi-groups is a set.

Remark 19.2.3 The identity homomorphism on a semi-group 𝐺 is defined
to be the pair consisting of

id : 𝐺 → 𝐺

_𝑥. _𝑦. refl :
∏
(𝑥,𝑦:𝐺)`𝐺 (𝑥, 𝑦) = `𝐺 (𝑥, 𝑦).

Let 𝑓 : 𝐺 → 𝐻 and 𝑔 : 𝐻 → 𝐾 be semi-group homomorphisms. Then the
composite function 𝑔 ◦ 𝑓 : 𝐺 → 𝐾 is also a semi-group homomorphism, since
we have the identifications

𝑔( 𝑓 (`𝐺 (𝑥, 𝑦))) 𝑔(`𝐻 ( 𝑓 (𝑥), 𝑓 (𝑦))) `𝐾 (𝑔( 𝑓 (𝑥)), 𝑔( 𝑓 (𝑦))).⇐⇐ ⇐⇐

Since the identity type of semi-group homomorphisms is equivalent to the
type of homotopies between semi-group homomorphisms it is easy to see that
semi-group homomorphisms satisfy the laws of a category, i.e., that we have
the identifications

id ◦ 𝑓 = 𝑓

𝑔 ◦ id = 𝑔

(ℎ ◦ 𝑔) ◦ 𝑓 = ℎ ◦ (𝑔 ◦ 𝑓 )

for any composable semi-group homomorphisms 𝑓 , 𝑔, and ℎ. Note, however
that these equalities are not expected to hold judgmentally, since preservation of
the semi-group operation is part of the data of a semi-group homomorphism.

Definition 19.2.4 Let 𝐺 and 𝐻 be groups. A homomorphism of groups from
𝐺 to 𝐻 is defined to be a semi-group homomorphism between their underlying
semi-groups. We will write

hom(𝐺, 𝐻)

for the type of all group homomorphisms from 𝐺 to 𝐻.

Remark 19.2.5 Since a group homomorphism is just a semi-group homomor-
phism between the underlying semi-groups, we immediately obtain the identity
homomorphism, composition, and the category laws are satisfied.
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19.3 Isomorphic groups are equal
Definition 19.3.1 Let ℎ : hom(𝐺, 𝐻) be a homomorphism of semi-groups.
Then ℎ is said to be an isomorphism if it comes equipped with a term of
type is-iso(ℎ), consisting of triples (ℎ−1, 𝑝, 𝑞) consisting of a homomorphism
ℎ−1 : hom(𝐻,𝐺) of semi-groups and identifications

𝑝 : ℎ−1 ◦ ℎ = id𝐺 and 𝑞 : ℎ ◦ ℎ−1 = id𝐻

witnessing that ℎ−1 satisfies the inverse lawsWe write 𝐺 � 𝐻 for the type of all
isomorphisms of semi-groups from 𝐺 to 𝐻, i.e.,

𝐺 � 𝐻 B
∑
(ℎ:hom(𝐺,𝐻 ) )

∑
(𝑘:hom(𝐻,𝐺) ) (𝑘 ◦ ℎ = id𝐺) × (ℎ ◦ 𝑘 = id𝐻 ).

If 𝑓 is an isomorphism, then its inverse is unique. In other words, being an
isomorphism is a property.

Lemma 19.3.2 For any semi-group homomorphism ℎ : hom(𝐺, 𝐻), the type

is-iso(ℎ)

is a proposition. It follows that the type 𝐺 � 𝐻 is a set for any two semi-groups
𝐺 and 𝐻.

Proof Let 𝑘 and 𝑘 ′ be two inverses of ℎ. In Remark 19.2.2 we have observed
that the type of semi-group homomorphisms between any two semi-groups is a
set. Therefore it follows that the types ℎ ◦ 𝑘 = id and 𝑘 ◦ ℎ = id are propositions,
so it suffices to check that 𝑘 = 𝑘 ′. In Remark 19.2.2 we also observed that the
equality type 𝑘 = 𝑘 ′ is equivalent to the type of homotopies 𝑘 ∼ 𝑘 ′ between their
underlying functions. We construct a homotopy 𝑘 ∼ 𝑘 ′ by the usual argument:

𝑘 (𝑦) 𝑘 (ℎ(𝑘 ′ (𝑦)) 𝑘 ′ (𝑦).⇐⇐ ⇐⇐ □

Lemma 19.3.3 A semi-group homomorphism ℎ : hom(𝐺, 𝐻) is an isomor-
phism if and only if its underlying map is an equivalence. Consequently, there is
an equivalence

(𝐺 � 𝐻) ≃ ∑
(𝑒:𝐺≃𝐻 )

∏
(𝑥,𝑦:𝐺)𝑒(`𝐺 (𝑥, 𝑦)) = `𝐻 (𝑒(𝑥), 𝑒(𝑦))

Proof If ℎ : hom(𝐺, 𝐻) is an isomorphism, then the inverse semi-group
homomorphism also provides an inverse of the underlying map of ℎ. Thus we
obtain that ℎ is an equivalence. The standard proof showing that if the underlying
map 𝑓 : 𝐺 → 𝐻 of a group homomorphism is invertible then its inverse is
again a group homomorphism also works in type theory. □
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Definition 19.3.4 Let 𝐺 and 𝐻 be a semi-groups. We define the map

iso-eq : (𝐺 = 𝐻) → (𝐺 � 𝐻)

by path induction, taking refl to isomorphism id𝐺 .

Theorem 19.3.5 The map

iso-eq : (𝐺 = 𝐻) → (𝐺 � 𝐻)

is an equivalence for any two semi-groups 𝐺 and 𝐻.

Proof By the fundamental theorem of identity types Theorem 11.2.2 it suffices
to show that the total space∑

(𝐺′:Semi-Group)𝐺 � 𝐺
′

is contractible. Since the type of isomorphisms from 𝐺 to 𝐺′ is equivalent to
the type of equivalences from 𝐺 to 𝐺′ it suffices to show that the type∑

(𝐺′:Semi-Group)
∑
(𝑒:𝐺≃𝐺′ )

∏
(𝑥,𝑦:𝐺)𝑒(`𝐺 (𝑥, 𝑦)) = `𝐺′ (𝑒(𝑥), 𝑒(𝑦)))

is contractible3 . Since Semi-Group is the Σ-type∑
(𝐺′:Set)has-associative-mul(𝐺′),

it suffices to show that the types∑
(𝐺′:Set)𝐺 ≃ 𝐺′∑
(`′:has-associative-mul(𝐺) )

∏
(𝑥,𝑦:𝐺)`𝐺 (𝑥, 𝑦) = `′ (𝑥, 𝑦)

is contractible. The first type is contractible by the univalence axiom. The second
type is contractible by function extensionality. □

Corollary 19.3.6 The type Semi-Group is a 1-type.

Proof It is straightforward to see that the type of group isomorphisms 𝐺 � 𝐻
is a set, for any two groups 𝐺 and 𝐻. □

We now turn to the proof that isomorphic groups are equal. Analogously to
the map iso-eq of semi-groups, we have a map iso-eq of groups. Note, however,
that the domain of this map is now the identity type 𝐺 = 𝐻 of the groups 𝐺
and 𝐻, so the maps iso-eq of semi-groups and groups are not exactly the same
maps.
3 In order to show that a type of the form∑

( (𝑥,𝑦) :∑(𝑥:𝐴) 𝐵(𝑥) )
∑
(𝑧:𝐶 (𝑥) )𝐷 (𝑥, 𝑦, 𝑧)

is contractible, a useful strategy is to first show that the type
∑
(𝑥:𝐴) 𝐶 (𝑥 ) is contractible. Once

this is established, say with center of contraction (𝑥0, 𝑧0 ) , it suffices to show that the type∑
(𝑦:𝐵(𝑥0 ) ) 𝐷 (𝑥0, 𝑦, 𝑧0 ) is contractible.
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Definition 19.3.7 Let 𝐺 and 𝐻 be groups. We define the map

iso-eq : (𝐺 = 𝐻) → (𝐺 � 𝐻)

by path induction, taking refl to the identity isomorphism id : 𝐺 � 𝐺.

Theorem 19.3.8 For any two groups 𝐺 and 𝐻, the map

iso-eq : (𝐺 = 𝐻) → (𝐺 � 𝐻)

is an equivalence.

Proof Let 𝐺 and 𝐻 be groups, and write 𝑈𝐺 and 𝑈𝐻 for their underlying
semi-groups, respectively. Then we have a commuting triangle

(𝐺 = 𝐻) (𝑈𝐺 = 𝑈𝐻)

(𝐺 � 𝐻)

← →
appr1

←

→iso-eq
←→

iso-eq

Since being a group is a property of semi-groups it follows that the projection
map Group→ Semi-Group forgetting the unit and inverses, is an embedding.
Thus the top map in this triangle is an equivalence. The map on the right is an
equivalence by Theorem 19.3.5, so the claim follows by the 3-for-2 property. □

Corollary 19.3.9 The type of groups is a 1-type.

19.4 Quotient groups

19.5 Finite groups
Definition 19.5.1 Let 𝐻 be a subgroup of 𝐺, and let 𝑥 : 𝐺. Then the left coset
𝐻𝑥 at 𝑥 is the type ∑

(𝑦:𝐺)
∑
(𝑧:𝐻 ) 𝑧𝑥 = 𝑦

Theorem 19.5.2 (Lagrange’s theorem) Consider a decidable subgroup 𝐻 of a
finite group 𝐺. Then the order of 𝐻 divides the order of 𝐺.

Proof Our goal—to show that the order of 𝐻 divides the order of 𝐺—is a
proposition, so by the universal property of propositional truncations we may
assume that we have 𝑘 : ℕ equipped with an equivalence 𝑒 : Fin𝑘 ≃ 𝐺 into the
underlying set of the group 𝐺. Furthermore, the underlying set of the subgroup
𝐻 is assumed to be a decidable subset of 𝐺, so it follows from ?? that there is a
natural number 𝑙 : ℕ equipped with an equivalence 𝑓 : Fin𝑙 ≃ 𝐻.

Now consider the type □
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19.6 Group actions

19.7 Fermat’s little theorem
By Theorem 16.2.2 we can start doing combinatorics in type theory. To get
things off the ground, we will give the combinatorial proof of Fermat’s little
theorem. Fermat’s little theorem is the statement that

𝑎𝑝 ≡ 𝑎 mod 𝑝

for any prime number 𝑝. We will give the combinatorial proof, making repeated
use of the notion of equivalences.

The idea of the proof is as follows: The type (Fin𝑎) 𝑝 is the 𝑝-fold product

Fin𝑎 × · · · × Fin𝑎 .

There’s an action of the cyclic group on this type, which takes a tuple (𝑥1, . . . , 𝑥𝑝)
to the tuple (𝑥2, . . . , 𝑥𝑝 , 𝑥1). The length of the orbit of (𝑥1, . . . , 𝑥𝑝) then divides
𝑝, and since 𝑝 is assumed to be prime the length of each orbit is either 1 or 𝑝.
Note that the length is 1 if and only if the sequence is constant, and there are 𝑎
such sequences. Since each non-constant sequence has an orbit of length 𝑝, it
follows that the number of non-constant sequences is 𝑝 times the number of
non-trivial orbits in Fin𝑝𝑎 . In other words 𝑎𝑝 = 𝑝𝑘 + 𝑎 for some 𝑘 : ℕ. There
are, however, quite a few facts that we will have to check in order to get this
proof to acceptable form in type theory.

Definition 19.7.1 For any 𝑘 : ℕ and any type 𝐴, we define the type 𝐴𝑘

recursively by

𝐴0 B 1
𝐴𝑘+1 B 𝐴 × 𝐴𝑘 .

Exercises
19.1 Let 𝑋 be a set. Show that the map

equiv-eq : (𝑋 = 𝑋) → (𝑋 ≃ 𝑋)

is a group isomorphism.
19.2 Consider a group 𝐺. Show that the function

`𝐺 : 𝐺 → (𝐺 ≃ 𝐺)

is an injective group homomorphism.
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19.3 Let 𝑓 : hom(𝐺, 𝐻) be a group homomorphism. Show that 𝑓 preserves
units and inverses, i.e., show that

𝑓 (𝑒𝐺) = 𝑒𝐻
𝑓 (𝑥−1) = 𝑓 (𝑥)−1.

19.4 Give a direct proof and a proof using the univalence axiom of the fact that
all semi-group isomorphisms between unital semi-groups preserve the
unit. Conclude that isomorphic monoids are equal.

19.5 Consider a monoid 𝑀 with multiplication ` : 𝑀 → (𝑀 → 𝑀) and unit
𝑒. Write

¯̀ B fold-list(𝑒, `) : list(𝑀) → 𝑀

for the iterated multiplication operation (see Exercise 4.4). Show that the
square

list(list(𝑀)) list(𝑀)

list(𝑀) 𝑀

← →flatten-list(𝑀 )

←→list( ¯̀ ) ←→ ¯̀

← →¯̀

commutes.
19.6 Show that the number of connected components in the type of all groups

of order 𝑛 is as follows, for 𝑛 ≤ 8:

order: 1 2 3 4 5 6 7 8

number of groups: 1 1 1 2 1 2 1 5

19.7 Consider a group 𝐺. Show that the map

Grp(ℤ, 𝐺) → 𝐺

given by ℎ ↦→ ℎ(1ℤ), is an equivalence. In other words, the group ℤ

satisfies the universal property of the free group on one generator.
19.8 Consider a set 𝑋 equipped with an associative binary operation ` : 𝑋 →

(𝑋 → 𝑋), and suppose that

(i) The type 𝑋 is inhabited, i.e., ∥𝑋 ∥ holds.
(ii) The maps `(𝑥, – ) and `(– , 𝑦) are equivalences, for each 𝑥, 𝑦 : 𝑋 .

Show that 𝑋 is a group.
19.9 Show that the type of 3-element groups is equivalent to the type of

2-element types.
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19.10 Consider a proposition 𝑃, and let 𝑁𝑃 be the subtype of ℤ2 given by

ℕ𝑃 (𝑥) B (𝑥 = 0) ∨ 𝑃.

Show that ℕ𝑃 is a subgroup of ℤ2.
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III

Synthetic Homotopy Theory

20 The circle

We have seen inductive types, in which we describe a type by its constructors
and an induction principle that allows us to construct sections of dependent
types. Inductive types are freely generated by their constructors, which describe
how we can construct their elements.

However, many familiar constructions in algebra involve the construction
of algebras by generators and relations. For example, the free abelian group
with two generators is described as the group with generators 𝑥 and 𝑦, and the
relation 𝑥𝑦 = 𝑦𝑥.

In this chapter we introduce higher inductive types, where we follow a similar
idea: to allow in the specification of inductive types not only point constructors,
but also path constructors that give us relations between the point constructors.
The ideas behind the definition of higher inductive types are introduced by
studying the simplest non-trivial example: the circle.

20.1 The induction principle of the circle
The circle is defined as a higher inductive type S1 that comes equipped with

base : S1

loop : base = base.

Just like for ordinary inductive types, the induction principle for higher inductive
types provides us with a way of constructing sections of dependent types.
However, we need to take the path constructor loop into account in the induction
principle.

By applying a section 𝑓 :
∏
(𝑥:S1 )𝑃(𝑥) to the base point of the circle, we

obtain an element 𝑓 (base) : 𝑃(base). Moreover, using the dependent action
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on paths of 𝑓 of Definition 5.4.2 we also obtain for any dependent function
𝑓 :

∏
(𝑥:S1 )𝑃(𝑥) a path

apd 𝑓 (loop) : tr𝑃 (loop, 𝑓 (base)) = 𝑓 (base)

in the fiber 𝑃(base).

Definition 20.1.1 Let 𝑃 be a type family over the circle. The dependent action
on generators is the map

dgenS1 :
(∏

(𝑥:S1 )𝑃(𝑥)
)
→

(∑
(𝑦:𝑃 (base) ) tr𝑃 (loop, 𝑦) = 𝑦

)
(20.1.1)

given by dgenS1 ( 𝑓 ) B ( 𝑓 (base), apd 𝑓 (loop)).

We now give the full specification of the circle.

Definition 20.1.2 The circle is a type S1 that comes equipped with

base : S1

loop : base = base,

and satisfies the induction principle of the circle, which provides for each type
family 𝑃 over S1 a map

indS1 :
(∑
(𝑦:𝑃 (base) ) tr𝑃 (loop, 𝑦) = 𝑦

)
→

(∏
(𝑥:S1 )𝑃(𝑥)

)
,

and a homotopy witnessing that indS1 is a section of dgenS1

compS1 : dgenS1 ◦ indS1 ∼ id

for the computation rule.

Remark 20.1.3 The type of identifications (𝑦, 𝑝) = (𝑦′, 𝑝′) in the type∑
(𝑦:𝑃 (base) ) tr𝑃 (loop, 𝑦) = 𝑦

is equivalent to the type of pairs (𝛼, 𝛽) consisting of an identification 𝛼 : 𝑦 = 𝑦′,
and an identification 𝛽 witnessing that the square

tr𝑃 (loop, 𝑦) tr𝑃 (loop, 𝑦′)

𝑦 𝑦′

⇐⇐𝑝

⇐ ⇐
aptr𝑃 (loop) (𝛼)

⇐⇐ 𝑝′

⇐ ⇐𝛼

commutes. Therefore it follows from the induction principle of the circle that
for any (𝑦, 𝑝) :

∑
(𝑦:𝑃 (base) ) tr𝑃 (loop, 𝑦) = 𝑦, there is a dependent function

𝑓 :
∏
(𝑥:S1 )𝑃(𝑥) equipped with an identification

𝛼 : 𝑓 (base) = 𝑦,
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and an identification 𝛽 witnessing that the square

tr𝑃 (loop, 𝑓 (base)) tr𝑃 (loop, 𝑦)

𝑓 (base) 𝑦

⇐⇐apd 𝑓 (loop)

⇐ ⇐
aptr𝑃 (loop) (𝛼)

⇐⇐ 𝑝

⇐ ⇐𝛼

commutes.

20.2 The (dependent) universal property of the circle
Our goal is now to use the induction principle of the circle to derive the universal
property of the circle. This universal property states that, for any type 𝑋 the
canonical map (

S1 → 𝑋

)
→

(∑
(𝑥:𝑋)𝑥 = 𝑥

)
given by 𝑓 ↦→ ( 𝑓 (base), ap 𝑓 (loop)) is an equivalence. It turns out that it is
easier to prove the dependent universal property first. The dependent universal
property states that for any type family 𝑃 over the circle, the canonical map(∏

(𝑥:S1 )𝑃(𝑥)
)
→

(∑
(𝑦:𝑃 (base) ) tr𝑃 (loop, 𝑦) = 𝑦

)
given by 𝑓 ↦→ ( 𝑓 (base), apd 𝑓 (loop)) is an equivalence.

Theorem 20.2.1 For any type family 𝑃 over the circle, the map(∏
(𝑥:S1 )𝑃(𝑥)

)
→

(∑
(𝑦:𝑃 (base) ) tr𝑃 (loop, 𝑦) = 𝑦

)
given by 𝑓 ↦→ ( 𝑓 (base), apd 𝑓 (loop)) is an equivalence.

Proof By the induction principle of the circle we know that the map has a
section, i.e., we have

indS1 :
(∑
(𝑦:𝑃 (base) ) tr𝑃 (loop, 𝑦) = 𝑦

)
→

(∏
(𝑥:S1 )𝑃(𝑥)

)
compS1 : dgenS1 ◦ indS1 ∼ id

Therefore it remains to construct a homotopy

indS1 ◦ dgenS1 ∼ id.

Thus, for any 𝑓 :
∏
(𝑥:S1 )𝑃(𝑥) our task is to construct an identification

indS1 (dgenS1 ( 𝑓 )) = 𝑓 .

By function extensionality it suffices to construct a homotopy∏
(𝑥:S1 ) indS1 (dgenS1 ( 𝑓 )) (𝑥) = 𝑓 (𝑥).

mailto:egbert.rijke@fmf.uni-lj.si
https://hott.zulipchat.com


This material will be published by Cambridge University Press as Introduction to Homotopy Type Theory by Egbert Rĳke. This pre-publication
version is free to view and download for personal use only. Not for re-distribution, re-sale or use in derivative works. © Egbert Rĳke 2020

The best way to support this book while it is still being prepared for publication, is to let the author know if you find inaccuracies of any kind at
Q egbert.rĳke@fmf.uni-lj.si, or at the homotopy type theory chat at  https://hott.zulipchat.com.

There are 306 exercises.

Ljubljana, April 8, 2022

254 Synthetic Homotopy Theory

We proceed by the induction principle of the circle using the family of types
𝐸𝑔, 𝑓 (𝑥) B 𝑔(𝑥) = 𝑓 (𝑥) indexed by 𝑥 : S1, where 𝑔 is the function

𝑔 B indS1 (dgenS1 ( 𝑓 )).

Thus, it suffices to construct

𝛼 : 𝑔(base) = 𝑓 (base)
𝛽 : tr𝐸𝑔, 𝑓 (loop, 𝛼) = 𝛼.

An argument by path induction on 𝑝 yields that(
apd𝑔 (𝑝) � 𝑟 = aptr𝑃 (𝑝) (𝑞) � apd 𝑓 (𝑝)

)
→

(
tr𝐸𝑔, 𝑓 (𝑝, 𝑞) = 𝑟

)
,

for any 𝑓 , 𝑔 :
∏
(𝑥:𝑋)𝑃(𝑥) and any 𝑝 : 𝑥 = 𝑥′, 𝑞 : 𝑔(𝑥) = 𝑓 (𝑥) and 𝑟 : 𝑔(𝑥′) =

𝑓 (𝑥′). Therefore it suffices to construct an identification 𝛼 : 𝑔(base) = 𝑓 (base)
equipped with an identification 𝛽 witnessing that the square

tr𝑃 (loop, 𝑔(base)) tr𝑃 (loop, 𝑓 (base))

𝑔(base) 𝑓 (base)”

⇐⇐apd𝑔 (loop)

⇐ ⇐
aptr𝑃 (loop) (𝛼)

⇐⇐ apd 𝑓 (loop)

⇐ ⇐𝛼

commutes. Notice that we get exactly such a pair (𝛼, 𝛽) from the computation
rule of the circle, by Remark 20.1.3. □

As a corollary we obtain the following uniqueness principle for dependent
functions defined by the induction principle of the circle.

Corollary 20.2.2 Consider a type family 𝑃 over the circle, and let

𝑦 : 𝑃(base)
𝑝 : tr𝑃 (loop, 𝑦) = 𝑦.

Then the type of functions 𝑓 :
∏
(𝑥:S1 )𝑃(𝑥) equipped with an identification

𝛼 : 𝑓 (base) = 𝑦

and an identification 𝛽 witnessing that the square

tr𝑃 (loop, 𝑓 (base)) tr𝑃 (loop, 𝑦)

𝑓 (base) 𝑦

⇐⇐apd 𝑓 (loop)

⇐ ⇐
aptr𝑃 (loop) (𝛼)

⇐⇐ 𝑝

⇐ ⇐𝛼

commutes, is contractible.
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Now we use the dependent universal property to derive the ordinary universal
property of the circle. It would be tempting to say that it is a direct corollary, but
we need to address the transport that occurs in the dependent universal property.

Theorem 20.2.3 For each type 𝑋 , the action on generators

genS1 : (S1 → 𝑋) → ∑
(𝑥:𝑋)𝑥 = 𝑥

given by 𝑓 ↦→ ( 𝑓 (base), ap 𝑓 (loop)) is an equivalence.

Proof We prove the claim by constructing a commuting triangle

(S1 → 𝑋)

( ∑
(𝑥:𝑋) 𝑥 = 𝑥

) ( ∑
(𝑥:𝑋) trconst𝑋 (loop, 𝑥) = 𝑥

)←

→

genS1

←

→
dgenS1

← →≃

in which the bottom map is an equivalence. Indeed, once we have such a triangle,
we use the fact from Theorem 20.2.1 that dgenS1 is an equivalence to conclude
that genS1 is an equivalence.

To construct the bottom map, we first observe that for any constant type
family const𝐵 over a type 𝐴, any 𝑝 : 𝑎 = 𝑎′ in 𝐴, and any 𝑏 : 𝐵, there is an
identification

tr-const𝐵 (𝑝, 𝑏) = 𝑏.

This identification is easily constructed by path induction on 𝑝. Now we construct
the bottom map as the induced map on total spaces of the family of maps

𝑙 ↦→ tr-const𝑋 (loop, 𝑥) � 𝑙,

indexed by 𝑥 : 𝑋 . Since concatenating by a path is an equivalence, it follows by
Theorem 11.1.3 that the induced map on total spaces is indeed an equivalence.

To show that the triangle commutes, it suffices to construct for any 𝑓 : S1 → 𝑋

an identification witnessing that the triangle

trconst𝑋 (loop, 𝑓 (base)) 𝑓 (base)

𝑓 (base)

⇐

⇐apd 𝑓 (loop)

⇐ ⇐tr-const𝑋 (loop, 𝑓 (base) )

⇐⇐ ap 𝑓 (loop)

commutes. This again follows from general considerations: for any 𝑓 : 𝐴→ 𝐵
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and any 𝑝 : 𝑎 = 𝑎′ in 𝐴, the triangle

trconst𝐵 (𝑝, 𝑓 (𝑎)) 𝑓 (𝑎)

𝑓 (𝑎′)

⇐

⇐apd 𝑓 (𝑝)

⇐ ⇐tr-const𝐵 (𝑝, 𝑓 (𝑎) )

⇐⇐

ap 𝑓 (𝑝)

commutes by path induction on 𝑝. □

Corollary 20.2.4 For any loop 𝑙 : 𝑥 = 𝑥 in a type 𝑋 , the type of maps
𝑓 : S1 → 𝑋 equipped with an identification

𝛼 : 𝑓 (base) = 𝑥

and an identification 𝛽 witnessing that the square

𝑓 (base) 𝑥

𝑓 (base) 𝑥

⇐⇐𝛼

⇐⇐ap 𝑓 (loop) ⇐⇐ 𝑙

⇐⇐𝛼

commutes, is contractible.

20.3 Multiplication on the circle

One way the circle arises classically, is as the set of complex numbers at distance
1 from the origin. It is an elementary fact that |𝑥𝑦 | = |𝑥 | |𝑦 | for any two complex
numbers 𝑥, 𝑦 ∈ ℂ, so it follows that when we multiply two complex numbers
that both lie on the unit circle, then the result lies again on the unit circle. Thus,
using complex multiplication we see that there is a multiplication operation on
the circle. And there is a shadow of this operation in type theory, even though
our circle arises in a very different way!

Definition 20.3.1 We define a binary operation

mulS1 : S1 → (S1 → S1).

Construction Using the universal property of the circle, we define mulS1 as
the unique map S1 → (S1 → S1) equipped with an identification

base-mulS1 : mulS1 (base) = id
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and an identification loop-mulS1 witnessing that the square

mulS1 (base) id

mulS1 (base) id

⇐ ⇐
base-mulS1

⇐⇐apmulS1 (loop) ⇐⇐ eq-htpy(𝐻 )

⇐ ⇐
base-mulS1

commutes. Note that in this square we have a homotopy 𝐻 : id ∼ id, which
is not yet defined. We use the dependent universal property of the circle with
respect to the family 𝐸id ,id given by

𝐸id ,id (𝑥) B (𝑥 = 𝑥),

to define 𝐻 as the unique homotopy equipped with an identification

𝛼 : 𝐻 (base) = loop

and an identification 𝛽 witnessing that the square

tr𝐸id ,id (loop, 𝐻 (base)) tr𝐸id ,id (loop, loop)

𝐻 (base) loop

⇐ ⇐
aptr𝐸id ,id (loop) (𝛼)

⇐⇐apd𝐻 (loop) ⇐⇐ 𝛾

⇐ ⇐𝛼

commutes. Now it remains to define the path 𝛾 : tr𝐸id ,id (loop, loop) = loop in
the above square. To proceed, we first observe that a simple path induction
argument yields a function(

𝑝 � 𝑟 = 𝑞 � 𝑝
)
→

(
tr𝐸id ,id (𝑝, 𝑞) = 𝑟

)
,

for any 𝑝 : base = 𝑥, 𝑞 : base = base and 𝑟 : 𝑥 = 𝑥. In particular, we have a
function (

loop � loop = loop � loop
)
→

(
tr𝐸id ,id (loop, loop) = loop

)
.

Now we apply this function to reflloop � loop to obtain the desired identification

𝛾 : tr𝐸id ,id (loop, loop) = loop. □

Remark 20.3.2 In the definition of 𝐻 : id ∼ id above, it is important that we
didn’t choose 𝐻 to be refl-htpy. If we had done so, the resulting operation would
be homotopic to 𝑥, 𝑦 ↦→ 𝑦, which is clearly not what we had in mind with the
multiplication operation on the circle. See also Exercise 20.2.
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The left unit law mulS1 (base, 𝑥) = 𝑥 holds by the computation rule of the
universal property. More precisely, we define

left-unitS1 B htpy-eq(base-mulS1 ).

For the right unit law, however, we need to give a separate argument that is
surprisingly involved, because all the aspects of the definition of mulS1 will
come out and play their part.

Theorem 20.3.3 The multiplication operation on the circle satisfies the right
unit law, i.e., we have

mulS1 (𝑥, base) = 𝑥

for any 𝑥 : S1.

Proof The proof is by induction on the circle. In the base case we use the left
unit law

left-unitS1 (base) : mulS1 (base, base) = base.

Thus, it remains to show that

tr𝑃 (loop, left-unitS1 (base)) = left-unitS1 (base),

where 𝑃 is the family over the circle given by

𝑃(𝑥) B mulS1 (𝑥, base) = 𝑥.

Now we observe that there is a function(
htpy-eq(apmulS1 (𝑝)) (base) � 𝑟 = 𝑞 � 𝑝

)
→

(
tr𝑃 (𝑝, 𝑞) = 𝑟

)
,

for any

𝑝 : base = 𝑥

𝑞 : mulS1 (base, base) = base
𝑟 : mulS1 (𝑥, base) = 𝑥.

Thus we see that, in order to construct an identification

tr𝑃 (loop, left-unitS1 ) = left-unitS1 ,

it suffices to show that the square

mulS1 (base, base) base

mulS1 (base, base) base

⇐⇐htpy-eq(apmulS1 (loop) ) (base)

⇐ ⇐
left-unitS1 (base)

⇐⇐ loop

⇐ ⇐
left-unitS1 (base)
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commutes. Now we note that we have an identification 𝐻 (base) = loop. It is
indeed at this point, where it is important that 𝐻 is not the trivial homotopy,
because now we can proceed by observing that the above square commutes if
and only if the square

mulS1 (base, base) base

mulS1 (base, base) base
⇐⇐htpy-eq(apmulS1 (loop) ) (base)

⇐ ⇐
htpy-eq(base-mulS1 ) (base)

⇐⇐ 𝐻 (base)

⇐ ⇐
htpy-eq(base-mulS1 ) (base)

commutes. The commutativity of this square easily follows from the identification
loop-mulS1 constructed in Definition 20.3.1. □

Exercises
20.1 (a) Let 𝑃 : S1 → Prop be a family of propositions over the circle. Show

that

𝑃(base) →∏
(𝑥:S1 )𝑃(𝑥).

In this sense the circle is connected.
(b) Show that any embedding 𝑚 : S1 → S1 is an equivalence.
(c) Show that for any embedding 𝑚 : 𝑋 → S1, there is a proposition 𝑃

and an equivalence 𝑒 : 𝑋 ≃ S1 × 𝑃 for which the triangle

𝑋 S1 × 𝑃

S1

←→𝑚

←→𝑒

←→

pr1

commutes. In other words, all the embeddings into the circle are of
the form S1 × 𝑃→ S1.

20.2 Show that for any type 𝑋 and any 𝑥 : 𝑋 , the map

indS1 (𝑥, refl𝑥) : S1 → 𝑋

is homotopic to the constant map const𝑥 .
20.3 (a) Show that for any 𝑥 : S1, both functions

mulS1 (𝑥, – ) and mulS1 (– , 𝑥)

are equivalences.
(b) Show that the function

mulS1 : S1 → (S1 → S1)
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is an embedding. Compare this fact with Exercise 19.2.
(c) Show that multiplication on the circle is associative and commuta-

tive.
20.4 (a) Show that a type 𝑋 is a set if and only if the map

_𝑥. _𝑡. 𝑥 : 𝑋 → (S1 → 𝑋)

is an equivalence.
(b) Show that a type 𝑋 is a set if and only if the map

_ 𝑓 . 𝑓 (base) : (S1 → 𝑋) → 𝑋

is an equivalence.
20.5 Show that the multiplicative operation on the circle is commutative,

i.e. construct an identification

mulS1 (𝑥, 𝑦) = mulS1 (𝑦, 𝑥).

for every 𝑥, 𝑦 : S1.
20.6 Show that the circle, equipped with the multiplicative operation mulS1 is

an abelian group, i.e. construct an inverse operation

invS1 : S1 → S1

and construct identifications

left-invS1 : mulS1 (invS1 (𝑥), 𝑥) = base
right-invS1 : mulS1 (𝑥, invS1 (𝑥)) = base.

Moreover, show that the square

invS1 (base) mulS1 (base, invS1 (base))

mulS1 (invS1 (base), base) base

⇐⇐
⇐ ⇐

⇐⇐

⇐ ⇐

commutes.
20.7 Show that for any multiplicative operation

` : S1 → (S1 → S1)

that satisfies the condition that `(𝑥, – ) and `(– , 𝑥) are equivalences for
any 𝑥 : S1, there is an element 𝑒 : S1 such that

`(𝑥, 𝑦) = mulS1 (𝑥,mulS1 (𝑒, 𝑦))

for every 𝑥, 𝑦 : S1, where 𝑒 B invS1 (𝑒) is the complex conjucation of 𝑒
on S1.
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21 The universal cover of the circle

In this section we show that the loop space of the circle is equivalent to ℤ by
constructing the universal cover of the circle as an application of the univalence
axiom.

21.1 Families over the circle

The type of small families over S1 is just the function type S1 →U, so in fact
we may use the universal property of the circle to construct small dependent
types over the circle. By the universal property, small type families over S1

are equivalently described as pairs (𝑋, 𝑝) consisting of a type 𝑋 : U and an
identification 𝑝 : 𝑋 = 𝑋 . This is where the univalence axiom comes in. By the
map

eq-equiv𝑋,𝑋 : (𝑋 ≃ 𝑋) → (𝑋 = 𝑋)

it suffices to provide an equivalence 𝑋 ≃ 𝑋 .

Definition 21.1.1 Consider a type 𝑋 and every equivalence 𝑒 : 𝑋 ≃ 𝑋 .
We will construct a dependent type D(𝑋, 𝑒) : S1 → U with an equivalence
𝑥 ↦→ 𝑥D : 𝑋 ≃ D(𝑋, 𝑒, base) for which the square

𝑋 D(𝑋, 𝑒, base)

𝑋 D(𝑋, 𝑒, base)

←→≃

←→𝑒 ←→ trD(𝑋,𝑒) (loop)

←→≃

commutes. We also write 𝑑 ↦→ 𝑑𝑋 for the inverse of this equivalence, so that
the relations

(𝑥D)𝑋 = 𝑥 (𝑒(𝑥)D) = trD(𝑋,𝑒) (loop, 𝑥D)
(𝑑𝑋)D = 𝑑 (trD(𝑋,𝑒) (𝑑))𝑋 = 𝑒(𝑑𝑋)

hold.
The type

∑
(𝑋:U) 𝑋 ≃ 𝑋 is also called the type of descent data for the circle.

Construction An easy path induction argument reveals that

equiv-eq(ap𝑃 (loop)) = tr𝑃 (loop)
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for each dependent type 𝑃 : S1 →U. Therefore we see that the triangle

(S1 →U)

∑
(𝑋:U) 𝑋 = 𝑋

∑
(𝑋:U) 𝑋 ≃ 𝑋

←→

genS1 ←

→
descS1

← →
tot (_𝑋. equiv-eq𝑋,𝑋 )

commutes, where the map descS1 is given by 𝑃 ↦→ (𝑃(base), tr𝑃 (loop)) and
the bottom map is an equivalence by the univalence axiom and Theorem 11.1.3.
Now it follows by the 3-for-2 property that descS1 is an equivalence, since genS1

is an equivalence by Theorem 20.2.3. This means that for every type 𝑋 and
every 𝑒 : 𝑋 ≃ 𝑋 there is a type family D(𝑋, 𝑒) : S1 →U such that

(D(𝑋, 𝑒, base), trD(𝑋,𝑒) (loop)) = (𝑋, 𝑒).

Equivalently, we have 𝑝 : D(𝑋, 𝑒, base) = 𝑋 and tr(𝑝, trD(𝑋,𝑒) (loop)) = 𝑒.
Thus, we obtain equiv-eq(𝑝) : D(𝑋, 𝑒, base) ≃ 𝑋 , for which the square

D(𝑋, 𝑒, base) 𝑋

D(𝑋, 𝑒, base) 𝑋

← →equiv-eq(𝑝)

←→trD(𝑋,𝑒) (loop) ←→ 𝑒

← →
equiv-eq(𝑝)

commutes. □

21.2 The universal cover of the circle
The universal cover of the circle is a family of sets over the circle with contractible
total space. Classically, the universal cover is described as a map ℝ→ S1 that
winds the real line around the circle. In homotopy type theory there is no
analogue of such a construction.

Recall from Example 9.2.5 that the successor function succ : ℤ→ ℤ is an
equivalence. Its inverse is the predecessor function defined in Exercise 4.1 (a).

Definition 21.2.1 The universal cover of the circle is the dependent type
ES1 B D(ℤ, succ) : S1 →U.

Remark 21.2.2 The universal cover of the circle comes equipped with an
equivalence

𝑒 : ℤ ≃ ES1 (base)
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and a homotopy witnessing that the square

ℤ ES1 (base)

ℤ ES1 (base)

←→𝑒

←→succ ←→ trES1 (loop)

←→𝑒

commutes.
For convenience, we write 𝑘E for the element 𝑒(𝑘) : ES1 (base), for any

𝑘 : ℤ.

The picture of the universal cover is that of a helix over the circle. This picture
emerges from the path liftings of loop in the total space. The segments of the
helix connecting 𝑘 to 𝑘 + 1 in the total space of the helix, are constructed in the
following lemma.

Lemma 21.2.3 For any 𝑘 : ℤ, there is an identification

segment-helix𝑘 : (base, 𝑘E) = (base, succ(𝑘)E)

in the total space
∑
(𝑡:S1 ) E(𝑡).

Proof By Theorem 9.3.4 it suffices to show that∏
(𝑘:ℤ)

∑
(𝛼:base=base) trE (𝛼, 𝑘E) = succ(𝑘)E .

We just take 𝛼 B loop. Then we have trE (𝛼, 𝑘E) = succ(𝑘)E by the commuting
square provided in the definition of E. □

21.3 Contractibility of general total spaces
Consider a type 𝑋 , a family 𝑃 over 𝑋 , an element 𝑐 :

∑
(𝑥:𝑋) 𝑃(𝑥), and suppose

our goal is to construct a contraction∏
(𝑡:∑(𝑥:𝑋) 𝑃 (𝑥 ) )𝑐 = 𝑡.

Of course, the first step is to apply the induction principle of Σ-types, so it
suffices to construct a dependent function of type∏

(𝑥:𝑋)
∏
(𝑦:𝑃 (𝑥 ) )𝑐 = (𝑥, 𝑦).

In the case where 𝑃 is the universal cover of the circle, we are given an
equivalence 𝑒 : ℤ ≃ E(base). Using this equivalence, we obtain an equivalence(∏

(𝑦:E(base) )𝑐 = (base, 𝑦)
)
→

(∏
(𝑘:ℤ)𝑐 = (base, 𝑘E)

)
.
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More generally, if we are given an equivalence 𝑒 : 𝐹 ≃ 𝑃(𝑥) for some 𝑥 : 𝑋 ,
then we have an equivalence(∏

(𝑦:𝑃 (𝑥 ) )𝑐 = (𝑥, 𝑦)
)
→

(∏
(𝑦:𝐹 )𝑐 = (𝑥, 𝑒(𝑦))

)
(21.3.1)

by precomposing with the equivalence 𝑒. Therefore we can construct a dependent
function of type

∏
(𝑦:𝑃 (𝑥 ) )𝑐 = (𝑥, 𝑦) by constructing a dependent function of

type
∏
(𝑦:𝐹 )𝑐 = (𝑥, 𝑒(𝑦)).

Furthermore, if we consider a path 𝑝 : 𝑥 = 𝑥′ in 𝑋 and a commuting square

𝐹 𝑃(𝑥)

𝐹′ 𝑃(𝑥′)

←→𝑒
←→𝑓 ←→ tr𝑃 (𝑝)

←→𝑒
′

where 𝑒, 𝑒′, and 𝑓 are all equivalences, then we obtain a function

𝜓 :
(∏

(𝑦:𝐹 )𝑐 = (𝑥, 𝑒(𝑦))
)
→

(∏
(𝑦′:𝐹′ )𝑐 = (𝑥, 𝑒′ (𝑦′))

)
.

The function 𝜓 is constructed as follows. Given ℎ :
∏
(𝑦:𝐹 )𝑐 = (𝑥, 𝑒(𝑦)) and

𝑦′ : 𝐹′ we have the path ℎ( 𝑓 −1 (𝑦′)) : 𝑐 = (𝑥, 𝑒( 𝑓 −1 (𝑦′))). Moreover, writing
𝐺 for the homotopy 𝑓 ◦ 𝑓 −1 ∼ id, we have the path

tr𝑃 (𝑝, 𝑒( 𝑓 −1 (𝑦′))) 𝑒′ ( 𝑓 ( 𝑓 −1 (𝑦′))) 𝑒′ (𝑦′).⇐ ⇐𝐻 ( 𝑓 −1 (𝑦′ ) ) ⇐ ⇐ap𝑒′ (𝐺 (𝑦′ ) )

From this concatenated path we obtain the path

(𝑥, 𝑒( 𝑓 −1 (𝑦′))) (𝑥′, 𝑒′ (𝑦′)).⇐ ⇐eq-pair(𝑝,𝐻 ( 𝑓 −1 (𝑦′ ) ) � ap𝑒′ (𝐺 (𝑦′ ) ) )

Now we define the function 𝜓 by

ℎ ↦→ _𝑦′. ℎ( 𝑓 −1 (𝑦′)) � eq-pair(𝑝, 𝐻 ( 𝑓 −1 (𝑦′)) � ap𝑒′ (𝐺 (𝑦′))).

Note that 𝜓 is an equivalence, since it is given as precomposition by the
equivalence 𝑓 −1, followed by postcomposition by concatenation, which is also
an equivalence. Now we state the main technical result of this section, which
will help us prove the contractibility of the total space of the universal cover of
the circle by computing transport in the family 𝑥 ↦→∏

(𝑦:𝑃 (𝑥 ) )𝑐 = (𝑥, 𝑦).

Definition 21.3.1 Consider a path 𝑝 : 𝑥 = 𝑥′ in 𝑋 and a commuting square

𝐹 𝑃(𝑥)

𝐹′ 𝑃(𝑥′)

←→𝑒

←→𝑓 ←→ tr𝑃 (𝑝)

←→𝑒
′
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with 𝐻 : 𝑒′ ◦ 𝑓 ∼ tr𝑃 (𝑝) ◦ 𝑒, where 𝑒, 𝑒′, and 𝑓 are all equivalences. Then there
is for any 𝑦 : 𝐹 an identification

segment-tot(𝑦) : (𝑥, 𝑒(𝑦)) = (𝑥′, 𝑒′ ( 𝑓 (𝑦)))

defined as segment-tot(𝑦) B eq-pair(𝑝, 𝐻 (𝑦)−1).

Lemma 21.3.2 Consider a path 𝑝 : 𝑥 = 𝑥′ in 𝑋 and a commuting square

𝐹 𝑃(𝑥)

𝐹′ 𝑃(𝑥′)

←→𝑒

←→𝑓 ←→ tr𝑃 (𝑝)

←→𝑒
′

with𝐻 : 𝑒′◦ 𝑓 ∼ tr𝑃 (𝑝)◦𝑒, where 𝑒, 𝑒′, and 𝑓 are all equivalences. Furthermore,
let

ℎ :
∏
(𝑦:𝐹 )𝑐 = (𝑥, 𝑒(𝑦))

ℎ′ :
∏
(𝑦′:𝐹′ )𝑐 = (𝑥′, 𝑒′ (𝑦′)).

Then there is an equivalence(∏
(𝑦:𝐹 )ℎ

′ ( 𝑓 (𝑦)) = ℎ(𝑦) � segment-tot(𝑦)
)
≃
(
tr𝐶 (𝑝, 𝜑(ℎ)) = 𝜑′ (ℎ′)

)
.

Proof We first note that we have a commuting square∏
(𝑦:𝐵(𝑥 ) )𝑐 = (𝑥, 𝑦)

∏
(𝑦:𝐹 )𝑐 = (𝑥, 𝑒(𝑦))

∏
(𝑦′:𝐵(𝑥′ ) )𝑐 = (𝑥′, 𝑦′)

∏
(𝑦′:𝐹′ )𝑐 = (𝑥′, 𝑒′ (𝑦′))

← →–◦𝑒

←→tr𝐶 (𝑝)

←→
–◦𝑒′

← →𝜓

where 𝜓(ℎ′) = _𝑦. ℎ′ ( 𝑓 (𝑦)) � segment-tot(𝑦)−1. All the maps in this square
are equivalences. In particular, the inverses of the top and bottom maps are 𝜑
and 𝜑′, respectively. The claim follows from this observation, but we will spell
out the details.

Since any equivalence is an embedding, we see immediately that the type
tr𝐶 (𝑝) (𝜑(ℎ)) = 𝜑′ (ℎ′) is equivalent to the type

𝜓(tr𝐶 (𝑝) (𝜑(ℎ)) ◦ 𝑒′) = 𝜓(𝜑′ (ℎ′) ◦ 𝑒′).

By the commutativity of the square, the left-hand side is ℎ. The right-hand side
is 𝜓(ℎ′). Therefore it follows that(

tr𝐶 (𝑝) (𝜑(ℎ)) = 𝜑′ (ℎ′)
)
≃
(
ℎ = _𝑦. ℎ′ ( 𝑓 (𝑦)) � segment-tot(𝑦)−1

)
≃
(
ℎ′ ◦ 𝑓 ∼ (_𝑦. ℎ(𝑦) � segment-tot(𝑦)

)
. □
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Applying these observations to the universal cover of the circle, we obtain
the following lemma that we will use to prove that the total space of E is
contractible.

Corollary 21.3.3 In order to show that the total space of E is contractible, it
suffices to construct a function

ℎ :
∏
(𝑘:ℤ) (base, 0E) = (base, 𝑘E)

equipped with a homotopy

𝐻 :
∏
(𝑘:ℤ)ℎ(succ(𝑘)E) = ℎ(𝑘) � segment-helix(𝑘).

In the next section we establish the dependent universal property of the
integers, which we will use with Corollary 21.3.3 to show that the total space of
the universal cover is contractible.

21.4 The dependent universal property of the integers
Lemma 21.4.1 Let 𝐵 be a family over ℤ, equipped with an element 𝑏0 : 𝐵(0),
and an equivalence

𝑒𝑘 : 𝐵(𝑘) ≃ 𝐵(succ(𝑘))

for each 𝑘 : ℤ. Then there is a dependent function 𝑓 :
∏
(𝑘:ℤ)𝐵(𝑘) equipped

with identifications 𝑓 (0) = 𝑏0 and

𝑓 (succ(𝑘)) = 𝑒𝑘 ( 𝑓 (𝑘))

for any 𝑘 : ℤ.

Proof The map is defined using the induction principle for the integers, stated
in Remark 4.5.2. First we take

𝑓 (−1) B 𝑒−1 (𝑏0)
𝑓 (0) B 𝑏0

𝑓 (1) B 𝑒(𝑏0).

For the induction step on the negative integers we use

_𝑛. 𝑒−1
neg(𝑆 (𝑛) ) :

∏
(𝑛:ℕ)𝐵(neg(𝑛)) → 𝐵(neg(𝑆(𝑛)))

For the induction step on the positive integers we use

_𝑛. 𝑒(pos(𝑛)) :
∏
(𝑛:ℕ)𝐵(pos(𝑛)) → 𝐵(pos(𝑆(𝑛))).

The computation rules follow in a straightforward way from the computation
rules of ℤ-induction and the fact that 𝑒−1 is an inverse of 𝑒. □
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Example 21.4.2 For any type 𝐴, we obtain a map 𝑓 : ℤ→ 𝐴 from any 𝑥 : 𝐴
and any equivalence 𝑒 : 𝐴 ≃ 𝐴, such that 𝑓 (0) = 𝑥 and the square

ℤ 𝐴

ℤ 𝐴

←→succ

←→𝑓

←→ 𝑒

←→
𝑓

commutes. In particular, if we take 𝐴 B (𝑥 = 𝑥) for some 𝑥 : 𝑋 , then for
any 𝑝 : 𝑥 = 𝑥 we have the equivalence _𝑞. 𝑝 � 𝑞 : (𝑥 = 𝑥) → (𝑥 = 𝑥). This
equivalence induces a map

𝑘 ↦→ 𝑝𝑘 : ℤ→ (𝑥 = 𝑥),

for any 𝑝 : 𝑥 = 𝑥. This induces the degree 𝑘 map on the circle

deg(𝑘) : S1 → S1,

for any 𝑘 : ℤ, see ??.

In the following theorem we show that the dependent function constructed in
Lemma 21.4.1 is unique.

Theorem 21.4.3 Consider a type family 𝐵 : ℤ→U equipped with 𝑏 : 𝐵(0)
and a family of equivalences

𝑒 :
∏
(𝑘:ℤ)𝐵(𝑘) ≃ 𝐵(succ(𝑘)).

Then the type∑
( 𝑓 :∏ (𝑘:ℤ)𝐵(𝑘 ) ) ( 𝑓 (0) = 𝑏) ×

∏
(𝑘:ℤ) 𝑓 (succ(𝑘)) = 𝑒𝑘 ( 𝑓 (𝑘))

is contractible.

Proof In Lemma 21.4.1 we have already constructed an element of the asserted
type. Therefore it suffices to show that any two elements of this type can be
identified. Note that the type ( 𝑓 , 𝑝, 𝐻) = ( 𝑓 ′, 𝑝′, 𝐻′) is equivalent to the type∑
(𝐾 : 𝑓∼ 𝑓 ′ ) (𝐾 (0) = 𝑝� (𝑝′)−1)×∏ (𝑘:ℤ)𝐾 (succ(𝑘)) = (𝐻 (𝑘)�ap𝑒𝑘 (𝐾 (𝑘)))�𝐻

′ (𝑘)−1.

We obtain an element of this type by applying Lemma 21.4.1 to the family 𝐶
over ℤ given by 𝐶 (𝑘) B 𝑓 (𝑘) = 𝑓 ′ (𝑘), which comes equipped with a base
point

𝑝 � (𝑝′)−1 : 𝐶 (0),

and the family of equivalences

_(𝛼 : 𝑓 (𝑘) = 𝑓 ′ (𝑘)). (𝐻 (𝑘) �ap𝑒𝑘 (𝛼)) �𝐻
′ (𝑘)−1 :

∏
(𝑘:ℤ)𝐶 (𝑘) ≃ 𝐶 (succ(𝑘)).

□
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One way of phrasing the following corollary, is that ℤ is the ‘initial type
equipped with a point and an automorphism’.

Corollary 21.4.4 For any type 𝑋 equipped with a base point 𝑥0 : 𝑋 and an
automorphism 𝑒 : 𝑋 ≃ 𝑋 , the type∑

( 𝑓 :ℤ→𝑋) ( 𝑓 (0) = 𝑥0) × (( 𝑓 ◦ succ) ∼ (𝑒 ◦ 𝑓 ))

is contractible.

21.5 The identity type of the circle
Lemma 21.5.1 The total space

∑
(𝑡:S1 ) E(𝑡) of the universal cover of S1 is

contractible.

Proof By Corollary 21.3.3 it suffices to construct a function

ℎ :
∏
(𝑘:ℤ) (base, 0E) = (base, 𝑘E)

equipped with a homotopy

𝐻 :
∏
(𝑘:ℤ)ℎ(succ(𝑘)E) = ℎ(𝑘) � segment-helix(𝑘).

We obtain ℎ and 𝐻 by the elimination principle of Lemma 21.4.1. Indeed, the
family 𝑃 over the integers given by 𝑃(𝑘) B (base, 0E) = (base, 𝑘E) comes
equipped with the element refl(base,0E ) : 𝑃(0), and the family of equivalences∏

(𝑘:ℤ)𝑃(𝑘) ≃ 𝑃(succ(𝑘))

given by 𝑘, 𝑝 ↦→ 𝑝 � segment-helix(𝑘). □

Theorem 21.5.2 The family of maps∏
(𝑡:S1 ) (base = 𝑡) → E(𝑡)

sending reflbase to 0E is a family of equivalences. In particular, the loop space
of the circle is equivalent to ℤ.

Proof This is a direct corollary of Lemma 21.5.1 and Theorem 11.2.2. □

Corollary 21.5.3 The circle is a 1-type and not a 0-type.

Proof To see that the circle is a 1-type we have to show that 𝑠 = 𝑡 is a 0-type
for every 𝑠, 𝑡 : S1. By Exercise 20.1 it suffices to show that the loop space of the
circle is a 0-type. This is indeed the case, because ℤ is a 0-type, and we have an
equivalence (base = base) ≃ ℤ.

Furthermore, since ℤ is a 0-type and not a (−1)-type, it follows that the circle
is a 1-type and not a 0-type. □
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Exercises
21.1 Show that the map

ℤ→ Ω (S1)

is a group homomorphism. Conclude that the loop space Ω (S1) as a group
is isomorphic to ℤ.

21.2 (a) Show that ∏
(𝑥:S1 )¬¬(base = 𝑥).

(b) On the other hand, use the universal cover of the circle to show that

¬
(∏

(𝑥:S1 )base = 𝑥

)
.

(c) Conclude that

¬
(∏

(𝑋:U)¬¬𝑋 → 𝑋

)
for any univalent universeU containing the circle.

21.3 (a) Show that for every 𝑥 : 𝑋 , we have an equivalence(∑
( 𝑓 :S1→𝑋) 𝑓 (base) = 𝑥

)
≃ (𝑥 = 𝑥)

(b) Show that for every 𝑡 : S1, we have an equivalence(∑
( 𝑓 :S1→S1 ) 𝑓 (base) = 𝑡

)
≃ ℤ

The base point preserving map 𝑓 : S1 → S1 corresponding to 𝑘 : ℤ
is called the degree 𝑘 map on the circle, and is denoted by deg(𝑘).

(c) Show that for every 𝑡 : S1, we have an equivalence(∑
(𝑒:S1≃S1 )𝑒(base) = 𝑡

)
≃ bool

21.4 The (twisted) double cover of the circle is defined as the type family
T B D(bool, neg) : S1 →U, where neg : bool ≃ bool is the negation
equivalence of Example 9.2.4.

(a) Show that ¬(∏ (𝑡:S1 )T (𝑡)).
(b) Construct an equivalence 𝑒 : S1 ≃ ∑

(𝑡:S1 ) T (𝑡) for which the
triangle

S1 ∑
(𝑡:S1 ) T (𝑡)

S1

← →𝑒

←

→deg(2)
←→pr1

commutes.
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21.5 Construct an equivalence (S1 ≃ S1) ≃ S1 + S1 for which the triangle

(S1 ≃ S1) (S1 + S1)

S1

← →≃

←

→ev-base
←→ fold

commutes. Conclude that a univalent universe containing a circle is not a
1-type.

21.6 (a) Construct a family of equivalences∏
(𝑡:S1 )

(
(𝑡 = 𝑡) ≃ ℤ

)
.

(b) Use Exercise 20.4 to show that (idS1 ∼ idS1 ) ≃ ℤ.
(c) Use Exercise 13.5 (b) to show that

has-inverse(idS1 ) ≃ ℤ,

and conclude that has-inverse(idS1 ) ; is-equiv(idS1 ).
21.7 Consider a map 𝑖 : 𝐴→ S1, and assume that 𝑖 has a retraction. Construct

an element of type

is-contr(𝐴) + is-equiv(𝑖).

21.8 (a) Show that the multiplicative operation on the circle is associative,
i.e. construct an identification

assocS1 (𝑥, 𝑦, 𝑧) : mulS1 (mulS1 (𝑥, 𝑦), 𝑧) = mulS1 (𝑥,mulS1 (𝑦, 𝑧))

for any 𝑥, 𝑦, 𝑧 : S1.
(b) Show that the associator satisfies unit laws, in the sense that the

following triangles commute:

mulS1 (mulS1 (base, 𝑥), 𝑦) mulS1 (base,mulS1 (𝑥, 𝑦))

mulS1 (𝑥, 𝑦)

⇐ ⇐

⇐

⇐
⇐⇐

mulS1 (mulS1 (𝑥, base), 𝑦) mulS1 (𝑥,mulS1 (base, 𝑦))

mulS1 (𝑥, 𝑦)

⇐ ⇐

⇐

⇐
⇐⇐
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mulS1 (mulS1 (𝑥, 𝑦), base) mulS1 (𝑥,mulS1 (𝑦, base))

mulS1 (𝑥, 𝑦).

⇐ ⇐

⇐

⇐
⇐⇐

(c) State the laws that compute

assocS1 (base, base, 𝑥)
assocS1 (base, 𝑥, base)
assocS1 (𝑥, base, base)
assocS1 (base, base, base).

Note: the first three laws should be 3-cells and the last law should
be a 4-cell. The laws are automatically satisfied, since the circle is a
1-type.

21.9 Construct the Mac Lane pentagon for the circle, i.e. show that the
pentagon

mulS1 (mulS1 (mulS1 (𝑥, 𝑦), 𝑧), 𝑤) mulS1 (mulS1 (𝑥, 𝑦),mulS1 (𝑧, 𝑤))

mulS1 (mulS1 (𝑥,mulS1 (𝑦, 𝑧)), 𝑤) mulS1 (𝑥,mulS1 (𝑦,mulS1 (𝑧, 𝑤)))

mulS1 (𝑥,mulS1 (mulS1 (𝑦, 𝑧), 𝑤))
⇐⇐

⇐⇐ ⇐⇐

⇐

⇐ ⇐ ⇐

commutes for every 𝑥, 𝑦, 𝑧, 𝑤 : S1.
21.10 Recall from Exercise 17.4 that if 𝑓 : 𝐴→ 𝐵 is a surjective map, then the

precomposition map

– ◦ 𝑓 : (𝐵→ 𝐶) → (𝐴→ 𝐶)

is an embedding for every set 𝐶. Give an example of a surjective map
𝑓 : 𝐴→ 𝐵, such that the precomposition function

– ◦ 𝑓 : (𝐵→ S1) → (𝐴→ S1)

is not an embedding, showing that the condition that 𝐶 is a set is essential.
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22 Homotopy pullbacks

Suppose we are given a map 𝑓 : 𝐴 → 𝐵, and type families 𝑃 over 𝐴, and 𝑄
over 𝐵. Then any family of maps

𝑔 :
∏
(𝑥:𝐴)𝑃(𝑥) → 𝑄( 𝑓 (𝑥))

gives rise to a commuting square∑
(𝑥:𝐴) 𝑃(𝑥)

∑
(𝑦:𝐵) 𝑄(𝑦)

𝐴 𝐵

← →
tot 𝑓 (𝑔)

←→pr1 ←→ pr1

← →
𝑓

where tot 𝑓 (𝑔) is defined as _(𝑥, 𝑦). ( 𝑓 (𝑥), 𝑔(𝑥, 𝑦)). In the main theorem of this
chapter we show that 𝑔 is a family of equivalences if and only if this square
satisfies a certain universal property: the universal property of pullback squares.

Pullback squares are of interest because they appear in many situations.
Cartesian products, fibers of maps, and substitutions can all be presented as
pullbacks. Moreover, the fact that a family of maps 𝑔 :

∏
(𝑥:𝐴)𝑃(𝑥) → 𝑄( 𝑓 (𝑥))

is a family of equivalences if and only if it induces a pullback square has the
very useful corollary that a square of the form

𝐶 𝐷

𝐴 𝐵

←→𝑝
←→

←→ 𝑞
←→

𝑓

is a pullback square if and only if the induced family of maps between the fibers∏
(𝑥:𝐴)fib𝑝 (𝑥) → fib𝑞 ( 𝑓 (𝑥))

is a family of equivalences. This connection between pullbacks and fiberwise
equivalences has an important role in the descent theorem in Section 25.

A second reason for studying pullback squares is that the dual notion of
pushouts is an important tool to construct new types, including the 𝑛-spheres for
arbitrary 𝑛. The duality of pullbacks and pushouts makes it possible to obtain
proofs of many statements about pushouts from their dual statements about
pullbacks.

22.1 The universal property of pullbacks
Definition 22.1.1 A cospan consists of three types 𝐴, 𝑋 , and 𝐵, and maps
𝑓 : 𝐴→ 𝑋 and 𝑔 : 𝐵→ 𝑋 .
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Definition 22.1.2 Consider a cospan

𝐴 𝑋 𝐵

←→𝑓 ←→𝑔

and a type 𝐶. A cone on the cospan 𝐴 → 𝑋 ← 𝐵 with vertex 𝐶 consists of
maps 𝑝 : 𝐶 → 𝐴, 𝑞 : 𝐶 → 𝐵 and a homotopy 𝐻 : 𝑓 ◦ 𝑝 ∼ 𝑔 ◦ 𝑞 witnessing
that the square

𝐶 𝐵

𝐴 𝑋

←→𝑞

←→𝑝 ←→ 𝑔

←→
𝑓

commutes. We write

cone(𝐶) B ∑
(𝑝:𝐶→𝐴)

∑
(𝑞:𝐶→𝐵) 𝑓 ◦ 𝑝 ∼ 𝑔 ◦ 𝑞

for the type of cones with vertex 𝐶.

It is good practice to characterize the identity type of any type of importance.
In the following lemma we give a characterization of the identity type of the
type cone(𝐶) of cones on 𝐴→ 𝑋 ← 𝐵 with vertex 𝐶. Such characterizations
are entirely routine in homotopy type theory.

Lemma 22.1.3 Let (𝑝, 𝑞, 𝐻) and (𝑝′, 𝑞′, 𝐻′) be cones on a cospan 𝑓 : 𝐴→
𝑋 ← 𝐵 : 𝑔, both with vertex 𝐶. Then the type (𝑝, 𝑞, 𝐻) = (𝑝′, 𝑞′, 𝐻′) is
equivalent to the type of triples (𝐾, 𝐿, 𝑀) consisting of

𝐾 : 𝑝 ∼ 𝑝′

𝐿 : 𝑞 ∼ 𝑞′

and a homotopy 𝑀 : 𝐻 � (𝑔 · 𝐿) ∼ ( 𝑓 · 𝐾) � 𝐻′ witnessing that the square

𝑓 ◦ 𝑝 𝑓 ◦ 𝑝′

𝑔 ◦ 𝑞 𝑔 ◦ 𝑞′

←→𝑓 ·𝐾

←→𝐻 ←→ 𝐻′

←→
𝑔·𝐿

of homotopies commutes.

