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Abstract

When households hold equity instead of capital, incomplete markets make it unclear how
corporate firms should maximize shareholder value. I resolve this longstanding issue by mod-
eling an economy where firms maximize their net market value in a setting with heterogeneous
households and endogenous equity prices. I find that changes to the household income dis-
tribution from 1970 to 2010 generate a 25% increase in the price to cash flow ratio and a 26%
decrease in dividend yields, explaining approximately half of the observed change in dividend
yields and a third of the observed change in price to cash flow. I also use the model to exam-
ine the role of wealth inequality through unanticipated redistribution shocks. Redistributing
wealth equally across all households significantly depresses investment, leading to an output
contraction lasting decades longer than a typical productivity shock.
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1 Introduction

When markets are incomplete, households facing individual and aggregate risk engage in pre-
cautionary savings. When households directly hold capital and rent it to firms, this precautionary
savings motive increases the capital stock.! In the data, however, households typically save by
holding equity in corporate firms, and those firms invest on behalf of their shareholders.? To un-
derstand investment over the business cycle, we need to understand how corporate firms make
dynamic investment decisions on behalf of their heterogeneous shareholders. Firms generally
maximize shareholder value, but shareholders have different valuations across aggregate states
when markets are incomplete. An investment choice that maximizes value for one shareholder
may not maximize value for another.

The primary theoretical contribution of this paper is a mechanism that disciplines dynamic firm
choices when shareholders have different valuations of future states. Households save in a mutual
fund, which then owns the production firms. This mutual fund finds the market stochastic dis-
count factor (SDF) as a share-weighted average of interior shareholders” expected marginal rates
of substitution over aggregate states. On its own, the stochastic discount factor only prices an asset;
it does not necessarily pin down firm behavior.?> To discipline the production firm’s choices, I in-
troduce the threat of a private equity firm that takes over producers who are not maximizing their
cum-dividend share price (or net market value). Together, these financial intermediaries solve the
technical issue of firm decision-making with shareholder heterogeneity.

I use this model to quantitatively study two topics. I first examine how idiosyncratic household
risk shapes firm investment over the business cycle. I find that the increase in household earnings
risk seen in the data from 1970 to 2010 increases the price-cash flow ratio and decreases dividend
yields. I then examine a set of unanticipated wealth redistribution shocks to study the role of
wealth inequality in determining firm dynamics. Higher wealth inequality increases output and
wages, though poor households are made worse off with a lower rate of return on savings.

Under incomplete markets, payoffs in each state are not uniquely priced. This uncertainty about
the value of payoffs causes two problems. First, it becomes more difficult to price assets. An asset
can generally be priced as P = E[M'X] where X is a vector of payoffs and M is the stochas-
tic discount factor (SDF). With complete markets, this SDF is the vector of probability-weighted
state-contingent claim prices. When markets are incomplete, however, there are infinitely many
potential discount factors M that satisfy P = IE[M'X] if there is more than one aggregate state.*The

! Aiyagari (1994) documents that households accumulate more capital in response to uninsurable individual risk.
Krusell and Smith (1998) find that this precautionary savings further increases in a setting with aggregate uninsurable
risk.

2In 2019, aggregate investment was composed of corporate investment (64%), household investment (20%, primarily
housing), sole proprietorships and partnerships (10%), and nonprofits or other tax-exempt institutions (6%), according
to the U.S. Bureau of Economic Analysis (2025) Fixed Asset Investment data.

3 As in the finance literature, an SDF can price a bond or a Lucas tree without influencing those future payouts. In
macroeconomic models with dynamic firms and a representative household (e.g. Khan and Thomas (2008)), the SDF
determines firm behavior because all households value payments equally.

4Following the textbook explanation from Campbell (2018), suppose there are N assets and S aggregate states, with
N<S. Then the matrix P is 1xN, the vector of payoffs X is SxN, and the discount factor M’ is 1 xS. The vector of payoffs



second problem is that firms no longer have a well-defined objective in incomplete markets. Firms
generally want to maximize shareholder value. Under incomplete markets, each shareholder
might have different valuations of payoffs in each future state. This difference in valuation means
that they might each suggest different capital plans if they were solely in charge of the firm.”

To resolve the joint problems of asset pricing and firm discounting, I introduce a pair of finan-
cial agents that find the stochastic discount factor (or pricing kernel) and discipline the production
sector’s investment and dividend choices. Households save in equity through the mutual fund,
which holds shares of production firms.® Each household’s savings choice depends on the ag-
gregate price, future payoffs, and current idiosyncratic state. The mutual fund holds a portfolio
of all production firms in the economy, which plays the dual role of simplifying the household’s
problem to a single continuous choice variable and preventing production firms from having an

incentive to become financial innovators.”

The mutual fund measures a pricing kernel as the
post-trade share-weighted marginal rates of substitution of all interior shareholders.® This pricing
kernel determines the price that the mutual fund is willing to pay for any asset, given its future
returns. The mutual fund resolves the asset pricing issue but does not resolve the question of firm
behavior.

Production firms own capital, invest, pay dividends, and produce using a decreasing returns
technology subject to aggregate productivity risk.” A private equity sector looks for opportunities
to take over production firms and make them more valuable, similar to the outside manager pro-
posed by Grossman and Hart (1979). If the private equity firm can find a profitable investment
deviation, it will take over the production firm for a single period; otherwise the private equity
firm is inactive. Equilibrium requires production firms avoid challenges by the private equity
sector. To prevent the private equity firm from finding a deviation, the production firms will (in
equilibrium) value future payoffs with the pricing kernel found by the mutual fund. Discounting
future payoffs with the same pricing kernel as the mutual fund results in firms that maximize their
net market value (or cum-dividend share price), consistent with the Fisher separation theorem in-
troduced in Fisher (1930).'°

has a maximum rank of N, so there are infinitely many M’ that satisfy the pricing equation.

5 A further discussion of disagreement about capital plans and Pareto Optimality is presented in Section 3.4.

6This mutual fund is similar to capital mutual funds in Carlstrom and Fuerst (1997), though the mutual fund in this
paper holds shares of production firms instead of capital.

7Financial innovation can happen when a firm creates a new set of payoffs that were not spanned by the previous
set of possible investment choices. If a firm promises a tiny deviation in one future aggregate state, households could
trade this firm purely as a financial asset, even if it does not meaningfully change output.

8Weighing marginal rates by post-trade shareholding is a key difference from the literature. Grossman and Hart
(1979) use pre-trade weights, which I will show results in firms with lower value at the same capital level. Constan-
tinides and Duffie (1996) and Constantinides and Ghosh (2017) use post-trade weights but require permanent income
shocks, which eliminates differences in intertemporal marginal rates of substitution across households.

9The assumption of decreasing returns means that firms earn real economic profits, which the firm can either pay
out as dividends or reinvest into the business. Carceles-Poveda and Coen-Pirani (2010) show that the firm’s value
equals its capital stock with constant returns to scale, even with heterogeneous shareholders.

19While firms maximize their value, the equilibrium of this model will generally not be constrained efficient. Produc-

tion firms are atomistic, so they do not consider their investment’s impact on wages and other prices. A social planner
will be able to find an improvement by changing aggregate capital and shifting wages.



I use this model to examine the relationship between household risk and macroeconomic ag-
gregates by modeling the observed increase in earnings variance from 1970 to 2010 in the United
States.!! This higher level of risk results in a lower expected rate of return on capital, higher ag-
gregate investment, and lower dividend yields. As individual earnings risk increases, aggregate
demand for savings increases. Households want to hold more insurance against negative labor
productivity shocks. Firms see household demand for savings and increase their investment.
This leads to a higher capital stock, which smooths out aggregate productivity shocks during
recessions. However, the increased capital stock lowers the marginal product of capital, which
translates to a lower dividend yield. Changes to the earnings process explain 51.0 percent of the
observed fall in dividend yield and 34.0 percent of the rise in the price-cash flow ratio for U.S.
public entities over the same dates.

I also show that the wealth distribution directly influences firm behavior. The most extreme case
I consider transfers all wealth to 5 percent of households as an unanticipated shock.!? Firms in this
setting are entirely owned by rich households who have a low marginal propensity to consume
and therefore a low valuation of current dividends, driving firms to increase their investment. At
the date of the wealth transfer, investment increases by over ten percent, which is funded by a
decrease in aggregate consumption. Increased investment eventually increases aggregate output
and wages. Aggregate consumption remains below the baseline for 12 years before the increased
level of output finally offsets the increase in investment. Despite higher output and wages, most
households are much worse off in this scenario. As firms accumulate capital, the rate of return
falls, making saving less appealing for low-wealth households.!®> They remain stuck near the
borrowing constraint until they eventually get a higher idiosyncratic productivity shock and start
slowly saving away from the borrowing constraint. To my knowledge, this is the first paper that
examines the effect of wealth redistribution shocks in a setting with dynamic, shareholder-owned
firms.

The discounting approach developed in this paper nests many common special cases, including
representative households, exogenously imposed zero trade restrictions as in Krusell, Mukoyama
and Smith (2011), and endogenous zero trade as in Constantinides and Duffie (1996) or Constan-
tinides and Ghosh (2017).

HHeathcote, Storesletten and Violante (2010) document the increase in persistent earnings risk over this time period
and find that it leads to an increase in consumption. However, they focus on labor market results and set interest rate
outside the model, while I focus on capital investment and have an endogenous rate of return on savings.

12The top 5% of households held 85% of equity in 2016, as documented in Table B7 of the online appendix of Saez
and Zucman (2016). The experiment is too extreme in its redistribution, but it cleanly highlights the role of wealth
inequality.

13Greenwald et al. (2021) find that low interest rates increase inequality by making low-wealth households worse off
and high-wealth households better off. My results are consistent with their finding while also suggesting that wealth
inequality can itself cause these lower rates of return.



Related Literature

An extensive literature studies the role of household risk in incomplete markets where house-
holds own capital. Aiyagari (1994) develops this in a setting without aggregate risk, which Krusell
and Smith (1998) extends with aggregate risk. Challe and Ragot (2016) documents the role of
household precautionary savings with unemployment risk over the business cycle. I contribute to
this literature by including a production sector that operates a decreasing returns to scale produc-
tion technology. When this is the case, shareholder-owned firms earn real economic profits and
must decide how much of these profits to pay out as dividends or reinvest in the business through
investment. Hubmer, Krusell and Smith (2021) model income inequality alongside increasing re-
turns to savings, changes to tax structure, and preference heterogeneity to generate the observed
increases to the wealth to output ratio, with savings via capital.

