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1. INTRODUCTION

1.1. The sources. Seven documents are covered.

e [6] (1968): an elementary number-theoretic note settling a conjecture of Sutcliffe on integers
that are multiplied by an integer when their digits are reversed. Section 2.

e [1] (1965), known to us only through its review. Its theorems concern boundary functions
of homeomorphisms, continuous, Baire and measurable functions in a disk. Theorems 2—6
of [1] reappear, with proofs, in the dissertation [3] (which says so explicitly); Theorem 1
(on homeomorphisms) does not, and is proved here in Section 6 by the crosscut methods of
(2, 3].

e [2] (1966): a short proof of McMillan’s theorem that the set of curvilinear convergence of a
continuous function is of type F,s, and a generalization to cluster sets. Section 5.

e [3] (1967): the dissertation. Its Introduction (Baire functions) is in Section 3; Chapter I in
Sections 5, 6, 7; Chapter II in Section 8.

e [8] (1969): every F,s set is the set of curvilinear convergence of a continuous function with a
prescribed boundary function (McMillan’s problem); appendix on Baire functions into the
sphere. Sections 7 and 3.

e [7] (1969): boundary functions of bounded harmonic functions. Section 9.

e [9] (1969): a bounded continuous function in a cube whose set of curvilinear convergence is
not Borel. Section 10.

A concordance between the numbered results of the sources and the items of this document is
given in Appendix B.

1.2. How the document is organised. Several results occur in more than one source in
slightly different settings (the disk D, the upper half-plane H, the strip-like region Q). We
prove each result once, in the most convenient model, and transfer it to the others by an
explicit homeomorphism (Lemma 4.18). When two sources prove the same statement by different
arguments, we give the argument that is shorter or more general, and say so in the concordance.

Facts. Results from the literature that the sources use without proof are stated with their
provenance and proved here (Tietze’s arc theorem, the crosscut theorem, the Poisson integral,
Banach’s theorem, an analytic non-Borel set, Bagemihl’s theorem for continuous functions).
Two deep theorems that the sources rely on, the Jordan curve theorem with accessibility and
Kierst’s theorem on asymptotic values, are avoided: we replace the arguments that use them by
direct ones (Lemmas 9.6 and 10.6), and record the original arguments in remarks.

Departures from the sources. We record here the places where our proof differs in substance
from the source.

(i) The step (B)(III) of [8] cites a theorem of Bagemihl and McMillan; we use instead the
approximation theorem of the dissertation (Theorem 3.14), as [8] itself suggests.
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(ii) The proof of (F)(I) in [8] cites an invariance-of-domain corollary from [21]; we write
down the inverse maps explicitly (Lemma 3.18).

(iii) The extension theorems for Baire-one functions (cited from [15] in [3] and used in Ap-
pendix (b),(c) of [8]) are proved (Theorem 3.16).

(iv) The “Figure 5” argument of [3] and the monotonicity of first hitting points are derived
from a single imported crosscut theorem (Theorem 4.10).

(v) Sutcliffe’s Theorems 2 and 3, used in [6], are proved with explicit solutions (Proposi-
tions 2.3, 2.4).

(vi) In the existence of special functions (statement (XX) of [8]) we give a non-recursive con-
struction: all disjointness constraints turn out to be independent of the other member’s
size.

1.3. Conventions. N = {1,2,3,...}. “Countable” includes “finite”. We identify R? with C
and write points as z = z + iy = (x,y). We use

D={z:]|z] <1}, C={z:]z| =1}, H={z:Imz > 0},

Q:{<$7y>:_1§x§170<y§1}7 Qo:(_Ll)X(Ovl)a X:(—l,l)X{O}
The real axis is identified with R; in Sections 7 we identify X with (—1,1). For n € N, H,, =
{0<y<1/m},H,={0<y<1/n}and X, = {y = 1/n}. S? = {v € R?: |v| = 1} is the
Riemann sphere with the Euclidean metric. S (r,p) is the open ball of radius r about p; C1 E or
E is closure, E* or int E interior (for subsets of C' or of R, relative to C or R). For an interval

or arc I, I* is its relative interior; an interval or arc is nondegenerate if it has more than one
point.

2. SUTCLIFFE’S PROBLEM

Source: [6], which uses Theorems 2 and 3 of [10]; we prove these too.

Definition 2.1 (digit solutions). For an integer n > 2 and nonnegative integers ay, . . ., ag write
(ap,...,a1,a0)n = apn+---+an+ag. An (h+1)-digit solution for n is a collection of integers
n,ap,...,aq, k with

n>2, k>1, ap>0, ag>0, Ogaign—l(ogigh), k(ah,...,al,ao)n:(ag,al,...

We say there is an (h+1)-digit solution for n if such a;, k exist. Thus a 2-digit solution is (a, ¢, k)
with k(an +c) = cn + a, and a 3-digit solution is (a, b, ¢, k) with k(an? 4+ bn +c) = cn? 4+ bn +a,
where 1 <a,c<n—-1,0<b<n-1,k>2.

Lemma 2.2 (basic inequalities). For a 2-digit solution (a,c, k) for n, and for a 3-digit solution
(a,b,c, k) for n, we have k < n and a < c.

Proof. In the 3-digit case an?+bn+c > n? because a > 1, and ecn?+bn+a < (n—1)(n?>+n+1) =
n3—1 < n3;s0 kn? < k(an?+bn+c) < n and k < n. Since k > 2, ecn?+bn+a > 2(an®+bn+c) >
an?® +bn + ¢, ie. (c —a)(n? —1) > 0, so ¢ > a. The 2-digit case is the same with an 4 ¢ > n,
en+a<n?—1and (c—a)(n—1)>0. O

Proposition 2.3 (Sutcliffe, Theorem 2, first half). If there is a 2-digit solution for n, then n+1
18 not prime.

Proof. Let k(an + ¢) = ecn+ a. Modulo p = n + 1 we have n = —1, so k(c —a) = a — ¢, ie.
pl(k+1)(¢c—a). By Lemma22 0<c—a<n<pand 3<k+1<n<p. Ifpwere prime it
would divide one of the two factors, which is impossible. O
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Proposition 2.4 (explicit solutions). Let n > 2 and suppose n + 1 = de with integers d > 3
ande>2. Puta=e—1,c=n—e, k=d—1. Then (a,c,k) is a 2-digit solution for n and
(a,n —1,¢,k) is a 3-digit solution for n.

Proof. Digits: a=e—1>1;e<(n+1)/3<n-—1givesc=n—e > 1; clearly a,c <n—1; and
k=d—12>2 Using n+1=de:

(d=1)((e—Dn+n—e)=(d—1e(n—1),
ecn+a=n—-en+e—1=n—-1(n+1—-e)=(n—-1)(de—e)=(d—1)e(n—1),
k(an2+(n—1)n+c) (d— )((e—l)n + n? n+n—e):(d—1)e(n2—1),
e’ +(n—Dn+a=mn—-em?+n’—nt+e—-1=0>-Dn+1-e)=(d—-1en*-1). O

k(an+c) =

Lemma 2.5 (factorization). If n > 4 and n + 1 is not prime, then n+ 1 = de with d > 3 and
e> 2.

Proof. Write n 4+ 1 = wv with 2 < u < v. Then v > 3, since v = 2 would force n + 1 = 4. Take
d=v, e=u. O

Theorem 2.6 (Sutcliffe, Theorem 2). Let n > 4. There is a 2-digit solution for n if and only
if n+ 1 is not prime.

Proof. One direction is Proposition 2.3; the other is Lemma 2.5 with Proposition 2.4. g

Theorem 2.7 (Sutcliffe, Theorem 3). If there is a 2-digit solution for n, then there is a 3-digit
solution for n.

Proof. By Lemma 2.2, 1 < k < n,son > 3. For n = 3 we would have k = 2 and 2(3a+c) = 3c+a,
i.e. c =5a > 5 > n — 1; impossible. So n > 4, n + 1 is not prime by Proposition 2.3, and
Lemma 2.5 with Proposition 2.4 gives a 3-digit solution. (In N-valued arithmetic the expressions
n(a — 1), a — b+ ¢ below are to be read in Z.) O

Lemma 2.8 ([6, Lemma 1]). There are no natural numbers a,c,n withn > 2, a <c<n-—1,
a+c>n+1, andn(a—1)+c|n(c—1)+a.

Proof. Suppose there are, and write

k(n(a—1)+¢) =n(c—1)+a, kE>1. (2.1)
(Here a > 2 because a > n+ 1 — ¢ > 2, so both sides are positive and k > 1.) Modulo n — 1 we
haven=1,s0 k(e —n+c¢)=c—n+a,ie.n—1|(k—1)(a—n+¢c). Sincea+c>n-+1,
a—n+c>0.Ifk=1thenn(a—1)+c=n(c—1)+a,soc—a=n(c—a)and n = 1, contrary to
n>2. Hence k > 1, (k—1)(a—n+c¢) >0,and so (k—1)(a+c—n) >n—1. Sincec—n < —1,
(k—=1)(a—1) > (k—1)(a+c—n) >n — 1. Therefore
k(n(a—1)+c) =nk(a—1)+ke>n(k—1)(a—1)+ ke > n(n—1)+ ke > nc+ ke > n(c—1) +a,
using ¢ <n — 1 and k¢ > 0 > a — n. This contradicts (2.1). O

Lemma 2.9 ([6, Lemma 2]). If n =2 or n = 3, there is no 3-digit solution for n.

Proof. By Lemma 2.2, 1 < k < n, which is impossible for n = 2. For n = 3 we get k£ = 2 and
2(9a+3b+c¢) =9c+3b+a,ie. 0=17a+ 3b— Tc > 17+ 3b — 14 > 0, a contradiction. O

Theorem 2.10 (Kaczynski [6]; Sutcliffe’s conjecture). Let n > 2. If there is a 3-digit solution
for n, then there is a 2-digit solution for n.
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Proof. By Lemma 2.9 we may assume n > 3, and by Theorem 2.6 we may assume that p =n+1
is prime. Let (a,b, ¢, k) be a 3-digit solution:

k(an® + bn + ¢) = en® 4 bn + a. (2.2)

Modulo p, n = —-1,s0 k(a—b+c¢)=c—b+aandp | (k—1)(a—b+c). if pta—b+ c then
p | k—1; since k —1 > 0 this gives k — 1 > p, impossible because k < n (Lemma 2.2). Hence
pla—b+c. Now —p< —n<3—-n<a—-b+c<2n—2<2p,soa—b+c=epwitheec{0,1}.
Substituting b = a 4+ ¢ — ep,

an® +bn+c=a(n*+n)+cn+1)—epn =p((a—e)n+c), en®+bn+a=p((c—en+a),

0 (2.2) becomes k((a —e)n+¢) = (c—e)n+a. If e =1 then k(n(a —1) +¢) =n(c—1) +a;
moreover 0 < b=a+c—pgivesa+c>n+1,and a < ¢ < n —1 by Lemma 2.2. This is
impossible by Lemma 2.8. Hence e = 0 and k(an+c¢) =cn+a with 1 <a,c <n—1and k > 1:
a 2-digit solution. O

Corollary 2.11 ([6]). Ifn > 3, there is a 3-digit solution for n if and only if n+1 is not prime.

Proof. If n 4+ 1 is not prime, Theorem 2.6 gives a 2-digit solution and Theorem 2.7 a 3-digit
one. Conversely a 3-digit solution gives a 2-digit solution (Theorem 2.10), and then n + 1 is not
prime (Theorem 2.6). O

Remark 2.12. [6] notes that a similar result was obtained independently by Prasert Na Nagara.

3. BOREL CLASSES AND BAIRE FUNCTIONS

Sources: [3, Introduction, §3|, [8, Appendix|. Throughout, M is a metric space.

3.1. Classes of sets.

Definition 3.1 (F,, G5, F,s, ambiguous sets). A subset of a topological space is F if it is a
countable union of closed sets, Gy if it is a countable intersection of open sets, F,s if it is a
countable intersection of F, sets, and ambiguous if it is both F, and Gs. For L. C M we write
F,(L), Gs(L), Fy5(L) for the corresponding classes of the subspace L.

Lemma 3.2 (closure properties). (a) In M, open sets are Fy;, closed sets are Gs, and count-
able sets are F.

(b) F, is closed under countable unions and finite intersections; Gs under countable inter-
sections and finite unions; Fy5 under countable intersections and finite unions. The
complement of an F, set is Gy and conversely.

(¢c) For LC M: E € F,(L) iff E= PNL for some F, set P of M; likewise for G5 and Fys.

(d) If L is Fys (resp. Gs) in M and E € F,5(L) (resp. G5(L)), then E is Fys (resp. Gs) in
M. Every F, set is Fys, and every Gy set is Fyy.

(e) Homeomorphisms preserve all these classes.

Proof. (a) U = Jg{z : dist(z, M \ U) > 1/k} for U # M open; complements give the rest,
and points are closed. (b) (U, 4n) N (U, Bn) = Uy An N By, and (N, Po) U (N, Bim) =
(V. (Pn U Rypy); the rest is De Morgan. (c) Closed sets of L are traces of closed sets of M, and
traces commute with countable unions and intersections. (d) E = P N L with P in the class,
and the class is closed under finite intersections; a G set [, Uy, is F,5 by (a). (e) is clear. [
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3.2. Classes of functions.

Definition 3.3 (function classes). Let L be a metric space and Y a metric space.

(a) f: L —Y is of class F, if f~Y(U) € F,(L) for every open U C Y.

(b) f is of Baire class < 1, written f € By(L,Y), if there are continuous f,, : L — Y with
fn — f pointwise on L.

(c) fis of honorary Baire class < 2 if there are a countable N C L and ¢ € Bi(L,Y) with
f=vYonL\N.

(d) (Baire classes of all orders.) f is of Baire class 0 if it is continuous; for an ordinal £ > 1,
f is of Baire class ¢ if it is the pointwise limit of a sequence f,, each of Baire class 7,
for some 71, < . (So class £ contains all classes n < £ when £ > 1.)

Lemma 3.4 (reduction; [3, Lemma 1)). Let E, F be F, subsets of M. There are disjoint Fy
sets ACE, BCF with AUB=FEUF. In particular E\F C A and F\ E C B.

Proof. Write E =J,, Epn, F =, F», with E,, F;, closed, and put

A= U(En\ U Fj), B= U(Fn\ U Ej>.
n j<n n Jj<n
Each term is closed minus closed, i.e. closed N open, hence F, (Lemma 3.2). If z € (E, \
Ujcn £5) 0 (Fm \ U<, E5) then m < n is impossible because z € Fy,, and m > n is impossible
because z € Ep; 0 ANB =0. If v € EUF, let n be least with « € E, UF,. If z € E,, then
x € A; otherwise z € F,, \ .., E; C B. O

i<n
Corollary 3.5 (finite reduction). If P1,..., P, are F, subsets of M, there are pairwise disjoint
Fy sets Ry C Py with \J; Ry =\UJ; Pi. If U, P, = M, each R; is ambiguous.

Proof. Induction on ¢. Reduce P; against P/ = P, U --- U P, (Lemma 3.4), getting disjoint F,
sets A C P;, B C P’ with AUB = P, UP’; apply the induction hypothesis to P, ..., P, getting

5 Ry, and put By = A, R; = RN B. If the R; cover M, the complement of each is the
finite union of the others, hence Fj. [l
Theorem 3.6 (Sierpinski [22]). If E C F C M with E a G5 set and F' an F, set, there is an
ambiguous set K with E C K C F.

Proof. P= M \ E and F are F, with PUF = M. Reduce them (Lemma 3.4): AC P, BCF
disjoint F,, with AUB =M. Put K =B. Then K CF, K =M\ADM\P=EFE, and K is
F, with F, complement A. ]

Lemma 3.7. Every f € B1(L,Y) is of class F,.

Proof. Let f, — f with f, continuous, and U C Y open. Put Vi, = {y : dist(y, Y \ U) > 1/k},
a closed subset of U. Then f~}(U) = Uk Misn Y (Vi): if dist(f(z),Y \ U) > 2/k then

eventually f,(z) € Vi; conversely if f,(x) € Vj, for n > N then f(x) € Vj CU. O
Lemma 3.8 (Banach’s Hilfssatz 3). If f : L — Y s of class F, and takes only the values
ai,...,aq (distinct), then the sets E; = f~%(a;) are ambiguous in L and partition L.

Proof. With 7 less than half the least distance between the aj, E; = f~1(S(r,a;)) is F,, and its
complement | J; 2 Bi is F,; too. O

Lemma 3.9. If f,g: L — R are finitely valued and of class F,, so are f+g and f — g.

Proof. By Lemma 3.8 the level sets of f and g are ambiguous; every preimage under f 4+ g is a
finite union of sets f~*(a) N g~!(b), which are F,. O
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Lemma 3.10 ([3, Lemma 2]). Let L C M and let E be ambiguous in L. There are continuous
fn: M —[0,1] with f, — xg pointwise on L.

Proof. Write E = Ey N L and L\ EF = Fy N L with Fy, F; Fy in M. Reduce: disjoint F, sets
ACE),BCF withAUB=FEUF, DL. Then E=ANLand L\ E = BN L (a point
of E is not in F}, hence not in B, hence in A). Write A = |JA4,,, B =JB, with 4, C A1,
By, C Bj41 closed, and let f,, : M — [0, 1] be a Urysohn function, 1 on A, and 0 on B,, (e.g.
dist(x, By)/(dist(z, A,) +dist(x, By,))). For x € L, eventually x € A,, or eventually x € B,,. O

Lemma 3.11 ([3, Lemma 3]). If f : L — R is of class F, and finitely valued, and L C M, there
are continuous f, : M — R with f, — f pointwise on L.

Proof. f = Zj ajxg; with E; ambiguous (Lemma 3.8); take f, = Zj ajfy(Lj) with féj) — XE;
from Lemma 3.10. g

Lemma 3.12 ([3, Lemma 4], Banach’s Hilfssatz 4). If f : L — R is of class F, with |f| < C,
then for every ¢ > 0 there is a finitely valued g : L — R of class F, with |g — f| < € and
lg| < C +e.

Proof. Let N > C/e and U; = ((j — 1)e,(j + 1)) for j € Z, |j| < N; these cover [-C,C].
The sets ffl(Uj) are F, in L and cover L; Corollary 3.5 gives a partition of L into F, sets
R; C f~Y(U;). Put g = je on R;. Then |g — f| < ¢, and g~} (W) is a finite union of R;’s for
every W. g

Lemma 3.13 ([3, Lemma 5]). Let L C M and let f : L — R be of class F,. There are
continuous f; : M — R with f; — f pointwise on L.

Proof. Bounded f. Choose by Lemma 3.12 finitely valued g,, (n > 0) of class F,, with |g, — f| <
27" put hg = go, hn, = gn—gn—1. Each h,, is finitely valued of class Fy, |h,| < b, := (|C|+4)27",
and ) hy, = f on L. By Lemma 3.11 choose continuous h, j — hy, on L, and let k, ;j be hy ;
clamped to [—by,by]; still k,; — h, on L. Then f; = >k, ; converges uniformly, so it is
continuous, and f;(x) — >, hn(x) = f(x) for x € L by dominated convergence for series
(bl < by 3 by < ).

General f. arctanof is bounded of class F,; take continuous G; — arctanof on L, clamp
Gj into [—7/2 + 0, 7/2 — §;], 6; = 1/(j + 1), to get H; (still convergent on L, since the target
values lie in the open interval), and put f; = tanoH;. O

Theorem 3.14 ([3, Lemma 6]). Let L C M and f : L — R™. The following are equivalent:
(i) f € Bi(L,R™); (ii) f is of class Fy; (iii) there are continuous fn : M — R™ with f, — f
pointwise on L.