Proof By the fundamental theorem of identity types (Theorem 11.2.2) it
suffices to show that the type∑
( (𝑝′ ,𝑞′ ,𝐻′ ):∑(𝑝′ :𝐶→𝐴) ∑(𝑞′ :𝐶→𝐵) 𝑓 ◦𝑝′∼𝑔◦𝑞′ )∑(𝐾 :𝑝∼𝑝′ )

∑
(𝐿:𝑞∼𝑞′ )𝐻� (𝑔·𝐿) ∼ ( 𝑓 ·𝐾)�𝐻′
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is contractible. Using associativity of Σ-types and commutativity of cartesian
products, it is easy to show that this type is equivalent to the type∑
( (𝑝′ ,𝐾 ):∑(𝑝′ :𝐶→𝐴) 𝑝∼𝑝′ )∑( (𝑞′ ,𝐿):∑(𝑞′ :𝐶→𝐵) 𝑞∼𝑞′ )∑(𝐻: 𝑓 ◦𝑝′∼𝑔◦𝑞′ )𝐻� (𝑔·𝐿) ∼ ( 𝑓 ·𝐾)�𝐻′

Now we observe that the types
∑
(𝑝′:𝐶→𝐴) 𝑝 ∼ 𝑝′ and

∑
(𝑞′:𝐶→𝐵) 𝑞 ∼ 𝑞′ are

contractible, with centers of contraction

(𝑝, refl-htpy𝑝) :
∑
(𝑝′:𝐶′→𝐴) 𝑝 ∼ 𝑝′

(𝑞, refl-htpy𝑞) :
∑
(𝑞′:𝐶′→𝐵)𝑞 ∼ 𝑞′.

Thus we apply Exercise 10.6 to see that the type of tuples ((𝑝′, 𝐾), (𝑞′, 𝐿), (𝐻′, 𝑀))
is equivalent to the type∑

(𝐻′: 𝑓 ◦𝑝′∼𝑔◦𝑞′ )𝐻 � refl-htpy𝑔◦𝑞 ∼ refl-htpy 𝑓 ◦𝑝 � 𝐻′.

Of course, the type 𝐻 � refl-htpy𝑔◦𝑞 ∼ refl-htpy 𝑓 ◦𝑝 � 𝐻′ is equivalent to the type
𝐻 ∼ 𝐻′, and

∑
(𝐻′: 𝑓 ◦𝑝∼𝑔◦𝑞) 𝐻 ∼ 𝐻′ is contractible. □

Given a cone with vertex 𝐶 on a span 𝐴
𝑓
→ 𝑋

𝑔
← 𝐵 and a map ℎ : 𝐶′ → 𝐶,

we construct a new cone with vertex 𝐶′ in the following definition.

Definition 22.1.4 For any cone (𝑝, 𝑞, 𝐻) with vertex 𝐶 and any type 𝐶′, we
define a map

cone-map(𝑝, 𝑞, 𝐻) : (𝐶′ → 𝐶) → cone(𝐶′)

by ℎ ↦→ (𝑝 ◦ ℎ, 𝑞 ◦ ℎ, 𝐻 ◦ ℎ).

Definition 22.1.5 We say that a commuting square

𝐶 𝐵

𝐴 𝑋

←→𝑞

←→𝑝 ←→ 𝑔

←→
𝑓

with 𝐻 : 𝑓 ◦ 𝑝 ∼ 𝑔 ◦ 𝑞 is a pullback square, or that it is cartesian, if it satisfies
the universal property of pullbacks, which asserts that the map

cone-map(𝑝, 𝑞, 𝐻) : (𝐶′ → 𝐶) → cone(𝐶′)

is an equivalence for every type 𝐶′.
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We often indicate the universal property with a diagram as follows:

𝐶′

𝐶 𝐵

𝐴 𝑋

←

→

𝑞′←

→
ℎ←

→
𝑝′

←→𝑞

←→𝑝 ←→ 𝑔

←→
𝑓

since the universal property states that for every cone (𝑝′, 𝑞′, 𝐻′) with vertex
𝐶′, the type of pairs (ℎ, 𝛼) consisting of ℎ : 𝐶′ → 𝐶 equipped with 𝛼 :
cone-map((𝑝, 𝑞, 𝐻), ℎ) = (𝑝′, 𝑞′, 𝐻′) is contractible by Theorem 10.4.6.

As a corollary we obtain the following characterization of the universal
property of pullbacks.

Lemma 22.1.6 Consider a commuting square

𝐶 𝐵

𝐴 𝑋

←→𝑞

←→𝑝 ←→ 𝑔

←→
𝑓

with 𝐻 : 𝑓 ◦ 𝑝 ∼ 𝑔 ◦ 𝑞 Then the following are equivalent:

(i) The square is a pullback square.
(ii) For every type 𝐶′ and every cone (𝑝′, 𝑞′, 𝐻′) with vertex 𝐶′, the type of

quadruples (ℎ, 𝐾, 𝐿, 𝑀) consisting of a map ℎ : 𝐶′ → 𝐶, homotopies

𝐾 : 𝑝 ◦ ℎ ∼ 𝑝′

𝐿 : 𝑞 ◦ ℎ ∼ 𝑞′,

and a homotopy 𝑀 : (𝐻 · ℎ) � (𝑔 · 𝐿) ∼ ( 𝑓 · 𝐾) � 𝐻′ witnessing that the
square

𝑓 ◦ 𝑝 ◦ ℎ 𝑓 ◦ 𝑝′

𝑔 ◦ 𝑞 ◦ ℎ 𝑔 ◦ 𝑞′

←→𝑓 ·𝐾

←→𝐻 ·ℎ ←→ 𝐻′

←→
𝑔·𝐿

commutes, is contractible.

Proof The map cone-map(𝑝, 𝑞, 𝐻) is an equivalence if and only if its fibers are
contractible. By Lemma 22.1.3 it follows that the fibers of cone-map(𝑝, 𝑞, 𝐻)
are equivalent the the described type of quadruples (ℎ, 𝐾, 𝐿, 𝑀). □
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In the following lemma we establish the uniqueness of pullbacks up to
equivalence via a 3-for-2 property for pullbacks.

Lemma 22.1.7 Consider the squares

𝐶 𝐵 𝐶′ 𝐵

𝐴 𝑋 𝐴 𝑋

←→𝑞

←→𝑝 ←→ 𝑔

←→𝑞
′

←→𝑝′ ←→ 𝑔

←→
𝑓

←→
𝑓

with homotopies 𝐻 : 𝑓 ◦ 𝑝 ∼ 𝑔 ◦ 𝑞 and 𝐻′ : 𝑓 ◦ 𝑝′ ∼ 𝑔 ◦ 𝑞′. Furthermore,
suppose we have a map ℎ : 𝐶′ → 𝐶 equipped with

𝐾 : 𝑝 ◦ ℎ ∼ 𝑝′

𝐿 : 𝑞 ◦ ℎ ∼ 𝑞′

𝑀 : (𝐻 · ℎ) � (𝑔 · 𝐿) ∼ ( 𝑓 · 𝐾) � 𝐻′.

If any two of the following three properties hold, so does the third:

(i) 𝐶 is a pullback.
(ii) 𝐶′ is a pullback.
(iii) ℎ is an equivalence.

Proof By the characterization of the identity type of cone(𝐶′) given in
Lemma 22.1.3 we obtain an identification

cone-map((𝑝, 𝑞, 𝐻), ℎ) = (𝑝′, 𝑞′, 𝐻′)

from the triple (𝐾, 𝐿, 𝑀). Let 𝐷 be a type, and let 𝑘 : 𝐷 → 𝐶′ be a map. We
observe that

cone-map((𝑝, 𝑞, 𝐻), (ℎ ◦ 𝑘)) � (𝑝 ◦ (ℎ ◦ 𝑘), 𝑞 ◦ (ℎ ◦ 𝑘), 𝐻 ◦ (ℎ ◦ 𝑘))
� ((𝑝 ◦ ℎ) ◦ 𝑘, (𝑞 ◦ ℎ) ◦ 𝑘, (𝐻 ◦ ℎ) ◦ 𝑘)
� cone-map(cone-map((𝑝, 𝑞, 𝐻), ℎ), 𝑘)
= cone-map((𝑝′, 𝑞′, 𝐻′), 𝑘).

Thus we see that the triangle

(𝐷 → 𝐶′) (𝐷 → 𝐶)

cone(𝐷)

←→ℎ◦–

←

→cone-map(𝑝′ ,𝑞′ ,𝐻′ )
←→

cone-map(𝑝,𝑞,𝐻 )

commutes. Therefore it follows from the 3-for-2 property of equivalences
established in Exercise 9.4, that if any two of the maps in this triangle is an
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equivalence, then so is the third. Now the claim follows from the fact that ℎ is
an equivalence if and only if ℎ ◦ – : (𝐷 → 𝐶′) → (𝐷 → 𝐶) is an equivalence
for any type 𝐷, which was established in Exercise 13.12 (d). □

Pullbacks are not only unique in the sense that any two pullbacks of the same
cospan are equivalent, they are uniquely unique in the sense that the type of
quadruples (ℎ, 𝐾, 𝐿, 𝑀) as in Lemma 22.1.7 is contractible.

Corollary 22.1.8 Suppose both commuting squares

𝐶 𝐵 𝐶′ 𝐵

𝐴 𝑋 𝐴 𝑋

←→𝑞
←→𝑝 ←→ 𝑔

←→𝑞
′

←→𝑝′ ←→ 𝑔

←→
𝑓

←→
𝑓

with homotopies 𝐻 : 𝑓 ◦ 𝑝 ∼ 𝑔 ◦ 𝑞 and 𝐻′ : 𝑓 ◦ 𝑝′ ∼ 𝑔 ◦ 𝑞′ are pullback
squares. Then the type of quadruples (𝑒, 𝐾, 𝐿, 𝑀) consisting of an equivalence
𝑒 : 𝐶′ ≃ 𝐶 equipped with

𝐾 : 𝑝 ◦ 𝑒 ∼ 𝑝′

𝐿 : 𝑞 ◦ 𝑒 ∼ 𝑞′

𝑀 : (𝐻 · ℎ) � (𝑔 · 𝐿) ∼ ( 𝑓 · 𝐾) � 𝐻′.

is contractible.

Proof We have seen that the type of quadruples (ℎ, 𝐾, 𝐿, 𝑀) is equivalent to
the fiber of cone-map(𝑝, 𝑞, 𝐻) at (𝑝′, 𝑞′, 𝐻′). By Lemma 22.1.7 it follows that
ℎ is an equivalence. Since is-equiv(ℎ) is a proposition by Exercise 13.4, and
hence contractible as soon as it is inhabited, it follows that the type of quadruples
(𝑒, 𝐾, 𝐿, 𝑀) is contractible. □

Corollary 22.1.9 For any two maps 𝑓 : 𝐴 → 𝑋 and 𝑔 : 𝐵 → 𝑋 , and any
universeU, the type∑

(𝐶:U)
∑
(𝑐:cone( 𝑓 ,𝑔,𝐶 ) )

∏
(𝐶′:U) is-equiv(cone-map𝐶′ (𝑐))

of pullbacks inU, is a proposition.

Proof It is straightforward to see that the type of identifications

(𝐶, (𝑝, 𝑞, 𝐻), 𝑢) = (𝐶′, (𝑝′, 𝑞′, 𝐻′), 𝑢′)

of any two pullbacks is equivalent to the type of quadruples (𝑒, 𝐾, 𝐿, 𝑀) as in
Corollary 22.1.8. Since Corollary 22.1.8 claims that this type of quadruples is
contractible, the claim follows. □
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22.2 Canonical pullbacks

For every cospan we can construct a canonical pullback.

Definition 22.2.1 Let 𝑓 : 𝐴→ 𝑋 and 𝑔 : 𝐵→ 𝑋 be maps. Then we define

𝐴 ×𝑋 𝐵 B
∑
(𝑥:𝐴)

∑
(𝑦:𝐵) 𝑓 (𝑥) = 𝑔(𝑦)

𝜋1 B pr1 : 𝐴 ×𝑋 𝐵→ 𝐴

𝜋2 B pr1 ◦ pr2 : 𝐴 ×𝑋 𝐵→ 𝐵

𝜋3 B pr2 ◦ pr2 : 𝑓 ◦ 𝜋1 ∼ 𝑔 ◦ 𝜋2.

The type 𝐴 ×𝑋 𝐵 is called the canonical pullback of 𝑓 and 𝑔.

Note that 𝐴×𝑋 𝐵 depends on 𝑓 and 𝑔, although this dependency is not visible
in the notation.

Remark 22.2.2 Given (𝑥, 𝑦, 𝑝) and (𝑥′, 𝑦′, 𝑝′) in the canonical pullback
𝐴 ×𝑋 𝐵, the identity type (𝑥, 𝑦, 𝑝) = (𝑥′, 𝑦′, 𝑝′) is equivalent to the type of
triples (𝛼, 𝛽, 𝛾) consisting of 𝛼 : 𝑥 = 𝑥′, 𝛽 : 𝑦 = 𝑦′, and an identification
𝛾 : 𝑝 � ap𝑔 (𝛽) = ap 𝑓 (𝛼) � 𝑝′ witnessing that the square

𝑓 (𝑥) 𝑓 (𝑥′)

𝑔(𝑦) 𝑔(𝑦′)
⇐ ⇐

ap 𝑓 (𝛼)

⇐⇐𝑝 ⇐⇐ 𝑝′

⇐ ⇐
ap𝑔 (𝛽)

commutes. The proof of this fact is similar to the proof of Lemma 22.1.3.

Theorem 22.2.3 Given maps 𝑓 : 𝐴 → 𝑋 and 𝑔 : 𝐵 → 𝑋 , the commuting
square

𝐴 ×𝑋 𝐵 𝐵

𝐴 𝑋,

←→𝜋2

←→𝜋1 ←→ 𝑔

← →
𝑓

is a pullback square.

Proof Let 𝐶 be a type. Our goal is to show that the map

cone-map(𝜋1, 𝜋2, 𝜋3) : (𝐶 → 𝐴 ×𝑋 𝐵) → cone(𝐶)
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is an equivalence. Note that we have the commuting triangle

𝐶 → ∑
(𝑥:𝐴)

∑
(𝑦:𝐵) 𝑓 (𝑥) = 𝑔(𝑦)

∑
(𝑝:𝐶→𝐴)

∏
(𝑧:𝐶 )

∑
(𝑦:𝐵) 𝑓 (𝑝(𝑧)) = 𝑔(𝑦)

∑
(𝑝:𝐶→𝐴)

∑
(𝑞:𝐶→𝐵) 𝑓 ◦ 𝑝 ∼ 𝑔 ◦ 𝑞.

←

→

cone-map

←

→
choice

←

→ choice

In this triangle the functions choice are equivalences by Theorem 13.2.1.
Therefore, their composite is an equivalence. □

The following corollary is now a special case of ??, where we make sure that
𝑓 : 𝐴→ 𝑋 and 𝑔 : 𝐵→ 𝑋 are both maps inU.

Corollary 22.2.4 For any two maps 𝑓 : 𝐴 → 𝑋 and 𝑔 : 𝐵 → 𝑋 in U, the
type ∑

(𝐶:U)
∑
(𝑐:cone( 𝑓 ,𝑔,𝐶 ) )

∏
(𝐶′:U) is-equiv(cone-map𝐶′ (𝑐))

of pullbacks inU, is contractible.

Definition 22.2.5 Given a commuting square

𝐶 𝐵

𝐴 𝑋

←→𝑞

←→𝑝 ←→ 𝑔

←→
𝑓

with 𝐻 : 𝑓 ◦ 𝑝 ∼ 𝑔 ◦ 𝑞, we define the gap map

gap(𝑝, 𝑞, 𝐻) : 𝐶 → 𝐴 ×𝑋 𝐵

by _𝑧. (𝑝(𝑧), 𝑞(𝑧), 𝐻 (𝑧)).

The following theorem provides a useful characterization of pullback squares,
because in many situations it is easier to show that the gap map is an equivalence.

Theorem 22.2.6 Consider a commuting square

𝐶 𝐵

𝐴 𝑋

←→𝑞

←→𝑝 ←→ 𝑔

←→
𝑓

with 𝐻 : 𝑓 ◦ 𝑝 ∼ 𝑔 ◦ 𝑞. The following are equivalent:
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(i) The square is a pullback square
(ii) There is a term of type

is-pullback(𝑝, 𝑞, 𝐻) B is-equiv(gap(𝑝, 𝑞, 𝐻)).

Proof Observe that we are in the situation of Lemma 22.1.7. Indeed, we have
two commuting squares

𝐴 ×𝑋 𝐵 𝐵 𝐶 𝐵

𝐴 𝑋 𝐴 𝑋,

←→𝜋2

←→𝜋2 ←→ 𝑔

←→𝑞

←→𝑝 ←→ 𝑔

← →
𝑓

←→
𝑓

and we have the gap map gap : 𝐶 → 𝐴 ×𝑋 𝐵, which comes equipped with the
homotopies

𝐾 : 𝜋1 ◦ gap ∼ 𝑝 𝐾 B _𝑧. refl𝑝 (𝑧)
𝐿 : 𝜋2 ◦ gap ∼ 𝑞 𝐿 B _𝑧. refl𝑞 (𝑧)
𝑀 : (𝜋3 · gap) � (𝑔 · 𝐿) ∼ ( 𝑓 · 𝐾) � 𝐻 𝑀 B _𝑧. right-unit(𝐻 (𝑧)).

Since 𝐴 ×𝑋 𝐵 is shown to be a pullback in Theorem 22.2.3, it follows from
Lemma 22.1.7 that𝐶 is a pullback if and only if the gap map is an equivalence. □

22.3 Cartesian products and fiberwise products as pullbacks
An important special case of pullbacks occurs when the cospan is of the form

𝐴 1 𝐵.

←→ ←→

In this case, the pullback is just the cartesian product.

Lemma 22.3.1 Let 𝐴 and 𝐵 be types. Then the square

𝐴 × 𝐵 𝐵

𝐴 1

←→pr2

←→pr1 ←→ const★

← →const★

which commutes by the homotopy constrefl★ is a pullback square.

Proof By Theorem 22.2.6 it suffices to show that

gap(pr1, pr2, _(𝑎, 𝑏). refl★)

is an equivalence. Its inverse is the map _(𝑎, 𝑏, 𝑝). (𝑎, 𝑏). □
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The following generalization of Lemma 22.3.1 is the reason why pullbacks
are sometimes called fiber products.

Theorem 22.3.2 Let 𝑃 and 𝑄 be families over a type 𝑋 . Then the square∑
(𝑥:𝑋) 𝑃(𝑥) ×𝑄(𝑥)

∑
(𝑥:𝑋) 𝑄(𝑥)

∑
(𝑥:𝑋) 𝑃(𝑥) 𝑋,

← →_(𝑥, (𝑝,𝑞) ) . (𝑥,𝑞)

←→_(𝑥, (𝑝,𝑞) ) . (𝑥,𝑝) ←→ pr1

← →pr1

which commutes by the homotopy

𝐻 B _(𝑥, (𝑝, 𝑞)). refl𝑥 ,

is a pullback square.

Proof By Theorem 22.2.6 it suffices to show that the gap map is an equivalence.
The gap map is homotopic to the function

_(𝑥, (𝑝, 𝑞)). ((𝑥, 𝑝), (𝑥, 𝑞), refl𝑥).

It is easy to check that this function is an equivalence. I ts inverse is the map

_((𝑥, 𝑝), (𝑦, 𝑞), 𝛼). (𝑦, (tr𝑃 (𝛼, 𝑝), 𝑞)). □

Corollary 22.3.3 For any 𝑓 : 𝐴→ 𝑋 and 𝑔 : 𝐵→ 𝑋 , the square∑
(𝑥:𝑋) fib 𝑓 (𝑥) × fib𝑔 (𝑥) 𝐵

𝐴 𝑋

← →_(𝑥, ( (𝑎,𝑝) , (𝑏,𝑞) ) ) . 𝑏

←→_(𝑥, ( (𝑎,𝑝) , (𝑏,𝑞) ) ) . 𝑎 ←→ 𝑔

← →
𝑓

is a pullback square.

22.4 Fibers of maps as pullbacks
Lemma 22.4.1 For any function 𝑓 : 𝐴 → 𝐵, and any 𝑏 : 𝐵, consider the
square

fib 𝑓 (𝑏) 1

𝐴 𝐵

← →const★

←→pr1

←→ const𝑏

← →
𝑓

which commutes by pr2 :
∏
(𝑡:fib 𝑓 (𝑏) ) 𝑓 (pr1 (𝑡)) = 𝑏. This is a pullback square.
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Proof By Theorem 22.2.6 it suffices to show that the gap map is an equivalence.
The gap map is homotopic to the function

tot (()_𝑥. _𝑝. (★, 𝑝))

The map _𝑥. _𝑝. (★, 𝑝) is a family of equivalences by Exercise 10.6, so it
induces an equivalence on total spaces by Theorem 11.1.3. □

Corollary 22.4.2 For any type family 𝐵 over 𝐴 and any 𝑎 : 𝐴 the square

𝐵(𝑎) 1

∑
(𝑥:𝐴) 𝐵(𝑥) 𝐴

←→_𝑦. (𝑎,𝑦)

← →const★

←→ _★. 𝑎

← →pr1

is a pullback square.

Proof To see this, note that the triangle

𝐵(𝑎) fibpr1 (𝑎)

( ∑
(𝑥:𝐴) 𝐵(𝑥)

)
×𝐴 1.

← →_𝑏. ( (𝑎,𝑏) ,refl𝑎 )

←

→gap
←→ gap

Since the top map is an equivalence by Exercise 10.8, and the map on the right
is an equivalence by Lemma 22.4.1, it follows that the map on the left is an
equivalence. The claim follows. □

22.5 Families of equivalences
Lemma 22.5.1 Let 𝑓 : 𝐴→ 𝐵, and let 𝑄 be a type family over 𝐵. Then the
square ∑

(𝑥:𝐴) 𝑄( 𝑓 (𝑥))
∑
(𝑦:𝐵) 𝑄(𝑏)

𝐴 𝐵

← →_(𝑥,𝑞) . ( 𝑓 (𝑥 ) ,𝑞)

←→pr1 ←→ pr1

← →
𝑓

commutes by 𝐻 B _(𝑥, 𝑞). refl 𝑓 (𝑥 ) . This is a pullback square.

Proof By Theorem 22.2.6 it suffices to show that the gap map is an equivalence.
The gap map is homotopic to the function

_(𝑥, 𝑞). (𝑥, ( 𝑓 (𝑥), 𝑞), refl 𝑓 (𝑥 ) ).
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The inverse of this map is given by _(𝑥, ((𝑦, 𝑞), 𝑝)). (𝑥, tr𝑄 (𝑝−1, 𝑞)), and it is
straightforward to see that these maps are indeed mutual inverses. □

Theorem 22.5.2 Let 𝑓 : 𝐴 → 𝐵, and let 𝑔 :
∏
(𝑎:𝐴)𝑃(𝑎) → 𝑄( 𝑓 (𝑎)) be a

family of maps. The following are equivalent:

(i) The commuting square∑
(𝑎:𝐴) 𝑃(𝑎)

∑
(𝑏:𝐵) 𝑄(𝑏)

𝐴 𝐵

← →
tot 𝑓 (𝑔)

← →
𝑓

is a pullback square.
(ii) 𝑔 is a family of equivalences.

Proof The gap map is homotopic to the composite∑
(𝑥:𝐴) 𝑃(𝑥)

∑
(𝑥:𝐴) 𝑄( 𝑓 (𝑥)) 𝐴 ×𝐵

( ∑
(𝑦:𝐵) 𝑄(𝑦)

)← →tot (𝑔) ← →gap′

where gap′ is the gap map for the square in Lemma 22.5.1. Since gap′ is an
equivalence, it follows by Exercise 9.4 and Theorem 11.1.3 that the gap map is
an equivalence if and only if 𝑔 is a family of equivalences. □

Our goal is now to extend Theorem 22.5.2 to arbitrary pullback squares. Note
that every commuting square

𝐴 𝐵

𝑋 𝑌

←→𝑓

←→ℎ

←→ 𝑔

←→
𝑖

with 𝐻 : 𝑖 ◦ 𝑓 𝑔 ◦ ℎ induces a map

fib-sq :
∏
(𝑥:𝑋)fib 𝑓 (𝑥) → fib𝑔 ( 𝑓 (𝑥))

on the fibers, by

fib-sq(𝑥, (𝑎, 𝑝)) B (ℎ(𝑎), 𝐻 (𝑎)−1 � ap𝑖 (𝑝)).

Theorem 22.5.3 Consider a commuting square

𝐴 𝐵

𝑋 𝑌

←→𝑓

←→ℎ

←→ 𝑔

←→
𝑖

with 𝐻 : 𝑖 ◦ 𝑓 𝑔 ◦ ℎ. The following are equivalent:
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(i) The square is a pullback square.
(ii) The induced map on fibers

fib-sq :
∏
(𝑥:𝑋)fib 𝑓 (𝑥) → fib𝑔 ( 𝑓 (𝑥))

is a family of equivalences.

Proof First we observe that the square∑
(𝑥:𝑋) fib 𝑓 (𝑥)

∑
(𝑥:𝑋) fib𝑔 ( 𝑓 (𝑥))

𝐴 𝑋 ×𝑌 𝐵

←→≃

← →tot (fib-sq)

←→ tot (tot (inv) )

← →gap

commutes. To construct such a homotopy, we need to construct an identification

( 𝑓 (𝑎), ℎ(𝑎), 𝐻 (𝑎)) = (𝑥, ℎ(𝑎), (𝐻 (𝑎)−1 � ap𝑖 (𝑝))−1)

for every 𝑥 : 𝑋 , 𝑎 : 𝐴, and 𝑝 : 𝑓 (𝑎) = 𝑥. This is shown by path induction on
𝑝 : 𝑓 (𝑎) = 𝑥. Thus, it suffices to show that

( 𝑓 (𝑎), ℎ(𝑎), 𝐻 (𝑎)) = ( 𝑓 (𝑎), ℎ(𝑎), (𝐻 (𝑎)−1 � refl𝑖 ( 𝑓 (𝑎) ) )−1),

which is a routine exercise.
Now we note that the left and right maps in this square are both equivalences.

Therefore it follows that the top map is an equivalence if and only if the bottom
map is. The claim now follows by Theorem 11.1.3. □

Corollary 22.5.4 Consider a pullback square

𝐶 𝐵

𝐴 𝑋.

←→𝑞

←→𝑝 ←→ 𝑔

←→
𝑓

If 𝑔 is a 𝑘-truncated map, then so is 𝑝. In particular, if 𝑔 is an embedding then
so is 𝑝.

Proof Since the square is assumed to be a pullback square, it follows from
Theorem 22.5.3 that for each 𝑥 : 𝐴, the fiber fib𝑝 (𝑥) is equivalent to the fiber
fib𝑔 ( 𝑓 (𝑥)), which is 𝑘-truncated. Since 𝑘-truncated types are closed under
equivalences by Proposition 12.4.5, it follows that 𝑝 is a 𝑘-truncated map. □
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Corollary 22.5.5 Consider a commuting square

𝐶 𝐵

𝐴 𝑋.

←→𝑞

←→𝑝 ←→ 𝑔

←→
𝑓

and suppose that 𝑔 is an equivalence. Then the following are equivalent:

(i) The square is a pullback square.
(ii) The map 𝑝 : 𝐶 → 𝐴 is an equivalence.

Proof If the square is a pullback square, then by Theorem 22.5.2 the fibers of
𝑝 are equivalent to the fibers of 𝑔, which are contractible by Theorem 10.4.6.
Thus it follows that 𝑝 is a contractible map, and hence that 𝑝 is an equivalence.

If 𝑝 is an equivalence, then by Theorem 10.4.6 both fib𝑝 (𝑥) and fib𝑔 ( 𝑓 (𝑥))
are contractible for any 𝑥 : 𝑋 . It follows by Exercise 10.3 that the induced map
fib𝑝 (𝑥) → fib𝑔 ( 𝑓 (𝑥)) is an equivalence. Thus we apply Theorem 22.5.3 to
conclude that the square is a pullback. □

Theorem 22.5.6 Consider a diagram of the form

𝐴 𝐵

𝑋 𝑌.

←→𝑓 ←→ 𝑔

←→
ℎ

Then the type of triples (𝑖, 𝐻, 𝑝) consisting of a map 𝑖 : 𝐴 → 𝐵, a homotopy
𝐻 : ℎ ◦ 𝑓 ∼ 𝑔 ◦ 𝑖, and a term 𝑝 witnessing that the square

𝐴 𝐵

𝑋 𝑌.

←→𝑓

←→𝑖

←→ 𝑔

←→
ℎ

is a pullback square, is equivalent to the type of families of equivalences∏
(𝑥:𝑋)fib 𝑓 (𝑥) ≃ fib𝑔 (ℎ(𝑥)).

Corollary 22.5.7 Let ℎ : 𝑋 → 𝑌 be a map, and let 𝑃 and 𝑄 be families over
𝑋 and 𝑌 , respectively. Then the type of triples (𝑖, 𝐻, 𝑝) consisting of a map

𝑖 :
(∑
(𝑥:𝑋)𝑃(𝑥)

)
→

(∑
(𝑦:𝑌 )𝑄(𝑦)

)
,
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a homotopy 𝐻 : ℎ ◦ pr1 ∼ pr1 ◦ 𝑖, and a term 𝑝 witnessing that the square∑
(𝑥:𝑋) 𝑃(𝑥)

∑
(𝑦:𝑌 ) 𝑄(𝑦)

𝑋 𝑌.

←→pr1

←→𝑖

←→ pr1

← →
ℎ

is a pullback square, is equivalent to the type of families of equivalences∏
(𝑥:𝑋)𝑃(𝑥) ≃ 𝑄(ℎ(𝑥)).

One useful application of the connection between pullbacks and families of
equivalences is the following theorem, which is also called the pasting property
of pullbacks.

Theorem 22.5.8 Consider a commuting diagram of the form

𝐴 𝐵 𝐶

𝑋 𝑌 𝑍

←→𝑘

←→𝑓

←→𝑙

←→ 𝑔 ←→ ℎ

←→
𝑖

←→
𝑗

with homotopies 𝐻 : 𝑖 ◦ 𝑓 ∼ 𝑔 ◦ 𝑘 and 𝐾 : 𝑗 ◦ 𝑔 ∼ ℎ ◦ 𝑙, and the homotopy

( 𝑗 · 𝐻) � (𝐾 · 𝑘) : 𝑗 ◦ 𝑖 ◦ 𝑓 ∼ ℎ ◦ 𝑙 ◦ 𝑘

witnessing that the outer rectangle commutes. Furthermore, suppose that the
square on the right is a pullback square. Then the following are equivalent:

(i) The square on the left is a pullback square.
(ii) The outer rectangle is a pullback square.

Proof The commutativity of the two squares and the outer rectangle induces a
commuting triangle

fib 𝑓 (𝑥) fib𝑔 (𝑖(𝑥))

fibℎ ( 𝑗 (𝑖(𝑥))).

← →
fib-sq( 𝑓 ,𝑘,𝐻) (𝑥 )

←

→fib-sq 𝑓 ,𝑙◦𝑘, ( 𝑗 ·𝐻) � (𝐾 ·𝑘) (𝑥 )
←→

fib-sq(𝑔,𝑙,𝐾 ) (𝑖 (𝑥 ) )

A homotopy witnessing that the triangle commutes is constructed by a routine
calculation.

Since the triangle commutes, and since the map fib-sq(𝑔,𝑙,𝐾 ) (𝑖(𝑥)) is an
equivalence for each 𝑥 : 𝑋 by Theorem 22.5.3, it follows by the 3-for-2 property
of equivalences that for each 𝑥 : 𝑋 the top map in the triangle is an equivalence
if and only if the left map is an equivalence. The claim now follows by a second
application of Theorem 22.5.3. □
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22.6 Descent theorems for coproducts and Σ-types
Theorem 22.6.1 Consider maps 𝑓 : 𝐴′ → 𝐴 and 𝑔 : 𝐵′ → 𝐵, a map
ℎ : 𝑋 ′ → 𝑋 , and commuting squares of the form

𝐴′ 𝑋 ′ 𝐵′ 𝑋 ′

𝐴 𝑋 𝐵 𝑋.

←→

←→𝑓 ←→ ℎ

←→

←→𝑔 ←→ ℎ

←→ ←→

Then the following are equivalent:

(i) Both squares are pullback squares.
(ii) The commuting square

𝐴′ + 𝐵′ 𝑋 ′

𝐴 + 𝐵 𝑋

←→𝑓 +𝑔

←→

←→ ℎ

←→

is a pullback square.

Proof By Theorem 22.5.3 it suffices to show that the following are equivalent:

(i) For each 𝑥 : 𝐴 the map

fib-sq : fib 𝑓 (𝑥) → fibℎ (𝛼𝐴(𝑥))

is an equivalence, and for each 𝑦 : 𝐵 the map

fib-sq : fib𝑔 (𝑦) → fibℎ (𝛼𝐵 (𝑦))

is an equivalence.
(ii) For each 𝑡 : 𝐴 + 𝐵 the map

fib-sq : fib 𝑓 +𝑔 (𝑡) → fibℎ (𝛼(𝑡))

is an equivalence.

By the dependent universal property of coproducts, the second claim is equivalent
to the claim that both for each 𝑥 : 𝐴 the map

fib-sq : fib 𝑓 +𝑔 (inl(𝑥)) → fibℎ (𝛼𝐴(𝑥))

is an equivalence, and for each 𝑦 : 𝐵, the map

fib-sq : fib 𝑓 +𝑔 (inr(𝑦)) → fibℎ (𝛼𝐵 (𝑦))

is an equivalence.
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We claim that there is a commuting triangle

fib 𝑓 (𝑥) fib 𝑓 +𝑔 (inl(𝑥))

fibℎ (𝛼𝐴(𝑥))

← →

←

→ ←→

for every 𝑥 : 𝐴. To see that the triangle commutes, we need to construct an
identification

The top map is given by

(𝑎′, 𝑝) ↦→ (inl(𝑎′), apinl (𝑝)).

The triangle then commutes by the homotopy

(𝑎′, 𝑝) ↦→ eq-pair(refl,apconcat(𝐻 (𝑎′ )−1 ) (ap-comp[𝛼𝐴,𝛼𝐵 ],𝑖𝑛𝑙))

We note that the top map is an equivalence, so it follows by the 3-for-2 property
of equivalences that the left map is an equivalence if and only if the right map is
an equivalence.

Similarly, there is a commuting triangle

fib𝑔 (𝑦) fib 𝑓 +𝑔 (inr(𝑦))

fibℎ (𝛼𝐵 (𝑦))
← →

←
→ ←→

in which the top map is an equivalence, completing the proof. □

In the following corollary we conclude that coproducts distribute over pull-
backs.

Corollary 22.6.2 Consider a cospan of the form

𝑌

𝐴 + 𝐵 𝑋.

←→

←→

Then there is an equivalence

(𝐴 + 𝐵) ×𝑋 𝑌 ≃ (𝐴 ×𝑋 𝑌 ) + (𝐵 ×𝑋 𝑌 ).

Theorem 22.6.3 Consider a family of maps 𝑓𝑖 : 𝐴′
𝑖
→ 𝐴𝑖 indexed by a type 𝐼,
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a map ℎ : 𝑋 ′ → 𝑋 , and a commuting square

𝐴′
𝑖

𝑋 ′

𝐴𝑖 𝑋

←→

←→𝑓𝑖 ←→ ℎ

←→𝛼𝑖

for each 𝑖 : 𝐼. Then the following are equivalent:

(i) For each 𝑖 : 𝐼 the square is a pullback square.
(ii) The commuting square ∑

(𝑖:𝐼 ) 𝐴
′
𝑖

𝑋 ′

∑
(𝑖:𝐼 ) 𝐴𝑖 𝑋

←→tot ( 𝑓 )

←→

←→ ℎ

←→𝛼

is a pullback square.

Proof By Theorem 22.5.3 it suffices to show that the following are equivalent
for each 𝑖 : 𝐼 and 𝑎 : 𝐴𝑖:

(i) The map

fib-sq : fib 𝑓𝑖 (𝑎) → fib𝑔 (𝛼𝑖 (𝑎))

is an equivalence.
(ii) The map

fib-sq : fibtot ( 𝑓 ) (𝑖, 𝑎) → fib𝑔 (𝛼𝑖 (𝑎))

is an equivalence.

To see this, note that we have a commuting triangle

fib 𝑓𝑖 (𝑎) fibtot ( 𝑓 ) (𝑖, 𝑎)

fib𝑔 (𝛼𝑖 (𝑎)),

← →

←

→ ←→

where the top map is an equivalence by Lemma 11.1.2. Therefore the claim
follows by the 3-for-2 property of equivalences. □

In the following corollary we conclude that Σ distributes over coproducts.
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Corollary 22.6.4 Consider a cospan of the form

𝑌

∑
(𝑖:𝐼 ) 𝐴𝑖 𝑋.

←→

←→

Then there is an equivalence(∑
(𝑖:𝐼 ) 𝐴𝑖

)
×𝑋 𝑌 ≃

∑
(𝑖:𝐼 ) (𝐴𝑖 ×𝑋 𝑌 ).

Exercises
22.1 (a) Show that the square

(𝑥 = 𝑦) 1

1 𝐴

←→

←→ ←→ const𝑦

← →const𝑥

is a pullback square.
(b) Show that the square

(𝑥 = 𝑦) 𝐴

1 𝐴 × 𝐴
← →const𝑥

←→const★ ←→ 𝛿𝐴
← →const(𝑥,𝑦)

is a pullback square, where 𝛿𝐴 : 𝐴→ 𝐴 × 𝐴 is the diagonal of 𝐴,
defined in Exercise 12.5.

22.2 In this exercise we give an alternative characterization of the notion of
𝑘-truncated map, compared to Theorem 12.4.7. Given a map 𝑓 : 𝐴→ 𝑋

define the diagonal of 𝑓 to be the map 𝛿 𝑓 : 𝐴 → 𝐴 ×𝑋 𝐴 given by
𝑥 ↦→ (𝑥, 𝑥, refl 𝑓 (𝑥 ) ).

(a) Construct an equivalence

fib𝛿 𝑓 ((𝑥, 𝑦, 𝑝)) ≃ fibap 𝑓 (𝑝)

to show that the square

fibap 𝑓 (𝑝) 𝐴

1 𝐴 ×𝑋 𝐴

← →const𝑥

←→const★

←→ 𝛿 𝑓

← →const(𝑥,𝑦,𝑝)
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is a pullback square, for every 𝑥, 𝑦 : 𝐴 and 𝑝 : 𝑓 (𝑥) = 𝑓 (𝑦).
(b) Show that a map 𝑓 : 𝐴→ 𝑋 is (𝑘 + 1)-truncated if and only if 𝛿 𝑓

is 𝑘-truncated.
Conclude that 𝑓 is an embedding if and only if 𝛿 𝑓 is an equivalence.

22.3 Consider a commuting square

𝐶 𝐵

𝐴 𝑋

←→𝑞

←→𝑝 ←→ 𝑔

←→
𝑓

with 𝐻 : 𝑓 ◦ 𝑝 ∼ 𝑔 ◦ 𝑞. Show that this square is a pullback square if and
only if the square

𝐶 𝐴

𝐵 𝑋

←→𝑝
←→𝑞 ←→ 𝑓

←→𝑔

with 𝐻−1 : 𝑔 ◦ 𝑞 ∼ 𝑓 ◦ 𝑝 is a pullback square.
22.4 Show that any square of the form

𝐶 𝐵

∅ 𝑋

←→

←→ ←→

←→

commutes and is a pullback square. This is the descent property of the
empty type.

22.5 Consider a commuting square

𝐶 𝐵

𝐴 𝑋

←→𝑞

←→𝑝 ←→ 𝑔

←→
𝑓

with 𝐻 : 𝑓 ◦ 𝑝 ∼ 𝑔 ◦ 𝑞. Show that the following are equivalent:
(i) The square is a pullback square.
(ii) For every type 𝑇 , the commuting square

𝐶𝑇 𝐵𝑇

𝐴𝑇 𝑋𝑇

←→𝑞◦–

←→𝑝◦– ←→ 𝑔◦–

←→
𝑓 ◦–

is a pullback square.

mailto:egbert.rijke@fmf.uni-lj.si
https://hott.zulipchat.com


This material will be published by Cambridge University Press as Introduction to Homotopy Type Theory by Egbert Rĳke. This pre-publication
version is free to view and download for personal use only. Not for re-distribution, re-sale or use in derivative works. © Egbert Rĳke 2020

The best way to support this book while it is still being prepared for publication, is to let the author know if you find inaccuracies of any kind at
Q egbert.rĳke@fmf.uni-lj.si, or at the homotopy type theory chat at  https://hott.zulipchat.com.

There are 306 exercises.

Ljubljana, April 8, 2022

292 Synthetic Homotopy Theory

Note: property (ii) is really just a rephrasing of the universal property of
pullbacks.

22.6 Consider a commuting square

𝐶 𝐵

𝐴 𝑋

←→𝑞

←→𝑝 ←→ 𝑔

←→
𝑓

with 𝐻 : 𝑓 ◦ 𝑝 ∼ 𝑔 ◦ 𝑞. Show that the following are equivalent:

(i) The square is a pullback square.
(ii) The square

𝐶 𝑋

𝐴 × 𝐵 𝑋 × 𝑋

← →𝑔◦𝑞
←→_𝑥. (𝑝 (𝑥 ) ,𝑞 (𝑥 ) ) ←→ 𝛿𝑋

←→
𝑓 ×𝑔

which commutes by _𝑧. eq-pair(𝐻 (𝑧), refl𝑔 (𝑞 (𝑧) ) ) is a pullback
square.

22.7 Consider two commuting squares

𝐶1 𝐵1 𝐶2 𝐵2

𝐴1 𝑋1 𝐴2 𝑋2.
←→

←→ ←→

←→

←→ ←→

←→ ←→

(a) Show that if both squares are pullback squares, then the square

𝐶1 × 𝐶2 𝐵1 × 𝐵2

𝐴1 × 𝐴2 𝑋1 × 𝑋2.

←→

←→ ←→

←→

is also a pullback square.
(b) Show that if there are terms 𝑡1 : 𝐴1 ×𝑋1 𝐵1 and 𝑡2 : 𝐴2 ×𝑋2 𝐵2, then

the converse of (a) also holds.

22.8 Consider for each 𝑖 : 𝐼 a pullback square

𝐶𝑖 𝐵𝑖

𝐴𝑖 𝑋𝑖

←→𝑞𝑖

←→𝑝𝑖 ←→ 𝑔𝑖

←→
𝑓𝑖
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with 𝐻𝑖 : 𝑓𝑖 ◦ 𝑝𝑖 ∼ 𝑔𝑖 ◦ 𝑞𝑖 . Show that the commuting square∏
(𝑖:𝐼 )𝐶𝑖

∏
(𝑖:𝐼 )𝐵𝑖

∏
(𝑖:𝐼 ) 𝐴𝑖

∏
(𝑖:𝐼 )𝑋𝑖

←→

←→ ←→

←→

is a pullback square.
22.9 Let 𝑓 : 𝐴→ 𝐵 be a map. Show that the following are equivalent:

(i) The commuting square

𝐴 ∥𝐴∥

𝐵 ∥𝐵∥ .
←→𝑓

←→

←→ ∥ 𝑓 ∥

←→

is a pullback square.
(ii) There is a term of type 𝐴→ is-equiv( 𝑓 ).
(iii) The commuting square

𝐴 × 𝐴 𝐵 × 𝐵

𝐴 𝐵

←→𝑓 × 𝑓

←→pr1 ←→ pr1

← →
𝑓

is a pullback square.
22.10 Consider a pullback square

𝐴′ 𝐴

𝐵′ 𝐵,

←→𝑓 ′

←→𝑝

←→ 𝑓

←→𝑞

in which 𝑞 : 𝐵′ → 𝐵 is surjective. Show that if 𝑓 ′ : 𝐴′ → 𝐵′ is an
embedding, then so is 𝑓 : 𝐴→ 𝐵.

22.11 Consider a family of diagrams of the form

𝐴𝑖 𝐶 𝑋

𝐵𝑖 𝐷 𝑌

←→

←→𝑓𝑖

←→

←→ 𝑔 ←→ ℎ

←→ ←→

indexed by 𝑖 : 𝐼, in which the left squares are pullback squares, and assume
that the induced map (∑

(𝑖:𝐼 )𝐵𝑖
)
→ 𝐷
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is surjective. Show that the following are equivalent:

(i) For each 𝑖 : 𝐼 the outer rectangle is a pullback square.
(ii) The right square is a pullback square.

Hint: By Theorem 22.6.3 it suffices to prove this equivalence for a single
diagram of the form

𝐴 𝐶 𝑋

𝐵 𝐷 𝑌

←→

←→𝑓

←→

←→𝑔 ←→ ℎ

←→ ←→

where the map 𝐵→ 𝐷 is assumed to be surjective.
22.12 Consider a pullback square

𝐸 ′ 𝐸

𝐵′ 𝐵

←→𝑝′

←→𝑔
←→ 𝑝

←→
𝑓

in which 𝑝 is assumed to be surjective. Show that 𝑝′ is also surjective,
and show that the following are equivalent:

(i) The map 𝑓 is an equivalence.
(ii) The map 𝑔 is an equivalence.

22.13 Show that a map 𝑓 : 𝐴→ 𝐵 is an equivalence if and only if the square

𝐴𝐵 𝐵𝐵

𝐴𝐴 𝐵𝐴

←→𝑓 ◦–

←→–◦ 𝑓 ←→ –◦ 𝑓

←→
𝑓 ◦–

is a pullback square.

23 Homotopy pushouts

A common way in topology to construct new spaces is by attaching cells to a
given space. A 0-cell is just a point, an 1-cell is an interval, a 2-cell is a disc, a
3-cell is the solid ball, and so forth. Many spaces can be obtained by attaching
cells. For example, the circle is obtained by attaching a 1-cell to a 0-cell, so
that both end-points of the interval are mapped to the point. More generally,
an 𝑛-sphere is obtained by attaching an 𝑛-disc to the point, so that its entire
boundary gets mapped to the point.
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In type theory we can also consider a notion of 𝑛-cells. Just as in topology,
a 0-cell is just a point (i.e., a term). A 1-cell, however, is in type theory an
identification, i.e., a term of the identity type. A 1-cell is then an identification
of identifications, and so forth. Then we can attach cells to a type by taking a
pushout, which is a process dual to taking a pullback.

The idea of pushouts is to glue two types 𝐴 and 𝐵 together using a mediating
type 𝑆 and maps 𝑓 : 𝑆 → 𝐴 and 𝑔 : 𝑆 → 𝐵. In other words, we start by a
diagram of the form

𝐴 𝑆 𝐵.←→𝑓 ←→𝑔

We call such a triple S � (𝑆, 𝑓 , 𝑔) a span from 𝐴 to 𝐵. A span from 𝐴 to 𝐵 can
be thought of as a relation from 𝐴 to 𝐵, relating 𝑓 (𝑠) to 𝑔(𝑠) for any 𝑠 : 𝑆. The
pushout of the span S is then a type 𝑋 that comes equipped with inclusion maps
𝑖 : 𝐴→ 𝑋 and 𝑗 : 𝐵→ 𝑋 and a homotopy 𝐻 witnessing that the square

𝑆 𝐵

𝐴 𝑋

←→𝑓

←→𝑔

←→ 𝑗

←→
𝑖

Note that this homotopy makes sure that there is a path𝐻 (𝑠) : 𝑖( 𝑓 (𝑠)) = 𝑗 (𝑔(𝑠))
for every 𝑠 : 𝑆. In other words, any 𝑥 : 𝐴 and 𝑦 : 𝐵 that are related by in S
become identified in the pushout. The last requirement of the pushout is that it
satisfies a universal property that is dual to the universal property of pullbacks.

There are several equivalent characterizations of pushouts. Two such charac-
terizations are studied in this section, establishing the duality between pullbacks
and pushouts. Other characterizations, including the induction principle of
pushouts, and the dependent universal property of pushouts, are studied in
Section 25.

Unlike pullbacks, however, it is not automatically the case that pushouts
always exist. We will therefore postulate as an axiom that pushouts always exist.
Moreover, we will assume that universes are closed under pushouts.

23.1 The universal property of pushouts

Definition 23.1.1 Consider a span S � (𝑆, 𝑓 , 𝑔) from 𝐴 to 𝐵, and let 𝑋 be
a type. A cocone with vertex 𝑋 on S is a triple (𝑖, 𝑗 , 𝐻) consisting of maps
𝑖 : 𝐴 → 𝑋 and 𝑗 : 𝐵 → 𝑋 , and a homotopy 𝐻 : 𝑖 ◦ 𝑓 ∼ 𝑗 ◦ 𝑔 witnessing that
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the square

𝑆 𝐵

𝐴 𝑋

←→𝑔

←→𝑓 ←→ 𝑗

←→
𝑖

commutes. We write coconeS (𝑋) for the type of cocones on S with vertex 𝑋 .

Remark 23.1.2 Given two cocones (𝑖, 𝑗 , 𝐻) and (𝑖′, 𝑗 ′, 𝐻′) with vertex 𝑋 ,
the type of identifications (𝑖, 𝑗 , 𝐻) = (𝑖′, 𝑗 ′, 𝐻′) in coconeS (𝑋) is equivalent
to the type of triples (𝐾, 𝐿, 𝑀) consisting of

𝐾 : 𝑖 ∼ 𝑖′

𝐿 : 𝑗 ∼ 𝑗 ′,

and a homotopy 𝑀 witnessing that the square

𝑖 ◦ 𝑓 𝑖′ ◦ 𝑓

𝑗 ◦ 𝑔 𝑗 ′ ◦ 𝑔

←→𝐻

←→𝐾 · 𝑓

←→ 𝐻′

←→
𝐿 ·𝑔

of homotopies commutes.

Definition 23.1.3 Consider a cocone (𝑖, 𝑗 , 𝐻) with vertex 𝑋 on the span
S � (𝑆, 𝑓 , 𝑔), as indicated in the following commuting square

𝑆 𝐵

𝐴 𝑋.

←→𝑔

←→𝑓 ←→ 𝑗

←→
𝑖

For every type 𝑌 , we define the map

cocone-map(𝑖, 𝑗 , 𝐻) : (𝑋 → 𝑌 ) → cocone(𝑌 )

by ℎ ↦→ (ℎ ◦ 𝑖, ℎ ◦ 𝑗 , ℎ · 𝐻).

Definition 23.1.4 A commuting square

𝑆 𝐵

𝐴 𝑋.

←→𝑔

←→𝑓 ←→ 𝑗

←→
𝑖

with 𝐻 : 𝑖 ◦ 𝑓 ∼ 𝑗 ◦ 𝑔 is said to be a (homotopy) pushout square if the
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cocone (𝑖, 𝑗 , 𝐻) with vertex 𝑋 on the span S � (𝑆, 𝑓 , 𝑔) satisfies the universal
property of pushouts, which asserts that the map

cocone-map(𝑖, 𝑗 , 𝐻) : (𝑋 → 𝑌 ) → cocone(𝑌 )

is an equivalence for any type 𝑌 . Sometimes pushout squares are also called
cocartesian squares.

Lemma 23.1.5 Consider a pushout square

𝑆 𝐵

𝐴 𝑋.

←→𝑔

←→𝑓 ←→ 𝑗

←→
𝑖

with 𝐻 : 𝑖 ◦ 𝑓 ∼ 𝑗 ◦ 𝑔, and consider a commuting square

𝑆 𝐵

𝐴 𝑋 ′.

←→𝑔

←→𝑓 ←→ 𝑗′

←→
𝑖′

with 𝐻′ : 𝑖′ ◦ 𝑓 ∼ 𝑗 ′ ◦ 𝑔. Then the type of maps ℎ : 𝑋 → 𝑋 ′ equipped with
homotopies

𝐾 : ℎ ◦ 𝑖 ∼ 𝑖′

𝐿 : ℎ ◦ 𝑗 ∼ 𝑗 ′

and a homotopy 𝑀 witnessing that the square

ℎ ◦ 𝑖 ◦ 𝑓 𝑖′ ◦ 𝑓

ℎ ◦ 𝑗 ◦ 𝑔 𝑗 ′ ◦ 𝑔

←→𝐾 · 𝑓

←→ℎ·𝐻 ←→ 𝐻′

←→
𝐿 ·𝑔

commutes, is contractible.

Proof For any map ℎ : 𝑋 → 𝑋’, the type of triples (𝐾, 𝐿, 𝑀) as in the
statement of the lemma is equivalent to the type of identifications

cocone-map((𝑖, 𝑗 , 𝐻), ℎ) = (𝑖′, 𝑗 ′, 𝐻′),

by Remark 23.1.2. Therefore it follows that the type of quadruples (ℎ, 𝐾, 𝐿, 𝑀)
is equivalent to the fiber of cocone-map(𝑖, 𝑗 , 𝐻) at (𝑖′, 𝑗 ′, 𝐻′). Since we have
assumed that the cocone (𝑖, 𝑗 , 𝐻) satisfies the universal property of the pushout
of S, the map cocone-map(𝑖, 𝑗 , 𝐻) is an equivalence, and therefore it has
contractible fibers by Theorem 10.4.6. □
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Theorem 23.1.6 Consider two cocones

𝑆 𝐵 𝑆 𝐵

𝐴 𝑋 𝐴 𝑋 ′

←→𝑔

←→𝑓 ←→ 𝑗

←→𝑔

←→𝑓 ←→ 𝑗′

←→
𝑖

←→
𝑖′

on a spanS � (𝑆, 𝑓 , 𝑔), and let ℎ : 𝑋 → 𝑋 ′ be a map equipped with homotopies

𝐾 : ℎ ◦ 𝑖 ∼ 𝑖′

𝐿 : ℎ ◦ 𝑗 ∼ 𝑗 ′

and a homotopy 𝑀 witnessing that the square

ℎ ◦ 𝑖 ◦ 𝑓 𝑖′ ◦ 𝑓

ℎ ◦ 𝑗 ◦ 𝑔 𝑗 ′ ◦ 𝑔

←→𝐾 · 𝑓

←→ℎ·𝐻 ←→ 𝐻′

←→
𝐿 ·𝑔

commutes. Then if any two of the following three statements hold, so does the
third:

(i) The cocone (𝑖, 𝑗 , 𝐻) satisfies the universal property of the pushout of S.
(ii) The cocone (𝑖′, 𝑗 ′, 𝐻′) satisfies the universal property of the pushotu of S.
(iii) The map ℎ is an equivalence.

Proof First we observe that we have a commuting triangle

(𝑋 ′ → 𝑌 ) (𝑋 → 𝑌 )

coconeS (𝑌 )

← →–◦ℎ

←

→cocone-map(𝑖′ , 𝑗′ ,𝐻′ )
←→

cocone-map(𝑖, 𝑗 ,𝐻 )

for any type𝑌 . Therefore it follows from the 3-for-2 property of equivalences that
if any two of the maps in this triangle is an equivalence, so is the third. Now the
claim follows from the observation in Theorem 13.4.1 that ℎ is an equivalence
if and only if the map – ◦ ℎ : (𝑋 ′ → 𝑌 ) → (𝑋 → 𝑌 ) is an equivalence for any
type 𝑌 . □

In the following corollary we establish the fact that pushouts are uniquely
unique.
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Corollary 23.1.7 Consider two pushouts

𝑆 𝐵 𝑆 𝐵

𝐴 𝑋 𝐴 𝑋 ′

←→𝑔

←→𝑓 ←→ 𝑗

←→𝑔

←→𝑓 ←→ 𝑗′

←→
𝑖

←→
𝑖′

of a given span S � (𝑆, 𝑓 , 𝑔). Then the type of equivalences 𝑒 : 𝑋 ≃ 𝑋 ′

equipped with homotopies

𝐾 : ℎ ◦ 𝑖 ∼ 𝑖′

𝐿 : ℎ ◦ 𝑗 ∼ 𝑗 ′

and a homotopy 𝑀 witnessing that the square

ℎ ◦ 𝑖 ◦ 𝑓 𝑖′ ◦ 𝑓

ℎ ◦ 𝑗 ◦ 𝑔 𝑗 ′ ◦ 𝑔

←→𝐾 · 𝑓

←→ℎ·𝐻 ←→ 𝐻′

←→
𝐿 ·𝑔

commutes, is contractible.

Proof This follows from combining Lemma 23.1.5 and Theorem 23.1.6. □

Corollary 23.1.8 Consider a span

𝐴 𝑆 𝐵←→𝑓 ←→𝑔

in a universeU. Then the type∑
(𝑋:U)

∑
(𝑐:cocone(𝑋) )

∏
(𝑌 :U) is-equiv(cocone-map𝑌 (𝑐))

of is a proposition.

Proof It is routine to verify that the type of quadruples (𝑒, 𝐾, 𝐿, 𝑀) as in
Corollary 23.1.8 is equivalent to the identity type of the type of pushouts of the
span S � (𝑆, 𝑓 , 𝑔). The claim then follows, since Corollary 23.1.8 asserts that
this type of quadruples is contractible. □

23.2 Suspensions
A particularly important class of examples of pushouts are suspensions.

Definition 23.2.1 Let 𝑋 be a type. A suspension of 𝑋 is a type Σ𝑋 equipped
with a north pole N : Σ𝑋 , a south pole S : Σ𝑋 , and a meridian

merid : 𝑋 → (N = S),
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such that the commuting square

𝑋 1

1 Σ𝑋

←→const★

←→const★ ←→ constS

←→constN

is a pushout square.

We can use suspensions to present the spheres in type theory. The 2-sphere is
a space which, like the surface of the earth, has a north pole and a south pole.
Moreover, for each point of the equator there is a meridian that connects the
north pole to the south pool. Of course, the equator is a circle, so we see that the
2-sphere is just the suspension of the circle.

Similarly we can see that the (𝑛 + 1)-sphere must be the suspension of the
𝑛-sphere. The (𝑛 + 1)-sphere is the unit sphere in the vector space ℝ𝑛+2. This
vector space has an orthogonal basis 𝑒1, . . . , 𝑒𝑛+2. Then the north and the south
pole are given by 𝑒𝑛+2 and −𝑒𝑛+2, respectively, and for each unit vector in
ℝ𝑛+1 ⊆ ℝ𝑛+2 we have a meridian connecting the north pole with the south
pole. The unit sphere in ℝ𝑛+1 is of course the 𝑛-sphere, so we see that the
(𝑛 + 1)-sphere must be a suspension of the 𝑛-sphere.

These observations suggest that we can define the spheres by recursion
on 𝑛. Note that the spheres in type theory are defined entirely synthetically,
i.e., without reference to the ambient topological space ℝ𝑛+1. Indeed, from a
homotopical point of view each space ℝ𝑛 is contractible, so in type theory it is
just presented as the unit type1 .

Definition 23.2.2 We define the 𝑛-sphere S𝑛 for any 𝑛 : ℕ by induction on 𝑛,
by taking

S0 B bool
S𝑛+1 B ΣS𝑛.

Remark 23.2.3 Note that this recursive definition of the spheres only goes
through in type theory if we have (or assume) a universe that is closed under
suspensions.

In the following lemma we give a slight simplification of the universal property
of suspensions, making it just a little easier to work with them.

1 It is an entirely different matter to define the set ℝ rather than the homotopy type of ℝ. See
Chapter 11 of [5] for definitions of the Dedekind reals and the Cauchy reals.
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Lemma 23.2.4 Let 𝑋 and 𝑌 be types, and let Σ𝑋 be a suspension of 𝑋 . Then
the map

(Σ𝑋 → 𝑌 ) → ∑
(𝑦,𝑦′:𝑌 )𝑋 → (𝑦 = 𝑦′)

given by 𝑓 ↦→ ( 𝑓 (N), 𝑓 (S), 𝑓 ·merid) is an equivalence.

Proof Note that we have a commuting triangle

(Σ𝑋 → 𝑌 )

coconeS (𝑌 )
∑
(𝑦,𝑦′:𝑌 ) 𝑋 → (𝑦 = 𝑦′)

←→cocone-map ←

→
𝑓 ↦→( 𝑓 (N) , 𝑓 (S) , 𝑓 ·merid)

← →

where S is the span 1 ← 𝑋 → 1. The bottom map is given by (𝑖, 𝑗 , 𝐻) ↦→
(𝑖(★), 𝑗 (★), 𝐻). This map is an equivalence, and the map on the left is an
equivalence by the assumption that Σ𝑋 is a suspension of 𝑋 . Therefore the
claim follows by the 3-for-2 property of equivalences. □

23.3 The duality of pullbacks and pushouts
Lemma 23.3.1 For any span S � (𝑆, 𝑓 , 𝑔) from 𝐴 to 𝐵, and any type 𝑋 the
square

coconeS (𝑋) 𝑋𝐵

𝑋𝐴 𝑋𝑆 ,

←→𝜋2

←→𝜋1 ←→ –◦𝑔

← →–◦ 𝑓

which commutes by the homotopy 𝜋′3 B _(𝑖, 𝑗 , 𝐻). eq-htpy(𝐻), is a pullback
square.

Proof The gap map coconeS (𝑋) → 𝑋𝐴 ×𝑋𝑆 𝑋𝐵 is the function

_(𝑖, 𝑗 , 𝐻). (𝑖, 𝑗 , eq-htpy(𝐻)).

This is an equivalence by Theorem 11.1.3, since it is the induced map on total
spaces of the family of equivalences eq-htpy. Therefore, the square is a pullback
square by Theorem 22.2.6. □

In the following theorem we establish the duality between pullbacks and
pushouts.
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Theorem 23.3.2 Consider a commuting square

𝑆 𝐵

𝐴 𝑋,

←→𝑔

←→𝑓 ←→ 𝑗

←→
𝑖

with 𝐻 : 𝑖 ◦ 𝑓 ∼ 𝑗 ◦ 𝑔. The following are equivalent:

(i) The square is a pushout square.
(ii) The square

𝑇𝑋 𝑇𝐵

𝑇 𝐴 𝑇𝑆

←→–◦ 𝑗
←→–◦𝑖 ←→ –◦𝑔

←→–◦ 𝑓

which commutes by the homotopy

_ℎ. eq-htpy(ℎ · 𝐻)

is a pullback square, for every type 𝑇 .

Proof It is straightforward to verify that the triangle

𝑇𝑋

cocone(𝑇) 𝑇 𝐴 ×𝑇𝑆 𝑇𝐵

←→

cocone-map(𝑖, 𝑗 ,𝐻 ) ←

→
gap( –◦𝑖, –◦ 𝑗 ,eq-htpy( – ·𝐻 ) )

← →
gap(𝑖, 𝑗 ,eq-htpy(𝐻 ) )

commutes. Since the bottom map is an equivalence by Lemma 23.3.1, it follows
that if either one of the remaining maps is an equivalence, so is the other. The
claim now follows by Theorem 22.2.6. □

Example 23.3.3 The square

𝑋S1
𝑋1

𝑋1 𝑋bool

← →–◦constbase

←→–◦constbase ←→ –◦const★

← →–◦const★

is a pullback square for each type 𝑋 . Therefore it follows by the second
characterization of pushouts in Theorem 23.3.2 that the circle is a pushout

bool 1

1 S1.

←→

←→ ←→

←→
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In other words, S1 ≃ Σbool.

Theorem 23.3.4 Consider the following configuration of commuting squares:

𝐴 𝐵 𝐶

𝑋 𝑌 𝑍

←→𝑖

←→𝑓

←→𝑘

←→𝑔 ←→ ℎ

←→
𝑗

←→
𝑙

with homotopies 𝐻 : 𝑗 ◦ 𝑓 ∼ 𝑔 ◦ 𝑖 and 𝐾 : 𝑙 ◦ 𝑔 ∼ ℎ ◦ 𝑘 , and suppose that the
square on the left is a pushout square. Then the square on the right is a pushout
square if and only if the outer rectangle is a pushout square.

Proof Let 𝑇 be a type. Taking the exponent 𝑇 ( – ) of the entire diagram of the
statement of the theorem, we obtain the following commuting diagram

𝑇𝑍 𝑇𝑌 𝑇𝑋

𝑇𝐶 𝑇𝐵 𝑇 𝐴.