Household risk and firm behavior are frequently modeled in the entrepreneurship literature.
Cagetti and De Nardi (2006) and Boar, Gorea and Midrigan (2022) describe settings where house-
hold wealth generates a distribution of entrepreneur firms. In their setting, small businesses take
their discounting directly from their entrepreneurial owners. My approach focuses on larger cor-
porate firms who are responsible for nearly two thirds of total investment rather than the small
businesses, which account for 10 percent of investment.

My paper is most closely related to the firm discounting and price perception literature. Early
work by Dreze (1974) describes the problem of uncertainty in the firm’s valuation of future pay-
offs. Grossman and Hart (1979) proposed aggregating discount factors weighted by current share-
holding to try to discipline the production sector’s problem. This model features two short-
comings. First, the compensations to shareholders rely on off-equilibrium perceptions of price
changes. Each household has a different belief about how prices will change after a deviation in
investment. Second, the discount factor used by firms cannot be used to find the value of shares
of the firm, except in the special case of constant returns.!* In contrast, I construct a model where
price perceptions are common across households and consistent with equilibrium. Additionally,
the stochastic discount factor in my model both disciplines the firm’s choices and prices assets.
Firms that weigh the future by methods proposed by Grossman and Hart (1979) will have op-
portunities for Pareto improvements among interior shareholders. However, differences between
aggregate outcomes generated by different discounting regimes are relatively minor.

Instead of using price perceptions, Krusell, Mukoyama and Smith (2011) exogenously imposes
zero trade, which results in a setting where a single household pins down the aggregate discount
factor. My model nests their approach. Empirically, Gormsen and Huber (2025) documents that
corporate firms” discount rates for capital projects are higher than the safe rate, ruling out the use
of the safe rate as a valid discounting mechanism. My model replicates this apparent risk aversion
by firms through curvature in the aggregate market pricing kernel.

Bejan (2020) finds that financial innovation can break the standard link between firm value and

14Carceles-Poveda and Coen-Pirani (2010) prove that the firm’s value is equal to its capital stock with constant returns
to scale and shareholder heterogeneity.



discounted returns. Her model focuses on a control group of stakeholders whose preferences
govern firm behavior. This setting would be particularly useful when studying the problem of
a firm with a block of a few, distinct shareholders. My setting is more general and assumes that
control of a firm is pinned down by the external threat of a private equity challenge. Moreover, the
pricing kernel described in this paper can be used to value any asset, including those governed by
a control group.

The asset pricing literature also relates closely to my work. Constantinides and Duffie (1996),
Braun and Nakajima (2012), and Constantinides and Ghosh (2017) combine household marginal
rates of substitution to create an aggregate stochastic discount factor. The discount factors cal-
culated in their settings differ from the standard result from representative household models,
which partly explains the equity premium. However, these papers construct an income process
that results in zero trade while my model allows for shareholders to change over time. Marcet and
Singleton (1999) finds asset prices are higher with higher income risk, but they only focus on the
price and not the discount factor required to find that price. Krueger and Lustig (2010) documents
that a lack of insurance for idiosyncratic risk only shifts the price of aggregate risk if household
risk is correlated with aggregate risk. Paron (2021) documents a similar phenomenon in continu-
ous time models. Idiosyncratic risk is uninsurable in this paper, which suggests that their results
would hold in this setting.

The paper proceeds as follows. Section 2 describes the model environment in detail, with par-
ticular focus given to the problem of the private equity firm. Section 3 describes the conditions
required for equilibrium and shows how I derive the aggregate stochastic discount factor. Sec-
tion 4 discusses business cycle moments and impulse responses with varying levels of realistic
idiosyncratic risk. Section 5 describes a counterfactual wealth redistribution experiment. Section
6 concludes.

2 Model Environment

This model features three dynamic agents and one static off-equilibrium agent. Production firms
own capital and make nontrivial intertemporal decisions on behalf of their shareholders.’ House-
holds face idiosyncratic labor productivity risk and can only save in equity. Households save in
equity through a mutual fund which bundles shares of production firms. Finally, a private equity
firm tries to take over a production firm with the support of the mutual fund.

I begin the description of this economy with details about the maximization problem facing each
household, the production firms, and the mutual fund. Once the dynamic agents are introduced,

I describe the static off-equilibrium private equity firm.

15The firm’s decisions are nontrivial in the sense that their choices are not the result of aggregation of investors’
choices.



2.1 Households

There is a single production good which is used for both consumption and investment, which
is the numeraire. There are a unit measure of households in this economy, identified by their
start of period assets 2 and idiosyncratic labor productivity 7. Each household has identical, time-
separable, concave, strictly increasing preferences over consumption u(c). Each supplies labor
inelastically and saves in equity a. T assume 7 follows a Markov chain; 7 € N = {n1,...,1n, },
where Pr(" = iy = ;) = m;; > 0 and Z]N:"l mij = 1foreachi = 1,...,Ny. For simplicity and
without loss of generality, I assume higher indexed values of  denote higher productivity levels:
m<nz<-:- <IN,

The household’s asset holding in the mutual fund is given by a € A C R. The set A is bounded
above by A and below by a. The upper bound A is set outside the model and is chosen at a high
enough level such that no households choose it in equilibrium. The lower bound a is a parameter
in the model. This lower bound a must fall in the range [A, 1], where A is the natural borrowing
limit. I derive an expression for the natural borrowing limit in Appendix B. If a = 0, this constraint
would prohibit short sales. If a = 1, the economy is in exogenously-imposed no-trade equilibrium,
similar to the setting in Krusell, Mukoyama and Smith (2011).

I summarize the distribution of households over (4, 7) using the probability measure j.y defined
on the Borel algebra S generated by the open subsets of the product space, S = A x N.

I require two more components to fully define the aggregate state. The first is aggregate exoge-
nous TFP z. I assume z follows a Markov chain; z € Z = {z;,...,zn, }, where Pr(z’ = z,|z =
Zm) = Ty > 0 and 2111\];1 Ttun = 1 for each m = 1,..., N;. As with labor productivity, higher
indexed levels of z are more productive: z; < zp < --- < zn,.

The final component of the aggregate state is the distribution of firms over their start of period
capital, k € £ C Ry. Similar to households, I summarize the distribution of firms over k using
the probability measure pr.!® The production firms are described in detail in Section 2.3. The
aggregate state of the economy is then Z = (z, up, ir).

The per-productivity-unit wage w(Z) is taken as given by the household. In each state, equity
pays dividends D(Z) and is traded at the ex-dividend price P(Z), which households take as
given.

To describe the recursive problem of each household, let V(a, ;; Z) be the start of period value
of a household with assets a, individual productivity #;, and the aggregate state given by Z =

16Tn this paper, all production firms make the same investment choice and the yir distribution can be replaced by the
aggregate capital stock K.



(Zm, pta, pr). The dynamic problem of each household is given by:

N’7 N
Vi(a, i Z) = maxu(e) +B Y, 7t ), 7tnnV (@', 1752, Mg, 1) 8
o j=1 n=1
st. c+P(Z)a' < (P(Z) +D(Z))a+w(Z)n; )

<da (3)

a
ur=Tr(Z), py=Tu(Z)

where B is the common subjective discount factor. Equation 3 is the borrowing limitif a < 0, a ban
on short sales if a = 0, or a minimum savings rule if a > 0. The distribution of households over
individual productivity and shareholding evolves over time according to a mapping I'y which
depends on the current aggregate state. That is, p}; = I'y(z, pp, pir). This evolution depends on
the asset choices of households in the previous period and the realization of idiosyncratic shocks.
The distribution of firms over capital is similar, with p. = I'r(z, pg, ptr). The household takes both
of these laws of motion as given when making its shareholding choice.

Let c¢(a,1;Z) and a(a, n; Z) be the decision rules for consumption and future shareholding of a
household with current state (4, 7) and aggregate state Z.

2.2 Equity Mutual Fund

A risk-neutral, perfectly competitive mutual fund sector bundles shares of the production firms
and sells the bundle to households as equity. Each period, the intermediary collects dividends
from production firms, chooses how many shares of each production firm it wants to hold for
the next period, and pays out aggregate dividends to households. Aggregate dividends are the
dividends collected from production firms plus the net revenue from changing its shareholding of
production firms.

The mutual fund chooses aggregate dividends D (with decision rule D(Z)) and its portfolio of
future shareholding in production firms {s;} to maximize its net market value. It buys shares
{s;.} in each firm indexed by their capital level k at price p(k; Z) and collects dividends d(k; Z).
The goal of the intermediary is to maximize net market value, with payoffs in future states valued

by the price vector x, which the intermediary takes as given.'”

X(zn|Z) is the pricing kernel
which assigns value to payoffs for each future uncertain aggregate state conditional on the current
aggregate state Z. This pricing kernel is measured from households via a Walrasian auctioneer

and is described in more detail in Section 3.3.

17 As in Makowski (1983), maximizing net market value expands the budget constraint of all households who held
positive shares at the start of the period.



The mutual fund’s recursive problem is written as:

N,

J({s¢};2) =maxD + Y x(zalZ)J({8%}; 2ns 1 1) 4)
Sk n=1

st. D< //< ((px + di)sk — prs) u(dk) (5)

ur=Tr(Z), py=Tu(Z)

The mutual fund plays three key roles in this economy. It prevents production firms from be-
coming financial innovators, it simplifies the problem of price discovery, and it makes this problem
tractable.

First and most importantly, it prevents atomistic production firms from becoming financial in-
novators. DeAngelo (1981), Makowski (1983), and Krouse (1985) argue that shareholders will
be unanimous in supporting the firm’s decision to maximize net market value if firms are suffi-
ciently small. That is, shareholders have to believe that a firm’s deviation will not change the set
of available prices or future outcomes. By imposing a mutual fund between the household and
the production sector, a production firm will not be able to change the available choice set for
households when it produces differently than its peers.