Proof. (1)=-(ii) is Lemma 3.7; (iii)=(i) by restriction. (ii)=-(iii): each coordinate f; = m; o f is
of class F,; apply Lemma 3.13 to each. (Conversely the coordinates being of class F,, implies f
is: an open set of R™ is a countable union of open boxes, and f~Y([[, ;) = ; fi_l(Ii).) O

Lemma 3.15 (uniform limits). If S, : L — Y are of class F, and S,, — F uniformly, then F
is of class F.

Proof. Let U C'Y be open, ¢, = 1/(k + 1), and let Uy, be the union of the balls S(e, z) over
all z with S(3ex,2) C U, an open set. For each k choose nj with dist(S,, (x), F(z)) < ¢ for
all z. Then F~1(U) = U, S;,}(Us): if F(z) € U, take k with S(3ex, F(x)) C U and z = F(x);
conversely, if Sy, (z) € S(ek, z) then F(z) € S(2¢y,2) C U. O

Theorem 3.16 (extension of Baire-one functions). Let f : L — R™ be of Baire class < 1,
LCM.
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(a) If L is G5 in M and f is bounded, f extends to a bounded F € By(M,R™).
(b) If M\ L is countable, f extends to some F' € Bi(M,R™).

Proof. Tt suffices to treat m = 1 (extend coordinatewise); then f is of class Fi, (Lemma 3.7).

(a) Finitely valued f of class Fi on a G5 set L. By Lemma 3.8, f = ). ajxp, with E1,..., Eq
an ambiguous partition of L; write F; = P;N L with P; F, in M. The sets Py,...,P;, M \ L are
F, and cover M; let Ry,..., R4, Ry be the disjoint Iy cover given by Corollary 3.5. Put F' = a;
on Rj and F=0o0n Ry. Forx € LNE;, v ¢ Ry, and z € R; forcesx € bLNL =E;,s0i=j
and F(x) = f(x). F is finitely valued of class F, and sup|F'| < max|a;]|.

Bounded f. With h,, b, as in the proof of Lemma 3.13, extend each h, to a finitely valued
H, of class F, with |H,| < b,. The partial sums Sy = > _ 5 H, are finitely valued of class Fy
and converge uniformly to F' =" Hj,, which is bounded by ), by, of class F, (Lemma 3.15),
hence in Bi(M,R) (Theorem 3.14 with L = M); and F|, =), hy, = f.

(b) Let I = (—n/2,m/2). Since M\ L is countable, it is Fi, and L is Gs; by (a) extend arctan o f
to a bounded G € By (M,R), of class F,. The set Z = G™1(R\I) lies in M \ L, so it is countable.
Put F = tanoG off Z and F = 0on Z. Foropen U C R, F~}(U) = G~ (INntan=}(U))U(Z or )
is F,;. So F'is of class F,,, hence in By (M,R) (Theorem 3.14), and F'|;, = tanoarctanof = f. 0

3.3. Functions into the sphere. We use the folding device of [8, (F)(I)]. Write points of S?
as (x,y,z) and let T(2) = 423 — 3z.

Definition 3.17 (the fold). Let s = 271/ and
U={-s<z<1}, V={-1<z<s}, Zy={s<z<1}, Zy={-1<z<-—s},

(@(42? = 1), y(422 = 1), T(2)), |z| > s,
P2) = {<x,y, ), o <5,

all subsets of S?. Equivalently, with x(z) = max(0,22% — 1), ®(x,y, z) = (x(1 + 2k(2)), y(1 +
2k(2)), 2(2k(2) — 1)) (the form used in Lean). Let p; = (1,0,0) and let o : S\ {p1} — R? be
stereographic projection from pi, a homeomorphism onto R? (Mathlib’s stereographic?).

Lemma 3.18 (properties of the fold). (i) ® is a continuous map S*> — S2. (i) There are maps
@&1 U — Zy and <I>‘jl 1V = Zy, continuous on the open sets U, V', with ® o q)[;l = idy,
Do <I>‘71 = idy; in particular ®(Zy U Zy) = S?. (i) Each fibre of ® has at most three points.
(iv) U,V are open and UUV =S2. (v) Zy U Zy CS?\ {p1} and o(Zy U Zy) is bounded.

Proof. On S?, (224+y?)(422—1)24+T(2)? = (1—2%)(162* —822+1)+2%(162* —2422+9) = 1,50 ®
maps into S2. At z = +s we have 422 —1 = 1 and T(4s) = Fs, so the two formulas agree and ®
is continuous by the pasting lemma. Since T'(cos#) = cos 36, the map 7(2’) = cos(arccos(z’)/3)
is continuous on [—1,1], and for 2z’ € (—s,1] we have arccosz’ < 3w /4, so 7(z') € (s,1] and
T(r(2") = 2. Given (z',9/,2') € U, put z = 7(2'), e = 42> =1 > 1, 2 = 2'/e, y = ¥/ /c;
the identity above shows (z,y,z) € S?, it lies in Zy, ®(z,y,z) = (2/,y/,2'), and it depends
continuously on (z/,y,2') € U; this is @51. Since T is odd, <I>‘_,1<x’,y’,z’> is obtained in the
same way with z = —7(—2/). (iii): if ®(p) = ®(¢) and p, q have the same height z, then p = ¢
(as 1+ 2k(z) > 1). On {|z] < s} the height of ® is —z; on Zy and on Zy it is T'(z), and
T(a) —T(b) = (a—b)(4(a®+ab+b*) — 3) with 4(a® +ab+b?) > 3 when ab > 0, a?,b> > 1/2. So
® is injective on each of Zy7, {|z| < s}, Zy, which cover S2. (iv) is clear. (v): {|z| > s} D ZyUZy
is compact and misses p1, and o is continuous on S? \ {p1}. O

Lemma 3.19 (fold factorisation). Let f: M — S? be of class F,. There is: M — Zy U Zy
of class F, with ® o1 = f such that o o : M — R? is bounded and of class F,.
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Proof. f71(U) is F, and M \ f~1(V) is Gs, and M \ f~1(V) C f~YU) since UUV = $2.
Theorem 3.6 gives an ambiguous K with M \ f~4(V) C K C f~}(U); put L = M \ K, so
f(K) CU, f(L) CV. Let &y = ®@|z, : Zy — U and &y = ®|z, : Zy — V and define
Y = &' ofon K,y = &' of on L (Lemma 3.18(ii)). For G C S? open, ¥~ }(G) =
KN~ Un@ )Y G)ULN LV N (@) HG))], and UN (') ~1(G) is open since &'
is continuous on the open set U; so v is of class F,. Since v avoids p; and ¢ is continuous on
the open set S2\ {p1}, 0 01 is of class F,. Boundedness is Lemma 3.18(v). O

Theorem 3.20 ([8, Appendix, Theorem (a)]; cf. [3, Theorem 1)). A function f: M — S? is in
B1(M,S?) if and only if it is of class F,.

Proof. One direction is Lemma 3.7. Conversely, take 9 from Lemma 3.19; by Theorem 3.14
there are continuous v, : M — R? with ¥, — o o1. Then ® o 0! 04, are continuous and
converge to oy = f. g

Theorem 3.21 ([8, Appendix, Theorem (c)]). If E is a Gs subset of M and f € B1(E,S?),
then f extends to some F € Bi(M,S?).

Proof. By Lemmas 3.7 and 3.19, applied in the metric space F, write f = ® o) with c o :
E — R? bounded of class F,, hence in B;. By Theorem 3.16(a) it extends to a bounded
G € B1(M,R?); let continuous G,, — G on M. Then ® o 6~! o G, are continuous and converge
on Mto F=®o00 'oG, and Flp=®o1 = f. O

Theorem 3.22 (honorary Baire class 2; [3, Theorem 2], [8, Appendix, Theorem (b)]). Let Y
be R™ or S? and f : M — Y. The following are equivalent.

(1) f is of honorary Baire class < 2.

(2) There is a countable N C M such that f|yp\n is of class Fy.

(3) There is a countable N C M such that f=Y(F)\ N is Gs in M for every closed F CY .

Proof. (1)=+(2): restrict the Baire-one function and use Lemma 3.7. (2)=(1): flann € B1 by
Theorem 3.14 or 3.20, and M \ N is Gs; extend it to M by Theorem 3.16(b) or 3.21. (2)<(3):
STHE)\N = (M\N)\ (flann) 1 (Y \ F); a subset of the Gs set M \ N is G5 in M iff it is G
in M \ N, and complements in M \ N exchange F,(M \ N) and G5(M \ N). O

Lemma 3.23 (invariance of honorary Baire class 2). If f: M — Y s of honorary Baire class
< 2, s0 are f|pp for M' C M and foh for a homeomorphism (indeed any continuous injection)
h:M"— M, and go f for continuous g : Y — Y.

Proof. Restrict (resp. compose with h or g) the Baire-one function, its continuous approximants
and the countable set. 0

3.4. Points of continuity.

Theorem 3.24 (Baire, Kuratowski [18, p. 301]). If A andY are metric spaces and f € B1(A,Y),
then the set of points of A at which f is discontinuous is of the first category in A.

Proof. Let f, — f be continuous. For ¢ > 0 and N € N the set F§, = {z : dist(f(z), fm(z)) <
eVn,m > N}isclosed and |y Fy, = A. Put G° = |Jy int F,. Then A\ G® C |y (F5 \int Fy,),
a countable union of closed nowhere dense sets. If x € int F5, then dist(f, fy) < € on a
neighbourhood of z, and fy is continuous, so dist(f(z'), f(z)) < 3e for 2’ near x and the
oscillation of f at x is at most 6. Hence the discontinuity set is contained in |J, (A\ G'/*). O

Corollary 3.25. If P is a nonempty complete metric space, Y a metric space and f € By1(P,Y),
then f is continuous at some point of P.
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Proof. By the Baire category theorem P is not of the first category in itself. O

Lemma 3.26. A subset of A C M that is of the first category in A is of the first category in
M.

Proof. If N C A is nowhere dense in A and an open O # () of M lies in Cly; N, then O meets
Aand ONA C Clyg N, a contradiction. O

3.5. Higher Borel and Baire classes. These are needed only in Section 8.

Definition 3.27 ([3, §3]). P!(M) is the family of open subsets of M and Q!'(M) that of
closed subsets. For an ordinal ¢ > 1, P§(M) consists of the countable unions of members of
Uy<e @"(M), and Q%(M) of the countable intersections of members of U,<e P"(M). A function

f:M — Y is of class P¢ if f~1(U) € P$(M) for every open U C Y. (In Lean the classes are
one inductive predicate; no set belongs to a class of index 0.)

Lemma 3.28. (a) E € Q% iff M\ E € P5. (b) P¢ and Q% are closed under finite unions
and intersections, P under countable unions, Q% under countable intersections. (c) If n < &
then PTUQ" C PSNQS. (d) P2(M) is the class of F, sets and Q*(M) that of Gs sets. (e)
Continuous preimages preserve each class. (f) For L C M, PS(L) ={DNL:D € P§(M)}. (g)
Every member of every class is a Borel set.

Proof. (a), (e), (f), (g): induction on the definition. (c) for n = 1 uses that in a metric space
open sets are F, and closed sets are G5 (Lemma 3.2(a)); for n > 1 it is immediate from the
definitions. For (b), (JA») N (UBm) = UAn N By, and A, € QM, B, € Q™ both lie in
Qmax(m12) by (c). The rest is routine. O

Lemma 3.29. If f: M — Y is of Baire class £ and g : K — M is continuous, then f o g is of
Baire class €. In particular restrictions to subspaces keep the class. If € < &', Baire class € is
contained in Baire class &'.

Proof. Induction on &; for the last claim with £ < & use constant sequences. ([l

Lemma 3.30. If f : M — Y is of Baire class ¢ (Y any metric space), then f is of class PST1.
In particular it is Borel measurable.

Proof. For £ = 0 preimages of open sets are open. For £ > 1 let f,, — f with f, of class n, < &.
With V}, as in Lemma 3.7, f~1(U) = Uk Nasn £ Y (Va); by induction f;1(V3) € QM Tl C QF,
so the intersections lie in Q¢ and the union in P&H!. ]

Theorem 3.31 (Banach [14]). Let Y be a separable, arcwise connected metric space and & > 2.
If f : M =Y is of class P$TY, then f is of Baire class €.

Proof. Formalized in TJK/Baire/Banach.lean: approximate by finitely valued maps with preim-
ages of lower class, using a dense sequence and a finite priority rule, then interpolate along a
path through finitely many points of Y'; induction on &. For the second statement every Borel
set lies in some P& N Q%, & < wy. O

Theorem 3.32 (Lebesgue-Hausdorff-Banach). Let Y be a separable, arcwise connected metric
space. Every Borel-measurable f: M — Y is of Baire class € for some countable ordinal &.

Proof. Formalized in TJK/Baire/Banach.lean: approximate by finitely valued maps with preim-
ages of lower class, using a dense sequence and a finite priority rule, then interpolate along a
path through finitely many points of Y'; induction on £. For the second statement every Borel
set lies in some P¢ N Q% € < wy. O
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Lemma 3.33 ([3, Lemma 18]). Write A ~ B if A\ B and B\ A are countable. This is an
equivalence relation; A = E implies S\ A = S\ E; and if A,, = E,, for n in a countable set,
then N An ~ N Epn and |JAn ~J Ey.

Proof. (NAn)\ (NER) €U, (An \ Ey), and similarly for the rest. O

Lemma 3.34 ([3, Lemma 19], [2, Lemma 1]). If Z is a family of nondegenerate intervals of R
(resp. nondegenerate closed arcs of C), then ;o7 I\ Uper I* is countable. In particular every
union of nondegenerate intervals is =~ an open set.

Proof. Let U = |J; I, which is open. If z lies in some I € T but not in U, pick y € I\ {z}; if
x < ythen (z,y) C I* C U, so x is a point of R\ U isolated from the right in R\ U; symmetrically
if y < z. Points of a set S C R with (x,y) NS = 0 for some y > x are countably many, since
the intervals (x,y) for distinct such z may be chosen pairwise disjoint. For the circle, write the
arcs as €'Y q < b, with relative interiors D ei(®?); a point e of the first union not in U eia:b)
has t in the countable real exceptional set of the family {[a,b]}. O

Lemma 3.35 (two-sided limit points). For F C R, the set of points of F that are not two-sided
limit points of F' is countable. (Here x is a two-sided limit point of F' if every interval (z —r, z)
and (z,x + 1), r > 0, meets F.)

Proof. If z € F and (z,z +7r)NF = 0, then (z,z + r) misses F, so z is a point of F isolated
from the right in F; there are countably many such points (proof of Lemma 3.34). Argue
symmetrically on the left. O

Lemma 3.36 ([3, Lemma 20]). Let h be weakly increasing on E C R with |z — h(z)] <1 on E.
Then h extends to a weakly increasing hy : R — R.

Proof. Put hy(z) = sup({z — 1} U h((—o0,z] N E)), finite since h(t) <t+1 < z + 1 there. It
is weakly increasing, and for x € E the supremum is attained at h(z) because h(t) < h(x) for
t<zin F and z — 1 < h(z).

Lemma 3.37 ([3, Lemma 21]). If f : R — Y is of Baire class £ and h : R — R is weakly
increasing, there is a countable N C R such that (f o h)|r\n is of Baire class .

Proof. Let N be the (countable) set of discontinuities of h and apply Lemma 3.29 to h|g\y. O

Lemma 3.38 ([3, Lemma 22]). Let Y be a separable arcwise connected metric space, E a
metric space, § > 2, and ¢ : E =Y such that for every open U CY there is T € PSTY(E) with
¢ YW (U) CT C o YU). Then ¢ is of Baire class €.

Proof. Let B be a countable base of Y. For open W let B(W) = {B € B: B € W}; then
W =Upw B = Upmw B (for p € W with S(r,p) € W choose p € B C S(r/2,p)). With T'(B)
as in the hypothesis, o~ }(W) = Upesaw) T(B) € P¢FY(E). Conclude by Theorem 3.31. O

4. ARCS, CROSSCUTS AND TRANSFER

4.1. Arcs and curvilinear limits.

Definition 4.1 (arcs). A path in R" is a continuous g : [0, 1] — R™; a simple arc is the image
of an injective path, and its endpoints are g(0), g(1). Let 2 C R™ be open and p € 9Q. An arc
at p (in Q) is a simple arc v with one endpoint p and v\ {p} C Q. A crosscut of D is a simple
arc whose endpoints are distinct points of C' and whose other points lie in D; a crosscut of H is
defined in the same way with R in place of C.
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Definition 4.2 (curvilinear convergence, boundary functions, cluster sets). Let © be open,
B C 09Q,Y a metric space and f: Q — Y. For an arc y at p, f(z) — ¢ along v means f(z) — ¢
as z — p with z € v\ {p}. The set of curvilinear convergence of f (relative to B) is

CC(f) ={p € B : there are an arc v at p and ¢ € Y with f — ¢ along ~}.

If £ C B, a function ¢ : E — Y is a boundary function for f if for every p € F there is an arc y
at p with f — ¢(p) along 7. The cluster set of f along v is C(f,~v) = {q: 3z, € v\ {p}, 20 —
p, f(zn) = q}. The pairs (2, B) used are (D,C), (H,R) and (Q°,X), and in Section 10 the
open cube with its whole boundary.

Theorem 4.3 (Tietze [24]). If g is a path in a Hausdorff space (e.g. in R™) with g(0) # g(1),
then g([0,1]) contains a simple arc with endpoints g(0) and g(1).

Proof. Call a closed S C [0,1] with 0,1 € S admissible if g(z) = g(y) whenever z < y lie in S
and (z,y) NS = 0. If S; is a chain of admissible sets and (x,y) is a gap of [.S;, compactness
gives for each £ > 0 an S; missing [x + €,y — €]; the gap of S; around x;y has ends within
e of x and y with equal g-values, so g(z) = ¢(y) by continuity. By Zorn’s lemma there is a
minimal admissible m; minimality (m \ (z,y) is admissible when g(x) = ¢g(y)) shows that x <y
in m with g(x) = g(y) bound a gap of m. Put r(¢) = max(m N [0,¢]) and f = gor. Then f
is continuous (7 is right-continuous, ¢ — min(m N [¢, 1]) is left-continuous, and g agrees at the
two), f(0) = g(0), f(1) = g(1), f([0,1]) C ¢([0,1]), and every fibre of f is an interval. For
rationals p < p’ such that K = f([0,p]) and L = f([p/,1]) are disjoint, an Urysohn function u
on the compact Hausdorff space f([0,1]) with u|x = 0, u|r = 1 gives the monotone continuous
Ypp (t) = maxs<¢u(f(s)), constant on fibres of f; a weighted sum h of these is continuous,
monotone, and h(s) = h(t) <= f(s) = f(t). As h is a closed quotient map onto [h(0), h(1)],
f factors through it as an injective path from ¢(0) to g(1). O

Corollary 4.4 (paths may replace arcs). Let Q2 be open, p € 092, and g : [0,1] — R™ continuous
with g(1) = p and ¢g(]0,1)) C Q. Then ¢([0,1]) contains an arc v at p, and for every f:Q —Y:
if f(g(t)) = q ast — 1 then f — q along ~v; and C(f,) is contained in the set of limits of
flg(ty)) with t, — 1.