←→–◦𝑙

←→–◦ℎ ←→–◦𝑔

←→–◦ 𝑗

←→ –◦ 𝑓

←→
–◦𝑘

←→–◦𝑖

By the assumption that 𝑌 is the pushout of 𝐵 ← 𝐴 → 𝑋 , it follows that
the square on the right is a pullback square. It follows by Theorem 22.5.8
that the rectangle on the left is a pullback if and only if the outer rectangle
is a pullback. Thus the statement follows by the second characterization in
Theorem 23.3.2. □

Lemma 23.3.5 Consider a map 𝑓 : 𝐴 → 𝐵. Then the cofiber of the map
inr : 𝐵→ cofib 𝑓 is equivalent to the suspension Σ𝐴 of 𝐴.

23.4 Fiber sequences and cofiber sequences
Definition 23.4.1 Given a map 𝑓 : 𝐴→ 𝐵, we define the cofiber cofib 𝑓 of 𝑓
as the pushout

𝐴 𝐵

1 cofib 𝑓 .

← →𝑓

←→ ←→ inr

←→
inl

The cofiber of a map is sometimes also called the mapping cone.

Example 23.4.2 The suspension Σ𝑋 of 𝑋 is the cofiber of the map 𝑋 → 1.
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23.5 Further examples of pushouts
Definition 23.5.1 We define the join 𝑋 ∗ 𝑌 of 𝑋 and 𝑌 to be the pushout

𝑋 × 𝑌 𝑌

𝑋 𝑋 ∗ 𝑌 .

← →pr2

←→pr1 ←→ inr

←→
inl

Definition 23.5.2 Suppose 𝐴 and 𝐵 are pointed types, with base points 𝑎0 and
𝑏0, respectively. The (binary) wedge 𝐴∨ 𝐵 of 𝐴 and 𝐵 is defined as the pushout

bool 𝐴 + 𝐵

1 𝐴 ∨ 𝐵.

←→

←→ ←→

←→

Definition 23.5.3 Given a type 𝐼, and a family of pointed types 𝐴 over 𝑖, with
base points 𝑎0 (𝑖). We define the (indexed) wedge

∨
(𝑖:𝐼 ) 𝐴𝑖 as the pushout

𝐼
∑
(𝑖:𝐼 ) 𝐴𝑖

1
∨
(𝑖:𝐼 ) 𝐴𝑖 .

←→

← →_𝑖. (𝑖,𝑎0 (𝑖) )

←→

← →

Definition 23.5.4 Let 𝑋 and𝑌 be types with base points 𝑥0 and 𝑦0, respectively.
We define the wedge 𝑋 ∨ 𝑌 of 𝑋 and 𝑌 to be the pushout

bool 𝑋 + 𝑌

1 𝑋 ∨ 𝑌

← →indbool (inl(𝑥0 ) ,inr(𝑦0 ) )

←→const★ ←→ inr

← →
inl

Definition 23.5.5 Let 𝑋 and𝑌 be types with base points 𝑥0 and 𝑦0, respectively.
We define a map

wedge-incl : 𝑋 ∨ 𝑌 → 𝑋 × 𝑌 .

as the unique map obtained from the commutative square

bool 𝑋 + 𝑌

1 𝑋 × 𝑌 .

← →indbool (inl(𝑥0 ) ,inr(𝑦0 ) )

←→const★ ←→ ind𝑋+𝑌 (_𝑥. (𝑥,𝑦0 ) ,_𝑦. (𝑥0 ,𝑦) )

← →
_𝑡. (𝑥0 ,𝑦0 )
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Definition 23.5.6 We define the smash product 𝑋 ∧ 𝑌 of 𝑋 and 𝑌 to be the
pushout

𝑋 ∨ 𝑌 𝑋 × 𝑌

1 𝑋 ∧ 𝑌 .

← →wedge-incl

←→const★ ←→ inr

← →
inl

Exercises
23.1 Use Theorems 13.4.1 and 23.3.2 and Corollary 22.5.5 to show that for

any commuting square

𝑆 𝐵

𝐴 𝐶

←→𝑔
←→𝑓 ≃ ←→ 𝑗

←→
𝑖

where 𝑓 is an equivalence, the square is a pushout square if and only
if 𝑗 : 𝐵 → 𝐶 is an equivalence. Use this observation to conclude the
following:

(i) If 𝑋 is contractible, then Σ𝑋 is contractible.
(ii) The cofiber of any equivalence is contractible.
(iii) The cofiber of a point in 𝐵 (i.e., of a map of the type 1 → 𝐵) is

equivalent to 𝐵.
(iv) There is an equivalence 𝑋 ≃ ∅ ∗ 𝑋 .
(v) If 𝑋 is contractible, then 𝑋 ∗ 𝑌 is contractible.
(vi) If 𝐴 is contractible, then there is an equivalence 𝐴 ∨ 𝐵 ≃ 𝐵 for any

pointed type 𝐵.
23.2 Let 𝑃 and 𝑄 be propositions.

(a) Show that 𝑃 ∗ 𝑄 satisfies the universal property of disjunction, i.e.,
that for any proposition 𝑅, the map

(𝑃 ∗ 𝑄 → 𝑅) → (𝑃→ 𝑅) × (𝑄 → 𝑅)

given by 𝑓 ↦→ ( 𝑓 ◦ inl, 𝑓 ◦ inr), is an equivalence.
(b) Use the proposition 𝑅 B is-contr(𝑃 ∗ 𝑄) to show that 𝑃 ∗ 𝑄 is

again a proposition.
23.3 Let 𝑄 be a proposition, and let 𝐴 be a type. Show that the following are

equivalent:
(i) The map (𝑄 → 𝐴) → (∅ → 𝐴) is an equivalence.
(ii) The type 𝐴𝑄 is contractible.
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(iii) There is a term of type 𝑄 → is-contr(𝐴).
(iv) The map inr : 𝐴→ 𝑄 ∗ 𝐴 is an equivalence.

23.4 Let 𝑃 be a proposition. Show that Σ𝑃 is a set, with an equivalence(
inl(★) = inr(★)

)
≃ 𝑃.

23.5 Show that 𝐴 ⊔S 𝐵 ≃ 𝐵 ⊔Sop
𝐴, where Sop B (𝑆, 𝑔, 𝑓 ) is the opposite

span of S.
23.6 Use Exercise 22.8 to show that if

𝑆 𝑌

𝑋 𝑍

←→
←→ ←→

←→

is a pushout square, then so is

𝐴 × 𝑆 𝐴 × 𝑌

𝐴 × 𝑋 𝐴 × 𝑍

←→

←→ ←→

←→

for any type 𝐴.
23.7 Use Exercise 22.7 to show that if

𝑆1 𝑌1 𝑆2 𝑌2

𝑋1 𝑍1 𝑋2 𝑍2
←→

←→ ←→

←→

←→ ←→

←→ ←→

are pushout squares, then so is

𝑆1 + 𝑆2 𝑌1 + 𝑌2

𝑋1 + 𝑋2 𝑍1 + 𝑍2.

←→

←→ ←→

←→

23.8 (a) Consider a span (𝑆, 𝑓 , 𝑔) from 𝐴 to 𝐵. Use Exercise 22.6 to show
that the square

𝑆 + 𝑆 𝑆

𝐴 + 𝐵 𝐴 ⊔S 𝐵

←→𝑓 +𝑔

← →[id ,id ]

←→ inr◦𝑔

← →[inl,inr]

is again a pushout square.
(b) Show that Σ𝑋 ≃ bool ∗ 𝑋 .
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23.9 Consider a commuting triangle

𝐴 𝐵

𝑋

←→ℎ

←→

𝑓

←→

𝑔

with 𝐻 : 𝑓 ∼ 𝑔 ◦ ℎ.
(a) Construct a map cofib(ℎ,𝐻 ) : cofib𝑔 → cofib 𝑓 .
(b) Use ?? to show that cofibcofib(ℎ,𝐻 ) ≃ cofibℎ.

23.10 Use Exercise 20.4 to show that for 𝑛 ≥ 0, 𝑋 is an 𝑛-type if and only if the
map

_𝑥. const𝑥 : 𝑋 → (S𝑛+1 → 𝑋)

is an equivalence.
23.11 (a) Construct for every 𝑓 : 𝑋 → 𝑌 a function

Σ 𝑓 : Σ𝑋 → Σ𝑌 .

(b) Show that if 𝑓 ∼ 𝑔, then Σ 𝑓 ∼ Σ𝑔.
(c) Show that Σid𝑋 ∼ idΣ𝑋

(d) Show that
Σ(𝑔 ◦ 𝑓 ) ∼ (Σ𝑔) ◦ (Σ 𝑓 ).

for any 𝑓 : 𝑋 → 𝑌 and 𝑔 : 𝑌 → 𝑍 .
23.12 (a) Let 𝐼 be a type, and let 𝐴 be a family over 𝐼. Construct an equivalence(∨

(𝑖:𝐼 )
Σ𝐴𝑖

)
≃ Σ

(∨
(𝑖:𝐼 )

𝐴𝑖

)
.

(b) Show that for any type 𝑋 there is an equivalence(∨
(𝑥:𝑋)

bool
)
≃ 𝑋 + 1.

(c) Construct an equivalence

Σ(Fin(𝑛 + 1)) ≃
∨
(𝑖:Fin(𝑛) )

S1.

23.13 Show that Fin(𝑛 + 1) ∗ Fin(𝑚 + 1) ≃ ∨
(𝑖:Fin(𝑛·𝑚) ) S1, for any 𝑛, 𝑚 : ℕ.

23.14 For any pointed set 𝑋 , show that the squares

S1 1

∨
(𝑥:𝑋) S1 Σ𝑋

← →

←→ ←→

←→

and
𝑋 × S1 1

∨
(𝑥:𝑋) S1 Σ𝑋

←→
← →

←→

←→

are pushout squares.
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23.15 Show that the square

S1 1

S1 × S1 S2 ∨ S1

← →

←→ ←→

←→

is a pushout square.
23.16 For any type 𝑋 , show that the mapping cone of the fold map 𝑋 + 𝑋 → 𝑋

is the suspension of 𝑋 + 1, i.e. show that the following square

𝑋 + 𝑋 1

𝑋 Σ𝑋 + 1

←→

← →

←→

← →

is a pushout square.
23.17 Consider a map 𝑓 : 𝐴→ 𝐵. Show that 𝑓 is a 𝑘-truncated map if and only

if the square

𝐴 𝐴S𝑘+1

𝐵 𝐵S𝑘+1

←→𝛿

←→𝑓 ←→ 𝑓 S𝑘+1

←→
𝛿

is a pullback square.
23.18 Show that a type 𝐴 is a proposition if and only if the map inl : 𝐴→ 𝐴 ∗ 𝐴

is an equivalence.
23.19 Let 𝐴 be a type, and let 𝑃 be a proposition.

(a) Show that inl : 𝑃→ 𝑃 ∗ 𝐴 is an embedding.
(b) Show that inl : 𝑃→ 𝑃 ∗ 𝐴 is an equivalence if and only if ∥𝐴∥ → 𝑃

holds.

23.20 A cogroup is a pointed type 𝑋 equipped with a pointed map

a : 𝑋 → 𝑋 ∨ 𝑋

Show that any suspension can be given the structure of a cogroup.
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24 Cubical diagrams

In order to proceed with the development of pullbacks and pushouts, it is useful
to study commuting diagrams of the form

𝐶′

𝐴′ 𝐶 𝐵′

𝐴 𝑋 ′ 𝐵

𝑋.

←→ ←→ ←

→

←→ ←→
←

→
←→ ←→

←

→

←

→
←→ ←→

In these diagrams there are six homotopies witnessing that the faces of the cube
commute, as well as a homotopy of homotopies witnessing that the cube as a
whole commutes.

Once the basic definitions of cubes are established, we focus on pullbacks
and pushouts that appear in different configurations in these cubical diagrams.
For example, if all the vertical maps in a commuting cube are equivalences, then
the top square is a pullback square if and only if the bottom square is a pullback
square. In Section 25 we will use cubical diagrams in our formulation of the
universality and descent theorems for pushouts.

In the first main theorem of this section we show that given a commuting cube
in which the bottom square is a pullback square, the top square is a pullback
square if and only if the induced square of fibers of the vertical maps is a pullback
square. This theorem should be compared to Theorem 22.5.3, where we showed
that a square is a pullback square if and only if it induces equivalences on the
fibers of the vertical maps.

In our second main theorem we use the previous result to derive the 3-by-3
properties for pullbacks and pushouts.
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24.1 Commuting cubes

Definition 24.1.1 A commuting cube

𝐶′

𝐴′ 𝐶 𝐵′

𝐴 𝑋 ′ 𝐵

𝑋

←

→

𝑝′

←

→
𝑞′←

→

ℎ𝐶

←

→ℎ𝐴
←

→

𝑝 ←

→

𝑞

←

→

𝑔′

←

→ ℎ𝐵

←

→𝑓

←→

ℎ𝑋

←

→
𝑓 ′

←

→ 𝑔

consists of types and maps as indicated in the diagram, equipped with

(i) homotopies

top : 𝑓 ′ ◦ 𝑝′ ∼ 𝑔′ ◦ 𝑞′

back-left : 𝑝 ◦ ℎ𝐶 ∼ ℎ𝐴 ◦ 𝑝′

back-right : 𝑞 ◦ ℎ𝐶 ∼ ℎ𝐵 ◦ 𝑞′

front-left : 𝑓 ◦ ℎ𝐴 ∼ ℎ𝑋 ◦ 𝑓 ′

front-right : 𝑔 ◦ ℎ𝐵 ∼ ℎ𝑋 ◦ 𝑔′

bottom : 𝑓 ◦ 𝑝 ∼ 𝑔 ◦ 𝑞

witnessing that the 6 faces of the cube commute,
(ii) and a homotopy

coh-cube : (( 𝑓 · back-left) � (front-left · 𝑝′)) � (ℎ𝑋 · top)
∼ (bottom · ℎ𝐶 ) � ((𝑔 · back-right) � (front-right · 𝑞′))

filling the cube.

In the following lemma we show that if a cube commutes, then so do its
rotations and mirror symmetries (that preserve the directions of the arrows).2

This fact is obviously true, but there is some ‘path algebra’ involved that we
wish to demonstrate at least once.

2 The group acting on commuting cubes of maps is the dihedral group 𝐷3 which has order 6.
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Lemma 24.1.2 Consider a commuting cube

𝐶′

𝐴′ 𝐶 𝐵′

𝐴 𝑋 ′ 𝐵

𝑋.

←→ ←→ ←

→

←→ ←→
←

→
←→ ←→

←

→

←

→

←→ ←→

Then the cubes

𝐶′

𝐶 𝐵′ 𝐴′

𝐵 𝐴 𝑋 ′

𝑋

←→ ←→ ←

→

←→ ←→
←

→←→ ←→

←

→

←

→

←→ ←→

𝐶′

𝐵′ 𝐴′ 𝐶

𝑋 ′ 𝐵 𝐴

𝑋

←→ ←→ ←

→
←→ ←→ ←

→
←→ ←→

←

→

←

→
←→ ←→

𝐶′

𝐶 𝐴′ 𝐵′

𝐴 𝐵 𝑋 ′

𝑋.

←→ ←→ ←

→

←→ ←→
←

→←→ ←→
←

→

←

→

←→ ←→

𝐶′

𝐴′ 𝐵′ 𝐶

𝑋 ′ 𝐴 𝐵

𝑋.

←→ ←→ ←

→

←→ ←→ ←

→
←→ ←→

←

→

←

→

←→ ←→

𝐶′

𝐵′ 𝐶 𝐴′

𝐵 𝑋 ′ 𝐴

𝑋.

←→ ←→ ←

→

←→ ←→
←

→
←→ ←→

←

→

←

→

←→ ←→

also commute.

Proof We only show that the first cube commutes, which is obtained by a
counter-clockwise rotation of the original cube around the axis through 𝐶′ and
𝑋 . The other cases are similar, and they are formalized in the accompagnying
Agda library.

First we list the homotopies witnessing that the faces of the cube commute:

top′ B back-left
back-left′ B back-right−1
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back-right′ B top−1

front-left′ B bottom−1

front-right′ B front-left−1

bottom′ B front-right.

Thus, to show that the cube commutes, we have to show that there is a homotopy
of type(

(𝑔 · back-right−1) � (bottom−1 · ℎ𝐶 )
)
� ( 𝑓 · back-left)

∼ (front-right · 𝑞′) �
(
(ℎ𝑋 · top−1) � (front-left−1 · 𝑝′)

)
.

Recall that ℎ ·𝐻−1 ∼ (ℎ ·𝐻)−1 and 𝐻−1 · ℎ ∼ (𝐻 · ℎ)−1, so it suffices to construct
a homotopy(

(𝑔 · back-right)−1 � (bottom · ℎ𝐶 )−1
)
� ( 𝑓 · back-left)

∼ (front-right · 𝑞′) �
(
(ℎ𝑋 · top)−1 � (front-left · 𝑝′)−1

)
.

Now we note that pointwise, our goal is of the form

(Y−1 � 𝛿−1) � 𝛼 = Z � (𝛾−1 � 𝛽−1),

whereas the assumption that the original cube commutes yields an identification
of the form

(𝛼 � 𝛽) � 𝛾 = 𝛿 � (Y � Z)

Indeed, in the case that 𝛼, 𝛽, 𝛾, 𝛿, Y, and Z are general identifications, we can
conclude our goal using path induction on all of them. □

Lemma 24.1.3 Given a commuting cube as in Definition 24.1.1 we obtain a
commuting square

fib 𝑓11̌1
(𝑥) fib 𝑓01̌1

( 𝑓1̌01 (𝑥))

fib 𝑓11̌0
( 𝑓101̌ (𝑥)) fib 𝑓01̌0

( 𝑓001̌ (𝑥))

← →

←→ ←→

←→

for any 𝑥 : 𝐴101.
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Lemma 24.1.4 Consider a commuting cube

𝐶′

𝐴′ 𝐶 𝐵′

𝐴 𝑋 ′ 𝐵

𝑋,

←

→
←

→

←
→

←

→

←

→
←

→
←

→

←

→

←

→

←→

←

→

←

→

If the bottom and front right squares are pullback squares, then the back left
square is a pullback if and only if the top square is.

Remark 24.1.5 By rotating the cube we also obtain:

(i) If the bottom and front left squares are pullback squares, then the back
right square is a pullback if and only if the top square is.

(ii) If the front left and front right squares are pullback, then the back left
square is a pullback if and only if the back right square is.

By combining these statements it also follows that if the front left, front right,
and bottom squares are pullback squares, then if any of the remaining three
squares are pullback squares, all of them are. Cubes that consist entirely of
pullback squares are sometimes called strongly cartesian.

24.2 Families of pullbacks
Lemma 24.2.1 Consider a pullback square

𝐶 𝐵

𝐴 𝑋

←→𝑞

←→𝑝 ←→ 𝑔

←→
𝑓

with 𝐻 : 𝑓 ◦ 𝑝 ∼ 𝑔 ◦ ℎ. Furthermore, consider type families 𝑃𝑋, 𝑃𝐴, 𝑃𝐵, and
𝑃𝐶 over 𝑋 , 𝐴, 𝐵, and 𝐶 respectively, equipped with families of maps

𝑓 ′ :
∏
(𝑎:𝐴)𝑃𝐴(𝑎) → 𝑃𝑋 ( 𝑓 (𝑎))

𝑔′ :
∏
(𝑏:𝐵)𝑃𝐵 (𝑏) → 𝑃𝑋 (𝑔(𝑏))

𝑝′ :
∏
(𝑐:𝐶 )𝑃𝐶 (𝑐) → 𝑃𝐴(𝑝(𝑐))
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𝑞′ :
∏
(𝑐:𝐶 )𝑃𝐶 (𝑐) → 𝑃𝐵 (𝑞(𝑐)),

and for each 𝑐 : 𝐶 a homotopy 𝐻′𝑐 witnessing that the square

𝑃𝐶 (𝑐) 𝑃𝐵 (𝑞(𝑐))

𝑃𝐴(𝑝(𝑐)) 𝑃𝑋 ( 𝑓 (𝑝(𝑐))) 𝑃𝑋 (𝑔(𝑞(𝑐)))

← →𝑞′𝑐

←→𝑝′𝑐 ←→ 𝑔′
𝑞 (𝑐)

←→
𝑓 ′
𝑝 (𝑐)

← →
tr𝑃𝑋 (𝐻 (𝑐) )

(24.2.1)

commutes. Then the following are equivalent:

(i) For each 𝑐 : 𝐶 the square in Eq. (24.2.1) is a pullback square.

(ii) The square

∑
(𝑐:𝐶 ) 𝑃𝐶 (𝑐)

∑
(𝑏:𝐵) 𝑃𝐵 (𝑏)

∑
(𝑎:𝐴) 𝑃𝐴(𝑎)

∑
(𝑥:𝑋) 𝑃𝑋 (𝑥)

← →
tot𝑞 (𝑞′ )

←→tot𝑝 (𝑝′ ) ←→ tot𝑔 (𝑔′ )

← →
tot 𝑓 ( 𝑓 ′ )

(24.2.2)

is a pullback square.

Corollary 24.2.2 Consider a pullback square

𝐶 𝐵

𝐴 𝑋,

←→𝑞

←→𝑝 ←→ 𝑔

←→
𝑓

with 𝐻 : 𝑓 ◦ 𝑝 ∼ 𝑔 ◦ 𝑞, and let 𝑐1, 𝑐2 : 𝐶. Then the square

(𝑐1 = 𝑐2) (𝑞(𝑐1) = 𝑞(𝑐2))

(𝑝(𝑐1) = 𝑝(𝑐2)) 𝑓 (𝑝(𝑐1)) = 𝑔(𝑞(𝑐2)),

← →
ap𝑞

←→ap𝑝 ←→ _𝛽. 𝐻 (𝑐1 ) � ap𝑔 (𝛽)

← →
_𝛼. ap 𝑓 (𝛼) � 𝐻 (𝑐2 )

commutes and is a pullback square.
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Theorem 24.2.3 Consider a commuting cube

𝐶′

𝐴′ 𝐶 𝐵′

𝐴 𝑋 ′ 𝐵

𝑋

←→ ←

→←→

←→ ←→
←

→
←→ ←→

←

→ ←→

←

→

←→

in which the bottom square is a pullback square. Then the following are
equivalent:

(i) The top square is a pullback square.
(ii) The square

fib𝛾 (𝑐) fib𝛽 (𝑞(𝑐))

fib𝛼 (𝑝(𝑐)) fib𝜑 ( 𝑓 (𝑝(𝑐)))

←→

← →
←→

←→

is a pullback square for each 𝑐 : 𝐶.

24.3 The 3-by-3-properties for pullbacks and pushouts
Theorem 24.3.1 Consider a commuting diagram of the form

𝐴𝐴 𝐴𝑋 𝐴𝐵

𝑋𝐴 𝑋𝑋 𝑋𝐵

𝐵𝐴 𝐵𝑋 𝐵𝐵

← →𝐴 𝑓

←→𝑓 𝐴 ⇒ ←
→𝑓 𝑋

←→𝐴𝑔

←

→ 𝑔𝐵⇐

← →𝑋 𝑓 ←→𝑋𝑔

← →𝑔𝐴

← →
𝐵 𝑓

←
→

𝑔𝑋 ←

→

𝑔𝐵

←→

𝐵𝑔

with homotopies

𝑓 𝑓 : 𝑋 𝑓 ◦ 𝑓 𝐴 ∼ 𝐴 𝑓 ◦ 𝑓 𝑋
𝑓 𝑔 : 𝑋𝑔 ◦ 𝑔𝐵 ∼ 𝐴𝑔 ◦ 𝑓 𝑋
𝑔 𝑓 :
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filling the (small) squares. Furthermore, consider pullback squares

𝐴𝐶 𝐴𝐵 𝑋𝐶 𝑋𝐵 𝐵𝐶 𝐵𝐵

𝐴𝐴 𝐴𝑋 𝑋𝐴 𝑋𝑋 𝐵𝐴 𝐵𝑋

←→
←→ ←→

←→

←→ ←→

←→

←→ ←→

←→ ←→ ←→

𝐶𝐴 𝐵𝐴 𝐶𝑋 𝐵𝑋 𝐶𝐵 𝐵𝐵

𝐴𝐴 𝑋𝐴 𝐴𝑋 𝑋𝑋 𝐴𝐵 𝑋𝐵.

←→

←→ ←→

←→

←→ ←→

←→

←→ ←→

←→ ←→ ←→

Finally, consider a commuting square

𝐷3 𝐷2

𝐷0 𝐷1.

←→

←→ ←→

←→

Then the following are equivalent:

(i) This square is a pullback square.
(ii) The induced square

𝐷3 𝐶3

𝐴3 𝐵3

←→

←→ ←→

←→

is a pullback square.

Proof First we construct an equivalence

(𝐴0 ×𝐵0 𝐶0) ×(𝐴1×𝐵1𝐶1 ) (𝐴2 ×𝐵2 𝐶2) ≃ (𝐴0 ×𝐴1 𝐴2) ×(𝐵0×𝐵1𝐵2 ) (𝐶0 ×𝐶1 𝐶2).

Now it follows that we have an equivalence

cone( 𝑓0, 𝑔0)

□

Exercises
24.1 Some exercises.
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25 Universality and descent for pushouts

We begin this section with the idea that pushouts can be presented as higher
inductive types. The general idea behind higher inductive types is that we can
introduce new inductive types not only with constructors at the level of points,
but also with constructors at the level of identifications. Pushouts form a basic
class of examples that can be obtained as higher inductive types, because they
come equipped with the structure of a cocone. The cocone (𝑖, 𝑗 , 𝐻) in the
commuting square

𝑆 𝐵

𝐴 𝐶

←→𝑔

←→𝑓 ←→ 𝑗

←→
𝑖

equips the type 𝐶 with two point constructors

𝑖 : 𝐴→ 𝐶

𝑗 : 𝐵→ 𝐶

and a path constructor

𝐻 :
∏
(𝑠:𝑆) 𝑖( 𝑓 (𝑠)) = 𝑗 (𝑔(𝑠))

that provides an identification 𝐻 (𝑠) : 𝑖( 𝑓 (𝑠)) = 𝑗 (𝑔(𝑠)) for every 𝑠 : 𝑆. The
induction principle then specifies how to construct sections of families over
𝐶. Naturally, it takes not only the point constructors 𝑖 and 𝑗 , but also the path
constructor 𝐻 into account.

The induction principle is one of several equivalent characterizations of
pushouts. We will prove a theorem providing five equivalent characterizations
of homotopy pushouts. Two of those we have already seen in Theorem 23.3.2:
the universal property and the pullback property. The other three are

(i) the dependent pullback property,
(ii) the dependent universal property,
(iii) the induction principle.

An implication that is particularly useful among our five characterizations of
pushouts, is the fact that the pullback property implies the dependent pullback
property. We use the dependent pullback property to derive the universality of
pushouts (not to be confused with the universal property of pushouts), showing
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that for any commuting cube

𝑆′

𝐴′ 𝑆 𝐵′

𝐴 𝐷′ 𝐵

𝐷

←→ ←→ ←

→

←→ ←→
←

→ ←→←→

←

→

←

→

←→ ←→

in which the back left and right squares are pullback squares, if the front left
and right squares are also pullback squares, then so is the induced square

𝐴′ ⊔S′ 𝐵′ 𝐷′

𝐴 ⊔𝑆 𝐵 𝐷

←→

←→ ←→

←→

We then observe that the univalence axiom can be used together with the
universal property of pushouts to obtain such families over pushouts in the first
place. We prove the descent theorem, which asserts that for any diagram of the
form

𝑆′

𝐴′ 𝑆 𝐵′

𝐴 𝐵

𝐶

←→ ←→ ←

→

←→ ←→
←

→ ←→
←

→
←→

in which the bottom square is a pushout square and the back left and right squares
are pullback squares, there is a unique way of extending this to a commuting
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cube
𝑆′

𝐴′ 𝑆 𝐵′

𝐴 𝐶′ 𝐵

𝐶

←→ ←→ ←

→

←→ ←→
←

→ ←→

←

→

←

→ ←→

←→ ←→

in which also the front left and right squares are pullback squares. Thus the
converse of the universality theorem for pushouts also follows. The descent
property used to show that pullbacks distribute over pushouts, and to compute
the fibers of maps out of pushouts (the source of many exercises).

We note that the computation rules in our treatment for the induction principle
of homotopy pushouts are weak. In other words, they are identifications. In
this course we have no need for judgmental computation rules. Our focus is
instead on universal properties. We refer the reader who is interested in the more
‘traditional’ higher inductive types with judgmental computation rules to [5].

25.1 Five equivalent characterizations of homotopy pushouts
Consider a commuting square

𝑆 𝐵

𝐴 𝐻

←→𝑔

←→𝑓 ←→ 𝑗

←→
𝑖

(25.1.1)

with𝐻 : 𝑖◦ 𝑓 ∼ 𝑗 ◦𝑔, where we will sometimes writeS for the span 𝐴← 𝑆 → 𝐵.
Our first goal is to formulate the induction principle for pushouts, which specifies
how to construct a section of an arbitrary type family 𝑃 over 𝑋 . Like the induction
principle for the circle, the induction principle of pushouts has to take both the
point constructors and the path constructors of 𝑋 into account. In our case, the
point constructors are the maps

𝑖 : 𝐴→ 𝑋

𝑗 : 𝐵→ 𝑋,

and the path constructor is the homotopy

𝐻 :
∏
(𝑠:𝑆) 𝑖( 𝑓 (𝑠)) = 𝑗 (𝑔(𝑠)).
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Therefore, we obtain for any section ℎ :
∏
(𝑥:𝑋)𝑃(𝑥) a triple (ℎ𝐴, ℎ𝐵, ℎ𝑆)

consisting of

ℎ𝐴 :
∏
(𝑎:𝐴)𝑃(𝑖(𝑎))

ℎ𝐵 :
∏
(𝑏:𝐵)𝑃( 𝑗 (𝑏))

ℎ𝑆 :
∏
(𝑠:𝑆) tr𝑃 (𝐻 (𝑠), ℎ(𝑖( 𝑓 (𝑠)))) = ℎ( 𝑗 (𝑔(𝑠))).

The dependent functions ℎ𝐴 and ℎ𝐵 are simply given by

ℎ𝐴 B ℎ ◦ 𝑖
ℎ𝐵 B ℎ ◦ 𝑗 .

The homotopy ℎ𝑆 is defined by ℎ𝑆 (𝑠) B apdℎ (𝐻 (𝑠)), using the dependent
action on paths of ℎ. We call such triples (ℎ𝐴, ℎ𝐵, ℎ𝑆) dependent cocones on
𝑃 over the cocone (𝑖, 𝑗 , 𝐻), and will write dep-cocone(𝑖, 𝑗 ,𝐻 ) (𝑃) for this type
of dependent cocones. Thus, we have a function

ev-pushout(𝑃) :
(∏

(𝑥:𝑋)𝑃(𝑥)
)
→ dep-cocone(𝑖, 𝑗 ,𝐻 ) (𝑃).

We are now in position to define the induction principle and the dependent
universal property of pushouts.

Definition 25.1.1 We say that 𝑋 satisfies the induction principle of the
pushout of S if the function

ev-pushout(𝑃) :
(∏

(𝑥:𝑋)𝑃(𝑥)
)
→ dep-cocone(𝑖, 𝑗 ,𝐻 ) (𝑃).

has a section for every type family 𝑃 over 𝑋 .

Definition 25.1.2 We say that 𝑋 satisfies the dependent universal property
of the pushout of S if the function

ev-pushout(𝑃) :
(∏

(𝑥:𝑋)𝑃(𝑥)
)
→ dep-cocone(𝑖, 𝑗 ,𝐻 ) (𝑃).

is an equivalence for every type family 𝑃 over 𝑋 .

Remark 25.1.3 For (ℎ𝐴, ℎ𝐵, ℎ𝑆) and (ℎ′
𝐴
, ℎ′
𝐵
, ℎ′
𝑆
) in dep-cocone(𝑖, 𝑗 ,𝐻 ) (𝑃),

the type of identifications (ℎ𝐴, ℎ𝐵, ℎ𝑆) = (ℎ′𝐴, ℎ
′
𝐵
, ℎ′
𝑆
) is equivalent to the type

of triples (𝐾𝐴, 𝐾𝐵, 𝐾𝑆) consisting of

𝐾𝐴 :
∏
(𝑎:𝐴)ℎ𝐴(𝑎) = ℎ′𝐴(𝑎)

𝐾𝐵 :
∏
(𝑏:𝐵)ℎ𝐵 (𝑏) = ℎ′𝐵 (𝑏),
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and a homotopy 𝐾𝑆 witnessing that the square

tr𝑃 (𝐻 (𝑠), ℎ𝐴( 𝑓 (𝑠))) tr𝑃 (𝐻 (𝑠), ℎ′𝐴( 𝑓 (𝑠)))

ℎ𝐵 (𝑔(𝑠)) ℎ𝐵 (𝑔(𝑠))

⇐ ⇐
aptr𝑃 (𝐻 (𝑠) ) (𝐾𝐴 ( 𝑓 (𝑠) ) )

⇐⇐ℎ𝑆 (𝑠) ⇐⇐ ℎ′
𝑆
(𝑠)

⇐ ⇐
𝐾𝐵 (𝑔 (𝑠) )

commutes for every 𝑠 : 𝑆.
Therefore we see that the induction principle of the pushout of S provides us,

for every dependent cocone (ℎ𝐴, ℎ𝐵, ℎ𝑆) of 𝑃 over (𝑖, 𝑗 , 𝐻), with a dependent
function ℎ :

∏
(𝑥:𝐴)𝑃(𝑥) equipped with homotopies

𝐾𝐴 :
∏
(𝑎:𝐴)ℎ(𝑖(𝑎)) = ℎ𝐴(𝑎)

𝐾𝐵 :
∏
(𝑏:𝐵)ℎ( 𝑗 (𝑏)) = ℎ𝐵 (𝑏),

and a homotopy 𝐾𝑆 witnessing that the square

tr𝑃 (𝐻 (𝑠), ℎ(𝑖( 𝑓 (𝑠)))) tr𝑃 (𝐻 (𝑠), ℎ𝐴( 𝑓 (𝑠)))

ℎ( 𝑗 (𝑔(𝑠))) ℎ𝐵 (𝑔(𝑠))

⇐ ⇐
aptr𝑃 (𝐻 (𝑠) ) (𝐾𝐴 ( 𝑓 (𝑠) ) )

⇐⇐apdℎ (𝐻 (𝑠) ) ⇐⇐ ℎ𝑆 (𝑠)

⇐ ⇐
𝐾𝐵 (𝑔 (𝑠) )

commutes for every 𝑠 : 𝑆. These homotopies are the computation rules for
pushouts. The dependent universal property is equivalent to the assertion that for
every dependent cocone (ℎ𝐴, ℎ𝐵, ℎ𝑆), the type of quadruples (ℎ, 𝐾𝐴, 𝐾𝐵, 𝐾𝑆)
is contractible.

Theorem 25.1.4 Consider a commuting square

𝑆 𝐵

𝐴 𝐶

←→𝑓

←→𝑔

←→ 𝑗

←→
𝑖

(25.1.2)

with 𝐻 : (𝑖 ◦ 𝑓 ) ∼ ( 𝑗 ◦ 𝑔). Then the following are equivalent:

(i) The square in Eq. (25.1.2) is a pushout square.

(ii) The square in Eq. (25.1.2) satisfies the pullback property of pushouts.

(iii) The square satisfies the dependent pullback property of pushouts: For
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every family 𝑃 over 𝐶, the square∏
(𝑧:𝐶 )𝑃(𝑧)

∏
(𝑦:𝐵)𝑃( 𝑗 (𝑦))

∏
(𝑥:𝐴)𝑃(𝑖(𝑥))

∏
(𝑠:𝑆)𝑃(𝑖( 𝑓 (𝑠)))

∏
(𝑠:𝑆)𝑃( 𝑗 (𝑔(𝑠))),

← →ℎ ↦→ℎ◦ 𝑗

←→ℎ ↦→ℎ◦𝑖 ←→ ℎ ↦→ℎ◦𝑔

← →
ℎ ↦→ℎ◦ 𝑓

← →
_ℎ. _𝑠. tr𝑃 (𝐻 (𝑠) ,ℎ (𝑠) )

(25.1.3)
which commutes by the homotopy

_ℎ. eq-htpy(_𝑠. apdℎ (𝐻 (𝑠))),

is a pullback square.
(iv) The type 𝐶 satisfies the dependent universal property of pushouts.
(v) The type 𝐶 satisfies the induction principle of pushouts.

Proof We have already seen in Theorem 23.3.2 that (i) and (ii) are equivalent.
To see that (ii) implies (iii), note that we have a commuting cube∑

(ℎ:𝐶→𝐶 )
∏
(𝑐:𝐶 )𝑃(ℎ(𝑐))

∑
(ℎ:𝐴→𝐶 )

∏
(𝑎:𝐴)𝑃(ℎ(𝑎))

( ∑
(𝑐:𝐶 ) 𝑃(𝑐)

)𝐶 ∑
(ℎ:𝐵→𝐶 )

∏
(𝑏:𝐵)𝑃(ℎ(𝑏))

( ∑
(𝑐:𝐶 ) 𝑃(𝑐)

)𝐴 ∑
(ℎ:𝑆→𝐶 )

∏
(𝑠:𝑆)𝑃(ℎ(𝑠))

( ∑
(𝑐:𝐶 ) 𝑃(𝑐)

)𝐵
( ∑
(𝑐:𝐶 ) 𝑃(𝑐)

)𝑆

←

→ ←→

←

→

←→ ←→
←

→
←→←

→

←

→

←→

←
→

←→

in which the vertical maps are equivalences. Moreover, the bottom square is
a pullback square by the pullback property of pushouts, so we conclude that
the top square is a pullback square. Since this is a square of total spaces over a
pullback square, we invoke Lemma 24.2.1 to conclude that for each ℎ : 𝐶 → 𝐶,
the square∏

(𝑐:𝐶 )𝑃(ℎ(𝑐))
∏
(𝑏:𝐵)𝑃(ℎ( 𝑗 (𝑏)))

∏
(𝑎:𝐴)𝑃(ℎ(𝑖(𝑎)))

∏
(𝑠:𝑆)𝑃(ℎ(𝑖( 𝑓 (𝑠))))

∏
(𝑠:𝑆)𝑃(ℎ( 𝑗 (𝑔(𝑠))))

← →

←→ ←→

←→ ← →
tr ( (𝑘:𝑆→𝐶) ↦→∏

(𝑠:𝑆) 𝑃 (𝑘 (𝑠) ) ) (eq-htpy(ℎ·𝐻 ) )

is a pullback square. Note that the transport with respect to the family 𝑘 ↦→
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(𝑠:𝑆) (𝑃𝑘 (𝑠)) along the identification eq-htpy(ℎ ·𝐻) is homotopic to the map

_ℎ. _𝑠. tr𝑃◦ℎ (𝐻 (𝑠), ℎ(𝑠)) :
∏
(𝑠:𝑆)𝑃(ℎ(𝑖( 𝑓 (𝑠)))) →

∏
(𝑠:𝑆)𝑃(ℎ( 𝑗 (𝑔(𝑠)))).

Therefore we conclude that the square∏
(𝑐:𝐶 )𝑃(ℎ(𝑐))

∏
(𝑏:𝐵)𝑃(ℎ( 𝑗 (𝑏)))

∏
(𝑎:𝐴)𝑃(ℎ(𝑖(𝑎)))

∏
(𝑠:𝑆)𝑃(ℎ(𝑖( 𝑓 (𝑠))))

∏
(𝑠:𝑆)𝑃(ℎ( 𝑗 (𝑔(𝑠))))

← →

←→ ←→

←→ ← →
_ℎ. _𝑠. tr𝑃◦ℎ (𝐻 (𝑠) ,ℎ (𝑠) )

is a pullback square for each ℎ : 𝐶 → 𝐶. Using the case ℎ � id : 𝐶 → 𝐶 we
conclude that the cocone (𝑖, 𝑗 , 𝐻) satisfies the dependent pullback property.

To see that (iii) implies (ii) we recall that transport with respect to a trivial
family is homotopic to the identity function. Thus we obtain the pullback
property from the dependent pullback property using the trivial family _𝑐. 𝑇
over 𝐶.

To see that (iii) implies (iv) we note that ev-pushout(𝑃) is an equivalence if
and only if the gap map of the square in Eq. (25.1.3) is an equivalence.

It is clear that (iv) implies (v), so it remains to show that (v) implies (iv). If 𝑋
satisfies the induction principle of pushouts, then the map

ev-pushout :
(∏

(𝑥:𝑋)𝑃(𝑥)
)
→ dep-cocone(𝑖, 𝑗 ,𝐻 ) (𝑃)

has a section, i.e., it comes equipped with

ind-pushout : dep-cocone(𝑖, 𝑗 ,𝐻 ) (𝑃) →
(∏

(𝑥:𝑋)𝑃(𝑥)
)

comp-pushout : ev-pushout ◦ ind-pushout ∼ id.

To see that ev-pushout is an equivalence it therefore suffices to construct a
homotopy

ind-pushout(ev-pushout(ℎ)) ∼ ℎ

for any ℎ :
∏
(𝑥:𝑋)𝑃(𝑥). From the fact that ind-pushout is a section of

ev-pushout we obtain an identification

ev-pushout(ind-pushout(ev-pushout(ℎ))) = ev-pushout(ℎ).

Therefore we observe that it suffices to construct a homotopy ℎ ∼ ℎ′ for any two
functions ℎ, ℎ′ :

∏
(𝑥:𝑋)𝑃(𝑥) that come equipped with an identification

ev-pushout(ℎ) = ev-pushout(ℎ′).
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Now we recall from Remark 25.1.3 that this type of identifications is equivalent
to the type of triples (𝐾𝐴, 𝐾𝐵, 𝐾𝑆) consisting of

𝐾𝐴 :
∏
(𝑎:𝐴)ℎ(𝑖(𝑎)) = ℎ′ (𝑖(𝑎))

𝐾𝐵 :
∏
(𝑏:𝐵)ℎ( 𝑗 (𝑏)) = ℎ′ ( 𝑗 (𝑏))

and a homotopy 𝐾𝑆 witnessing that the square

tr𝑃 (𝐻 (𝑠), ℎ(𝑖( 𝑓 (𝑠)))) tr𝑃 (𝐻 (𝑠), ℎ′ (𝑖( 𝑓 (𝑠))))

ℎ( 𝑗 (𝑔(𝑠))) ℎ′ ( 𝑗 (𝑔(𝑠)))

⇐ ⇐
aptr𝑃 (𝐻 (𝑠) ) (𝐾𝐴 ( 𝑓 (𝑠) ) )

⇐⇐apdℎ (𝐻 (𝑠) ) ⇐⇐ apdℎ′ (𝐻 (𝑠) )

⇐ ⇐
𝐾𝐵 (𝑔 (𝑠) )

commutes for every 𝑠 : 𝑆. Note that from such an identification 𝐾𝑆 (𝑠) we also
obtain an identification

K′S (s) : tr𝑥 ↦→ℎ (𝑥 )=ℎ′ (𝑥 ) (𝐻 (𝑠), 𝐾𝐴( 𝑓 (𝑠))) = 𝐾𝐵 (𝑔(𝑠)).

Indeed, by path inducgtion on 𝑝 : 𝑥 = 𝑥′we obtain an identification tr𝑥 ↦→ℎ (𝑥 )=ℎ′ (𝑥 ) (𝑝, 𝑞) =
𝑞′, for any 𝑝 : 𝑥 = 𝑥′, any 𝑞 : ℎ(𝑥) = ℎ′ (𝑥) and any 𝑞′ : ℎ(𝑥′) = ℎ′ (𝑥′) for
which the square

tr𝑃 (𝑝, ℎ(𝑥)) tr𝑃 (𝑝, ℎ′ (𝑥))

ℎ(𝑥′) ℎ′ (𝑥′)
⇐ ⇐

aptr𝑃 (𝑝) (𝑞)

⇐⇐apdℎ (𝑝) ⇐⇐ apdℎ′ (𝑝)
⇐ ⇐

𝑞′

Now we see that the triple (𝐾𝐴, 𝐾𝐵, 𝐾 ′𝑆) forms a dependent cocone on the family
𝑥 ↦→ ℎ(𝑥) = ℎ′ (𝑥). Therefore we obtain a homotopy ℎ ∼ ℎ′ as an application of
the induction principle for pushouts at the family 𝑥 ↦→ ℎ(𝑥) = ℎ′ (𝑥). □

25.2 Type families over pushouts
Given a pushout square

𝑆 𝐵

𝐴 𝑋.

←→𝑔

←→𝑓 ←→ 𝑗

←→
𝑖

with 𝐻 : 𝑖 ◦ 𝑓 ∼ 𝑗 ◦ 𝑔, and a family 𝑃 : 𝑋 →U, we obtain

𝑃 ◦ 𝑖 : 𝐴→U
𝑃 ◦ 𝑗 : 𝐵→U
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_𝑥. tr𝑃 (𝐻 (𝑥)) :
∏
(𝑥:𝑆)𝑃(𝑖( 𝑓 (𝑥))) ≃ 𝑃( 𝑗 (𝑔(𝑥))).

Our goal in the current section is to show that the triple (𝑃𝐴, 𝑃𝐵, 𝑃𝑆) consisting
of 𝑃𝐴 B 𝑃 ◦ 𝑖, 𝑃𝐵 B 𝑃 ◦ 𝑗 , and 𝑃𝑆 B _𝑥. tr𝑃 (𝐻 (𝑥)) characterizes the family
𝑃 over 𝑋 .

Definition 25.2.1 Consider a commuting square

𝑆 𝐵

𝐴 𝑋.

←→𝑔

←→𝑓 ←→ 𝑗

←→
𝑖

with 𝐻 : 𝑖 ◦ 𝑓 ∼ 𝑗 ◦ 𝑔, where all types involved are in U. The type Desc(S)
of descent data for 𝑋 , is defined defined to be the type of triples (𝑃𝐴, 𝑃𝐵, 𝑃𝑆)
consisting of

𝑃𝐴 : 𝐴→U
𝑃𝐵 : 𝐵→U
𝑃𝑆 :

∏
(𝑥:𝑆)𝑃𝐴( 𝑓 (𝑥)) ≃ 𝑃𝐵 (𝑔(𝑥)).

Definition 25.2.2 Given a commuting square

𝑆 𝐵

𝐴 𝑋.

←→𝑔

←→𝑓 ←→ 𝑗
←→

𝑖

with 𝐻 : 𝑖 ◦ 𝑓 ∼ 𝑗 ◦ 𝑔, we define the map

desc-famS (𝑖, 𝑗 , 𝐻) : (𝑋 →U) → Desc(S)

by 𝑃 ↦→ (𝑃 ◦ 𝑖, 𝑃 ◦ 𝑗 , _𝑥. tr𝑃 (𝐻 (𝑥))).

Theorem 25.2.3 Consider a pushout square

𝑆 𝐵

𝐴 𝑋.

←→𝑔

←→𝑓 ←→ 𝑗

←→
𝑖

with 𝐻 : 𝑖 ◦ 𝑓 ∼ 𝑗 ◦ 𝑔, where all types involved are inU, and suppose we have

𝑃𝐴 : 𝐴→U
𝑃𝐵 : 𝐵→U
𝑃𝑆 :

∏
(𝑥:𝑆)𝑃𝐴( 𝑓 (𝑥)) ≃ 𝑃𝐵 (𝑔(𝑥)).
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Then the function

desc-famS (𝑖, 𝑗 , 𝐻) : (𝑋 →U) → Desc(S)

is an equivalence.

Proof By the 3-for-2 property of equivalences it suffices to construct an
equivalence 𝜑 : coconeS (U) → Desc(S) such that the triangle

U𝑋

coconeS (U) Desc(S)

←→cocone-mapS (𝑖, 𝑗 ,𝐻 ) ←

→
desc-famS (𝑖, 𝑗 ,𝐻 )

← →≃
𝜑

commutes.
Since we have equivalences

equiv-eq :
(
𝑃𝐴( 𝑓 (𝑥)) = 𝑃𝐵 (𝑔(𝑥))

)
≃
(
𝑃𝐴( 𝑓 (𝑥)) ≃ 𝑃𝐵 (𝑔(𝑥))

)
for all 𝑥 : 𝑆, we obtain by ?? an equivalence on the dependent products(∏

(𝑥:𝑆)𝑃𝐴( 𝑓 (𝑥)) = 𝑃𝐵 (𝑔(𝑥))
)
→

(∏
(𝑥:𝑆)𝑃𝐴( 𝑓 (𝑥)) ≃ 𝑃𝐵 (𝑔(𝑥))

)
.

We define 𝜑 to be the induced map on total spaces. Explicitly, we have

𝜑 B _(𝑃𝐴, 𝑃𝐵, 𝐾). (𝑃𝐴, 𝑃𝐵, _𝑥. equiv-eq(𝐾 (𝑥))).

Then 𝜑 is an equivalence by Theorem 11.1.3, and the triangle commutes by
??. □

Corollary 25.2.4 Consider descent data (𝑃𝐴, 𝑃𝐵, 𝑃𝑆) for a pushout square
as in Theorem 25.2.3. Then the type of quadruples (𝑃, 𝑒𝐴, 𝑒𝐵, 𝑒𝑆) consisting of
a family 𝑃 : 𝑋 →U equipped with two families of equivalences

𝑒𝐴 :
∏
(𝑎:𝐴)𝑃𝐴(𝑎) ≃ 𝑃(𝑖(𝑎))

𝑒𝐵 :
∏
(𝑏:𝐵)𝑃𝐵 (𝑎) ≃ 𝑃( 𝑗 (𝑏))

and a homotopy 𝑒𝑆 witnessing that the square

𝑃𝐴( 𝑓 (𝑥)) 𝑃(𝑖( 𝑓 (𝑥)))

𝑃𝐵 (𝑔(𝑥)) 𝑃( 𝑗 (𝑔(𝑥)))

← →𝑒𝐴 ( 𝑓 (𝑥 ) )

←→𝑃𝑆 (𝑥 ) ←→ tr𝑃 (𝐻 (𝑥 ) )

← →
𝑒𝐵 (𝑔 (𝑥 ) )

commutes, is contractible.
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Proof The fiber of this map at (𝑃𝐴, 𝑃𝐵, 𝑃𝑆) is equivalent to the type of
quadruples (𝑃, 𝑒𝐴, 𝑒𝐵, 𝑒𝑆) as described in the theorem, which are contractible
by Theorem 10.4.6. □

25.3 The flattening lemma for pushouts
In this section we consider a pushout square

𝑆 𝐵

𝐴 𝑋.

←→𝑔

←→𝑓 ←→ 𝑗

←→
𝑖

with 𝐻 : 𝑖 ◦ 𝑓 ∼ 𝑗 ◦ 𝑔, descent data

𝑃𝐴 : 𝐴→U
𝑃𝐵 : 𝐵→U
𝑃𝑆 :

∏
(𝑥:𝑆)𝑃𝐴( 𝑓 (𝑥)) ≃ 𝑃𝐵 (𝑔(𝑥)),

and a family 𝑃 : 𝑋 →U equipped with

𝑒𝐴 :
∏
(𝑎:𝐴)𝑃𝐴(𝑎) ≃ 𝑃(𝑖(𝑎))

𝑒𝐵 :
∏
(𝑏:𝐵)𝑃𝐵 (𝑎) ≃ 𝑃( 𝑗 (𝑏))

and a homotopy 𝑒𝑆 witnessing that the square

𝑃𝐴( 𝑓 (𝑥)) 𝑃(𝑖( 𝑓 (𝑥)))

𝑃𝐵 (𝑔(𝑥)) 𝑃( 𝑗 (𝑔(𝑥)))

← →𝑒𝐴 ( 𝑓 (𝑥 ) )

←→𝑃𝑆 (𝑥 ) ←→ tr𝑃 (𝐻 (𝑥 ) )

← →
𝑒𝐵 (𝑔 (𝑥 ) )

commutes.

Definition 25.3.1 We define a commuting square∑
(𝑥:𝑆) 𝑃𝐴( 𝑓 (𝑥))

∑
(𝑏:𝐵) 𝑃𝐵 (𝑏)

∑
(𝑎:𝐴) 𝑃𝐴(𝑎)

∑
(𝑥:𝑋) 𝑃(𝑥)

←→𝑓 ′

←→𝑔
′

←→ 𝑗′

← →
𝑖′

with a homotopy 𝐻′ : 𝑖′ ◦ 𝑓 ′ ∼ 𝑗 ′ ◦ 𝑔′. We will write S′ for the span∑
(𝑎:𝐴) 𝑃𝐴(𝑎)

∑
(𝑥:𝑆) 𝑃𝐴( 𝑓 (𝑥))

∑
(𝑏:𝐵) 𝑃𝐵 (𝑏).←→𝑓

′ ←→𝑔
′

mailto:egbert.rijke@fmf.uni-lj.si
https://hott.zulipchat.com


This material will be published by Cambridge University Press as Introduction to Homotopy Type Theory by Egbert Rĳke. This pre-publication
version is free to view and download for personal use only. Not for re-distribution, re-sale or use in derivative works. © Egbert Rĳke 2020

The best way to support this book while it is still being prepared for publication, is to let the author know if you find inaccuracies of any kind at
Q egbert.rĳke@fmf.uni-lj.si, or at the homotopy type theory chat at  https://hott.zulipchat.com.

There are 306 exercises.

Ljubljana, April 8, 2022

328 Synthetic Homotopy Theory

Construction We define

𝑓 ′ B tot 𝑓 (_𝑥. id𝑃𝐴 ( 𝑓 (𝑥 ) ) )
𝑔′ B tot𝑔 (𝑒𝑆)
𝑖′ B tot𝑖 (𝑒𝐴)
𝑗 ′ B tot 𝑗 (𝑒𝐵).

Then it remains to construct a homotopy 𝐻′ : 𝑖′ ◦ 𝑓 ′ ∼ 𝑗 ′ ◦ 𝑔′. In order to
construct this homotopy, we have to construct an identification

(𝑖( 𝑓 (𝑥)), 𝑒𝐴(𝑦)) = ( 𝑗 (𝑔(𝑥)), 𝑒𝐵 (𝑒𝑆 (𝑦)))

for any 𝑥 : 𝑆 and 𝑦 : 𝑃𝐴( 𝑓 (𝑥)). Note that have the identification

eq-pair(𝐻 (𝑥), 𝑒𝑆 (𝑥, 𝑦)−1)

of this type. □

Lemma 25.3.2 (The flattening lemma) The commuting square∑
(𝑥:𝑆) 𝑃𝐴( 𝑓 (𝑥))

∑
(𝑏:𝐵) 𝑃𝐵 (𝑏)

∑
(𝑎:𝐴) 𝑃𝐴(𝑎)

∑
(𝑥:𝑋) 𝑃(𝑥)

←→𝑓 ′

←→𝑔
′

←→ 𝑗′

← →
𝑖′

is a pushout square.

Proof To show that the square of total spaces satisfies the pullback property
of pullbacks, note that we have a commuting cube

𝑇
∑
(𝑥:𝑋) 𝑃 (𝑥 )

𝑇
∑
(𝑎:𝐴) 𝑃𝐴 (𝑎) ∏

(𝑥:𝑋)𝑇
𝑃 (𝑥 ) 𝑇

∑
(𝑏:𝐵) 𝑃𝐵 (𝑏)

∏
(𝑎:𝐴)𝑇

𝑃𝐴 (𝑎) 𝑇
∑
(𝑥:𝑆) 𝑃𝐴 ( 𝑓 (𝑥 ) ) ∏

(𝑏:𝐵)𝑇
𝑃𝐵 (𝑏)

∏
(𝑥:𝑆)𝑇

𝑃𝐴 ( 𝑓 (𝑥 ) )

←→ ←→

←

→

←→ ←→
←

→
←

→ ←→

←

→

←

→

←→ ←→

for any type𝑇 . In this cube, the vertical maps are all equivalences, and the bottom
square is a pullback square by the dependent pullback property of pushouts.
Therefore it follows that the top square is a pullback square. □
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25.4 The universality theorem
Theorem 25.4.1 Consider two pushout squares

𝑆′ 𝐵′ 𝑆 𝐵

𝐴′ 𝐶′ 𝐴 𝐶

←→

←→ ←→

←→

←→ ←→

←→ ←→

and a commuting cube

𝑆′

𝐴′ 𝑆 𝐵′

𝐴 𝐷′ 𝐵

𝐷

←→ ←→ ←

→

←→ ←→
←

→ ←→←→

←

→

←

→
←→ ←→

in which the back left and right squares are pullback squares. The following are
equivalent:

(i) The front left and right squares are pullback squares.
(ii) The induced commuting square

𝐶′ 𝐷′

𝐶 𝐷

←→

←→ ←→

←→

is a pullback square.

25.5 The descent property for pushouts
In the previous section there was a significant role for families of equivalences,
and we know by Theorems 22.5.2 and 22.5.3: families of equivalences indicate
the presence of pullbacks. In this section we reformulate the results of the
previous section using pullbacks where we used families of equivalences before,
to obtain new and useful results. We begin by considering the type of descent
data from the perspective of pullback squares.

Definition 25.5.1 Consider a span S from 𝐴 to 𝐵, and a span S′ from 𝐴′ to
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𝐵′. A cartesian transformation of spans from S′ to S is a diagram of the form

𝐴′ 𝑆′ 𝐵′

𝐴 𝑆 𝐵

←→ℎ𝐴
←→𝑓
′ ←→𝑔

′

←→ℎ𝑆 ←→ ℎ𝐵
←→

𝑓

←→𝑔

with 𝐹 : 𝑓 ◦ ℎ𝑆 ∼ ℎ𝐴 ◦ 𝑓 ′ and 𝐺 : 𝑔 ◦ ℎ𝑆 ∼ ℎ𝐵 ◦ 𝑔′, where both squares are
pullback squares.

The type cart(S′,S) of cartesian transformation is the type of tuples

(ℎ𝐴, ℎ𝑆 , ℎ𝐵, 𝐹, 𝐺, 𝑝 𝑓 , 𝑝𝑔)

where 𝑝 𝑓 : is-pullback(ℎ𝑆 , ℎ𝐴, 𝐹) and 𝑝𝑔 : is-pullback(ℎ𝑆 , ℎ𝐵, 𝐺), and we
write

Cart(S) B ∑
(𝐴′ ,𝐵′:U)

∑
(S′:span(𝐴′ ,𝐵′ ) )cart(S′,S).

Lemma 25.5.2 There is an equivalence

cart-descS : Desc(S) → Cart(S).

Proof Note that by Theorem 22.5.6 it follows that the types of triples
( 𝑓 ′, 𝐹, 𝑝 𝑓 ) and (𝑔′, 𝐺, 𝑝𝑔) are equivalent to the types of families of equiv-
alences ∏

(𝑥:𝑆)fibℎ𝑆 (𝑥) ≃ fibℎ𝐴 ( 𝑓 (𝑥))∏
(𝑥:𝑆)fibℎ𝑆 (𝑥) ≃ fibℎ𝐵 (𝑔(𝑥))

respectively. Furthermore, by ?? the types of pairs (𝑆′, ℎ𝑆), (𝐴′, ℎ𝐴), and
(𝐵′, ℎ𝐵) are equivalent to the types 𝑆 →U, 𝐴→U, and 𝐵→U, respectively.
Therefore it follows that the type Cart(S) is equivalent to the type of tuples
(𝑄, 𝑃𝐴, 𝜑, 𝑃𝐵, 𝑃𝑆) consisting of

𝑄 : 𝑆 →U
𝑃𝐴 : 𝐴→U
𝑃𝐵 : 𝐵→U
𝜑 :

∏
(𝑥:𝑆)𝑄(𝑥) ≃ 𝑃𝐴( 𝑓 (𝑥))

𝑃𝑆 :
∏
(𝑥:𝑆)𝑄(𝑥) ≃ 𝑃𝐵 (𝑔(𝑥)).

However, the type of 𝜑 is equivalent to the type 𝑃𝐴 ◦ 𝑓 = 𝑄. Thus we see that
the type of pairs (𝑄, 𝜑) is contractible, so our claim follows. □

Definition 25.5.3 We define an operation

cart-mapS :
(∑
(𝑋′:U)𝑋

′ → 𝑋

)
→ Cart(S).
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Construction Let 𝑋 ′ : U and ℎ𝑋 : 𝑋 ′ → 𝑋 . Then we define the types

𝐴′ B 𝐴 ×𝑋 𝑋 ′

𝐵′ B 𝐵 ×𝑋 𝑋 ′.

Next, we define a span S′ B (𝑆′, 𝑓 ′, 𝑔′) from 𝐴′ to 𝐵′. We take

𝑆′ B 𝑆 ×𝐴 𝐴′

𝑓 ′ B 𝜋2.

To define 𝑔′, let 𝑠 : 𝑆, let (𝑎, 𝑥′, 𝑝) : 𝐴 ×𝑋 𝑋 ′, and let 𝑞 : 𝑓 (𝑠) = 𝑎. Our goal
is to construct a term of type 𝐵 ×𝑋 𝑋 ′. We have 𝑔(𝑠) : 𝐵 and 𝑥′ : 𝑋 ′, so it
remains to show that 𝑗 (𝑔(𝑠)) = ℎ𝑋 (𝑥′). We construct such an identification as
a concatenation

𝑗 (𝑔(𝑠)) 𝑖( 𝑓 (𝑠)) 𝑖(𝑎) ℎ𝑋 (𝑥′).⇐⇐𝐻 (𝑠)−1 ⇐⇐ap𝑖 (𝑞) ⇐⇐𝑝

To summarize, the map 𝑔′ is defined as

𝑔′ B _(𝑠, (𝑎, 𝑥′, 𝑝), 𝑞). (𝑔(𝑠), 𝑥′, 𝐻 (𝑠)−1 � (ap𝑖 (𝑞) � 𝑝)).

Then we have commuting squares

𝐴 ×𝑋 𝑋 ′ 𝑆 ×𝐴 𝐴′ 𝐵 ×𝑋 𝑋 ′

𝐴 𝑆 𝐵.

←→ ←→

←→ ←→

←→

←→ ← →

Moreover, these squares are pullback squares by Theorem 22.5.8. □

The following theorem is analogous to Theorem 25.2.3.

Theorem 25.5.4 (The descent theorem for pushouts) The operation cart-mapS
is an equivalence (∑

(𝑋′:U)𝑋
′ → 𝑋

)
≃ Cart(S)

Proof It suffices to show that the square

𝑋 →U Desc(S)

∑
(𝑋′:U) 𝑋

′ → 𝑋 Cart(S)

← →desc-famS (𝑖, 𝑗 ,𝐻 )

←→map-fam𝑋 ←→ cart-descS

← →cart-mapS

commutes. To see that this suffices, note that the operation map-fam𝑋 is an
equivalence by ??, the operation desc-famS (𝑖, 𝑗 , 𝐻) is an equivalence by Theo-
rem 25.2.3, and the operation cart-descS is an equivalence by Lemma 25.5.2.
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To see that the square commutes, note that the composite

cart-mapS ◦map-fam𝑋

takes a family 𝑃 : 𝑋 →U to the cartesian transformation of spans

𝐴 ×𝑋 �̃� 𝑆 ×𝐴
(
𝐴 ×𝑋 �̃�

)
𝐵 ×𝑋 �̃�

𝐴 𝑆 𝐵,

←→𝜋1

←→ ←→

←→𝜋1

←→ 𝜋1

←→ ← →

where �̃� B
∑
(𝑥:𝑋) 𝑃(𝑥).

The composite

cart-descS ◦ desc-fam𝑋

takes a family 𝑃 : 𝑋 →U to the cartesian transformation of spans∑
(𝑎:𝐴) 𝑃(𝑖(𝑎))

∑
(𝑠:𝑆) 𝑃(𝑖( 𝑓 (𝑠)))

∑
(𝑏:𝐵) 𝑃( 𝑗 (𝑏))

𝐴 𝑆 𝐵

←→

←→ ←→

←→ ←→

←→ ← →

These cartesian natural transformations are equal by Lemma 22.5.1 □

Since cart-mapS is an equivalence it follows that its fibers are contractible.
This is essentially the content of the following corollary.