Second, it simplifies the potential problem of price discovery. It could be difficult for every
production firm to ask its shareholders how they value payoffs across time, aggregate those an-
swers, and predict future shareholding. A mutual fund sector could much more realistically study
markets and make prices available to production firms.!® The information channel is not strictly
necessary due to the full information setting, but it may be a potential avenue for future research.

Finally, the mutual fund makes this model reasonably tractable. If shareholders were allowed
to own individual production firms, shareholding would become a portfolio choice and the dis-
tribution of households would increase by the number of firms in the economy.!® Tractability has
important implications for equilibrium. Imagine if two production firms start the period identi-
cally, but attract different types of shareholders due to animal spirits. This would change capital
plans, which would then change which shareholders flock to that firm. It is unclear if a fixed point
even exists for a problem like this. Assuming a mutual fund holds equity is consistent with recent
empirical findings from Backus, Conlon and Sinkinson (2021), which find that 80% of shares in
the S&P500 are held by asset managers.

18 An example of this behavior comes from Investor Relations departments at large firms. These groups frequently
interact with institutional investors, who might provide feedback about how proposed capital investment plans would
change share prices.

19Clearly, households do differentiate their portfolios for a variety of reasons. There is also evidence from Brockman
et al. (2022) that firm risk earns a return premium over the market rate. This would not be the case with a single mutual
fund holding all production firms.



2.3 Production Firms

A unit measure of production firms produce a homogeneous output using productivity-adjusted
labor ¢ and their start of period capital stock k. They produce using a strictly increasing and
concave production function y = zF(k, £). The variable z is the common exogenous stochastic TFP
level which was described in the household section. The firm hires each unit of labor productivity
at a price w(Z), which the firm takes as given.

A firm enters each period with its predetermined stock of capital, k € £ C Ry. The goal
of each production firm is to maximize dividends plus discounted future value, with payoffs in
future states valued by the price vector ¥. Each firm chooses labor to maximize period profits, then
selects future capital and current dividends. A portion of the firm’s capital stock é depreciates each
period. The firm pays a convex adjustment cost I(k’, k) that depends on both its current and future
capital levels. This adjustment cost ensures that firms issue procyclical dividends, as is the case in
the data.

The mutual fund values future payoffs at x while the production firms value future payoffs at
X. Each production firm takes the price vector { as given. One important distinction here is that
the discount factor used by each production firm f is not assumed to be the same as the mutual
fund’s discount factor x. These will be the same in equilibrium, but not because it was imposed
as a modeling assumption.

As before, I use a shorthand for the aggregate state Z = (zy,, ug, pir). Each production firm’s
problem can be written recursively as:

N,
G(k; zm, prs, pr) = maxd + Y X(zalZ)G(K'; 20, g, i) (6)
4 n=1
st d+ Kk +I(K,k) < zuF(k, ) —w(Z)¢ + (1 — )k %

where ¥(z,|Z) is the valuation of dividends plus firm price in each future state {z,, u};, ur}, con-
ditional on the current aggregate state. This discount factor is taken as given by each production
firm and is described in detail in section 3.3.

Let g(k;Z) and d(k; Z) be the decision rules for future capital and dividends of a firm with
current capital k and aggregate state Z. Its choice of labor to hire is given by ¢(k; Z).

2.4 Private Equity

The private equity sector disciplines the choices of the production sector. The private equity
firm is modeled from observed shareholder proxy battles. Fos (2017) documents that a majority of
shareholder challenges state their goal as increasing market value and that shareholder challenges
targeting market value are more likely to succeed.

After production firms propose a choice for their future capital stock k', private equity firms at-



tempt to find an arbitrage opportunity. Each period, a unit measure of deep-pocketed risk-neutral
private equity firms are randomly matched with the unit measure of production firms.* Each
private equity firm attempts to find an arbitrage opportunity by taking over a single production
firm for a single period.?! To do so, it purchases 100 percent of shares of its matched production
firm from the mutual fund before dividends are paid. The mutual fund willingly sells shares to
the private equity firm at the price p(k’; Z) + d(k’; Z), which leaves its budget constraint entirely
unchanged.

The private equity firm then implements a new investment plan k’, keeps the dividends, and
sells the production firm’s shares back to the mutual fund. The private equity firm keeps the
new dividends d(k’; Z). After the private equity firm implements a new plan, the mutual fund is
willing to buy back the shares at the new price p(k’; Z) as long as that price satisfies the mutual
fund’s first order condition in Equation 10.

The private equity firm only acts if it can earn a strictly positive profit from taking over the
production firm, which only happens when the production firm'’s original choice of capital differs
from the private equity firm’s choice of capital (k' # k').

The private equity firm’s problem is written as:

max (P(k; Z;/) +d(kZ; l?’)) = (r(k:Z;8(k;2)) +d(k; Z;3(k; 2))) ®)
where hat variables denote the alternate investment plan. The price p(k; Z;k') (and dividend
d(k; Z;k')) describes the price (dividend) of a firm that started with capital level k in aggregate
state Z which pursues capital investment plan k’. In contrast, the price p(k; Z; g(k; Z)) (and divi-
dend d(k; Z; g(k; Z))) reflects the price (dividend) of a production firm that follows its originally
planned investment strategy g(k; Z).

This private equity firm ultimately pins down the objective of the production firm. In Section
4.4, 1 discuss the quantitative difference between the economies governed by this discount factor

compared to other common approaches in the literature.

20The deep-pocketed assumption abstracts away from questions about how a buyout of the production firm might be
financed. In observed private equity challenges, activist challengers typically only acquire 5-10% of the shares of a firm
to exert significant influence on the production firm’s managers. However, activist shareholders who buy a fraction
of the firm to implement a new management plan would result in identical behavior as the deep pocketed private
equity firms modeled in this paper. Because these firms never act in equilibrium, the deep pocketed assumption never
influences the real economy.

2I'The unit measure of private equity firms being randomly matched with production firms prevents private equity
firms from being able to exert market power. If there were a single private equity firm with deep pockets, it might
generate profitable deviations by changing the production decisions of a large group of production firms and thereby
shifting aggregate prices. This pooled ownership distortion is consistent with the Common Ownership hypothesis
described in Azar, Schmalz and Tecu (2018).

10



3 Equilibrium Definition and Discount Factor Properties

This section describes the determination of the equilibrium market pricing kernel x and the
production firm’s discount factor §¥. The section proceeds in three steps. First, I derive a candi-
date pricing kernel, x*, by aggregating household Euler equations using post-trade share weights.
Next, I show that x* (and a class of equivalent transformations) satisfies first-order Pareto effi-
ciency for interior shareholders under a set of admissible side-payments. Finally, I show that pro-
duction firms discounting with x* implement cum-dividend value maximization and therefore

preempt private equity challenges.

3.1 Recursive Competitive Stock Market Equilibrium

A recursive competitive stock market equilibrium is a set of functions,
{w,G,x,%,4,¢,3,p,],P,D,V,s,c,a}

that jointly solve the household, firm, and mutual fund’s problems, and clear the markets for

goods, labor, production firm shares, and mutual fund shares, as described by the following:
i. V solves Eq. 1 with policy functions {c,a}.
ii. J solves Eq. 4 with policy functions {D, s}.
iii. G solves Eq. 6 with policy functions {d, ¢, g}.

iv. The market for equity clears, which pins down aggregate equity price P:
[ ala,mz)p(la <)) =1

v. The intermediary holds all shares of each production firm, which pins down production firm
price p:
s, =1Vk

vi. The labor market clears, which pins down wage:
[ s zyp(ar) = [ u(dlax )
vii. The goods market clears:

[ (862) = (1= 8k + (g0 2), ) w(ab) + [ cla,;Z)p(dla x )

_ /}CZF(k/£<k}Z))V(dk)'
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viii. I'y is defined by:

(A ) = /{aﬂ(a(w.z))eA} mn(dla xi]) V(A1) €S.

iX. rp is defined by
‘I/l/ k) = / ]/l dk \Y k c ’C
( ) {k|(g(k;Z2))eK} ( )

x. Each private equity firm cannot find a profitable deviation, which is satisfied when the max-
imum of Equation 8 is zero. This pins down the optimal capital choice and therefore a class

of discount factors j that can generate that capital choice.?

The mutual fund’s discount factor x is determined by market clearing for equity (equilibrium
condition iv). The production firm’s discount factor X is determined by equilibrium condition x
and will be derived in Section 3.3. The novel feature of this equilibrium is item x. By assumption,
managers of production firms do not want to be ousted by the private equity managers.

3.2 Optimal Choices and the Equilibrium Stochastic Discount Factor

Each household’s optimal choice of a’ satisfies
Pu'(c) = BE,y»(P'+ D")u'(c") + Aq. )

where A, is the multiplier on the borrowing constraint @’ > a and equals zero when the house-
hold’s choice is interior. Households for whom A, = 0 are referred to as interior shareholders.
Constrained households, in contrast, are those who would prefer to hold less equity than permit-
ted by the borrowing constraint. Interior shareholders are important because their Euler equations
price aggregate equity.”> If market returns changed, these households would change their hold-
ings, which in turn would influence the equilibrium market price. Constrained households, by
contrast, cannot change their shareholding in response to minor changes in future payments. To
denote the set of interior shareholders, I use the indicator function

I=1{A, = 0}.

Given the aggregate stochastic discount factor x, the mutual fund chooses shareholding of each

22 Appendix A describes the class of ¥ that can preempt a private equity challenge when N; > 2. Any alternate
discount factors that satisfy the criteria in Appendix A result in the same prices and quantities, so these alternate
formulations are not economically meaningful.