Proof. Theorem 4.3 gives a simple arc v C ¢([0,1]) from ¢(0) to p; since g(t) # p for t < 1,
Y\ {p} C Q. If z € v\ {p} and 2z — p, write 2z = g(tx) with ¢, < 1; a subsequence of
tr bounded away from 1 would have a limit ¢* < 1 with ¢g(¢*) = p, which is impossible. So
tr — 1. O

Lemma 4.5 (subarcs and exits). (a) If v is an arc at p and W is a neighbourhood of p, there
is an arc v/ C yNW at p; limits and cluster sets along 7' and v coincide. If f — q along
v and V > q is open, some such v has f(v' \ {p}) C V. (b) If g is a path, w = g(to), and
lg(t1) —w| > r > 0, there is a closed interval J with endpoints ty and some t' between to and t
such that g(J) C S(r,w) and |g(t'") — w| = r; in particular diam g(J) > r. (¢) If v is an arc at
p in H and n is large enough that v meets X,, then the subarc of v from p to its first point on
X, is an arc at p contained in H, with all points other than its endpoints in H,,.

Proof. Parametrize and take initial segments; for (b) let ¢’ be the first parameter between ty and
t1 with |g(t') —w| > r, and use continuity. O
Lemma 4.6 (cluster sets). Let K be a compact metric space, f : Q — K continuous and 7y
an arc at p. Then C(f,v) =, f(¥' \ {p}), the intersection over the subarcs 7' of v at p; it
is nonempty, compact and connected; and f — q along v iff C(f,v) ={q}. If © : K — K’ is
continuous into a metric space, then C(© o f,v) = O(C(f,7)).
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Proof. The sets f(7'\ {p}) are compact, connected (images of half-open arcs) and decrease as
~' shrinks; a decreasing intersection of nonempty compact connected sets is nonempty, compact
and connected. The claim about limits is the usual compactness argument. For the last claim:
2 by continuity of ©; if O(f(z,)) — ¢ with z, — p along ~, a subsequence of f(z,) converges
in the compact K to some g € C(f,7), and ©(q) = ¢. d

Fact 4.7 (Tietze extension). A bounded continuous function from a closed subset of a metric
space to C extends to a bounded continuous function on the whole space.

Fact 4.8 (hyperspace). If K is a compact metric space, the space C(K) of nonempty closed
subsets of K with the Hausdorff metric is compact.

Fact 4.9 (Baire category theorem). A complete metric space is not of the first category in itself;
in it, a countable intersection of dense open sets is dense.

4.2. Crosscuts.

Theorem 4.10 (crosscut theorem). Let o be a crosscut of D with endpoints a # b, and let
A1, As be the two closed arcs of C' with endpoints a,b. Then D \70 has ezactly two components
Ui, Us, and the frontier of U; is o U A; (i =1,2). In particular U; N C = A; and o C U; N Us.

Proof. Formalized in TJK/Plane/JordanCrosscut.lean by continuous logarithms. Every com-
ponent of D\ ¢ has a point of C'\ {a,b} in its closure, and an arc does not separate the plane;
a component near each open arc of C' exists; by an Eilenberg-type criterion (two points lie in
the same component of the complement of a compact K iff (w — z)/(w — z’) has a continuous
logarithm on K, proved with Tietze extension and homotopy lifting for exp) the two sides are
different components, since logarithms on 0 U A; and o U A would glue to one on C'; and o lies
in the closure of each side. 0

Lemma 4.11 (disjoint components have disjoint boundary arcs). Let o, 7 be crosscuts of D, U
a component of D\ o and V a component of D\ 7, with UNV = 0. Then the arcs U NC and
V N C have disjoint relative interiors. (It suffices that o, be closed and meet C only in the
endpoints of these arcs.)

Proof. Let p be interior to both arcs. Then p is not an endpoint of ¢ or 7, so p ¢ o U T, and
there is r > 0 with S(r,p) N (¢ UT) = (). The convex set S(r,p) N D lies in one component of
D\ o; as p € U it meets U, so it lies in U. Likewise it lies in V, contradicting U NV = (). ]

Definition 4.12 (charts). (a) The Cayley map x(z) = (z —1)/(z + 7).
(b) ¥y (x,y) =tan(nx/2) +iy/(1 —y) for |z] < 1,0 <y < 1.
(c) Up(z,y) =1—1/w with w = (1 +y) + itan(rz/2), for [z| <1, 0< y < 1.
(d) &,(z) = e™/P for h > 0.

Lemma 4.13 (charts). (a) x is a homeomorphism of HUR onto (DU C) \ {1} mapping H
onto D and R onto C \ {1}; |k(z) — 1| — 0 iff |z2| — oo. (b) ¥y is a homeomorphism of
Q° U X onto HUR mapping X onto R increasingly. (c¢) Yp is a homeomorphism of Q° U X
onto G°U (C'\ {1}), where G° = {z € D : Re(1 — 2)~! < 1}, mapping X onto C \ {1}. The set
G" ={z€D:Re(l—2)"t <3/4} is closed in D, contains a neighbourhood in D of each point
of C\ {1}, and is disjoint from the radius [0,1). (d) &, maps {0 < Imz < h} homeomorphically
onto (HUR) \ {0}, the line Im z = 0 increasingly onto (0,00) and the line Im z = h decreasingly
onto (—00,0).

Proof. (a) |k(2)| < 1iff |z —i| < |z + | iff Im 2z > 0; the inverse is w — (1 +w)/(1 — w). (b) is
a product of homeomorphisms (—1,1) — R and [0,1) — [0,00). (¢) z > (1 — 2)~! maps D onto
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{Rew > 3} and C'\ {1} onto {Rew = 3} (since |1 —1/w| <1 <= |w—1| < |w|); ¥p is the
inverse of this map composed with a homeomorphism of (J° U X onto {% < Rew < 1}. Near a
point z € C'\ {1}, Re(1 — z)~! is close to %; on [0,1) it is > 1. (d) is elementary. O

Lemma 4.14 (crosscuts of the half-plane). Let o be a crosscut of H with endpoints a < b. Then
H\ o has ezactly two components, a bounded one V' with V NR = [a,b], and an unbounded one
U with UNR =R\ (a,b); moreover c CUNV and U O {Imz > max, Im}.

Proof. On R, k(z) = ’(*) with 9¥(z) = 7 + 2arctan x, an increasing bijection of R onto (0,27).
So k(o) is a crosscut of D from @ to () (Lemma 4.13(a)), and x maps [a,b] onto the
arc Ay = {e : ¥(a) <t < I(b)} and R\ (a,b) onto the complementary closed arc As > 1.
Theorem 4.10 gives the components Uy, Uz of D\ k(o) with U; N C = A;; put V = s~ 1(Uy),
U = k~1(Us). Since  is a homeomorphism of HUR onto (DU C) \ {1}, closures correspond at
points of H U R, which gives the traces on R and s CUNV. As 1 ¢ Uy, |1 —w| >r > 0on Uy,
so [k~ (w)| < 2/r there and V is bounded. The half-plane above o is convex, unbounded and
disjoint from o, so it lies in U. g

Lemma 4.15 (order of disjoint arcs in a strip). Let h > 0, S = {0 < Imz < h}, and let o,/
be disjoint simple arcs, a from x € R to p with Imp = h, o from ' € R to p’ with Imp’ = h,
all other points in S. If x < 2’ then Rep < Rep'.

Proof. By Lemma 4.13(d), &, () is a crosscut of H from u = €™/ to v = —e™ReP/h and &, (o)
one from u' > u to v/ = —e™ReP'/h £ 4y By Lemma 4.14 the bounded component V of H\ &, (a)
has VMR = [v,u]. The connected set &,(a’)\ {v/, v’} lies in one component; its closure contains
u' ¢ [v,u], so it lies in the unbounded component U, and then o' € UNR = R\ (v,u). As
vV <0 <wandv #v, v <wv,ie Rep > Rep. O

Lemma 4.16 (geometry near a boundary point). Let x € C' and 0 < § < 2. (a) DN S(J,x) is
convex. (b) D\ S(0,z) is connected and has —x in its closure. (c) If ' € C and |2’ — x| < 6,
the shorter closed arc of C from x to ' lies in S(0,z). Any arc of C between wy,ws has
length at least |wy — wa|. (d) If Ai,..., An are closed arcs of C with pairwise disjoint relative
interiors, their lengths add up to at most 2mw. (The length of an arc is the Lebesgue measure
of the corresponding set of angles in [0,27).) In particular, if the endpoints of each A; are at
distance > ¢, then me < 2w. In Lean a closed arc is {e : § <t < 0+ 4} with 0 < ¢ < 27
(circledre), its interior is the image of (6,0 + (), and its length is {; (d) is proved by pushing
the open angle intervals to R/27Z with its Haar measure.

Proof. (a) Intersection of convex sets. (b) For z € D the convex function ¢ — |(1 —#)z — tx — z|?
has derivative 2(1 — |z|?) > 0 at ¢ = 0, hence increases on [0, 1]; so the segment [z, —2) stays in
D\ S(6,z) and ends in the convex set D N S(2 — §, —x), which lies in D\ S(4, x). (c) On an arc
of angle at most 7 the chord from an endpoint increases with the angle; chords are shorter than

arcs. (d) The interiors are disjoint measurable sets of angles and the endpoints are null. O

Lemma 4.17. An open subset of R™ has countably many components; they are open and path-
connected, and a connected subset of the open set lies in one of them.

Proof. R™ is locally path-connected and second countable. t
4.3. Transfer.

Lemma 4.18 (transfer). Let Q,Q be open, B C 9Q, B’ C 9, and let ¥ : QUB — Q' U B’
be a homeomorphism with W(Q) = Q. For f : Q' — Y: ~ is an arc at p € B iff Y(v) is
an arc at V(p); foW — q along v iff f — q along ¥(v), and the cluster sets agree; hence
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CC(f o W) = U 1(CC(f)), and ¢ is a boundary function for f on E' iff ¢ oV is one for fo W
on WL(E).

Proof. Arcs at p lie in QU {p}, where ¥ is a homeomorphism. ]

Lemma 4.19 (locality). Let p € 9Q N 9Q and suppose W N Q =W NQ for an open W > p.
If f=f on WNQ, then f has a limit ¢ along some arc at p in QL iff f' has the limit q along
some arc at p in §Y.

Proof. Lemma 4.5(a). O

5. SETS OF CURVILINEAR CONVERGENCE

Sources: [2]; [3, §4, Lemmas 7-8, Theorem 3]. We work in I and transfer to H.

Definition 5.1 (accessible points and crosscut arcs). For a crosscut v of D with 0 ¢ ~, let U
be the component of D\ 7 containing 0 and L(y)* = C'\ U; by Theorem 4.10 it is the open arc
of C between the endpoints of v on the side of the other component. For a domain Q@ C D\ {0}
let T'(2) be the set of crosscuts v with y N DD C €,

o= |J L6,

7ET(Q)

and let acc(§2) be the set of z € C for which there is an arc at = in Q2. Note that Io(£2) is open
in C' and acc(f2) C Q.

Lemma 5.2 ([2, Lemma 2]). For every domain Q@ C D\ {0}, acc(Q) \ Io(Q) is countable.

Proof. We may assume acc(Q2) has two or more points. Let a € acc(Q) and o’ # a in acc(Q),
with arcs 7,7 at a,a’ in Q, and join their other endpoints by a path in Q. By Fact 4.3 the
resulting path from a to a’ contains a simple arc ¢ from a to a'; it is a crosscut with §ND C Q (so
0¢6). Write a = €, o/ = €/®t0, 0 < ¢ < 2r. By Theorem 4.10, L(5)* is one of the two open
arcs €% with (s,t) = (6,0 + £) or (§ +£,0 + 2r), and a € €/l>. So acc(Q) lies in a union of
closed arcs €5 whose open arcs ¢/ lie in I(2), and Lemma 3.34 shows that acc(Q) \ Ip(Q)
is countable. n
Lemma 5.3 ([2, Lemma 3]). Let Q1,92 C D\ {0} be connected. If the sets Ip(£21) N acc()

and Ip(Q2) Nacc(Qs) have a common point a, then Oy N Qy # (.

Proof. Suppose Q1N = (). Choose ; € I'(Q;) with a € L(~;)*, and let U;, V; be the components
of D\ v;, with 0 € U;; so a ¢ U;, while a € acc(Q;) C ;. The sets 7; = 7; N D are nonempty,
connected, contained in €; and in U; (Theorem 4.10), and 71 N2 = () = 7 N ;. Hence each 7;
lies in one component of the other complement.

If 5 C Uy: the connected set 2 misses 1 (as y1 ND C Q1), so it lies in Uy or Vi; it meets
U (it contains 72), so Q9 C Uy and a € Q, C Uy, a contradiction. Symmetrically 71 € Us.

Sor C Voand o C Vi. As 7y C U; and Vs is open, U; meets Va; also 0 € Uy N Us. The
connected set U; meets both components of D\ 2, so it meets 7o N D = 79 C Vj, which is
absurd. O

Theorem 5.4 (McMillan [20, Theorem 5|; [2, Theorem 1]). Let K be a complete separable
metric space and f : D — K continuous. Then CC(f) is an Fy5 subset of C.

Proof. Let {py} be dense in K and {¢;, } dense in C. Put Q(n,m) = S(1/(n+1), ¢ym)ND\{0}, and
let U(n,m, k,1), | €N, be the component of O(n,m,k) = f~1(S(27", px)) N Q(n,m) containing
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¢; (empty if ¢; ¢ O(n, m, k)); every component of the open set O(n, m, k) is open and nonempty,
so it is one of the U(n, m, k,l) (Lemma 4.17). Put A(n,m,k,l) = accU(n,m, k,l) and

y=NU (IO(U(n,m, k,1)) N A(n, m, &, l)).

n m,k,l

Iy(+) is open in C, so Y is Fys.

Y C CC(f). Let y € Y and choose U,, = U(n, m[n], k[n],l[n]) with y € I4(U,) NaccU,. By
Lemma 5.3, U, N U,4+1 contains a point z,; join z, to z,4+1 by a path v, C Up,4+1. Since y €
Unt1 € S(1/(n+2), €mjn1)) Vo lies within 2/(n+2) of y. So the paths ~,,, traversed on [n, n+1]
and reparametrized by t + (1 —¢)~! — 1, followed by y at t = 1, form a path g with g(1) = y,
9([0,1)) € D, and g(t) € U,>n ¥n for t near 1. As S(27", p[n)) and S(2_”_1,pk[n+1]) meet (at
f(zn))a p(pk[n]apk[n+l]) < 2—n+1’ SO Pkln] —> P for some p € K; and f(’}/n) - S(Q_H_lapk[n—s—l})v S0
f(g(t)) = past— 1. By Corollary 4.4, y € CC(f).

CC(f) € Ny Upmpy Aln,m, k). Let f — p’ along an arc 79 at x. Given n, pick k& with
p(p'spr) < 27™ and m with |z — ¢,| < 1/(2n + 2), so that S(r,z) ND C Q(n,m) for r =
min(1/(2n+2),1/2). By Lemma 4.5 a subarc 4, at « has v\ {z} C O(n,m, k); being connected,
it lies in one component, so x € A(n,m, k,1) for some .

CC(f)\Y is countable. If z € CC(f)\Y, there is n with = € A(n, m, k,l) for some m, k, [ but
x & In(U(n,m,k,1))NAn,m, k1), sox € A(n,m,k,1)\ Io(U(n,m, k, 1)), which is countable by
Lemma 5.2.

So CC(f) is the union of an F,5 set and a countable set, hence F,s. (In Lean the three
steps are packaged once, for any countable family of open sets O(n,i) C D\ {0}, and reused for
Theorem 5.5.) O

Theorem 5.5 (|2, Theorem 2|). Let K be a compact metric space, C(K) the space of nonempty
closed subsets of K with the Hausdorff metric p, € C C(K) closed, and f : D — K continuous.
Then

Xe = {x € C : there are an arc vy at x and E € €& with C(f,~) C E}

1s an F,s set.

Proof. It £ = () there is nothing to prove. &£ is compact (Fact 4.8), hence has a dense sequence
P(k). For € > 0 let S(¢, E) = {a : dist(a, F) < €}, which is open, and note that dist(a, F') <
dist(a, E) + p(E, F). Define Q(n,m) as before, U(n,m, k,[) as the components of f~1(S(1/(n+
1), P(k))) N Q(n,m), A(n,m,k,l) = accU(n,m,k,l), and Y by the same formula; Y is Fy;.

Y C X¢. With U, as before, compactness gives P € £ and ny < ng < --- with P(k[n;]) — P.
The sets Uy satisfy the hypotheses used above, so as in Theorem 5.4 we get a path g ending at y,
with g(t) € U, Un, for t near 1, and (Corollary 4.4) an arc 7 at y whose cluster set is contained
in that of fog at 1. Let p be such a cluster point. Given £ > 0, for j large 2/(n; +1) < £/2
and p(P(k[n;]), P) < €/2, so dist(f(g(t)), P) < ¢ for t near 1, and hence dist(p, P) <e. As P is
closed, p € P. So C(f,7v) C P.

Xe €Ny Upgs An,m, k1) Let C(f,7) € Py € €. Given n, choose k with p(FPy, P(k)) <
1/(n+1),s0 C(f,v) C S(1/(n+1),P(k)) =: O. Some subarc of 7y at x is mapped into O:
otherwise the filter of f along -y meets the compact set K \ O and has a cluster point there,
which would lie in C(f,~9)\ O. Conclude as in Theorem 5.4; the countability of X¢\Y is proved
in the same way. O

Corollary 5.6 ([2, Corollaries 1-4]). Let f : D — S? be continuous. Each of the following sets
is Fys ((1)-(3) hold for any compact metric target):
(1) (McMillan) {x : 3y at x, Ip € E, f — p along v}, for closed E C S?;
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(2) {z: 3y at x, dlam C(f,~) < d}, ford>0;

(3) {x: 3y at z, C(f,v) C E}, for closed E C S?;

(4) {z: 3y at x, C(f,v) is an arc of a great circle}, where (since C(f,~) is closed and con-
nected) an “arc” may be a point, a closed arc, or a whole great circle; that is, C(f,~) is
contained in a great circle.

Proof. Apply Theorem 5.5 with £ equal to: (1) {{p} : p € E'}, an isometric copy of the compact
set E, using that C(f,v) C {p} iff f — p along v (Lemma 4.6); (2) {F : diam F' < d}, closed
because if p(F, F') < € then every two points of F' are within 2e of two points of F’, and using
E = C(f,~) for the converse; (3) {E} (or note the set is empty if E = ()); (4) the sets contained
in some great circle {v : (v,u) = 0}: if F, — F with F,, C {{-,u,) = 0}, pass to a subsequence
up — u; each v € F' is a limit of v, € F),, so (v,u) = lim(v,, u,) = 0. With E = C(f,~) for the
converse; the connectedness of C(f,7) (Lemma 4.6) justifies the reading of “arc”. O

Theorem 5.7 (McMillan in the half-plane; [3, Theorem 3)). If K is a complete separable metric
space and f: H — K is continuous, then CC(f) C R is Fyy.

Proof. By Lemma 4.18 with ¥ = k (Lemma 4.13(a)), CC(f) = RN 1 (CC(f o k1)), and the
right side is F,;5 by Theorem 5.4 and Lemma 3.2 (preimage under the continuous map «|g, then
an F,5 subset of the closed set R). ]

The half-plane lemmas of the dissertation. For a domain 2 C H and a crosscut ~ of H
with endpoints ¢ < d let L(y) = [c, d], the trace on R of the closure of the bounded component
of H\ v; let I(€2) = |J L(y)* over crosscuts with yNH C €2, and acc(2) the points of R accessible
by arcs in £2. These lemmas are the half-plane forms of Lemmas 5.2 and 5.3; they are not used
elsewhere.

Lemma 5.8 ([3, Lemma 7]). If acc(Q) # 0, a = infacc(Q) and b = supacc(Q)), then I(Q) =
(a,b); that is, x € I(Q) iff there are c,d € acc(Q) with ¢ < x < d.