Corollary 25.5.5 Consider a diagram of the form

𝑆′

𝐴′ 𝑆 𝐵′

𝐴 𝐵

𝑋

←→ℎ𝑆←→𝑓
′ ←

→
𝑔′

←→ℎ𝐴 ←→𝑓

←

→
𝑔 ←→ ℎ𝐵

←

→𝑖
←→

𝑗

with homotopies

𝐹 : 𝑓 ◦ ℎ𝑆 ∼ ℎ𝐴 ◦ 𝑓 ′

𝐺 : 𝑔 ◦ ℎ𝑆 ∼ ℎ𝐵 ◦ 𝑔′

𝐻 : 𝑖 ◦ 𝑓 ∼ 𝑗 ◦ 𝑔,

and suppose that the bottom square is a pushout square, and the top squares are
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pullback squares. Then the type of tuples ((𝑋 ′, ℎ𝑋), (𝑖′, 𝐼, 𝑝), ( 𝑗 ′, 𝐽, 𝑞), (𝐻′, 𝐶))
consisting of

(i) A type 𝑋 ′ : U together with a morphism

ℎ𝑋 : 𝑋 ′ → 𝑋,

(ii) A map 𝑖′ : 𝐴′ → 𝑋 ′, a homotopy 𝐼 : 𝑖 ◦ ℎ𝐴 ∼ ℎ𝑋 ◦ 𝑖′, and a term 𝑝

witnessing that the square

𝐴′ 𝑋 ′

𝐴 𝑋
←→ℎ𝐴

←→𝑖
′

←→ ℎ𝑋

←→
𝑖

is a pullback square.
(iii) A map 𝑗 ′ : 𝐵′ → 𝑋 ′, a homotopy 𝐽 : 𝑗 ◦ ℎ𝐵 ∼ ℎ𝑋 ◦ 𝑗 ′, and a term 𝑞

witnessing that the square

𝐵′ 𝑋 ′

𝐵 𝑋

←→ℎ𝐵

←→𝑗
′

←→ ℎ𝑋

←→
𝑗

is a pullback square,
(iv) A homotopy 𝐻′ : 𝑖′ ◦ 𝑓 ′ ∼ 𝑗 ′ ◦ 𝑔′, and a homotopy

𝐶 : (𝑖 · 𝐹) � ((𝐼 · 𝑓 ′) � (ℎ𝑋 · 𝐻′)) ∼ (𝐻 · ℎ𝑆) � (( 𝑗 · 𝐺) � (𝐽 · 𝑔′))

witnessing that the cube

𝑆′

𝐴′ 𝑆 𝐵′

𝐴 𝑋 ′ 𝐵

𝑋,

←→ ←

→←→

←→ ←→
←

→
←→ ←→

←

→ ←→

←

→

←→

commutes,

is contractible.

The following theorem should be compared to the flattening lemma, Lemma 25.3.2.
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Theorem 25.5.6 Consider a commuting cube

𝑆′

𝐴′ 𝑆 𝐵′

𝐴 𝑋 ′ 𝐵

𝑋.

←→𝑓
′ ←

→
𝑔′←→ ℎ𝑆

←→ℎ𝐴 ←→

𝑓 ←

→
𝑔
←→

𝑗′

←→ ℎ𝐵

←

→𝑖 ←→ ℎ𝑋

←

→
𝑖′

←→

𝑗

If each of the vertical squares is a pullback, and the bottom square is a pushout,
then the top square is a pushout.

Proof By Theorem 22.5.3 we have families of equivalences

𝐹 :
∏
(𝑥:𝑆)fibℎ𝑆 (𝑥) ≃ fibℎ𝐴 ( 𝑓 (𝑥))

𝐺 :
∏
(𝑥:𝑆)fibℎ𝑆 (𝑥) ≃ fibℎ𝐵 (𝑔(𝑥))

𝐼 :
∏
(𝑎:𝐴)fibℎ𝐴 (𝑎) ≃ fibℎ𝑋 (𝑖(𝑎))

𝐽 :
∏
(𝑏:𝐵)fibℎ𝐵 (𝑏) ≃ fibℎ𝑋 ( 𝑗 (𝑏)).

Moreover, since the cube commutes we obtain a family of homotopies

𝐾 :
∏
(𝑥:𝑆) 𝐼 ( 𝑓 (𝑥)) ◦ 𝐹 (𝑥) ∼ 𝐽 (𝑔(𝑥)) ◦ 𝐺 (𝑥).

We define the descent data (𝑃𝐴, 𝑃𝐵, 𝑃𝑆) consisting of 𝑃𝐴 : 𝐴→U, 𝑃𝐵 : 𝐵→
U, and 𝑃𝑆 :

∏
(𝑥:𝑆)𝑃𝐴( 𝑓 (𝑥)) ≃ 𝑃𝐵 (𝑔(𝑥)) by

𝑃𝐴(𝑎) B fibℎ𝐴 (𝑎)
𝑃𝐵 (𝑏) B fibℎ𝐵 (𝑏)
𝑃𝑆 (𝑥) B 𝐺 (𝑥) ◦ 𝐹 (𝑥)−1.

We have

𝑃 B fibℎ𝑋
𝑒𝐴 B 𝐼

𝑒𝐵 B 𝐽

𝑒𝑆 B 𝐾.
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Now consider the diagram∑
(𝑠:𝑆) fibℎ𝑆 (𝑠)

∑
(𝑠:𝑆) fibℎ𝐴 ( 𝑓 (𝑠))

∑
(𝑏:𝐵) fibℎ𝐵 (𝑏)

∑
(𝑎:𝐴) fibℎ𝐴 (𝑎)

∑
(𝑎:𝐴) fibℎ𝐴 (𝑎)

∑
(𝑥:𝑋) fibℎ𝑋 (𝑥)

←→

←→

←→

←→ ←→

←→ ←→

Since the top and bottom map in the left square are equivalences, we obtain
from Exercise 23.1 that the left square is a pushout square. Moreover, the right
square is a pushout by Lemma 25.3.2. Therefore it follows by Theorem 23.3.4
that the outer rectangle is a pushout square.

Now consider the commuting cube∑
(𝑠:𝑆) fibℎ𝑆 (𝑠)

∑
(𝑎:𝐴) fibℎ𝐴 (𝑎) 𝑆′

∑
(𝑏:𝐵) fibℎ𝐵 (𝑏)

𝐴′
∑
(𝑥:𝑋) fibℎ𝑋 (𝑥) 𝐵′

𝑋 ′.

←→
←

→←→

←→

←

→

←

→
←→ ←→

←

→

←→

←

→

←

→
We have seen that the top square is a pushout. The vertical maps are all
equivalences, so the vertical squares are all pushout squares. Thus it follows
from one more application of Theorem 23.3.4 that the bottom square is a
pushout. □

Theorem 25.5.7 Consider a commuting cube of types

𝑆′

𝐴′ 𝑆 𝐵′

𝐴 𝑋 ′ 𝐵

𝑋,

←→ ←

→←→

←→ ←→
←

→
←→ ←→
←

→ ←→

←

→

←→

and suppose the vertical squares are pullback squares. Then the commuting
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square

𝐴′ ⊔𝑆′ 𝐵′ 𝑋 ′

𝐴 ⊔𝑆 𝐵 𝑋

←→

←→ ←→

←→

is a pullback square.

Proof It suffices to show that the pullback

(𝐴 ⊔𝑆 𝐵) ×𝑋 𝑋 ′

has the universal property of the pushout. This follows by the descent theorem,
since the vertical squares in the cube

𝑆′

𝐴′ 𝑆 𝐵′

𝐴 (𝐴 ⊔𝑆 𝐵) ×𝑋 𝑋 ′ 𝐵

𝐴 ⊔𝑆 𝐵

←

→
←

→

←→

←→ ←

→

←

→
←→ ←→

←
→ ←→

←

→

←
→

are pullback squares by Theorem 22.5.8. □

25.6 Applications of the descent theorem

Theorem 25.6.1 Consider a commuting cube

𝑆′

𝐴′ 𝑆 𝐵′

𝐴 𝐶′ 𝐵

𝐶

←→ ←

→←→

←→ ←→
←

→
←→ ←→

←

→

←

→

←→ ←→

mailto:egbert.rijke@fmf.uni-lj.si
https://hott.zulipchat.com


This material will be published by Cambridge University Press as Introduction to Homotopy Type Theory by Egbert Rĳke. This pre-publication
version is free to view and download for personal use only. Not for re-distribution, re-sale or use in derivative works. © Egbert Rĳke 2020

The best way to support this book while it is still being prepared for publication, is to let the author know if you find inaccuracies of any kind at
Q egbert.rĳke@fmf.uni-lj.si, or at the homotopy type theory chat at  https://hott.zulipchat.com.

There are 306 exercises.

Ljubljana, April 8, 2022

25 Exercises 337

in which the bottom square is a pushout square. If the vertical sides are pullback
squares, then for each 𝑐 : 𝐶 the square of fibers

fib𝑖◦ 𝑓 ◦ℎ𝑆 (𝑐) fib 𝑗◦𝑔◦ℎ𝑆 (𝑐) fib 𝑗◦ℎ𝐵 (𝑐)

fib𝑖◦ℎ𝐴 (𝑐) fibℎ𝐶 (𝑐)
←→

←→ ←→

←→

← →

is a pushout square.

Exercises
25.1 Use the characterization of the circle as a pushout given in Example 23.3.3

to show that the square

S1 + S1 S1

S1 S1 × S1

← →[id ,id ]

←→[id ,id ] ←→ _𝑡. (𝑡 ,base)

← →
_𝑡. (𝑡 ,base)

is a pushout square.
25.2 Let 𝑓 : 𝐴→ 𝐵 be a map. The codiagonal ∇ 𝑓 of 𝑓 is the map obtained

from the universal property of the pushout, as indicated in the diagram

𝐴 𝐵

𝐴 𝐵 ⊔𝐴 𝐵

𝐵

←→𝑓

← →𝑓

⌜

←→ inr

←

→

id𝐵←→inl

←

→id𝐵

←

→∇ 𝑓

Show that fib∇ 𝑓 (𝑏) ≃ Σ(fib 𝑓 (𝑏)) for any 𝑏 : 𝐵.
25.3 Consider two maps 𝑓 : 𝐴→ 𝑋 and 𝑔 : 𝐵→ 𝑋 . The fiberwise join 𝑓 ∗ 𝑔

is defined by the universal property of the pushout as the unique map
rendering the diagram

𝐴 ×𝑋 𝐵 𝐵

𝐴 𝐴 ∗𝑋 𝐵

𝑋

←→ 𝜋1

← →𝜋2

⌜

←→ inr

←

→

𝑔← →inl

←

→𝑓

←

→𝑓 ∗𝑔
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commutative, where 𝐴∗𝑋 𝐵 is defined as a pushout, as indicated. Construct
an equivalence

fib 𝑓 ∗𝑔 (𝑥) ≃ fib 𝑓 (𝑥) ∗ fib𝑔 (𝑥)

for any 𝑥 : 𝑋 .
25.4 Consider two maps 𝑓 : 𝐴→ 𝐵 and 𝑔 : 𝐶 → 𝐷. The pushout-product

𝑓□𝑔 : (𝐴 × 𝐷) ⊔𝐴×𝐶 (𝐵 × 𝐶) → 𝐵 × 𝐷

of 𝑓 and 𝑔 is defined by the universal property of the pushout as the
unique map rendering the diagram

𝐴 × 𝐶 𝐵 × 𝐶

𝐴 × 𝐷 (𝐴 × 𝐷) ⊔𝐴×𝐶 (𝐵 × 𝐶)

𝐵 × 𝐷

← →𝑓 ×id𝐶

←→id𝐴×𝑔 ←→ inr

←

→

id𝐵×𝑔←→inl

←

→𝑓 ×id𝐷

←

→𝑓□𝑔

commutative. Construct an equivalence

fib 𝑓□𝑔 (𝑏, 𝑑) ≃ fib 𝑓 (𝑏) ∗ fib𝑔 (𝑑)

for all 𝑏 : 𝐵 and 𝑑 : 𝐷.
25.5 Let 𝐴 and 𝐵 be pointed types with base points 𝑎0 : 𝐴 and 𝑏0 : 𝐵. The

wedge inclusion is defined as follows by the universal property of the
wedge:

1 𝐵

𝐴 𝐴 ∨ 𝐵

𝐴 × 𝐵

← →

←→ ←→ inr

←

→

_𝑏. (𝑎0 ,𝑏)

← →inl

←

→_𝑎. (𝑎,𝑏0 )

←

→wedge-in𝐴,𝐵

Show that the fiber of the wedge inclusion 𝐴 ∨ 𝐵→ 𝐴 × 𝐵 is equivalent
to Ω (𝐵) ∗ Ω (𝐴).

25.6 Let 𝑓 : 𝑋 ∨ 𝑋 → 𝑋 be the map defined by the universal property of the
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wedge as indicated in the diagram

1 𝑋

𝑋 𝑋 ∨ 𝑋

𝑋.

←→𝑥0

← →𝑥0

⌜

←→ inr

←

→

id𝑋←→inl

←

→id𝑋

←

→𝑓

(a) Show that fib 𝑓 (𝑥0) ≃ ΣΩ (𝑋).
(b) Show that cof 𝑓 ≃ Σ𝑋 .

25.7 Consider a pushout square

𝑆 𝐵

𝐴 𝑋.

←→𝑔
←→𝑓 ←→ 𝑗

←→
𝑖

(a) Show that if 𝑓 is an embedding, then 𝑗 is an embedding and the
square is also a pullback square.

(b) Show that the following are equivalent:

(i) The map 𝑓 is surjective.
(ii) The map 𝑗 is surjective.

Note: In classical topology there are examples of acyclic spaces, which
are non-contractible spaces 𝑋 with the property that Σ𝑋 is contractible.
Therefore we don’t expect that if 𝑓 is an embedding whenever 𝑗 is an
embedding.

26 Sequential colimits

Note: This chapter currently contains only the statements of the definitions and
theorems, but no proofs. I hope to make a complete version available soon.

26.1 The universal property of sequential colimits
Type sequences are diagrams of the following form.

𝐴0 𝐴1 𝐴2 · · · .←→𝑓0 ←→𝑓1 ←→𝑓2

Their formal specification is as follows.
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Definition 26.1.1 An (increasing) type sequence A consists of

𝐴 : ℕ→U
𝑓 :

∏
(𝑛:ℕ) 𝐴𝑛 → 𝐴𝑛+1.

In this section we will introduce the sequential colimit of a type sequence.
The sequential colimit includes each of the types 𝐴𝑛, but we also identify
each 𝑥 : 𝐴𝑛 with its value 𝑓𝑛 (𝑥) : 𝐴𝑛+1. Imagine that the type sequence
𝐴0 → 𝐴1 → 𝐴2 → · · · defines a big telescope, with 𝐴0 sliding into 𝐴1, which
slides into 𝐴2, and so forth.

As usual, the sequential colimit is characterized by its universal property.

Definition 26.1.2 (i) A (sequential) cocone on a type sequence A with
vertex 𝐵 consists of

ℎ :
∏
(𝑛:ℕ) 𝐴𝑛 → 𝐵

𝐻 :
∏
(𝑛:ℕ)ℎ𝑛 ∼ ℎ𝑛+1 ◦ 𝐻𝑛.

We write cocone(𝐵) for the type of cocones with vertex 𝑋 .
(ii) Given a cocone (ℎ, 𝐻) with vertex 𝐵 on a type sequence A we define the

map

cocone-map(ℎ, 𝐻) : (𝐵→ 𝐶) → cocone(𝐶)

given by 𝑓 ↦→ (_𝑛. 𝑓 ◦ ℎ𝑛, _𝑛. _𝑥. ap 𝑓 (𝐻𝑛 (𝑥))).
(iii) We say that a cocone (ℎ, 𝐻)with vertex 𝐵 is colimiting if cocone-map(ℎ, 𝐻)

is an equivalence for any type 𝐶.

Theorem 26.1.3 Consider a cocone (ℎ, 𝐻) with vertex 𝐵 for a type sequence
A. The following are equivalent:

(i) The cocone (ℎ, 𝐻) is colimiting.
(ii) The cocone (ℎ, 𝐻) is inductive in the sense that for every type family

𝑃 : 𝐵→U, the map(∏
(𝑏:𝐵)𝑃(𝑏)

)
→ ∑

(ℎ:
∏
(𝑛:ℕ)

∏
(𝑥:𝐴𝑛 )𝑃 (ℎ𝑛 (𝑥 ) ) )∏

(𝑛:ℕ)
∏
(𝑥:𝐴𝑛 ) tr𝑃 (𝐻𝑛 (𝑥), ℎ𝑛 (𝑥)) = ℎ𝑛+1 ( 𝑓𝑛 (𝑥))

given by

𝑠 ↦→ (_𝑛. 𝑠 ◦ ℎ𝑛, _𝑛. _𝑥. apd𝑠 (𝐻𝑛 (𝑥)))

has a section.
(iii) The map in (ii) is an equivalence.
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26.2 The construction of sequential colimits

We construct sequential colimits using pushouts.

Definition 26.2.1 Let A � (𝐴, 𝑓 ) be a type sequence. We define the type 𝐴∞
as a pushout

�̃� + �̃� �̃�

�̃� 𝐴∞.

← →[id ,𝜎A ]

←→[id ,id ] ←→ inr

← →
inl

Definition 26.2.2 The type 𝐴∞ comes equipped with a cocone structure
consisting of

seq-in :
∏
(𝑛:ℕ) 𝐴𝑛 → 𝐴∞

seq-glue :
∏
(𝑛:ℕ)

∏
(𝑥:𝐴𝑛 ) in𝑛 (𝑥) = in𝑛+1 ( 𝑓𝑛 (𝑥)).

Construction We define

seq-in(𝑛, 𝑥) B inr(𝑛, 𝑥)
seq-glue(𝑛, 𝑥) B glue(inl(𝑛, 𝑥))−1 � glue(inr(𝑛, 𝑥)).

□

Theorem 26.2.3 Consider a type sequence A, and write �̃� B
∑
(𝑛:ℕ) 𝐴𝑛.

Moreover, consider the map

𝜎A : �̃�→ �̃�

defined by 𝜎A (𝑛, 𝑎) B (𝑛 + 1, 𝑓𝑛 (𝑎)). Furthermore, consider a cocone (ℎ, 𝐻)
with vertex 𝐵. The following are equivalent:

(i) The cocone (ℎ, 𝐻) with vertex 𝐵 is colimiting.
(ii) The defining square

�̃� + �̃� �̃�

�̃� 𝐴∞,

← →[id ,𝜎A ]

←→[id ,id ] ←→ _(𝑛,𝑥 ) . ℎ𝑛 (𝑥 )

← →
_(𝑛,𝑥 ) . ℎ𝑛 (𝑥 )

of 𝐴∞ is a pushout square.
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26.3 Descent for sequential colimits
Definition 26.3.1 The type of descent data on a type sequence A � (𝐴, 𝑓 )
is defined to be

Desc(A) B ∑
(𝐵:

∏
(𝑛:ℕ) 𝐴𝑛→U)

∏
(𝑛:ℕ)

∏
(𝑥:𝐴𝑛 )𝐵𝑛 (𝑥) ≃ 𝐵𝑛+1 ( 𝑓𝑛 (𝑥)).

Definition 26.3.2 We define a map

desc-fam : (𝐴∞ →U) → Desc(A)

by 𝐵 ↦→ (_𝑛. _𝑥. 𝐵(seq-in(𝑛, 𝑥)), _𝑛. _𝑥. tr𝐵 (seq-glue(𝑛, 𝑥))).

Theorem 26.3.3 The map

desc-fam : (𝐴∞ →U) → Desc(A)

is an equivalence.

Definition 26.3.4 A cartesian transformation of type sequences from A to
B is a pair (ℎ, 𝐻) consisting of

ℎ :
∏
(𝑛:ℕ) 𝐴𝑛 → 𝐵𝑛

𝐻 :
∏
(𝑛:ℕ)𝑔𝑛 ◦ ℎ𝑛 ∼ ℎ𝑛+1 ◦ 𝑓𝑛,

such that each of the squares in the diagram

𝐴0 𝐴1 𝐴2 · · ·

𝐵0 𝐵1 𝐵2 · · ·

←→ℎ0

←→𝑓0

←→ℎ1

←→𝑓1

←→ℎ2

←→𝑓2

←→𝑔0

←→𝑔1

←→𝑔2

is a pullback square. We define

cart(A,B) B ∑
(ℎ:

∏
(𝑛:ℕ) 𝐴𝑛→𝐵𝑛 )∑
(𝐻:

∏
(𝑛:ℕ)𝑔𝑛◦ℎ𝑛∼ℎ𝑛+1◦ 𝑓𝑛 )

∏
(𝑛:ℕ) is-pullback(ℎ𝑛, 𝑓𝑛, 𝐻𝑛),

and we write

Cart(B) B ∑
(A:Seq)cart(A,B).

Definition 26.3.5 We define a map

cart-map(B) :
(∑
(𝑋′:U)𝑋

′ → 𝑋

)
→ Cart(B).

which associates to any morphism ℎ : 𝑋 ′ → 𝑋 a cartesian transformation of
type sequences into B.

Theorem 26.3.6 The operation cart-map(B) is an equivalence.
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26.4 The flattening lemma for sequential colimits

The flattening lemma for sequential colimits essentially states that sequential
colimits commute with Σ.

Lemma 26.4.1 Consider

𝐵 :
∏
(𝑛:ℕ) 𝐴𝑛 →U

𝑔 :
∏
(𝑛:ℕ)

∏
(𝑥:𝐴𝑛 )𝐵𝑛 (𝑥) ≃ 𝐵𝑛+1 ( 𝑓𝑛 (𝑥)).

and suppose 𝑃 : 𝐴∞ →U is the unique family equipped with

𝑒 :
∏
(𝑛:ℕ)𝐵𝑛 (𝑥) ≃ 𝑃(seq-in(𝑛, 𝑥))

and homotopies 𝐻𝑛 (𝑥) witnessing that the square

𝐵𝑛 (𝑥) 𝐵𝑛+1 ( 𝑓𝑛 (𝑥))

𝑃(seq-in(𝑛, 𝑥)) 𝑃(seq-in(𝑛 + 1, 𝑓𝑛 (𝑥)))

← →𝑔𝑛 (𝑥 )

←→𝑒𝑛 (𝑥 ) ←→ 𝑒𝑛+1 ( 𝑓𝑛 (𝑥 ) )

← →
tr𝑃 (seq-glue(𝑛,𝑥 ) )

commutes. Then
∑
(𝑡:𝐴∞ ) 𝑃(𝑡) satisfies the universal property of the sequential

colimit of the type sequence

∑
(𝑥:𝐴0 ) 𝐵0 (𝑥)

∑
(𝑥:𝐴1 ) 𝐵1 (𝑥)

∑
(𝑥:𝐴2 ) 𝐵2 (𝑥) · · · .←→

tot 𝑓0 (𝑔0 ) ←→
tot 𝑓1 (𝑔1 ) ←→

tot 𝑓2 (𝑔2 )

In the following theorem we rephrase the flattening lemma in using cartesian
transformations of type sequences.

Theorem 26.4.2 Consider a commuting diagram of the form

𝐴0 𝐴1 𝐴2 · · ·

𝑋

𝐵0 𝐵1 𝐵2 · · ·

𝑌

←→

←

→

←→

←→←

→

←
→

←

→

←

→
←→

←→

←→←

→

←→

←→

←→

←
→ ←→

←
→

If each of the vertical squares is a pullback square, and 𝑌 is the sequential
colimit of the type sequence 𝐵𝑛, then 𝑋 is the sequential colimit of the type
sequence 𝐴𝑛.
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Corollary 26.4.3 Consider a commuting diagram of the form

𝐴0 𝐴1 𝐴2 · · ·

𝑋

𝐵0 𝐵1 𝐵2 · · ·

𝑌

←→

←

→

←→

←→←

→

←
→

←
→

←

→
←→

←→

←→←

→

←→

←→

←→

←
→ ←→

←

→

If each of the vertical squares is a pullback square, then the square

𝐴∞ 𝑋

𝐵∞ 𝑌

←→
←→ ←→

←→

is a pullback square.

26.5 Constructing the propositional truncation
The propositional truncation can be used to construct the image of a map, so
we construct that first. We construct the propositional truncation of 𝐴 via a
construction called the join construction, as the colimit of the sequence of
join-powers of 𝐴

𝐴 𝐴 ∗ 𝐴 𝐴 ∗ (𝐴 ∗ 𝐴) · · ·←→ ←→ ←→

The join-powers of 𝐴 are defined recursively on 𝑛, by taking3

𝐴∗0 B ∅

𝐴∗1 B 𝐴

𝐴∗(𝑛+2) B 𝐴 ∗ 𝐴∗(𝑛+1) .

We will write 𝐴∗∞ for the colimit of the sequence

𝐴 𝐴 ∗ 𝐴 𝐴 ∗ (𝐴 ∗ 𝐴) · · · .←→inr ←→inr ←→inr

The sequential colimit 𝐴∗∞ comes equipped with maps in-seq𝑛 : 𝐴∗(𝑛+1) →
𝐴∗∞, and we will write

[ B in-seq0 : 𝐴→ 𝐴∗∞.

3 In this definition, the case 𝐴∗1 B 𝐴 is slightly redundant because we have an equivalence

𝐴 ∗ ∅ ≃ 𝐴.

Nevertheless, it is nice to have that 𝐴∗1 � 𝐴.
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Our goal is to show 𝐴∗∞ is a proposition, and that [ : 𝐴 → 𝐴∗∞ satisfies the
universal property of the propositional truncation of 𝐴. Before showing that
𝐴∗∞ is indeed a proposition, let us show in two steps that for any proposition 𝑃,
the map

(𝐴∗∞ → 𝑃) → (𝐴→ 𝑃)

is indeed an equivalence.

Lemma 26.5.1 Suppose 𝑓 : 𝐴→ 𝑃, where 𝐴 is any type and 𝑃 is a proposition.
Then the precomposition function

– ◦ inr : (𝐴 ∗ 𝐵→ 𝑃) → (𝐵→ 𝑃)

is an equivalence, for any type 𝐵.

Proof Since the precomposition function

– ◦ inr : (𝐴 ∗ 𝐵→ 𝑃) → (𝐵→ 𝑃)

is a map between propositions, it suffices to construct a map

(𝐵→ 𝑃) → (𝐴 ∗ 𝐵→ 𝑃).

Let 𝑔 : 𝐵→ 𝑃. Then the square

𝐴 × 𝐵 𝐵

𝐴 𝑃
←→pr2

←→pr1 ←→ 𝑔
←→

𝑓

commutes since 𝑃 is a proposition. Therefore we obtain a map 𝐴 ∗ 𝐵→ 𝑃 by
the universal property of the join. □

Proposition 26.5.2 Let 𝐴 be a type, and let 𝑃 be a proposition. Then the
function

– ◦ [ : (𝐴∗∞ → 𝑃) → (𝐴→ 𝑃)

is an equivalence.

Proof Since the map

– ◦ [ : (𝐴∗∞ → 𝑃) → (𝐴→ 𝑃)

is a map between propositions, it suffices to construct a map in the converse
direction.

Let 𝑓 : 𝐴→ 𝑃. First, we show by recursion that there are maps

𝑓𝑛 : 𝐴∗(𝑛+1) → 𝑃.
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The map 𝑓0 is of course just defined to be 𝑓 . Given 𝑓𝑛 : 𝐴∗(𝑛+1) we obtain
𝑓𝑛+1 : 𝐴 ∗ 𝐴∗(𝑛+1) → 𝑃 by Lemma 26.5.1. Because 𝑃 is assumed to be a
proposition it is immediate that the maps 𝑓𝑛 form a cocone with vertex 𝑃 on the
sequence

𝐴 𝐴 ∗ 𝐴 𝐴 ∗ (𝐴 ∗ 𝐴) · · · .←→inr ←→inr ←→inr

From this cocone we obtain the desired map (𝐴∗∞ → 𝑃). □

Proposition 26.5.3 The type 𝐴∗∞ is a proposition for any type 𝐴.

Proof By Proposition 12.1.3 it suffices to show that

𝐴∗∞ → is-contr(𝐴∗∞).

Since the type is-contr(𝐴∗∞) is already known to be a proposition by Exer-
cise 13.3, it follows from Proposition 26.5.2 that it suffices to show that

𝐴→ is-contr(𝐴∗∞).

Let 𝑥 : 𝐴. To see that 𝐴∗∞ is contractible it suffices by Exercise 26.3 to
show that inr : 𝐴∗𝑛 → 𝐴∗(𝑛+1) is homotopic to the constant function constinl(𝑥 ) .
However, we get a homotopy constinl(𝑥 ) ∼ inr immediately from the path
constructor glue. □

All the definitions are now in place to define the propositional truncation of a
type.

Definition 26.5.4 For any type 𝐴 we define the type

∥𝐴∥−1 B 𝐴∗∞,

and we define [ : 𝐴 → ∥𝐴∥−1 to be the constructor in-seq0 of the sequential
colimit 𝐴∗∞. Often we simply write ∥𝐴∥ for ∥𝐴∥−1.

The type ∥𝐴∥−1 is a proposition by Proposition 26.5.3, and

[ : 𝐴→ ∥𝐴∥−1

satisfies the universal property of propositional truncation by Proposition 26.5.2.

Proposition 26.5.5 The propositional truncation operation is functorial in the
sense that for any map 𝑓 : 𝐴 → 𝐵 there is a unique map ∥ 𝑓 ∥ : ∥𝐴∥ → ∥𝐵∥
such that the square

𝐴 𝐵

∥𝐴∥ ∥𝐵∥

← →𝑓

←→[ ←→ [

←→∥ 𝑓 ∥
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commutes. Moreover, there are homotopies

∥id𝐴∥ ∼ id∥𝐴∥

∥𝑔 ◦ 𝑓 ∥ ∼ ∥𝑔∥ ◦ ∥ 𝑓 ∥ .

Proof The functorial action of propositional truncation is immediate by the
universal property of propositional truncation. To see that the functorial action
preserves the identity, note that the type of maps ∥𝐴∥ → ∥𝐴∥ for which the
square

𝐴 𝐴

∥𝐴∥ ∥𝐴∥

← →id
←→[ ←→ [

←→

commutes is contractible. Since this square commutes for both ∥id∥ and for
id, it must be that they are homotopic. The proof that the functorial action of
propositional truncation preserves composition is similar. □

26.6 Proving type theoretical replacement

Our goal is now to show that the image of a map 𝑓 : 𝐴→ 𝐵 from an essentially
small type 𝐴 into a locally small type 𝐵 is again essentially small. This property
is called the type theoretic replacement property. In order to prove this property,
we have to find another construction of the image of a map. In order to make
this construction, we define a join operation on maps.

Definition 26.6.1 Consider two maps 𝑓 : 𝐴 → 𝑋 and 𝑔 : 𝐵 → 𝑋 with a
common codomain 𝑋 .

(i) We define the type 𝐴 ∗𝑋 𝐵 as the pushout

𝐴 ×𝑋 𝐵 𝐵

𝐴 𝐴 ∗𝑋 𝐵.

← →𝜋2

←→𝜋1 ←→ inr

← →
inl

(ii) We define the join 𝑓 ∗ 𝑔 : 𝐴 ∗𝑋 𝐵→ 𝑋 to be the unique map for which
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the diagram

𝐴 ×𝑋 𝐵 𝐵

𝐴 𝐴 ∗𝑋 𝐵

𝑋

← →𝜋2

←→𝜋1 ←→ inr

←

→

𝑔← →
inl←

→𝑓

←

→𝑓 ∗𝑔

The reason to call the map 𝑓 ∗ 𝑔 the join of 𝑓 and 𝑔 is that the fiber of 𝑓 ∗ 𝑔
at any 𝑥 : 𝑋 is equivalent to the join of the fibers of 𝑓 and 𝑔 at 𝑥.

Lemma 26.6.2 Consider two maps 𝑓 : 𝐴→ 𝑋 and 𝑔 : 𝐵→ 𝑋 . Then there is
an equivalence

fib 𝑓 ∗𝑔 (𝑥) ≃ fib 𝑓 (𝑥) ∗ fib𝑔 (𝑥)

for any 𝑥 : 𝑋 .

Proof Consider the commuting cube

fib 𝑓 (𝑥) × fib𝑔 (𝑥)

fib 𝑓 (𝑥) 𝐴 ×𝑋 𝐵 fib𝑔 (𝑥)

𝐴 1 𝐵

𝑋

←→
←

→←→

←→ ←

→
←

→

←→←

→
←

→

←

→

←→

←

→

In this cube, the bottom square is a canonical pullback square. The two squares
in the front are pullbacks by Lemma 22.4.1, and the top square is a pullback
square by Lemma 22.3.1. Therefore it follows by Remark 24.1.5 that all the
faces of this cube are pullback squares, and hence by Theorem 25.5.7 we obtain
that the square

fib 𝑓 (𝑥) ∗ fib𝑔 (𝑥) 1

𝐴 ∗𝑋 𝐵 𝑋

←→

←→

←→

← →
𝑓 ∗𝑔

is a pullback square. Now the claim follows by the uniqueness of pullbacks,
which was shown in Corollary 22.1.8. □
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Lemma 26.6.3 Consider a map 𝑓 : 𝐴→ 𝑋 , an embedding 𝑚 : 𝑈 → 𝑋 , and
ℎ : hom𝑋 ( 𝑓 , 𝑚). Then the map

hom𝑋 ( 𝑓 ∗ 𝑔, 𝑚) → hom𝑋 (𝑔, 𝑚)

is an equivalence for any 𝑔 : 𝐵→ 𝑋 .

Proof Note that both types are propositions, so any equivalence can be used
to prove the claim. Thus, we simply calculate

hom𝑋 ( 𝑓 ∗ 𝑔, 𝑚) ≃
∏
(𝑥:𝑋)fib 𝑓 ∗𝑔 (𝑥) → fib𝑚 (𝑥)

≃∏
(𝑥:𝑋)fib 𝑓 (𝑥) ∗ fib𝑔 (𝑥) → fib𝑚 (𝑥)

≃∏
(𝑥:𝑋)fib𝑔 (𝑥) → fib𝑚 (𝑥)

≃ hom𝑋 (𝑔, 𝑚).

The first equivalence holds by Exercise 13.15; the second equivalence holds
by Exercise 25.3, also using Theorem 13.4.1 and Exercise 13.12 (d) where we
established that that pre- and postcomposing by an equivalence is an equivalence;
the third equivalence holds by Lemma 26.5.1 and Exercise 13.12 (d); the last
equivalence again holds by Exercise 13.15. □

For the construction of the image of 𝑓 : 𝐴 → 𝑋 we observe that if we are
given an embedding 𝑚 : 𝑈 → 𝑋 and a map (𝑖, 𝐼) : hom𝑋 ( 𝑓 , 𝑚), then (𝑖, 𝐼)
extends uniquely along inr : 𝐴 → 𝐴 ∗𝑋 𝐴 to a map hom𝑋 ( 𝑓 ∗ 𝑓 , 𝑚). This
extension again extends uniquely along inr : 𝐴 ∗𝑋 𝐴→ 𝐴 ∗𝑋 (𝐴 ∗𝑋 𝐴) to a map
hom𝑋 ( 𝑓 ∗ ( 𝑓 ∗ 𝑓 ), 𝑚) and so on, resulting in a diagram of the form

𝐴 𝐴 ∗𝑋 𝐴 𝐴 ∗𝑋 (𝐴 ∗𝑋 𝐴) · · ·

𝑈

←

→

←→inr

←→

←→inr

←

→

←→inr

←

→

Definition 26.6.4 Suppose 𝑓 : 𝐴→ 𝑋 is a map. Then we define the fiberwise
join powers

𝑓 ∗𝑛 : 𝐴∗𝑛𝑋 𝑋.

Construction Note that the operation (𝐵, 𝑔) ↦→ (𝐴 ∗𝑋 𝐵, 𝑓 ∗ 𝑔) defines an
endomorphism on the type ∑

(𝐵:U)𝐵→ 𝑋.

We also have (∅, ind∅) and (𝐴, 𝑓 ) of this type. For 𝑛 ≥ 1 we define

𝐴
∗(𝑛+1)
𝑋

B 𝐴 ∗𝑋 𝐴∗𝑛𝑋

mailto:egbert.rijke@fmf.uni-lj.si
https://hott.zulipchat.com


This material will be published by Cambridge University Press as Introduction to Homotopy Type Theory by Egbert Rĳke. This pre-publication
version is free to view and download for personal use only. Not for re-distribution, re-sale or use in derivative works. © Egbert Rĳke 2020

The best way to support this book while it is still being prepared for publication, is to let the author know if you find inaccuracies of any kind at
Q egbert.rĳke@fmf.uni-lj.si, or at the homotopy type theory chat at  https://hott.zulipchat.com.

There are 306 exercises.

Ljubljana, April 8, 2022

350 Synthetic Homotopy Theory

𝑓 ∗(𝑛+1) B 𝑓 ∗ 𝑓 ∗𝑛. □

Definition 26.6.5 We define 𝐴∗∞
𝑋

to be the sequential colimit of the type
sequence

𝐴∗0
𝑋

𝐴∗1
𝑋

𝐴∗2
𝑋

· · · .←→ ←→inr ←→inr

Since we have a cocone

𝐴∗0
𝑋

𝐴∗1
𝑋

𝐴∗2
𝑋

· · ·

𝑋

←→

←

→𝑓 ∗0

←→inr

←→𝑓 ∗1

←→inr

←→𝑓
∗2 ←

→

we also obtain a map 𝑓 ∗∞ : 𝐴∗∞
𝑋
→ 𝑋 by the universal property of 𝐴∗∞

𝑋
.

Lemma 26.6.6 Let 𝑓 : 𝐴→ 𝑋 be a map, and let𝑚 : 𝑈 → 𝑋 be an embedding.
Then the function

– ◦ in-seq0 : hom𝑋 ( 𝑓 ∗∞, 𝑚) → hom𝑋 ( 𝑓 , 𝑚)

is an equivalence.

Theorem 26.6.7 For any map 𝑓 : 𝐴 → 𝑋 , the map 𝑓 ∗∞ : 𝐴∗∞
𝑋
→ 𝑋 is an

embedding that satisfies the universal property of the image inclusion of 𝑓 .

Lemma 26.6.8 Consider a commuting square

𝐴 𝐵

𝐶 𝐷.

←→

←→ ←→

←→

(i) If the square is cartesian, 𝐵 and 𝐶 are essentially small, and 𝐷 is locally
small, then 𝐴 is essentially small.

(ii) If the square is cocartesian, and 𝐴, 𝐵, and 𝐶 are essentially small, then
𝐷 is essentially small.

Corollary 26.6.9 Suppose 𝑓 : 𝐴 → 𝑋 and 𝑔 : 𝐵 → 𝑋 are maps from
essentially small types 𝐴 and 𝐵, respectively, to a locally small type 𝑋 . Then
𝐴 ×𝑋 𝐵 is again essentially small.

Lemma 26.6.10 Consider a type sequence

𝐴0 𝐴1 𝐴2 · · ·←→𝑓0 ←→𝑓1 ←→𝑓2

where each 𝐴𝑛 is essentially small. Then its sequential colimit is again essentially
small.
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Theorem 26.6.11 For any map 𝑓 : 𝐴→ 𝐵 from an essentially small type 𝐴
into a locally small type 𝐵, the image of 𝑓 is again essentially small.

Corollary 26.6.12 Consider aU-small type 𝐴, and an equivalence relation
𝑅 over 𝐴 valued in the U-small propositions. Then the set quotient 𝐴/𝑅 is
essentially small.

Exercises
26.1 Show that the sequential colimit of a type sequence

𝐴0 𝐴1 𝐴2 · · ·←→𝑓0 ←→𝑓1 ←→𝑓2

is equivalent to the sequential colimit of its shifted type sequence

𝐴1 𝐴2 𝐴3 · · · .←→𝑓1 ←→𝑓2 ←→𝑓3

26.2 Let 𝑃0 𝑃1 𝑃2 · · ·←→ ←→ ←→ be a sequence of propositions.
Show that

colim𝑛 (𝑃𝑛) ≃ ∃(𝑛:ℕ)𝑃𝑛.

26.3 Consider a type sequence

𝐴0 𝐴1 𝐴2 · · ·←→𝑓0 ←→𝑓1 ←→𝑓2

and suppose that 𝑓𝑛 ∼ const𝑎𝑛+1 for some 𝑎𝑛 :
∏
(𝑛:ℕ) 𝐴𝑛. Show that the

sequential colimit is contractible.
26.4 Define the∞-sphere S∞ as the sequential colimit of

S0 S1 S2 · · ·←→𝑓0 ←→𝑓1 ←→𝑓2

where 𝑓0 : S0 → S1 is defined by 𝑓0 (false) � inl(★) and 𝑓0 (true) �
inr(★), and 𝑓𝑛+1 : S𝑛+1 → S𝑛+2 is defined as Σ( 𝑓𝑛). Use Exercise 26.3 to
show that S∞ is contractible.

26.5 Consider a type sequence

𝐴0 𝐴1 𝐴2 · · ·←→𝑓0 ←→𝑓1 ←→𝑓2

in which 𝑓𝑛 : 𝐴𝑛 → 𝐴𝑛+1 is weakly constant in the sense that∏
(𝑥,𝑦:𝐴𝑛 ) 𝑓𝑛 (𝑥) = 𝑓𝑛 (𝑦)

Show that 𝐴∞ is a mere proposition.
26.6 Show that ℕ is the sequential colimit of

Fin0 Fin1 Fin2 · · · .←→inl ←→inl ←→inl
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27 Homotopy groups of types

27.1 Pointed types
Definition 27.1.1 A pointed type is a pair (𝐴, 𝑎) consisting of a type 𝐴 and a
term 𝑎 : 𝐴. The type of all pointed types in a universeU is defined to be

U∗ B
∑
(𝑋:U)𝑋.

Definition 27.1.2 Consider two pointed types (𝐴, 𝑎) and (𝐵, 𝑏). A pointed
map from (𝐴, 𝑎) to (𝐵, 𝑏) is a pair ( 𝑓 , 𝑝) consisting of a function 𝑓 : 𝐴→ 𝐵

and an identification 𝑝 : 𝑓 (𝑎) = 𝑏. We write

𝐴→∗ 𝐵 B
∑
( 𝑓 :𝐴→𝐵) 𝑓 (𝑎) = 𝑏

for the type of all pointed maps from (𝐴, 𝑎) to (𝐵, 𝑏), leaving the base point
implicit.

Since we have a typeU∗ of all pointed types in a universeU, we can start
defining operations on U∗. An important example of such an operation is to
take the loop space of a pointed type.

Definition 27.1.3 We define the loop space operation Ω : U∗ →U∗

Ω(𝐴, 𝑎) B
(
(𝑎 = 𝑎), refl𝑎

)
.

We can even go further and define the iterated loop space of a pointed type.
Note that this definition could not be given in type theory if we didn’t have
universes.

Definition 27.1.4 Given a pointed type (𝐴, 𝑎) and a natural number 𝑛, we
define the 𝑛-th loop space Ω𝑛 (𝐴, 𝑎) by induction on 𝑛 : ℕ, taking

Ω0 (𝐴, 𝑎) B (𝐴, 𝑎)

Ω𝑛+1 (𝐴, 𝑎) B Ω(Ω𝑛 (𝐴, 𝑎)).

27.2 The suspension-loop space adjunction
We get an even better version of the universal property of Σ𝑋 if we know in
advance that the type 𝑋 is a pointed type: on pointed types, the suspension
functor is left adjoint to the loop space functor. This property manifests itself in
the setting of pointed types, so we first give some definitions regarding pointed
types.

mailto:egbert.rijke@fmf.uni-lj.si
https://hott.zulipchat.com


This material will be published by Cambridge University Press as Introduction to Homotopy Type Theory by Egbert Rĳke. This pre-publication
version is free to view and download for personal use only. Not for re-distribution, re-sale or use in derivative works. © Egbert Rĳke 2020

The best way to support this book while it is still being prepared for publication, is to let the author know if you find inaccuracies of any kind at
Q egbert.rĳke@fmf.uni-lj.si, or at the homotopy type theory chat at  https://hott.zulipchat.com.

There are 306 exercises.

Ljubljana, April 8, 2022

27 Homotopy groups of types 353

Definition 27.2.1 (i) A pointed type consists of a type 𝑋 equipped with a
base point 𝑥 : 𝑋 . We will writeU∗ for the type

∑
(𝑋:U) 𝑋 of all pointed

types.
(ii) Let (𝑋, ∗𝑋) be a pointed type. A pointed family over (𝑋, ∗𝑋) consists of

a type family 𝑃 : 𝑋 →U equipped with a base point ∗𝑃 : 𝑃(∗𝑋).
(iii) Let (𝑃, ∗𝑃) be a pointed family over (𝑋, ∗𝑋). A pointed section of (𝑃, ∗𝑃)

consists of a dependent function 𝑓 :
∏
(𝑥:𝑋)𝑃(𝑥) and an identification

𝑝 : 𝑓 (∗𝑋) = ∗𝑃 . We define the pointed Π-type to be the type of pointed
sections: ∏∗

(𝑥:𝑋)𝑃(𝑥) B
∑
( 𝑓 :∏ (𝑥:𝑋)𝑃 (𝑥 ) ) 𝑓 (∗𝑋) = ∗𝑃

In the case of two pointed types 𝑋 and 𝑌 , we may also view 𝑌 as a pointed
family over 𝑋 . In this case we write 𝑋 →∗ 𝑌 for the type of pointed
functions.

(iv) Given any two pointed sections 𝑓 and 𝑔 of a pointed family 𝑃 over 𝑋 , we
define the type of pointed homotopies

𝑓 ∼∗ 𝑔 B Π∗(𝑥:𝑋) 𝑓 (𝑥) = 𝑔(𝑥),

where the family 𝑥 ↦→ 𝑓 (𝑥) = 𝑔(𝑥) is equipped with the base point 𝑝 � 𝑞−1.

Remark 27.2.2 Since pointed homotopies are defined as certain pointed
sections, we can use the same definition of pointed homotopies again to consider
pointed homotopies between pointed homotopies, and so on.

Example 27.2.3 For any type 𝑋 , the suspension Σ𝑋 is a pointed type where
the base point is taken to be the north pole ℕ.

Definition 27.2.4 Let 𝑋 be a pointed type with base point 𝑥. We define the
loop space Ω (𝑋, 𝑥) of 𝑋 at 𝑥 to be the pointed type 𝑥 = 𝑥 with base point refl𝑥 .

Definition 27.2.5 The loop space operation Ω is functorial in the sense that

(i) For every pointed map 𝑓 : 𝑋 →∗ 𝑌 there is a pointed map

Ω ( 𝑓 ) : Ω (𝑋) →∗ Ω (𝑌 ),

defined by Ω ( 𝑓 ) (𝜔) B 𝑝 𝑓 � ap 𝑓 (𝜔) � 𝑝−1
𝑓

, which is base point preserving
by right-inv(𝑝 𝑓 ).

(ii) For every pointed type 𝑋 there is a pointed homotopy

Ω (id∗𝑋) ∼∗ id∗
Ω (𝑋) .
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(iii) For any two pointed maps 𝑓 : 𝑋 →∗ 𝑌 and 𝑔 : 𝑌 →∗ 𝑋 , there is a pointed
homotopy witnessing that the triangle

Ω (𝑌 )

Ω (𝑋) Ω (𝑍)

←

→
Ω (𝑔)

← →
Ω (𝑔◦∗ 𝑓 )

← →Ω ( 𝑓 )

of pointed types commutes.

In order to introduce the suspension-loop space adjunction, we also need to
construct the functorial action of suspension.

Definition 27.2.6 (i) Given a pointed map 𝑓 : 𝑋 →∗ 𝑌 , we define a map

Σ( 𝑓 ) : Σ𝑋 →∗ Σ𝑌

Definition 27.2.7 We define a pointed map

Y𝑋 : 𝑋 →∗ Ω (Σ𝑋)

for any pointed type 𝑋 . This map is called the counit of the suspension-loop
space adjunction. Moreover, Y is natural in 𝑋 in the sense that for any pointed
map 𝑓 : 𝑋 →∗ 𝑌 we have a commuting square

𝑋 Ω (Σ𝑋)

𝑌 Ω (Σ𝑌 )
←→Y𝑋

←→𝑓 ←→ Ω (Σ 𝑓 )
←→Y𝑋

Construction The underlying map of Y𝑋 takes 𝑥 : 𝑋 to the concatenation

N S N.⇐ ⇐merid(𝑥 ) ⇐ ⇐merid(∗𝑋 )−1

This map preserves the base point, since merid(∗𝑋) � merid(∗𝑋)−1 = reflN. □

Definition 27.2.8 (i) For any pointed type 𝑋 , we define the pointed identity
function id∗𝑋 B (id𝑋, refl∗).

(ii) For any two pointed maps 𝑓 : 𝑋 →∗ 𝑌 and 𝑔 : 𝑌 →∗ 𝑍 , we define the
pointed composite

𝑔 ◦∗ 𝑓 B (𝑔 ◦ 𝑓 , ap𝑔 (𝑝 𝑓 ) � 𝑝𝑔).

Definition 27.2.9 Given two pointed types 𝑋 and 𝑌 , a pointed map from 𝑋

to 𝑌 is a pair ( 𝑓 , 𝑝) consisting of a map 𝑓 : 𝑋 → 𝑌 and a path 𝑝 : 𝑓 (𝑥0) = 𝑦0
witnessing that 𝑓 preserves the base point. We write

𝑋 →∗ 𝑌
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for the type of pointed maps from 𝑋 to 𝑌 . The type 𝑋 →∗ 𝑌 is itself a pointed
type, with base point (const𝑦0 , refl𝑦0 ).

Now suppose that we have a pointed map 𝑓 : Σ𝑋 →∗ 𝑌 with 𝑝 : 𝑓 (𝑥0) = 𝑦0.
Then the composite

𝑋 Ω (Σ𝑋) Ω (𝑌 )←→Y𝑋 ←→Ω ( 𝑓 )

yields a pointed map 𝑓 : 𝑋 → Ω (𝑌 ). Therefore we obtain a map

𝜏𝑋,𝑌 : (Σ𝑋 →∗ 𝑌 ) → (𝑋 →∗ Ω (𝑌 )).

It is not hard to see that also 𝜏𝑋,𝑌 is pointed. We leave this to the reader. The
following theorem is also called the adjointness of the suspension and loop
space functors. This is an extremely important relation that pops up in many
calculations of homotopy groups.

Theorem 27.2.10 Let 𝑋 and 𝑌 be pointed types. Then the pointed map

𝜏𝑋,𝑌 : (Σ𝑋 →∗ 𝑌 ) →∗ (𝑋 →∗ Ω (𝑌 ))

is an equivalence. Moreover, 𝜏 is pointedly natural in 𝑋 and 𝑌 .

27.3 Set truncation
Lemma 27.3.1 For each type 𝐴, the relation 𝐼 (−1) : 𝐴→ (𝐴→ Prop) given
by

𝐼 (−1) (𝑥, 𝑦) B ∥𝑥 = 𝑦∥

is an equivalence relation.

Proof For every 𝑥 : 𝐴 we have |refl𝑥 | : ∥𝑥 = 𝑥∥ , so the relation is reflexive.
To see that the relation is symmetric note that by the universal property of
propositional truncation there is a unique map ∥inv∥ : ∥𝑥 = 𝑦∥ → ∥𝑦 = 𝑥∥ for
which the square

(𝑥 = 𝑦) (𝑦 = 𝑥)

∥𝑥 = 𝑦∥ ∥𝑦 = 𝑥∥

←→inv

←→| – | ←→ | – |

←→∥ inv∥

commutes. This shows that the relation is symmetric. Similarly, we show by the
universal property of propositional truncation that the relation is transitive. □
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Definition 27.3.2 For each type 𝐴 we define the set truncation

∥𝐴∥0 B 𝐴/𝐼 (−1) ,

and the unit of the set truncation is defined to be the quotient map.

Theorem 27.3.3 For each type 𝐴, the set truncation satisfies the universal
property of the set truncation.

27.4 Homotopy groups
Definition 27.4.1 For 𝑛 ≥ 1, the 𝑛-th homotopy group of a type 𝑋 at a base
point 𝑥 : 𝑋 consists of the type

|𝜋𝑛 (𝑋, 𝑥) | B ∥Ω𝑛 (𝑋, 𝑥)∥0

equipped with the group operations inherited from the path operations on
Ω𝑛 (𝑋, 𝑥). Often we will simply write 𝜋𝑛 (𝑋) when it is clear from the context
what the base point of 𝑋 is.

For 𝑛 � 0 we define 𝜋0 (𝑋, 𝑥) B ∥𝑋 ∥0.

Example 27.4.2 In ?? we established that Ω (S1) ≃ ℤ. It follows that

𝜋1 (S1) = ℤ and 𝜋𝑛 (S1) = 0 for 𝑛 ≥ 2.

Furthermore, we have seen in ?? that ∥S1∥0 is contractible. Therefore we also
have 𝜋0 (S1) = 0.

27.5 The Eckmann-Hilton argument
Given a diagram of identifications

𝑥 𝑦

⇐ ⇐

𝑝

⇐ ⇐𝑝′

⇐ ⇐

𝑝′′

𝑟 ⇓

𝑟 ′ ⇓

in a type 𝐴, where 𝑟 : 𝑝 = 𝑝′ and 𝑟 ′ : 𝑝′ = 𝑝′′, we obtain by concatenation an
identification 𝑟 �𝑟 ′ : 𝑝 = 𝑝′′. This operation on identifications of identifications is
sometimes called the vertical concatenation, because there is also a horizontal
concatenation operation.
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Definition 27.5.1 Consider identifications of identifications 𝑟 : 𝑝 = 𝑝′ and
𝑠 : 𝑞 = 𝑞′, where 𝑝, 𝑝′ : 𝑥 = 𝑦, and 𝑞, 𝑞′ : 𝑦 = 𝑧 are identifications in a type 𝐴,
as indicated in the diagram

𝑥 𝑦 𝑧.

⇐ ⇐
𝑝

⇐ ⇐
𝑝′

𝑟 ⇓

⇐ ⇐
𝑞

⇐ ⇐
𝑞′

𝑠 ⇓

We define the horizontal concatenation 𝑟 �ℎ 𝑠 : 𝑝 � 𝑞 = 𝑝′ � 𝑞′ of 𝑟 and 𝑠.

Proof First we induct on 𝑟, so it suffices to define refl𝑝 �ℎ 𝑠 : 𝑝 � 𝑞 = 𝑝 � 𝑞′.
Next, we induct on 𝑝, so it suffices to define reflrefl𝑦 �ℎ 𝑠 : refl𝑦 � 𝑞 = refl𝑦 � 𝑞′.
Since refl𝑦 � 𝑞 � 𝑞 and refl𝑦 � 𝑞′ � 𝑞′, we take reflrefl𝑦 �ℎ 𝑠 B 𝑠. □

Lemma 27.5.2 Horizontal concatenation satisfies the left and right unit laws.

In the following lemma we establish the interchange law for horizontal and
vertical concatenation.

Lemma 27.5.3 Consider a diagram of the form

𝑥 𝑦 𝑧.

⇐ ⇐

𝑝

⇐ ⇐

⇐ ⇐

𝑝′′

𝑟 ⇓

𝑟 ′ ⇓

⇐ ⇐

𝑞

⇐ ⇐

⇐ ⇐

𝑞′′

𝑠 ⇓

𝑠′ ⇓

Then there is an identification

(𝑟 � 𝑟 ′) �ℎ (𝑠 � 𝑠′) = (𝑟 �ℎ 𝑠) � (𝑟 ′ �ℎ 𝑠′).

Proof We use path induction on both 𝑟 and 𝑟 ′, followed by path induction on
𝑝. Then it suffices to show that

(reflrefl𝑦 � reflrefl𝑦 ) �ℎ (𝑠 � 𝑠′) = (reflrefl𝑦 �ℎ 𝑠) � (reflrefl𝑦 �ℎ 𝑠
′).

Using the computation rules, we see that this reduces to

𝑠 � 𝑠′ = 𝑠 � 𝑠′,

which we have by reflexivity. □

Theorem 27.5.4 For 𝑛 ≥ 2, the 𝑛-th homotopy group is abelian.

Proof Our goal is to show that∏
(𝑟 ,𝑠:𝜋2 (𝑋) )𝑟 · 𝑠 = 𝑠 · 𝑟.

mailto:egbert.rijke@fmf.uni-lj.si
https://hott.zulipchat.com


This material will be published by Cambridge University Press as Introduction to Homotopy Type Theory by Egbert Rĳke. This pre-publication
version is free to view and download for personal use only. Not for re-distribution, re-sale or use in derivative works. © Egbert Rĳke 2020

The best way to support this book while it is still being prepared for publication, is to let the author know if you find inaccuracies of any kind at
Q egbert.rĳke@fmf.uni-lj.si, or at the homotopy type theory chat at  https://hott.zulipchat.com.

There are 306 exercises.

Ljubljana, April 8, 2022

358 Synthetic Homotopy Theory

Since we are constructing an identification in a set, we can use the universal
property of 0-truncation on both 𝑟 and 𝑠. Therefore it suffices to show that∏

(𝑟 ,𝑠:refl𝑥0=refl𝑥0 ) |𝑟 |0 · |𝑠 |0 = |𝑠 |0 · |𝑟 |0.

Now we use that |𝑟 |0 · |𝑠 |0 � |𝑟 � 𝑠 |0 and |𝑠 |0 · |𝑟 |0 � |𝑠 � 𝑟 |0, to see that it suffices
to show that 𝑟 � 𝑠 = 𝑠 � 𝑟, for every 𝑟, 𝑠 : refl𝑥 = refl𝑥 . Using the unit laws and
the interchange law, this is a simple computation:

𝑟 � 𝑠 = (𝑟 �ℎ refl𝑥) � (refl𝑥 �ℎ 𝑠)

= (𝑟 � refl𝑥) �ℎ (refl𝑥 � 𝑠)

= (refl𝑥 � 𝑟) �ℎ (𝑠 � refl𝑥)

= (refl𝑥 �ℎ 𝑠) � (𝑟 �ℎ refl𝑥)

= 𝑠 � 𝑟. □

Exercises
27.1 Show that the type of pointed families over a pointed type (𝑋, 𝑥) is

equivalent to the type ∑
(𝑌 :U∗ )𝑌 →∗ 𝑋.

27.2 Given two pointed types 𝐴 and 𝑋 , we say that 𝐴 is a (pointed) retract of 𝑋
if we have 𝑖 : 𝐴→∗ 𝑋 , a retraction 𝑟 : 𝑋 →∗ 𝐴, and a pointed homotopy
𝐻 : 𝑟 ◦∗ 𝑖 ∼∗ id∗.

(a) Show that if 𝐴 is a pointed retract of 𝑋 , then Ω (𝐴) is a pointed
retract of Ω (𝑋).

(b) Show that if 𝐴 is a pointed retract of 𝑋 and 𝜋𝑛 (𝑋) is a trivial group,
then 𝜋𝑛 (𝐴) is a trivial group.

27.3 Construct by path induction a family of maps∏
(𝐴,𝐵:U)

∏
(𝑎:𝐴)

∏
(𝑏:𝐵) ((𝐴, 𝑎) = (𝐵, 𝑏)) →

∑
(𝑒:𝐴≃𝐵)𝑒(𝑎) = 𝑏,

and show that this map is an equivalence. In other words, an identification
of pointed types is a base point preserving equivalence.

27.4 Let (𝐴, 𝑎) and (𝐵, 𝑏) be two pointed types. Construct by path induction a
family of maps∏
( 𝑓 ,𝑔:𝐴→𝐵)

∏
(𝑝: 𝑓 (𝑎)=𝑏)

∏
(𝑞:𝑔 (𝑎)=𝑏) (( 𝑓 , 𝑝)= (𝑔, 𝑞)) →

∑
(𝐻: 𝑓∼𝑔) 𝑝 = 𝐻 (𝑎)�𝑞,

and show that this map is an equivalence. In other words, an identification
of pointed maps is a base point preserving homotopy.
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27.5 Show that if 𝐴← 𝑆 → 𝐵 is a span of pointed types, then for any pointed
type 𝑋 the square

(𝐴 ⊔𝑆 𝐵→∗ 𝑋) (𝐵→∗ 𝑋)

(𝐴→∗ 𝑋) (𝑆 →∗ 𝑋)

←→

←→ ←→

← →

is a pullback square.
27.6 Let 𝑓 : 𝐴→∗ 𝐵 be a pointed map. Show that the following are equivalent:

(i) 𝑓 is an equivalence.
(ii) For any pointed type 𝑋 , the precomposition map

– ◦∗ 𝑓 : (𝐵→∗ 𝑋) →∗ (𝐴→∗ 𝑋)

is an equivalence.

27.7 In this exercise we prove the suspension-loopspace adjunction.

(a) Construct a pointed equivalence

𝜏𝑋,𝑌 : (Σ(𝑋) →∗ 𝑌 ) ≃∗ (𝑋 → Ω (𝑌 ))

for any two pointed spaces 𝑋 and 𝑌 .
(b) Show that for any 𝑓 : 𝑋 →∗ 𝑋 ′ and 𝑔 : 𝑌 ′ →∗ 𝑌 , there is a pointed

homotopy witnessing that the square

(Σ(𝑋 ′) →∗ 𝑌 ′) (𝑋 ′ →∗ Ω (𝑌 ′))

(Σ(𝑋) →∗ 𝑌 ) (𝑋 →∗ Ω (𝑌 ))

← →
𝜏𝑋′ ,𝑌 ′

←→ℎ ↦→𝑔◦ℎ◦Σ ( 𝑓 ) ←→ ℎ ↦→Ω (𝑔)◦ℎ◦ 𝑓

← →𝜏𝑋,𝑌

27.8 Show that if
𝐶 𝐵

𝐴 𝑋

←→

←→ ←→

←→

is a pullback square of pointed types, then so is

Ω (𝐶) Ω (𝐵)

Ω (𝐴) Ω (𝑋).

←→

←→ ←→

←→

27.9 (a) Show that if 𝑋 is 𝑘-truncated, then its 𝑛-th homotopy group 𝜋𝑛 (𝑋)
is trivial for each choice of base point, and each 𝑛 > 𝑘 .
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(b) Show that if 𝑋 is (𝑘 + 𝑙)-truncated, and for each 0 < 𝑖 ≤ 𝑙 the
(𝑘 + 𝑖)-th homotopy groups 𝜋𝑘+𝑖 (𝑋) are trivial for each choice of
base point, then 𝑋 is 𝑘-truncated.

It is consistent to assume that there are types for which all homotopy
groups are trivial, but which aren’t contractible nonetheless. Such types
are called∞-connected.

27.10 Consider a cospan

𝐴 𝑋 𝐵

←→𝑓 ←→𝑔

of pointed types and pointed maps between them.

(a) Define the type of pointed cones cone∗ (𝐶), where the vertex 𝐶 is a
pointed type. Also characterize its identity type.

(b) Define for any pointed cone (𝑝, 𝑞, 𝐻) with vertex 𝐶 the map

cone-map∗ (𝑝, 𝑞, 𝐻) : (𝐶′ →∗ 𝐶) → cone∗ (𝐶′).

Now we can say that the cone (𝑝, 𝑞, 𝐻) satisfies the universal
property of the pointed pullback of the cospan 𝐴→ 𝑋 ← 𝐴 if this
map is an equivalence for each pointed type 𝐶′.