2Traders with negative equity (short sellers) for whom A, is equal to zero are still considered interior. Their choices
still discipline the equilibrium market price.
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production firm with the optimality condition,

N,
p(2) = ) X(za|2)[p' (6 Z); 20, iy, p) + ' (8K Z); 20, Wiy, 1) (10)
n=1
For an arbitrary discount factor f, each production firm’s optimal choices are given by

Ak, k) N
(ak/ ) Y Xzl Z) D1 G (K2, i, pf)- (11)

n=1

1+

The private equity firm’s optimal deviation, evaluated using the aggregate market willingness
to pay x, satisfies

od X op’ ad'>
—— = nl|Z. — + — . 12
= Ltz (5 + 5 (12)

3.3 Market Pricing Kernel

To derive the pricing kernel, I aggregate household Euler equations among interior sharehold-

Ny
ers. Suppressing the aggregate state Z and writing m;(n) = Z’:l#:)(c’”) as the expected marginal

rate of substitution for household i = (a,#), Equation 9 can be rewritten in terms of equity price
as

N,
z /\Il
P=5 Z Tun (P, + D}y)ym;(n) + ()
n=1

Multiplying through by the household’s post-trade shareholding®* 4’ and integrating over house-
holds yields

N,
Jy P taiax nl) = [Lp 3% o (B Do) (ala )

+/S uf;i)a/y(d[a x 1]). (13)

From the equity market clearing condition, the left hand side equals P. To eliminate the residual
wedge term, I split the group among interior shareholders I = 1 and constrained households
I = 0. For constrained shareholders, their Euler equation rearranges to

Aa N o
w'(c) P_/gnzzl(PHDn)mi(n) > 0.

24Using post-trade shareholding is a nontrivial choice. See section 3.4 for a detailed explanation.
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Substituting this expression into Equation 13 and grouping terms yields

B JS W ' e x )

fﬂﬂﬂ( [a 7]

The value of equity is determined by discounted future payoffs, where discounting comes from

Nz
P=) (P, +Dy) (14)
n=1

interior (or marginal) shareholders” expected marginal rates of substitution across aggregate states,
weighted by their end of period (post-trade) shareholding. This generates the candidate pricing
kernel

N, w'(ch,)
fs I Z]‘:]1 niju/i(]c)a/.u(d[a X 77])

Jo T’ u(d[a x y])

X (zn|Z) = B7Tmn (15)
Assumption 1 (Finite present value of aggregate dividends). The value of the aggregate dividend
payment stream under the pricing kernel x* is finite.

This assumption is reasonable under the criteria outlined in Santos and Woodford (1997). The
asset is in positive net supply, is productive, pays weakly positive dividends, and each household
receives a positive stream of payments for labor in each period. Therefore, no household will ever
have marginal utility of consumption that is zero, infinite, or undefined. Defining x; as the state
contingent discount factor for each future state and given Assumption 1, the ex-dividend price of
a production firm can be written as the typical discounted stream of dividends,

p(kZ) = Y E

t=1

1
(H?C:) dy ’ ko =k, ki1 = g(ke; Zy) | . (16)
s=0

3.4 Pareto Efficiency

Trivially, any aggregation of household optimality conditions (Equation 9) will deliver the equi-
librium price of an asset. However, firms and markets need to know how to value alternate, off-
equilibrium capital plans. To demonstrate that post-trade share weighting among interior share-
holders prices deviations in capital, I show that x* implements the unique capital plan that is
first-order Pareto efficient for interior shareholders® under a set of admissible side payments.

Consider a hypothetical € deviation in the firm’s future capital, moving from k' to (k' + €) after
the equity market has cleared. I evaluate the first-order welfare consequences of this deviation for
each interior shareholder and characterize the conditions under which redistributive transfers can

deliver a Pareto improvement.

B0Only interior shareholders are compensated because they are the set of households who can make marginal ad-
justments to their shareholding if they are unhappy with a firm’s future plans. A further discussion of this point is
presented in Section 3.6 below.
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3.4.1 Side payments and first-order welfare effects

For interior shareholder i indexed by i = (a,7) for whom A, = 0, the capital deviation changes
lifetime utility through three channels: a change in the current cum-dividend value of their pre-
trade position, a change in the price at which they settle their post-trade position, and a change in
the expected future payoff stream from their post-trade position. Following Grossman and Hart
(1979), the first-order change in household i’s lifetime utility from the deviation, valued in current

consumption units, is

/

o (PN 0P L ey o) (O o
bl—al<ak/+ak/> aiak’+aiﬁr§1nm"ml(n) 5w T ) (17)

Let U be the set of interior shareholders. A transfer scheme {t;} is admissible if it satisfies
Ju tin(di) = 0 (mean zero lump sum transfers among interior shareholders) and does not push any
household across the borrowing constraint. Under admissible transfers, the deviation generates
a Pareto improvement if and only if there exist transfers such that every household’s first-order

welfare change is weakly nonnegative and a positive measure is strictly positive.

Assumption 2 (Interior shareholders). Every household with A, = 0 has sufficient slack in their budget
constraint that an admissible transfer of magnitude O(e) does not push them to the borrowing constraint.

Lemma 1 (Pareto improvements via side payments). Let Assumption 2 hold. A first-order admissible
Pareto improvement exists at the candidate plan k" if and only if [;; biju(di) # 0.

Proof. Sufficiency Suppose without loss of generality that [, biju(di) > 0. Define the trans-
fer scheme t; = —b;e + J;, where §; > 0 is any non-negative measurable function satisfying
Ju din(di) = € [;bju(di) and &; > 0 on a set of positive measure. Such a i exists because the
right hand side is positive by hypothesis. Each household’s net first order welfare change is
bie +t; = 6; > 0, with strict inequality on a set of positive measure. The deviation combined
with {t;} Pareto-dominates the original plan.

Necessity Suppose [; bijt(di) = 0. Any admissible transfer scheme {t;} with [, t;u(di) = 0
yields aggregate welfare change [i;(b;e + t;)p(di) = 0. Therefore the net welfare change cannot be
weakly nonnegative with strict positivity on a set of positive measure. No first-order admissible

Pareto improvement exists. O

The next step links the side payments integral [, b;j(di) to the candidate kernel x* and the
equilibrium objects of the firm’s problem. For convenience, define the total amount of pre- and
post-trade shares held by interior shareholders as

SIE/SIIaiy(di) and ’IE/SlIagy(di).

Integrating Equation 17 over interior shareholders and rewriting in terms of the candidate dis-
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count factor in Equation 15 simplifies to
, op od W ., o, op'  od
n=

Lemma 2 (Interior Shareholder Pareto efficiency and net market value maximization). Let Assump-
tion 2 hold, let S; > 0 and S} > 0, and suppose the mutual fund prices deviations consistently with its
demand for shares, so that

Ip & op' od’

5= L x(zi2) (ak 4 ak) . (19)

Then, for any feasible candidate plan k':

(i) When x = x*, [¢1b; u(di) = S;o(p +d)/ok’. k' admits no first-order admissible Pareto improve-
ment among interior shareholders if and only if it maximizes net market value.

(ii) Conversely, if k' maximizes net market value and admits no first-order admissible Pareto improve-
ment, then Y, [ x(z4|Z) — x*(za|Z)] 0(p’ +d')/0k' = 0: the pricing rule is identified up to the

equivalence class of x* characterized in Appendix A.

Proof. (i) With x = x* in (19), the second and third terms of Equation 18 cancel exactly, leaving
J Ib; u(di) = S;(dp/ok’ +0d/dk’). Since S; > 0, the integral vanishes if and only if d(p + d) /9k’ =
0, and Lemma 1 converts the vanishing of the integral into the absence of a first-order admissible
Pareto improvement.

(i) Setting [ Ib; u(di) = 0 and d(p +d)/9k’ = 0 in Equation 18 and dividing by S} > 0 yields
op/ok’ = Y, x*(zu|Z)d(p’ +d')/0k’. The third term of 18 carries x* regardless of the fund’s
pricing rule, since it aggregates the households” own Euler equations. Subtracting (19) gives the
stated restriction, the single linear condition defining the class in Appendix A at the net market

value maximizing plan. O

3.5 Production Firm Optimality

I now turn to the production firm’s discount factor § and its relationship to the firm’s market
valuation. Define the value of a firm with capital k in aggregate state Z as the present value of the
dividend stream generated by the best feasible capital plan:

t—1
( Xs) di ] ko = k] , (20)
s=0

where the supremum is taken over plans satisfying the firm’s budget constraint (Equation 7) in

G(k;Z)=sup ) E
{key1} £=0

every date and state, dividends d; are those implied by the plan, and labor is chosen optimally
period by period.
Lemma 2 establishes that the net market value maximizing capital plan is achieved with dis-

counting x*, and that this plan is first order Pareto efficient among interior shareholders. The
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proposition below extends that first order relationship to the firm’s stock market valuation. A
firm discounting by x* has a value equal to its cum-dividend share price and vice-versa.

Proposition 1 (x* discounting and value maximization). Let Assumption 1 hold, and suppose the

firm'’s period problem is strictly concave in k' (as is the case under the functional forms of Section 4). Then:

(i) If X = x*, the firm’s value coincides with its cum-dividend share price on IKC X Z:

Glk;2Z)=plkZ)+d(kZ).

(ii) Conversely, if G(k; Z) = p(k; Z) + d(k; Z), the firm’s capital policy coincides with the net-market-
value-maximizing plan k*, and § belongs to the class of discount factors characterized in Appendix
A, of which x* is a member.

Proof. (i) Suppose ¥ = x*. The firm’s capital plan g satisfies Equation 11 in every date and state.
Capital is bounded due to decreasing returns and depreciation, and the term 1+ 9I(k’, k) /0k’ is

bounded along the plan, so Assumption 1 implies the transversality condition

1 ol(kry1,k
) (10 20z, )
s=0 akTJfl

Because the period objective is concave in (k, k'), the Euler equation and the transversality condi-

Iim E

T—ro0

tion are jointly sufficient for optimality. G(k; Z) equals the present value of dividends discounted
by x*. By Equation 16, that present value is p(k; Z) + d(k; Z).

(ii) Suppose G(k; Z) = p(k; Z) + d(k; Z) pointwise. Differentiating with respect to current cap-
ital and using the firm’s budget constraint,

oG 9 od od Ik, k

ﬁ:ai]z—'—ﬁ and ak’:_<1+ (Bk’ )>

Substituting each of these into Equation 11 gives the same condition as Equation 12 with x = {.

By equilibrium condition (x), the maximum of Equation 8 is zero, so the incumbent plan attains

the private equity optimum. That problem is strictly concave, its maximizer k' = k* is unique, and

the firm'’s policy satisfies g(k; Z) = k*. Evaluating the displayed condition at k¥’ = k*, ¥ satisfies

the single linear restriction defining the equivalence class in Appendix A, of which x* is a member.
O

Corollary 1 (No private equity challenge in equilibrium). In any equilibrium in which the production
firm discounts with ¥ = x*, the private equity sector cannot find a profitable deviation.