Proof. If x € L(v)* = (¢,d) then ¢, d € acc(f2) (initial halves of v from either end are arcs at ¢,
din Q),s0 a <c <z <d<b Conversely, for a < x < b pick ¢,d" € acc() with ¢ <z < d',
and join them by a crosscut through 2 as in Lemma 5.2. (I

Lemma 5.9 ([3, Lemma 8]). If Q1,02 C H are connected and 1(€21) Nacc(1) and I(£22) N

acc(Q) meet, then Q1 N Qg # .

Proof. As in Lemma 5.3, with U; the unbounded component of H \ «; (any two unbounded
components meet, since each contains a half-plane {Imz > t}) and Lemma 4.14 in place of
Theorem 4.10. O

6. BOUNDARY FUNCTIONS OF CONTINUOUS FUNCTIONS AND HOMEOMORPHISMS
Sources: [3, §5, Lemma 15, Theorem 5|; [1, Theorems 1-3]; [2, remark after Corollary 4].

Lemma 6.1 ([3, Lemma 15]). Let X be a topological space, E C X, Y a separable metric space
and ¢ : X — Y. Suppose that for every open U C 'Y there are L € F,(X) and a countable
N C X with ENe Y (U)C L and ENL C o Y(U)UN. Then there is a countable M C E such
that ¢|p\pr s of class Fy.

Proof. Let B be a countable base, choose L(B),N(B) for B € B, put M = EnJz N(B),
Ey=E\ M, 9o = ¢|g,. For open W let BW) ={Be€B:BCW} soW = Usw) B (proof
of Lemma 3.38). Then

po W) CEN |J LB CEN [ (¢ (BYUNB) =En | ¢ (B) Sy (W),
B(W) B(W) B(W)
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S0 Sogl(W) = EO N UB(W) L(B) S FU(E()). m

Theorem 6.2 ([3, Theorem 5]). Let Y be a separable metric space, f : H — Y continuous,
ECR, and ¢ : E =Y a boundary function for f. There is a countable M C E such that
¢lp\ar s of class F,. The same holds for f : D —'Y continuous and £ C C.

Proof. By Lemma 6.1 it suffices, given open U C Y, to find L € F(C) and countable N with
Ene Y (U)CLand ENLC o Y ({U)UN. Let W =Y \U,soUNW =0, and for ¢ > 0

E. = {z € R :some arc v at x has a point z with Im z > ¢, and f(v\ {z}) C U},
K = {z € R :some arc v at x has f(y\ {z}) C W}.

If v € ENg Y(U), a subarc 4/ of the arc at = along which f — ¢(z) has f(y/ \ {z}) C U
(Lemma 4.5); its other endpoint lies in H, so = € F, for some n. So E'N e 1 (U)C U, E1ns
and likewise E N~ 1 (W) C K.

K N E. is countable. Let O = {z € H:Imz < ¢, f(z) € W}, an open set. For z € K choose
(Lemma 4.5) an arc 7, from x to by with v, \ {x} C O, and let U, be the component of O
containing b,. Let T be the set of points of K N E, that are two-sided limit points of E,. We
claim z — U, is injective on T', so T' is countable (Lemma 4.17). Let x < y in T with U, = U,,.
Joining ~, and -y, by a path in U, and applying Fact 4.3, we get a crosscut o’ of H from z to y
with o/ \ {z,y} C O; in particular Im < ¢ on . Let A be the unbounded component of H \ o
(Lemma 4.14); it contains every point above o/. Choose w € (z,y) N E, and an arc 8 at w with
f(B\{w}) C U and a point zp, Imzp > ¢. Then S\ {w} is connected, misses o’ (as UNW = ()
and contains zy € A4, so it lies in A; hence w € ANR = R\ (z,¥), a contradiction. The points of
FE. that are not two-sided limit points of E, form a countable set (Lemma 3.35). Hence K N E.
is countable.

Put L =, E1/,, an Fy set, and N = {J, (K N Ey,), countable. Then EN ¢~ (U) C L, and
if z € ENL with p(x) ¢ U, then x € K, so x € N.

For D, Lemma 4.18 with x shows that (o is a boundary function for fox on E' = k=1 (E\{1});
if por is of class F, on E'\ M’, then ¢ is of class F,, on E\ (k(M')U{1}), since x~! is continuous
there. O

Corollary 6.3 ([3, Theorem 5, Corollary]; [1, Theorems 2, 3]). LetY be R™ orS%. If f :H — Y
(resp. f: D — Y ) is continuous, E C R (resp. E C C) and ¢ : E — Y is a boundary function
for f, then ¢ is of honorary Baire class < 2. In particular ([1, Theorems 2, 3]) a finite-valued
boundary function on C of a continuous real function in D is of honorary Baire class 2(C,R),
and a boundary function on C of a continuous map D — S? is of honorary Baire class 2(C,S?).

Proof. Combine Theorem 6.2 with Theorem 3.22(2)=-(1). O

Lemma 6.4 (accessible from two domains). Let Wi, Wy C D be disjoint connected open sets.
At most three points of C are accessible (by a simple arc, or equivalently by a path g : [0,1] — C
with g(0) =z, g((0,1]) C W;) from both W1 and Ws.

Proof. Let S be the set of such points, z € S, and suppose y,z,w € S\ {z} are distinct,
numbered so that z lies on the arc of C' from y to w not containing z (order them by angle
measured from ). Join the paths at z and at z into Wj by a path in the connected open set
W1; the resulting path from z to z has all points other than z,z in W; and contains a crosscut
o from z to z (Fact 4.3), o \ {z, 2} C Wj. By Theorem 4.10, D \ ¢ has two components Uy, Us
with U; N C = A;, the two closed arcs from x to z; y and w lie in different open arcs A}, A3.
The connected set Wo misses o (as x,z ¢ D and Wi N Wy = ), so lies in one U;; but its closure
contains y and w (they are accessible from W3), which are not both in U;. So |S\ {#}| < 2, and
|S| < 3. O
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Lemma 6.5 (Bagemihl’s ambiguous point theorem, continuous case). For a function f : D — S?
continuous in D, the set Z of x € C at which there are two arcs along which f has different
limits is countable.

Proof. Fix a countable base B of S2. Let x € Z with arcs 71,7y, and limits p; # po; choose
disjoint By 3 p1, Bs 2 ps in B. A terminal subarc of 7; minus z is a connected subset of the
open set f~1(B;) ND, so it lies in a component W; of it, and x is accessible from W;. The
components of open subsets of C are countably many (each contains a point of Q + iQ), so the
tuples (By, Ba, W1, Wa) form a countable set; for each, W3 N Wy = (), and by Lemma 6.4 at most
three x belong to it. O

Proposition 6.6 ([2, remark after Corollary 4]). In Corollary 5.6(1) it suffices that E be a Gy
subset of S?.

Proof. A = CC(f) is F,5 (Theorem 5.4). Choose any boundary function ¢ : A — S?. By
Theorem 6.2, ¢ is of class F,, on A\ M for a countable M. Off the countable set Z of Lemma 6.5
(f is continuous in D), every arc limit of f at x € A equals ¢(z); so the set S in question
satisfies S = (P\ Z) U (SN (M U Z)) with P = (p|a\n) ' (E). Writing E = ; O; with O;
open, P = ﬂj(gp|A\M)_1(Oj) is Fys in A\ M, hence in C, as A\ M is F,s5. Countable sets are
F, and their complements Gs, so S is Fs. ]

6.1. Homeomorphisms. The following is Theorem 1 of [1], of which we have only the state-
ment.

Lemma 6.7. Let f be a homeomorphism of D onto D, regarded as a map D — C. If f - q€ C
along an arc at x € C, then q € C.

Proof. If ¢ € D then 2z = f~1(f(2)) = f~1(q) € D as 2 — x along the arc, which is absurd. [

Theorem 6.8 ([1, Theorem 1]). Let f be a homeomorphism of D onto D, regarded as a map
D — C, let E C C, and let ¢ : E — C be a boundary function for f (so ¢(E) C C by
Lemma 6.7). Then there is a countable N C E such that (p\E\N 18 continuous. More precisely,
for every e > 0 the set

S.={x € E: forevery § >0 there is ' € E with 0 < |2’ — x| <6, |p(z") — p(x)| > €}

has at most 27 /e points.

Proof. Since ¢ is continuous (relative to E) at every point of E'\ | J; 51 /i, the first claim follows
from the second. Let x1,...,x,, be distinct points of S.. Choose § € (0,1) so small that the
balls S(6,x;) are pairwise disjoint, and for each ¢ choose z; € E with 0 < |z} — z;| < 6/2 and
lo(x}) — ¢(z;)] > €. Fix 4, and let 7,4 be arcs at z;, z; along which f tends to p(x;), p(x}).

A crosscut near x;. By Lemma 4.5 choose subarcs § C v N S(§/2,x;) at z; and f/ C 7' N
S(0/2,x)) at z, with other endpoints u,v € D. The segment [u,v] lies in the convex set
DN S(6, z;) (Lemma 4.16(a)). By Fact 4.3, 8U [u,v] U § contains a simple arc o; from z; to z},
which is a crosscut of D lying in a closed ball S(¢’, z;) with ¢’ < §. Near x;, o; consists of points
of B (the compact sets [u,v] and £’ miss z;), so f — ¢(x;) along o; at z;; likewise f — ¢(x]) at
x. Since ¢(z;) # p(z}) lie on C' (Lemma 6.7), 7, = f(o; ND) U{p(z;), ¢(z})} is a crosscut of D.

The small component. The connected set D \ S(¢',z;) (Lemma 4.16(b)) misses o;, so it
lies in one of the two components of D \ o; (Theorem 4.10); let R; be the other one. Then
R; C S(¢8,z;) € S(d,zi), so Ry, ..., Ry, are pairwise disjoint.

Images. f maps D\ o; homeomorphically onto D \ 7;, so f(R;) is a component of D\ 7, and
by Theorem 4.10 f(R;) N C is a closed arc A; with endpoints ¢p(x;), (), of length at least
lo(xi) — @()| > e (Lemma 4.16(c)). The sets f(R;) are pairwise disjoint, so the arcs A; have
pairwise disjoint interiors (Lemma 4.11). Hence me < 27 by Lemma 4.16(d). O
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7. REALIZING SETS OF CURVILINEAR CONVERGENCE AND BOUNDARY FUNCTIONS

Sources: [8, (A)—(F)]; [3, §84-5, Lemmas 9-17, Theorems 4, 6, 7]. In this section X = (—1,1)
(identified with (—1,1) x {0}), @ = [-1,1] x (0,1], Q° = (—1,1) x (0,1), and CC refers to arcs
in @Q° unless said otherwise. Points of H are (z,y), y > 0.

7.1. Regions.

Definition 7.1 (Stolz angles, trapezoids, B(K,e,a,f)). For a € R, ¢ > 0,0 < 6 < 7/2:
s(a,e,0) = {{z,y) : 0 <y < e, |r—al <ycotb}. For a nonempty interval J with endpoints
a < b: Trap(J,e,0) = {0 < y < &, a+ycotd < z < b—ycoth} and Tri(J,0) = {y >
0, a+ycoth <x <b—ycotf}. For a nonempty compact K C R let J(K) = [min K, max K]
and let J(K) be the set of components of J(K) \ K; for 0 < f < o < w/2 put

B(K,e,a, ) = Trap(J(K), e, a) \ U Tri(1, ).
IeJ(K)

Lemma 7.2 (description of B). (z,y) € B(K,e,a,0) iff 0 <y < e, minK +ycota < x <
max K — ycot «, and dist(z, K) < ycot 3.

Proof. Let y > 0 and x € J(K). If z € K, x lies in no Tri(I,3) (these lie over I, and at an
endpoint a of I we would need a +ycot 8 <a). If z € I = (a,b) € J(K), then = ¢ Tri(I, ) iff
min(z —a,b—x) < ycot 3, i.e. iff dist(z, K) < ycot 3, and z lies over no other component. [J

In Lean, J(K) is recorded by the endpoint pairs (a,b) with a,b € K, a < b, (a,b) N K =
0 (gaps); that these intervals are exactly the components of J(K) \ K is exists_gap and
connectedComponentIn hull diff. Here R is the line {3z = 0} of C.

Lemma 7.3 ([8, (VI)-(XVIII)]; [3, (6)—(17)]). Let K, K1, K2 be nonempty compact subsets of
R,0<pf<a<n/2,0<6<m/2. Write cg = cot 6.

(R1) s(a,e,0) and B(K,e,a, 3) are open subsets of H.

(R2) Cls(a,e, ) "R ={a} and C1 B(K,e,a,5)NR C K.

(R3) If e < &' and 0’ < 6 then Cls(a,e,0) NH C s(a,e’,0').

(R4) If a # b and n < |a — b|/(2cy), then s(a,e,0) N s(b,n,0) =0 for all €.

(R5) If K1, Ko split (Definition 7.4), B(K1,e1,a, ) N B(Ka,e2,a, 3) = 0.

(R6) If K1 N Ky =0 and n < dist(K7, K2)/(2¢p), then B(Ky,¢,a,8) N B(K2,n,a,5) =0 for

all €.
(R7) If K1 CK,e>e1>0and0< < 1 <a; <a<mn/2, then ClB(Kj,e1,a1,51)NH C
B(K,e,a, 3).

(R8) If « < 6 and a ¢ J(K)*, then B(K,e,a, 8) N s(a,e1,0) = 0.
(R9) If a ¢ K and n < dist(a, K)/(cop + cg), then s(a,n,0) N B(K,e, o, ) =0 and s(a,,6) N
B(K,n,a,B) =10 for all e.
(R10) Ifa € KNJ(K)*, B <0, and 0 < n < min{e, (a—min K)/(cp+c,), (max K—a)/(co+ca)},
then Cls(a,n,0) NH C B(K,¢e,a,f).

Proof. All follow from Lemma 7.2 and the triangle inequality. (R1) Strict inequalities between
continuous functions. (R2) If (xy,,yn) — (x,0) with dist(z,, K) < yncg then dist(z, K) = 0.
(R3) On the closure, y < e < &’ and |z — a| < ycg < ycgr. (R4) A common point has |a — b| <
2ycy < 2ncyg. (R5) With splitting point p and K; < p < Ko, points of the first region have
x < max K7 < p and those of the second x > min K3 > p. (R6) A common point has y < n and
dist(K1, Ko) < dist(z, K1) +dist(z, K2) < 2ycg. (R7) On the closure y < &1 < &, min K +yc, <
min Ky + yco, < o (similarly on the right), and dist(z, K) < dist(z, K1) < yeg, < ycg. (R8)
If @ < min K, points of the Stolz angle have © < a + ycg < min K + yc,; symmetrically if
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a > max K. (R9) A common point has dist(a, K) < |z — a| + dist(z, K) < y(cg + cg) with
y < 1. (R10) On the closure, 0 < y < 7 < ¢, |z —a| < ycy, so dist(z, K) < ycy < ycg and
T > a—ycy > min K + ycg. ]

In Lean the hypothesis of (R6) is stated pointwise (n < |z1 — x2|/(2¢p) for z; € K;, which
also gives K1 N Ko = () when 1 > 0), and the hypotheses a ¢ K in (R9) and a € J(K)* in (R10),
which follow from the bounds on n when n > 0, are omitted.

7.2. Special families and special functions.

Definition 7.4 (splitting, special families). Two sets Eq, Fo C R split if there is p with F; <
p < FEy or By < p < Ej (pointwise). A special family is a countable family F of compact subsets
of X such that any two members are equal, disjoint, or split. Let F? be the members with at
least two points and E(F) the set of endpoints of the intervals J(F), F € F, F # ().

Two distinct members of a special family meet in at most one point, and such a common
point is an endpoint of both hulls. Endpoints of J(F') belong to F. In particular, if e € E(F),
F e Fandee J(F)* then e ¢ F: e is an endpoint of some J(F’), so e € F' and F' # F; if
e € F, then F, F’ split at a point p with p = e, and e would be an endpoint of J(F) (Lean:
IsSpecialFamily.notMem of mem Ioo). (The source also asks F # (; nothing uses this, and it
is dropped.) In Lean, subsets of X are subsets of R contained in (—1,1), and “F} (resp. Fys) in
X7 is stated as “F, (resp. Fy5) in R”; for subsets of X these agree since X is open, hence Fy,
in R.

Lemma 7.5 ([8, (III)]; [3, Lemma 9]). Every Fy, subset E of X is the union of a special family.
Proof. Write E = J,, Cy, with C,, closed in R and put A, = C1U---UCp_1, so A1 =0, the A,

are closed, increasing, and contained in E. Every open U C R is the union of countably many
compact intervals any two of which split: take the maximal dyadic intervals [k27, (k + 1)27™]
(m € N, k € Z) contained in U. They cover U (each x € U lies in a dyadic interval inside U,
and among its finitely many dyadic ancestors in U take the largest), and two distinct ones are
not nested, hence have disjoint interiors, hence split. So R\ 4,, = | i In,j with compact intervals
I, ; any two of which split. Let F = {I,; N Ap41}. Its members are compact subsets of X, and
UF = U, (An+1 \ 4,) = E. For distinct members I, j N Apq1, Ly j» N Aprpq: if n < n' then
n+1 <n’ and the second lies in X \ A,y C X \ A,+1, so they are disjoint; if n = n’ then j # j’
and they split because Iy, j, I, j» do. O

Lemma 7.6 ([8, (IV)]). If A C X is F,s, there are special families F,, with A =, |JFn such
that every member of Fpny1 is contained in a member of JF,.

Proof. Write A = (N, An, with A,, C X F, (replace A, by A, N X), choose special S, with
A, =USn, and put F; =81, Fuy1 ={ENF:E € F,,F € S+1}. For two members EN F,
E'NF": if E # E' compare E,E’, and if E = E' compare F, F’; subsets of disjoint (splitting)
sets are disjoint (split). So F,41 is special, |JF, = A1 N---N Ay, and (), UFn = A. O

Definition 7.7 (special functions). Let 0 < 8 < a < 6 < 7/2 and F special. A pair of special
a, 3,0 functions for F is a pair (,0) of positive functions on E(F) and F? such that: (i) for
each 7 > 0 only finitely many F € F? have 6(F) > n; (ii) for each > 0 only finitely many
x € E(F) have e(z) > n; (iii) the sets s(z,e(x),0), z € E(F), are pairwise disjoint; (iv) the
sets B(F,8(F),a,3), F € F?, are pairwise disjoint; (v) s(x,e(z),0) N B(F,§(F),a,3) = () for
r € E(F), F € F2.

Lemma 7.8 ([8, (XX)]; [3, Lemma 13]). Every special family has a pair of special o, 3,0 func-
tions.
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Proof. If F = ) there is nothing to prove. Otherwise enumerate F = {Fy, Fy,...} (repetitions
allowed); for F' € F let k(F') be its least index, and for e € E(F) let k(e) be the least k such
that Fy # () and e is an endpoint of J(F}). Put ¢ = cotf + cot § and t+ =t if t > 0, t+ =1
otherwise; for disjoint compact K, L let o(K, L) > 0 be a lower bound of |z —y|, x € K,y € L
(and o(K, L) =1 if K, L meet). Define

§(F) = min min{ 1 (U(Fj,F))Jr’ (dist(minFj,F))Jr’ (dist(maij,F))Jr}’

F<k(F) J+1 2cot 8 c c
i + + . +
. . 1 |e—min Fy| |e—max F}| dist (e, F})
= min minyg -5 —_— = - J! .
6(6) j<k(e) {j+17 ( 2cot 0 ’ 2cot 6 ’ c

These are minima of finitely many positive numbers. Condition (i): §(F") > n forces k(F)+1 <
1/m; (ii): e(e) > n forces k(e) + 1 < 1/n, and each index contributes at most two endpoints.
(iii) If e # €, say k(e') < k(e), then ¢’ is an endpoint of J(Fj (), so e(e) < |e — €'|/(2cot 0)
and (R4) applies. (iv) If F' # F' in F? split, use (R5); if they are disjoint, say k(F’) < k(F),
then §(F) < o(F', F)/(2cot B) and (R6) applies. (v) Let e € E(F) and F € F2. If e ¢ J(F)*
use (R8) (B < a < 0). Otherwise e ¢ F (remark after Definition 7.4), so dist(e, F) > 0. If
k(F) < k(e) then e(e) < dist(e, F')/c and the first half of (R9) applies; if k(F) > k(e) then e is
an endpoint of J(Fj), so 0(F') < dist(e, F')/c and the second half of (R9) applies. O

Lemma 7.9 ([8, (XXI)]; [3, Lemma 14]). If (¢,0) is a special pair and 0 < e; < e, 0 < d; <,
then (e1,01) is a special pair.