(c) Now consider a commuting square

𝐶 𝐵

𝐴 𝑋,
←→𝑞

←→𝑝 ←→ 𝑔

←→
𝑓

where 𝑓 and 𝑔 are assumed to be pointed maps between pointed
types (they come equipped with 𝛼 : 𝑓 (𝑎0) = 𝑥0 and 𝛽 : 𝑔(𝑏0) = 𝑥0,
respectively). Show that if 𝐶 is a pullback (in the usual unpointed
sense), then 𝐶 can be given the structure of a pointed pullback in a
unique way, i.e., show that the type of

𝑐0 : 𝐶

𝛾 : 𝑝(𝑐0) = 𝑎0

𝛿 : 𝑞(𝑐0) = 𝑏0

Y : ap 𝑓 (𝛾) � 𝛼 = 𝐻 (𝑐0) � (ap𝑔 (𝛿) � 𝛽)

for which 𝐶 satisfies the universal property of a pointed pullback,
is contractible.

(d) Conclude that a commuting square of pointed types is a pointed
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pullback square if and only if the underlying square of unpointed
types is an ordinary pullback square.

27.11 Recall thatU∗ is the universe of pointed types.

(a) For any (𝐴, 𝑎) and (𝐵, 𝑏) inU∗, write (𝐴, 𝑎) ≃∗ (𝐵, 𝑏) for the type
of pointed equivalences from 𝐴 to 𝐵, i.e.,

(𝐴, 𝑎) ≃∗ (𝐵, 𝑏) B
∑
(𝑒:𝐴≃𝐵)𝑒(𝑎) = 𝑏.

Show that the canonical map(
(𝐴, 𝑎) = (𝐵, 𝑏)

)
→

(
(𝐴, 𝑎) ≃ (𝐵, 𝑏)

)
sending refl(𝐴,𝑎) to the pair (id, refl𝑎), is an equivalence.

(b) Construct for any pointed type (𝑋, 𝑥0) an equivalence(∑
(𝑃:𝑋→U)𝑃(𝑥0)

)
≃ ∑

( (𝐴,𝑎0 ):U∗ ) (𝐴, 𝑎0) →∗ (𝑋, 𝑥0).

27.12 Consider a pointed connected type 𝐴 with a finite fundamental group, and
let 𝐵 be a family over 𝐴 of types with finitely many connected components.
Show that the total space ∑

(𝑥:𝐴)𝐵(𝑥)

also has finitely many connected components.

28 The classifying type of a group

28.1 The Rezk-completion of a category
Theorem 28.1.1 Consider a functor 𝐹 : 𝐴 → 𝐵 into a (Rezk-complete)
category 𝐵. Then the following are equivalent:

(i) The functor 𝐹 satisfies the universal property of the Rezk-completion of 𝐴.
(ii) The functor 𝐹 is surjective on objects, and fits in a commuting diagram

𝐴 𝐵

Set𝐴
𝑜𝑝

← →𝐹

←→𝑦 ←→

𝑖

where 𝑖 is an embedding.
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28.2 Group actions
Definition 28.2.1 A 𝐺-set consists of a set 𝑋 equipped with a group homo-
morphism

𝜑 : 𝐺 → Aut(𝑋).

We will write 𝑔𝑥 B 𝜑(𝑔, 𝑥) for any 𝑔 : 𝐺 and 𝑥 : 𝑋 .

Remark 28.2.2 By the assumption that 𝜑 : 𝐺𝑜𝑝 → Aut(𝑋) is a group
homomorphism, we obtain that 1𝑥 = 𝑥 and (𝑔ℎ)𝑥 = 𝑔(ℎ𝑥) for any 𝑥 : 𝑋 .

Example 28.2.3 The underlying set of any group 𝐺 is automatically a 𝐺-set,
in the following way. Given an element 𝑔 : 𝐺, we obtain the automorphism
𝑥 ↦→ 𝑔𝑥 on 𝐺.This 𝐺-set is called the universal 𝐺-bundle, and we will simply
denote it by 𝐺.

28.3 The classifying type of a group
Our goal in this section is to construct the classifying type of an arbitrary group.

Definition 28.3.1 Consider a group 𝐺, and let 𝑋 be a pointed 1-type. We say
that 𝑋 is the classifying type of 𝐺 if 𝑋 is connected and comes equipped with a
group isomorphism

𝐺 � Ω (𝐵𝐺).

If 𝑋 is the classifying type of 𝐺, we will also write 𝐵𝐺 for 𝑋 .

Remark 28.3.2 We speak of the classifying type of a group 𝐺, suggesting
that it is unique. In Theorem 28.3.5 we will show that the classifying type of a
group indeed exists and is unique.

The concept of Eilenberg-Mac Lane spaces is closely related.

Definition 28.3.3 Consider a group 𝐺 and a pointed 1-type 𝑋 that comes
equipped with a group homomorphism

𝜑 : Grp(𝐺,Ω (𝑋)).

We say that 𝑋 satisfies the universal property of the Eilenberg-Mac Lane space
𝐾 (𝐺, 1) if the map

𝑓 ↦→ Ω ( 𝑓 ) ◦ 𝜑 : (𝑋 →∗ 𝑌 ) → Grp(𝐺,Ω (𝑌 ))

is an equivalence for every pointed 1-type 𝑌 .
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Remark 28.3.4 Any two pointed 1-types 𝑋 and 𝑌 equipped with group
homomorphisms 𝜑 : Grp(𝐺,Ω (𝑋)) and 𝜓 : Grp(𝐺,Ω (𝑌 )) that both satisfy
the universal property of the Eilenberg-Mac Lane space 𝐾 (𝐺, 1) are uniquely
equivalent. Indeed, by their universal properties, we obtain that the type of
pointed equivalences 𝑒 : 𝑋 ≃∗ 𝑌 such that the triangle of group homomorphisms

𝐺

Ω (𝑋) Ω (𝑌 )

←→𝜑 ←→

𝜓

←→
Ω (𝑒)

commutes, is contractible.
Since the pointed 1-types that satisfy the universal property of the Eilenberg-

Mac Lane space 𝐾 (𝐺, 1) are uniquely unique in the above sense, we will simply
write 𝐾 (𝐺, 1) for any such space.

Theorem 28.3.5 Consider a group 𝐺 and a pointed 1-type 𝑋 . Then the
following are equivalent:

(i) The type 𝑋 is connected and it comes equipped with a group isomorphism

𝜑 : 𝐺 � Ω (𝑋).

(ii) The type 𝑋 is connected and fits in a commuting triangle

1 𝑋

𝐺-Set

← →ℎ

←→pt𝐺

←→

𝑖

where the map pt𝐺 points at the universal 𝐺-set, and the map 𝑖 is an
embedding.

(iii) The type 𝑋 satisfies the universal property of the Eileberg-Mac Lane
space 𝐾 (𝐺, 1).

We conclude that for every group 𝐺 there is a unique pointed connected 1-type
𝐵𝐺 equipped with group isomorphism

𝐺 � Ω (𝐵𝐺).

Proof We first show that (i) implies (ii). Suppose that 𝑋 is connected and
comes equipped with an isomorphism

𝜑 : 𝐺 � Ω (𝑋).

First we have construct a map 𝑖 : 𝑋 → 𝐺-Set. Given 𝑥 : 𝑋 , we define the 𝐺-Set
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𝑖(𝑥) to be 𝑥0 = 𝑥. This is indeed a 𝐺-set, because for each 𝑔 : 𝐺 we have the
automorphism

concat(𝜑(𝑔)) : (𝑥0 = 𝑥) ≃ (𝑥0 = 𝑥),

and since 𝜑 is assumed to be a group isomorphism it follows that

𝜑(𝑔ℎ) � 𝑝 = (𝜑(𝑔) � 𝜑(ℎ)) � 𝑝 = 𝜑(𝑔) � (𝜑(ℎ) � 𝑝)

and 𝜑(1) � 𝑝 = refl � 𝑝 = 𝑝.
Next, we have to show that the triangle in Item (ii) commutes. In other words,

we have to show that 𝑖(𝑥0) is the universal 𝐺-set. This is immediate from the
isomorphism 𝜑 : 𝐺 � (𝑥0 = 𝑥0).

It remains to show that the map 𝑖 is an embedding. Since 𝑋 is assumed to be
connected, it suffices to show that

ap𝑖 : (𝑥0 = 𝑥) → (𝑖(𝑥0) = 𝑖(𝑥))

is an equivalence, for any 𝑥 : 𝑋 . Equivalently, we have to show that
∑
(𝑥:𝑋) 𝑖(𝑥0) =

𝑖(𝑥) is contractible. Computing the identity type 𝑖(𝑥0) = 𝑖(𝑥), we see that it is
equivalent to show that the type∑

(𝑥:𝑋)
∑
(𝑒:(𝑥0=𝑥0 )≃(𝑥0=𝑥 ) )

∏
(𝑔:𝑥0=𝑥0 )𝑒(𝑔) = 𝑔 · 𝑒(refl)

is contractible. Since the type
∑
(𝑝:𝑥0=𝑥 ) 𝑒(refl) = 𝑝 is contractible, it follows

that the type above is equivalent to the type∑
(𝑒:(𝑥0=𝑥0 )≃(𝑥0=𝑥0 ) )

∑
(𝑞:𝑒 (refl )=refl )

∏
(𝑔:𝑥0=𝑥0 )𝑒(𝑔) = 𝑔

Any 𝑒 in the above type must be the identity equivalence. Therefore it follows—
using the assumption that 𝑋 is a 1-type, and therefore that the type 𝑒(refl) = refl
is a proposition—that the above type is contractible. This completes the proof
that (i) implies (ii).

Next, we show that (ii) implies (iii). Suppose that 𝑋 satisfies the condition
in (ii). Then the map 1→ 𝑋 is surjective, so it follows from Theorem 15.2.5
that the embedding 𝑖 : 𝑋 → 𝐺-Set satisfies the universal property of the image
inclusion of pt𝐺 : 1→ 𝐺-Set.

Now let 𝑌 be a pointed 1-type equipped with a group homomorphism

𝜓 : 𝐺 → Ω𝑌 .

Our goal is to show that there is a unique □

Example 28.3.6 The circle is the classifying type of ℤ, i.e. we have

S1 = 𝐵ℤ = 𝐾 (ℤ, 1).
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Example 28.3.7 For any set 𝐴, the type∑
(𝑋:Set) ∥𝐴 = 𝑋 ∥

is the classifying type of the automorphism group Aut(𝐴).

Exercises
28.1 Using the classifying type 𝐵𝐺 of a group 𝐺, we say that a 𝐺-type is

simply a map

𝐵𝐺 →U.

If 𝑋 : 𝐵𝐺 →U is a 𝐺-type such that 𝑋 (∗) = 𝐴, we also say that 𝐴 has
the structure of a 𝐺-type, and we write

𝐴//𝐺 B ∑
(𝑥:𝐵𝐺)𝑋 (𝑥).

(a) Show that a 𝐺-set is equivalently defined as a map

𝐵𝐺 → Set.

(b) For any group 𝐺, show that the type of (unpointed) equivalences
𝐵𝐺 ≃ 𝐵𝐺 can be given the structure of a transitive Aut(𝐺)-type,
i.e., an Aut(𝐺)-type such that the type

(𝐵𝐺 ≃ 𝐵𝐺)//Aut(𝐺)

is connected.

28.2 (Unsolved in HoTT, see [HarpeDuff]) Show that the type

ΣBAut(ℕ)

is contractible.
28.3 Show that for 𝑛 ≠ 2, 6, the type of groups merely equal to S𝑛 is equivalent

to 𝐵S𝑛.
28.4 Show that the following are equivalent, for a group 𝐺:

(i) The group 𝐺 is abelian.
(ii) There is an equivalence

(𝑥 = 𝑥) ≃ 𝐺

for every 𝑥 : 𝐵𝐺.
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(iii) There is a homotopy witnessing that the square

𝐵𝐺 × 𝐺 𝐵𝐺

𝐵𝐺 𝐵𝐺 × 𝐵𝐺

← →pr1

←→pr1 ←→ 𝛿

← →
𝛿

commutes, such that it is also a pullback square.

28.5 A map 𝑓 : 𝐴→ 𝐵 is called weakly 1-constant if it comes equipped with
a homotopy 𝐻 :

∏
(𝑥,𝑦:𝐴) 𝑓 (𝑥) = 𝑓 (𝑦) such that

` :
∏
(𝑥,𝑦,𝑧:𝐴)𝐻 (𝑥, 𝑦) � 𝐻 (𝑦, 𝑧) = 𝐻 (𝑥, 𝑧)

a :
∏
(𝑥:𝐴)𝐻 (𝑥, 𝑥) = refl

We will write is-weakly-constant1 ( 𝑓 ) for the type of such triples (𝐻, `, a).
(a) Show that every map 𝑔 : ∥𝐴∥ → 𝐵 is weakly 1-constant. Use this

to obtain a map

𝛼 :
(
∥𝐴∥ → 𝐵

)
→

(∑
( 𝑓 :𝐴→𝐵) is-weakly-constant1 ( 𝑓 )

)
.

(b) Show that if 𝐵 is a 1-type, then the map 𝛼 is an equivalence. In
other words, show that every weakly 1-constant map 𝑓 : 𝐴 → 𝐵

into a 1-type 𝐵 has a unique extension

𝐴 𝐵.

∥𝐴∥

←→𝑓

←→[ ← →

28.6 Construct an equivalence (∑
(𝑋:𝔽2 )𝔽

𝑋
2

)
≃ 𝐵𝐷4,

where 𝐷4 is the dihedral group of order 8.

29 The Hopf fibration

Our goal in this section is to construct the Hopf fibration. The Hopf fibration is
a fiber sequence

S1 ↩→ S3 ↠ S2.
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More generally, we show that for any type 𝐴 equipped with a multiplicative
operation ` : 𝐴→ (𝐴→ 𝐴) for which `(𝑥, – ) and `(– , 𝑥) are equivalences,
there is a fiber sequence

𝐴 ↩→ 𝐴 ∗ 𝐴 ↠ Σ𝐴.

The construction of this fiber sequence is known as the Hopf construction. We
then get the Hopf fibration from the Hopf construction by using the multiplication
on S1 constructed in Section 20.3 after we show that S1 ∗ S1 ≃ S3.

We then introduce the long exact sequence of homotopy groups. The long
exact sequence is an important tool to compute homotopy groups which applies
to any fiber sequence

𝐹 ↩→ 𝐸 ↠ 𝐵.

In the case of the Hopf fibration, we will use the long exact sequence to show
that

𝜋𝑘 (S3) = 𝜋𝑘 (S2)

for any 𝑘 ≥ 3.
Since the Hopf fibration is closely related to the multiplication operation of

the complex numbers on the unit circle, the Hopf fibration is sometimes also
called the complex Hopf fibration. Indeed, there is also a real Hopf fibration

S0 ↩→ S1 ↠ S1.

This is just the double cover of the circle. There is even a quaternionic Hopf
fibration

S3 ↩→ S7 ↠ S4,

which uses the multiplication of the quaternionic numbers on the unit sphere.
The main difficulty in defining the quaternionic Hopf fibration in homotopy
type theory is to define the quaternionic multiplication

mulS3 : S3 → (S3 → S3).

The construction of the octonionic Hopf fibration

S7 ↩→ S15 ↠ S8

in homotopy type theory is still an open problem. Another open problem is to
formalize Adams’ theorem [1] in homotopy type theory, that there are no further
fiber sequences of the form

S𝑘 ↩→ S𝑙 ↠ S𝑚,

for 𝑘, 𝑙, 𝑚 ≥ 0.
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29.1 Fiber sequences
Definition 29.1.1 A short sequence of maps into a pointed type 𝐵 with base
point 𝑏 consists of maps

𝐹 𝐸 𝐵

←→𝑖 ←→𝑝

equipped with a homotopy 𝑝 ◦ 𝑖 ∼ const𝑏. We say that a short sequence as
above is an unpointed fiber sequence if the commuting square

𝐹 𝐸

1 𝐵

← →𝑖
←→const★ ←→ 𝑝

← →const𝑏

is a pullback square.

Definition 29.1.2 A short sequence of pointed maps into a pointed type 𝐵
with base point 𝑏 consists of pointed maps

𝐹 𝐸 𝐵

← →𝑖 ← →𝑝

equipped with a pointed homotopy 𝑝 ◦ 𝑖 ∼∗ const𝑏. We say that a short sequence
as above is an fiber sequence if the commuting square

𝐹 𝐸

1 𝐵

←→𝑖

←→const★ ←→ 𝑝

←→const𝑏

is a pullback square.

29.2 The Hopf construction
The Hopf construction is a general construction of a fiber sequence

𝐴 ↩→ 𝐴 ∗ 𝐴 ↠ Σ𝐴,

that applies to any H-space 𝐴. Our definition of an H-space is chosen such that
it provides only the necessary structure to apply the Hopf construction. We give
an unpointed and a pointed variant, and moreover we give a coherent variant
that is more closely related to the traditional definition of an H-space.

Definition 29.2.1
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(i) An unpointed H-space structure on a type 𝐴 consists of a multiplicative
operation

` : 𝐴→ (𝐴→ 𝐴)

such that `(𝑥, – ) and `(– , 𝑥) are equivalences, for each 𝑥 : 𝐴.
(ii) If 𝐴 is a pointed type with base point 𝑒 : 𝐴, then an H-space structure on

𝐴 is an unpointed H-space structure on 𝐴 equipped with an identification
`(𝑒, 𝑒) = 𝑒.

(iii) A coherent H-space structure on a pointed type 𝐴 with base point 𝑒 : 𝐴
consists of an unpointed H-space structure ` on 𝐴 that satisfies the unit
laws, i.e., ` comes equipped with identifications

left-unit` : `(𝑒, 𝑎) = 𝑎

right-unit` : `(𝑎, 𝑒) = 𝑎

coh-unit` : left-unit` (𝑒) = right-unit` (𝑒).

Example 29.2.2 The loop space Ω (𝐴) of any pointed type is a coherent
H-space, where the multiplication is given by path concatenation.

By an unpointed fiber sequence, we mean a sequence

𝐹 𝐸 𝐵←↪ →𝑖 𝑝

where only the type 𝐵 is assumed to be pointed (with base point 𝑏), and the
square

𝐹 𝐸

1 𝐵

←→𝑖

←→const★ ←→ 𝑝

←→const𝑏

is a pullback square.

Theorem 29.2.3 (The Hopf construction) Consider a type 𝐴 equipped with
an H-space structure `. Then there is an unpointed fiber sequence

𝐴 ↩→ 𝐴 ∗ 𝐴 ↠ Σ𝐴.

If 𝐴 and the 𝐻-space structure are pointed, then this unpointed fiber sequence
is an fiber sequence.
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Proof Note that there is a unique map ℎ : 𝐴 ∗ 𝐴→ Σ𝐴 such that the cube

𝐴 × 𝐴

𝐴 𝐴 𝐴

1 𝐴 ∗ 𝐴 1

Σ𝐴

←→`←→pr1

←

→
pr2

←→ ←

→
←

→
←→ ←→

←

→

←

→

←→ℎ ←→

commutes. Thus we see that we obtain a fiber sequence 𝐴 ↩→ 𝐴 ∗ 𝐴 ↠ Σ𝐴 if
we show that the front two squares are pullback squares. By the descent theorem,
Theorem 25.4.1, it suffices to show that the two squares in the back

𝐴 × 𝐴 𝐴 𝐴 × 𝐴 𝐴

𝐴 1 𝐴 1

←→pr1

←→`

←→

←→`

←→pr2 ←→

← → ← →

are pullback squares. We claim that in both squares, the multiplicative operation
` induces equivalences on the fibers, and hence both squares are pullbacks by
Theorem 22.5.3. To see this, note that the induced map on fibers fit in commuting
squares

fibpr1 (𝑥) fibconst★ (★) fibpr2 (𝑥) fibconst★ (★)

𝐴 𝐴 𝐴 𝐴.

←→

←→≃ ←→ ≃

←→

←→≃ ←→ ≃

← →
` (𝑥, – )

← →
` ( – ,𝑥 )

The claim now follows, since we have assumed that `(𝑥, – ) and `(– , 𝑥) are
equivalences for each 𝑥 : 𝑋 . □

Remark 29.2.4 The Hopf map ℎ constructed in Theorem 29.2.3 is the unique
map 𝐴 ∗ 𝐴→ Σ𝐴 equipped with identifications

𝑝 : N = ℎ(inl(𝑥))

𝑝′ : S = ℎ(inr(𝑥′))
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and an identification 𝑞 witnessing that the square

N ℎ(inl(𝑥))

S ℎ(inr(𝑥′))

⇐⇐merid(` (𝑥,𝑥′ ) )

⇐⇐𝑝

⇐⇐ apℎ (glue(𝑥,𝑥′ ) )

⇐⇐
𝑝′

commutes.

Corollary 29.2.5 There is a fiber sequence

S1 ↩→ S1 ∗ S1 ↠ S2.

Proof By Theorem 29.2.3 it suffices to construct an H-space structure on S1.
This H-space structure S1×S1 → S1 is determined by the complex multiplication
operation constructed in Definition 20.3.1. □

Lemma 29.2.6 The join operation is associative

Proof

𝐴 𝐴 × 𝐶 𝐴 × 𝐶

𝐴 × 𝐵 𝐴 × 𝐵 × 𝐶 𝐴 × 𝐶

𝐵 𝐵 × 𝐶 𝐶

←→ ←→
← →
←→

←→

←→

←→

← → ← →
←→

←→ ← →

□

Corollary 29.2.7 There is an equivalence S1 ∗ S1 ≃ S3.

Theorem 29.2.8 There is a fiber sequence S1 ↩→ S3 ↠ S2.

Lemma 29.2.9 Suppose 𝑓 : 𝐺 → 𝐻 is a group homomorphism, such that the
sequence

0 𝐺 𝐻 0←→ ←→𝑓 ←→

is exact at 𝐺 and 𝐻, where we write 0 for the trivial group consisting of just the
unit element. Then 𝑓 is a group isomorphism.

Corollary 29.2.10 We have 𝜋2 (S2) = ℤ, and for 𝑘 > 2 we have 𝜋𝑘 (S2) =
𝜋𝑘 (S3).
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29.3 The long exact sequence
Definition 29.3.1 A fiber sequence 𝐹 ↩→ 𝐸 ↠ 𝐵 consists of:

(i) Pointed types 𝐹, 𝐸 , and 𝐵, with base points 𝑥0, 𝑦0, and 𝑏0 respectively,
(ii) Base point preserving maps 𝑖 : 𝐹 →∗ 𝐸 and 𝑝 : 𝐸 →∗ 𝐵, with

𝛼 : 𝑖(𝑥0) = 𝑦0 and 𝛽 : 𝑝(𝑦0) = 𝑏0,
(iii) A pointed homotopy 𝐻 : const𝑏0 ∼∗ 𝑝 ◦∗ 𝑖 witnessing that the square

𝐹 𝐸

1 𝐵,

←→𝑖

←→ ←→ 𝑝

←→const𝑏0

commutes and is a pullback square.

Lemma 29.3.2 Any fiber sequence 𝐹 ↩→ 𝐸 ↠ 𝐵 induces a sequence of
pointed maps

Ω (𝐹) Ω (𝐸) Ω (𝐵) 𝐹 𝐸 𝐵,

←→Ω (𝑖) ←→Ω (𝑝) ←→𝜕 ←→𝑖 ←→𝑝

in which every two consecutive maps form a fiber sequence.

Proof By taking pullback squares repeatedly, we obtain the diagram

Ω (𝐹) 1

Ω (𝐸) Ω (𝐵) 1

1 𝐹 𝐸

1 𝐵.

←→Ω (𝑖)
← →

←→ constrefl𝑏0

← →Ω (𝑝)

←→
← →

←→𝜕 ←→ const𝑦0

← →const𝑥0

← →𝑖

←→ ←→ 𝑝

← →const𝑏0 □

Definition 29.3.3 We say that a consecutive pair of pointed maps between
pointed sets

𝐴 𝐵 𝐶

←→𝑓 ←→𝑔

is exact at 𝐵 if we have(
∃(𝑎:𝐴) 𝑓 (𝑎) = 𝑏

)
↔ (𝑔(𝑏) = 𝑐)

for any 𝑏 : 𝐵.
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Remark 29.3.4 If a pair of consecutive pointed maps between pointed sets

𝐴 𝐵 𝐶

←→𝑓 ←→𝑔

is exact at 𝐵, it directly that im( 𝑓 ) = fib𝑔 (𝑐). Indeed, such a pair of pointed
maps is exact at 𝐵 if and only if there is an equivalence 𝑒 : im( 𝑓 ) ≃ fib𝑔 (𝑐)
such that the triangle

im( 𝑓 ) fib𝑔 (𝑐)

𝐵

←

→

←→𝑒

←→
commutes. In other words, im( 𝑓 ) and fib𝑔 (𝑐) are equal as subsets of 𝐵.

Lemma 29.3.5 Suppose 𝐹 ↩→ 𝐸 ↠ 𝐵 is a fiber sequence. Then the sequence

∥𝐹∥0 ∥𝐸 ∥0 ∥𝐵∥0←→∥𝑖 ∥0 ←→∥ 𝑝∥0

is exact at ∥𝐸 ∥0.

Proof To show that the image im ∥𝑖∥0 is the fiber fib∥ 𝑝∥0 (|𝑏0 |0), it suffices to
construct a fiberwise equivalence∏

(𝑥:∥𝐸 ∥0 ) ∥fib∥𝑖 ∥0 (𝑥)∥−1 ≃ ∥𝑝∥0 (𝑥) = |𝑏0 |0.

By the universal property of 0-truncation it suffices to show that∏
(𝑥:𝐸 ) ∥fib∥𝑖 ∥0 ( |𝑥 |0)∥−1 ≃ ∥𝑝∥0 (|𝑥 |0) = |𝑏0 |0.

First we note that

∥𝑝∥0 ( |𝑥 |0) = |𝑏0 |0 ≃ |𝑝(𝑥) |0 = |𝑏0 |0
≃ ∥𝑝(𝑥) = 𝑏0∥−1.

Next, we note that

fib∥𝑖 ∥0 (|𝑥 |0) ≃
∑
(𝑦:∥𝐹 ∥0 ) ∥𝑖∥0 (𝑦) = |𝑥 |0

≃ ∥∑(𝑦:𝐹 ) ∥𝑖∥0 ( |𝑦 |0) = |𝑥 |0∥0

≃ ∥∑(𝑦:𝐹 ) |𝑖(𝑦) |0 = |𝑥 |0∥0

≃ ∥∑(𝑦:𝐹 ) ∥𝑖(𝑦) = 𝑥∥−1∥0.

Therefore it follows that

∥fib∥𝑖 ∥0 ( |𝑥 |0)∥−1 ≃ ∥
∑
(𝑦:𝐹 ) ∥𝑖(𝑦) = 𝑥∥−1∥−1

≃ ∥∑(𝑦:𝐹 ) 𝑖(𝑦) = 𝑥∥−1

mailto:egbert.rijke@fmf.uni-lj.si
https://hott.zulipchat.com


This material will be published by Cambridge University Press as Introduction to Homotopy Type Theory by Egbert Rĳke. This pre-publication
version is free to view and download for personal use only. Not for re-distribution, re-sale or use in derivative works. © Egbert Rĳke 2020

The best way to support this book while it is still being prepared for publication, is to let the author know if you find inaccuracies of any kind at
Q egbert.rĳke@fmf.uni-lj.si, or at the homotopy type theory chat at  https://hott.zulipchat.com.

There are 306 exercises.

Ljubljana, April 8, 2022

374 Synthetic Homotopy Theory

Now it suffices to show that
( ∑
(𝑦:𝐹 ) 𝑖(𝑦) = 𝑥

)
≃ 𝑝(𝑥) = 𝑏0. This follows by the

pasting lemma of pullbacks

(𝑝(𝑥) = 𝑏0) 1

𝐹 𝐸

1 𝐵

←→

←→ ←→

← →

←→ ←→

← →
□

Theorem 29.3.6 Any fiber sequence 𝐹 ↩→ 𝐸 ↠ 𝐵 induces a long exact
sequence on homotopy groups

· · ·

𝜋𝑛 (𝐹) 𝜋𝑛 (𝐸) 𝜋𝑛 (𝐵)

𝜋1 (𝐹) 𝜋1 (𝐸) 𝜋1 (𝐵)

𝜋0 (𝐹) 𝜋0 (𝐸) 𝜋0 (𝐵)

←

→ ←→𝜋𝑛 (𝑖) ←→𝜋𝑛 (𝑝) ←

→ ←→𝜋1 (𝑖) ←→𝜋1 (𝑝) ←
→ ←→𝜋0 (𝑖) ←→𝜋0 (𝑝)

29.4 The universal complex line bundle
Definition 29.4.1 A coherently associative unpointed H-space structure on
a type 𝑋 consists of

29.5 The finite dimensional complex projective spaces
Remark 29.5.1 The universe of types that are merely equal to the circle does
not classify complex line bundles.

Exercises
29.1 Consider an unpointed H-space 𝑋 of which the multiplication is associative,

and consider 𝑥 : 𝑋 . Construct a unit for the multiplication, and show that
it satisfies the coherent unit laws.
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29.2 (a) Show that the type of associative unpointed H-space structures on
bool is equivalent to bool.

(b) Show that the type of associative (pointed) H-space structures on
(bool, true) is contractible.

29.3 Show that any fiber sequence

𝐹 ↩→ 𝐸 ↠ 𝐵

where the base points are 𝑥0 : 𝐵, 𝑦0 : 𝐹, and 𝑧0 : 𝐸 induces a fiber
sequence of connected components

BAut(𝑦0) ↩→ BAut(𝑧0) ↠ BAut(𝑥0).

29.4 Show that there is a fiber sequence

S3 ↩→ S2 ↠ ∥S2∥2,

where the map S2 → ∥S2∥2 is the unit of the 2-truncation.
29.5 Show thatℂP∞ is a coherent H-space. Note: the 2-sphere is not an H-space,

and yet its 2-truncation is!
29.6 Construct for every group 𝐺 of order 𝑛 + 1 a fiber sequence

𝐺
∨
(𝑖:Fin

𝑛2 ) S
1 ∨

(𝑖:Fin𝑛 ) S
1←↪ →

29.7 Show that there is a fiber sequence

ℝP∞ ↩→ ℂP∞ ↠ ℂP∞.

29.8 Show that the type of (small) fiber sequences is equivalent to the type of
quadruples (𝐵, 𝑃, 𝑏0, 𝑥0), consisting of

𝐵 : U

𝑃 : 𝐵→U

𝑏0 : 𝐵

𝑥0 : 𝑃(𝑏0).

30 The real projective spaces

30.1 The type of 2-element sets
Theorem 30.1.1 The type ∑

(𝑋:Ubool )𝑋

is contractible.
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Corollary 30.1.2 For any 2-element type 𝑋 , the map

(bool = 𝑋) → 𝑋

given by 𝑝 ↦→ trT (𝑝, true) is an equivalence.

30.2 Classifying real line bundles

30.3 The finite dimensional real projective spaces

31 Truncations

Truncation is a universal way of turning an arbitrary type into a 𝑘-truncated type.
We have already seen the propositional truncation of a type 𝑋 in Section 14,
which is the proposition that 𝑋 is merely inhabited, and the set truncation of 𝑋 in
Section 27.3, which is the set of connected components of 𝑋 . The 𝑘-truncation
is a generalization of the propositional truncation and the set truncation to an
arbitrary truncation level 𝑘 .

We construct the truncations by recursion on 𝑘 . The base case 𝑘 � −2 is just
the operation that sends a type 𝑋 to the unit type 1, because up to equivalence
there is only one contractible type. For the inductive step, we need to construct
the (𝑘 + 1)-truncation assuming that the 𝑘-truncation of an arbitrary type in a
fixed universeU exists. Our construction of the (𝑘 + 1)-truncation is a direct
generalization of the construction of the set truncation as a set quotient, where
we quotient out the equivalence relation

(𝑥 ∼ 𝑦) B ∥𝑥 = 𝑦∥−1.

The idea is simple: if ∥𝑋 ∥𝑘+1 is to be the universal (𝑘 + 1)-truncated type
equipped with a map |– |𝑘+1 : 𝑋 → ∥𝑋 ∥𝑘+1, then it has to be the case that

( |𝑥 |𝑘+1 = |𝑥′ |𝑘+1) ≃ ∥𝑥 = 𝑦∥𝑘 .

We prove that this is indeed the case in Corollary 31.2.7.
The construction of the (𝑘 + 1)-truncation as a quotient is different than the

construction of the (𝑘 + 1)-truncation that appears in [5] as a higher inductive
type. This construction is based on the observation that a type 𝑋 is 𝑘-truncated
if and only if every map S𝑘+1 → 𝑋 is constant. In other words, for every map
𝑓 : S𝑘+1 → 𝑋 into a 𝑘-type 𝑋 , there is a point 𝑥 : 𝑋 and a family of paths
𝑝(𝑡) : 𝑥 = 𝑓 (𝑡). If we think of 𝑓 as a ‘wheel’ in 𝑋 , then 𝑥 is the hub at the
center of the wheel, and the paths 𝑝(𝑡) are the spokes. This leads to defining the
𝑘-truncation of a type 𝑋 by the hubs-and-spokes method. In Section 31.3 we
show that the 𝑘-truncation of a type is such a higher inductive type.
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31.1 The universal property of the truncations
Definition 31.1.1 Let 𝑋 be a type. A map 𝑓 : 𝑋 → 𝑌 into an 𝑘-type𝑌 is said to
satisfy the universal property of the 𝑘-truncation of 𝑋 if the precomposition
map

– ◦ 𝑓 : (𝑌 → 𝑍) → (𝑋 → 𝑍)

is an equivalence for every 𝑘-type 𝑍 .

Remark 31.1.2 A map 𝑓 : 𝑋 → 𝑌 into an 𝑘-type 𝑌 satisfies the universal
property of 𝑘-truncation if of for every 𝑔 : 𝑋 → 𝑍 the type of extensions

𝑋

𝑌 𝑍

←

→
𝑔←→𝑓

←→
is contractible. Indeed, the type of such extensions is the type∑

(ℎ:𝑌→𝑍 )ℎ ◦ 𝑓 ∼ 𝑔,

which is equivalent to the fiber of the precomposition map – ◦ 𝑓 at 𝑔.

In the following proposition we show that if a map 𝑓 : 𝑋 → 𝑌 into a 𝑘-type
𝑌 satisfies the universal property of the 𝑘-truncation of 𝑋 , then 𝑓 also satisfies
the dependent elimination property.

Proposition 31.1.3 Suppose the map 𝑓 : 𝑋 → 𝑌 into an 𝑘-type 𝑌 . The
following are equivalent:

(i) The map 𝑓 satisfies the universal property of 𝑘-truncation.
(ii) For any family 𝑃 of 𝑘-types over 𝑌 , the precomposition map

– ◦ 𝑓 :
(∏

(𝑦:𝑌 )𝑃(𝑦)
)
→

(∏
(𝑥:𝑋)𝑃( 𝑓 (𝑥))

)
is an equivalence. This property is also called the dependent universal
property of the 𝑘-truncation.

Proof The fact that (ii) implies (i) is immediate, so we only have to prove the
converse.

Suppose 𝑃 is a family of 𝑘-truncated types over𝑌 . Then we have a commuting
square (

𝑌 → ∑
(𝑦:𝑌 ) 𝑃(𝑦)

) (
𝑋 → ∑

(𝑦:𝑌 ) 𝑃(𝑦)
)

(
𝑌 → 𝑌

) (
𝑋 → 𝑌 )

←→–◦ 𝑓

←→pr1◦– ←→ pr1◦–

← →
–◦ 𝑓
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Since the total space
∑
(𝑦:𝑌 ) 𝑃(𝑦) is again 𝑘-truncated by Exercise 12.6, it

follows by the universal property of the 𝑘-truncation that the top map is an
equivalence, and by the universal property the bottom map is an equivalence
too. It follows from Corollary 22.5.5 that this square is a pullback square, so it
induces equivalences on the fibers by Theorem 22.5.3. In particular we have a
commuting square(∏

(𝑦:𝑌 )𝑃(𝑦)
) (∏

(𝑥:𝑋)𝑃( 𝑓 (𝑥))
)

fib(pr1◦– ) (id𝑌 ) fib(pr1◦– ) ( 𝑓 )

←→
←→ ←→

← →

in which the left and right maps are equivalences by Corollary 13.2.3, and the
bottom map is an equivalence as we have just established. Therefore the top
map is an equivalence, so we conclude that 𝑓 satisfies the dependent universal
property. □

Just as for pullbacks, pushouts, and the many other types characterized by a
universal property, the 𝑘-truncation of a type is unique once it exists. We prove
this in the following proposition and its corollary.

Proposition 31.1.4 Consider a commuting triangle

𝑋

𝑌 𝑌 ′

←→𝑓 ←→𝑓
′

←→
ℎ

where 𝑌 and 𝑌 ′ are assumed to be 𝑘-types. If any two of the following three
properties hold, so does the third:

(i) The map 𝑓 : 𝑋 → 𝑌 satisfies the universal property of the 𝑘-truncation of
𝑋 .

(ii) The map 𝑓 ′ : 𝑋 → 𝑋 ′ satisfies the universal property of the 𝑘-truncation
of 𝑋 .

(iii) The map ℎ is an equivalence.

Proof The claim follows by the 3-for-2 property of equivalences, since we
have a commuting triangle

𝑍𝑌
′

𝑍𝑌

𝑍𝑋

← →–◦ℎ

←→–◦ 𝑓 ′

←→

–◦ 𝑓
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for any 𝑘-type 𝑍 . □

Corollary 31.1.5 Consider two maps 𝑓 : 𝑋 → 𝑌 and 𝑓 ′ : 𝑋 → 𝑌 ′ into
𝑘-types 𝑌 and 𝑌 ′, and suppose that both 𝑓 and 𝑓 ′ satisfy the universal property
of the 𝑘-truncation of 𝑋 . Then the type of equivalences 𝑒 : 𝑌 ≃ 𝑌 ′ equipped
with a homotopy witnessing that the triangle

𝑋

𝑌 𝑌 ′

←→𝑓 ←→𝑓
′

←→𝑒
commutes is contractible.

31.2 The construction of the (𝑘 + 1)-truncation as a quotient
Definition 31.2.1 Consider a universeU. We say thatU has 𝑘-truncations
if for every type 𝑋 : U there is a map 𝑓 : 𝑋 → 𝑌 into a 𝑘-type 𝑌 : U that
satisfies the universal property of the 𝑘-truncation of 𝑋 .

Remark 31.2.2 Note that the universal property of 𝑘-truncations is formulated
with respect to all 𝑘-types, and not only with respect to the 𝑘-types inU.

We will use the following proposition to prove the universal property of the
(𝑘 + 1)-truncation. In fact, the converse of the following proposition also holds,
and we prove it below in Theorem 31.2.6.

Proposition 31.2.3 Consider a map 𝑓 : 𝑋 → 𝑌 into a (𝑘 + 1)-type 𝑌 . If 𝑓 is
surjective, and its action on paths

ap 𝑓 : (𝑥 = 𝑥′) → ( 𝑓 (𝑥) = 𝑓 (𝑥′))

satisfies the universal property of the 𝑘-truncation of 𝑥 = 𝑥′, then 𝑓 satisfies the
universal property of the (𝑘 + 1)-truncaton of 𝑋 .

Proof Consider a map 𝑔 : 𝑋 → 𝑍 into a (𝑘 + 1)-type 𝑍 . Our goal is to show
that 𝑔 extends uniquely along 𝑓 to a map ℎ : 𝑌 → 𝑍 . We claim that for any
𝑦 : 𝑌 , the type of extensions

fib 𝑓 (𝑦)

1 𝑍

←→ ←

→
𝑔◦pr1

← →

is contractible. In other words, on each of the fibers of 𝑓 , the map 𝑔 is constant in
a unique way. Since 𝑓 is assumed to be surjective, it follows by Proposition 15.2.3
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that it suffices to prove the above extension property for 𝑦 � 𝑓 (𝑥), for each
𝑥 : 𝑋 . In other words, we have to show that the type∑

(𝑧:𝑍 )
∏
(𝑥′:𝑋) ( 𝑓 (𝑥) = 𝑓 (𝑥′)) → (𝑧 = 𝑔(𝑥′))

is contractible for each 𝑥 : 𝑋 .
Note that the type 𝑧 = 𝑔(𝑥′) is 𝑘-truncated, and that the map ap 𝑓 is assumed

to satisfy the universal property of the 𝑘-truncation of 𝑥 = 𝑥′. Therefore it is
equivalent to show that the type∑

(𝑧:𝑍 )
∏
(𝑥′:𝑋) (𝑥 = 𝑥′) → (𝑧 = 𝑔(𝑥′))

is contractible. This is immediate by the universal property of the identity
type (Theorem 13.3.3), and the fact that

∑
(𝑧:𝑍 ) 𝑧 = 𝑔(𝑥′) is contractible

(Corollary 10.4.7).
It follows by Theorem 13.1.2 that the product∏

(𝑦:𝑌 )
∑
(𝑧:𝑍 )

∏
(𝑥:𝑋) (𝑦 = 𝑓 (𝑥)) → (𝑧 = 𝑔(𝑥))

is contractible. Since Π distributes over Σ by Theorem 13.2.1, we obtain that
the type of functions ℎ : 𝑌 → 𝑍 equipped with a homotopy ℎ ◦ 𝑓 ∼ 𝑔 is
contractible. □

Before we show that any universe has 𝑘-truncations for arbitrary 𝑘 , we prove
a truncated version of the type theoretic Yoneda lemma under the assumption
thatU has 𝑘-truncations for a given 𝑘 .

Lemma 31.2.4 SupposeU is a universe that has 𝑘-truncations

|– |𝑘 : 𝑋 → ∥𝑋 ∥𝑘

for a given 𝑘 ≥ −2, and consider a family 𝑃 of types over 𝑋 . We make two
claims:

(i) The evaluation function(∏
(𝑦:𝑋) ∥𝑥 = 𝑦∥𝑘 → ∥𝑃(𝑦)∥𝑘

)
→ ∥𝑃(𝑥)∥𝑘

given by ℎ ↦→ ℎ𝑥 (|refl𝑥 |𝑘), is an equivalence.
(ii) If the total space of 𝑃 is contractible, then the evaluation function(∏

(𝑦:𝑋) ∥𝑥 = 𝑦∥𝑘 ≃ ∥𝑃(𝑦)∥𝑘
)
→ ∥𝑃(𝑥)∥𝑘

given by 𝑒 ↦→ 𝑒𝑥 ( |refl𝑥 |𝑘), is an equivalence.
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Proof The first claim follows immediately by the universal property of the
𝑘-truncation of 𝑥 = 𝑦 and the type theoretical Yoneda lemma (Theorem 13.3.3).

To prove the second claim, we first observe that the inclusion of equivalences
into all maps induces an embedding that fits in a commuting triangle(∏

(𝑦:𝑋) ∥𝑥 = 𝑦∥𝑘 ≃ ∥𝑃(𝑦)∥𝑘
) (∏

(𝑦:𝑋) ∥𝑥 = 𝑦∥𝑘 → ∥𝑃(𝑦)∥𝑘
)

∥𝑃(𝑥)∥𝑘 .

←↪ →

←

→ev|refl𝑥 |𝑘

←→ ev|refl𝑥 |𝑘

The evaluation map on the right is an equivalence, and we have to show that if
the total space

∑
(𝑦:𝑋) 𝑃(𝑦) is contractible, then the evaluation map on the left

is an equivalence. We do this by showing that the top map is an equivalence.
To see this, note that we have a commuting diagram(∏

(𝑦:𝑋) (𝑥 = 𝑦) ≃ 𝑃(𝑦)
) (∏

(𝑦:𝑋) (𝑥 = 𝑦) → 𝑃(𝑦)
)

𝑃(𝑥)

(∏
(𝑦:𝑋) ∥𝑥 = 𝑦∥𝑘 ≃ ∥𝑃(𝑦)∥𝑘

) (∏
(𝑦:𝑋) ∥𝑥 = 𝑦∥𝑘 → ∥𝑃(𝑦)∥𝑘

)
∥𝑃(𝑥)∥𝑘

←→𝑒 ↦→_𝑦. ∥𝑒𝑦 ∥𝑘

←↪ → ← →ev-refl

←→ℎ ↦→_𝑦. ∥ℎ𝑦 ∥𝑘

←→

←↪ → ← →ev|refl𝑥 |𝑘

In the top row of this diagram we have a concatenation of equivalences: the
first map is an equivalence by the fundamental theorem of identity types, and
the second map is an equivalence by Theorem 13.3.3. The second map in the
bottom row is an equivalence by the first claim of this lemma. Therefore it
follows that the vertical map in the middle satisfies the universal property of the
𝑘-truncation. Since the type at the bottom left is 𝑘-truncated, we obtain by the
universal property of the 𝑘-truncation a section of the embedding in the bottom
row, which proves the claim. □

Theorem 31.2.5 Any univalent universeU that is closed under pushouts has
𝑘-truncations, for every truncation level 𝑘 . We will write

|– |𝑘 : 𝑋 → ∥𝑋 ∥𝑘

for the 𝑘-truncation of 𝑋 .

Proof It is easy to see that the terminal projection 𝑋 → 1 is a (−2)-truncation,
for any type 𝑋 . Thus, any universe has (−2)-truncations.

We will proceed by induction on 𝑘 . Our inductive hypothesis is thatU has
𝑘-truncations, and our goal is to show thatU has (𝑘 + 1)-truncations. The idea
of the construction is very similar to the construction of the set quotient by an
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equivalence relation. Consider the type-valued relation 𝑅𝑘 : 𝑋 → (𝑋 → U)
given by

𝑅𝑘 (𝑥, 𝑥′) B ∥𝑥 = 𝑥′∥𝑘 .

Analogous to the definition of set quotients, we define

∥𝑋 ∥𝑘+1 B im(𝑅𝑘),

which comes equipped with a surjective map 𝑞 : 𝑋 → ∥𝑋 ∥𝑘+1. Note that the
image of 𝑅 : 𝑋 → (𝑋 →U) is (essentially) small by Theorem 26.6.11. To see
that 𝑞 : 𝑋 → ∥𝑋 ∥𝑘+1 satisfies the universal property of the (𝑘 + 1)-truncation
of 𝑋 , we apply Proposition 31.2.3. Therefore it remains to show that the action
on paths

ap𝑞 : (𝑥 = 𝑥′) → (𝑞(𝑥) = 𝑞(𝑥′))

satisfies the universal property of the 𝑘-truncation of 𝑥 = 𝑥′. Since 𝑞 is the
surjective map in the image factorization of 𝑅𝑘 , it is equivalent to show that the
action on paths

ap𝑅 : (𝑥 = 𝑥′) → (𝑅𝑘 (𝑥) = 𝑅𝑘 (𝑥′))

satisfies the universal property of the 𝑘-truncation of 𝑥 = 𝑥′. Note that we have
a commuting triangle

(𝑥 = 𝑥′)

(
𝑅𝑘 (𝑥) = 𝑅𝑘 (𝑥′)

) (∏
(𝑦:𝑋) ∥𝑥 = 𝑦∥𝑘 ≃ ∥𝑥′ = 𝑦∥𝑘

)
,

←→

ap𝑅𝑘 ←

→

←→≃

where the bottom map is an equivalence by function extensionality and the
univalence axiom. Therefore it suffices to show that the map on the right of
this triangle, which is the unique map that sends refl𝑥 to the family of identity
equivalences, satisfies the universal property of the 𝑘-truncation of 𝑥 = 𝑥′.

This map fits in a commuting square

(𝑥 = 𝑥′) ∥𝑥 = 𝑥′∥𝑘

(∏
(𝑦:𝑋) ∥𝑥 = 𝑦∥𝑘 ≃ ∥𝑥′ = 𝑦∥𝑘

)
∥𝑥′ = 𝑥∥𝑘 .

←→

← →
| – |𝑘

←→ ∥ inv∥𝑘

← →ev|refl𝑥 |𝑘

The map on the right is an equivalence because inv : (𝑥 = 𝑥′) → (𝑥′ = 𝑥) is an
equivalence. The bottom map is an equivalence by Lemma 31.2.4. The top map
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satisfies the universal property of the 𝑘-truncation of 𝑥 = 𝑥′, hence so does the
map on the left, which completes the proof. □

Theorem 31.2.6 Consider a map 𝑓 : 𝑋 → 𝑌 into a (𝑘 + 1)-truncated type 𝑌 .
Then the following are equivalent:

(i) The map 𝑓 satisfies the universal property of the (𝑘 + 1)-truncation of 𝑋 .
(ii) The map 𝑓 is surjective, and for each 𝑥, 𝑥′ : 𝑋 the map

ap 𝑓 : (𝑥 = 𝑥′) → ( 𝑓 (𝑥) = 𝑓 (𝑥′))

satisfies the universal property of the 𝑘-truncation of 𝑥 = 𝑥′.

Proof The fact that (ii) implies (i) was established in Proposition 31.2.3, so it
suffices to show that (i) implies (ii).

Suppose first that the map 𝑓 satisfies the universal property of the (𝑘 + 1)-
truncation, and let 𝑥 : 𝑋 . Recall from Exercise 17.1 that the universe of
𝑘-truncated types is itself (𝑘 + 1)-truncated. Therefore it follows that the map
𝑥′ ↦→ ∥𝑥 = 𝑥′∥𝑘 has a unique extension

𝑋

𝑌 U≤𝑘 .

←

→
𝑥′ ↦→∥𝑥=𝑥′ ∥𝑘←→𝑓

←→
𝑃

In other words, we obtain a unique family 𝑃 of 𝑘-types over 𝑌 equipped with
equivalences

𝑒𝑥′ : 𝑃( 𝑓 (𝑥′)) ≃ ∥𝑥 = 𝑥′∥𝑘

indexed by 𝑥′ : 𝑋 . In particular, 𝑃 comes equipped with a point 𝑝0 : 𝑃( 𝑓 (𝑥))
such that 𝑒𝑥 (𝑝0) = |refl𝑥 |𝑘 . Hence we obtain a family of maps∏

(𝑦:𝑌 ) ( 𝑓 (𝑥) = 𝑦) → 𝑃(𝑦).

We claim that this is a family of equivalences. By the fundamental theorem of
identity types, Theorem 11.2.2, it suffices to show that the total space∑

(𝑦:𝑌 )𝑃(𝑦)

is contractible. We have ( 𝑓 (𝑥), 𝑝0) at the center of contraction, so we have to
construct a contraction∏

(𝑦:𝑌 )
∏
(𝑝:𝑃 (𝑦) ) ( 𝑓 (𝑥), 𝑝0) = (𝑦, 𝑝).

Now we observe that the type
∑
(𝑦:𝑌 ) 𝑃(𝑦) is (𝑘+1)-truncated, using the fact that

any Σ-type of a family of 𝑘-types over a (𝑘 + 1)-type is again (𝑘 + 1)-truncated
(Exercise 12.6). It follows that the type ( 𝑓 (𝑥), 𝑝0) = (𝑦, 𝑝) is 𝑘-truncated for
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each 𝑦 : 𝑌 and each 𝑝 : 𝑃(𝑦). Now we use the dependent universal property of
the 𝑘-truncation of 𝑋 , which was proven in Proposition 31.1.3, so it suffices to
show that ∏

(𝑥′:𝑋)
∏
(𝑝:𝑃 ( 𝑓 (𝑥′ ) ) ) ( 𝑓 (𝑥), 𝑝0) = ( 𝑓 (𝑥′), 𝑝).

Since we have an equivalence 𝑒𝑥′ : 𝑃( 𝑓 (𝑥′)) ≃ ∥𝑥 = 𝑥′∥𝑘 for each 𝑥′ : 𝑋 , it is
equivalent to show that∏

(𝑥′:𝑋)
∏
(𝑝:∥𝑥=𝑥′ ∥𝑘 ) ( 𝑓 (𝑥), 𝑝0) = ( 𝑓 (𝑥′), 𝑒−1

𝑥′ (𝑝)).

Again, we use that the type of paths ( 𝑓 (𝑥), 𝑝0) = ( 𝑓 (𝑥′), 𝑒−1
𝑥′ (𝑝)) is a 𝑘-type,

so we use Proposition 31.1.3 to conclude that it suffices to show that∏
(𝑥′:𝑋)

∏
(𝑝:𝑥=𝑥′ ) ( 𝑓 (𝑥), 𝑝0) = ( 𝑓 (𝑥′), 𝑒−1

𝑥′ (𝑝)).

This is immediate by path induction on 𝑝 : 𝑥 = 𝑥′. This proves the claim that
the canonical map

ℎ𝑦 : ( 𝑓 (𝑥) = 𝑦) → 𝑃(𝑦)

is an equivalence for each 𝑦 : 𝑌 . Now observe that we have a commuting triangle

(𝑥 = 𝑥′)

( 𝑓 (𝑥) = 𝑓 (𝑥′)) ∥𝑥 = 𝑥′∥𝑘

←→ap 𝑓 ←

→
| – |𝑘

← →
ℎ 𝑓 (𝑥′ )

for each 𝑥′ : 𝑋 . Therefore it follows that ap 𝑓 : (𝑥 = 𝑥′) → ( 𝑓 (𝑥) = 𝑓 (𝑥′))
satisfies the universal property of the 𝑘-truncation of 𝑥 = 𝑥′. □

Corollary 31.2.7 For any 𝑥, 𝑦 : 𝑋 , there is an equivalence

( |𝑥 |𝑘+1 = |𝑦 |𝑘+1) ≃ ∥𝑥 = 𝑦∥𝑘 .

31.3 The truncations as recursive higher inductive types
Recall from Theorem 12.4.7 that a map 𝑓 : 𝐴→ 𝐵 is (𝑘 + 1)-truncated if and
only if the action on paths

ap 𝑓 : (𝑥 = 𝑦) → ( 𝑓 (𝑥) = 𝑓 (𝑦))

is a 𝑘-truncated map, for each 𝑥, 𝑦 : 𝐴. Moreover, in Exercise 22.2 we established
that the fibers of the diagonal map 𝛿 𝑓 : 𝐴→ 𝐴×𝐵 𝐴 are equivalent to the fibers
of the maps ap 𝑓 , so it is also the case that 𝑓 is (𝑘 + 1)-truncated if and only if
the diagonal 𝛿 𝑓 is 𝑘-truncated.

In the following theorem, we add yet another equivalent characterization to
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the truncatedness of a map. We will use this theorem in two ways. First, a simple
corollary gives a useful characterization of 𝑘-truncated types. Second, we will
use this theorem to derive an elimination principle of the (𝑘 + 1)-sphere that
can be applied to families of 𝑘-types

Theorem 31.3.1 Consider a map 𝑓 : 𝐴 → 𝐵. Then the following are
equivalent:

(i) The map 𝑓 is 𝑘-truncated.
(ii) The commuting square

𝐴 𝐵

𝐴S𝑘+1 𝐵S𝑘+1

← →𝑓

←→_𝑥. const𝑥 ←→ _𝑦. const𝑦

← →
𝑓 S𝑘+1

is a pullback square.

Proof We prove the claim by induction on 𝑘 ≥ −2. The base case is clear,
because the map 𝐴S−1 → 𝐵S−1 is a map between contractible types, hence an
equivalence. Therefore the square

𝐴 𝐵

𝐴S−1
𝐵S−1

← →

←→ ←→

←→

is a pullback square if and only if 𝐴→ 𝐵 is an equivalence.
For the inductive step, assume that for any map 𝑔 : 𝑋 → 𝑌 , the map 𝑔 is

𝑘-truncated if and only if the square

𝑋 𝑌

𝑋S𝑘+1 𝑌S𝑘+1

← →

←→ ←→

←→

is a pullback square, and consider a map 𝑓 : 𝐴→ 𝐵. Then 𝑓 is (𝑘 +1)-truncated
if and only if ap 𝑓 : (𝑥 = 𝑦) → ( 𝑓 (𝑥) = 𝑓 (𝑦)) is 𝑘-truncated for each 𝑥, 𝑦 : 𝐴.
By the inductive hypothesis this happens if and only if the square

(𝑥 = 𝑦) ( 𝑓 (𝑥) = 𝑓 (𝑦))

(𝑥 = 𝑦)S𝑘+1 ( 𝑓 (𝑥) = 𝑓 (𝑦))S𝑘+1

← →

←→ ←→

←→
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is a pullback square, for each 𝑥, 𝑦 : 𝐴. Now we observe that this is the case if
and only if the square on the left in the diagram∑

(𝑥,𝑦:𝐴) 𝑥 = 𝑦
∑
(𝑥,𝑦:𝐴) ( 𝑓 (𝑥) = 𝑓 (𝑦)) ∑

(𝑥,𝑦:𝐵) 𝑥 = 𝑦

∑
(𝑥,𝑦:𝐴) (𝑥 = 𝑦)S

𝑘+1 ∑
(𝑥,𝑦:𝐴) ( 𝑓 (𝑥) = 𝑓 (𝑦))S𝑘+1 ∑

(𝑥,𝑦:𝐵) (𝑥 = 𝑦)S
𝑘+1

←→
←→ ←→

←→

←→

←→ ←→

is a pullback square. The square on the right is a pullback square, so the square
on the left is a pullback if and only if the outer rectangle is a pullback. By the
universal property of S𝑘+2 it follows that the outer rectangle is a pullback if and
only if the square

𝐴 𝐵

𝐴S𝑘+2 𝐵S𝑘+2

← →

←→ ←→

←→

is a pullback. □

Theorem 31.3.2 Consider a type 𝐴. Then the following are equivalent:

(i) The type 𝐴 is 𝑘-truncated.
(ii) The map

_𝑥. const𝑥 : 𝐴→ (S𝑘+1 → 𝐴)

is an equivalence.

Proof We prove the claim by induction on 𝑘 ≥ −2. The base case is clear,
because the map 𝐴S−1 is contractible.

For the inductive step, assume that any type 𝑋 is 𝑘-truncated if and only if
the map

_𝑥. const𝑥 : 𝑋 → (S𝑘+1 → 𝑋)

is an equivalence. Then 𝐴 is (𝑘 + 1)-truncated if and only if its identity types
𝑥 = 𝑦 are 𝑘-truncated, for each 𝑥, 𝑦 : 𝐴. By the inductive hypothesis this happens
if and only if

(𝑥 = 𝑦) → (S𝑘+1 → (𝑥 = 𝑦))

is a family of equivalences indexed by 𝑥, 𝑦 : 𝐴. This is a family of equivalences
if and only if the induced map on total spaces(∑

(𝑥,𝑦:𝐴)𝑥 = 𝑦
)
→

(∑
(𝑥,𝑦:𝐴) (𝑥 = 𝑦)S

𝑘+1
)
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is an equivalence. Note that we have a commuting square

𝐴 𝐴S𝑘+2

( ∑
(𝑥,𝑦:𝐴) 𝑥 = 𝑦

) ( ∑
(𝑥,𝑦:𝐴) (𝑥 = 𝑦)S

𝑘+1
)

← →

←→ ←→

←→

in which both vertical maps are equivalences. Therefore the top map is an
equivalence if and only if the bottom map is an equivalence, which completes
the proof. □

Proof Immediate from the fact that 𝐴 is 𝑘-truncated if and only if the map
𝐴→ 1 is 𝑘-truncated. □

Definition 31.3.3 Consider a type 𝑋 . A 𝑘-truncation of 𝑋 consist of a 𝑘-type
𝑌 , and a map 𝑓 : 𝑋 → 𝑌 satisfying the universal property of 𝑘-truncation,
that for every 𝑘-type 𝑍 the precomposition map

– ◦ 𝑓 : (𝑌 → 𝑍) → (𝑋 → 𝑍)

is an equivalence.

We define ∥𝑋 ∥𝑘 by the ‘hubs-and-spokes’ method, as a higher inductive
type. The idea is to force any map S𝑘𝑋 → ∥𝑋 ∥𝑘 to be homotopic to a constant
function by including enough points (the hubs) for the values of these constant
functions, and enough paths (the spokes) for the homotopies to these constant
functions.

Definition 31.3.4 For any type 𝑋 we define a type ∥𝑋 ∥𝑘 as a higher inductive
type, with constructors

[ : 𝑋 → ∥𝑋 ∥𝑘 .

hub : (S𝑘+1 → ∥𝑋 ∥𝑘) → ∥𝑋 ∥𝑘

spoke :
∏
( 𝑓 :S𝑘+1→∥𝑋∥𝑘 )

∏
(𝑡:S𝑘+1 ) 𝑓 (𝑡) = hub( 𝑓 ).

Remark 31.3.5 The induction principle for ∥𝑋 ∥𝑘 asserts that for any family
𝑃 of types over ∥𝑋 ∥𝑘 , if we have a dependent function 𝛼 :

∏
(𝑥:𝑋)𝑃([(𝑥)) and

a dependent function

𝛽 :
∏
( 𝑓 :S𝑘+1→∥𝑋∥𝑘 )

(∏
(𝑡:S𝑘+1 )𝑃( 𝑓 (𝑡))

)
→ 𝑃(hub( 𝑓 ))

equipped with an identification

𝛾( 𝑓 , 𝑔, 𝑡) : tr𝑃 (spoke( 𝑓 , 𝑡), 𝑔(𝑡)) = 𝛽( 𝑓 , 𝑔),

mailto:egbert.rijke@fmf.uni-lj.si
https://hott.zulipchat.com


This material will be published by Cambridge University Press as Introduction to Homotopy Type Theory by Egbert Rĳke. This pre-publication
version is free to view and download for personal use only. Not for re-distribution, re-sale or use in derivative works. © Egbert Rĳke 2020

The best way to support this book while it is still being prepared for publication, is to let the author know if you find inaccuracies of any kind at
Q egbert.rĳke@fmf.uni-lj.si, or at the homotopy type theory chat at  https://hott.zulipchat.com.

There are 306 exercises.

Ljubljana, April 8, 2022

388 Synthetic Homotopy Theory

for every 𝑓 : S𝑘+1 → ∥𝑋 ∥𝑘 , 𝑔 :
∏
(𝑡:S𝑘+1 )𝑃( 𝑓 (𝑡)), and every 𝑡 : S𝑘+1, then we

obtain a dependent function

ℎ :
∏
(𝑥:∥𝑋∥𝑘 )𝑃([(𝑥))

equipped with an identification 𝐻 (𝑥) : ℎ([(𝑥)) = 𝛼(𝑥) for any 𝑥 : 𝑋 .

Proposition 31.3.6 For any type 𝑋 , the type ∥𝑋 ∥𝑘 is 𝑘-truncated.

Proof By Theorem 31.3.2 it suffices to show that the map

𝛿 B _𝑥. const𝑥 : ∥𝑋 ∥𝑘 → (S𝑘+1 → ∥𝑋 ∥𝑘)

is an equivalence. Note that the inverse of this map is simply the map

hub : (S𝑘+1 → ∥𝑋 ∥𝑘) → ∥𝑋 ∥𝑘 ,

which is a section of 𝛿 by the homotopy spoke. Therefore it remains to show
that

hub(const𝑥) = 𝑥.

for every 𝑥 : ∥𝑋 ∥𝑘 . Note that spoke(const𝑥 , hub(const𝑥))−1 is such an identi-
fication. □

Recall that the (𝑘 + 1)-sphere is 𝑘-connected in the following sense.

Lemma 31.3.7 For any family 𝑃 of 𝑘-types over S𝑘+1, the evaluation map at
the base point

ev∗ :
(∏

(𝑡:S𝑘+1 )𝑃(𝑡)
)
→ 𝑃(∗)

is an equivalence.

Theorem 31.3.8 For any family 𝑃 of 𝑘-types over ∥𝑋 ∥𝑘 , the function

– ◦ [ :
(∏

(𝑥:∥𝑋∥𝑘 )𝑃(𝑥)
)
→

(∏
(𝑥:𝑋)𝑃([(𝑥))

)
is an equivalence.