Proof. By Proposition 1(i), G = p +d, so the production firm’s optimality condition coincides with
the private equity firm’s (Equations 11 and 12). Both problems are strictly concave with the same

unique maximizer, so k' = k’ and the maximum of Equation 8 is zero. O
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3.6 Constrained Shareholders

The Pareto efficiency argument focuses solely on interior shareholders. Households for whom
Aq > 0 prefer to hold less equity and are not included in the side-payment regime. Infra-marginal
households do not discipline equity markets. By definition, they value a firm’s future returns
less than the market price and would not change their shareholding choice in response to minor
investment changes. Because they cannot express their preferences by trading in equity markets,

firms place no weight on those unobserved preferences.

3.7 Analysis

I will simplify notation in the remainder of this paper and use x for both the market and the
firm discount factors. In the sections below, I describe properties of the discount factor, including
how it compares to discount factors proposed in the literature and its uniqueness and unanimity

properties.

3.7.1 Properties of the Discount Factor

The discount factor described in Equation 15 features a number of useful properties. I discuss
below how it nests a number of standard models, including the representative household case, the
exogenous no-trade case, constant returns to production environments, and the Makowski (1983)
Criterion.

First, it neatly nests the representative household discount factor. This discount factor is stan-
dard in the literature featuring dynamic firms, such as in Khan and Thomas (2013). With a repre-
sentative household, the discount factor can be written as:

u'(cy)

u'(e)

This is a special case of the discount factor I derive in Equation 15.

Xrep (zn|Z) = TT0n

Another useful feature is that this discount factor nests the exogenous no-trade approach pro-
posed by Krusell, Mukoyama and Smith (2011). In their setting, a minimum savings ruleof a = 1
means that only the single highest income shareholder holds the asset on the margin and therefore
uniquely prices the asset. This is generated exactly in my model in Equation 15 when a = 1.

The proposed discount factor also meets a criterion as set out by Makowski (1983). That cri-
terion requires the discount factor used by the firm satisfies P = max,,,, [}, SDF, (P, + Dy)],
where SDF, ;;, is the stochastic discount factor across aggregate states for the household indexed
by {a,7;}. Every household that chooses ' > a will satisfy this condition as shown by the opti-

mality conditions in Equation 9.2

26Households who choose @’ = a will have A, > 0, which means only their SDF will not satisfy the Makowski
criterion.
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3.7.2 Comparison to Alternatives

General alternate approaches to discounting are typically written as,

N
Y ' (cj,)
Xzl Z) = o [

where W, , is a model-specific weighting for shareholder indexed by {a,7}. Grossman and Hart

Wayp(dlax1]), (21)

(1979) considers both pre-trade and date-zero shareholding as possible weights, and Dreze (1974)
uses pre-trade shareholding. I discuss the quantitative difference between my model and the
discounting approach proposed by Grossman and Hart (1979) in Section 4.4.

3.7.3 Uniqueness and Unanimity

A common question in this literature is around the concept of unanimity. The traditional view is
that all shareholders should agree about the firm’s capital plan. Carceles-Poveda and Coen-Pirani
(2009) shows that models with a constant returns to scale production function, no adjustment
costs, and no short selling can deliver this style of unanimity. DeAngelo (1981) and Makowski
(1983) instead propose that unanimity is better understood as the case where ex-ante shareholders
unanimously prefer for the firm to engage in net value (or cum-dividend price) maximization.
The best a firm can do for its shareholders is to maximally expand their budget sets, which is done
by maximizing the firm’s net value.

In my model, households are unanimous in their preference for firm value maximization, as is
the case in DeAngelo (1981) or Makowski (1983). Households are not unanimous, however, in the
firm’s exact choice of future capital. That is, some households would run the firm differently if
they were the firm’s sole owner.?”

A lack of unanimity about specific capital plans is not a shortcoming of the model. Empirically,
unanimity is unimportant in capital choice as long as firms maximize their net market value.
Shareholder votes about capital choices (or firm management in general) are rare. Fos (2017)
documents that the most frequent cause for shareholder challenges are poor stock performance.
Additionally, he finds that proxy challenges that target capital structure tend to be less successful.

3.8 Algorithm

The solution algorithm uses a modified version of the backward induction process developed
by Reiter (2010), a detailed description of which is included in the supplemental online appendix.
I discretize the aggregate state z into 5 states using the Rouwenhorst algorithm developed in
Rouwenhorst (1995). I discretize the idiosyncratic productivity process across N, = 13 levels
following the process in Hubmer, Krusell and Smith (2021), with the bottom 90% of households

27Tn contrast, Boar, Gorea and Midrigan (2022) describes a model where entrepreneurs run individual firms. A story
about entrepreneurs is helpful in understanding the persistence of wealth inequality, but it can’t explain the investing
behavior of the (much larger) corporate sector.
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following a lognormal AR(1) process and the top 10% of households following a Pareto distri-
bution. To proxy the (degenerate) distribution of firms pr, I use a 11 log spaced grid points of
aggregate capital, which proxies aggregate total wealth.?® Although there is a representative sec-
tor of production firms, each firm still needs to understand its off-equilibrium value in order to
know that it is making the optimal capital investment choice for itself. A coarse grid is used to
solve household and firm value functions, which has 69 and 59 knots, respectively.”’ A fine grid
is used for the proxy distribution and simulation, which has 699 grid points for shareholding.
Den Haan (2010) errors for share price (future capital stock) average 4.87E-05 (1.18E-05) with a
maximum of 3.12E-04 (7.32E-05).%° The algorithm runs in approximately 65 hours on ten cores of
an Intel Xeon Gold 6230R CPU.

4 Business Cycle Moments and Impulse Responses

I now apply my method to a simple real business cycle model to see how aggregate behavior
varies with idiosyncratic risk. To begin, I specify explicit forms for the utility and production
functions. Households value consumption with CRRA utility of the form:

where o is the relative risk aversion parameter. I assume a Cobb-Douglas production function:
y = zF(k,{) = zk*¢" with « + v € (0,1]. I further assume a quadratic adjustment cost function:
I(K', k) = % (k' — k)2. If ¢ = 0, this nests a model without adjustment costs.

4.1 Earnings Process

Empirically, the labor earnings distribution has a thick right tail. Therefore, I follow Hubmer,
Krusell and Smith (2021) in drawing labor productivity for the 10% of highest income households
from a Pareto distribution. Their productivity # follows F,_ 1m0 ) (%&8'3 where F(-) and F~1(+)
are the CDF and inverse CDF of a Pareto distribution with lower bound F~1(0.9) and shape x.>!
The shape coefficient « is calibrated to match the top 1% of labor income earnings in 1970 and 2010
documented in Piketty and Saez (2003). The top 1% of income shares are 6.4% in 1970 and 11.0%

in 2010, leading to shape coefficients (x) of 2.48 and 1.92, respectively.

2Because the distribution of firms is degenerate, aggregate capital K’ directly follows from the representative firm’s
choice of capital k.

2In practice, Den Haan errors for equity price average below 1E-4 once there are at least 39 points on the shareholding
grid. Relative to a coarse grid with 199 points for shareholding, 69 knots are accurate to within 0.2 percent for common
great ratios like consumption to GDP, price to cash flow, capital to output, and dividend yield.

30This level of accuracy arrives at the fourth outer loop, after which there is no notable improvement.

31Unlike Hubmer, Krusell and Smith (2021), T do not include a zero-earnings state. Adding unemployment risk
would increase the precautionary savings motive, but it is not clear if the highest income households should face the
same unemployment risk as low income households. I also do not include a transitory risk component, which would
also increase the precautionary savings motive.
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For the lowest 90% of households, the log income process follows 7; = p,7;-1 + €. The innova-
tion to the income process is drawn from a mean-zero normal distribution with standard deviation
0. Each household’s labor productivity is then given by e’. The persistence of the labor produc-
tivity shock is held constant at p;, = 0.973, consistent with estimates from Heathcote, Storesletten
and Violante (2010). The earnings risk ¢, in 1970 (2010) is 0.087 (0.146), also matching estimates
from Heathcote, Storesletten and Violante (2010).

4.2 Numerical Strategy

Table 1 summarizes the model parameters. The period of the model is annual.

External Idiosyncratic Labor Parameters

Parameter Value Source
Labor productivity risk oy Varies Heathcote, Storesletten and
Violante (2010)
Labor productivity Oy 0.973 "
persistence
Labor Pareto Coefficient K Varies Piketty and Saez (2003)
Set Economic Parameters
Parameter Value Source
Risk Aversion o 1.40 Literature
Labor’s Share 0% 0.63 Private labor share
TFP volatility o 0.012043 Solow Residual
TFP persistence 0z 0.789767 Solow Residual
Depreciation ) 0.068 Average I /K
Calibrated Parameters
Parameter Value Target Data Model
Discounting B 0.95049 Average Real Return 3.93% 3.9163%
Capital’s Share o 0.246807 K/Y 2.30 2.30153
Adjustment Cost P 1.624977 Corr(D)Y) 0.2745 0.263335
Maximum borrowing a -0.00874 Average wealth of -0.286 -0.2239
poorest 25%

Table 1: The coefficient of risk aversion ¢ is set within the standard range used in the business cycle literature. Labor’s
share of output v is set to match the average payments to employees relative to output in the corporate sector. The
parameters governing the TFP process ¢, and p, are estimated from the Solow residual of annual US productivity
with a smoothing parameter of 100. The labor productivity process for the bottom 90% of households is taken from
Heathcote, Storesletten and Violante (2010) for both 1970 and 2010. The earnings of the top 10% are determined by
the relative earnings of the top 1% documented in Hubmer, Krusell and Smith (2021). Depreciation § matches the
average of US investment divided by the capital stock measured in the fixed asset tables. Discounting 8 is chosen to
approximate the average real rate of return documented in Gomme, Ravikumar and Rupert (2011). Capital’s share a
matches the average private capital to output ratio. The adjustment cost ¥ is chosen to match the correlation between
dividends and output. The borrowing constraint a is chosen such that the poorest quartile of households have the same
relative wealth as measured by the Survey of Consumer Finances in 1989.