Proof. The regions shrink as the parameters ¢, decrease. O
7.3. The function g.

Theorem 7.10 ([8, (A)]; [3, Theorem 4, proof]). Let A C X be F,s5. There is a continuous
g : H — [0,1] such that (a) for each v € A, g(z) = 0 as z — x through s(z,1,37/8); and (b) if
z € R and g — 0 along some arc at x in H, then x € A.

Proof. Take F,, as in Lemma 7.6 and E, = E(F,). Fix strictly monotone sequences f3,, T 7/4
in (0,7/4), o, | ©/4 in (7/4,7/3), 6, T 37/8 in (7/3,37/8) (Lean: t, = 7/(24(n + 2)),
Bn = 7/4 — 2tp, o = /4 + 2ty, 0, = 37/8 —t,). For a special pair (e,9) of F,, let U be the
union of the pieces s(z,e(x),0,), * € E,, and B(F,§(F), an, Bn), F € F2.

Properties of U. The pieces are open and pairwise disjoint ((iii)—(v) of Definition 7.7). Each
piece lies in {y < e(z)} or {y < §(F)}, so by (i), (ii) only finitely many pieces meet {y > yo/2};
hence a point (xg,yo) € CLU NH lies in the closure of one piece. By (R2) the closure of a piece
meets R only in |JF, (an x € E,, lies in some member of F,,).

Small angles and regions. (1) If z € F € F, and 6,, < ¢ < m/2, there is ¢ > 0 with
Cls(z,¢,0")NH C U: if x is an endpoint of J(F), then z € E, and (R3) with ¢ = £(x)/2 applies;
otherwise x € FNJ(F)*, so F € F2 and (R10) (with 3, < ¢’) applies to B(F,5(F), an, Bn). (2) If
K e F2,,, K CF € F,, then F € F2, and (R7) with n = §(F)/2 gives C1B(K, 1, an41, Bnt1)N
HCU.

Construction. Let (g9,00) be any special «y, fo, 0y pair for Fy. Given (g,,6,) with set U,,
take any special a1, Bnt1,Ont1 pair (g,9) for Fpyi, and let e,41(z) = min{e(z),((z)} for
x € Eptq with ((z) from (1) (for = 6,41 and a member of F,, containing x), and 6,41 (K) =
min{d(K),n(K)} with n(K) from (2). By Lemma 7.9 this is a special pair, and by the properties
of Up11, ClUp+1 NH C U,; in particular U, NH C U,.

The function. Let g, : H — [0,1] be continuous with g, = 1 on H\ U,, and g, = 0 on
ClUp41 NH (Urysohn in the metric space H), and g =) 27"1g,. Then ¢ is continuous with
values in [0, 1], and

g>2""1ton H\U,, g<27" bVon Uy, (7.1)
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the latter because g,, = 0 on U,y C ClU,41 for m < n.

(a) Let g € A and n € N. Then zy € F for some F € F,11, and (1) with 8’ = 37/8 gives
¢ > 0 with s(z0,¢,37/8) C Upy1- So g <2771 on s(x,1,37/8) N {|z — zo| < ¢}

(b) If g — 0 along an arc v at z, then for each n there is r > 0 with ¢ < 27"~! on
(vy\{z})NS(r,z). Parametrizing v from z, a connected set C' = p((0, to]) lies in this set and has
x € C (Lean: TJK.IsArcAt.exists tail). By (7.1), C C U,; a connected subset of a union of

disjoint open pieces lies in one piece, so x lies in the closure of a piece, hence = € | JF,,. Thus
ze,UF. =4 O

In Lean, g is a function C — R, continuous on H and mapping H into [0, 1], and (a) is g — 0
along N(z.1,37/8)(2)-

Theorem 7.11 ([3, Theorem 4]). For every Fys set A C R there is a bounded continuous
f:H — C with CC(f) = A.

Proof. Let A" = \II]}_HI(A) C X, an Fy4 set, g as in Theorem 7.10 for A’ and fy = gsin(1/y) + ig
on Q°. If x € A, fo — 0 along a short vertical segment at x (which lies in Q° N s(x,1,37/8)
apart from z), since |fy| < 2¢g. If fo — ¢+ di along an arc v at z, then g — d; if d # 0,
then since y — 0 continuously along ~, every tail of v contains points with sin(1/y) = 1 and
with sin(1/y) = —1, so Re fy has no limit. Hence d = 0 and x € A" by Theorem 7.10(b). So
CC(fo) = A, and f = fy o Uy' has CC(f) = A by Lemma 4.18. O

7.4. The function h.

Lemma 7.12 ([8, (B)(I)]; [3, Lemma 17]). (a) If f: (—1,1) — R is strictly increasing, there is
a continuous weakly increasing f* : R — [—1,1] with f*(f(z)) =« for allxz. (b)) If f : R - R
is strictly increasing and f(R) is unbounded above and below, there is a continuous weakly
increasing f*: R — R with f*o f =id.

Proof. (a) f*(t) = sup({—1} U {x : f(z) < t}). It is weakly increasing, and {z : f(z) <
f(zo)} = (—1,20) gives f*(f(xo)) = xo. Its range contains (—1,1), so it is dense in [—1,1],
and a monotone map onto a dense subset of an interval is continuous. (b) The same with
f*(t) =sup{z : f(z) < t}, whose range is R. O

Lemma 7.13 ([8, (B)(II)]; [3, Lemma 16]). Let M be a metric space and u: M — R. Suppose
that whenever p, — p in M and u(p,) — y in [—00, +00], we have y € R and y = u(p). Then
U 18 continuous.

Proof. If u(py,) # u(p), a subsequence converges in [—o00, 00| to some y # u(p). O

Theorem 7.14 ([8, (B)]; [3, Theorem 6]). Let E C X and let ¢ : E — R™ be of honorary Baire
class < 2. There is a continuous h : H — R™ such that for each p € E there is a segment \p

at p, contained in s(p,1,37/8) U {p}, along which h — ©(p). If ¢ is bounded, h can be taken
bounded.

Proof. Let ¢ =1 on E'\ Ny with Ny countable and ¢ € B;(E,R™). Fix an injection e : Ny — N,
put se;) = x for ¥ € Npg and s, = 1 for n ¢ e(Ny); so s, = sp € X implies n = k. Let
w(n) =273 and

n: sp<x
which is weakly increasing with ¢(q) > ¢(s,) + w(n) whenever g > s,,.
The function u. For y > 0 let u(z,y) = sup({—1} U{p € X : p+ ye(p) < x}). Since
p — p+ ye(p) is strictly increasing, x +— u(x,y) is continuous and weakly increasing (proof of
Lemma 7.12(a)). As0<c <1, u(xz—|y—v|,y) <u(z,y') <ulx+|y—1v|,y), so u is continuous
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on H. Clearly u(z,y) =pifp € X, p+yc(p) <z, and x < ¢+ yc(q) for all ¢ € X with ¢ > p.
Hence (*) u = p along the line 2 = p + ay whenever p € X and ¢(p) < a < ¢(q) for all ¢ > p.

The function hg. By Theorem 3.14 there are continuous g, : R — R™ with g, — ¢ on FE.
With A(t) = (1 —|¢]) V0 put

ho(z,y) = > A(1/y = n) gn(u(z,y)).

n>0

The terms vanish for n > 1/y + 1, so the sum is locally finite and hg is continuous on H. For
n <1/y <n+1itis a convex combination of g,(u) and gn4+1(u); so if u = p € E along a line
at p, then hg — ¢ (p) along it.

The corrections. Let z, = ©(sy) — 1(sp) if s, € E and z, = 0 otherwise, and

An(z,y) = [(1 = ny) V0] Tn(%)zm 7,(r) = (1- 127 — 2¢(s,,) — w(n)\)

w(n)

V0.

T,, vanishes outside (¢(sy),c(sn) + w(n)) and equals 1 at the midpoint; A, is continuous on H
and vanishes for ny > 1. So h = hg + ), A, is continuous on H.

Points of E'\ Nyg. Let A be the line x = p + ¢(p)y, y > 0. By (*), v = p on \. There
o = (x —8p)/y=(p—5sn)/y+c(p) is > c(sp) + w(n) if s, < p and < ¢(sy) if s, > p, so every
A, vanishes on A\, and h — ¥ (p) = ¢(p).

Points of Ny. Let p = s and let X’ be the line 2 = p+ (c¢(p) + w(k)/2)y, y > 0. By (*), u=p
on X. For n # k with z, # 0 we have s, € X, 50 8, # S, and 7, = (sp—$n) /y+c(sg)+w(k)/2 s
> c(sp)+w(n)if s, < s, and < ¢(sy,) if 8, > sg; s0 Ay, = 0on X, while Ay, = [(1—ky)VO0]zr — 2.
Thus h — ¥(p) + zr = ¢(p) along N.

The slopes lie in [0, ], and & < /2 — 1 = tan(r/8) = cot(3m/8), so the parts of A\, ' with
0 <y <1liein s(p,1,37/8). If ||| < bon E (sup norm), clamp each coordinate of h to [—b, b];
the limits along the segments are unchanged. O

7.5. The function k.

Theorem 7.15 ([8, (C)]). Letd: (0,1] — (0,00) be weakly increasing. There is a continuous k :
R x (0,1] — C with |k| < v/2 such that for every a € (0,1] and every connected v C [~1,1]x (0, a]
containing two points at distance > d(a), there are p,q € v with |k(p) — k(q)| > 2.

Proof. Let p(x) = infte(071](%d(t) + |z —t]). As an infimum of 1-Lipschitz functions, p is 1-
Lipschitz. It is weakly increasing on (0,1]: for z < 2’ and ¢t € (0,1}, if ¢ < x the term at
z is at most the term at 2/, and if ¢ > z then p(z) < id(z) < id(t). For z € (0,1] we
have 0 < min{3d(z/2),2/2} < p(z) < 3d(z) (split ¢ > z/2 and t < z/2). Let m(y) =
min{p(y), y/2, p(y/2)?/2}: continuous, positive and weakly increasing on (0, 1]. Define

2m dmx
_ ko(x,y) = sin —, k= k1 + iko;

m(y) () P(y)
k is continuous on R x (0,1] and |k| < v/2. Let 21,22 € v with |21 — 22| > d(a), z; = {(z},y;),
y2 < y1 < a. Either

k1(y) = sin

(12) yi—ya=m(y1), or  (13) y1—y2 <m(y).
In case (12), using m(y2) < m(y1) and yrya <1,
2r 2w > 27 (y1 — y2) > 2mm(y1) > o,
yam(y2)  yim(y1) — yiyam(yi) — yiyem(yi)
The continuous function 27/(ym(y)) on the connected set 7 therefore takes all values in an
interval of length 27, so k; takes the values 1 and —1 on «. In case (13), y1 —y2 < m(y1) < y1/2,




THE MATHEMATICAL WORKS OF T.J. KACZYNSKI:A UNIFIED ACCOUNT AND FORMALIZATION BLUEPRINB

so with ¢ = p(y /2 ) > 0 we have p(y1), p(y2) > c and [p(y1) — p(y2)| < y1 —y2 <m(y1) < ¢ /
hence |p(y1) ™" = p(y2) | < 3. Also d(y1) < d(a) and y1 —y2 < m(y1) < p(y1) < 3d(y1), s
|21 — x| = d(a) = (11 — v2) > 3d(y1) = p(y1). With |zo] < 1,

471’(51_471'%2‘ []xl—:z:g\_’ 1 _ 1 HZ47T|:1—1}:27T,

p(y1)  p(y2) p(y1) p(y1)  p(y2) 2
and ko takes the values £1 on . In either case some p,q € v have |k(p) — k(q)| > 2. O

7.6. Assembly.

Theorem 7.16 ([8, (D)]). Let A C X be F,s5 and ¢ : A — C bounded and of honorary Baire
class < 2. There is a bounded continuous f : Q@ — C such that A is the set of curvilinear
convergence of f (arcs in Q°) and ¢ is a boundary function for f.

Proof. Let g be given by Theorem 7.10 and h (bounded, with C = R?) by Theorem 7.14 for
E = A, both restricted to Q. For t € (0,1] let D(t) be the supremum of the 6 € (0,1] such
that 21,29 € [—1,1] x [t,1], |21 — 22| < ¢ imply |h(z1) — h(z2)| < t and |g(z1) — g(22)] < t; it
is positive by uniform continuity on the compact set [—1,1] X [¢, 1], and weakly increasing. Let
d(t) = min{3D(t/2),t/4}, k as in Theorem 7.15, and f = h+ gk; f is bounded since h, g, k are.

If x € A, h — ¢(x) along a segment in s(z,1,37/8), along which gk — 0; a short initial
piece of this segment lies in Q° (Lemma 4.5). So ¢ is a boundary function and A C CC(f).
Conversely let f — ¢ along an arc v at x € X in Q°; we show g — 0 along ~, so x € A by
Theorem 7.10(b). Let € € (0,1] and r > 0 with |f(z) —q| < /2 for z € y\ {z}, |z — z| < r.
Let z9 = (xo,y) € v\ {z} with |20 — 2| < min{r/2,3¢/16}, and suppose g(z9) > e. Let
a=4y/3 <1. As |x — z| > y > d(a), Lemma 4.5(b), applied to a parametrization of  from x
to zp, gives a connected 4/ C v N S(d(a), z0) containing zp and a point at distance d(a) from it.
Since d(a) < a/4 = y/3, v C ([-1,1] x [a/2,a]) \ {z}, and Theorem 7.15 gives p,q" € 4 with
k(p) — k()] > 2. As |p— | < 2d(a) < D(a/2) and [p — 20}, l¢' — 20| < d(a) < D(a/2), we get
|h(p) — h(¢')] < a/2 and |g(p) — 9(20)|. |9(¢') — 9(20)| < a/2 < £/8. Hence

£ ()= F(@)] > g(z0) [k (p) k(&) 1k (P)|g(p)—9(20)| —|(d)]l9(a )~ g(z0) |~ |(p) ~P(g)| > 26— 2FHe > .

But [p—z|,|¢ — 2| <y/3+ |20 — x| <7, s0 |f(p) — f(¢)] < e, a contradiction. Hence g < € on
v\ {z} near x. O

Theorem 7.17 ([8, (E)]). Let A C C be F,5 and ¢ : A — C bounded and of honorary Baire
class < 2. There is a bounded continuous f : 1D — C with CC(f) = A such that ¢ is a boundary
function for f.

Proof. If A = () take f(z) = sin(1/(1 — |z])): along any arc at € C, every tail contains a
connected set on which 1/(1 — |z|) takes all values in some [tg, 00), so f takes the values 1 and
—1 there and has no limit. Otherwise rotate so that 1 € A (the rotation is a chart of DU C
onto itself, Lemma 4.18). Let A’ = W'(A\ {1}) C X, which is Fs, and apply Theorem 7.16
to A" and ¢ o Uy (of honorary Baire class < 2 by Lemma 3.23), obtaining fi; put fo = f10 \IJ]]Sl
on G°. On the set G” of Lemma 4.13(c), which is closed in D, fj is continuous and bounded;
set F' = foon G’ and F = (1) on the radius [0, 1), which is closed in D and disjoint from
G”. By the Tietze extension theorem (Fact 4.7) F extends to a bounded continuous f on D.
Along the radius f — ¢(1). Each € C'\ {1} has a neighbourhood W with WND C G”, so by
Lemmas 4.19 and 4.18 the arc limits of f at = are those of fi at ¥p'(z). O

Theorem 7.18 ([8, (F)]; McMillan’s problem). Let A C C be F,5 and ¢ : A — S* of honorary
Buaire class < 2. There is a continuous f : D — S? with CC(f) = A such that o is a boundary
function for f.
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Proof. Let ¢ = 1 off a countable N with ¢ € Bi(4,S?), and 4; = A\ N. By Lemmas 3.7
and 3.19, applied in the metric space A;, there is 1y : A1 — Zy U Zy with ® oy = |4, and
o oy of class F,. For x € N choose ¢y(x) € Zy U Zy with ®(¢o(z)) = ¢(x) (possible since
®(Zy U Zy) = S?). Then o o)y : A — R? is bounded (Lemma 3.18(v)) and of honorary Baire
class < 2 (Theorem 3.22). By Theorem 7.17 there is a bounded continuous f; : D — C with
CC(f1) = A and boundary function o o 1y. Put f = ® oo~ 1o fi. Then f — ®(g(x)) = @(z)
along the arcs at x € A. If f — g along an arc y at x € C, let K be a closed disk containing f; (D)
and © = ® oo~ !k, which is at most three-to-one. By Lemma 4.6, ©(C(f1,7)) = C(f,7) = {q},
so C(f1,7) € ©71(q) is finite; being nonempty and connected (in a T} space a connected set with
two points is infinite), it is a single point {w}, and fi — w along . Hence z € CC(f;) = A. O

Theorem 7.19 (half-plane versions; [3, Theorems 4, 6, 7]). (a) If A C R is F,s and ¢ :
A — C is bounded and of honorary Baire class < 2, there is a bounded continuous
f:H — C with CC(f) = A and boundary function ©. The same holds with S* in place
of C (and f continuous).
(b) (13, Theorem 6]) If E C R is arbitrary and ¢ : E — R™ is of honorary Baire class < 2,
there is a continuous f : H — R having ¢ as a boundary function.
(c) (13, Theorem 7)) The same with S* in place of R™.

Proof. (a) Transfer Theorem 7.16 by ¥y (Lemma 4.18); no exceptional point occurs. For S?
argue as in Theorem 7.18. (b) Apply Theorem 7.14 to W5'(F) and ¢ o ¥p; the segments have
tails in Q°; transfer. (c) Write ¢ = ® oo~ ! oy with x : E — R? bounded and of honorary Baire
class < 2, exactly as in Theorem 7.18, apply (b) to x, and compose with ® o ¢~ 1. ]

8. BOUNDARY FUNCTIONS OF DISCONTINUOUS FUNCTIONS

Sources: [3, Chapter II]; [1, Theorems 4-6]. We work in H with boundary R.

8.1. Baire functions.

Definition 8.1. For arcs 7;,7v, at x,y € R and ¢ > 0, v, meets vy, below height c if there are
subarcs v, C v, at x and vy, C 7, at y, contained in {Im z < c}, with 4, N, # 0. This relation
is symmetric, and if it holds for ¢ it holds for every ¢ > c.

Lemma 8.2 (the “Figure 5” argument of [3, proof of Theorem 8|). Let x < t < y be real, let
a, 8 be arcs at x,y in H, contained in {Im z < ¢}, with N B # 0, and let T be an arc at t in H
whose other endpoint p has Imp = c. Then T meets U 3.