Proof We first show that for any family 𝑃 of 𝑘-types over ∥𝑋 ∥𝑘 , the function

– ◦ [ :
(∏

(𝑥:∥𝑋∥𝑘 )𝑃(𝑥)
)
→

(∏
(𝑥:𝑋)𝑃([(𝑥))

)
has a section. To see this, we apply the induction principle of ∥𝑋 ∥𝑘 . For any
function 𝛼 :

∏
(𝑥:𝑋)𝑃([(𝑥)) we need to construct a function ℎ :

∏
(𝑥:∥𝑋∥𝑘 )𝑃(𝑥)

such that ℎ ◦ [ ∼ 𝛼, so it suffices to show that the 𝑘-truncatedness of the types in
the family 𝑃 imply the existence of the terms 𝛽 and [ of the induction principle
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of ∥𝑋 ∥𝑘 . In other words, we need to show that for every 𝑓 : S𝑘+1 → ∥𝑋 ∥𝑘 and
every 𝑔 :

∏
(𝑡:S𝑘+1 )𝑃( 𝑓 (𝑡)) there are

𝛽( 𝑓 , 𝑔) : 𝑃(hub( 𝑓 ))

𝛾( 𝑓 , 𝑔) :
∏
(𝑡:S𝑘+1 ) tr𝑃 (spoke( 𝑓 , 𝑡), 𝑔(𝑡)) = 𝛽( 𝑓 , 𝑔).

Since we have already shown that ∥𝑋 ∥𝑘 is 𝑘-truncated, it suffices to show the
above for 𝑓 B const𝑥 , for any 𝑥 : ∥𝑋 ∥𝑘 . Now the type of 𝑔 is just the function
type S𝑘+1 → 𝑃(𝑥), so by the truncatedness of 𝑃(𝑥) it suffices to construct

𝛽(const𝑥 , const𝑦) : 𝑃(hub(const𝑥))

𝛾(const𝑥 , const𝑦) :
∏
(𝑡:S𝑘+1 ) tr𝑃 (spoke(const𝑥 , 𝑡), 𝑦) = 𝛽(const𝑥 , const𝑦)

for any 𝑥 : 𝑋 and 𝑦 : 𝑃(𝑥). Now we simply define

𝛽(const𝑥 , const𝑦) B tr𝑃 (spoke(const𝑥 , ∗), 𝑦).

Then it remains to construct an identification

tr𝑃 (spoke(const𝑥 , 𝑡), 𝑦) = tr𝑃 (spoke(const𝑥 , ∗), 𝑦)

for any 𝑡 : S𝑘+1, but this follows at once from Lemma 31.3.7, because the identity
types of a 𝑘-truncated type is again 𝑘-truncated. This completes the proof that
the precomposition function

– ◦ [ :
(∏

(𝑥:∥𝑋∥𝑘 )𝑃(𝑥)
)
→

(∏
(𝑥:𝑋)𝑃([(𝑥))

)
has a section 𝑠 for every family 𝑃 of 𝑘-types over ∥𝑋 ∥𝑘 .

To show that it is an equivalence, we have to show that 𝑠 is also a retraction
of the precomposition function – ◦ [, i.e., we have to show that

𝑠(ℎ ◦ [) = ℎ

for any ℎ :
∏
(𝑥:∥𝑋∥𝑘 )𝑃(𝑥). By function extensionality, it is equivalent to show

that ∏
(𝑥:∥𝑋∥𝑘 ) 𝑠(ℎ ◦ [) (𝑥) = ℎ(𝑥).

Now we observe that the type 𝑠(ℎ ◦ [) (𝑥) = ℎ(𝑥) is a 𝑘-type, and therefore we
already know that the function

– ◦ [ :
(∏

(𝑥:∥𝑋∥𝑘 ) 𝑠(ℎ ◦ [) (𝑥) = ℎ(𝑥)
)
→

(∏
(𝑥:𝑋) 𝑠(ℎ ◦ [) ([(𝑥)) = ℎ([(𝑥))

)
has a section. In other words, it suffices to construct a dependent function of
type ∏

(𝑥:𝑋) 𝑠(ℎ ◦ [) ([(𝑥)) = ℎ([(𝑥)).
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Here we simply use that 𝑠 is a section – ◦ [, and we are done. □

Corollary 31.3.9 For any type 𝑋 , the map [ : 𝑋 → ∥𝑋 ∥𝑘 satisfies the
universal property of 𝑘-truncation.

31.4 Theorems not to forget
Theorem 31.4.1 Consider a type 𝑋 and a family 𝑃 of (𝑘 + 𝑛)-truncated types
over ∥𝑋 ∥𝑘 . Then the precomposition map

– ◦ [ :
(∏

(𝑦:∥𝑋∥𝑘 )𝑃(𝑦)
)
→

(∏
(𝑥:𝑋)𝑃([(𝑥))

)
is (𝑛 − 2)-truncated.

Exercises
31.1 Consider an equivalence relation 𝑅 : 𝐴 → (𝐴 → Prop). Show that the

map |– |0 ◦ inl : 𝐴 → ∥𝐴 ⊔𝑅 𝐴∥0 satisfies the universal property of the
quotient 𝐴/𝑅, where 𝐴 ⊔𝑅 𝐴 is the canonical pushout∑

(𝑥,𝑦:𝐴) 𝑅(𝑥, 𝑦) 𝐴

𝐴 𝐴 ⊔𝑅 𝐴.

← →𝜋2

←→𝜋1

←→ inr

← →
inl

31.2 Consider the trivial relation 1 B _𝑥. _𝑦. 1 : 𝐴 → (𝐴 → Prop). Show
that the set quotient 𝐴/1 is a proposition satisfying the universal property
of the propositional truncation.

31.3 Show that the type of pointed 2-element sets∑
(𝑋:Ubool )𝑋

is contractible.
31.4 Define the type 𝔽 of finite sets by

𝔽 B im(Fin),

where Fin : ℕ→U is defined in Definition 7.3.2.

(a) Show that 𝔽 ≃ ∑
(𝑛:ℕ) UFin(𝑛) .

(b) Show that 𝔽 is closed under Σ and Π.

31.5 (a) A type 𝑌 is called 𝑘-separated if for every type 𝑋 the map

(∥𝑋 ∥𝑘 → 𝑌 ) → (𝑋 → 𝑌 )
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is an embedding. Show that 𝑌 is 𝑘-separated if and only if it is
(𝑘 + 1)-truncated.

(b) A type 𝑌 is called 𝑛-fold 𝑘-separated if for every type 𝑋 the map

(∥𝑋 ∥𝑘 → 𝑌 ) → (𝑋 → 𝑌 )

is (𝑛 − 2)-truncated. Show that 𝑌 is 𝑛-fold 𝑘-separated if and only
if it is (𝑘 + 𝑛)-truncated.

31.6 Consider a map 𝑓 : 𝐴→ 𝐵. Show that the square

𝐴 𝐵

𝐴S𝑘+1 𝐵S𝑘+1

← →𝑓

←→_𝑥. const𝑥 ←→ _𝑦. const𝑦

← →
𝑓 S𝑘+1

is a pullback square if and only if its gap map has a section.
31.7 Consider a map 𝑓 : 𝑋 → 𝑌 into a 𝑘-truncated type 𝑌 . Show that the

following are equivalent:

(i) For any family 𝑃 of 𝑘-types over 𝑌 , the precomposition map

– ◦ 𝑓 :
(∏

(𝑦:𝑌 )𝑃(𝑦)
)
→

(∏
(𝑥:𝑋)𝑃( 𝑓 (𝑥))

)
is an equivalence.

(ii) For any family 𝑃 of 𝑘-types over 𝑌 , the precomposition map

– ◦ 𝑓 :
(∏

(𝑦:𝑌 )𝑃(𝑦)
)
→

(∏
(𝑥:𝑋)𝑃( 𝑓 (𝑥))

)
has a section.

31.8 Show that for each type 𝑋 , the map

∥𝑋 ∥𝑘+1 →U𝑋

given by 𝑦 ↦→ _𝑥. (𝑦 = [′ (𝑥)) is an embedding.
31.9 (Descent for truncations) Consider a commuting square

𝐴 𝑋

𝐵 𝑌

←→𝑓

←→𝑖

←→ 𝑔

←→
𝑗

in which both 𝑋 and 𝑌 are assumed to be 𝑛-truncated. Show that the
following are equivalent:

(i) The square is a pullback square.
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(ii) The induced square

∥𝐴∥𝑛 𝑋

∥𝐵∥𝑛 𝑌

←→∥ 𝑓 ∥𝑛

←→

←→ 𝑔

←→

is a pullback square.

Conclude that in each of these equivalent cases, the square on the left is
also a pullback square.

32 Connected types and maps

In this section we introduce the concept of 𝑘-connected types and maps. We
define 𝑘-connected types to be types with contractible 𝑘-truncation, and a
𝑘-connected map is just a map of which the fibers are 𝑘-connected. The idea is
that a type is 𝑘-connected if and only if its homotopy groups 𝜋𝑖 (𝑋) are trivial
for all 𝑖 ≤ 𝑘 .

One of the main theorems in this section is a characterization of 𝑘-connected
maps in terms of their action on homotopy groups: A map 𝑓 : 𝑋 → 𝑌 is
𝑘-connected if and only if it induces isomorphisms

𝜋𝑖 ( 𝑓 , 𝑥) : 𝜋𝑖 (𝑋, 𝑥) → 𝜋𝑖 (𝑌, 𝑓 (𝑥))

of homotopy groups, for each 𝑖 ≤ 𝑘 and each 𝑥 : 𝑋 , and a surjective group
homomorphism

𝜋𝑘+1 ( 𝑓 , 𝑥) : 𝜋𝑘+1 (𝑋, 𝑥) → 𝜋𝑘+1 (𝑌, 𝑓 (𝑥))

on the (𝑘 + 1)-st homotopy group, for each 𝑥 : 𝑋 . If one drops the condition
that 𝑓 induces a surjective group homomorphism on the (𝑘 + 1)-st homotopy
group, then the map is only a 𝑘-equivalence, i.e., a map of which ∥ 𝑓 ∥𝑘 is
an equivalence. We see from the above characterization that any 𝑘-connected
map is a 𝑘-equivalence, and also that any (𝑘 + 1)-equivalence is a 𝑘-connected
map. Nevertheless, the difference between the classes of 𝑘-equivalences and
𝑘-connected maps is somewhat subtle.

We will study 𝑘-equivalences and 𝑘-connected maps synchronously, because
understanding the subtle differences between the results about either of them
will increase the understanding of both classes of maps. For instance, we will
show that the 𝑘-connected maps enjoy a dependent elimination property, while
the 𝑘-equivalences only satisfy a non-dependent elimination property. We will
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see that the 𝑘-equivalences satisfy the 3-for-2 property, while one of the cases
of the 3-for-2 property fails for 𝑘-connected maps.

The 𝑘-connected maps can be characterized as the class of maps that is left
orthogonal to the class of 𝑘-truncated maps, where a map 𝑓 : 𝐴 → 𝐵 is said
to be left orthogonal to a map 𝑔 : 𝑋 → 𝑌 if the type of diagonal fillers of any
commuting square of the form

𝐴 𝑋

𝐵 𝑌

←→𝑓

←→

←→ 𝑔

←→

← →

is contractible. Similarly, the class of 𝑘-equivalences is the class of maps that is
left orthogonal to any map between 𝑘-truncated types. However, this result is
not entirely sharp, because there are more maps that the 𝑘-equivalences are left
orthogonal to. It turns out that a map is a 𝑘-equivalence if and only if it is left
orthogonal to any map 𝑔 : 𝑋 → 𝑌 for which the naturality square

𝑋 𝑌

∥𝑋 ∥𝑘 ∥𝑌 ∥𝑘

← →𝑔

←→[ ←→

← →∥𝑔∥𝑘

is a pullback square. Such maps are called 𝑘-étale, and they induce isomorphisms

𝜋𝑖 (𝑔, 𝑥) : 𝜋𝑖 (𝑋, 𝑥) → 𝜋𝑖 (𝑌, 𝑔(𝑥))

on homotopy groups for 𝑖 > 𝑘 .
In the final part of this section we will use the results about 𝑘-equivalences to

show that the 𝑛-sphere is (𝑛 − 1)-connected, for each 𝑛 : ℕ, and that the join
𝐴 ∗ 𝐵 is (𝑘 + 𝑙 + 2)-connected if 𝐴 is 𝑘-connected and 𝐵 is 𝑙-connected.

32.1 Connected types
Definition 32.1.1 A type 𝑋 is said to be 𝑘-connected if its 𝑘-truncation ∥𝑋 ∥𝑘
is contractible. We define

is-conn𝑘 (𝑋) B is-contr∥𝑋 ∥𝑘 .

Remark 32.1.2 Since the (−2)-truncation of any type is just 1, it follows that
every type is (−2)-connected. Furthermore, since any proposition is contractible
as soon as it comes equipped with an element, it follows that any type is
(−1)-connected as soon as it is inhabited.

In Theorem 32.1.4 below, we will see that a type 𝑋 is 0-connected if and only
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if it is inhabited and every two points are connected by an unspecified path. In
this sense 0-connected types are also called path connected, or just connected.
Thus, it is immediate that the circle is an example of a connected type.

Similarly, in the case where 𝑘 � 0 the theorem states that a type 𝑋 is 1-
conneced if and only if it is inhabited and for every 𝑥, 𝑦 : 𝑋 the identity type
𝑥 = 𝑦 is path connected. In other words, a type is simply connected if it is
1-connected! The 2-sphere is an example of a simply connected type. This fact
is shown in Corollary 32.4.4 below, where we will show more generally that the
𝑛-sphere is (𝑛 − 1)-connected, for each 𝑛 : ℕ.

Lemma 32.1.3 If a type is (𝑘 + 1)-connected, then it is also 𝑘-connected.

Proof This follows from the fact that ∥∥𝑋 ∥𝑘+1∥𝑘 ≃ ∥𝑋 ∥𝑘 . Indeed, if ∥𝑋 ∥𝑘+1
is contractible, then its 𝑘-truncation is also contractible, so it follows that ∥𝑋 ∥𝑘
is contractible. □

For the following theorem, recall that a type 𝑋 is said to be inhabited if it
comes equipped with an element of type ∥𝑋 ∥−1.

Theorem 32.1.4 Consider a type 𝑋 . Then the following are equivalent:

(i) The type 𝑋 is (𝑘 + 1)-connected.
(ii) The type 𝑋 is inhabited, and the type 𝑥 = 𝑦 is 𝑘-connected for each

𝑥, 𝑦 : 𝑋 .

Proof Suppose first that 𝑋 is (𝑘 + 1)-connected. It is immediate that 𝑋 is
inhabited in this case. Moreover, since we have equivalences

([(𝑥) = [(𝑦)) ≃ ∥𝑥 = 𝑦∥𝑘

for each 𝑥, 𝑦 : 𝑋 , it follows from the assumption that ∥𝑋 ∥𝑘+1 is contractible
that the type ∥𝑥 = 𝑦∥𝑘 is equivalent to a contractible type. This proves that (i)
implies (ii).

To see that (ii) implies (i), suppose that 𝑋 is inhabited and that its identity
types are 𝑘-connected. Our goal is to construct an element of type

is-contr∥𝑋 ∥𝑘+1,

which is a proposition, so we may eliminate the assumption that 𝑋 is inhabited
and assume to have 𝑥 : 𝑋 . Now we simply take [(𝑥) for the center of contraction
of ∥𝑋 ∥𝑘+1. To construct the contraction, note that by the dependent universal
property of (𝑘 + 1)-truncation we have an equivalence(∏

(𝑦:∥𝑋∥𝑘+1 )[(𝑥) = 𝑦
)
≃
(∏

(𝑦:𝑋)[(𝑥) = [(𝑦)
)
.

Therefore it suffices to construct an identification [(𝑥) = [(𝑦) for every 𝑦 : 𝑋 .
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However, this type is contractible, since it is equivalent to the contractible type
∥𝑥 = 𝑦∥𝑘 . This completes the proof of (ii) implies (i). □

In the case where 𝑘 ≥ −1 we can improve Theorem 32.1.4 and characterize
a high degree of connectedness entirely in terms of the triviality of homotopy
groups. This is what connectedness is all about.

Theorem 32.1.5 Consider a type 𝑋 , and suppose that 𝑘 ≥ 0. Then the
following are equivalent:

(i) The type 𝑋 is 𝑘-connected.
(ii) The type 𝑋 is connected, and for every 𝑥 : 𝑋 the loop space

Ω (𝑋, 𝑥)

is (𝑘 − 1)-connected.
(iii) For each 𝑖 ≤ 𝑘 and each 𝑥 : 𝑋 , the 𝑖-th homotopy group 𝜋𝑖 (𝑋, 𝑥) is trivial.

Proof If 𝑋 is 𝑘-connected for 𝑘 ≥ 0, then it is certainly connected, and
Ω (𝑋, 𝑥) is (𝑘 − 1)-connected by Theorem 32.1.4. Thus, the fact that (i) implies
(ii) is immediate.

To see that (ii) implies (i), note that if 𝑋 is connected and its loop spaces are
(𝑘 − 1)-connected, then all its identity types are (𝑘 − 1)-connected, since we
have∏
(𝑥,𝑦:𝑋) is-contr(∥𝑥 = 𝑦∥𝑘−1) ≃

∏
(𝑥,𝑦:𝑋) ∥𝑥 = 𝑦∥−1 → is-contr(∥𝑥 = 𝑦∥𝑘−1)

≃∏
(𝑥,𝑦:𝑋) (𝑥 = 𝑦) → is-contr(∥𝑥 = 𝑦∥𝑘−1)

≃∏
(𝑥:𝑋) is-contr(∥𝑥 = 𝑥∥𝑘−1).

In the first step of this calculation we use that 𝑋 is connected, so ∥𝑥 = 𝑦∥−1 is
contractible; then we use that is-contr(∥𝑥 = 𝑦∥𝑘−1) is a proposition; and finally
we use the universal property of identity types to arrive at our assumption that
the loop spaces of 𝑋 are (𝑘 − 1)-connected. Since we have shown that the
identity types are (𝑘 − 1)-connected, it follows by Theorem 32.1.4 that 𝑋 is
𝑘-connected, which concludes the proof that (ii) implies (i).

It is easy to see by induction on 𝑘 ≥ 0 that (ii) holds if and only if (iii) holds,
since we have

𝜋𝑖+1 (𝑋, 𝑥) = 𝜋𝑖 (Ω (𝑋, 𝑥)). □

Remark 32.1.6 If 𝑋 is assumed to be a pointed type in Theorem 32.1.5, then
conditions (ii) and (iii) only have to be checked at the base point.
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32.2 𝑘-Equivalences and 𝑘-connected maps
We now study two classes of maps that differ only slightly: the 𝑘-equivalences
and the 𝑘-connected maps.

Definition 32.2.1

(i) A map 𝑓 : 𝑋 → 𝑌 is said to be 𝑘-connected if its fibers are 𝑘-connected.
We will write

is-conn𝑘 ( 𝑓 ) B
∏
(𝑦:𝑌 ) is-conn𝑘 (fib 𝑓 (𝑦)).

(ii) A map 𝑓 : 𝑋 → 𝑌 is said to be a 𝑘-equivalence if

∥ 𝑓 ∥𝑘 : ∥𝑋 ∥𝑘 → ∥𝑌 ∥𝑘

is an equivalence. We will write

is-equiv𝑘 ( 𝑓 ) B is-equiv(∥ 𝑓 ∥𝑘).

Example 32.2.2 Any equivalence is a 𝑘-connected map, as well as a 𝑘-
equivalence. Moreover, for any 𝑘-connected type 𝑋 the map const★ : 𝑋 → 1 is
𝑘-connected. It is also immediate that any map between 𝑘-connected types is a
𝑘-equivalence.

Example 32.2.3 A (−1)-connected map is a map 𝑓 : 𝑋 → 𝑌 for which the
propositionally truncated fibers

∥fib 𝑓 (𝑦)∥−1

are contractible. Since propositions are contractible as soon as they are inhabited,
we see that a map is (−1)-connected if and only if it is surjective.

A (−1)-equivalence, on the other hand, is just a map 𝑓 : 𝑋 → 𝑌 that induces
an equivalence ∥𝑋 ∥−1 ≃ ∥𝑌 ∥−1. The map consttrue : 1→ bool is an example
of such a map, showing that (−1)-equivalences don’t need to be surjective.

However, it is the case that every surjective map 𝑓 : 𝑋 → 𝑌 is in fact
(−1)-equivalence. To see this, we need to show that

∥𝑌 ∥−1 → ∥𝑋 ∥−1.

Such a map is constructed by the universal property of (−1)-truncation. Thus, it
suffices to construct a function 𝑌 → ∥𝑋 ∥−1. Since we have assumed that 𝑓 is
surjective, we have for every 𝑦 : 𝑌 the element

𝑠(𝑦) : ∥fib 𝑓 (𝑦)∥−1.

Thus, we define a function 𝑌 → ∥𝑋 ∥−1 by

𝑦 ↦→ ∥pr1∥−1 (𝑠(𝑦)).
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This concludes the proof that 𝑓 is a (−1)-equivalence, since we have shown that
∥𝑋 ∥−1 ↔ ∥𝑌 ∥−1.

Remark 32.2.4 An immediate difference between the classes of 𝑘-equivalences
and 𝑘-connected maps is that the 𝑘-connected maps are stable under base change,
while the 𝑘-equivalences are not. By this, we mean that for any pullback square

𝐸 ′ 𝐸

𝐵′ 𝐵,

←→𝑝′

←→𝑔

←→ 𝑝

←→
𝑓

if the map 𝑝 is 𝑘-connected, then the map 𝑝′ is also 𝑘-connected. In such a
pullback diagram, the map 𝑝′ is sometimes called the base change of 𝑝 along
𝑓 . By Theorem 22.5.3 we have an equivalence

fib𝑝′ (𝑏′) ≃ fib𝑝 ( 𝑓 (𝑏′))

for any 𝑏′ : 𝐵′, so it is indeed the case that if the fibers of 𝑝 are 𝑘-connected,
then so are the fibers of 𝑝′.

An example showing that the 𝑘-equivalences are not stable under base change
is given by the pullback square

Ω (S𝑘+1) 1

1 S𝑘+1
←→

←→ ←→

← →

We will show in Corollary 32.4.4 that the (𝑘 + 1)-sphere is 𝑘-connected, so
the map 1→ S𝑘+1 is a 𝑘-equivalence. However, its loop space is only (𝑘 − 1)-
connected, and indeed we will show in ?? that 𝜋𝑘+1 (S𝑘+1) = ℤ for 𝑘 ≥ 0,
showing that Ω (S𝑘+1) is not 𝑘-connected. Thus, the map Ω (S𝑘+1) → 1 is not a
𝑘-equivalence.

Elimination properties
We will show that a map 𝑓 : 𝑋 → 𝑌 is a 𝑘-equivalence if and only if the
precomposition function

– ◦ 𝑓 : (𝑌 → 𝑍) → (𝑋 → 𝑍)

is an equivalence for every 𝑘-type 𝑍 . On the other hand, we will show that 𝑓 is
𝑘-connected if and only if the precomposition function

– ◦ 𝑓 :
(∏

(𝑦:𝑌 )𝑃(𝑦)
)
→

(∏
(𝑥:𝑋)𝑃( 𝑓 (𝑥))

)
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is an equivalence for every family 𝑃 of 𝑘-types over 𝑌 . In other words, the
𝑘-connected maps satisfy a dependent unique elimination property, while the
𝑘-equivalences only satisfy a non-dependent unique elimination property.

Theorem 32.2.5 Consider a function 𝑓 : 𝑋 → 𝑌 . Then the following are
equivalent

(i) The map 𝑓 is a 𝑘-equivalence.
(ii) For every 𝑘-type 𝑍 , the precomposition function

– ◦ 𝑓 : (𝑌 → 𝑍) → (𝑋 → 𝑍)

is an equivalence.

Theorem 32.2.6 Let 𝑓 : 𝑋 → 𝑌 be a map. The following are equivalent:

(i) The map 𝑓 is 𝑘-connected.
(ii) For every family 𝑃 of 𝑘-truncated types over 𝑌 , the precomposition map

– ◦ 𝑓 :
(∏

(𝑦:𝑌 )𝑃(𝑦)
)
→

(∏
(𝑥:𝑋)𝑃( 𝑓 (𝑥))

)
is an equivalence.

Proof Suppose 𝑓 is 𝑘-connected and let 𝑃 be a family of 𝑘-types over 𝑌 . Now
we may consider the following commuting diagram∏

(𝑦:𝑌 )𝑃(𝑦)
∏
(𝑥:𝑋)𝑃( 𝑓 (𝑥))

∏
(𝑦:𝑌 ) ∥fib 𝑓 (𝑦)∥𝑘 → 𝑃(𝑦) ∏

(𝑥:𝑋)
∏
(𝑦:𝑌 )

∏
(𝑝: 𝑓 (𝑥 )=𝑦)𝑃(𝑦)

∏
(𝑦:𝑌 )fib 𝑓 (𝑦) → 𝑃(𝑦) ∏

(𝑦:𝑌 )
∏
(𝑥:𝑋)

∏
(𝑝: 𝑓 (𝑥 )=𝑦)𝑃(𝑦)

← →–◦ 𝑓

←→

←

→

←

→

←→

←→

which commutes by refl-htpy. In this diagram, the five maps going around
counter clockwise are all equivalences for obvious reasons, so it follows that the
top map is an equivalence.

Now suppose that 𝑓 satisfies the dependent elimination property stated in (ii).
In order to construct a center of contraction of ∥fib 𝑓 (𝑦)∥𝑘 for every 𝑦 : 𝑌 , we
use the dependent elimination property with respect to the family 𝑃 given by
𝑃(𝑦) B ∥fib 𝑓 (𝑦)∥𝑘 . □

Corollary 32.2.7 For any type 𝑋 , the unit [ : 𝑋 → ∥𝑋 ∥𝑘 of the 𝑘-truncation
is a 𝑘-connected map.
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The inclusions
We will prove the following implications

is-equiv𝑘+1 ( 𝑓 ) is-conn𝑘 ( 𝑓 ) is-equiv𝑘 ( 𝑓 )

← →Proposition 32.2.9 ← →Proposition 32.2.8

showing that the class of 𝑘-connected maps is contained in the class of 𝑘-
equivalences, and that the class of (𝑘 + 1)-equivalences is contained in the class
of 𝑘-connected maps. Neither of these implications reverses.

Proposition 32.2.8 Any 𝑘-connected map is a 𝑘-equivalence.

Proposition 32.2.9 Any (𝑘 + 1)-equivalence is 𝑘-connected.

Proof Consider a (𝑘 + 1)-equivalence 𝑓 : 𝑋 → 𝑌 . Recall that the map ∥ 𝑓 ∥𝑘+1
comes equipped with a homotopy 𝐻 : ∥ 𝑓 ∥𝑘+1 ◦ [ ∼ [ ◦ 𝑓 witnessing that the
square

𝑋 𝑌

∥𝑋 ∥𝑘+1 ∥𝑌 ∥𝑘+1
← →𝑓

←→[ ←→ [

← →∥ 𝑓 ∥𝑘+1

commutes. We be using this homotopy, and we will use Theorem 32.2.6 to show
that 𝑓 is 𝑘-connected. Thus, our goal is to show that

– ◦ 𝑓 :
(∏

(𝑦:𝑌 )𝑃(𝑦)
)
→

(∏
(𝑥:𝑋)𝑃( 𝑓 (𝑥))

)
is an equivalence for any family 𝑃 of 𝑘-types over 𝑌 .

Note that any family 𝑃 of 𝑘-types over 𝑌 extends to a family �̃� of 𝑘-types
over ∥𝑌 ∥𝑘+1, since any univalent universe of 𝑘-types that contains 𝑃 is itself a
(𝑘 + 1)-type by Exercise 17.1. The extended family �̃� of 𝑘-types over ∥𝑌 ∥𝑘+1
comes equipped with a family of equivalences

𝑒 :
∏
(𝑦:𝑌 ) �̃�([(𝑦)) ≃ 𝑃(𝑦).
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Now consider the commuting diagram∏
(𝑦:∥𝑌 ∥𝑘+1 ) �̃�(𝑦)

∏
(𝑥:∥𝑋∥𝑘+1 ) �̃�(∥ 𝑓 ∥𝑘+1 (𝑥))

∏
(𝑥:𝑋) �̃�(∥ 𝑓 ∥𝑘+1 ([(𝑥)))

∏
(𝑦:𝑌 ) �̃�([(𝑦))

∏
(𝑥:𝑋) �̃�([( 𝑓 (𝑥)))

∏
(𝑦:𝑌 )𝑃(𝑦)

∏
(𝑥:𝑋)𝑃( 𝑓 (𝑥)).

← →–◦∥ 𝑓 ∥𝑘+1

←

→

–◦[

←→ –◦[

←→ ℎ ↦→_𝑥. tr�̃� (𝐻 (𝑥 ) ,ℎ (𝑥 ) )

←

→ℎ ↦→_𝑦. 𝑒𝑦 (ℎ (𝑦) ) ←→ ℎ ↦→_𝑥. 𝑒 𝑓 (𝑥) (ℎ (𝑥 ) )

← →
–◦ 𝑓

This diagram commutes by the homotopy

_ℎ. eq-htpy(_𝑥. ap𝑒 ( 𝑓 (𝑥 ) ) (apdℎ (𝐻 (𝑥)))−1).

In this diagrams all the maps pointing downwards are equivalences for obvious
reasons: the two maps – ◦ [ are equivalences since �̃� is a family of 𝑘-types, and
the remaining three maps pointing downwards are all postcomposing with an
equivalence. The top map is an equivalence since ∥ 𝑓 ∥𝑘+1 is assumed to be an
equivalence. Thus we conclude that the bottom map – ◦ 𝑓 is an equivalence. □

The 3-for-2 property
An important distinction between the class of 𝑘-equivalences and the class of
𝑘-connected maps is that the 𝑘-equivalences satisfy the 3-for-2 property, while
the 𝑘-connected maps do not.

Remark 32.2.10 It is not hard to see that the 𝑘-connected maps don’t satisfy
the 3-for-2 property. For example, consider the following commuting triangle

S1 S1

1,

←→𝑑2

←→ ←→

where 𝑑2 : S1 → S1 is the degree 2 map. Since the circle is a 0-connected type,
it follows that the maps S1 → 1 are 0-connected. However, the fiber of 𝑑2 at the
base point is equivalent to the booleans, which is a non-contractible set so it is
certainly not 0-connected.

Lemma 32.2.11 The 𝑘-equivalences satisfy the 3-for-2 property, i.e., for any
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commuting triangle

𝐴 𝐵

𝑋,

←→ℎ

←→

𝑓

←→

𝑔

if any two of the three maps are 𝑘-equivalences, then so is the third.

Proof This follows immediately from the fact that equivalences satisfy the
3-for-2 property. □

Proposition 32.2.12 Consider a commuting triangle

𝐴 𝐵

𝑋

←→ℎ
←→

𝑓
←→

𝑔

with 𝐻 : 𝑓 ∼ 𝑔 ◦ ℎ. The following three statements hold:

(i) If 𝑓 and ℎ are 𝑘-connected, then 𝑔 is 𝑘-connected.
(ii) If 𝑔 and ℎ are 𝑘-connected, then 𝑓 is 𝑘-connected.
(iii) If 𝑓 and 𝑔 are 𝑘-connected, then ℎ is a 𝑘-equivalence.

Proof The first two statements combined assert that if ℎ is 𝑘-connected, then
𝑓 is 𝑘-connected if and only if 𝑔 is 𝑘-connected. To see that this equivalence
holds, consider for any family 𝑃 of 𝑘-truncated types over 𝑋 the commuting
square ∏

(𝑥:𝑋)𝑃(𝑥)
∏
(𝑏:𝐵)𝑃(𝑔(𝑏))

∏
(𝑎:𝐴)𝑃( 𝑓 (𝑎))

∏
(𝑎:𝐴)𝑃(𝑔(ℎ(𝑎)))

← →–◦𝑔

←→–◦ 𝑓 ←→ –◦ℎ

← →
_𝑠. _𝑎. tr𝑃 (𝐻 (𝑎) ,𝑠 (𝑎) )

In this square, the bottom map is given by postcomposing with the family of
equivalences tr𝑃 (𝐻 (𝑎)) indexed by 𝑎 : 𝐴, so it is an equivalence. The map on
the right is an equivalence by Theorem 32.2.6, using the assumption that ℎ is a
𝑘-connected map. The square commutes by the homotopy

_𝑠. eq-htpy
(
_𝑎. apd𝑠 (𝐻 (𝑎))

)
.

Therefore it follows that the precomposition map – ◦ 𝑓 is an equivalence if and
only if the precomposition map – ◦ 𝑔 is. By Theorem 32.2.6 we conclude that
𝑓 is connected if and only if 𝑔 is. This proves statements (i) and (ii).
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Statement (iii) follows from the facts that any 𝑘-connected map is a 𝑘-
equivalence by ?? and that the 𝑘-equivalences satisfy the 3-for-2 property
??. □

The action on homotopy groups
Theorem 32.2.13 Consider a map 𝑓 : 𝑋 → 𝑌 , and suppose that 𝑘 ≥ −1. The
following are equivalent:

(i) The map 𝑓 is a 𝑘-equivalence.
(ii) The map 𝑓 is a (−1)-equivalence, and for every 0 ≤ 𝑖 ≤ 𝑘 and every

𝑥 : 𝑋 , the induced group homomorphism

𝜋𝑖 ( 𝑓 , 𝑥) : 𝜋𝑖 (𝑋, 𝑥) → 𝜋𝑖 (𝑌, 𝑓 (𝑥))

is an isomorphism.

Definition 32.2.14 A map 𝑓 : 𝑋 → 𝑌 is said to be a weak equivalence if it is
a 0-equivalence, and it induces an isomorphism

𝜋𝑖 ( 𝑓 , 𝑥) : 𝜋𝑖 (𝑋, 𝑥) � 𝜋𝑖 (𝑌, 𝑓 (𝑥))

on homotopy groups, for every 𝑥 : 𝑋 and every 𝑖 ≥ 1.

The following corollary is an instance of Whitehead’s principle, which asserts
that a map between any two spaces is a homotopy equivalence if and only if it is
a weak equivalence. Thus, by the following corollary, Whitehead’s principle
holds for 𝑘-types.

Corollary 32.2.15 Consider two 𝑘-types 𝑋 and 𝑌 , and consider a map
𝑓 : 𝑋 → 𝑌 between them. Then the following are equivalent:

(i) The map 𝑓 is an equivalence.
(ii) The map 𝑓 is a weak equivalence.

Theorem 32.2.16 Consider a map 𝑓 : 𝑋 → 𝑌 . The following are equivalent:

(i) The map 𝑓 is (𝑘 + 1)-connected.
(ii) The map 𝑓 is surjective, and for each 𝑥, 𝑥′ : 𝑋 the action on paths

ap 𝑓 : (𝑥 = 𝑥′) → ( 𝑓 (𝑥) = 𝑓 (𝑥′))

is 𝑘-connected.

Theorem 32.2.17 Consider a surjective map 𝑓 : 𝑋 → 𝑌 . The following are
equivalent:

(i) The map 𝑓 is 𝑘-connected.
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(ii) The induced maps on loop spaces

Ω ( 𝑓 , 𝑥) : Ω (𝑋, 𝑥) → Ω (𝑌, 𝑓 (𝑥))

is (𝑘 − 1)-connected for every 𝑥 : 𝑋 .
(iii) The induced maps on homotopy groups

𝜋𝑖 ( 𝑓 , 𝑥) : 𝜋𝑖 (𝑋, 𝑥) → 𝜋𝑖 (𝑌, 𝑓 (𝑥))

are isomorphisms for 0 ≤ 𝑖 ≤ 𝑘 , and it is surjective for 𝑖 = 𝑘 + 1.

Remark 32.2.18 If 𝑓 : 𝑋 → 𝑌 is a pointed map between connected types,
then conditions (ii) and (iii) in ?? only have to be checked at the base point.

32.3 Orthogonality
The idea of orthogonality is that a map 𝑓 : 𝐴→ 𝐵 is left orthogonal to a map
𝑔 : 𝑋 → 𝑌 if for every commuting square of the form

𝐴 𝑋

𝐵 𝑌,

←→𝑓

←→ℎ

←→ 𝑔

←→
𝑖

with 𝐻 : (𝑖 ◦ 𝑓 ) ∼ (𝑔 ◦ ℎ), the type of diagonal fillers is contractible. The type
of diagonal fillers is the type of maps 𝑗 : 𝐵→ 𝑋 equipped with homotopies

𝐾 : 𝑗 ◦ 𝑓 ∼ ℎ

𝐿 : 𝑔 ◦ 𝑗 ∼ 𝑖

and a homotopy 𝑀 witnessing that the triangle

𝑔 ◦ 𝑗 ◦ 𝑓 ℎ ◦ 𝑔

𝑖 ◦ 𝑓

← →𝑔·𝐾

←

→𝐿 · 𝑓

←→
𝐻

commutes. A slicker way to express this condition is to assert that the map

(𝐵→ 𝑋) → ∑
(ℎ:𝐴→𝑋)

∑
(𝑖:𝐵→𝑌 ) 𝑖 ◦ 𝑓 ∼ 𝑔 ◦ ℎ

given by 𝑗 ↦→ ( 𝑗 ◦ 𝑓 , 𝑔 ◦ 𝑗 , refl-htpy) is an equivalence. Indeed, the type of
triples (ℎ, 𝑖, 𝐻) in the codomain is the type of commuting squares with respect
to which we stated the orthogonality condition. Now we may even recognize the
above map as a gap map of a commuting square, and we arrive at our actual
definition of orthogonality.
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Definition 32.3.1 A map 𝑓 : 𝐴→ 𝐵 is said to be left orthogonal to a map
𝑔 : 𝑋 → 𝑌 , or equivalently the map 𝑔 is said to be right orthogonal to 𝑓 , if the
commuting square

𝑋𝐵 𝑋𝐴

𝑌𝐵 𝑌 𝐴

← →–◦ 𝑓

←→𝑔◦– ←→ 𝑔◦–

← →
–◦ 𝑓

is a pullback square.

Theorem 32.3.2 Let 𝑓 : 𝐴→ 𝐵 be a map. The following are equivalent:

(i) The map 𝑓 is 𝑘-connected.
(ii) The map 𝑓 is left orthogonal to every 𝑘-truncated map. is a pullback

square.

Theorem 32.3.3 Let 𝑓 : 𝐴→ 𝐵 be a map. The following are equivalent:

(i) The map 𝑓 is a 𝑘-equivalence.
(ii) The map 𝑓 is left orthogonal to every map between 𝑘-truncated types.
(iii) The map 𝑓 is left orthogonal to every map 𝑔 : 𝑋 → 𝑌 for which the

naturality square

𝑋 𝑌

∥𝑋 ∥𝑘 ∥𝑌 ∥𝑘

← →𝑔

←→[ ←→ [

←→∥𝑔∥𝑘

is a pullback square. Such maps are called 𝑘-étale.

32.4 The connectedness of suspensions
We will use connected maps to prove the connectedness of suspensions.

Proposition 32.4.1 Consider a pushout square

𝑆 𝐵

𝐴 𝑋.

←→𝑓

←→𝑔

←→ 𝑗

←→
𝑖

If the map 𝑓 : 𝑆 → 𝐴 is 𝑘-connected, then so is the map 𝑗 : 𝐵→ 𝑋 .
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Proof We claim that the map 𝑗 : 𝐵→ 𝑋 is left orthogonal to any 𝑘-truncated
map 𝑝 : 𝑌 → 𝑍 , which is equivalent to the property that 𝑗 is 𝑘-connected. To
see that 𝑗 is left orthogonal to 𝑝, consider the commuting cube

𝑌𝑋

𝑌 𝐴 𝑌𝐵 𝑍𝑋

𝑌𝑆 𝑍𝐴 𝑍𝐵

𝑍𝑆 .

←→ ←→ ←

→

←→ ←→
←

→
←→ ←→

←

→ ←→

←

→

←→

In this cube, the front left square is a pullback square because the map 𝑓 : 𝑆 → 𝐴

is assumed to be 𝑘-connected, and therefore it is left orthogonal to the 𝑘-truncated
map 𝑝. The back left and front right squares are pullback squares by the pullback
property of pushouts. Therefore it follows that the back right square is a pullback
square. This shows that 𝑗 is left orthogonal to 𝑝. □

Lemma 32.4.2 A pointed type 𝑋 is (𝑘 + 1)-connected if and only if the point
inclusion

1→ 𝑋

is a 𝑘-connected map.

Proof Since 𝑋 is assumed to have a base point 𝑥0 : 𝑋 , it follows that 𝑋 is
(𝑘 + 1)-connected if and only if its identity types (𝑥 = 𝑦) are 𝑘-connected. Now
the claim follows from the fact that there is an equivalence

fibconst𝑥0
(𝑦) ≃ (𝑥0 = 𝑦). □

Theorem 32.4.3 If 𝑋 is an 𝑘-connected type, then its suspension Σ𝑋 is
(𝑘 + 1)-connected.

Proof The type 𝑋 is 𝑘-connected if and only if the map const★ : 𝑋 → 1 is a
𝑘-connected map. Recall that the suspension of 𝑋 is a pushout

𝑋 1

1 Σ𝑋.

←→const★

←→const★

←→ S

←→
N

Therefore we see by Proposition 32.4.1 that the point inclusions N,S : 1→ Σ𝑋
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are both 𝑘-connected maps. By Lemma 32.4.2 it follows that Σ𝑋 is a (𝑘 + 1)-
connected type. □

Corollary 32.4.4 The 𝑛-sphere is (𝑛 − 1)-connected.

Proof The 0-sphere is (−1)-connected, since it contains a point. Thus the
claim follows by induction on 𝑛 : ℕ, using Theorem 32.4.3. □

32.5 The join connectivity theorem
Theorem 32.5.1 If 𝑋 is 𝑘-connected and 𝑌 is 𝑙-connected, then their join
𝑋 ∗ 𝑌 is (𝑘 + 𝑙 + 2)-connected.

Theorem 32.5.2 Consider a pullback square

𝐶 𝐵

𝐴 𝑋.

←→

←→ ←→

←→

If the maps 𝐴→ 𝑋 and 𝐵→ 𝑋 are 𝑘- and 𝑙-connected, respectively, then the
map 𝐴 ⊔𝐶 𝐵→ 𝑋 is (𝑘 + 𝑙 + 2)-connected.

Theorem 32.5.3 The connected maps contain the equivalences, are closed
under coproducts, pushouts, retracts, and transfinite compositions.

32.6 Universal covers
Theorem 32.6.1 Consider a type 𝑋 with base point 𝑥0, and consider a family
𝑌 of sets over 𝑋 equipped with a base point 𝑦0 : 𝑌 (𝑥0). Then the following are
equivalent:

(i) The canonical map

∥𝑥0 = 𝑥∥0 → 𝑌 (𝑥)

is an equivalence for each 𝑥 : 𝑋 .
(ii) The total space ∑

(𝑥:𝑋)𝑌 (𝑥)

is simply connected.

If either of these equivalent conditions holds, then we call 𝑌 the universal cover
of 𝑋 at 𝑥0, and moreover we obtain an equivalence

𝜋1 (𝑋, 𝑥0) ≃ 𝑌 (𝑥0).
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In fact, we will prove a more general version of the above theorem.

Theorem 32.6.2 Consider a type 𝑋 with base point 𝑥0, and consider a family
𝑌 of 𝑘-types over 𝑋 equipped with a base point 𝑦0 : 𝑌 (𝑥0). Then the following
are equivalent:

(i) The canonical map
∥𝑥0 = 𝑥∥𝑘 → 𝑌 (𝑥)

is an equivalence for each 𝑥 : 𝑋 .
(ii) The total space ∑

(𝑥:𝑋)𝑌 (𝑥)

is (𝑘 + 1)-connected.

If either of these equivalent conditions holds, then we call 𝑌 the universal
𝑘-cover of 𝑋 at 𝑥0.

Proof Since 𝑌 is assumed to be a family of 𝑘-types over 𝑋 , we find a unique
family 𝑌 of 𝑘-types over ∥(∥𝑘+1𝑋) such that the square∑

(𝑥:𝑋) 𝑌 (𝑥)
∑
(𝑥:∥𝑋∥𝑘+1 ) 𝑌 (𝑥)

𝑋 ∥𝑋 ∥𝑘+1

←→pr1

←→

←→ pr1

← →[

is a pullback square. □

Exercises
32.1 Show that every type is equivalent to a disjoint union of connected

components, i.e., show that for every type 𝑋 there is a family of connected
types 𝐵𝑖 by a set 𝐼, with an equivalence

𝑋 ≃ ∑
(𝑖:𝐼 )𝐵𝑖 .

32.2 Let 𝑓 : 𝐴 →∗ 𝐵 be a pointed map between pointed 𝑛-connected types,
for 𝑛 ≥ −1. Show that the following are equivalent:

(i) 𝑓 is an equivalence.
(ii) Ω𝑛+1 ( 𝑓 ) is an equivalence.

32.3 Show that if
𝐴 𝐵

𝑋 𝑌

←→

←→𝑓 ←→ 𝑔

←→
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is 𝑘-cocartesian in the sense that the cogap map is 𝑘-connected, then the
map cofib( 𝑓 ) → cofib(𝑔) is 𝑘-connected.

32.4 Show that if 𝑓 : 𝑋 → 𝑌 is a 𝑘-connected map, then so is

∥ 𝑓 ∥𝑙 : ∥𝑋 ∥𝑙 → ∥𝑌 ∥𝑙

for any 𝑙 ≥ −2.
32.5 Consider a commuting square

𝐴 𝐵

𝑋 𝑌
←→𝑓

←→

←→ 𝑔

←→

(a) Show that if the square is 𝑘-cartesian and 𝑔 is 𝑘-connected, then so
is 𝑓 .

(b) Show that if 𝑓 is 𝑘-connected and 𝑔 is (𝑘 + 1)-connected, then the
square is 𝑘-cartesian.

32.6 (a) Show that any sequential colimit of 𝑘-connected types is again
𝑘-connected.

(b) Show that if every map in a type sequence

𝐴0 𝐴1 𝐴2 · · ·←→ ←→ ←→

is 𝑘-connected, then so is the transfinite composition 𝐴0 → 𝐴∞.
32.7 Recall that a commuting square is called 𝑘-cartesian, if its gap map is

𝑘-connected. Show that (𝑘 + 1)-truncation preserves 𝑙-cartesian squares
for any 𝑙 ≤ 𝑘 , i.e., show that for any 𝑙 ≤ 𝑘 , if a square

𝐶 𝐵

𝐴 𝑋.

←→𝑞

←→𝑝 ←→ 𝑔

←→
𝑓

is 𝑙-cartesian, then the square

∥𝐶∥𝑘+1 ∥𝐵∥𝑘+1

∥𝐴∥𝑘+1 ∥𝑋 ∥𝑘+1

← →∥𝑞∥𝑘+1

←→∥ 𝑝∥𝑘+1 ←→ ∥𝑔∥𝑘+1

← →∥ 𝑓 ∥𝑘+1

is 𝑙-cartesian.
32.8 Generalize Remark 32.2.10 to show that for every 𝑘 ≥ −1, the 𝑘-connected

maps do not satisfy the 3-for-2 property.
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32.9 Consider a commuting square

𝐴 𝐵

𝑋 𝑌

←→𝑓

←→

←→ 𝑔

←→

Show that the following are equivalent:

(i) The map 𝐴 → 𝑋 ×𝑌 𝐵 is 𝑛-connected. In this case the square is
called 𝑛-cartesian.

(ii) For each 𝑥 : 𝑋 the map

fib 𝑓 (𝑥) → fib𝑔 ( 𝑓 (𝑥))

is 𝑛-connected.

32.10 Consider a map 𝑓 : 𝐴→ 𝐵. Show that the following are equivalent:

(i) The map 𝑓 is a weak equivalence.
(ii) The map 𝑓 is∞-connected, in the sense that 𝑓 is 𝑘-connected for

each 𝑘 .
(iii) The map 𝑓 is left orthogonal to any map between truncated types

of any truncation level.
(iv) The map 𝑓 is left orthogonal to any truncated map, for any truncation

level.

Thus we see that, while the classes of 𝑘-connected maps and 𝑘-equivalences
differ for finite 𝑘 ≥ −1, they come to agree at∞.

32.11 Consider a pointed (𝑘 +1)-connected type 𝑋 . Show that every 𝑘-truncated
map 𝑓 : 𝐴 → 𝑋 trivializes, in the sense that there is a 𝑘-type 𝐵 and an
equivalence 𝑒 : 𝐴 ≃ 𝑋 × 𝐵 for which the triangle

𝐴 𝑋 × 𝐵

𝑋

←→𝑒

←→

𝑓

←→

pr1

commutes.
32.12 Show that any commuting square

𝐸 ′ 𝐸

𝐵′ 𝐵,

←→𝑝′

←→𝑔

←→ 𝑝

←→
𝑓

in which 𝑝 and 𝑝′ are 𝑘-étale and 𝑓 and 𝑔 are 𝑘-equivalences, is a pullback
square.
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32.13 Consider a 𝑘-equivalence 𝑓 : 𝐵′ → 𝐵. Show that the base-change functor
induces an equivalence(∑
(𝐸:U)

∑
(𝑝:𝐸→𝐵) is-etale𝑘 (𝑝)

)
≃
(∑
(𝐸′:U)

∑
(𝑝′:𝐸′→𝐵′ ) is-etale𝑘 (𝑝′)

)
.

In other words, for every 𝑘-étale map 𝑝′ : 𝐸 ′ → 𝐵′ there is a unique
𝑘-étale map 𝑝 : 𝐸 → 𝐵 equipped with a map 𝑞 : 𝐸 ′ → 𝐸 such that the
square

𝐸 ′ 𝐸

𝐵′ 𝐵
←→𝑝′

←→𝑞

←→ 𝑝

←→
𝑓

commutes and is a pullback square. In this sense 𝑘-étale maps descend
along 𝑘-equivalences.

32.14 Consider two types 𝑋 and 𝑌 . Show that the following are equivalent:

(i) Both 𝑋 and 𝑌 are 𝑘-connected.
(ii) The type 𝑋 × 𝑌 is 𝑘-connected.

32.15 Consider a commuting cube

𝑆′

𝐴′ 𝑆 𝐵′

𝐴 𝑋 ′ 𝐵

𝑋

←→ ←→ℎ𝑆

←

→

←→ℎ𝐴 ←→
←

→
←→ ←→ ℎ𝐵

←

→

←

→

←→ℎ𝑋 ←→

in which ℎ𝐴 and ℎ𝐵 are 1-equivalences and ℎ𝑆 is a 0-equivalence. Show
that ℎ𝑋 is a 1-equivalence.

33 The Blakers-Massey theorem

The Blakers-Massey theorem is a connectivity theorem which can be used to
prove the Freudenthal suspension theorem, giving rise to the field of stable
homotopy theory. It was proven in the setting of homotopy type theory by
Lumsdaine et al, and their proof was the first that was given entirely in an
elementary way, using only constructions that are invariant under homotopy
equivalence.
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33.1 The Blakers-Massey theorem
Consider a span 𝐴 ← 𝑆 → 𝐵, consisting of an 𝑚-connected map 𝑓 : 𝑆 → 𝐴

and an 𝑛-connected map 𝑔 : 𝑆 → 𝐵. We take the pushout of this span, and
subsequently the pullback of the resulting cospan, as indicated in the diagram

𝑆

𝐴 ×(𝐴⊔𝑆𝐵) 𝐵 𝐵

𝐴 𝐴 ⊔𝑆 𝐵.

←

→

𝑔

←

→
𝑓

←

→𝑢

← →𝜋2

←→ 𝜋1

←→ inr

← →
inl

(33.1.1)

The universal property of the pullback determines a unique map 𝑢 : 𝑆 →
𝐴 ×(𝐴⊔𝑆𝐵) 𝐵 as indicated.

Theorem 33.1.1 (Blakers-Massey) The map 𝑢 : 𝑆 → 𝐴 ×(𝐴⊔𝑆𝐵) 𝐵 of
Eq. (33.1.1) is (𝑛 + 𝑚)-connected.

33.2 The Freudenthal suspension theorem
Theorem 33.2.1 If 𝑋 is a 𝑘-connected pointed type, then the canonical map

𝑋 → Ω (Σ𝑋)

is 2𝑘-connected.

Theorem 33.2.2 𝜋𝑛 (S𝑛) = ℤ for 𝑛 ≥ 1.

33.3 Higher groups
Recall that types in HoTT may be viewed as∞-groupoids: elements are objects,
paths are morphisms, higher paths are higher morphisms, etc.

It follows that pointed connected types 𝐵 may be viewed as higher groups,
with carrier Ω𝐵. The neutral element is the identity path, the group operation
is given by path composition, and higher paths witness the unit and associativity
laws. Of course, these higher paths are themselves subject to further laws, etc.,
but the beauty of the type-theoretic definition is that we don’t have to worry about
that: all the (higher) laws follow from the rules of the identity types. Writing 𝐺
for the carrier Ω𝐵, it is common to write 𝐵𝐺 for the pointed connected type
𝐵, which comes equipped with an identification 𝐺 = Ω𝐵𝐺. We call 𝐵𝐺 the
delooping of 𝐺.

The type of pointed types is Upt B
∑
(𝐴:U) 𝐴. The type of 𝑛-truncated
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types is U≤𝑛 B ∑
(𝐴:U) is-trunc𝑛𝐴 and for 𝑛-connected types it is U>𝑛 B∑

(𝐴:U) is-conn𝑛 (𝐴). We will combine these notations as needed.

Definition 33.3.1 We define the type of higher groups, or∞-groups, to be

∞Grp B
∑
(𝐺:U)

∑
(𝐵𝐺:U>0

pt )
𝐺 ≃ Ω𝐵𝐺.

When𝐺 is an∞-group, we also write𝐺 for its first projection, called the carrier
of 𝐺.

Remark 33.3.2 Note that we have equivalences

∞Grp �
∑
(𝐺:U)

∑
(𝐵𝐺:U>0

pt )
𝐺 ≃ Ω𝐵𝐺

≃ ∑
(𝐺:Upt )

∑
(𝐵𝐺:U>0

pt )
𝐺 ≃pt Ω𝐵𝐺

≃ U>0
pt

for the type of higher groups.

Automorphism groups form a major class of examples of∞-groups. Given
any type 𝐴 and any object 𝑎 : 𝐴, the automorphism group at 𝑎 is defined
as automorphism group Aut 𝑎 B (𝑎 = 𝑎). This is indeed an ∞-group,
because it is the loop space of the connected component of 𝐴 at 𝑎, i.e. we
define BAut𝑎 B im(𝑎 : 1→ 𝐴) = (𝑥 : 𝐴) × ∥𝑎 = 𝑥∥−1. From this definition it
is immediate that Aut 𝑎 = ΩBAut𝑎, so we see that Aut 𝑎 is indeed an example
of an∞-group.

If we take 𝐴 = Set, we get the usual symmetric groups 𝑆𝑛 B Aut(Fin𝑛),
where Fin𝑛 is a set with 𝑛 elements. (Note that 𝐵𝑆𝑛 = BAut(Fin𝑛) is the type of
all 𝑛-element sets.)

We recover the ordinary set-level groups by requiring that 𝐺 is a 0-type, or
equivalently, that 𝐵𝐺 is a 1-type. This leads us to introduce:

Definition 33.3.3 We define the type of groupal (𝑛 − 1)-gropuoids, or
𝑛-groups, to be

𝑛Grp B
∑
(𝐺:U<𝑛pt )

∑
(𝐵𝐺:U>0

pt )
𝐺 ≃pt Ω𝐵𝐺.

We write Grp for the type of 1-groups.

The type of 𝑛-groups is therefore equivalent to the type of pointed connected
(𝑛 + 1)-types. Note that if 𝐴 is an (𝑛 + 1)-type, then Aut 𝑎 is an (𝑛 + 1)-group
because Aut 𝑎 is 𝑛-truncated.

For example, the integers ℤ as an additive group are from this perspective
represented by their delooping Bℤ = 𝕊1, i.e., the circle. Indeed, any set-level
group 𝐺 is represented as its delooping 𝐵𝐺 B 𝐾 (𝐺, 1).
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Moving across the homotopy hypothesis, for every pointed type (𝑋, 𝑥) we
have the fundamental∞-group of 𝑋 , Π∞ (𝑋, 𝑥) B Aut 𝑥. Its (𝑛−1)-truncation
(an instance of decategorification, see Section 33.4) is the fundamental 𝑛-group
of 𝑋 , Π𝑛 (𝑋, 𝑥), with corresponding delooping BΠ𝑛 (𝑋, 𝑥) = ∥BAut𝑥∥𝑛.

Double loop spaces are more well-behaved than mere loop spaces. For example,
they are commutative up to homotopy by the Eckmann-Hilton argument [5,
Theorem 2.1.6]. Triple loop spaces are even better behaved than double loop
spaces, and so on.

Definition 33.3.4 A type 𝐺 is said to be 𝑘-tuply groupal if it comes equipped
with a 𝑘-fold delooping, i.e. a pointed 𝑘-connected 𝐵𝑘𝐺 : U≥𝑘pt and an
equivalence 𝐺 ≃ Ω𝑘𝐵𝑘𝐺.

Mixing the two directions, we also define

(𝑛, 𝑘)GType B
∑
(𝐺:U≤𝑛pt )

∑
(𝐵𝑘𝐺:U≥𝑘pt )

𝐺 ≃pt Ω
𝑘𝐵𝑘𝐺

≃ U≥𝑘,≤𝑛+𝑘pt

for the type of 𝑘-tuply groupal 𝑛-groupoids4 . We allow taking 𝑛 = ∞, in
which case the truncation requirement is simply dropped.

Note that 𝑛Grp = (𝑛− 1, 1)GType. This shift in indexing is slightly annoying,
but we keep it to stay consistent with the literature.

Note that for each 𝑘 ≥ 0 there is a forgetful map

(𝑛, 𝑘 + 1)GType→ (𝑛, 𝑘)GType,

given by 𝐵𝑘+1𝐺 ↦→ Ω𝐵𝑘+1𝐺, defining a sequence

· · · (𝑛, 2)GType (𝑛, 1)GType (𝑛, 0)GType.←→ ←→ ←→

Thus we define (𝑛,∞)GType as the limit of this sequence:

(𝑛,∞)GType B lim𝑘 (𝑛, 𝑘)GType

≃ ∑
(𝐵 –𝐺:

∏
(𝑘:ℕ)U≥𝑘,≤𝑛+𝑘pt )

∏
(𝑘:ℕ)𝐵

𝑘𝐺 ≃pt Ω𝐵
𝑘+1𝐺.

In Section 33.4 we prove the stabilization theorem (Theorem 33.4.10), from
which it follows that (𝑛,∞)GType = (𝑛, 𝑘)GType for 𝑘 ≥ 𝑛 + 2.

The type (∞,∞)GType is the type of stably groupal∞-groups, also known
as connective spectra. If we also relax the connectivity requirement, we get
the type of all spectra, and we can think of a spectrum as a kind of∞-groupoid
with 𝑘-morphisms for all 𝑘 ∈ ℤ.
4 This is called 𝑛U𝑘 in [BaezDolan1998], but here we give equal billing to 𝑛 and 𝑘, and we add

the “G” to indicate group-structure.
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Table III.1 Periodic table of 𝑘-tuply groupal 𝑛-groupoids.

𝑘 \ 𝑛 0 1 2 · · · ∞

0 pointed set pointed groupoid pointed 2-groupoid · · · pointed∞-groupoid
1 group 2-group 3-group · · · ∞-group
2 abelian group braided 2-group braided 3-group · · · braided∞-group
3 — ” — symmetric 2-group sylleptic 3-group · · · sylleptic∞-group
4 — ” — — ” — symmetric 3-group · · · ??∞-group
.
.
.

.

.

.
.
.
.

.

.

.
. . .

.

.

.

Ω — ” — — ” — — ” — · · · connective spectrum

The double hierarchy of higher groups is summarized in Table III.1. We shall
prove the correctness of the 𝑛 = 0 column in ??.

A homomorphism between higher groups is any function that can be suitably
delooped.

Definition 33.3.5 For 𝐺, 𝐻 : (𝑛, 𝑘)GType, we define

hom(𝑛,𝑘 ) (𝐺, 𝐻) B
∑
(ℎ:𝐺→pt𝐻 )

∑
(𝐵𝑘ℎ:𝐵𝑘𝐺→pt𝐵𝑘𝐻 )Ω

𝑘 (𝐵𝑘ℎ) ∼pt ℎ

≃ (𝐵𝑘ℎ : 𝐵𝑘𝐺 →pt 𝐵
𝑘𝐻).

For (connective) spectra we need pointed maps between all the deloopings and
pointed homotopies showing they cohere.

Note that if ℎ, 𝑘 : 𝐺 → 𝐻 are homomorphisms between set-level groups,
then ℎ and 𝑘 are conjugate if 𝐵ℎ, 𝐵𝑘 : 𝐵𝐺 →pt 𝐵𝐻 are freely homotopic (i.e.,
equal as maps 𝐵𝐺 → 𝐵𝐻).

Also observe that

𝜋 𝑗 (𝐵𝑘𝐺 →pt 𝐵
𝑘𝐻) ≃ ∥𝐵𝑘𝐺 →pt Ω

𝑗𝐵𝑘𝐻∥0

≃ ∥Σ 𝑗𝐵𝑘𝐺 →pt 𝐵
𝑘𝐻∥0

≃ 0

for 𝑗 > 𝑛, which suggests that hom(𝑛,𝑘 ) (𝐺, 𝐻) is 𝑛-truncated. To prove this,
we deviate slightly from the approach in [BuchholtzDoornRĳke] and use the
following intermediate result.

33.4 The stabilization theorem for higher groups
Definition 33.4.1 The decategorification Decat𝐺 of a 𝑘-tuply groupal (𝑛+1)-
group is defined to be the 𝑘-tuply groupal 𝑛-group ∥𝐺∥𝑛−1, which has delooping
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∥𝐵𝑘𝐺∥𝑛+𝑘−1. Thus, decategorification is an operation

Decat : (𝑛, 𝑘)GType→ (𝑛 − 1, 𝑘)GType.

The functorial action of Decat is defined in the expected way. We also define the
∞-decategorification∞-Decat𝐺 of a 𝑘-tuply groupal∞-group as the 𝑘-tuply
groupal 𝑛-group ∥𝐺∥𝑛, which has delooping ∥𝐵𝑘𝐺∥𝑛+𝑘 .

Definition 33.4.2 The discrete categorification Disc𝐺 of a 𝑘-tuply-groupal
(𝑛 + 1)-group is defined to be the same∞-group 𝐺, now considered as a 𝑘-tuply
groupal (𝑛 + 2)-group. Thus, the discrete categorification is an operation

Disc : (𝑛, 𝑘)GType→ (𝑛 + 1, 𝑘)GType.

Similarly, the discrete ∞-decategorification ∞-Disc𝐺 of a 𝑘-tuply groupal
(𝑛 + 1)-group is defined to be the same group, now considered as a 𝑘-tuply
groupal∞-group.

Remark 33.4.3 The decategorification and discrete categorification functors
make the (𝑛 + 1)-category (𝑛, 𝑘)GType a reflective sub-(∞, 1)-category of
(𝑛+1, 𝑘)GType. That is, there is an adjunction Decat ⊣ Disc. These properties are
straightforward consequences of the universal property of truncation. Similarly,
we have ∞-Decat ⊣ ∞-Disc such that the counit induces an isomorphism
∞-Decat ◦ ∞-Disc = id.

For the next constructions, we need the following properties.

Definition 33.4.4 For 𝐴 : Upt we define the 𝑛-connected cover of 𝐴 to be
𝐴⟨𝑛⟩ B fib𝐴→∥𝐴∥𝑛 . We have the projection 𝑝1 : 𝐴⟨𝑛⟩ →pt 𝐴.