Most parameters are taken from outside the model or can be set to directly match observed
moments in the data. The coefficient of relative risk aversion is set at 1.4, which is well within
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the range of risk aversion parameters standard in the literature.*? Additionally, the value chosen
matches Evans (2005), which estimates average risk aversion from 20 OECD countries from tax
filings. Total factor productivity follows an AR(1) process estimated to match the HP-filtered
productivity process measured in the US. Depreciation is the average ratio of investment to the
capital stock, measured in the BEA fixed asset tables.

The remaining parameters are jointly estimated within the model to match target moments.
Discounting p primarily targets the average real rate of return. The target in the data comes from
Gomme, Ravikumar and Rupert (2011) and is measured in the model as the average dividend
yield. Capital’s share of output a primarily targets the average capital to output ratio, which is
approximately 2.3 in the data. The adjustment cost i primarily targets the correlation between
HP-filtered innovations to GDP and dividends. The borrowing limit a targets the average wealth
of the poorest quartile of households, measured in the 1989 vintage of the Survey of Consumer
Finance. In the data, the average household in the poorest quartile has wealth that is -0.29% of
the average household wealth in the whole economy.®® Practically, this means that there is some

borrowing, but not a significant amount. The calibration slightly misses this moment.

4.3 Business Cycle Analysis

I conduct three sets of comparison studies to understand how varying household risk and firm
structure jointly influence business cycle dynamics. The first study examines how the economy
might change as individual risk increases from the 1970 level to the 2010 level. The second study
examines how an economy would differ with a representative household. The final study exam-
ines what an economy would look like when households directly hold capital instead of investing
in firms (approximating Krusell and Smith (1998)). The model moments for all four models are
summarized in Table 2.

4.3.1 Increasing Idiosyncratic Risk

An increase in income risk causes production firms to save in capital on behalf of their share-
holders. Households use this higher average market value to smooth consumption across riskier
idiosyncratic states.

However, as idiosyncratic risk increases, the average return on equity falls from 3.9% to 2.9%.
This reflects two driving factors. First, the demand for shares rises as idiosyncratic risk increases.
High income households want to insure against a low idiosyncratic productivity shock, so they
save in equity, which drives up the price of the asset and lowers average returns. This precau-

tionary savings motive holds even in the case of the highest income households and would hold

32Changing risk aversion primarily influences the correlation between dividend payments and output, which is
separately targeted by the adjustment cost parameter.

33To put this borrowing limit in dollar terms: Average household wealth was $436,600 in 1989. This borrowing limit
imposes a maximum negative net worth of $3,816.
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1970 earnings process (Calibrated)

Y C I D P re
Average 0524 0.442 0.082 0.112 2.855 3.93%
o/u 0.021 0.016 0.047 0.010 0.020 0.269

SD(X)/SD(GDP) | 1.000 0.788 2280 0.481 0979 13.015

Corr(X,GDP) 1.000 0989 0961 0.263 0979 0.322

AutoCorr 0.806 0.849 0.737 0944 0.864 -0.083
2010 earnings process

Y C I D P re
Average 0.541 0.447 0.093 0.107 3.677 2.91%
o/u 0.021 0.016 0.046 0.011 0.020 0.355

SD(X)/SD(GDP) | 1.000 0.768 2244 0.522 0963 17.194

Corr(X,GDP) | 1.000 0987 0.964 -0.032 0.979 0.329

AutoCorr 0.805 0.851 0.740 0.873 0.864 -0.083
Representative Household Economy

Y C I D P re
Average 0505 0434 0.071 0.116 2230 5.22%
o/u 0.021 0.017 0.049 0.010 0.021 0.214

SD(X)/SD(GDP) | 1.000 0.801 2375 0.477 1.027 10.299

Corr(X,GDP) | 1.000 0.990 0.957 0.477 0.980 0.310

AutoCorr 0.808 0.848 0.736 0.978 0.866 -0.081
CRS Economy (1970 Earnings)

Y C I D P re
Average 0.707 0.534 0.173 0.088 2.551 3.46%
o/u 0.022 0.015 0.052 0.048 0.019 0.054

SD(X)/SD(GDP) | 1.000 0.679 2.350 2.170 0.867 2435
Corr(X,GDP) 1.000 0.908 0.928 -0.607 0.751 0.562
AutoCorr 0.837 0.949 0.737 0.702 0.984 0.715

Table 2: Columns are output, consumption, investment, dividends, equity price, and realized return on equity, re-
spectively. o/u is the standard deviation divided by the average. SDX/SDY is the relative standard deviation of the
variable divided by the relative standard deviation of output. CORR(X,Y) describes the variable X’s correlation with
output. AutoCorr is the variable’s correlation with itself over time.
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even without aggregate risk.*¥ The presence of aggregate risk amplifies the risk associated with
the lower productivity draws. Firms will invest more, which further lowers the rate of return on
capital. These results are consistent with Huggett (1993), Aiyagari (1994), and Krusell and Smith
(1998), all of which find that households demand additional savings as risk increases. The in-
crease in individual earnings risk also slightly decreases the relative volatility of investment. Firm
dividends become smaller, more volatile, and countercyclical.

If there is more individual earnings risk, why aren’t firms helping to smooth consumption by
issuing more countercyclical dividends? As the right tail of households becomes more productive,
these households hold larger shares of wealth and therefore exert more influence on the aggregate
pricing kernel. Wealthy households can naturally smooth consumption across aggregate states by
changing their equity holdings. Because these wealthy households are not much worse off during
a recession than they are during an expansion, firms that pay dividends in a recession are not as

valuable as firms that retain value across the business cycle.

Model Fit of Untargeted Financial Moments One key feature of this model is that it can gener-
ate meaningful changes in financial moments through changes in household composition. These
changes are outlined in Table 3. Under the 1970 level of earnings risk, the model overstates the
initial price to cash flow ratio.

With a simple shift in earnings risk, the model is able to replicate secular trends in equity mar-
kets. The first is a trend toward lower dividend yields. In the 1970’s, dividends were approxi-
mately 4.0% of equity price, while they are now closer to 2%. My model features dividend yields
of 3.9% on average with a 1970’s level of risk, which falls to 2.9% with the 2010’s level of idiosyn-
cratic risk. The increase in earnings risk explains 51.0% of the observed drop in dividend yields.
As idiosyncratic risk increases, households want more savings for low aggregate productivity
states. This leads to an increase in average investment, which increases capital stock and asset
prices. In this setting, dividends fall as more investment is needed to maintain the capital stock.

Together, the increase in price and decrease in dividends lead to declining dividend yields.

Data Model
Year Dividend Yield P/CF | Dividend Yield P/CF
1970-1979 4.0% 8.1 3.9% 14.7
2010-2019 2.0% 14.0 2.9% 18.4
Change -50.7% 72.8% -25.9% 24.8%

Table 3: Dividend yields and Price / (Cash Flow) are evaluated across a 10-year average. Dividend yields are Shiller
(2016) and Cash Flows are from French (2026). Model dividend yield is evaluated as average dividend divided by
average price. Model Price to Cash Flow ratio is price divided by the sum of investment and dividends.

Additionally, the model also partly replicates the observed rise in the price to cash flow ratio

documented in French (2026). An increase in household income risk explains 34.0% of the rise in

34In the model, the highest earning workers know that they will eventually return to a low idiosyncratic productivity
draw. The real-world proxy is that high income workers know they will eventually retire.
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the price to cash flow ratio. This cash flow metric is included to provide an alternate proxy for
firm valuation that should be immune to secular shifts in the importance of share repurchases.

Household Distributions Each setting creates an endogenous distribution of wealth over share-
holding, described below. Table 4 shows how the wealth distribution changes with increasing

levels of household earnings risk.

Top 0.01% 0.01%-0.1% 0.1%-1% 1%-5% 5%-10% Bottom 90%
Model - 1970 1.3% 6.1% 19.4% 25.0%  14.5% 33.8%
Model - 2010 3.1% 11.0% 20.3% 219%  13.0% 30.7%
Data - 1970 3.1% 6.2% 17.4% 27.2%  14.8% 31.3%
Data - 2010 10.2% 9.4% 17.8% 22.5%  12.8% 27.2%

Table 4: Distribution of wealth in each scenario compared to the data. The modeled wealth distribution is evaluated at
the median level of aggregate productivity and at the aggregate level of capital closest to the simulated average. The
1970 and 2010 data are from Table B1 in the online appendix of Saez and Zucman (2016).

As earnings risk increases, the wealthiest households accumulate more wealth. This finding is
standard in the literature, so this result primarily demonstrates that this model generates expected
results. While the distribution of wealth is untargeted, the model describes the data quite well. As
income inequality increases, the top one percent of households become significantly more wealthy
and the bottom 95% of households hold a lower proportion of wealth. However, most households

become wealthier on average.

Wealth Percentile | Top 0.01 0.01-0.1 0.1-1 1-5 5-10 10-25 25-50 50-75 Bottom 25

A Wealth Share 1.82 4.98 091 -312 -143 -215 -117 012 0.04
A Wealth 215.6%  134.8% 34.9% 12.7% 16.0% 15.8% 15.3% 39.4% -3.4%

Table 5: Changes in wealth share and wealth after an increase in idiosyncratic risk. The first column shows the per-
centage point change in wealth held by each subset of households. The second column shows the absolute change in
wealth held by each subset, measured in consumption-equivalent terms.

Table 5 documents how wealth levels change as idiosyncratic risk increases from the 1970 level

to the 2010 level. Even the groups that lose wealth share tend to gain in terms of absolute wealth.

Shareholder Valuation Differences Across States Shareholder disagreement appears most clearly
when examining the distribution of households by their intertemporal marginal rates of substitu-
tion across aggregate states. Panel A of Figure 1 shows the marginal rates of substitution across
future aggregate states, weighted by post-trade shareholding. In a setting with complete markets,
we would expect each of these distributions to be degenerate. Under incomplete markets, most
shares tend to be concentrated near the aggregate market valuation, though meaningful difference
exists between shareholders.