Proof. o« U f is path connected, so by Fact 4.3 it contains a simple arc ¢ from x to y, a crosscut
of H with max,Im < ¢. Suppose TN o = (), and let V,U be the bounded and unbounded
components of H \ ¢ (Lemma 4.14). The connected set 7\ {¢} lies in U UV, hence in U or in
Viand t € 7\ {t}. If it lies in U, then t € UNR = R\ (x,y), which is false. If it lies in V, then
p € V,s0 p+ie € V for small € > 0; but p+ ic € U since it lies above o. Contradiction. O

Theorem 8.3 ([3, Theorem 8J; [1, Theorem 4]). Let Y be a separable arcwise connected metric
space, £ > 1, f: H — Y of Baire class §, E C R, and ¢ : E =Y a boundary function for f.
Then @ is of Baire class & + 1.

Proof. Let U CY beopen, V=Y \U, A= }(U), B=¢ (V), P=AUB. By Lemma 3.38
(with € + 1 > 2) it suffices to find T € P*T2(R) with A C T and TN B = (}: then p~}(U) C
TNEC o Y(U)and TNE € PT2(E). For x € P choose (Lemma 4.5) an arc v, at = with
f = p(x) along it, v, C {|z — x| < 1}, and f(y, \{z}) CU ifx € A, CV if x € B. Then
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Ye Ny =0 for x € A, y € B. Write ¢, = 1/(n+ 1) and “meets at n” for “meets below height
¢y’ . Let
L={zeP:Vn3dyec P\ {z}, 7, meets v, at n}, M=P\L,

and let K, be the set of € P such that v, reaches the line Im z = ¢, and, if x € M, 7, meets
no vy, y € P\ {z}, at n. Every € P is in some K, and every x € M is in K, for all large n
(an arc at = reaches every small height; and “meets” is monotone in the height).

Step 1: LN A= GNP and LN B~ GyNP for Gs sets Go,Gp. Let x € LN A,y € P\ {z}
with v, meeting v, at n. We claim [z,y] N K,, € L N A (with [z, y] the closed interval between
z and y). First, 7, Ny # 0,s0y € A. Let ¢t € [z,y] N Ky, t # x. If t =y, v meets v, at n.
Otherwise let T be the subarc of 4 from ¢ to its first point on Im z = ¢,,; by Lemma 8.2, 7 meets
one of the two meeting subarcs, so 7, meets v, or v, at n. Since t € K, this gives t ¢ M, so
t € L; and 4 meets an arc of a point of A, so t € A. Let W, be the union of the intervals [z, y]
over all such pairs (z,y). Then LNA =, (W, NP): “C” since z € [z,y]; and if t € PN[), Wh,
take m with ¢t € K,,,, then t € L N A by the claim. By Lemma 3.34 each W,, = O, with O,
open; let G4 =(),, On. By Lemma 3.33, LN A~ G, N P. Exchanging A and B gives Gy.

Step 2: MNA ~ DNM with D € Pt2(R). For z € K, let p,(z) be the first point of Im z = ¢,
reached along v, from z. If x < 2’ in M N K,,, the subarcs from x to p,(z) and from z’ to
pn(2') are disjoint (they would otherwise meet at n), so Rep,(x) < Rep,(2’) by Lemma 4.15.
Also |z — Repp(x)] < 1. By Lemma 3.36 there is a weakly increasing h, : R — R equal to
Rep, on M N Ky; let g,(x) = f(hn(z) + icy). By Lemmas 3.29 and 3.37 there is a countable
N such that each gn|yn n is of Baire class {. For z € M and n large, gn(v) = f(pn(7)) with
pn(z) € 72 \ {z} and Imp,(z) — 0; as v is compact and meets R only at z, p,(x) — = along
Yas 80 gn(x) = @(x). Hence @[y y is of Baire class € + 1, hence of class P*™2 (Lemma 3.30), so
AN(M\ N)=Dn(M\ N) for some D € P*2(R) (Lemma 3.28(f)).

Step 3. From Step 1, L~ (G, UG,) NP,so MNA~DNM =~ Dn (P\(GaUGb)) and

A=(LNAUMNA=ToNP, To=G,U(D\(G,UGy)) € P"2(R),

since Gy € Q% C P52 and R\ (G, U Gy) is F,. With the countable sets C; = A\ Ty and
Co = (TyNP)\ A, the set T = (T \ C2) U CY is in PS2(R) (countable sets are F,), contains A,
and misses B. OJ

Corollary 8.4 ([3, Theorem 8, Corollary]; [1, Theorems 4, 5]). Let Y be a separable, arcwise
connected metric space, f : HH — Y Borel measurable, and ¢ : E — Y a boundary function for
f. Then ¢ is Borel measurable. In particular ([1, Theorems 4, 5]), if f is a real function of
Baire class € > 1 in the upper half-plane, every finite-valued boundary function of f is of Baire
class € + 1, and if f is Borel measurable so is every finite-valued boundary function.

Proof. By Fact 3.32, f is of some Baire class £ < w; (if £ = 0, also of class 1); by Theorem 8.3,
¢ is of Baire class £ + 1, hence Borel measurable (Lemma 3.30). R is separable and arcwise
connected. g

8.2. Lebesgue measure. Xo = R x {0}, X; = R x {1}; m is planar Lebesgue measure,
m! linear measure on a line, and m., m. the outer measures. A segment below means a
closed line segment with one endpoint (ag(s),0) € Xy and the other (ai(s),1) € Xi; write

ls(y) = (1 = y)ao(s) + yai(s).

Definition 8.5 (trapezoids). For ag < by, a1 < by in [—o0, +00] with a; < 400 and b; > —o0
(and 0 - (00) = 0), let T'(ag, bo;a1,b1) = {{z,y) : 0 <y <1, z € R, (1—-ylag+yas <z <
(1 —y)bo + yb1}, a closed trapezoid; () is also one. S is a trapezoid if S =0 or T° C S C T for
a closed trapezoid T, where T° = {(z,y) : 0 <y <1, (1 —y)ag +ya1 < x < (1 —y)bo + yb1 }
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is the interior of T' relative to the strip {0 < y < 1}. For segments s, s, T'(s,s’) is the set of
(x,y) with 0 <y < 1 and x between £s(y) and £y (y); for disjoint s, s’ with a;(s) < a;(s’) this is
T(ap(s),a0(s");a1(s),a1(s")), and T'(s, s) = s. (In Lean a segment is given by its pair of abscissas
(ao(s), ax(s)).)

A trapezoid S is Lebesgue measurable and m(S) = 1 [(bo —ag) + (b1 —a1)] = 3 [m* (SN Xo) +
m!'(SNX1)|: integrate the lengths (1—y)(bo—ao)+y(b1 —aq) of the horizontal sections, and note
that S N X; lies between (a;,b;) and [a;, b;]. (The restrictions a; < +o00, b; > —o0 exclude the
degenerate sides a; = b; = £oo, for which the formula fails.) Only the case of finite parameters
and S = T is used below (volume_closedTrapezoid). Two disjoint segments s # s’ satisfy
either a;(s) < a;(s") for i = 0,1 or a;(s) > a;(s’) for i = 0,1 (otherwise ¢5 — £y, which is affine,
changes sign on [0, 1]), hence either {5 < £y on [0,1] or s > ¢y on [0, 1]. In particular a set 3 of
pairwise disjoint segments is totally ordered by s < s’ <= ag(s) < ap(s’) and a1(s) < ay(s).

Lemma 8.6 ([3, Lemma 23]). Let s1,S2,S3,54 be segments, any two equal or disjoint. If
T(s1,82) NT(s3,84) # O then T(s1,s3) C T(s1,52) UT(s3,84).

Proof. The horizontal section of T'(s;, s;) at height y is the interval between /g, (y) and /s, (y).
The order of the four numbers /;,(y) (with ties exactly between equal segments) does not depend
on y. Whether two such intervals meet depends only on this order; so if the two sections meet
at one height they meet at every height. The union of two meeting intervals is an interval, and
it contains lg, (y) and s, (y). O

Lemma 8.7 ([3, Lemma 24]). If ¥ is a set of pairwise disjoint segments, |, 45 T(s,5') is a
trapezoid.

Proof. We may assume 3 # (). Let A; = infsa,(s), B; = sup,a;(s) (in [—00,+0o0]) and T =
T(Ao, Bo; A1, B1). Since (1 —y)Ag+yA1 </ls(y) < (1 —y)Bo + yBy for all s, the union lies in
T. Let (z,y) € T°. From (1 —y)Ao+yA1 < z we get s1,52 € X with (1 —y)ao(s1) +yai(s2) <z
(if y = 1 or y = 0 only one parameter matters; if A9y = —oo and y < 1 take any sy and
ap(s1) small; symmetrically if Aj = —oo and y > 0; if both are finite approximate each within
§ = [z — (1 —y)Ag — yA;]). The <-smaller s of s1,ss has £;(y) < (1 —y)ao(s1) + yai(s2) < z.
Likewise there is s’ € ¥ with z < £y(y), so (x,y) € T(s,s). O

Theorem 8.8 ([3, Theorem 9]). Let ¥ be a set of pairwise disjoint segments and S = |JX.
Then me(S) = 3 [ml(S N Xo) +ml(SNXy)].

Proof. Let E; = S N X, identified with {a;(s) : s € ¥} C R. (The dissertation proves both
inequalities at once using Lemmas 8.6 and 8.7; we give a shorter argument for each.)

Upper bound. It suffices to show m.(S) < %[ml(Go) + m!(G1)] for all open G; D E; (outer
regularity); we may assume m!(G;) < 0o, so every component of G; is a bounded open interval.
Group the segments by the pair (I,.J) of components of Gg, G containing ag(s), ai(s); there
are countably many classes C'. For a class C' let ac, o (e, 0c) be the infimum and supremum
of ap(s) (a1(s)) over s € C. Every s € C lies in the closed trapezoid Te = T'(ac, Be;ve, 6c),
of area 3[(Bc — ac) + (6¢ — v¢)], and (ac,Be) C 1, (ve,6¢) C J. The intervals (ac, Bc) are
pairwise disjoint: for classes with different I this is clear; if C' # C’ have the same I but different
(disjoint) J,J" and z lies in both intervals, take si,s9 € C, s},s5 € C" with ag(s1),ao(s]) <
x < ap(s2),a0(sh); by the order of disjoint segments, a1(s1) < ai(sh) and a1(s}) < ai(s2), so
either a1(s1) € [a1(s)),a1(sh)] C J' or ai(s)) € [a1(s1),a1(s2)] C J, contradicting J N J" = .
The same holds for (y¢, d¢). Hence me(S) < 3o m(Te) = 1 [>o(Bc — ac) + > (6 —vc)] <
3[m*(Go) +m*(G1)].

Lower bound. First a one-dimensional fact: if Q C R? is totally ordered componentwise, then
m(mQ) + mi(mQ) < ml({q1 +q2: ¢ € Q}). Indeed, let G be open containing the right-hand
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set and group the ¢ € by the component I of G containing ¢q; + ¢qo2. For ¢,q’,r,7’" in one class,
with u = gAr and v = ¢ V' Vu (again in the class, as Q is a chain), (¢] —q1)" + (1) —r9)t <
(v1 +v2) — (ug +ug) < m!(I); taking suprema and infima, m}(m1Qr) +ml(mQr) < m'(I), and
summing over the countably many classes gives the claim. Now for 0 < y < 1 the section SY =
{2+ (z,) € S} = {(1—y)ao(s)+yai(5)}; applying the fact to @ = {{(1—y)ao(s), yar(s))}, which
is a chain, gives m.(SY) > (1—y)mL(Eo)+ymi(E1). Let M O S be a measurable hull. By Tonelli,
me(S) =m(M) = [ m'(MY)dy > [J[(1 = y)mi(Eo) +yml(Er)] dy = 3[mi(Eo) +mi(Er)]. O

Proposition 8.9 ([3, example after Theorem 9]). Disjointness cannot be omitted in Theo-
rem 8.8: there are sets My C Xo, M1 C X1 of measure zero such that every point of {0 <y < 1}
lies on a segment from Mgy to M.

Proof. Let My = M; = M be a dense G subset of R of measure zero (e.g. the Liouville numbers,
or (,, U (ar — 27k g1, +27"7F) for an enumeration gz of Q). Given (g, yo) with 0 < yo < 1,
the segment from (a,0) to (g(a),1), g(a) = (xo — (1 — yo)a)/yo, passes through (zg,yo). As g is
an affine bijection, g~ (M) is a dense G, so M N g~ (M) # () by Baire’s theorem; any a in it
gives the required segment. O]

Lemma 8.10 ([3, Lemma 25]). For every ¢ > 0 there is a strictly increasing h : R — R with
m'(h(R)) =0 and |x — h(z)| < e for all x.

Proof. Put g(t) = >",5([2¢])37 (for t € [0,1) this is 2 times the point of the Cantor set whose
ternary digits are twice the binary digits of ¢). Each term is nondecreasing in ¢, and if ¢ < ¢/
then |2t] < |2#'] once 2{(t' —t) > 1, so g is strictly increasing. Since 2t — 1 < |2%]| < 2%,
we get 3t — 2 < g(t) < 3t. If k = [2Vt] and a = k/2", then 2| = |2%a] for i < N and
|2NHt| < k27 + 27 = |2NHia| 4+ 27, s0 g(a) < g(t) < g(a) + > 2937 N=J = g(a) + 317V, Hence
g([m,m + 1)) (m € Z) is covered by 2V intervals of length 3!~ so it is null, and g(R) =
U 9([m, m + 1)) is null. Finally put h(z) = §g(x/e): it is strictly increasing, h(R) = $g(R) is
null, and 0 < x — h(z) < e/2. O

Theorem 8.11 ([3, Theorem 10]). There is a family (Vz)zer of arcs, v, an arc at x, pairwise
disjoint, whose union has planar measure zero.

Proof. (Formalized as TJK.Discont.exists_disjoint null_arcs’.) Choose by Lemma 8.10
strictly increasing h,, (n > 0) with A, (R) null and |z—h,,(z)| < 27" Let px(y) = max(0, min(1, 2*+1y—
1)), which rises from 0 at y = 27571 to 1 at y = 27%, and put X,(y) = = + > 1~o(he(z) —
his1(2))pr(y). The terms are bounded by 2 - 27, so X, is continuous, and X,(0) = 2. For
27kl <4 < 27F we have p,(y) = 0 for n < k and p,(y) = 1 for n > k, and the series telescopes
(as hp(z) = ) to X.(y) = (1 — pe(y)hes1(x) + pr(y)he(z): on [27F71 27%], X, is affine from
hit1(z) to hg(x). So v, = {{(X.(y),y) : 0 <y < 1} is an arc at x (injective in y), lying in H
except for z. If x < 2’ then X, < X, on [0, 1], so the arcs are disjoint. Let Sy be the union
over x of the segments {(X,(y),y) : 27571 < y < 27%}; these are pairwise disjoint. Under the
affine map (u,t) — (u, (1 +t)27%=1), S} is the image of the union of the disjoint segments from
(hgt1(2),0) to (hg(x),1), whose end sets lie in the null sets hii1(R), hx(R); by Theorem 8.8
that union is null, hence so is S,. Thus |J, 7. € Xo U, Sk is null. d

Corollary 8.12 ([3, Theorem 10, Corollary 1J; [1, Theorem 6]). Let Y be a metric space with a
point 0 and ¢ : R — Y arbitrary. There is f: H — Y with f = 0 outside a set of measure zero
such that ¢ is a boundary function for f.

Proof. Put f = ¢(x) on 7, \ {} and f = 0 elsewhere; f is constant along each ~,. O

Lemma 8.13 (non-measurable sets; Vitali). There is a subset of R that is not Lebesque mea-
surable.
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Proof. Let V' C [0,1] contain one point of each coset of Q in R. The translates V + ¢, ¢ €
Q N [-1,1], are pairwise disjoint, cover [0,1] and lie in [—1,2]. If V' were measurable they
would all have measure A(V), so 1 < 3 A(V) < 3 by countable additivity, impossible whether
A(V) =0 or A(V) > 0. 0

Corollary 8.14 ([3, Theorem 10, Corollary 2]). There is a Lebesque-measurable f : H — R
with a boundary function on R that is not Lebesgue measurable.

Proof. Apply Corollary 8.12 to the indicator function of a non-measurable set; f = 0 almost
everywhere. O

9. BOUNDED HARMONIC FUNCTIONS

Source: [7]. A function u defined in D has the asymptotic value a at ¢ € C if u — a along some

arc at ¢, and the general limit a at  if u(z) »aasz— ¢, z€D. P(z,¢) = (1—22)/|¢ — 2|
is the Poisson kernel (P.(0 —t) = P(re®, e')), Ply](z) = 5= OQW P(z,e)p(e)dt, and expi S =
{eft:t € S}.
Theorem 9.1 (Poisson integrals [16, pp. 32-38]). (i) If ¢ is a bounded measurable real function
on C, P[y] is a bounded harmonic function in D with |P[p]| < suplp|. (ii) If p € L}(C), S C C
has full measure, (o € S, and @|g is continuous at {y, then Ply| has general limit p(p) at (p.
(iii) If w is harmonic in D and {f027r|u(rei9)\pd9 10 <r < 1} is bounded for some p > 1, then
the radial limit 1 of u ewists at almost every point of C, ¢ € L'(C), and u = P[y].

Proof. Formalized in TJK/Harmonic/Poisson.lean and Example.lean. (i): P[y]is the real part
of a Cauchy-type integral, with P > 0 and P[1] = 1. (ii): an approximate-identity argument.
(iii): the Poisson formula on smaller circles; uniform integrability of u(s-) by Holder; a weak
limit of the measures u(s-)*df, absolutely continuous by uniform integrability, whose Radon—
Nikodym density 1 represents v = P[¢]; and radial convergence at Lebesgue points of ¢ by a
dyadic kernel estimate. ([l
(i) is proved: P(z,¢) = Re &£ and 755 = 2 — {, so Plp] = Re(2F — F(0)) with F(z) =

o ‘é’(_cz), d¢ holomorphic in D; and |P[¢]| < P[sup|p|] = sup|y| since P > 0 and P[1] = 1.

Remark 9.2 (Kaczynski’s Lemma). [7, Lemma)] states, for general Jordan domains 2, C D along
disjoint closed arcs I,, of C' with disjoint closures and diam €, — 0, that every point of C'\|J,, I}
is accessible by a simple arc in D\ |J,, Q,. The proof applies the Jordan curve theorem, with
accessibility of boundary points, to the curve obtained from C' by replacing each I, with the
rest of 9€),. The Jordan curve theorem is not formalized here; for the domains actually used,
Lemma 9.6 below proves the conclusion directly.

Lemma 9.3 (general limits along an arc). Let u : D — R have general limit ¢ at every point of
an open arc J of C. Then u has the asymptotic value ¢ at each endpoint of J.