Lemma 33.4.5 The universal property of the 𝑛-connected cover states the
following. For any 𝑛-connected pointed type 𝐵, the pointed map

(𝐵→pt 𝐴⟨𝑛⟩) →pt (𝐵→pt 𝐴),

given by postcomposition with 𝑝1, is an equivalence.

Proof Given a map 𝑓 : 𝐵 →pt 𝐴, we can form a map �̃� : 𝐵 → 𝐴⟨𝑛⟩. First
note that for 𝑏 : 𝐵 the type | 𝑓 𝑏 |𝑛 =∥𝐴∥𝑛 |pt|𝑛 is (𝑛 − 1)-truncated and inhabited
for 𝑏 = pt. Since 𝐵 is 𝑛-connected, the universal property for connected
types shows that we can construct a 𝑞𝑏 : | 𝑓 𝑏 |𝑛 = |pt|𝑛 for all 𝑏 such that
𝑞0 : 𝑞𝑏0 · ap | – |𝑛 ( 𝑓0) = 1. Then we can define the map �̃� (𝑏) B ( 𝑓 𝑏, 𝑞𝑏). Now
�̃� is pointed, because ( 𝑓0, 𝑞0) : ( 𝑓 𝑏0, 𝑞𝑏0) = (𝑎0, 1).

Now we show that this is indeed an inverse to the given map. On the one
hand, we need to show that if 𝑓 : 𝐵 →pt 𝐴, then pr1 ◦ �̃� = 𝑓 . The underlying
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functions are equal because they both send 𝑏 to 𝑓 (𝑏). They respect points in the
same way, because ap𝑝1 ( �̃�0) = 𝑓0. The proof that the other composite is the
identity follows from a computation using fibers and connectivity, which we
omit here, but can be found in the formalization. □

The next reflective sub-(∞, 1)-category is formed by looping and delooping.

looping Ω : (𝑛, 𝑘)GType→ (𝑛 − 1, 𝑘 + 1)GType
⟨𝐺, 𝐵𝑘𝐺⟩ ↦→ ⟨Ω𝐺, 𝐵𝑘𝐺⟨𝑘⟩⟩

delooping B : (𝑛, 𝑘)GType→ (𝑛 + 1, 𝑘 − 1)GType
⟨𝐺, 𝐵𝑘𝐺⟩ ↦→ ⟨Ω𝑘−1𝐵𝑘𝐺, 𝐵𝑘𝐺⟩

We have B ⊣ Ω, which follows from Lemma 33.4.5 and Ω ◦ B = id, which
follows from the fact that 𝐴⟨𝑛⟩ = 𝐴 if 𝐴 is 𝑛-connected.

The last adjoint pair of functors is given by stabilization and forgetting. This
does not form a reflective sub-(∞, 1)-category.

forgetting 𝐹 : (𝑛, 𝑘)GType→ (𝑛, 𝑘 − 1)GType
⟨𝐺, 𝐵𝑘𝐺⟩ ↦→ ⟨𝐺,Ω𝐵𝑘𝐺⟩

stabilization 𝑆 : (𝑛, 𝑘)GType→ (𝑛, 𝑘 + 1)GType
⟨𝐺, 𝐵𝑘𝐺⟩ ↦→ ⟨𝑆𝐺, ∥Σ𝐵𝑘𝐺∥𝑛+𝑘+1⟩,
where 𝑆𝐺 = ∥Ω𝑘+1Σ𝐵𝑘𝐺∥𝑛

We have the adjunction 𝑆 ⊣ 𝐹 which follows from the suspension-loop adjunction
Σ ⊣ Ω on pointed types.

The next main goal in this section is the stabilization theorem, stating that the
ditto marks in Table III.1 are justified.

The following corollary is almost [5, Lemma 8.6.2], but proving this in Book
HoTT is a bit tricky. See the formalization for details.

Lemma 33.4.6 (Wedge connectivity) If 𝐴 : Upt is 𝑛-connected and 𝐵 : Upt is
𝑚-connected, then the map 𝐴 ∨ 𝐵→ 𝐴 × 𝐵 is (𝑛 + 𝑚)-connected.

Let us mention that there is an alternative way to prove the wedge connectivity
lemma: Recall that if 𝐴 is 𝑛-connected and 𝐵 is 𝑚-connected, then 𝐴 ∗ 𝐵 is
(𝑛+𝑚+2)-connected [joinconstruction]. Hence the wedge connectivity lemma
is also a direct consequence of the following lemma.

Lemma 33.4.7 Let 𝐴 and 𝐵 be pointed types. The fiber of the wedge inclusion
𝐴 ∨ 𝐵→ 𝐴 × 𝐵 is equivalent to Ω𝐴 ∗Ω𝐵.

Proof Note that the fiber of 𝐴→ 𝐴 × 𝐵 is Ω𝐵, the fiber of 𝐵→ 𝐴 × 𝐵 is Ω𝐴,
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and of course the fiber of 1→ 𝐴 × 𝐵 is Ω𝐴 ×Ω𝐵. We get a commuting cube

Ω𝐴 ×Ω𝐵

Ω𝐵 1 Ω𝐴

𝐴 1 𝐵

𝐴 × 𝐵

←→ ←→

←

→

←→ ←

→
←

→
←

→ ←→

←

→ ←→

←

→
←→

in which the vertical squares are pullback squares.
By the descent theorem for pushouts it now follows that Ω𝐴 ∗Ω𝐵 is the fiber

of the wedge inclusion. □

The second main tool we need for the stabilization theorem is:

Theorem 33.4.8 (Freudenthal) If 𝐴 : U>𝑛
pt with 𝑛 ≥ 0, then the map 𝐴→ ΩΣ𝐴

is 2𝑛-connected.

This is [5, Theorem 8.6.4].
The final building block we need is:

Lemma 33.4.9 There is a pullback square

ΣΩ𝐴 𝐴 ∨ 𝐴

𝐴 𝐴 × 𝐴

←→Y𝐴

←→

←→

←→
Δ

for any 𝐴 : Upt.

Proof Note that the pullback of Δ : 𝐴 → 𝐴 × 𝐴 along either inclusion
𝐴→ 𝐴 × 𝐴 is contractible. So we have a cube

Ω𝐴

1 1 1

𝐴 𝐴 𝐴

𝐴 × 𝐴

←→ ←→ ←

→

←→ ←

→
←

→
←

→ ←→
←

→ ←→ Δ

←

→

←→

in which the vertical squares are all pullback squares. Therefore, if we pull back
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along the wedge inclusion, we obtain by the descent theorem for pushouts that
the square in the statement is indeed a pullback square. □

Theorem 33.4.10 (Stabilization) If 𝑘 ≥ 𝑛 + 2, then 𝑆 : (𝑛, 𝑘)GType →
(𝑛, 𝑘 + 1)GType is an equivalence, and any 𝐺 : (𝑛, 𝑘)GType is an infinite loop
space.

Proof We show that 𝐹 ◦ 𝑆 = id = 𝑆 ◦ 𝐹 : (𝑛, 𝑘)GType → (𝑛, 𝑘)GType
whenever 𝑘 ≥ 𝑛 + 2.

For the first, the unit map of the adjunction factors as

𝐵𝑘𝐺 → ΩΣ𝐵𝑘𝐺 → Ω∥Σ𝐵𝑘𝐺∥𝑛+𝑘+1

where the first map is 2𝑘 − 2-connected by Freudenthal, and the second map
is 𝑛 + 𝑘-connected. Since the domain is 𝑛 + 𝑘-truncated, the composite is an
equivalence whenever 2𝑘 − 2 ≥ 𝑛 + 𝑘 .

For the second, the counit map of the adjunction factors as

∥ΣΩ𝐵𝑘𝐺∥𝑛+𝑘 → ∥𝐵𝑘𝐺∥𝑛+𝑘 → 𝐵𝑘𝐺,

where the second map is an equivalence. By the two lemmas above, the first
map is 2𝑘 − 2-connected. □

For example, for 𝐺 : (0, 2)GType an abelian group, we have 𝐵𝑛𝐺 = 𝐾 (𝐺, 𝑛),
an Eilenberg-MacLane space.

The adjunction 𝑆 ⊣ 𝐹 implies that the free group on a pointed set 𝑋 is
Ω∥Σ𝑋 ∥1 = 𝜋1 (Σ𝑋). If 𝑋 has decidable equality, Σ𝑋 is already 1-truncated. It
is an open problem whether this is true in general.

Also, the abelianization of a set-level group 𝐺 : 1Grp is 𝜋2 (Σ𝐵𝐺). If
𝐺 : (𝑛, 𝑘)GType is in the stable range (𝑘 ≥ 𝑛 + 2), then 𝑆𝐹𝐺 = 𝐺.

33.5 Eilenberg-Mac Lane spaces

Exercises
33.1 Show that if 𝑋 is 𝑚-connected and 𝑓 : 𝑋 → 𝑌 is 𝑛-connected, then the

map

𝑋 → fib𝑚 𝑓 (∗)

where 𝑚 𝑓 : 𝑌 → 𝑀 𝑓 is the inclusion of 𝑌 into the cofiber of 𝑓 , is
(𝑚 + 𝑛)-connected.

33.2 Suppose that 𝑋 is a connected type, and let 𝑓 : 𝑋 → 𝑌 be a map. Show
that the following are equivalent:

(i) 𝑓 is 𝑛-connected.

mailto:egbert.rijke@fmf.uni-lj.si
https://hott.zulipchat.com


This material will be published by Cambridge University Press as Introduction to Homotopy Type Theory by Egbert Rĳke. This pre-publication
version is free to view and download for personal use only. Not for re-distribution, re-sale or use in derivative works. © Egbert Rĳke 2020

The best way to support this book while it is still being prepared for publication, is to let the author know if you find inaccuracies of any kind at
Q egbert.rĳke@fmf.uni-lj.si, or at the homotopy type theory chat at  https://hott.zulipchat.com.

There are 306 exercises.

Ljubljana, April 8, 2022

33 Exercises 419

(ii) The mapping cone of 𝑓 is (𝑛 + 1)-connected.

33.3 Apply the Blakers-Massey theorem to the defining pushout square of the
smash product to show that if 𝐴 and 𝐵 are𝑚- and 𝑛-connected respectively,
then there is a (𝑚 + 𝑛 +min(𝑚, 𝑛) + 2)-connected map

Ω (𝐴) ∗ Ω (𝐵) → Ω (𝐴 ∧ 𝐵).

33.4 Show that the square

1 bool

𝑋 𝑋 + 1

←→

←→ ←→

←→

is both a pullback and a pushout. Conclude that the result of the Blakers-
Massey theorem is not always sharp.

33.5 Show that for every pointed type 𝑋 , and any 𝑛 : ℕ, there is a fiber sequence

𝐾 (𝜋𝑛+1 (𝑋), 𝑛 + 1) ↩→ ∥𝑋 ∥𝑛+1 ↠ ∥𝑋 ∥𝑛.

33.6 Suppose that 𝑋 is a pointed, 𝑛-connected type. Construct an equivalence

∥𝑋 ∥𝑛+1 ≃ 𝐾 (𝜋𝑛+1 (𝑋), 𝑛 + 1).

33.7 Define

EM(𝐺, 𝑛) B ∑
(𝑋:U) ∥𝐾 (𝐺, 𝑛) ≃ 𝑋 ∥

EM∗ (𝐺, 𝑛) B
∑
(𝑋:U) ∥𝐾 (𝐺, 𝑛) ≃ 𝑋 ∥ × 𝑋.

(a) Show that EM∗ (𝐺, 𝑛) ≃ 𝐾 (Aut(𝐺), 1).
(b) (Lemma 2.7 in Scoccola!!!) For any pointed connected type 𝑋 , and

any 𝑛 ≥ 1, show that

(𝑋 →∗ EM∗ (𝐺, 𝑛)) ≃ (𝜋1 (𝑋) ↷ 𝐺).

33.8 Define

EM∗∗ (𝐺, 𝑛) B
∑
(𝑋:U) ∥𝐾 (𝐺, 𝑛) ≃ 𝑋 ∥ × 𝑋 × 𝑋.

In other words, EM∗∗ (𝐺, 𝑛) is the type of doubly pointed Eilenberg-Mac
Lane spaces of type (𝐺, 𝑛). Construct an equivalence

EM(𝐺, 𝑛) ≃ EM∗∗ (𝐺, 𝑛 + 1)
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34 Higher group theory

34.1 The category of pointed connected 1-types

Proposition 34.1.1 Consider a 𝑘-connected map 𝑓 : 𝑋 → 𝑌 , and a family 𝑃
of (𝑘 + 𝑛)-truncated types over 𝑌 , where 𝑛 ≥ 0. Then the precomposition map

– ◦ 𝑓 :
(∏

(𝑦:𝑌 )𝑃(𝑦)
)
→

(∏
(𝑥:𝑋)𝑃( 𝑓 (𝑥))

)
is (𝑛 − 2)-truncated.

Proposition 34.1.2 Consider a pointed (𝑘 +1)-connected type 𝑋 , and a family
𝑌 : 𝑋 →U≤𝑛+𝑘 of (𝑛 + 𝑘)-truncated types over 𝑋 . Then the map

ev-pt :
(∏

(𝑥:𝑋)𝑌 (𝑥)
)
→ 𝑌 (pt)

induced by the point inclusion 1→ 𝑋 , is an (𝑛 − 2)-truncated map.

Proof Note that we have a commuting triangle(∏
(𝑥:𝑋)𝑌 (𝑥)

)
(∏

(𝑡:1)𝑌 (pt)
)

𝑌 (pt),

←→–◦constpt ←
→

ev-pt
← →ev-pt

≃

so the map on the left is an (𝑛 − 2)-truncated map if and only if the map
on the right is. For the map on the left, the claim follows immediately from
Proposition 34.1.1, since the point inclusion constpt : 1→ 𝑋 is a 𝑘-connected
map by ??. □

Definition 34.1.3 If 𝑋 : Upt and 𝑌 : 𝑋 →Upt, then we introduce the type of
pointed sections, ∏∗

(𝑥:𝑋) 𝑌 (𝑥) B
∑
(𝑠:∏ (𝑥:𝑋)𝑌 (𝑥 ) ) 𝑠(pt) = pt

This type is itself pointed by the trivial section _𝑥. pt.

Corollary 34.1.4 Consider a pointed 𝑘-connected type 𝑋 , and a family
𝑌 : 𝑋 → U≤𝑛+𝑘pt of pointed (𝑛 + 𝑘)-truncated types over 𝑋 . Then the type∏∗
(𝑥:𝑋) 𝑌 (𝑥) is (𝑛 − 1)-truncated.
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Proof Note that we have a pullback square∏∗
(𝑥:𝑋) 𝑌 (𝑥) 1

∏
(𝑥:𝑋)𝑌 (𝑥) 𝑌 (∗),

←→

←→ ←→

←→ev-pt

so the claim follows from the fact that ev-pt is an (𝑛 − 1)-truncated map. □

Theorem 34.1.5 The type hom(𝑛,𝑘 ) (𝐺, 𝐻) is an 𝑛-type for any 𝐺, 𝐻 :
(𝑛, 𝑘)GType.

Proof If 𝑋 is (𝑘 − 1)-connected, and 𝑌 is (𝑛 + 𝑘)-truncated, then the type of
pointed maps 𝑋 →pt 𝑌 is 𝑛-truncated. □

Corollary 34.1.6 The type (𝑛, 𝑘)GType is (𝑛 + 1)-truncated.

Proof This follows immediately from the preceding corollary, as the type of
equivalences 𝐺 ≃ 𝐻 is a subtype of the homomorphisms from 𝐺 to 𝐻. □

If 𝑘 ≥ 𝑛 + 2 (so we’re in the stable range), then hom(𝑛,𝑘 ) (𝐺, 𝐻) becomes a
stably groupal 𝑛-groupoid. This generalizes the fact that the homomorphisms
between abelian groups form an abelian group.

Corollary 34.1.7 The automorphism group Aut𝐺 of a higher group 𝐺 :
(𝑛, 𝑘)GType is a 1-groupal (𝑛 + 1)-group, equivalent to the automorphism
group of the pointed type 𝐵𝑘𝐺.

Proposition 34.1.8 For any two pointed 𝑛-connected (𝑛 + 𝑘 + 1)-truncated
types 𝑋 and 𝑌 , the type of pointed maps

𝑋 →∗ 𝑌

is 𝑘-truncated.

Corollary 34.1.9 For any two pointed 𝑛-connected (𝑛 + 1)-truncated types 𝑋
and 𝑌 , the type of pointed maps

𝑋 →∗ 𝑌

is a set.

Theorem 34.1.10 The pre-category of 𝑛-connected (𝑛 + 1)-truncated types in
a universeU is Rezk complete.
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34.2 Equivalences of categories
Definition 34.2.1 A functor is...

Definition 34.2.2 A functor 𝐹 : C → D is an equivalence if ...

34.3 The equivalence of groups and pointed connected 1-types
Theorem 34.3.1 The loop space functor

Type1
0 → Group

is an equivalence of categories.
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Appendix A

Algebraic dependent type theory

In this appendix we present type theory algebraically, since it might illuminate
the intended meaning of the rules of type theory presented in Section 1. The
algebras in this algebraic presentation are called B-systems, and the category of
B-systems is equivalent to the category of contextual categories introduced by
Cartmell [cartmell].

A.1 The structure underlying a dependent type theory

We begin by defining the underlying structure of a B-system.

Definition A.1.1 A B-structure A is a diagram of the form

�̃�0 �̃�1 �̃�2

𝐴0 𝐴1 𝐴2 · · ·

←→𝜏 ←→𝜏 ←→𝜏

←→𝜎 ←→𝜎 ←→𝜎

In other words, a B-structure consists of two families (𝐴𝑛)𝑛∈ℕ and ( �̃�𝑛)𝑛∈ℕ of
sets, and two families of maps

𝜎 : 𝐴𝑛+1 → 𝐴𝑛

𝜏 : �̃�𝑛 → 𝐴𝑛

indexed by 𝑛 ∈ ℕ.

Given a B-structure A, we think of the sets 𝐴𝑛 as the classes of types in a
context of length 𝑛: The set 𝐴0 is the set of closed types of the B-structure A,
the set 𝐴1 is the set of types in a context of length one, and so forth. Similarly,
the sets �̃�𝑛 are the sets of elements of types in a context of length 𝑛. In the
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following definition we give the precise interpretations of contexts and the four
basic judgments of dependent type theory in a B-structure.

Definition A.1.2

(i) A context of length 𝑛 in a B-structure A is a list of elements Γ :=
(𝑋0, . . . , 𝑋𝑛−1) where 𝑋𝑖 ∈ 𝐴𝑖 for 𝑖 < 𝑛, such that 𝜎(𝑋𝑖+1) = 𝑋𝑖 for all
𝑖 < 𝑛 − 1. The empty context is the context of length 0.

(ii) A type in a context Γ := (𝑋0, . . . , 𝑋𝑛−1) of length 𝑛 in a B-structure
A is an element 𝑋 ∈ 𝐴𝑛 such that the equation 𝜎(𝑋) = 𝑋𝑛−1 holds if
𝑛 > 0. When 𝑋 is a type in context Γ, we write (Γ, 𝑋) for the context
(𝑋0, . . . , 𝑋𝑛−1, 𝑋).

(iii) Two types 𝑋 and 𝑋 ′ in a context Γ of length 𝑛 are said to be judgmentally
equal if 𝑋 = 𝑋 ′ in 𝐴𝑛.

(iv) An element of type 𝑋 in context Γ of length 𝑛 in a B-structure A is an
element 𝑥 ∈ �̃�𝑛 such that 𝜏(𝑥) = 𝑋 .

(v) Two elements 𝑥 and 𝑥′ of type 𝑋 in a context Γ of length 𝑛 in a B-structure
A are said to be judgmentally equal if 𝑥 = 𝑥′ in �̃�𝑛.

Remark A.1.3 Since equality on the sets 𝐴𝑛 and �̃�𝑛 are equivalence relations,
it automatically follows that the interpretations of judgmental equality for types
and for elements satisfies the rules that stipulate that judgmental equality is an
equivalence relation. Moreover, the variable conversion rules are satisfied by
the fact that contexts are defined up to equality.

Definition A.1.4 Consider a context Γ := (𝑋0, . . . , 𝑋𝑛−1) in a B-structure A.
Then we define the slice B-structure A/Γ by

(𝐴/Γ)𝑚 := {𝑌 ∈ 𝐴𝑚+𝑛+1 | 𝜎𝑚+1 (𝑌 ) = 𝑋𝑛−1}

( �̃�/Γ)𝑚 := {𝑦 ∈ �̃�𝑚+𝑛+1 | 𝜏(𝑦) ∈ (𝐴/Γ)𝑚}.

The families of maps 𝜎 and 𝜏 on A/Γ are defined by restriction.

B-structures form a category with the following notion of morphism.

Definition A.1.5 Let A and B be B-structures. A morphism 𝑓 : A → B
consists of two families of maps

𝑓 : 𝐴𝑛 → 𝐵𝑛

𝑓 : �̃�𝑛 → �̃�𝑛
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indexed by 𝑛 ∈ ℕ, such that the squares

𝐴𝑛+1 𝐵𝑛+1 �̃�𝑛 �̃�𝑛

𝐴𝑛 𝐵𝑛 𝐴𝑛 𝐵𝑛

←→𝑓𝑛+1

←→𝜎 ←→ 𝜎 ←→𝜏

←→𝑓𝑛

←→ 𝜏

←→
𝑓𝑛

←→
𝑓𝑛

commute. The identity morphism id : A → A and the composite 𝑔 ◦ 𝑓 of
morphisms of B-structures are defined in the obvious way, so that we obtain a
category of B-structures.

Remark A.1.6 Morphisms of B-structures also act on contexts: Given a
morphism 𝑓 : A → B and a context Γ := (𝑋0, . . . , 𝑋𝑛−1) in a B-structure A,
we define the context 𝑓 (Γ) := ( 𝑓 (𝑋0), . . . , 𝑓 (𝑋𝑛−1)). To see that 𝑓 (Γ) is again
a context, note that

𝜎( 𝑓 (𝑋𝑖)) = 𝑓 (𝜎(𝑋𝑖)) = 𝑓 (𝑋𝑖−1)

for each 𝑖 < 𝑛. Furthermore, for any morphism 𝑓 : A→ B of B-structures, we
define the morphism 𝑓 /Γ : A/Γ→ B/ 𝑓 (Γ) by restriction.

A.2 B-systems

Now that we have identified the basic structure underlying a dependent type
theory, i.e., a B-structure, we have to interpret substitution, weakening, and the
generic elements. Recall that the rule for substitution

Γ ⊢ 𝑎 : 𝑋 Γ, 𝑥 : 𝑋, Δ ⊢ J
Γ, Δ[𝑎/𝑥] ⊢ J [𝑎/𝑥]

asserts that when we have an element 𝑎 : 𝑋 in context Γ, then we can substitute
𝑎 for 𝑥 in any type or element in context Γ, 𝑥 : 𝑋,Δ to obtain a type or element
in context Γ,Δ[𝑎/𝑥].

We will interpret substitution by operations on the types and the elements on
a B-structure. Similarly, weakening and the generic elements are interpreted
as operations on a B-structure. When a B-structure comes equippped with
such substitution, weakening, and generic element structure we will call it a
pre-B-system. For the full algebraic interpretation of dependent type theory, and
hence for the full definition of a B-system, we will impose nine sets of laws on
the substitution, weakening, and generic element structure.

Definition A.2.1 A pre-B-system consists of a B-structure A equipped with:
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(i) A substitution structure: For every element 𝑎 of type 𝑋 in context Γ a
morphism of B-structures

𝑆𝑎 : A/(Γ, 𝑋) → A/Γ.

(ii) A weakening structure: For every type 𝑋 in context Γ in A a morphism
of B-structures

𝑊𝑋 : A/Γ→ A/(Γ, 𝑋).

(iii) A generic element structure: A family of maps

𝛿 : 𝐴𝑛 → �̃�𝑛+1

indexed by 𝑛 ∈ ℕ, such that 𝜏(𝛿(𝑋)) = 𝑊𝑋 (𝑋) for each 𝑋 ∈ 𝐴𝑛.

The algebraic definition of a dependent type theory is not yet complete. There
are laws to be satisfied that ensure that substitution, weakening and the generic
elements behave as expected.

Note that if we substitute twice in the syntactic presentation of type theory of
Section 1, then it doesn’t matter in which order we do that. That is, if we have an
element 𝑎 : 𝑋 in context Γ, and an element 𝑏 : 𝑌 in context Γ, 𝑥 : 𝑋,Δ, then we
may substitute any type or element in context Γ, 𝑥 : 𝑋,Δ, 𝑦 : 𝑌, 𝐸 first by 𝑏 and
then by 𝑎, or alternatively we may substitute first by 𝑎 and then by 𝑏[𝑎/𝑥]. The
result will be the same in either case. Such laws are automatic in the syntax of
dependent type theory. In the algebraic presentation of dependent type theory,
however, we have to impose them. There are nine sets of laws that need to be
imposed to complete the algebraic definition of a dependent type theory, i.e., of
a B-system.

Definition A.2.2 A B-system is a pre-B-system A satisfying the laws of a
B-system:

(i) Substitution preserves substitution: The equations

𝑆𝑎 (𝑆𝑏 (𝑍)) = 𝑆�̃�𝑎 (𝑏) (𝑆𝑎 (𝑍))

𝑆𝑎 (𝑆𝑏 (𝑐)) = 𝑆�̃�𝑎 (𝑏) (𝑆𝑎 (𝑐))

hold for every element 𝑎 of type 𝑋 in context (𝑋0, . . . , 𝑋𝑛−1), every
element 𝑏 of type 𝑌 in context (𝑋0, . . . , 𝑋𝑛−1, 𝑋,𝑌0, . . . , 𝑌𝑚−1), and
every element 𝑐 of type 𝑍 in context (𝑋0, . . . , 𝑌𝑚−1, 𝑌 , 𝑍0, . . . , 𝑍𝑘−1) in
A.

(ii) Substitution preserves weakening: The equations

𝑆𝑎 (𝑊𝑌 (𝑍)) = 𝑊𝑆𝑎 (𝑌 ) (𝑆𝑎 (𝑍))
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𝑆𝑎 (�̃�𝑌 (𝑐)) = �̃�𝑆𝑎 (𝑌 ) (𝑆𝑎 (𝑐))

hold for every element 𝑎 of type 𝑋 in context (𝑋0, . . . , 𝑋𝑛−1), every type
𝑌 in context (𝑋0, . . . , 𝑋𝑛−1, 𝑋,𝑌0, . . . , 𝑌𝑚−1), and every element 𝑐 of type
𝑍 in context (𝑋0, . . . , 𝑌𝑚−1, 𝑍0, . . . , 𝑍𝑘−1) in A.

(iii) Substitution preserves the generic elements: The equation

𝑆𝑎 (𝛿(𝑌 )) = 𝛿(𝑆𝑎 (𝑌 ))

holds for every element 𝑎 of type 𝑋 in context (𝑋0, . . . , 𝑋𝑛−1) and every
type 𝑌 in context (𝑋0, . . . , 𝑋𝑛−1, 𝑋,𝑌0, . . . , 𝑌𝑚−1) in A.

(iv) Weakening preserves subsitution: The equations

𝑊𝑋 (𝑆𝑏 (𝑍)) = 𝑆�̃�𝑋 (𝑏) (𝑊𝑋 (𝑍))

�̃�𝑋 (𝑆𝑏 (𝑐)) = 𝑆�̃�𝑋 (𝑏) (�̃�𝑋 (𝑐))

hold for every type 𝑋 in context (𝑋0, . . . , 𝑋𝑛−1), every element 𝑏 of type
𝑌 in context (𝑋0, . . . , 𝑋𝑛−1, 𝑌0, . . . , 𝑌𝑚−1), and every element 𝑐 of type
𝑍 in context (𝑋0, . . . , 𝑌𝑚−1, 𝑌 , 𝑍0, . . . , 𝑍𝑘−1) in A.

(v) Weakening preserves weakening: The equations

𝑊𝑋 (𝑊𝑌 (𝑍)) = 𝑊𝑊𝑋 (𝑌 ) (𝑊𝑋 (𝑍))

�̃�𝑋 (�̃�𝑌 (𝑐)) = �̃�𝑊𝑋 (𝑌 ) (�̃�𝑋 (𝑐))

hold for every type 𝑋 in context (𝑋0, . . . , 𝑋𝑛−1), every type 𝑌 in context
(𝑋0, . . . , 𝑋𝑛−1, 𝑌0, . . . , 𝑌𝑚−1), and every element 𝑐 of type 𝑍 in context
(𝑋0, . . . , 𝑌𝑚−1, 𝑍0, . . . , 𝑍𝑘−1) in A.

(vi) Weakening preserves the generic elements: The equation

𝑊𝑋 (𝛿(𝑌 )) = 𝛿(𝑊𝑋 (𝑌 ))

holds for every type 𝑋 in context (𝑋0, . . . , 𝑋𝑛−1) and every type 𝑌 in
context (𝑋0, . . . , 𝑋𝑛−1, 𝑌0, . . . , 𝑌𝑚−1) in A.

(vii) Substitution cancels weakening: The equations

𝑆𝑎 (𝑊𝑋 (𝑌 )) = 𝑌

𝑆𝑎 (�̃�𝑋 (𝑏)) = 𝑏

hold for every element 𝑎 of type 𝑋 in context (𝑋0, . . . , 𝑋𝑛−1) and every
element 𝑏 of type 𝑌 in context (𝑋0, . . . , 𝑋𝑛−1, 𝑌0, . . . , 𝑌𝑚−1) in A.

(viii) Generic elements elements satisfy left unit law: The equation

𝑆𝑎 (𝛿(𝑋)) = 𝑎

holds for every element 𝑎 of type 𝑋 in context (𝑋0, . . . , 𝑋𝑛−1) in A.
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(ix) Generic elements satisfy right unit law: The equations

𝑆𝛿 (𝑋) (𝑊𝑋 (𝑌 )) = 𝑌

𝑆𝛿 (𝑋) (�̃�𝑋 (𝑏)) = 𝑏

hold for every type 𝑋 in context (𝑋0, . . . , 𝑋𝑛−1) and every element 𝑏 of
type 𝑌 in context (𝑋0, . . . , 𝑋𝑛−1, 𝑋,𝑌0, . . . , 𝑌𝑚−1) in A.

Remark A.2.3 Given a context Γ := (𝑋0, . . . , 𝑋𝑛−1) in a B-system A, we
obtain another B-system A/Γ where

(𝐴/Γ)𝑚 := {𝑌 ∈ 𝐴𝑛+𝑚 | 𝜎𝑚+1 (𝑌 ) = 𝑋𝑛−1}

( �̃�/Γ)𝑚 := {𝑦 ∈ 𝐴𝑛+𝑚 | 𝜏(𝑦) ∈ (𝐴/Γ)𝑚}.

The substitution, weakening, and generic element structures are defined by
restriction, and satisfy the laws of a B-system.

Definition A.2.4 Given two B-systems A and B, a morphism of B-systems
𝑓 : A → B consists of a morphism of B-structures between their underlying
B-structures such that

(i) The morphism 𝑓 preserves substitution: For every element 𝑎 : 𝑋 in
context Γ in A the square

A/(Γ, 𝑋) B/( 𝑓 (Γ), 𝑓 (𝑋))

A/Γ B/ 𝑓 (Γ)

← →𝑓 /(Γ,𝑋)

←→𝑆𝑎 ←→ 𝑆 𝑓 (𝑎)

← →
𝑓 /Γ

of morphisms of B-structures commutes.
(ii) The morphism 𝑓 preserves weakening: For every type 𝑋 in context Γ in

A the square

A/Γ B/ 𝑓 (Γ)

A/(Γ, 𝑋) B/( 𝑓 (Γ), 𝑓 (𝑋))

←→

← →

←→
←→

of morphisms of B-structures commutes.
(iii) The morphism 𝑓 preserves the generic elements: For every type 𝑋 in

context Γ in A the equation

𝑓 (𝛿(𝑋)) = 𝛿( 𝑓 (𝑋))

holds.
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Remark A.2.5 Note that, given a B-system A, each 𝑆𝑎 is a morphism of
B-systems by conditions (i)-(iii), and each𝑊𝑋 is a morphism of B-systems by
conditions (iv)-(vi).

A.3 From B-systems to contextual categories

The collection of contexts in a B-systems can be given the structure of a category.
This category has the further structure of a contextual category, a notion of
model of type theory due to Cartmell [CartmellPhD]. Contextual categories
were later called C-systems by Voevodsky because the set-level nature of this
notion of model of type theory, whereas (1-)categories are objects at the level
of (1-)groupoids. In the language of the Univalent Foundations of mathematics,
contextual categories have an underlying precategory of which the type of
objects is a set. However, since we are working in set theory in this appendix,
we will use the traditional vocabulary and call the underlying precategory a
category.

In the following defintion we introduce contextual categories, and in the
remainder of this section we show that every B-system gives rise to a contextual
category.

Definition A.3.1 A contextual category (C-system) consists of

(i) A category C.
(ii) A length function 𝑙 : Ob(C) → ℕ.
(iii) An chosen object 1 ∈ C.
(iv) A function 𝜎 : Ob(C) → Ob(C).
(v) For any object Γ ∈ Ob(C) such that 𝑙 (Γ) > 0, a morphism 𝑝Γ : Γ →

𝜎(Γ).
(vi) For any object Γ ∈ Ob(C) such that 𝑙 (Γ) > 0 and any 𝑓 : Δ→ 𝜎(Γ) an

object 𝑓 ∗ (Γ) and a morphism 𝑞 𝑓 (Γ) : 𝑓 ∗ (Γ) → Γ.

We divide this section in two subsections. In Appendix A.3.1 we construct
the category of contexts of a B-system. In Appendix A.3.2 we show that this
category of contexts has the structure of a contextual category.

A.3.1 The category of contexts of a B-system
Any B-system A gives rise to a set of contexts, for each context Γ a set of
dependent contexts over Γ, and for each dependent context Δ over Γ a set of
context elements of Δ in context Γ.
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Definition A.3.1 Consider a context Γ := (𝑋0, . . . , 𝑋𝑛−1) in a B-system A.

(i) A context element of Γ is a list of elements (𝑥0, . . . , 𝑥𝑛−1) of 𝐴0 such
that

𝜏(𝑥𝑖) = 𝑆𝑥𝑖−1 ◦ · · · ◦ 𝑆𝑥0 (𝑋𝑖).

Given a context element (𝑥0, . . . , 𝑥𝑛−1) of Γ, we will write 𝑆 (𝑥0 ,...,𝑥𝑛−1 )
for the composite 𝑆𝑥𝑛−1 ◦ · · · ◦ 𝑆𝑥0 .

(ii) A dependent context over Γ is a context in the B-system A/Γ.
(iii) A dependent context element of a dependent context Δ over Γ is a

context element of Δ in the B-system A/Γ.

Definition A.3.2 Consider a B-system A.

(i) For any context element 𝑎 := (𝑎0, . . . , 𝑎𝑚−1) : Γ, any dependent context
Δ over Γ, and any dependent context element 𝑏 of Δ over Γ we define

𝑆𝑎 (Δ) := 𝑆𝑎𝑚−1 ◦ · · · ◦ 𝑆𝑎0 (Δ)

𝑆𝑎 (𝑏) := 𝑆𝑎𝑚−1 ◦ · · · ◦ 𝑆𝑎0 (𝑏).

(ii) For any context Γ := (𝑋0, . . . , 𝑋𝑛−1), any context Δ, and any context
element 𝑏 of Δ, we define

𝑊Γ (Δ) := 𝑊𝑋𝑛−1 ◦ · · · ◦𝑊𝑋0 (Δ)

�̃�Γ (𝑏) := 𝑊𝑋𝑛−1 ◦ · · · ◦𝑊𝑋0 (𝑏).

(iii) For any context Γ := (𝑋0, . . . , 𝑋𝑛−1) we define the generic context
element 𝛿(Γ) of𝑊Γ (Γ) over Γ by

(𝑊(𝑋1 ,...,𝑋𝑛−1 ) (𝛿(𝑋0)), . . . , 𝛿(𝑋𝑛−1)).

Remark A.3.3 Substitution by context elements, weakening by contexts, and
generic context elements satisfy laws analogous to the laws of a B-system.

Definition A.3.4 Consider two contexts Γ and Δ in B-system A. The set of
context morphisms hom(Γ,Δ) is the set of dependent context elements of
𝑊Γ (Δ) over Γ.

Definition A.3.5 The identity morphism on Γ is the generic context element
on Γ.

Remark A.3.6 To verify that the generic context element 𝛿(Γ) is indeed an
element of the set hom(Γ, Γ) we need to show that the equation

𝜏(𝑊(𝑋𝑛−1 ,...,𝑋𝑖+1 ) (𝛿(𝑋𝑖))) = 𝑆 ( 𝑓𝑖−1 ,..., 𝑓0 ) (𝑊(𝑋𝑛−1 ,...,𝑋0 ) (𝑊(𝑋𝑛−1 ,...,𝑋𝑖 ) (𝑋𝑖)))

holds for each 𝑖 < 𝑛.
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Definition A.3.7 Given a context morphism 𝑓 : hom(Γ,Δ), and a context
morphism 𝑔 : hom(Δ,E), we define the context morphism 𝑔 ◦ 𝑓 : hom(Γ,E)
by

𝑔 ◦ 𝑓 := 𝑆 𝑓 (�̃�Γ (𝑔)).

Remark A.3.8 To veryfiy that the composite 𝑔 ◦ 𝑓 of context morphisms is
again a context morphism, we need to show that...

Lemma A.3.9 Composition of context morphisms is associative and satisfies
the left and right unit laws.

A.3.2 The structure of a C-system on the category of contexts
Definition A.3.1 For any context Γ := (𝑋0, . . . , 𝑋𝑛) of length 𝑛 + 1, we define

𝜎(Γ) := (𝑋0, . . . , 𝑋𝑛−1).

Definition A.3.2 For any context Γ := (𝑋0, . . . , 𝑋𝑛) of length 𝑛 + 1, we define

𝑝Γ := 𝑊𝑋𝑛 (𝛿(𝜎(Γ))).

Definition A.3.3 For any context Γ := (𝑋0, . . . , 𝑋𝑛) of length 𝑛 + 1 and any
context morphism 𝑓 : Δ→ 𝜎(Γ), we define the context

𝑓 ∗ (Γ) := (Δ, 𝑆 𝑓 (𝑊Δ (𝑋𝑛))).

Furthermore, we define the context morphism 𝑞( 𝑓 , Γ) : hom( 𝑓 ∗ (Γ), Γ) by

𝑞( 𝑓 , Γ) :=

With the following theorem we conclude that the category of contexts of a
B-system is a contextual category.

Theorem A.3.4 For any context Γ of length 𝑛 + 1 and any context morphism
𝑓 : Δ→ 𝜎(Γ), the square

𝑓 ∗ (Γ) Γ

Δ 𝜎(Γ)

←→𝑝 𝑓 ∗ (Γ)

←→𝑞 ( 𝑓 ,Γ)

←→ 𝑝Γ

←→
𝑓

commutes and is a pullback square.
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A.4 B-systems with dependent function types

Definition A.4.1 A Π-structure on a B-system A consists of a morphism of
B-systems

Π𝑋 : A/(Γ, 𝑋) → A/Γ,

where we will write _𝑋 := Π̃𝑋, such that

(i) Substitution preserves Π-types: The equations

𝑆𝑎 (Π𝑌 (𝑍)) = Π𝑆𝑎 (𝑌 ) (𝑆𝑎 (𝑍))

𝑆𝑎 (_𝑌 (𝑐)) = _𝑆𝑎 (𝑌 ) (𝑆𝑎 (𝑐))

hold for every element 𝑎 of type 𝑋 in context Γ, every type 𝑌 in context
(Γ, 𝑋,Δ), and every type 𝑍 and every element 𝑐 of type 𝑍 in context
(Γ, 𝑋,Δ, 𝑌 ,E) in A.

(ii) Weakening preserves Π-types: The equations

𝑊𝑋 (Π𝑌 (𝑍)) = Π𝑊𝑋 (𝑌 ) (𝑊𝑋 (𝑍))

�̃�𝑋 (_𝑌 (𝑐)) = _𝑊𝑋 (𝑌 ) (�̃�𝑋 (𝑐))

hold for every type 𝑋 in context Γ, every type 𝑌 in context (Γ,Δ), and
every type 𝑍 and every element 𝑐 of type 𝑍 in context (Γ,Δ, 𝑌 ,E) in A.

(iii) For every type 𝑋 in context Γ and every type 𝑌 in context (Γ, 𝑋,Δ) in A,
the map _𝑋 restricts to a bĳection

{𝑦 ∈ �̃�𝑛+𝑚+1 | 𝜏(𝑦) = 𝑌 } � { 𝑓 ∈ �̃�𝑛+𝑚 | 𝜏( 𝑓 ) = Π𝑋 (𝑌 )}

A.5 B-systems with inductive types
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Appendix B

General inductive types

Most inductive types we have seen in this book have a finite number of
constructors with finite arities. For example, the type ℕ has two constructors:
one constant 0ℕ and one unary constructor succℕ. However, there is no objection
to having an nonfinite amount of constructors, possibly with nonfinite arities.
W-types are general inductive types that have a (possibly nonfinite) type of
constructors, whose arities are (possibly nonfinite) types. W-types are therefore
specified by a type 𝐴 of symbols for the constructors, and a type family 𝐵 over
𝐴 specifying the arities of the constructors that the symbols represent.

An example of a W-type is the type of finitely branching trees. This inductive
type has a constructor with arity 𝑛, for each 𝑛 : ℕ. In other words, a finitely
branching tree is obtained by attaching any finite number of finitely branching
trees to a root. The root itself is therefore a finitely branching tree, obtained from
the 0-ary constructor, and if we have any finite number of finitely branching
trees, we can combine them all into one finitely branching tree by attaching
them to a new root.

In homotopy type theory, however, there is also the possibity to use types
of higher truncation levels to specify inductive types. For example, we can
construct the type of finitely branching trees with symmetries as the W-type
with an 𝑋-ary constructor for each finite type 𝑋 .

The most general form of inductive types is, however, the even more general
notion of indexed W-type. Examples of indexed W-types include the ordinary
W-types, but they also include inductive type families such as the identity type
of an arbitrary type. In fact, the identity type of a W-type can be characterized
as an indexed W-type. And indeed we will show that a similar fact holds for
indexed W-types.

433
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B.1 The type of well-founded trees

Definition B.1.1 Consider a type family 𝐵 over 𝐴. The W-type W(𝐴, 𝐵) is
defined as the inductive type with constructor

tree :
∏
(𝑥:𝐴) (𝐵(𝑥) → W(𝐴, 𝐵)) → W(𝐴, 𝐵).

The induction principle of the W-type W(𝐴, 𝐵) asserts that, for any type family
𝑃 over W(𝐴, 𝐵), any dependent function

ℎ :
∏
(𝑥:𝐴)

∏
(𝛼:𝐵(𝑥 )→W(𝐴,𝐵) )

(∏
(𝑦:𝐵(𝑥 ) )𝑃(𝛼(𝑥))

)
→ 𝑃(tree(𝑥, 𝛼))

determines a dependent function

indW (ℎ) :
∏
(𝑥:W(𝐴,𝐵) )𝑃(𝑥)

that satisfies the judgmental equality

indW (ℎ, tree(𝑥, 𝛼)) � ℎ(𝑥, 𝛼, _𝑦. indW (ℎ, 𝛼(𝑦))).

We introduce some terminology about W-types.

Definition B.1.2 Given a W-type W(𝐴, 𝐵), we say that

(i) The elements of W(𝐴, 𝐵) are called trees.
(ii) the type 𝐴 is the type of symbols of W(𝐴, 𝐵),
(iii) the type 𝐵(𝑥) is the arity of the tree-forming operation

tree(𝑥) : (𝐵(𝑥) → W(𝐴, 𝐵)) → W(𝐴, 𝐵).

(iv) Given a map 𝛼 : 𝐵(𝑥) → W(𝐴, 𝐵), the
(v) the element tree(𝑥, 𝛼) is the (𝐵(𝑥)-ary) tree built out of the family

𝛼(𝑦) : W(𝐴, 𝐵)

of elements in W(𝐴, 𝐵) indexed by 𝑥 : 𝐵(𝑥)

Since its elements are (well-founded) trees, the type W(𝐴, 𝐵) is also referred to
as the type of well-founded trees.

Remark B.1.3 If our goal is to define a dependent function

𝑓 :
∏
(𝑥:W(𝐴,𝐵) )𝑃(𝑥)

via the induction principle of W-types, we will often display that definition by
pattern matching. Such definitions are then displayed as

𝑓 (tree(𝑥, 𝛼)) B ℎ(𝑥, 𝛼, _𝑦. 𝑓 (𝛼(𝑦))),

which contains all the information to carry out the construction via the induction
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principle of W-types, and which directly displays the defining judgmental
equality that the function 𝑓 satisfies.

Remark B.1.4 For any 𝑥 : 𝐴, the function

tree(𝑥) : (𝐵(𝑥) → W(𝐴, 𝐵)) → W(𝐴, 𝐵)

takes a family of elements 𝛼(𝑦) : W(𝐴, 𝐵) indexed by 𝑦 : 𝐵(𝑥) and builds out of
them the element tree(𝑥, 𝛼) : W(𝐴, 𝐵). Since the element tree(𝑥, 𝛼) has been
constructed out of a family 𝛼(𝑦) of elements of W(𝐴, 𝐵) indexed by 𝑦 : 𝐵(𝑥),
we say that the type 𝐵(𝑥) is the arity of tree(𝑥, 𝛼). In other words, there is a
function

arity : W(𝐴, 𝐵) → U

given by arity(tree(𝑥, 𝛼)) B 𝐵(𝑥). The element 𝑥 : 𝐴 is the symbol of the
operation tree(𝑥) : (𝐵(𝑥) → W(𝐴, 𝐵)) → W(𝐴, 𝐵). Note that there might be
many different symbols 𝑥, 𝑦 : 𝐴 for which the operations tree(𝑥) and tree(𝑦)
have equivalent arities, i.e., for which 𝐵(𝑥) ≃ 𝐵(𝑦).

Furthermore, the components of tree(𝑥, 𝛼) are the elements 𝛼(𝑦) : W(𝐴, 𝐵)
indexed by 𝑦 : 𝐵(𝑥). In other words, we have

comp :
∏
(𝑤:W(𝐴,𝐵) )arity(𝑤) → W(𝐴, 𝐵),

given by comp(tree(𝑥, 𝛼)) B 𝛼.
In the special case where 𝐵(𝑥) is empty, there is exactly one family of elements

𝛼(𝑦) : W(𝐴, 𝐵) indexed by 𝑦 : 𝐵(𝑥). Therefore, it follows that any 𝑥 : 𝐴 such
that 𝐵(𝑥) is empty induces a constant in the W-type W(𝐴, 𝐵). More precisely,
if we are given a map ℎ : 𝐵(𝑥) → ∅, then we can define the constant

𝑐𝑥 (ℎ) B tree(𝑥, ex-falso ◦ ℎ).

The elements of 𝑤 : W(𝐴, 𝐵) for which the type 𝐵(arity(𝑤)) is empty are called
the constants of W(𝐴, 𝐵). In other words, the predicate

is-constantW : W(𝐴, 𝐵) → PropU

is defined by is-constantW (𝑤) B is-empty(𝐵(arity(𝑤))).
On the other hand, if each type 𝐵(𝑥) is inhabited, then there are no such

constants and we will see in the following proposition that the W-type W(𝐴, 𝐵)
is empty in this case.

Proposition B.1.5 Consider a family 𝐵 of types over 𝐴, and suppose that each
𝐵(𝑥) is inhabited. Then the W-type W(𝐴, 𝐵) is empty.
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Proof Assume that the proposition ∥𝐵(𝑥)∥ holds for each 𝑥 : 𝐴. We will
construct a function 𝑓 : W(𝐴, 𝐵) → ∅ directly via the induction principle of
W-types. Thus, we show that there is a function of type∏

(𝑥:𝐴)
∏
(𝛼:𝐵(𝑥 )→W(𝐴,𝐵) )

(∏
(𝑦:𝐵(𝑥 ) )∅

)
→ ∅.

By the universal property of propositional truncations, this type is equivalent to
the type ∏

(𝑥:𝐴)
∏
(𝛼:𝐵(𝑥 )→W(𝐴,𝐵) )¬¬∥𝐵(𝑥)∥ .

Given 𝑥 : 𝐴 and 𝛼 : 𝐵(𝑥) → W(𝐴, 𝐵), we obtain an element of type ¬¬∥𝐵(𝑥)∥
via double negation introduction (see Exercise 4.3 (b)), and the hypothesis that
∥𝐵(𝑥)∥ holds. □

Example B.1.6 Consider the type family 𝑃 over bool given by

𝑃(false) B ∅ and 𝑃(true) B 1.

We claim that the W-type 𝑁 B W(bool, 𝑃) is equivalent toℕ. The idea is that the
constructor tree of W(bool, 𝑃) splits into one nullary constructor corresponding
the type 𝑃(false), and one unary constructor corresponding to the type 𝑃(true).

More formally, we define the zero element 𝑧 : 𝑁 and the successor function
𝑠 : 𝑁 → 𝑁 by

𝑧 B tree(false, ex-falso) and 𝑠(𝑥) B tree(true, const𝑥).

Thus, we obtain a function 𝑓 : ℕ → 𝑁 that satisfies 𝑓 (0ℕ) � 𝑧 and
𝑓 (succℕ (𝑛)) � 𝑠( 𝑓 (𝑛)). It’s inverse 𝑔 : 𝑁 → ℕ is defined via the induc-
tion principle of W-types by

𝑔(tree(false, 𝛼)) B 0ℕ

𝑔(tree(true, 𝛼)) B succℕ (𝑔(𝛼(★))).

It is immediate from these definitions that 𝑔( 𝑓 (𝑛)) = 𝑛 for all 𝑛 : ℕ. It remains
to construct a path 𝑝(𝑥) : 𝑓 (𝑔(𝑥)) = 𝑥 for all 𝑥 : 𝑁 . Such a path is constructed
inductively. First, there is a path

𝑝(tree(false, 𝛼)) : tree(false, ex-falso) = tree(false, 𝛼)

by the fact that ex-falso = 𝛼 for any 𝛼 : ∅ → 𝑁 . Second, there is a path

𝑝(tree(true, 𝛼)) : tree(true, const𝛼(★) ) = tree(true, 𝛼)

by the fact that const𝛼(★) = 𝛼 for any map 𝛼 : 1→ 𝑁 .
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Example B.1.7 Consider the type family 𝐵 over bool given by

𝐵(false) B ∅ and 𝐵(true) B bool.

We claim that the W-type W(bool, 𝐵) is the type of planar binary trees. We
can also present the type of planar binary trees as an inductive type with the
following constructors:

leaf : planar-𝕋2

[– , – ] : planar-𝕋2 → (planar-𝕋2 → planar-𝕋2).

Example B.1.8 Consider the type 𝐴 B 1 + 𝔽2, where 𝔽2 is the type of
2-element types. We define the family 𝐵 over 𝐴 by pattern matching:

𝐵(inl(𝑥)) B ∅

𝐵(inr(𝑋)) B 𝑋.

The type of binary trees is the W-type W(𝐴, 𝐵) for this choice of 𝐴 and 𝐵. We
can also present the type of binary trees as an inductive type with the following
constructors:

leaf : 𝕋2

collect-𝕋2 :
∏
(𝑋:𝔽2 )𝕋

𝑋
2 → 𝕋2.

There is an important qualitative difference between the type of planar binary
trees and the type of binary trees. Given two distinct planar binary trees 𝑇1 and
𝑇2, the two planar binary trees [𝑇1, 𝑇2] and [𝑇2, 𝑇1] will also be distinct. On the
other hand, given two binary trees 𝑇1 and 𝑇2, the binary trees

collect-𝕋2 (bool, ind-bool(𝑇1, 𝑇2))

collect-𝕋2 (bool, ind-bool(𝑇2, 𝑇1))

can always be identified.

Example B.1.9 The W-type W(ℕ, Fin) is the type of ordered finitely branching
trees.

Example B.1.10 The W-type W(𝔽 ,T) is the type of (unordered) finitely
branching trees.
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B.2 Observational equality of W-types

Each element 𝑥 : W(𝐴, 𝐵) has a pre-arity symbol(𝑥) : 𝐴 and a family of
components comp(𝑥) : 𝐵(symbol(𝑥)) → W(𝐴, 𝐵). Therefore, we have a map

[ : W(𝐴, 𝐵) → ∑
(𝑥:𝐴) (𝐵(𝑥) → W(𝐴, 𝐵))

given by [(𝑥) B (symbol(𝑥), comp(𝑥)).

Proposition B.2.1 The map [ : W(𝐴, 𝐵) → ∑
(𝑥:𝐴) (𝐵(𝑥) → W(𝐴, 𝐵)) is an

equivalence.

Proof We define

Y :
(∑
(𝑥:𝐴) (𝐵(𝑥) → W(𝐴, 𝐵))

)
→ W(𝐴, 𝐵)

by Y(𝑥, 𝛼) B tree(𝑥, 𝛼). The fact that Y is an inverse of [ follows easily. □

The fact that we have an equivalence

W(𝐴, 𝐵) ≃ ∑
(𝑥:𝐴) (𝐵(𝑥) → W(𝐴, 𝐵)),

suggests a way to characterize the identity type of W(𝐴, 𝐵). Indeed, any
equivalence is an embedding, and therefore we also have

(𝑥 = 𝑦) ≃ ([(𝑥) = [(𝑦)).

The latter is an identity type in a Σ-type, which can be characterized as a Σ-type
of identity types. We therefore define the following observational equality
relation on W(𝐴, 𝐵).

Definition B.2.2 Suppose 𝐴 and each 𝐵(𝑥) are in U. We define a binary
relation

EqW : W(𝐴, 𝐵) → W(𝐴, 𝐵) → U

recursively by

EqW (tree(𝑥, 𝛼), tree(𝑦, 𝛽)) B ∑
(𝑝:𝑥=𝑦)

∏
(𝑧:𝐵(𝑥 ) ) 𝛼(𝑧) = 𝛽(tr𝐵 (𝑝, 𝑧))

Theorem B.2.3 The observational equality relation EqW on W(𝐴, 𝐵) is
reflexive, and the canonical map

(𝑥 = 𝑦) → EqW (𝑥, 𝑦)

is an equivalence for each 𝑥, 𝑦 : W(𝐴, 𝐵).
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Proof The element refl-EqW (𝑥) : EqW (𝑥, 𝑥) is defined recursively as

refl-EqW (tree(𝑥, 𝛼)) B (refl𝑥 , refl-htpy𝛼).

This proof of reflexivity induces the canonical map (𝑥 = 𝑦) → EqW (𝑥, 𝑦). To
show that it is an equivalence for each 𝑥, 𝑦 : W(𝐴, 𝐵), we apply the fundamental
theorem of identity types, by which it suffices to show that the type∑

(𝑦:W(𝐴,𝐵) )EqW (𝑥, 𝑦)

is contractible for each 𝑥 : W(𝐴, 𝐵). The center of contraction is the pair
(𝑥, refl-EqW (𝑥)). For the contraction, we have to construct a function

ℎ :
∏
(𝑦:W(𝐴,𝐵) )

∏
(𝑝:EqW (𝑥,𝑦) ) (𝑥, refl-EqW (𝑥)) = (𝑦, 𝑝).

By the induction principle of W-types, it suffices to define

ℎ(tree(𝑦, 𝛽), (𝑝, 𝐻)) B (𝑥, (refl, refl-htpy)) = (𝑦, (𝑝, 𝐻)).

Here we proceed by path induction on 𝑝 : 𝑥 = 𝑦, followed by homotopy induction
on the homotopy ℎ : 𝛼 ∼ 𝛽. Thus, it suffices to construct an identification

(𝑥, (refl, refl-htpy)) = (𝑥, (refl, refl-htpy)),

which we have by reflexivity. □

Theorem B.2.4 Consider a type family 𝐵 over a type 𝐴, and let 𝑘 : 𝕋 be a
truncation level. If 𝐴 is a (𝑘 + 1)-type, then so is W(𝐴, 𝐵).

Proof Suppose that 𝐴 is a (𝑘 + 1)-type. In order to show that W(𝐴, 𝐵) is a
(𝑘 + 1)-type, we have to show that its identity types are 𝑘-types. The proof is
by induction on 𝑥, 𝑦 : W(𝐴, 𝐵). For 𝑥 � tree(𝑎, 𝛼) and 𝑦 � tree(𝑏, 𝛽), we have
the equivalence

(tree(𝑎, 𝛼) = tree(𝑏, 𝛽)) ≃ ∑
(𝑝:𝑎=𝑏)

∏
(𝑧:𝐵(𝑎) ) 𝛼(𝑧) = 𝛽(tr𝐵 (𝑝, 𝑧))

Note that the type 𝑎 = 𝑏 is a 𝑘-type by the assumption that 𝐴 is a (𝑘 + 1)-
type. Furthermore, the type 𝛼(𝑧) = 𝛽(tr𝐵 (𝑝, 𝑧)) is a 𝑘-type by the induction
hypothesis. Therefore it follows that the type on the right-hand side of the
displayed equivalence is a 𝑘-type, and this completes the proof. □

B.3 Functoriality of W-types

Definition B.3.1 Consider a type family 𝐵 over 𝐴, and a type family 𝐵′ over
𝐴′. Furthermore, consider a map 𝑓 : 𝐴′ → 𝐴 and a family of equivalences

𝑒𝑥 : 𝐵′ (𝑥) ≃ 𝐵( 𝑓 (𝑥))
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indexed by 𝑥 : 𝐴′. Then we define the morphism W( 𝑓 , 𝑒) : W(𝐴′, 𝐵′) →
W(𝐴, 𝐵) of W-types inductively by

W( 𝑓 , 𝑒) (tree(𝑥, 𝛼)) B tree( 𝑓 (𝑥),W( 𝑓 , 𝑔) ◦ 𝛼 ◦ 𝑒−1
𝑥 ).

Lemma B.3.2 For any morphism W( 𝑓 , 𝑒) : W(𝐴′, 𝐵′) → W(𝐴, 𝐵) of W-types
and any tree(𝑥, 𝛼) : W(𝐴, 𝐵), there is an equivalence

fibW( 𝑓 ,𝑒) (tree(𝑥, 𝛼)) ≃ fib 𝑓 (𝑥) ×
∏
(𝑏:𝐵(𝑥 ) )fibW( 𝑓 ,𝑒) (𝛼(𝑏)).

Proof First, note that by the characterization in Theorem B.2.3 of the identity
type of W(𝐴, 𝐵), there is an equivalence between the fiber fibW( 𝑓 ,𝑒) (tree(𝑥, 𝛼))
and the type∑

(𝑥′:𝐴′ )
∑
(𝛼′:𝐵′ (𝑥′ )→W(𝐴′ ,𝐵′ ) )

∑
(𝑝: 𝑓 (𝑥′ )=𝑥 )∏

(𝑏:𝐵( 𝑓 (𝑥′ ) ) )W( 𝑓 , 𝑒) (𝛼′ (𝑒−1
𝑥′ (𝑏))) = 𝛼(tr𝐵 (𝑝, 𝑏)).

By rearranging the Σ-type, we see that this type is equivalent to the type∑
( (𝑥′ , 𝑝):fib 𝑓 (𝑥 ) )

∑
(𝛼′:𝐵′ (𝑥′ )→W(𝐴′ ,𝐵′ ) )∏

(𝑏:𝐵( 𝑓 (𝑥′ ) ) )W( 𝑓 , 𝑒) (𝛼′ (𝑒−1
𝑥′ (𝑏))) = 𝛼(tr𝐵 (𝑝, 𝑏)).

Therefore, it suffices to show for each (𝑥′, 𝑝) : fib 𝑓 (𝑥), that the type∑
(𝛼′:𝐵′ (𝑥′ )→W(𝐴′ ,𝐵′ ) )

∏
(𝑏:𝐵( 𝑓 (𝑥′ ) ) )W( 𝑓 , 𝑒) (𝛼′ (𝑒−1

𝑥′ (𝑏))) = 𝛼(tr𝐵 (𝑝, 𝑏))

is equivalent to the type
∏
(𝑏:𝐵(𝑥 ) )fibW( 𝑓 ,𝑒) (𝛼(𝑏)). Since we have an identifica-

tion 𝑝 : 𝑓 (𝑥′) = 𝑥 and an equivalence 𝑒𝑥′ : 𝐵′ (𝑥′) ≃ 𝐵( 𝑓 (𝑥′)), it follows that
the type above is equivalent to the type∑

(𝛼′:𝐵(𝑥 )→W(𝐴′ ,𝐵′ ) )
∏
(𝑏:𝐵(𝑥 ) )W( 𝑓 , 𝑒) (𝛼′ (𝑏)) = 𝛼(𝑏).

By distributitivity of Π over Σ, i.e., by Theorem 13.2.1, this type is equivalent
to the type ∏

(𝑏:𝐵(𝑥 ) )
∑
(𝑤:W(𝐴′ ,𝐵′ ) )W( 𝑓 , 𝑒) (𝑤) = 𝛼(𝑏),

completing the proof. □

Theorem B.3.3 Consider a morphism W( 𝑓 , 𝑒) : W(𝐴, 𝐵) → W(𝐴′, 𝐵′) of
W-types. If the map 𝑓 : 𝐴→ 𝐴′ is 𝑘-truncated, then so is the map W( 𝑓 , 𝑒). In
particular, if 𝑓 is an equivalence or an embedding, then so is W( 𝑓 , 𝑒).

Proof Suppose that the map 𝑓 is 𝑘-truncated. We will prove recursively that
the fibers of the morphism W( 𝑓 , 𝑒) on W-types is 𝑘-truncated. We saw in
Lemma B.3.2 that there is an equivalence

fibW( 𝑓 ,𝑒) (tree(𝑥, 𝛼)) ≃ fib 𝑓 (𝑥) ×
∏
(𝑏:𝐵(𝑥 ) )fibW( 𝑓 ,𝑒) (𝛼(𝑏)).
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The type fib 𝑓 (𝑥) is 𝑘-truncated by assumption, and each of the types fibW( 𝑓 ,𝑒) (𝛼(𝑏))
are 𝑘-truncated by the inductive hypothesis, so the claim follows. □

B.4 Extensional W-types

The elements of a W-type W(𝐴, 𝐵) are constructed out of families of elements
of W(𝐴, 𝐵) indexed by a type 𝐵(𝑥) for some 𝑥 : 𝐴. More precisely, for each
tree(𝑥, 𝛼) : W(𝐴, 𝐵) we have a family of elements

𝛼(𝑦) : W(𝐴, 𝐵)

indexed by 𝑦 : 𝐵(𝑥). Thus, we could say that 𝛼(𝑦) is in tree(𝑥, 𝛼), for each
𝑦 : 𝐵(𝑥). More abstractly, we can define an elementhood relation on W(𝐴, 𝐵).

Definition B.4.1 Given a W-type W(𝐴, 𝐵) and a universeU containing both
𝐴 and each type in the family 𝐵, we define a type-valued relation

∈ : W(𝐴, 𝐵) → W(𝐴, 𝐵) → U

by (𝑥 ∈ tree(𝑎, 𝛼)) B ∑
(𝑦:𝐵(𝑎) ) 𝛼(𝑦) = 𝑥.