The differences across households are more apparent when looking at marginal rates of substi-
tution across states weighted by household population. Panel C of Figure 1 illustrates the broad
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Figure 1: Distribution of households over their intertemporal marginal rate of substitution (IMRS) g ,M<C<)C ) for each

future aggregate state, conditional on starting in the median TFP state, the modal capital knot on the solution grid,
and the 2010’s level of earnings risk. Panel A shows the IMRS weighted by the post-trade shareholding of households
who are not at the borrowing limit. Panel B shows the IMRS weighted by the pre-trade shareholding, similar to the
process proposed in Grossman and Hart (1979). Panel C shows the IMRS weighted by population. Vertical dashed lines
indicate the implied aggregate IMRS using each weighting scheme.
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range of marginal rates of substitution. For each future state, there is a long, thin right tail of house-
holds that value the future up to 11 percent more than the aggregate valuation. There also exists
a mass of households that are fully against their borrowing limit. These households value the fu-
ture by an average of 7 percent less than the aggregate. However, the households in these tails are
relatively unimportant to shaping aggregate discount factors. For example, 98.0% of shares are
held by the 60.4% of households whose valuation of the median future aggregate state is within
50 basis points of the aggregate share-weighted IMRS. So while nearly 40% of households differ
from the aggregate valuation by more than 50 basis points, these households only hold 2.0% of
shares.

The difference between pre-trade and post-trade shareholding is minor, as seen in comparing
panels A and B in Figure 1. Once a household has self-insured to a sufficient degree, it can buy
or sell equity to smooth consumption in response to a negative idiosyncratic productivity shock.
Using pre-trade weights slightly alters the value of future payouts.

Further, no individual investor has an intertemporal marginal rate of substitution that exactly
matches the aggregate pricing kernel. In the simulated economy, the closest match as measured by
absolute distance is a household that is 47 times richer than average with a productivity draw 22
times higher than average. However, this household does not have any special properties. It is not
the richest household, the most productive household, or any sort of “median” household. In this
preference aggregation, there are no dictators. Viewed another way, this discounting satisfies the
Makowski criterion, but it would not be generated by the process described in Makowski (1983).

4.3.2 Comparison to a Representative Household Economy

The first and third sub-panels of Table 2 compare the baseline model to one with a representa-
tive household. Without idiosyncratic risk, households do not need firms to accumulate as much
capital for precautionary savings. Aggregate demand for savings falls, which drives up the real

interest rate. Firms invest less and pay out larger average dividends.

4.3.3 Returns to Scale and Adjustment Costs

The first and last sub-panels of Table 2 compare the baseline model to one with the same level
of idiosyncratic risk, but with constant returns to scale technology and no adjustment costs. In
this alternate setting, equilibrium firm value is equal to the capital stock. Therefore, this alternate
formulation can be viewed as one where households directly hold capital.

In the setting where the firm is trivial, the most significant change is in the sign of the correlation

of dividends to output.®

Without an adjustment cost, households dissave their capital stock to
smooth consumption over the business cycle. Consumption is higher and slightly less volatile, and
has a much higher autocorrelation. Investment becomes more volatile and less strongly correlated

with GDP.

35n the spirit of comparing this setting to one where households directly hold capital, dividends are here best thought
of as the sum of rental returns less the net change in capital.
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The last notable difference between these settings is that the real rate of return falls by about 0.5
percentage points. Because capital can be sold off freely during a recession, savings have a higher
insurance value over the business cycle. Demand increases, which lowers the rate of return on
equity.

4.4 Business Cycles with Alternate Discounting

The literature frequently uses two alternate approaches to model firm behavior in incomplete
markets with shareholder heterogeneity. The approach proposed by Grossman and Hart (1979)
proposes using pre-trade shareholder weights to calculate the firm’s discount factor. The second
common approach is for the firm to discount future dividends using some other market safe rate,
such as the rate on bonds (as is the case in Kaplan, Moll and Violante (2018)). How different does
an economy look when using these alternate approaches?

Table 6 shows how model economies change under alternate discounting schemes. The pre-
trade stochastic discount factor is calculated as in Grossman and Hart (1979). The “safe rate”
discount factor is calculated using the implied safe rate from interior shareholders, spread across
probability states: Xsafe(2x|Z) = Ty ZnNi1 X(zn|Z). “Include Constrained” aggregates MRS across
all shareholders, including those who choose a’ = a.

Measure Baseline | Pre-trade | Safe Rate | Include Constrained
Capital/Output Ratio | 2.537 2.536 2.540 2.539
Dividend Yield 2.903% 2.904% 2.902% 2.903%
Price/Cash Flow 18.38 18.38 18.37 18.37
Price/Capital Ratio 2.680 2.682 2.676 2.677
Corr(D,Y) -0.032 -0.030 -0.034 -0.032

Table 6: Comparison of select average model moments under alternate discounting regimes. The baseline setting
matches the standard calibration with a 2010’s level of income risk. The pre-trade approach mirrors the approach
used by Grossman and Hart (1979). The Safe Rate approach uses an implied safe rate, calculated as Xsafe(2x|Z) =

Tlmx ZnNi1 X(zn|Z). The Baseline (including constrained) model includes households who are at the borrowing limit in
its calculation of the SDF.

While alternate discounting regimes permit Pareto improvements, the aggregate difference is
quite small. To see why, consider the expression for the difference between expressions for the
stochastic discount factor when a = 0,

N,
L ' (ch,)

e — e ). @)

Xerror(zn|z) == nmnﬁ/s

Practitioners should consider Equation 22 when thinking about the importance of using the
correct discount factor. There will only be a large difference in outcomes if two conditions are
met. First, there must be a sufficiently large mass of shareholders who make large shareholding
changes. Second, those households who make large purchases (or sales) must have large differ-

ences in their relative valuation of aggregate states. In the calibrated model, the largest change in
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shareholding comes when low income and low wealth households draw the highest level from
the productivity distribution. These households save significantly so they can preserve their risky
income into the future. However, these only represent approximately 0.03% of the households in

the economy. The remainder of households make very small changes to their shareholding.>®

4.5 Impulse Responses

I next use the model to predict how idiosyncratic risk and capital structure influence recoveries
from aggregate productivity shocks. I start by simulating the economy for 900 periods with TFP
at the median level. This produces a steady state distribution of households and a constant level
of capital. The economy then experiences a shock that is one standard deviation in size, which
decays naturally at the rate of p,. In each simulated date, I solve the equity price and law of

motion using the process described in Section 3.8.
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Figure 2: Impulse responses to a standard deviation negative aggregate productivity shock. Each impulse response is
run through four settings. The first two use the levels of idiosyncratic risk in 1970 and 2010. The third setting shuts
down the idiosyncratic risk channel. The final setting is run with constant returns and no adjustment cost, which
represents a setting where households directly hold capital.

Figure 2 shows impulse responses under the same four scenarios as described in Section 4.3.

With more income inequality, the economy recovers to the steady state slightly faster than economies

36 A larger difference would appear if there were other large, uninsurable shocks to households. Idiosyncratic shocks
to the discounting value f, for example, would generate enormous differences between models.
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with less risk. With more inequality, firms are owned by wealthier households. These wealthy
households are patient and can afford to wait out a recession by slightly dissaving in equity. Be-
cause these households are patient, the firm is not pressured to issue dividends and it hews closely
to its existing investment strategy.

The setting without adjustment costs and with constant returns to scale (which proxies house-
holds directly holding capital) demonstrates strikingly different dynamics. Because capital stock
is equal to share price in this setting, equity price reaches its minimum long after the peak of the
recession. Households smooth consumption at the date of the shock by consuming their capital

stock. Naturally, this capital dissaving prolongs the recession relative to the other settings.

5 Wealth Redistribution Experiments

I next use unanticipated wealth redistribution shocks to examine the role of wealth inequality
in shaping outcomes. In these experiments, I first simulate the economy for 900 periods without
aggregate productivity shocks to find a steady state level for the economy. The end of this 900
year simulation is defined as date 0. In date 1, I shock the economy with an unanticipated wealth
redistribution shock. At the beginning of the period of the shock, I redistribute assets to match a
chosen target distribution. I then simulate the economy as described in Section 3.8. These shocks
use the baseline 1970’s level of earnings risk.

Top 1% 1%-5% 5%-10% Bottom 90%

Endogenous Wealth Distribution = 26.7%  25.0%  14.5% 33.8%
Equality Shock 1.0% 4.0% 5.0% 90.0%
Inequality Shock 20.0%  80.0% 0.0% 0.0%

Table 7: Distribution of wealth in each shock setting. The baseline case with a TFP shock uses the wealth distribution
from the 1970 baseline model and is consistent with the first line in Table 4. The “equality” case distributes all wealth
evenly among all households, while the “inequality” case distributes all wealth equally among 5 percent of households.
The first line replicates the simulated wealth distribution in Table 4.

I run two wealth redistribution experiments. The first shocks the economy to equality and the
second gives all wealth to 5 percent of households, both distributed evenly across idiosyncratic
productivity levels. For comparison, I also include a single standard deviation negative TFP shock.
Table 7 describes the distribution of wealth in each shock scenario.

Figure 3 documents the results of these experiments. When increasing inequality, investment
and equity price immediately increase. Wealthy households are more patient than other house-
holds, so firms increase their investment, which leads to output growth. Aggregate consumption
falls while the economy focuses on building its capital stock, though it eventually becomes higher
than the baseline 12 years after the initial shock. The kink in investment during the first three
years following the shock is driven by reallocation of equity among households. Equity was
redistributed independently of idiosyncratic productivity, so some high-income households en-
tered date 1 without savings. During the first few periods, these high-income households bought
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Figure 3: Impulse responses to unanticipated wealth redistribution shocks or standard TFP shock. Each of these starts
from a steady state with zero TFP innovations for 900 years, then are shocked at date 1. “Equality” reallocates all wealth
equally. “Inequality” gives 5 percent of households all wealth. “TFP” shows the effect of a single standard deviation

negative TFP shock for comparison.
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up shares from the low-income wealthy households. Once these households stopped buying up
equity, investment begins to follow a more stable path.

In the full equality case, no households are near their borrowing limit and none are very rich.
Households do not need much precautionary savings because they have large buffer stocks al-
ready, so investment and equity price falls significantly (14.0% and 8.0%) and remains below the
steady state by at least 1% for 98 years. Aggregate consumption increases in the first 12 years as
firms dissave and pay out excess dividends to shareholders.