Proof. Let s = ™0 be an endpoint and w(s) = ¢'*0+s) ¢ J for 0 < s < 1 (suitable £ # 0, |[¢] <
2m). Let F ={z €D : |z — (| < |u(z) — |} U{0}, h(s) = dist(w(s), F'), m(s) = min(h(s), s, 1)
and Z(s) = (1 — m(s)/2)w(s). h is continuous, and h(s) > 0 for s > 0 because u — ¢ at
w(s) # Co; so Z is a simple arc from {y = Z(0) with Z((0,1]) C D. As |Z(s) — w(s)| < h(s),
Z(s) ¢ F,ie. [u(Z(s)) —c| <|Z(s) = ¢o| = 0. O
Lemma 9.4 (the intervals). Let (p,)n>0 be a sequence in (—m,m). There are reals cg, €k
(k > 0) such that, with a(k) = cx — ez /2 and B(k) = ¢ + mer/2: L 0 < g < 27772

II —7 < a(k) < B(k) < 7; IV. | — ¢'t| > 4er/* for s € [a(h), B(h)], t € [a(k), B(K)], h <k (so0
III: the intervals [a(k), B(k)] are pairwise disjoint); V. each py lies in some [a(k), B(k)], k < h.
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Proof. Recursively: given the first ¢ intervals, covering po,...,pq—1, let ¢, = pq if py is not
yet covered, and otherwise ¢; = (7w + maxy<, 5(k))/2. Then ¢q lies in no earlier interval, so
d = mingq dist(e’e, I;) > 0; choose g > 0 with I, Il and Ze? + 451/4 < d. Since |e*a — eit| <
leg —t] < geg for t € [a(q), B(q)], IV holds, and V holds for h § q. O

Lemma 9.5 (estimates). With the data of Lemma 9.4, let I, = expi[a(n), B(n)], xn its in-
dicator, f, = Pxa], v(r) = (1 — r)Y4, H,(s,r) = relem—v+sB)—aln)+20m) gng Q, =
H,((0,1) x (1 — &,,1)), so that re? € Q, whenever 1 — &, < r < 1 and a(n) —v(r) < 0 <
B(n) 4+ v(r). Then the Qy,, with Ty, the image under Hy of the edges s =0, r =1—¢,, s =1
of the closed rectangle are Jordan domains along the arcs I, with pairwise disjoint closures; Qy,
lies within e, + me2 + 6711 of every point of I, (so diam$,, — 0); and

(1) 0< fn <ep on D\ Qp;

(2) fu(2) <epy/1—|z| for z € D\ Q, with |z| >1—¢,

(3) fn — 0 at every point of C' along D\ §2,,.

Proof. H, is continuous and injective on the closed rectangle (|H,| = r, and the angles range
over an interval of length < 27), so Q, is its image; its edge » = 1 goes onto I, giving
Q, CQuUl,Ul,, and Hn(%, 1) = ¢ € I*. A common point rei? = ret? of Q, and Qg,
h <k, has 1 —r < g, so 0,6 are within 5,1,/4 of points s € [a(h),B(h)], t € [a(k), ,B(k:)], and
et — et < 25,1/ , against IV. A point H,(s,r) is within (1 —r) + |0 — t| < &, + 72 + &y WA of
et tel,.

Let 2 ¢ Qn, r = |z|. Ifr <1—¢,, P(z,) <2/(1 —7) <2/ey and f, < 5= - 72 - 2 = &,

n En
Ifr >1—¢,, then r > 2, and for t € [a(n )B( )] write z = re? with |0 —t| < 7; as 2z & Qp,
|0 —t| >v=nuv(r ),socos(@—t)<cosv<1—— (v<1)and |e — 22 =1+72 —2rcos(9 t) >

5v/1 —r; hence P(z,e) < 1—7rand f, < 3 21 —r <ep/1 -1 < gy, since &, § = ThlS
proves (1) and (2); (3) follows from (2).

Lemma 9.6 (accessibility, explicit). With the data and notation of Lemma 9.5, every ¢ €
C\ U, I is accessible by a simple arc in D\ |, Q. (This replaces Kaczynski’s Lemma, and
the Jordan curve theorem, for the domains actually used.)

Proof. Write v(s) = s'/* for s > 0 and ¢ = 0. By Lemma 9.5, ), = Hj(closed rectangle),
so if a point (1 — s)e!® with 0 < s < 1 lies in Q then s < g5 and €® = €™ for some 1) €
[a(k) —v(s), B(k)+v(s)], and |1 —b| < v(s) for some b € [a(k), B(k)]. We use |e —e®| < |a —b]
throughout, and compare fourth powers of fourth roots.

Blockers. For each n let di € [0,27) and d;; € [0,27) be defined by eifo = i(Bm+di) —
e@m=dn)  Call n a +blocker if df < er/* and a —blocker if d. < ei/*; not both, since
df+d,; +(B(n)—a(n)) € 2rnZ~o while 25}/44—%5721 < 27. For a £blocker let 0, = +1 and d,, = d;
otherwise o, = 0. A blocker n has an endpoint p, € {a(n),3(n)} with e — (| < d,, < 51/4.
Let pp(s) = max(0, min(1,2 — s/ey,)) and 9,,(s) = o, max(0,2p,(s)v(s) —dy,). Call n active at s
if n is a blocker and d,, < 2p,(s)v(s); so 0,(s) # 0 only if n is active at s, and then 0 < s < 2¢,
and d,, < 2v(s).

(a) If (1 —8)C € Qp, 0 < s <1, then k is active at 5. Indeed s < e} (so pi(s) = 1) and
¢ = e with ¢ € [a(k) —v(s), B(k) +v(s); ¥ ¢ (a(k), B(k)) since ¢ ¢ Ij; if ¢ > B(k) then
i = (7/))— B(k) < v(s) < 6,16/4, so k is a +blocker with di < v(s) < 2v(s); symmetrically if
V<o

(b) At each s at most one n is active. Let h < k be active at s. By IV, 451/4 < |efPh — etPr| <
dp + di, < 2v(s) + Ek/ , 50 8lep, < 165 < 32¢, which is absurd.
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The arc. Each 6, is continuous, 6,(0) = 0, and |5, < 2v(2e,) < 2-2-(+D/4 by 1. So
0(s) = 6o + >, 6n(s) is continuous, §(0) = y, and by (b) at most one term is non-zero at each
s. Let Z(s) = (1 — 5)e®®), s € [0,1]. Z is continuous, injective (|Z(s)| =1 — s), Z(0) = ¢, and
Z(s) € D for s > 0. We show Z(s) ¢ €, for 0 < s < 3 and every k.

If no n is active at s, then Z(s) = (1 — s)¢ and (a) applies. Otherwise exactly one n is
active at s, say a +blocker (the other case is symmetric), and Z(s) = (1 — s)e/BW+1) with
t = 2pp(s)v(s) € (dn,2v(s)]; t = 2v(s) if s < g,; and s < 2&,. Suppose Z(s) € Q, with 1, b as
above; so s < g.

e k=mn: thent = 2v(s), and B(n)+t—v € [v(s), 3u(s)+me2] C (0,27), so ¥ # B+,
o k#n: e — i) < |eiBn) — eiBH)| 4 e — et <t 4 u(s) < 3u(s). If k < n, IV
gives 4ei/t < 3u(s), so 256e, < 81s < 162¢e,; if k > n, IV gives 45,16/4 < 3u(s) < 35116/4.

Both are absurd.

So Z([0,1]) is a simple arc at ¢ with all other points in D\ |Jj, Q. O

Theorem 9.7 ([7]; answer to [11, Problem 5]). There are a bounded harmonic function f in D
and a boundary function p : C' — R for f that is not of Baire class < 1.

Proof. Apply Lemma 9.4 to a dense sequence (p,,) in (—7, ), and use the notation of Lemma 9.5.
Let x be the indicator of | J, I, and f = P[x]; f is bounded harmonic (Theorem 9.1(i)), and
f =23, fnin D (countable additivity of the integral, the I,, being disjoint).

X is continuous with value 1 at each point of an open arc I}, so f has general limit 1 there
(Theorem 9.1(ii)); by Lemma 9.3 (applied to subarcs of ), f has asymptotic value 1 at every
point of I,.

Let ¢ € C'\ U, I}. By Lemma 9.6 there is an arc v at ¢ meeting no Q,. For m € N and
2 €\ {Ch by (D and L0 < £(2) € Do Fa(2)+ Ynom 0 € Do fa(2) 4271, and by (3)
limsup f < 27™~! along . So f has asymptotic value 0 at ¢. Let A = {e'®(™}, B = {0},
and ¢ =1 on |, I UB, ¢ = 0 on the rest of C. Then ¢ is a boundary function for f; ¢ =0
on A and ¢ = 1 on B (the closed arcs I, being disjoint).

By V the intervals [a(k), 3(k)] are dense in (—m, 7). Given €/*™ and § > 0 small, some
[a(k), B(k)] meets (a(n) — d,a(n)); it does not contain a(n), so B(k) € (a(n) —J,a(n)). Hence
A C Cl1B, and likewise B C Cl1 A. So P = Cl(AU B) is a nonempty compact set in which both
A and B are dense, and ¢|p is continuous at no point. If ¢ were of Baire class < 1, so would be
¢|p (Lemma 3.29), contradicting Corollary 3.25. O

Theorem 9.8 ([7, Theorem)). Let u be harmonic in D with { [|u(re®?)|Pdf : 0 < r < 1} bounded
for some p > 1. Let A be the set of points of C' at which u has an asymptotic value and G the
set at which u has a general limit. Then A\ G is of the first category.

Proof. Let S be the set where the radial limit ¢ exists; S C A, C'\ S is null, and u = P[¢]
(Theorem 9.1(iii)). Extend 1|s to a boundary function ¢; on A (the radius is an arc). By
Corollary 6.3 there is ¢ € Bi(A,R) with ¢ = ¢ off a countable set; extend ¢ by 1) off A.
Countable sets are null, so ¢ = ¢ almost everywhere and u = P[y¢]. By Theorem 3.24 the set
A\ K of discontinuity points of |4 is of the first category in A, hence in C' (Lemma 3.26). By
Theorem 9.1(ii) (with the full-measure set A D S), K C G;s0 A\GC A\ K. O

Corollary 9.9 ([7, Corollary]). Under the hypothesis of Theorem 9.8, if ¢ is a boundary function
for w defined on E C C', then the set of points of E at which ¢ is discontinuous is of the first
category in C.

Proof. At a point ( € E N G with general limit L: if [u — L| < & on D N S(4,(), then every
2’ € ENS(6,¢) has |p(2') — L| < ¢, since p(2') is a limit along an arc whose tail lies in S(4, ¢).
So ¢ is continuous on F N G, and its discontinuities lie in A \ G. O
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Corollary 9.10 (analytic functions; [7]). Theorem 9.8 and Corollary 9.9 hold for holomorphic
F in D with bounded p-means, p > 1.

Proof. Apply them to Re F' and Im F', whose p-means are bounded by those of F: if F' has an
asymptotic value at x so do both parts, and if both have general limits so does F'. ]

Remark 9.11. The example of [11, Theorem 6] shows that the hypothesis on the integral means
cannot be omitted.

10. A CUBE WITH A NON-BOREL SET OF CURVILINEAR CONVERGENCE

Source: [9]. For an open connected 2 C R™ and f : Q — R™, the set of curvilinear convergence
CC(f) is the set of p € 0N for which there is an arc v at p with f converging to a finite limit
along 7.

Definition 10.1 (asymptotic values). a € R™ is an asymptotic value of f : Q — R™ if there is
a continuous v : [0,1) — Q with dist(v(¢),R™\ Q) — 0 and f(v(t)) — a as t — 1; it is a point
asymptotic value at p if moreover v(t) — p € 9N. By Corollary 4.4, p € CC(f) iff f has a (finite)
point asymptotic value at p.

Theorem 10.2 (analytic non-Borel sets). There is an analytic subset of R that is not a Borel
set.

Proof. Formalized in TJK/Cube/AnalyticNonBorel.lean: a universal open set in (N — {0,1})x
Y built from a countable basis gives, by projecting closed graphs, an analytic set universal for
analytic subsets of Cantor space; its diagonal is analytic with non-analytic complement, hence
not Borel; transfer to R by a continuous injection of Cantor space. O

Lemma 10.3 ([9, Lemmal). There is a continuous s : HH — C with |s| < 1 such that the set E
of real asymptotic values of s lying in (—1,1) equals the set of real point asymptotic values of s
lying in (—1,1), and E is not a Borel set.

Proof. This is Lemma 10.6 below. 0

Remark 10.4 (Kaczynski’s proof). Kaczynski derives the lemma from two classical theorems,
which are not formalized here: (K) (Kierst 1936) for every analytic A C R there is a holomorphic
h in D omitting ¢ and —i whose set of finite asymptotic values is A U {—i,i}; (N) (Lehto—
Virtanen [19, p. 53]; Bagemihl-Seidel [13, Theorem 1)) if h is holomorphic in D and omits two
finite values, every finite asymptotic value of h is a point asymptotic value. The argument:
Let A be analytic and not Borel, h as in Kierst’s theorem (K), and p(w) = w/(1 + |w]|), a
homeomorphism of C onto D mapping R onto (—1,1), with inverse u — u/(1 — |u|). Put
s(z,y) = p(h(max{l — y,0}e")), continuous on H with [s| < 1. Let b € (=1,1). If b is an
asymptotic value of s along v = (z(t),y(t)), then y(t) = dist(v(t),C \ H) — 0, and p~1(b) is
an asymptotic value of h along w = (1 — y)e®® (for y < 1, dist(w, C\ D) < |w — €| = y); as
p~L(b) is real, it lies in A. If a € A, by (N) a is a point asymptotic value of h at some e,
p = arge’?, along a path w(t) — €. For t near 1, w(t)e~ lies near 1, off the negative axis, so
9(t) = p + arg(w(t)e ) is continuous, ¥(t) — p and |w(t)|e”’) = w(t). Hence p(a) is a point
asymptotic value of s at p along (¥(t),1 —|w(t)|). Since point asymptotic values are asymptotic
values, both sets equal p(A), which is not Borel (A = p~!(p(A)) and p is continuous).

Remark 10.5. [9] notes that the lemma can also be proved without meromorphic functions, from
[23, Theorem 113], a theorem of Bagemihl-McMillan, and the methods of [8], but omits the
“messy construction”.
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An elementary proof of the lemma. We give a proof of Lemma 10.3 that uses neither
Kierst’s theorem nor normal functions: only Theorem 10.2 and plane geometry. The function s
is built on a binary tree of segments in H (a “dyadic skeleton”); its imaginary part forces every
path along which s tends to a real value to follow one branch of the tree, and its real part is
read off a Souslin representation of the analytic set along the branches.

Words and the skeleton. Let W be the set of finite words u = ug . .. u,—1 over {0,1}; |u| = n,
u C v means u is a prefix of v, u C v a proper prefix, ulk is the prefix of length k, and u~
is u without its last letter (u # ()). The same notation is used for infinite words g € {0, 1}V,
Put =, = Zi<|u| w277 I, = [T, Ty + 2"“‘], fg = Ty + 27101 (the midpoint of I,,), and
Cu = pu + 12714 € H. For u # 0 let e, be the segment [cu-,cu], and for z € H let d,(z) =
dist(z, e,,) /2.

(G1) Points of e, have heights in [27u/ 21=[u]].

(G2) If [v] > k and p € e,, then Rp € I, and dist(Rp,27%Z) > Sp/4. Indeed, let j = |v].
The endpoints of e, have real parts p,-, an odd multiple of 277, at distance 277 from
21-77, 2 27%7, and p,, an odd multiple of 27771, at distance 277~ from 2797 D 27%7;
both lie in I, C I,;. On I, the function z — dist(z,27*Z) is the minimum of the
distances to the two endpoints, hence concave, so along e, (on which R is affine) it is at
least 27771 > Qp/4 by (G1).

(G3) If ul C v and p € e, then Rp > py; if u0 C v then Rp < . (For v = ul the endpoints
of e, have real parts p,, < py1; for v 3 ul both endpoints lie in Iy,; = [ty ftu + 2*‘“‘*1].
Symmetrically for u0.)

(G4) Separation. 1f p,p’ € H, ¢ € R, ®p > ¢q and Rp' < q — 3p'/4, then |p — p/| >
max{Sp, Sp'}/8. If Sp’ > gi‘sp then |p —p'| > Rp — N’ > Ip'/4 > max{Sp, Ip'} - %;
otherwise |p — p'| > Sp — 3p’ > Sp/8 and Ip = max{Sp, Sp'}.

(G5) Call ey, e, separated if |p—p'| > max{Sp, Ip'}/8 for all p € e,, p’ € e,,. This holds (a) if
v, |w| > k and v|k # w|k: if, say, I, lies to the left of I, let ¢ be the right endpoint
of I,; by (G2), Rp < ¢ — Sp/4 and Rp’ > ¢; apply (G4). (b) if ul E v and w0 C w:
take ¢ = piy, the right endpoint of 9, and use (G3) for v and (G2) with k = |u| + 1 for

w.
(G6) Nearness. If ey, e, are separated and dy(z) < 35, then dy,(2) > 75. Take p € e, with
|z — p| < Sz/32; then Sp > %%z, soevery p' € ey has |z —p/| > |p—p|— |z —p| >
1
(23% — %)%z > Qz/12.

(G7) If Sz < 2771 and |w| < k, then dy,(2) > 1, by (G1).

Coding. Write NN for the Baire space and N, = {o € NN : x C o} for k € NN, Every
u € W can be written uniquely as u = 0k 10 1...0%-110"; put x(u) = (ko,...,kj—1) and
¢(u) = |u| —7 (the length of the longest prefix of v ending in 1). Then v C v implies x(u) C k(v),
and £(u) > |s(u)|, the number of 1’s in u. For o € NN let B, = 07010711 ---; then x(B,|m) C o
and |k(By|m)| — oo. If B € {0,1}" has infinitely many 1’s, then 8 = 3, for some o (the lengths
of the 0-blocks); otherwise 8 = t0°° with ¢ empty or ending in 1.

Lemma 10.6 (elementary form of Lemma 10.3). The conclusion of Lemma 10.3 holds, with a
proof using only Theorem 10.2.

Proof. Let Ay C R be analytic and not Borel, and A = ¢(Ap) with p(a) = a/(2(1 + |a|)), a
continuous injection of R into (—3, ). A is analytic, and not Borel because Ay = ¢~!(A). As
A# 0, A= g(NV) for a continuous g : NY¥ — R. For u € W let r, = g(r(u)0®) € 9(Nu(uy) €
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(—%, %) and 1, = 1/(¢(u) + 2). For z € H put

R(z) = min{%, ir;é%(ru +12 du(z))}, U(z) = min{l, (¢u + 16 du(z))}, s=R+10.

inf
u#l
Continuity and bounds. On K = {z : Sz > n, |z| < M} each z — ¢, + Cdist(z,e,)/Sz (with
leu| <1, e, € [0,1] x [0,1]) is Lipschitz with a constant C'(1/n+ (M + 2)/5?) independent of u,
and the infimum of a family of uniformly Lipschitz functions bounded below is Lipschitz with

the same constant; so R, ¥, hence s, are continuous on H. As r, > —%, R e [—%, %], v e [0,1];
so|s| <y/1/4+1/4< 1.
Claim L. Let |u| = k, Sz < 27771 and d,(2) < 3% for some v 3 u. Then every w with

dy(z) < % satisfies w 1 u, and R(z) > min{%,infwju rw}. Indeed if w 71 w then either
lw| < k and dy,(2) > 1 by (G7), or |w| > k, w|k # u, and dy(z) > & by (G5a), (G6). Then
rw+12dy(2) > -3 +1= 3.

Point asymptotic values. Let a = g(o) € A, B = Bo, p = > ;82771 = lim 1), With
pm(y) = min{l, max{0,2 — 2™y}} let X(y) = pp + > 51 (1gjm — Hgjm—1)Pm(y), a uniformly
convergent series of continuous functions (|pg, — figpm—1] = 21 For y € [27™,217™],
pi(y) =1 for j < m and p;(y) = 0 for j > m, so with A\ = 2 — 2"y € [0,1], 2(y) = X(y) +
iy = (1 = A)egim—1 + Acgm € €gjm- Hence X(y) — p asy — 0, and dgp(2(y)) = 0, so
W(=(y)) < Dajm — 0 (as €(Blm) > [k(Blm)| — 00) and R(=(y)) < rapm — a (as £(Bm)0* = o).
Given ¢ > 0 choose j with |[g—a| < € on N, |; and k with [r(B|k)| > j; for w 3 Bk, 1y € g(Nyy;),
so Claim L gives R(z(y)) > a —¢ for y < 27%71. So s — a along t — z(1 — t), and a is a point
asymptotic value of s at p.