Using the elementhood relation on W(𝐴, 𝐵), we can reformulate the induction
principle to, perhaps, a more recognizable form:

Theorem B.4.2 For any family 𝑃 of types over W(𝐴, 𝐵), there is a function

𝑖 :
(∏

(𝑥:W(𝐴,𝐵) )
(∏

(𝑦:W(𝐴,𝐵) ) (𝑦 ∈ 𝑥) → 𝑃(𝑦)
)
→ 𝑃(𝑥)

)
→

(∏
(𝑥:𝑋)𝑃(𝑥)

)
that comes equipped with an identification

𝑖(ℎ, 𝑥) = ℎ(𝑥, _𝑦. _𝑒. 𝑖(ℎ, 𝑦))

for every ℎ :
∏
(𝑥:W(𝐴,𝐵) )

(∏
(𝑦:W(𝐴,𝐵) ) (𝑦 ∈ 𝑥) → 𝑃(𝑦)

)
→ 𝑃(𝑥), and every

𝑥 : W(𝐴, 𝐵).

Proof For any type family 𝑃 over W(𝐴, 𝐵), we first define a new type family
□𝑃 over W(𝐴, 𝐵) given by

□𝑃(𝑥) :=
∏
(𝑦:W(𝐴,𝐵) ) (𝑦 ∈ 𝑥) → 𝑃(𝑦).

The family □𝑃(𝑥) comes equipped with a map

[ :
(∏

(𝑥:W(𝐴,𝐵) )𝑃(𝑥)
)
→

(∏
(𝑥:W(𝐴,𝐵) )□𝑃(𝑥)

)
given by [( 𝑓 , 𝑥, 𝑦, 𝑒) B 𝑓 (𝑦). Conversely, there is a map

Y(ℎ) :
(∏

(𝑦:W(𝐴,𝐵) )□𝑃(𝑦)
)
→

(∏
(𝑥:W(𝐴,𝐵) )𝑃(𝑥)

)
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for every ℎ :
∏
(𝑦:W(𝐴,𝐵) )□𝑃(𝑦) → 𝑃(𝑦), given by Y(ℎ, 𝑔, 𝑥) B ℎ(𝑥, 𝑔(𝑥)).

Note that the induction principle can now be stated as

𝑖 :
(∏

(𝑦:W(𝐴,𝐵) )□𝑃(𝑦) → 𝑃(𝑦)
)
→

(∏
(𝑥:W(𝐴,𝐵) )𝑃(𝑥)

)
,

and the computation rule states that

𝑖(ℎ, 𝑥) = ℎ(𝑥, [(𝑖(ℎ), 𝑥)).

Before we prove the induction principle, we prove the intermediate claim that
there is a function

𝑖′ :
(∏

(𝑦:W(𝐴,𝐵) )□𝑃(𝑦) → 𝑃(𝑦)
)
→

(∏
(𝑥:W(𝐴,𝐵) )□𝑃(𝑥)

)
equipped with an identification

𝑗 ′ (ℎ, 𝑥, 𝑦, 𝑒) : 𝑖′ (ℎ, 𝑥, 𝑦, 𝑒) = ℎ(𝑦, 𝑖′ (ℎ, 𝑦))

for every ℎ :
∏
(𝑦:W(𝐴,𝐵) )□𝑃(𝑦) → 𝑃(𝑦) and every 𝑥, 𝑦 : W(𝐴, 𝐵) equipped

with 𝑒 : 𝑦 ∈ 𝑥. Both 𝑖′ and 𝑗 ′ are defined by pattern matching:

𝑖′ (ℎ, tree(𝑎, 𝑓 ), 𝑓 (𝑏), (𝑏, refl)) := ℎ( 𝑓 (𝑏), 𝑖′ (ℎ, 𝑓 (𝑏)))

𝑗 ′ (ℎ, tree(𝑎, 𝑓 ), 𝑓 (𝑏), (𝑏, refl)) := refl.

Now we define 𝑖(ℎ) := Y(ℎ, 𝑖′ (ℎ)). Note that we have the judgmental equalities

𝑖(ℎ, 𝑥) � Y(ℎ, 𝑖′ (ℎ), 𝑥)

� ℎ(𝑥, 𝑖′ (ℎ, 𝑥)),

and

ℎ(𝑥, _𝑦. _𝑒. 𝑖(ℎ, 𝑦)) � ℎ(𝑥, _𝑦. _𝑒. Y(ℎ, 𝑖′ (ℎ), 𝑦))

� ℎ(𝑥, _𝑦. _𝑒. ℎ(𝑦, 𝑖′ (ℎ, 𝑦))).

The computation rule is therefore satisfied by the identification

ℎ(𝑥, 𝑖′ (ℎ, 𝑥)) ℎ(𝑥, _𝑦. _𝑒. ℎ(𝑦, 𝑖′ (ℎ, 𝑦))).⇐ ⇐
apℎ(𝑥) (eq-htpy(_𝑦. eq-htpy( 𝑗′ (ℎ,𝑥,𝑦) ) ) )

□

It is tempting to think that an element 𝑤 : W(𝐴, 𝐵) is completely determined
by the elements 𝑧 : W(𝐴, 𝐵) equipped with a proof 𝑧 ∈ 𝑤. However, this may not
be the case. For instance, a W-type W(𝐴, 𝐵) might have two unary constructors,
e.g., when 𝐴 B 1 + bool and the family 𝐵 over 𝐴 is given by

𝐵(inl(𝑥)) B ∅
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𝐵(inr(𝑦)) B 1.

If we write 𝑓 and 𝑔 for the two unary constructors of W(𝐴, 𝐵), then we see that
for any element 𝑤 : W(𝐴, 𝐵), the elements

𝑢 B tree(inr(false), const𝑤) and 𝑣 B tree(inr(true), const𝑤)

both only contain the element 𝑤. However, the elements 𝑢 and 𝑣 are distinct in
W(𝐴, 𝐵).

Something similar happens in the type of planar binary trees. Given two
binary trees 𝑆 and 𝑇 , there are two ways to combine 𝑆 and 𝑇 into a new binary
tree: we have [𝑆, 𝑇] and [𝑇, 𝑆]. Both contain precisely the elements 𝑆 and 𝑇 ,
but they are distinct. Nevertheless, there are many important W-types in which
the elements 𝑤 are uniquely determined by the elements 𝑧 ∈ 𝑤. Such W-types
are called extensional.

Definition B.4.3 We say that a W-type W(𝐴, 𝐵) is extensional if the canonical
map

(𝑥 = 𝑦) →∏
(𝑧:W(𝐴,𝐵) ) (𝑧 ∈ 𝑥) ≃ (𝑧 ∈ 𝑦)

is an equivalence.

In the following theorem we give a precise characterization of the inhabited
extensional W-types.

Theorem B.4.4 Consider an inhabited W-type W(𝐴, 𝐵). Then the following
are equivalent:

(i) The W-type W(𝐴, 𝐵) is extensional.
(ii) The family 𝐵 is univalent in the sense that the map

tr𝐵 : (𝑥 = 𝑦) → (𝐵(𝑥) ≃ 𝐵(𝑦))

is an equivalence, for every 𝑥, 𝑦 : 𝐴.

Remark B.4.5 Note that if the W-type W(𝐴, 𝐵) is empty, then it is vacuously
extensional. However, we saw in Proposition B.1.5 that any family 𝐵 of inhabited
types over 𝐴 gives rise to an empty W-type W(𝐴, 𝐵), so there is no hope of
showing that 𝐵 is a univalent family if W(𝐴, 𝐵) is empty.

We also note that a type family 𝐵 over 𝐴 is univalent if and only if the map
𝐵 : 𝐴→U is an embedding. In other words, the claim in Theorem B.4.4 is that
an inhabited W-type W(𝐴, 𝐵) is extensional if and only if 𝐵 is the canonical
type family over a subuniverse 𝐴 ofU.

Proof We will first show that (ii) is equivalent to the following property:
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(ii’) The map

tr𝐵 : (symbol(𝑥) = 𝑦) → (𝐵(symbol(𝑥)) ≃ 𝐵(𝑦))

is an equivalence for every 𝑥 : W(𝐴, 𝐵) and every 𝑦 : 𝐴.

Clearly, (ii) implies (ii’). For the converse we use the assumption that W(𝐴, 𝐵) is
inhabited. Since the property in (ii) is a proposition, we may assume an element
𝑤 : W(𝐴, 𝐵). Using 𝑤, we obtain for every 𝑥 : 𝐴 the element

tree(𝑥, const𝑤) : W(𝐴, 𝐵)

The pre-arity of tree(𝑥, const𝑤) is 𝑥, and therefore the hypothesis that (ii’)
holds implies that the map (𝑥 = 𝑦) → (𝐵(𝑥) ≃ 𝐵(𝑦)) is an equivalence. This
concludes the proof that (ii) is equivalent to (ii’). It remains to show that (i) is
equivalent to (ii’).

Let 𝑥 : W(𝐴, 𝐵). By the fundamental theorem of identity types, the W-type
W(𝐴, 𝐵) is extensional if and only if the total space∑

(𝑦:W(𝐴,𝐵) )
∏
(𝑧:W(𝐴,𝐵) ) (𝑧 ∈ 𝑥) ≃ (𝑧 ∈ 𝑦)

is contractible, for any 𝑥 : W(𝐴, 𝐵). When 𝑥 is of the form tree(𝑎, 𝛼), the type
𝑧 ∈ 𝑥 is just the fiber fib𝛼 (𝑧). Using this observation, we see that the above type
is equivalent to the type∑

(𝑏:𝐴)
∑
(𝛽:𝐵(𝑏)→W(𝐴,𝐵) )

∏
(𝑧:W(𝐴,𝐵) )fib𝛼 (𝑧) ≃ fib𝛽 (𝑧). (∗)

By Exercise 13.15 (c) it follows that this type is equivalent to the type∑
(𝑦:𝐴)

∑
(𝛽:𝐵(𝑦)→W(𝐴,𝐵) )

∑
(𝑒:𝐵(𝑥 )≃𝐵(𝑦) )𝛼 ∼ 𝑒 ◦ 𝛽.

Note that the type
∑
(𝛽:𝐵(𝑦)→W(𝐴,𝐵) ) 𝛼 ∼ 𝑒◦𝛽 is contractible for any equivalence

𝑒 : 𝐵(𝑥) ≃ 𝐵(𝑦). Therefore, it follows that the above type is contractible if and
only if the type ∑

(𝑦:𝐴)𝐵(𝑥) ≃ 𝐵(𝑦)

is contractible, which is the case if and only if the map (𝑥 = 𝑦) → (𝐵(𝑥) ≃ 𝐵(𝑦))
is an equivalence for all 𝑦 : 𝐴. □

Example B.4.6 The type 𝑁 of Example B.1.6, the type of binary trees
Example B.1.8, and the type of finitely branching trees Example B.1.10 are all
examples extensional W-types. On the other hand, the type of planar binary trees
of Example B.1.7 and the type of planar finitely branching tres of Example B.1.9
are not extensional.
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B.5 Russell’s paradox in type theory

Russell’s paradox tells us that there cannot be a set of all sets. If there were such
a set 𝑆, then we could form the set

𝑅 B {𝑥 ∈ 𝑆 | 𝑥 ∉ 𝑥},

for which we have 𝑅 ∈ 𝑅 ↔ 𝑅 ∉ 𝑅, a contradiction. To reproduce Russell’s
paradox in type theory, we first recall a crucial difference between the type
theoritic judgment 𝑎 : 𝐴 and the set theoretic proposition 𝑥 ∈ 𝑦. Although
the judgment 𝑎 : 𝐴 plays a similar role in type theory as the elementhood
relation, types and their elements are fundamentally different entities, whereas
in Zermelo-Fraenkel set theory there are only sets, and the proposition 𝑥 ∈ 𝑦
can be formed for any two sets 𝑥 and 𝑦. In type theory, there is no relation on
the universe that is similar to the elementhood relation.

However, we have seen in Appendix B.4 that it is possible to define an
elementhood relation on arbitrary W-types. We will use this elementhood
relation on the W-type W(U,T) to derive a paradox analogous to Russell’s
paradox, and we will see thatU cannot be equivalent to a type inU.

The type W(U,T) possesses a lot of further structure. In fact, it can be
used to encode constructive set theory in type theory. There is, however, one
significant difference with ordinary set theory: the elementhood relation it
type-valued. In other words, there may be many ways in which 𝑥 ∈ 𝑦 holds. The
type W(U,T) is therefore also called the type of multisets. It was fist studied
by Aczel in [AczelCZF], with refinements in [AczelGambinoCZF], and in the
setting of homotopy type theory it has been studied extensively by Gylterud in
[GylterudMultisets].

Definition B.5.1 Consider aU with universal type family T . We define the
type

𝕄U B W(U,T),

and the elements of 𝕄U are called multisets inU. We will write

{ 𝑓 (𝑥) | 𝑥 : 𝐴}

for the multiset inU of the form tree(𝐴, 𝑓 ). More generally, we will write

{𝑡 (𝑥0, . . . , 𝑥𝑛) | 𝑥0 : 𝐴0, . . . , 𝑥𝑛 : 𝐴𝑛 (𝑥0, . . . , 𝑥𝑛−1)}

for the multiset inU of the form

tree
(∑
(𝑥0:𝐴0 ) · · · 𝐴𝑛 (𝑥0, . . . , 𝑥𝑛−1), _(𝑥0, . . . , 𝑥𝑛). 𝑡 (𝑥0, . . . , 𝑥𝑛)

)
,

mailto:egbert.rijke@fmf.uni-lj.si
https://hott.zulipchat.com


This material will be published by Cambridge University Press as Introduction to Homotopy Type Theory by Egbert Rĳke. This pre-publication
version is free to view and download for personal use only. Not for re-distribution, re-sale or use in derivative works. © Egbert Rĳke 2020

The best way to support this book while it is still being prepared for publication, is to let the author know if you find inaccuracies of any kind at
Q egbert.rĳke@fmf.uni-lj.si, or at the homotopy type theory chat at  https://hott.zulipchat.com.

There are 306 exercises.

Ljubljana, April 8, 2022

446 General inductive types

given an element 𝑡 (𝑥0, . . . , 𝑥𝑛) : 𝕄U in context 𝑥0 : 𝐴0, . . . , 𝑥𝑛 : 𝐴𝑛 (𝑥0, . . . , 𝑥𝑛−1),
where each 𝐴𝑖 is inU.

Given a multiset 𝑋 � { 𝑓 (𝑥) | 𝑥 : 𝐴} inU, the cardinality of 𝑋 is the type
𝐴, and the elements of 𝑋 are the multisets 𝑓 (𝑥) inU, for each 𝑥 : 𝐴.

In the notation of multisets, the elementhood relation ∈ : 𝕄U → 𝕄U →U+
is defined by

(𝑋 ∈ {𝑔(𝑦) | 𝑦 : 𝐵}) � ∑
(𝑦:𝐵)𝑔(𝑦) = 𝑋.

In other words, a multiset 𝑋 is in a multiset of the form {𝑔(𝑦) | 𝑦 : 𝐵} if and
only if 𝑋 comes equipped with an element 𝑦 : 𝐵 and an identification 𝑔(𝑦) = 𝑋 .
The W-type of multisets is extensional by Theorem B.4.4 and the univalence
axiom.

Recall that for a universeV, we say that a type 𝐴 is essentiallyV-small if 𝐴
comes equipped with an element of type

is-smallV (𝐴) B
∑
(𝑋:V) 𝐴 ≃ 𝑋.

Our goal in this section is to show, via Russell’s paradox, that the universeU is
not essentiallyU-small, i.e., that there cannot be a type𝑈 : U equipped with an
equivalenceU ≃ 𝑈. We will use a similar condition of smallness for multisets.

Definition B.5.2 LetU andV be universes. We say that a multiset { 𝑓 (𝑥) |
𝑥 : 𝐴} inU isV-small if the type 𝐴 isV-small and if each mulitset 𝑓 (𝑥) inU
isV-small. In other words, the type family

is-small-MV : 𝕄U →U ⊔V+

is defined recursively by

is-small-MV ({ 𝑓 (𝑥) | 𝑥 : 𝐴}) B is-smallV (𝐴) ×
∏
(𝑥:𝐴) is-small-MV ( 𝑓 (𝑥)).

We will need quite a few properties of smallness before we can reproduce
Russell’s paradox. We begin with a simple lemma.

Lemma B.5.3 Consider a V-small multiset { 𝑓 (𝑥) | 𝑥 : 𝐴}, and let 𝐵 be a
family of essentiallyV-small types over 𝐴. Then the multiset

{ 𝑓 (𝑥) | 𝑥 : 𝐴, 𝑦 : 𝐵(𝑥)}

is againV-small.

Proof If the multiset { 𝑓 (𝑥) | 𝑥 : 𝐴} isV-small, then the type 𝐴 is essentially
V-small. By the assumption that 𝐵 is a family ofV-small types together with
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the fact that essentiallyV-small types are closed under formation of Σ-types,
we obtain that the type ∑

(𝑥:𝐴)𝐵(𝑥)

is essentiallyV-small. Furthermore, since each 𝑓 (𝑥) isV-small, it follows that
the multiset { 𝑓 (𝑥) | 𝑥 : 𝐴, 𝑦 : 𝐵(𝑥)} isV-small. □

The main purpose of the following lemma is to know that the elementhood
relation takes values in the essentially V-small types, when it is applied to
V-small multisets. We will use the univalence axiom to prove this fact.

Proposition B.5.4 Consider two univalent universesU andV, and let 𝑋 and
𝑌 beV-small multisets inU. We make two claims:

(i) The type 𝑋 = 𝑌 is essentiallyV-small.
(ii) The type 𝑋 ∈ 𝑌 is essentiallyV-small.

Proof For the first claim, let 𝑋 � { 𝑓 (𝑥) | 𝑥 : 𝐴} and let 𝑌 � {𝑔(𝑦) | 𝑦 : 𝐵}.
The proof is by induction. Via Theorem B.2.3 it follows that the type 𝑋 = 𝑌 is
equivalent to the type∑

(𝑝:𝐴=𝐵)
∏
(𝑥:𝐴) 𝑓 (𝑥) = 𝑔(equiv-eq(𝑝)).

The type 𝐴 = 𝐵 isV-small because it is equivalent to the type 𝐴 ≃ 𝐵, which is
essentiallyV-small. Therefore it suffices to show that the type∏

(𝑥:𝐴) 𝑓 (𝑥) = 𝑔(equiv-eq(𝑝))

is essentiallyV-small, for every 𝑝 : 𝐴 = 𝐵. Here we proceed by path induction,
and the type

∏
𝑥 : 𝐴 𝑓 (𝑥) = 𝑔(𝑥) is a product of essentiallyV-small types by

the induction hypothesis. This concludes the proof of the first claim.
For the second claim, let 𝑌 � {𝑔(𝑦) | 𝑦 : 𝐵}. Then the type∑

(𝑦:𝐵)𝑔(𝑦) = 𝑋

is a dependent sum of essentially V-small types, indexed by an essentially
V-small type, which is again essentiallyV-small. □

The condition that a multiset { 𝑓 (𝑥) | 𝑥 : 𝐴} inU isV-small suggests that
there is an ‘equivalent’ multiset inV.

Definition B.5.5 Given two universes U and V, we define an inclusion
function

𝑖 :
(∑
(𝑋:𝕄U ) is-small-MV (𝑋)

)
→ 𝕄V ,
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of theV-small multisets inU into the multisets inV, inductively by

𝑖({ 𝑓 (𝑥) | 𝑥 : 𝐴}) B {𝑖( 𝑓 (𝑒−1 (𝑦))) | 𝑦 : 𝐵}.

for any multiset { 𝑓 (𝑥) | 𝑥 : 𝐴} of which the type 𝐴 is equipped with an
equivalence 𝑒 : 𝐴 ≃ 𝐵 for some 𝐵 inV, and such that the multiset 𝑓 (𝑥) inU is
V-small for each 𝑥 : 𝐴.

Proposition B.5.6 The inclusion function 𝑖 ofV-small multisets inU into the
multisets inV satisfies the following properties

(i) For eachV-small multiset 𝑋 inU, the multiset 𝑖(𝑋) inV isU-small.
(ii) The induced map(∑

(𝑋:𝕄U ) is-small-MV (𝑋)
)
→

(∑
(𝑌 :𝕄V ) is-small-MU (𝑌 )

)
is an equivalence.

Consequently, the inclusion function 𝑖 is an embedding.

Proof To see that 𝑖({ 𝑓 (𝑥) | 𝑥 : 𝐴}) is U-small for each V-small multiset
{ 𝑓 (𝑥) | 𝑥 : 𝐴} inU, note that the assumption that { 𝑓 (𝑥) | 𝑥 : 𝐴} is V-small
gives us an equivalence 𝑒 : 𝐴 ≃ 𝐵 and an element 𝐻 (𝑥) : is-small-MV ( 𝑓 (𝑥))
for each 𝑥 : 𝐴. The type 𝐵 is the indexing type of 𝑖({ 𝑓 (𝑥) | 𝑥 : 𝐴}), and 𝐵 is
U-small because it is equivalent to the type 𝐴 inU. Furthermore, each multiset
𝑖( 𝑓 (𝑒−1 (𝑦))) isU-small by the inductive hypothesis. This completes the proof
of the first claim.

We therefore have inclusion functions( ∑
(𝑋:𝕄U ) is-small-MV (𝑋)

) ( ∑
(𝑌 :𝕄V ) is-small-MU (𝑌 )

)

←→
𝑖

←→𝑖

To see that the maps 𝑖 and 𝑖 are mutual inverses, it suffices to show that
𝑖(𝑖(𝑋)) = 𝑋 . This follows by induction from the following calculation, where
we assume an equivalence 𝑒 : 𝐴 ≃ 𝐵 into aV-small type 𝐵.

𝑖(𝑖({ 𝑓 (𝑥) | 𝑥 : 𝐴})) � 𝑖({𝑖( 𝑓 (𝑒−1 (𝑦))) | 𝑦 : 𝐵})

� {𝑖(𝑖( 𝑓 (𝑒−1 (𝑒(𝑥))))) | 𝑥 : 𝐴}

= {𝑖(𝑖( 𝑓 (𝑥))) | 𝑥 : 𝐴}

= { 𝑓 (𝑥) | 𝑥 : 𝐴}.

For the last claim, note that we have factored 𝑖 as an equivalence followed by
an embedding( ∑

(𝑋:𝕄U ) is-small-MV (𝑋)
) ( ∑

(𝑌 :𝕄V ) is-small-MU (𝑌 )
)

𝕄V ,

←→ ←→
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and therefore 𝑖 is an embedding. □

Furthermore, the embedding 𝑖 induces equivalences on the elementhood
relation on multisets.

Proposition B.5.7 Consider a multiset 𝑋 in U and a multiset 𝑌 in V.
Furthermore, suppose that 𝑋 isV-small and that 𝑌 isU-small. Then we have

(𝑖(𝑋) ∈ 𝑌 ) ≃ (𝑋 ∈ 𝑖(𝑌 )).

Proof Let 𝑋 � { 𝑓 (𝑥) | 𝑥 : 𝐴} and 𝑌 � {𝑔(𝑦) | 𝑦 : 𝐵}. By the assumption
that 𝑌 isU-small we have an equivalence 𝑒 : 𝐵 ≃ 𝐵′ to a type 𝐵′ inU. Then
we have the equivalences

𝑖(𝑋) ∈ {𝑔(𝑦) | 𝑦 : 𝐵} � ∑
(𝑦:𝐵)𝑔(𝑦) = 𝑖(𝑋)

≃ ∑
(𝑦:𝐵) 𝑖(𝑔(𝑦)) = 𝑋

≃ ∑
(𝑦′:𝐵′ ) 𝑖(𝑔(𝑒−1 (𝑦′))) = 𝑋

� 𝑋 ∈ 𝑖(𝑌 ). □

We are now almost in position to reproduce Russell’s paradox. We will need
one mre ingredient: the universal tree, i.e., the multiset of all multisets inU.

Definition B.5.8 LetU be a universe. Then we define the universal tree 𝕐U
to be the multiset

𝕐U := {𝑖(𝑋) | 𝑋 : 𝕄U}

in U+, where 𝑖 : 𝕄U → 𝕄U+ is the inclusion of the multisets in U to the
multisets inU+ given by the fact that each multiset inU isU+-small.

Proposition B.5.9 Consider two universesU andV, and suppose thatU as
well as each 𝑋 : U are essentiallyV-small. Then the universal tree 𝕐U is also
V-small.

Proof To show that the universal tree {𝑖(𝑋) | 𝑋 : 𝕄U} is V-small, we first
have to show that the type 𝕄U isV-small. This follows from the more general
fact that the subuniverse of V-small types is closed under the formation of
W-types. Indeed, if a type 𝐴 isV-small, and if 𝐵(𝑥) isV-small for each 𝑥 : 𝐴,
then we have an equivalence 𝛼 : 𝐴 ≃ 𝐴′ to a type 𝐴′ inV, and for each 𝑥′ : 𝐴′

we have an equivalence 𝐵(𝛼−1 (𝑥′)) ≃ 𝐵′ (𝑥′) inV. These equivalences induce
an equivalence

W(𝐴, 𝐵) ≃ W(𝐴′, 𝐵′)
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into the type 𝑊 (𝐴′, 𝐵′), which is in V. This concludes the proof that 𝕄U is
essentiallyV-small.

It remains to show that the multiset 𝑖(𝑋) inU+ isV-small, for each 𝑋 : 𝕄U .
Equivalently, we have to show that each multiset 𝑋 in U is V-small. This
follows by recursion: given a multiset { 𝑓 (𝑥) | 𝑥 : 𝐴}, the type 𝐴 is essentially
V-small by assumption, and the multiset 𝑓 (𝑥) is V-small by the induction
hypothesis. □

Theorem B.5.10 Consider a univalent universeU. ThenU cannot be essen-
tiallyU-small.

Proof Suppose thatU isU-small, and consider the multiset

𝑅 B {𝑖(𝑋) | 𝑋 : 𝕄U , 𝐻 : 𝑋 ∉ 𝑋}

in U+, where 𝑖 : 𝕄U → 𝕄U+ is the inclusion of the multisets in U to the
multisets inU+ given by the fact that each multiset inU isU+-small.

First, we note that 𝑅 isU-small. This follows from Lemma B.5.3, using the
fact that the universal tree {𝑖(𝑋) | 𝑋 : 𝕄U} isU-small by Proposition B.5.9,
and the fact that 𝑋 ∈ 𝑋 is essentiallyU-small by Proposition B.5.4.

Since 𝑅 isU-small, there is a multiset 𝑅′ : 𝕄U such that 𝑖(𝑅′) = 𝑅. Now it
follows that

𝑅 ∈ 𝑅 ≃ ∑
(𝑋:𝕄U )

∑
(𝐻:𝑋∉𝑋) 𝑖(𝑋) = 𝑅

≃ ∑
(𝑋:𝕄U )

∑
(𝐻:𝑋∉𝑋)𝑋 = 𝑅′

≃ 𝑅′ ∉ 𝑅′

≃ 𝑅 ∉ 𝑅.

In the second step we used Proposition B.5.6, where we showed that 𝑖 is an
embedding, and in the last step we used Proposition B.5.7. Now we obtain a
contradiction, because it follows from Exercise 4.3 (a) that no type is (logically)
equivalent to its own negation. □

Exercises
B.1 For a type family 𝐵 over 𝐴, suppose that each 𝐵(𝑥) is empty. Show that

the type W(𝐴, 𝐵) is equivalent to the type 𝐴.
B.2 (a) Show that the elementhood relation ∈ on W(𝐴, 𝐵) is irreflexive, for

any type family 𝐵 over any type 𝐴.
(b) Use the previous fact along with Proposition B.5.7 to give a second

proof of the fact that there can be no type𝑈 : U equipped with an
equivalenceU ≃ 𝑈.
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B.3 For each 𝑥 : W(𝐴, 𝐵), let 𝑥 < (– ) : W(𝐴, 𝐵) → U be the type family
generated inductively by the following constructors:

𝑖 :
∏
(𝑦:W(𝐴,𝐵) ) (𝑥 ∈ 𝑦) → (𝑥 < 𝑦)

𝑗 :
∏
(𝑦,𝑧:W(𝐴,𝐵) ) (𝑦 ∈ 𝑧) → ((𝑥 < 𝑦) → (𝑥 < 𝑧)).

(a) Show that the type-valued relation < is transitive and irreflexive.
(b) Suppose that the type W(𝐴, 𝐵) is inhabited. Show that the following

are equivalent:

(i) The type 𝑥 < 𝑦 is a proposition for all 𝑥, 𝑦 : W(𝐴, 𝐵).
(ii) The type 𝐴 is a set and the type 𝐵(𝑎) is a proposition for all

𝑎 : 𝐴.

Thus, in general it is not the case that < is a relation valued in
propositions.

(c) Show that W(𝐴, 𝐵) satisfies the following strong induction princi-
ple: For any type family 𝑃 over W(𝐴, 𝐵), if there is a function

ℎ :
∏
(𝑥:W(𝐴,𝐵) )

(∏
(𝑦:W(𝐴,𝐵) ) (𝑦 < 𝑥) → 𝑃(𝑦)

)
→ 𝑃(𝑥),

then there is a function 𝑓 :
∏
(𝑥:W(𝐴,𝐵) )𝑃(𝑥) equipped with an

identification

𝑓 (𝑥) = ℎ(𝑥, _𝑦. _𝑝. 𝑓 (𝑦))

for all 𝑥 : W(𝐴, 𝐵).
(d) Show that there can be no sequence of elements 𝑥 : ℕ→ W(𝐴, 𝐵)

such that 𝑥𝑛+1 < 𝑥𝑛 for all 𝑛 : ℕ.

B.4 For a type family 𝐵 : 𝐴 → U, define a new dependent type �̂� over �̂�,
where

�̂� B im(𝐵)

�̂�(𝑋) B 𝑋.

The type family �̂� over �̂� is called the univalent completion of the
type family 𝐵 over 𝐴, and the W-type W( �̂�, �̂�) is called the extensional
completion of the W-type W(𝐴, 𝐵).

(a) Show that the W-type W( �̂�, �̂�) is extensional.
(b) Show that there is a map [ : W(𝐴, 𝐵) → W( �̂�, �̂�) equipped with a

family of equivalences

(𝑥 ∈ 𝑦) ≃ ([(𝑥) ∈ [(𝑦)),
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indexed by 𝑥, 𝑦 : W(𝐴, 𝐵). Conclude that

([(𝑥) = [(𝑦)) ≃∏
(𝑧:W(𝐴,𝐵) ) (𝑧 ∈ 𝑥) ≃ (𝑧 ∈ 𝑦).

for every 𝑥, 𝑦 : W(𝐴, 𝐵).
(c) Consider the map 𝜎 : W(𝐴, 𝐵) → (W(𝐴, 𝐵) → U) given by

𝜎(𝑥, 𝑦) B (𝑦 ∈ 𝑥).

Construct a commuting triangle

W(𝐴, 𝐵)

W( �̂�, �̂�) im(𝜎),

←→[ ←

→
𝑞

← →𝑒

in which the map 𝑒 is an equivalence.
B.5 Consider the relation ⪯ : W(𝐴, 𝐵) → (W(𝐴, 𝐵) → PropU) defined

recursively by

(tree(𝑎, 𝛼) ⪯ tree(𝑏, 𝛽)) B ∀(𝑥:𝐵(𝑎) )∃(𝑦:𝐵(𝑏) ) 𝛼(𝑥) ⪯ 𝛽(𝑦).

If 𝑥 ⪯ 𝑦 holds, we say that 𝑥 has lower rank than 𝑦. Furthermore, we
define the relaction ≺ on W(𝐴, 𝐵) by

(𝑥 ≺ 𝑦) B ∃(𝑧∈𝑦)𝑥 ⪯ 𝑧.

If 𝑥 ≺ 𝑦 holds, we say that 𝑥 has strictly lower rank than 𝑦.
(a) Show that ⪯ defines a preordering on W(𝐴, 𝐵), i.e., show that ⪯

is reflexive and transitve. Furthermore, prove the following three
properties, in which < is the strict ordering on W(𝐴, 𝐵) defined in
Exercise B.3:

(i) (𝑥 ⪯ 𝑦) ↔ ∀(𝑥′<𝑥 )∃(𝑦′<𝑦) 𝑥′ ⪯ 𝑦′
(ii) (𝑥 < 𝑦) → (𝑥 ⪯ 𝑦)
(iii) (𝑥 < 𝑦) → (𝑦 ⪯̸ 𝑥)
(iv) is-constantW (𝑥) ↔ ∀(𝑦:W(𝐴,𝐵) ) 𝑥 ⪯ 𝑦.

(b) Show that the relation ≺ on W(𝐴, 𝐵) is a strict ordering on W(𝐴, 𝐵),
i.e., show that it is irreflexive and transitive.

Since ⪯ defines a preordering on W(𝐴, 𝐵), it follows that the preorder
(W(𝐴, 𝐵), ⪯) has a poset reflection. We will write

[ : (W(𝐴, 𝐵), ⪯) → (R(𝐴, 𝐵), ⪯)

for the poset reflection of (W(𝐴, 𝐵), ⪯) and its quotient map. We will call
the poset (R(𝐴, 𝐵), ⪯) the poset rank of the W-type W(𝐴, 𝐵).
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(c) Show that if 𝐴 and each 𝐵(𝑥) are finite, then the poset rank
(R(𝐴, 𝐵), ⪯) is either the empty poset, the poset with one ele-
ment, or it is isomorphic to the poset (ℕ, ≤).

(d) Show that the strict ordering ≺ extends to a relation ≺ on R(𝐴, 𝐵)
with the following properties:

(i) We have (𝑥 ≺ 𝑦) ↔ ([(𝑥) ≺ [(𝑦)) for every 𝑥, 𝑦 : W(𝐴, 𝐵).
(ii) We have (𝑥 ≺ 𝑦) → (𝑥 ⪯ 𝑦) for every 𝑥, 𝑦 : R(𝐴, 𝐵).
(iii) The relation ≺ is transitive and irreflexive on R(𝐴, 𝐵).

We will call the strictly ordered set (R(𝐴, 𝐵), ≺) the (strict) rank
of the W-type W(𝐴, 𝐵).

(e) A strictly ordered set (𝑋, <), i.e., a set 𝑋 equipped with a transitive,
irreflexive relation < valued in the propositions, is said to be well-
founded if for any family 𝑃 of propositions over 𝑋 , the implication(

∀(𝑥:𝑋)
(
∀(𝑦<𝑥 )𝑃(𝑦)

)
→ 𝑃(𝑥)

)
→ ∀(𝑥:𝑋)𝑃(𝑥).

holds. Show that the rank (R(𝐴, 𝐵), ≺) of W(𝐴, 𝐵) is well-founded.
(f) A strictly ordered set (𝑋, <) is said to be extensional if the logical

equivalence

(𝑥 = 𝑦) ↔ ∀(𝑧:𝑋) (𝑧 < 𝑥) ↔ (𝑧 < 𝑦)

holds for any 𝑥, 𝑦 : 𝑋 . Show that the rank (R(𝐴, 𝐵), ≺) of W(𝐴, 𝐵)
is extensional.

(g) (To do, probably requires choice) A strictly ordered set (𝑋, <) is
said to be regular if for any 𝑥 : 𝑋 , any map

𝑓 :
(∑
(𝑦:𝑋) 𝑦 < 𝑥

)
→ 𝑋

has an upper bound, in the sense that

∃(𝑏:𝑋)∀(𝑦<𝑥 ) 𝑓 (𝑦) < 𝑏.

Show that the rank (R(𝐴, 𝐵), ≺) of W(𝐴, 𝐵) is regular.
(h) (To do) Let (𝑋, <) be a well-founded, extensional, and regular strictly

ordered set. Show that (𝑋, <) is isomorphic to (R(𝑋, 𝐵), ≺), where
the family 𝐵 over 𝑋 is given by

𝐵(𝑥) B ∑
(𝑦:𝑋) 𝑦 < 𝑥.

Thus, we have completely characterized the strictly ordered sets in
the image of the operation R.
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454 General inductive types

B.6 (Awodey, Gambino, Sojakova) For any type family 𝐵 over 𝐴, the polyno-
mial endofunctor 𝑃𝐴,𝐵 acts on types by

𝑃𝐴,𝐵 (𝑋) B
∑
(𝑥:𝐴)𝑋

𝐵(𝑥 ) ,

and it takes a map ℎ : 𝑋 → 𝑌 to the map

𝑃𝐴,𝐵 (ℎ) : 𝑃𝐴,𝐵 (𝑋) → 𝑃𝐴,𝐵 (𝑌 )

defined by 𝑃𝐴,𝐵 (ℎ, (𝑥, 𝛼)) B (𝑥, ℎ◦𝛼). Furthermore, there is a canonical
map

(ℎ ∼ ℎ′) → (𝑃𝐴,𝐵 (ℎ) ∼ 𝑃𝐴,𝐵 (ℎ′))

taking a homotopy 𝐻 : ℎ ∼ ℎ′ to a homotopy 𝑃𝐴,𝐵 (𝐻) : 𝑃𝐴,𝐵 (ℎ) ∼
𝑃𝐴,𝐵 (ℎ′).

A type 𝑋 is said to be equipped with the structure of an algebra for
the polynomial endofunctor 𝑃𝐴,𝐵 if 𝑋 comes equipped with a map

` : 𝑃𝐴,𝐵 (𝑋) → 𝑋.

Thus, algebras for the polynomial endofunctor 𝑃𝐴,𝐵 are pairs (𝑋, `)
where 𝑋 is a type and ` : 𝑃𝐴,𝐵 (𝑋) → 𝑋 . Note that W(𝐴, 𝐵) comes
equipped with the structure of an algebra for 𝑃𝐴,𝐵 by Proposition B.2.1.

Given two algebras 𝑋 and 𝑌 for the polynomial endofunctor 𝑃𝐴,𝐵,
we say that a map ℎ : 𝑋 → 𝑌 is equipped with the structure of a
homomorphism of algebras if it comes equipped with a homotopy
witnessing that the square

𝑃𝐴,𝐵 (𝑋) 𝑃𝐴,𝐵 (𝑌 )

𝑋 𝑌

←→`𝑋

← →𝑃𝐴,𝐵 (ℎ)

←→ `𝑌

← →
ℎ

commutes. The type hom((𝑋, `𝑋), (𝑌, `𝑌 )) of homomorphisms of alge-
bras for 𝑃𝐴,𝐵 is therefore defined as

hom((𝑋, `𝑋), (𝑌, `𝑌 )) B
∑
(ℎ:𝑋→𝑌 )ℎ ◦ `𝑋 ∼ `𝑌 ◦ 𝑃𝐴,𝐵 (ℎ).

(a) For any (𝑥, 𝛼), (𝑦, 𝛽) : 𝑃𝐴,𝐵 (𝑋), construct an equivalence

((𝑥, 𝛼) = (𝑦, 𝛽)) ≃ ∑
(𝑝:𝑥=𝑦)𝛼 ∼ 𝛽 ◦ tr𝐵 (𝑝).

(b) For any two morphisms ( 𝑓 , 𝐾), (𝑔, 𝐿) : hom((𝑋, `𝑋), (𝑌, `𝑌 )) of
algebras for 𝑃𝐴,𝐵, construct an equivalence

(( 𝑓 , 𝐾) = (𝑔, 𝐿)) ≃ ∑
(𝐻: 𝑓∼𝑔)𝐾 � (`𝑌 · 𝑃𝐴,𝐵 (𝐻)) ∼ (𝐻 · `𝑋) � 𝐿.
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B.5 Exercises 455

(c) Show that the W-type W(𝐴, 𝐵) equipped with the canonical structure
Y of a 𝑃𝐴,𝐵-algebra, constructed in Proposition B.2.1, is a homotopy
initial 𝑃𝐴,𝐵-algebra in the sense that the type

hom((W(𝐴, 𝐵), Y), (𝑋, `))

is contractible, for each 𝑃𝐴,𝐵-algebra (𝑋, `).
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Index

(𝑥, 𝑦) , 34
−1ℤ, 32
∅, see empty type
false, 35
false ≠ true, 60
0ℕ, 20
0ℤ, 32
1, see unit type
true, 35
1ℤ, 32
bool, see booleans
3-for-2 property

of contractible types, 121
of equivalences, 110
of pullbacks, 276

𝐴 + 𝐵, see coproduct
𝑎 = 𝑥, see identity type
𝐴→ 𝐵, see function type
𝐴 ≃ 𝐵, see equivalence
𝐴 × 𝐵, see cartesian product
action on generators

for the circle, 255
action on paths, 43–44

ap-comp, 44
ap-concat, 44
ap-id, 44
ap-inv, 44
ap-refl, 44
fibers of, 290

addℕ, 22
addℕ (𝑚) is an embedding, 145

addℤ, 35
addition on ℕ, 22–24
anti-symmetric

poset, 145
ap 𝑓 , see action on paths

ap-comp, 44
ap-concat, 44
ap-id, 44
ap-inv, 44
ap-refl, 44
apd 𝑓 , 45
associativity

of addition on ℕ, 50
of addition on ℤ, 51
of function composition, 17
of multiplication on ℕ, 50
of mulℤ, 52
of path concatenation, 42

attaching cells, 294
Aut, 243
automorphism group, 243
axiom

function extensionality, 151
univalence, 206

axiom K, 140

𝐵𝐴, see function type
base, 251, 252
base case, 21
𝛽-rule

for Π-types, 13
bi-implication, 207
bi-invertible map, see equivalence
binomial coefficient, 26
Bishop on the positive integers, 19
booleans

false, 35
true, 35
computation rules, 36
const𝑏 is not an equivalence, 110
induction principle, 36

457

mailto:egbert.rijke@fmf.uni-lj.si
https://hott.zulipchat.com


This material will be published by Cambridge University Press as Introduction to Homotopy Type Theory by Egbert Rĳke. This pre-publication
version is free to view and download for personal use only. Not for re-distribution, re-sale or use in derivative works. © Egbert Rĳke 2020

The best way to support this book while it is still being prepared for publication, is to let the author know if you find inaccuracies of any kind at
Q egbert.rĳke@fmf.uni-lj.si, or at the homotopy type theory chat at  https://hott.zulipchat.com.

There are 306 exercises.

Ljubljana, April 8, 2022

458 Index

canonical pullback, 278
cart map

cart-mapS , 330
is an equivalence, 331

cart(S, S′ ) , 330
cart-descS , 330
cartesian product, 35

as pullback, 280
computation rule, 35
ind× , 35
induction principle, 35
universal property, 155

cartesian square, 274
cartesian transformation

of spans, 330
category laws

for functions, 17
center of contraction, 113
change of variables, 9
characterization of identity type

contractible type, 120
coproduct, 129–130
fiber, 115–116
fundamental theorem of identity types,

122–135
Σ-type, 107–109

choice−1, 152
circle, 251–271, 294, 337

base, 251
is a 1-type, 268
loop, 251
S1 ≃ Σbool, 302
universal cover, 261–271

total space is contractible, 268
dec-PropU

dec-PropU ≃ bool, 207
cocartesian square, 297
cocone, 295
cocone-map, 296
coconeS (𝑋) , 296

as a pullback, 301
codiagonal, 337
cofib 𝑓 , 303
cofiber, 303
coherently invertible, 157

is a proposition, 163
coherently invertible map, 117

is a contractible map, 117
Collatz Conjecture, 93
commutativity

of addition on ℕ, 50

of addition on ℤ, 51
of multiplication on ℕ, 50
of mulℤ, 52

commuting cube, 310
comp(𝑔, 𝑓 ) , 16
composition

of equivalences, 110
of functions, 16

associativity, 17
unit laws, 17

of group homomorphisms, 244
of semi-group homomorphisms, 244

computation rules
for ℕ, 22
for pushouts, 321
of booleans, 36
of cartesian product, 35
of coproduct, 30
of Σ-types, 34
of the circle, 252
of unit type, 28

con-inv, 49
concat, 40

is a family of equivalences, 109
concat′, 110

is a family of equivalences, 109
concat-htpy

is a family of equivalences, 162
concat-htpy′

is a family of equivalences, 162
concat-list, 37
concatenation

for identifications, 40
of lists, 37

concat-htpy, 102
conclusion of an inference rule, 3
cone

on a cospan, 273
cone-map, 274
cone( – ) , 273
cons(𝑎, 𝑙) , 37
const𝑥 , 18
constant family, 8
constant function, 18
context, 3–5

empty context, 4
contractible

retract of, 150
weak function extensionality, 150

contractible map, 115–120
is an equivalence, 116
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contractible type, 112–122
3-for-2 property, 121
center of contraction, 113
closed under cartesian product, 121
closed under retracts, 120
contraction, 113
identity types of, 120
is a proposition, 136
is equivalent to 1, 121

contraction, 113
conversion rule

element, 10
variable, 6

coproduct, 30–31
computation rules, 30
disjointness, 129–130
functorial action, 111
identity type, 129–130
ind+, 30
induction principle, 30
inl, 30
inr, 30
ℤ, 32

cospan, 272

𝑑 | 𝑛
is a proposition if 𝑑 > 0, 145

dependent action on generators
for the circle, 252

dependent action on paths, 45, 252
dependent function

dependent action on paths, 45
dependent function type, 11–18
𝛽-rule, 13
computation rules, see 𝛽- and [-rules
congruence rule, 12
elimination rule, see evaluation
[-rule, 13
evaluation, 12
formation rule, 12
introduction rule, see _-abstraction
_-abstraction, 12
_-congruence, 12

dependent pair, 33
dependent pair type, 33–34

computation rule, 34
EqΣ , 108
identity type, 107–109
indΣ , 34
induction principle, 34
left unit law, 121
pair, 33

pr1, 34
pr2, 34

dependent type theory, 3–10
dependent universal property

of the circle, 253
derivation, 9–10
Desc(S) , 325
desc-famS , 325

is an equivalence, 326
descS1 , 262
descent, 272

empty type, 291
descent data, 325

for the circle, 261
descent theorem

for pushouts, 331
dgenS1 , 252
diagonal

of a map, 290
fibers of, 290

of a type
fibers of, 290

disjoint sum, see coproduct
disjointness of coproducts, 129–130
distributivity

mulℤ over addℤ, 51
of inv over concat, 49
of mulℕ over addℕ, 50
of Π over Σ, 152

ES1 , 262
element, 4

indexed, 5
element conversion rule, 10
embedding, 128–129, 183

closed under homotopies, 133
diagonal is an equivalence, 291
pullbacks of embeddings, 284

empty context, 4
empty type, 28–30, 36

ind∅ , 28
induction principle, 28
is a proposition, 136

encoding of a type in a universe, 52
enough universes, 54–56
Eq-bool, 60
Eq-fib, 116
Eqℕ, 57
EqΣ , 108
eq-equiv, 206
eq-htpy, 151
eq-pair, 108
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equiv-eq, 206
is a group isomorphism, 248

equivalence, 100–112
3-for-2 property, 110
closed under homotopies, 110
composition, 110
has an inverse, 105
inverse, 104
is a contractible map, 120
is an embedding, 128
pointed equivalence, 361
precomposition, 156
pullback of, 285

equivalence induction, 206
equivalence relation, 222, 228
is-smallU (𝐴) , 225
essentially small

type
is locally small, 236

[-rule, 209
for Π-types, 13

ev-pair, 155
ev-pt, 114
ev-refl, 156
evaluation, 12
exponentiation function on ℕ, 26
extensionality principle

for functions, 151
for propositions, 207

𝑓 + 𝑔, see functorial action, of coproducts
𝑓 ∼ 𝑔, see homotopy
factorial operation, 26
family

constant family, 8
fiber of, 8
fibers of projection map, 121
of standard finite types, 68
of types, 5–6
transport, 45
trivial family, 8
universal family, 53

family of equivalences, 122–125, 283
family of maps, 283
fib 𝑓 (𝑏) , 115
fiber, 115

as pullback, 281
characterization of identity type, 115–116
Eq-fib, 116
of a family, 8
of tot ( 𝑓 ) , 123

fiber product, 281

fiberwise join, 337
Fibonacci sequence, 26
fibrant replacement, 122
Fin, 68
first projection map, 34
flatten-list, 37
flattening lemma

for pushouts, 328, 333
fold-list, 37
function

action on paths, 43
addition on ℕ, 22–24
binomial coefficient, 26
const, 18
constant function, 18
exponentiation on ℕ, 26
factorial operation, 26
has a retraction, 103
has an inverse, 104
is an equivalence, 104
maxℕ, 26
minℕ, 26
mulℕ, 26
pr1, 34
pr2, 34
predℤ, 35
section of a map, 103
succℕ, 20
succℤ, 33
swap, 18

function extensionality, 149, 151
function type, 3, 13

composition, 16
identity function, 15

functorial action
of coproducts, 111

fundamental theorem of identity types, 107,
122–135, 149, 206, 246

formulation with retractions, 134
formulation with sections, 134

𝑔 ◦ 𝑓 , 16
Γ ⊢ 𝑎 : 𝐴, 4
Γ ⊢ 𝑎 � 𝑏 : 𝐴, 4
Γ ⊢ 𝐴 � 𝐵 type, 4
Γ ⊢ 𝐴 type, 4
gap map, 279
genS1 , 255
generic element, 8
Goldbach’s Conjecture, 93
Group, 242

identity type, 247

mailto:egbert.rijke@fmf.uni-lj.si
https://hott.zulipchat.com


This material will be published by Cambridge University Press as Introduction to Homotopy Type Theory by Egbert Rĳke. This pre-publication
version is free to view and download for personal use only. Not for re-distribution, re-sale or use in derivative works. © Egbert Rĳke 2020

The best way to support this book while it is still being prepared for publication, is to let the author know if you find inaccuracies of any kind at
Q egbert.rĳke@fmf.uni-lj.si, or at the homotopy type theory chat at  https://hott.zulipchat.com.

There are 306 exercises.

Ljubljana, April 8, 2022

Index 461

is a 1-type, 247
group, 53, 242

automorphism group of set, 243
homomorphism, 244
loop space of 1-type, 243
S𝑛, 243
ℤ, 243

group homomorphism
isomorphism, 245
preserves units and inverses, 249

group operations
on ℤ, 35

groupoid laws
of homotopies, 102–103
of identifications, 40–43

𝐻 · 𝑓 , see homotopy, whiskering operations
ℎ · 𝐻, see homotopy, whiskering operations
has an inverse, 104
has-inverse( 𝑓 ) , 104

has-inverse(id ) ≃ (id ∼ id ) , 163
helix, 263
higher inductive type

circle, 251
hom(𝐺, 𝐻 ) for groups, 244
hom(𝐺, 𝐻 ) for semi-groups, 244
homomorphism

of groups, 244
of semi-groups, 243

homotopy, 100–103
commutative diagram, 101
concat-htpy, 102
groupoid laws, 102–103
inv-htpy, 102
iterated, 102
nat-htpy, 118
naturality, 118
refl-htpy, 102
whiskering operations, 103

homotopy fiber, see fiber
homotopy induction, 149
Homotopy interpretation, 39
horizontal line, see inference rule
htpy-eq, 151

is an equivalence, 151
hypothetical elements, 4

Id𝐴, see identity type
id𝐴, 15
identification, 39
identification elimination, 39
identity function, 9, 15

is an equivalence, 104

identity homomorphism
for groups, 244
of semi-groups, 244

identity system, 125–126
identity type, 5, 38–52

action on paths, 43–44
as pullback, 290
con-inv, 49
coproduct, 129–130
distributive-inv-concat, 49
identification, 39
identification elimination, 39
induction principle, 39
inv-con, 49
lift, 49
Mac Lane pentagon, 49
of a fiber, 115–116
of a Π-type, 151
of a Σ-type, 107–109
of a universe, 205
of cone(𝐶 ) , 273
of contractible type, 120
of Group, 247
of retract is retract, 146
of Semi-Group, 246
of U∗, 361
path, 39
path induction, 39
ind-eq, 39
refl, 39
rules, 40
total space is contractible, 113
tower of identity types, 43
transport, 45
universal property, 156

iff-eq, 207
image, 184
ind+, 30
ind∅ , 28
ind1, 27
ind-bool, 36
indℕ, 20
indΣ , 34
ind× , 35
indexed element, 5
indexed type, 5
induction principle

for equivalences, 206
for homotopies, 149
for ℕ, 21
identification elimination, 39
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list(𝐴) , 37
of booleans, 36
of cartesian products, 35
of coproduct, 30
of empty type, 28
for ℕ, 20
of Σ-types, 34
of the circle, 252
of the identity type, 39
of unit type, 27
path induction, 39
singleton induction, 114

inductive step, 21
inductive type, 19–52

cartesian product, 35
circle, 251–271
coproduct, 30–31
dependent pair type, 33–34
empty type, 28–30
identity type, 38–52
list(𝐴) , 37
natural numbers, 19
unit type, 27–28

inference rule, see rule
conclusion, 3
premises, 3

inl, 30
is an embedding, 132

inr, 30
is an embedding, 132

integers, 32–33, 35
−1ℤ, 32
0ℤ, 32
1ℤ, 32
addℤ, 35
group laws, 50
in-neg, 32
in-pos, 32
is a ring, 51
mulℤ, 35
negℤ, 35
predℤ, 35
succℤ, 33

interchange rule, 10
inv, 41

is an equivalence, 109
inv-con, 49
inv-htpy, 102

is an equivalence, 162
inverse

of an equivalence, 104

is an equivalence, 105
inverse law operations

for identifications, 43
inverse laws

for a group, 242
for addition on ℤ, 51
for semi-group isomorphisms, 245

inverse operation
for identifications, 41

is a contractible map, 116
equivalence, 120

is a proposition
contractible type, 136
𝑑 | 𝑛 for 𝑑 > 0, 145
empty type, 136

is a set, 140
natural numbers, 140

is an embedding, 128
∅ → 𝐴, 132
addℕ (𝑚) , 145
composite of embeddings, 133
equivalence, 128
if the action on paths have sections, 134
injective map into a set, 145
inl (for coproducts), 132
inr (for coproducts), 132
left factor of embedding if right factor is an

equivalence, 133
mulℕ (𝑚) for 𝑚 > 0, 145
right factor of embedding if left factor is an

embedding, 133
is an equivalence, 104

action on paths of an embedding, 128
concat′ (𝑞) , 109
concat(𝑝) , 109
concat-htpy′ (𝐾 ) , 162
concat-htpy(𝐻 ) , 162
contractible map, 116
htpy-eq, 151
identity function, 104
inv, 109
inv-htpy, 162
inverse of an equivalence, 105
neg-bool, 104
pair-eq, 108
pr1 of contractible family, 121
succℤ, 104
tot ( 𝑓 ) of family of equivalences, 123
tr𝐵 (𝑝) , 109

is contractible
factor of contractible cartesian product, 121
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fiber of an equivalence, 120
identity type of contractible type, 120
iff singleton induction, 114
is a property, 163
total space of an identity system, 126
total space of identity type, 113
total space of opposite identity type, 120
unit type, 113

is family of equivalences
iff tot ( 𝑓 ) is an equivalence, 123

is-coh-invertible( 𝑓 ) , 117
is-contr(𝐴) , see contractible type

is a proposition, 163
is-contr( 𝑓 ) , see contractible map
is-emb( 𝑓 ) , 128
is-equiv( 𝑓 ) , 104

is a proposition, 163
is-equiv( 𝑓 ) ≃ is-coh-invertible( 𝑓 ) , 163
is-equiv( 𝑓 ) ≃ is-path-split( 𝑓 ) , 163

is-group, 242
is a proposition, 242

is-group′, 242
is a proposition, 242

is-iso for semi-groups, 245
is a proposition, 245

is-prop′ (𝐴) , 136
is-prop(𝐴) , 136

is-prop(𝐴) ↔ (𝐴→ is-contr(𝐴) ) , 137
is-prop(𝐴) ↔ is-emb(const★) , 137
is-prop(𝐴) ↔ is-prop′ (𝐴) , 136

is-set(𝐴) , 140
is-set(𝐴) ↔ axiom-K(𝐴) , 140

is-trunc𝑘 (𝐴) , 142
is-trunc𝑘 (𝐴) → is-trunc𝑘+1 (𝐴) , 143

is-unital, 241
is a proposition, 242

iso-eq for groups, 247
iso-eq for semi-groups, 246
isomorphism, 167

of groups, 245
of semi-groups

preserves unit, 249
is-trunc𝑘

is a proposition, 163
iterated homotopies, 102
iterated loop space, 352

join, 304
𝑋 ∗ 𝑌 , 304
judgment, 3–5

Γ ⊢ 𝑎 : 𝐴, 4
Γ ⊢ 𝑎 � 𝑏 : 𝐴, 4

Γ ⊢ 𝐴 � 𝐵 type, 4
Γ ⊢ 𝐴 type, 4

judgmental equality
conversion rules, 6
is an equivalence relation, 6
of elements, 4
of types, 4

𝑘-truncated map, see truncated map
𝑘-truncated type, see truncated type
𝑘-type, 142, 151

universe of 𝑘-types, 218

_-abstraction, 12
_-congruence, 12
<

on ℕ, 61
left-inv, 43
left-unit, 42
left unit law, see unit laws

of Σ-types, 121
length-list, 37
≤

on ℕ, 60
lift, 49
list(𝐴) , see lists in 𝐴
lists in 𝐴

concat-list, 37
cons, 37
flatten-list, 37
fold-list, 37
induction principle, 37
length-list, 37
nil, 37
reverse-list, 38
sum-list, 37

lists in 𝐴, 37
is-locally-smallU (𝐴) , 225
locally small

map, 225, 236
type, 225

loop, 251, 252
loop space, 352

of 1-type is a group, 243

Mac Lane pentagon, 49
mapping cone, 303
maximum function, 26
minimum function, 26
monoid, 241
mulℕ, 26

mulℕ (𝑚) is an embedding if 𝑚 > 0, 145
mulℤ, 35
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multiplication
on ℕ, 26

mulℤ
associativity, 52
commutativity, 52
distributive over addℤ, 51
predecessor laws, 51
successor laws, 51
unit laws, 51
zero laws, 51

ℕ, see natural numbers
𝑛-sphere, 300
∇ 𝑓 , 337
nat-htpy, 118
natural numbers, 4, 19–26

indℕ, 20
is a set, 140
observational equality, 57
operations on ℕ

0ℕ, 20
addℕ, 22
addition, 22–24
binomial coefficient, 26
exponentiation, 26
Fibonacci sequence, 26
maxℕ, 26
minℕ, 26
mulℕ, 26
𝑛!, 26
succℕ, 20

rules for ℕ
computation rules, 22
elimination, see induction
formation, 20
induction, 21
induction principle, 20
introduction rules, 20

semi-ring laws, 50
naturality square of homotopies, 119
¬𝐴, see negation
neg-bool

is an equivalence, 104
negℤ, 35
negation, 36

of types, 28
nil, 37

observational equality
EqΣ , 108
on bool, 60
of coproducts, 129
on ℕ, 57

of bool
is reflexive, 60

Ω, see loop space
Ω𝑛, see iterated loop space
order relation
< on ℕ, 61
≤ on ℕ, 60

pair, 33
pair-eq, 108

is an equivalence, 108
pairing function, 33
pasting property

for pushouts, 303
of pullbacks, 286

path, 39
path constructor, 251
path induction, 39
ind-eq, 39
path-split, 134

is a proposition, 163
is-path-split( 𝑓 ) , 134
pattern matching, 25
Π-type, see dependent function type
pointed equivalence, 361
pointed map, 352
pointed type, 352
pr1, 34

of contractible family is an equivalence, 121
pr2, 34
pre-image, see fiber
predℤ, 35
predecessor function, 35
premise of an inference rule, 3
product of types, 35
program, 11
projection map

second projection, 34
projection maps

first projection, 34
proof by contradiction, 29
proof of negation, 29
Prop, 136

is a set, 207
property, 138
proposition, 136–140

closed under equivalences, 139
is locally small, 236

propositional extensionality, 207
propositions as types

conjunction, 35
pt𝑥 , 28
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pullback
3-for-2 property, 276
cartesian products of pullbacks, 292
gap map, 279
Π-type of pullbacks, 293
Σ-type of pullbacks, 313

pullback square, 274
characterized by families of equivalences,

284
universal property, 292

pushout
pasting property, 303

pushout square, 296
pushout-product, 338

refl, 39
refl-htpy, 102
reflexive
≤ on ℕ, 60
poset, 145

relation, 295
order, 60
strict order, 61

retr( 𝑓 ) , 103
retract

identity type, 146
of a type, 103

retraction, 103
reverse-list, 38
right-inv, 43
right-unit, 42
right unit law, see unit laws
ring

integers, 51
rules

for dependent function types
𝛽-rule, 13
congruence, 12
[-rule, 13
evaluation, 12
formation, 12
_-abstraction, 12
_-congruence, 12

for function types, 14
for ℕ

computation rules, 22
formation, 20
induction principle, 20
introduction rules, 20

for type dependency
change of variables, 9
element conversion, 10

generic element, 8
interchange, 10
judgmental equality is an equivalence

relation, 6
rules for substitution, 7–8
rules for weakening, 8
variable conversion, 6–7
variable rule, 9

identity type, 40

S1, see circle, 252
sec( 𝑓 ) , 103
second projection map, 34
section

of a map, 103
section of a type family, 5
Semi-Group, 241

identity type, 246
is a 1-type, 246

semi-group, 241
has inverses, 242
homomorphism, 243
unital, 241

semi-ring laws
for ℕ, 50

set, 53, 140–141
isomorphism, 167

set-level structure, 241
Σ-type, see dependent pair type

universal property, 155
comp-sing, 114
ind-sing, 114
singleton induction, 114

iff contractible, 114
small

is a proposition, 226
map, 225
type, 225
S𝑛, 243
S𝑛, 300
span, 295
standard finite types, 68
strongly cartesian cube, 313
structure identity principle, 241
subset, 138
substitution, 7–8

as pullback, 282
subtype, 138
subuniverse

closed under equivalences, 207
succℕ, 20
succℤ, 33
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is an equivalence, 104
successor function

on ℕ, 20
on ℤ, 33

is an equivalence, 104
sum-list, 37
suspension, 299

as cofiber, 303
swap function, 18
symmetric groups, 243

T, see universal family
tot 𝑓 (𝑔) , 124
tot ( 𝑓 ) , 123

fiber, 123
of family of equivalences is an equivalence,

123
tower of identity types, 43
tr𝐵, 45

is a family of equivalences, 109
transitive

poset, 145
transport, 45
trivial family, 8
truncated

map
by truncatedness of diagonal, 291
pullbacks of truncated maps, 284

truncated map, 142
truncated type, 136–147

closed under embeddings, 143
closed under equivalences, 143
closed under exponentials, 151
closed under Π, 151
universe of 𝑘-types, 218

truncation level, 136–147
Twin Prime Conjecture, 93
type, 4

indexed, 5
type family, 5–6
type theoretic choice, 152

U≤𝑘 , 218
U, V,W, see universe
uniquely uniqueness

of pullbacks, 277
unit

of a unital semi-group, 241
unit law operations

for identifications, 42
unit laws

for a unital semi-group, 241
for addition on ℕ, 50

for addition on ℤ, 51
for function composition, 17, 18
for multiplication on ℕ, 50
for mulℤ, 51

unit type, 27–28
computation rules, 28
induction principle, 27
ind1, 27
is contractible, 113
singleton induction, 114
★, 27

unital semi-group, 241
has inverses, 242

univalence axiom, 206, 240
families over S1, 261
implies function extensionality, 208

univalent universe, 206
universal cover

of the circle, 261–271
universal family, 52–62
universal property

cartesian product, 155
identity type, 156
of pullbacks, 274
of pullbacks (characterization), 275
of pushouts, 297, 302
of suspensions, 301
of the circle, 253
of the image, 183
of the propositional truncation, 168
Σ-types, 155

universe, 52–62
enough universes, 54–56
of contractible types, 217
of 𝑘-types, 218
of propositions, 218
of sets, 218
U∗, 352, 361

identity type, 361

variable, 4
variable conversion rules, 6
variable declaration, 4
variable rule, 9
vertex

of a cone, 273

weak function extensionality, 150, 151, 208
weakening, 8
(binary) wedge, 304
(indexed) wedge, 304
wedge inclusion, 338
well-formed type, 4
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whiskering operations
of homotopies, 103

ℤ, see integers
is a group, 243
universal cover of S1, 262

zero laws
for mulℤ, 51
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