Relative to a TFP shock, wealth redistribution shocks are incredibly persistent. Output returns
to within half a percent of the steady state within 10 years of an aggregate productivity shock. In
comparison, it takes 97 (92) years for output to return to within half a percent of its steady state

level after an equality (inequality) redistribution shock.
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Figure 4: Percentage change in equity price and capital following a wealth or TFP shock.

Figure 4 demonstrates that wealth shocks persistently influence the aggregate economy via cap-
ital accumulation. When shocked toward high inequality, households that earn high income but
with low wealth demand shares to insure themselves against future low idiosyncratic productivity
draws. Wealthy households know they can smooth consumption across risky aggregate states by
selling shares, so they have relatively little curvature in their stochastic discount factors. We also
see that the equity price hits its peak (trough) years before the capital stock hits its peak (trough).

6 Conclusion

This model resolves the open question regarding how corporate firms should value future pay-
outs when their shareholders have differing valuations of uncertain aggregate states. The equi-
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librium discounting mechanism drives firms to maximize their net market value, consistent with
observed shareholder-firm interactions. An increase in idiosyncratic household productivity risk
increases capital investment and lowers equity rate of return. Additionally, the increase in id-
iosyncratic earnings risk observed from 1970 to 2010 explained approximately half of the observed
decline in dividend yields and increase in the price to cash flow ratio.

This discounting method can be immediately extended to a setting with firm heterogeneity with
only a small change to the solution algorithm. There is evidence that household earnings are
becoming more dispersed over time (Hubmer, Krusell and Smith, 2021) alongside evidence that
firm dynamism is falling (Akcigit and Ates, 2023). These phenomena have not been studied in
tandem in part because there is not a consensus method for linking heterogeneous shareholders
to firm choices.

This model is also well-suited to studying tax policy in a real business cycle setting with id-
iosyncratic risk. To properly model the importance of wealth, dividend, corporate, and capital
gains taxes, production firms need to make nontrivial decisions about investment and dividend
payments. The model also allows researchers to study firms where shareholding is significantly
constrained, as may be the case with 401k plans, pension systems, or Social Security funds in-
vested in private firms.

A Alternate Equivalent Admissible Discount Factors

From Corollary 1, the condition required to preempt a shareholder challenge can be written as

&, o' +od & dp’ + od’
;X (Zn\Z)T =L X(za|Z) = (23)

This equation shows that there are a continuum of possible discount factors that can lead to the
same capital choice k*.To illustrate this fact, consider a simplified version of the firm’s problem
where the adjustment cost is set to zero, i = 0. Define ) as the discount factor vector calculated

by equation 15, which is size [N, 1]. From the firm’s first order condition, the choice of k" solves

N. /
L odr
1 e ng:lxn ak/

which is a simplified version of Equation 11 absent adjustment costs. Then, define IT as the value
of % evaluated at k' = k*. I is also a vector of size [N, 1]. A discount factor that induces the

optimal investment level is given by any yx that solves:
1= XTI (24)

As long as there are two or more exogenous states that occur with positive probability, there are
a continuum of x that satisfy the equation above. For example, a firm could state a single cost of
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capital, as documented empirically in Gormsen and Huber (2025).

B Endogenous Borrowing Limit

The natural borrowing limit in any state a(Z) is recursively defined as the maximum amount
a household can borrow in any aggregate state such that they will always be able to afford at
least the natural borrowing limit in any future aggregate state. Formally, each borrowing limit is

defined recursively by,

a(Z) = max (25)

7|7

P(Z")a(Z') — w(Z')y
P(Z")+D(Z')

where 7 is the lowest labor productivity state. Due to the Inada condition, no household will
ever choose to borrow up to the natural borrowing limit. A scalar interpretation of this natural

borrowing limit would be A = maxz a(Z).

C Algorithm Details

I discretize the aggregate state z into 5 states using the Rouwenhorst algorithm developed in
Rouwenhorst (1995). I discretize the idiosyncratic productivity process following the process in
Hubmer, Krusell and Smith (2021), with the bottom 90% of households following a lognormal
AR(1) process and the top 10% of households following a Pareto distribution. The idiosyncratic
productivity distribution has N, = 13. To proxy the (degenerate) distribution of firms pr, I use
a log spaced grid of aggregate capital, which proxies aggregate total wealth.>” 1 linearly space
log capital (M = In(K)) into 11 grid points. Finally, I discretize the choice values for 4’ and k'.
Although there is a representative sector of production firms, each firm still needs to understand
its off-equilibrium value in order to know that it is making the optimal capital investment choice
for itself. A coarse grid is used to solve household and firm value functions, which has 69 and
59 knots, respectively.?® A fine grid is used for the proxy distribution and simulation, which has
699 grid points for shareholding. A fine grid over capital is not needed due to the degenerate
distribution of firms.

I start with a naive guess of the distribution of households by assuming that all households start
with shareholding a2 = 1 and individual productivity is distributed at the stationary level. I guess
that K’ = K, which also pins down aggregate dividends. Wage is determined by the first order
conditions from the representative firm'’s choice of labor. The guess of share price is trivial, but
I start by assuming P = BD/(1 — ). This guess of the price is consistent with an asset priced

37Because the distribution of firms is degenerate, aggregate capital K’ directly follows from the representative firm’s
choice of capital k'.

38In practice, Den Haan errors for equity price average below 1E-4 once there are at least 39 points on the shareholding
grid. Relative to a coarse grid with 199 points for shareholding, 69 knots are accurate to within 0.2 percent for common
great ratios like consumption to GDP, price to cash flow, capital to output, and dividend yield.
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in a riskless Lucas (1978) economy. Finally, I also guess starting levels for the firm’s value G, the

household’s value V, and the household’s period marginal utility of consumption (MUC). For a

starting guess, I set MUC? as the marginal utility of consuming the entire labor wage endowment

at the equilibrium wage.

In the algorithm below, I search for equity price via bisection. Conditional on a guess of the

future aggregate capital stock, demand for shares is weakly decreasing in price, so there is a single

price that clears the equity market. I solve the household’s problem with the endogenous grid

method, and I solve the firm’s problem via golden section search.

Before running the looping algorithm, I solve the household’s problem without aggregate risk

and with exogenously chosen prices and dividends.

In each iteration o, the algorithm proceeds as follows:

1 Outer Loop: In each aggregate state indexed by (z, M),

(a) Solve LOM: Guess a future aggregate state M}, which implies aggregate dividends D,

i. Clear the Equity Market via bisection: Guess a price for equity P.

i.

iii.

A.

D.

Solve each household’s optimal choice of a’ given the previous V°, proposed
law of motion Mé,, dividends Dy, and future prices and dividends P° & D°,
which are consistent the proposed law of motion.

Using the proxy distribution, measure total shareholding A(P) = [ga’u(d[a x
])-

If A(P) —1 > precision (1E-6), there is excess demand for shares, so the price
needs to rise. Return to step 1(a)i

If 1 — A(P) > precision, there is insufficient demand for shares, so the price is
too high and needs to fall. Return to step 1(a)i.

Measure the implied stochastic discount factor x (Equation 15 of the main text)

using the previous iteration’s marginal utility of consumption MUC? array to ap-

proximate the value of future marginal utility.

Consistency with aggregates: Solve the representative firm’s problem given the

discount factor x and firm values G°, which yields k'.

A.

If ¥’ — K’ > precision, the guess of M, was too low. Guess a higher K’ and
return to step la
If K" — k' > precision, the guess of M was too high. Guess a lower K’ and
return to step la

(b) Update prices: Once the aggregate capital law of motion is consistent with the rep-

resentative firm’s choices under the household aggregate discount factor, update the
guess of Po+1, Do+1, K/0+1.
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2 Update Value Functions: With a consistent guess of aggregates, solve the household’s and
the firm’s problem conditional on the updated guesses of P°*1, Do*1, K/0+1

(@) Vol =u(c) + BEV°
(b) MUC™! =u/(c)
(©) G*1 = d + xC°

(d) If the norm of the value function is sufficiently small |V°+! — V°| < precision, proceed
to the simulation. Otherwise, return to step 1.

3 Simulation: Once value functions have converged, simulate the economy for 1,750 periods.
Throw out the first 750 periods, and use the remainder to calculate the new proxy distribu-

tion for each proxy aggregate state.

Irun a total of six iterations of the outer loop and simulation process. Den Haan (2010) errors for
share price (future capital stock) average 4.87E-05 (1.18E-05) with a maximum of 3.12E-04 (7.32E-
05). The algorithm runs in approximately 65 hours on ten cores of an Intel Xeon Gold 6230R
CPU.

D Decomposing Earnings Risk

The modeled change from 1970 to 2010 featured two changes to the earnings process. The pa-
rameter 0y increased earnings risk for the bottom 90% of households, while the parameter x in-
creased earnings risk for those in the top 10% of the income distribution. How do these different
changes contribute to the overall change in the economy?

I decompose the changes in wealth to GDP and capital to GDP along both of these axes. Table
9 presents the results. The increase to the permanent risk component of the lognormal earnings
process drives the largest share of the change to both wealth and capital. Increasing the income
risk for the top 10% of households creates a change that is about half the size of the change to most
households’ earnings.

This decomposition shows that simpler income processes generally understate the importance
of income risk. The tails of the income distribution play a critical role in understanding how the
economy responds to changes in the income distribution. Simply increasing the income share of
the top 10% households generates half as much change as changing the bottom 90% of households’

income risk.

3This level of accuracy arrives at the fourth outer loop, after which there is no notable improvement.
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Table 8: Changes to Economic Ratios - Decomposition by Labor Risk Type

% A Wealth/GDP % A Capital/GDP A Dividend Yield (p.p)

Total Change 24.8% 10.2% -1.01
oy 15.8% 6.9% -0.71

K 7.8% 3.7% -0.38
Remainder 1.2% -0.4% 0.07

Table 9: Decomposition of observed changes in ratios by labor shock change. The percentage change variables are
the same variables discussed in Table III of the main text. The first two columns show percentage changes in their
respective variables, while the last column shows percentage point changes to dividend yields. Total Change shows
the total modeled change from 1970’s risk to 2010’s risk. ¢y shows how much each variable changed when the model
was run with only a change to the innovation risk to the lognormal component of the earnings process. x shows how
much each variable changed when the Pareto component alone was changed. The remainder term shows how much
the joint change contributes to the total modeled change.
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