Asymptotic values. Let s — b € R along a path v : [0,1) — H with Sv(t) — 0. Then
W(v(t)) = 0 and R(v(t)) = b. For |u| =k let Qi(u) = {z: Sz < 27771, Jo T u, dy(2) < 55},
an open set. By Claim L the Q(u), |u| = k, are pairwise disjoint, and every z with 3z < 27+~1
and ¥(z) < 3 lies in one of them (some w has d,,(2z) < 35; then [w| > k by (G7); take u = w|k).
So for each k a tail v([tg, 1)), being connected, lies in a single Q(ug); a common point of two
tails and Claim L give ug, C ugy1, so ux = 8|k for some 3 € {0,1}Y. By (G2), points of € (u)
have real part within 27%~1 + 32/32 of y, so v(t) — p =lim pek € R: b is a point asymptotic
value of s at p. It remains to show b € A.

Case 1: B = B,. Let a = g(0), and €, k as above. For t > t; with U(v(t)) <
w with ¥y, + 16dy,(v(t)) < &; then dy, < 55, so w 3 Bk by Claim L and R(v(t))
a+ e+ 9, while R(v(t)) > a—e. Hence b=a € A.

Case 2: B = t0°, t empty or ending in 1, n = ||, so Py5 = ¢o := 1/(n + 2) for all i. Fix
k > n. For t large (t > t and ¥(v(t)) < co/2) there is w with 1, < ¢g/2 and d,(v(t)) < 3%;
so w 3 Bk = t0F~" (Claim L) and w is not of the form ¢0%; hence t0'1 C w for some i > k — n.
Thus a tail of v lies in |J; S;, where S; = {z € H : 3w J t0°1, dy(2) < 55} is open. For i <,
S;N Sy =0 by (G5b) (with uw = t0%, t0"+! = t071) and (G6). So the tail lies in a single S;. But
the tail after ¢, ;41 also lies in Q,,4;.1(t0°"!), and a point of both is within Jz/32 of some e,
w 3 t0°1, and of some e, w’ 3 0!, contradicting (G5b) and (G6). So Case 2 does not occur.

Thus the real asymptotic values of s are exactly the points of A C (—%, %), all of them point
asymptotic values; and A is not Borel. O

o< % there is
<ry+12dy, <

Remark 10.7. In Case 2 the imaginary part does the work: along the branch t0>° (the only kind
of branch not coding a point of NV) W stays > ¢y near the branch, and leaving it means entering
one of the disjoint “side” regions .S;. Paths tending to oo or oscillating along R are excluded
because ¥ — 0 forces the path into the regions Q(u), whose real parts are confined to I,, up to
$z/32.
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Theorem 10.8 ([9, Theorem|). There is a bounded continuous f : K° — C on the open cube
K° = (—1,1) x (0,1) x (—=1,1) whose set of curvilinear convergence is not a Borel set. (So
McMillan’s theorem does not extend to three dimensions.)

Proof. Let s, E be as in Lemma 10.3, g(z,y) = s(z/y,y) for y > 0, so |g| < 1.

Construction. For t € R let Ky = [—1,1] x [t, 1] and let dy(t) be the supremum of the ¢ € [0, 1]
such that z, 2’ € Ky, |z — 2’| < § imply |g(z) — g(2’)] < t. Raising ¢ shrinks K; and loosens the
tolerance, so dy is weakly increasing; for ¢ > 0, do(t) > 0 because g is uniformly continuous on
the compact set K;. Let d(t) = min{3do(t/2), 1t}, positive and weakly increasing on (0,1], and
k as in Theorem 7.15 (so |k| < V2 < 2). Put f(z,y,2) = (g9(z,y) — 2) k(z,y), continuous on K°
with |f| < 4. For ¢,€', " k' k" € C with ||, |k < 2,

|(c+ €k — (c+ ME"| > |||k — k"] — 2|¢'| — 2]¢"], (10.1)

because (¢ + € )k’ — (c+ k" = (K — k") + k' — "k".

Let FF = CC(f). We show that for b € (—1,1), (0,0,b) € F iff b € E; then F is not Borel,
since otherwise {b € (—1,1) : (0,0,b) € F'} = E would be.

If b € E, s — b along a path (u(t),v(t)) — (p,0) in H. Along c(t) = (u(t)v(t),v(t),b) —
(0,0,b), which lies in K° for ¢t near 1, g = s(u,v) — b, so f — 0. By Corollary 4.4 (applied to ¢
restricted to some [tg, 1) and closed up by (0,0, b), which lies in 0K°), (0,0,b) € F.

Conversely let f — ¢ along an arc v = ¢o([0,1]) at go(0) = (0,0,b) in K°. We claim
g(x,y) —z — 0 along 7/. Then g — b along v/, so s — b along v(t) = (x/y,y)(q(1 — 1)),
t € [0,1), a path in H whose second coordinate tends to 0: b is an asymptotic value of s, so
beE.

If the claim fails, there is ¢ > 0 such that |g(z,y) — z| > € at points of '\ {(0,0,b)} arbitrarily
close to (0,0,b). Choose r1 > 0 with |f(P)—q| < e/2 for P € '\ {(0,0,b)} within 71 of (0,0, b),
and put 7 = min{ry,e/16}. As +' is compact and its only point with y = 0 is (0,0, b), there is
d > 0 such that points of 4/ with y < § lie within 7 of (0,0,b). Take P, = qo(tn) = (Tn, Yn, 2n)
with |g(@n, yn) — 2n| > € and 0 < y,, < min{39/4,3¢/32,3/4}; put a = 4y, /3 < 1,0 a < ¢ and
a < /8. The projection ® of ¢y to the (z,y)-plane has ®(0) = (0,0) at distance > y,, > d(a)
from ®(t,), so by Lemma 4.5(b) there is an interval J > ¢, with v* = ®(J) in the closed disc
of radius d(a) < a/4 about (z,,y,) and containing a point at distance d(a) from it. Then
v* C [-1,1] x [a/2,a] is connected, and Theorem 7.15 gives 7/, 7" € J with |k’ — k| > 2 at
®(7'),®(7"”). The points P, = qo(7'), P/ = qo(7") have a/2 < y < a < 4, so they differ
from (0,0,b) and lie within r of it; hence |f(P)) — f(P))| < &, |2}, — znl, |2l — 2| < 2r < £/8,
and, as ®(7'), (zn, yn) € K, /9 are closer than d(a) < do(a/2), |9" — g(xn, yn)l; 9" — 9(Tn, yn)| <
a/2 < £/16. Applying (10.1) with ¢ = g(zp,yn) — 2n, c+€ =¢ — 2}, c+ " = ¢" — 2! gives
e> |f(Ph) — f(P))| > 2e — 4(¢/16 4+ ¢/8) = 2¢, a contradiction. O

Remark 10.9. [9] leaves open whether a continuous real-valued function in a cube can have a
non-Borel set of curvilinear convergence.

11. WEDDERBURN’S THEOREM

Source: [4], a group-theoretic proof that every finite skew field (division ring) is commutative.
The note cites two results from group theory: the classification of p-groups with a unique
subgroup of order p ([5, p. 189]), and the solvability of finite groups whose Sylow subgroups
are cyclic (Miller-Blichfeldt—Dickson). For the first we prove directly the special case that is
needed (Lemma 11.2); for the second we use Mathlib’s theory of Z-groups (IsZGroup), which
proves the stronger fact that such a group has cyclic commutator subgroup. Mathlib also
proves Wedderburn’s theorem itself, by Witt’s argument; the formalization below does not use
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that proof (the instance littleWedderburn is switched off in TJK/Wedderburn.lean, and the
constants on which TJK.Wedderburn.mul_comm depends were checked not to include it).

Lemma 11.1 ([4, Lemma)). Let q be a prime. Then t> +1r? = —1 (mod q) has a solution with
t #0 (mod q).

Proof. If —1 is a square, take r = 0 and t> = —1. Otherwise (g is odd) every non-square is —s?
for some s # 0. If some t2 + 72 is a non-square, t*> + r? = —s? gives (ts71)? + (rs71)2 = —1,
and t # 0 or r # 0, so after exchanging ¢ and r, t # 0. Otherwise the squares are closed under
addition, so —1 =14+ 14---+1 (¢ — 1 terms) is a square, a contradiction. ]

Lemma 11.2 (special case of [5, Theorem 12.5.2]). Let S be a finite p-group with exactly one
subgroup of order p. If S is not cyclic, then p =2 and S contains elements a,b of order 4 with
bab=! = a1

Proof. Induction on [S|. As S is not cyclic, |S| > p; let M be a subgroup of index p, which is
normal. M has exactly one subgroup of order p; if M is not cyclic we are done by induction.
So M = (z) with |z| = p™, n > 1. Choose y € S\ M; then y~lzy = 2 and y? = x° for some
integers p,o > 0 (M is normal of index p). Since y? commutes with y, 2% =y~ 1%y = 27, so
o(p—1)=0 (mod p"). Induction on k gives (yad)* = yFzi(tet-+0""1) 5o

(yxj)p:xaﬂ‘i’ Y=1+4+p+---4p" L

If p{ o, then y? generates M, so y has order p"*! = |S| and S is cyclic. Hence p | o. If some j
has o + 5% = 0 (mod p"), then yz/ ¢ M has order p, and (yz’) is a second subgroup of order
p, as M contains one: a contradiction. It remains to see when such a j exists. It does whenever
Y = pPu with ptu and p* | o: take j = —(o/pF)u~! (mod p").

p odd. If p # 1 (mod p), then (p — 1)X = pP — 1 = p — 1 (mod p) by Fermat, so ¥ = 1
(mod p) (k=0). If p =1+ cp, then p' = 1 +icp (mod p?),so L =p+cp- ’@ =p (mod p?)
as p is odd; thus ¥ = pu with pfu, and p | o (k = 1).

p=2. Here X =1+ p. If piseven, ¥ is odd (k=0). If p=1 (mod 4), ¥ = 2u with u odd
(k=1). Let p =3 (mod 4). Then p — 1 = 2w with w odd, and o(p —1) = 0 (mod 2") gives
2"~ | o. Write 1+ p = 2y with u odd; if k¥ < n— 1 we are done, and if 2" | o take j = 0. There

remains the case p = —1 (mod 2"), o = 2" ' with v odd; then n > 2 (as 2 | ¢) and ¢ = 2"~}
(mod 2"), so y2 = 2", while ylzy = z~!. Put a = 22" (order 4) and b=y: b2 = a? £ 1
and b* = 1, so b has order 4, and bab™! = a~ L. ]

Lemma 11.3 ([4]). Every Sylow subgroup of the multiplicative group F* of a finite division ring
F is cyclic.

Proof. Let S be a Sylow p-subgroup, S # 1. Its center contains an element g of order p. If
h € S generates a subgroup of order p other than (g), then g and h commute, so they generate
a commutative subring of F', a commutative domain in which the p? elements of (g, h) are roots
of XP — 1. impossible. So S has a unique subgroup of order p. Suppose S is not cyclic; by
Lemma 11.2, p = 2 and there are a,b of order 4 with ba = a~'b. Since (a? — 1)(a® + 1) =
a* —1=0and a® # 1, a®> = —1; in particular 1 # —1, so the characteristic ¢ of F is odd. Then
a~ ! =a® = —a, so ba = —ab, and likewise b> = —1. Take ¢,r from Lemma 11.1 for ¢. Using

a’> =b> = —1, ba = —ab,
(t+ra+b)(r*+1+rta+th) =r{t>+r*+Da+ > +r>+1)b=0.

If t+7a+b=0, then b = —t — ra commutes with a. Otherwise 72+ 14 rta+tb =0 and t # 0,
so b= —t~(r? + 1) — ra commutes with a. Either way ab = ba = —ab, so 2ab = 0, which is
impossible as ¢ is odd and ab # 0. O
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Theorem 11.4 (Wedderburn; proof of [4]). Every finite division ring is commutative.

Proof. By Lemma 11.3 all Sylow subgroups of F* are cyclic, so (Holder, Burnside, Zassenhaus;
in Mathlib IsZGroup.isCyclic_commutator) the commutator subgroup A = [F*, F*] is cyclic,
in particular abelian; it is normal. We show below that an abelian normal subgroup A of F* lies
in the center Z of F*. Then [F*, F*] C Z, so F* is nilpotent; a nilpotent group with cyclic Sylow
subgroups is the direct product of them, hence cyclic, so F* is abelian and F' is commutative.
(The note argues instead with a minimal normal subgroup A/Z of the solvable group F*/Z,
which is cyclic, and the fact that a group cyclic modulo a central subgroup is abelian; the key
step below is the same.)

Let z € F* and y € A; we show xy = yx. If z = —1 this is clear. Otherwise 1+ x € F*, and
as A is normal, zyr~! € Aand z = (1 + 2)y(1+ )"t € A. From (1+2)y =2(1+z), y— 2 =
zx—ay = (z—ayr V). If z = xyz~!, then y = 2 = xyz~!. Otherwise x = (z—ayz 1)1 (y—2);
since A is abelian, z, y and xyz~' commute with y, hence so does x. Thus A C Z. ([l

APPENDIX A. THE DISSERTATION’S SPECIAL FAMILIES

The dissertation uses a more restrictive notion of special family than [8]. Its results are proved
here for completeness; they are not used elsewhere. A complementary interval of a closed FF C R
is a component of R\ F.

Definition A.1 ([3, §4]). A thesis-special family is a nonempty family F of bounded closed
subsets of R with an enumeration Fi, F,... (every member occurring) such that for m > n,
either F, lies in a complementary interval of F,, or F,, splits with F,,. (In Lean, “F” lies in a
complementary interval of F” is: [x,y] N F = () for all z,y € F’; the enumeration starts at Fp.)

Lemma A.2. Any two members of a thesis-special family are equal, disjoint, or split. Hence
Lemmas 7.8 and 7.9 apply to thesis-special families of subsets of X ([3, Lemmas 13, 14]).

Proof. A set lying in a complementary interval of F}, is disjoint from F,. ]

Lemma A.3 ([3, Lemma 9]). Every F, set E C R is |J,, By, for bounded closed E,, any two of
which are disjoint or split.

Proof. Asin Lemma 7.5, with R in place of X; enumerate the resulting countable family, padding
with () if it is finite (repeating a member with two points would violate the condition). O

Lemma A.4 ([3, Lemma 10]). Every F, set E C R is the union of a thesis-special family.

Proof. Take Ey, E1,... from Lemma A.3 and put As = Uj<s E;. For K C R and z € R let
[z]k = {y : [x,y] N K = 0}; this is the component of R\ K containing z if x ¢ K, it is
empty if * € K, and [z]x = [2/]k whenever [z,2/] N K = (). At stage s the new sets are
Ny(z) = EsN(x]a, € Es, ¥ € Ey (this is T N E, for the complementary interval I of Aj
containing x, up to the endpoints of I that are not limits of F; N I; the new sets are bounded
and closed, and Ng(z) = 0 for x € Ag). The closure is needed: [3] uses I N Es, which need not
be closed (for Ey = [—1,0] and Ey = {0} U{1/k : k > 1}, which split at 0, the complementary
interval I = (0,00) of A1 = Ey gives INE; ={1/k: k> 1}).

Stage s has only finitely many classes [x]a,, © € Es. Since [z]xyur = [x]x N [z]L, it suffices
to treat one Ej, j < s. If Ej, Eg split, say at p with E; < p < Ej, then [z,2']| N E; = () for all
z,2’ € Es\ Ej; (a point of Ej; in [z,2'] would be < p < min(z,2’), hence equal to x or z), so
all x € E, \ Ej have the same class, and the others have the empty class. If E; N E; = ), both
are compact, so |y — x| > r > 0 for y € Ej, v € E,. Cover E; by finitely many balls B(c, ),
c € B if [x — ¢ <rno y € Ej lies in [z, ] (else |z — c| > 27), so [z]g, = [c|g,. (This replaces
the subsequence argument of [3].)
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List the finitely many nonempty sets Ny(x), € E, as Fy,..., Fs,,—1 without repetition,
put Fs; = ) for i > ng, and enumerate the pairs (s,%), i < ng, lexicographically (stage by stage,
one padding () at the end of each stage), giving Fy, F1,.... Then |, Fr, = U, Es: Fi, € E, and
the least s with y € E; has y ¢ Ay, so y € Ng(y).

Let k <, F, = Fs3, F] = Fyy,s0 s < s or (s = ¢, i < ). If one of them is empty,
the other lies in a complementary interval of it, trivially. Otherwise Fy, = Ny(z), F; = Ny (2').
If s = &' then Ng(z) # Ns(2') forces [x,2'] N As # 0, say x < z < 2/ with z € Ay; then
[2]a, < z < [2']a,, s0 Ng(z) < z < Ng(2') and the two split. If s < s’ then E; and Ey are
disjoint or split. If they split, so do Fj, C E, and F; C Ey. If they are disjoint, let u,v € F;
and z € [u,v] N Fy. Then z # u,v since u,v € Ey and z € Es. So u < z < v, and there are
y<z<y in EgN[z']a,, whence z € [y,y'] C [2']a, (this set is an interval), which is impossible
for z € F, C E; C Ay. Hence [u,v] N F, = (: F; lies in a complementary interval of F. Finally
F = {F}} is thesis-special with |JF = E. O
Lemma A.5 ([3, Lemmas 11, 12]). If F and G are thesis-special, so is FANG={FNG:F €
F,.GegG}, and JFAG)=UFnNUG.

Proof. Enumerate N x N as (a(k),b(k)) by increasing a + b and, for equal sums, increasing b;
then k < [ implies a(k) < a(l) or b(k) < b(l). Put Hy, = F,) N Gyy. If 1 > k and a(k) < a(l),
then F,,;) lies in a complementary interval of F ), which lies in a complementary interval of

Hy, C Fyr), or Fy) splits with F,); in either case H) relates to Hy in the same way. The case
b(k) < b(l) is symmetric. O

APPENDIX B. CONCORDANCE WITH THE SOURCES

Source item Here

[6], with [10]

Sutcliffe Thm 2 Prop. 2.3, Prop. 2.4, Thm. 2.6
Sutcliffe Thm 3 Thm. 2.7

Lemma 1, Lemma 2 Lemma 2.8, Lemma 2.9
Theorem, Corollary Thm. 2.10, Cor. 2.11

[1] (from the review)
Theorem 1  (homeomor- Thm. 6.8 (new proof)

phisms)
Theorems 2, 3 Cor. 6.3
Theorems 4, 5 Thm. 8.3, Cor. 8.4

f =0 a.e. with given bound- Cor. 8.12
ary function
remarks on three dimensions not a theorem; see Section 10

2]

Lemma 1 Lemma 3.34

Lemmas 2, 3 Lemmas 5.2, 5.3

Theorem 1 (McMillan) Thm. 5.4

Theorem 2, Corollaries 1-4 ~ Thm. 5.5, Cor. 5.6

remark (E of type Gy) Prop. 6.6

[3]

Lemmas 1-6 Lemma 3.4, 3.10, 3.11, 3.12, 3.13, Thm. 3.14

Theorems 1, 2 Thm. 3.20, Thm. 3.22
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Lemmas 7, 8; Theorem 3 Lemmas 5.8, 5.9; Thm. 5.7

Lemmas 9-12 Lemmas A.3, A4, A5

facts (6)—(17); Lemmas 13, Lemma 7.3; Lemmas 7.8, 7.9, A.2
14

Theorem 4 Thm. 7.11 (and Thm. 7.10)
Lemma 15; Theorem 5 and Lemma 6.1; Thm. 6.2, Cor. 6.3
Corollary

Lemmas 16, 17; Theorems 6, Lemma 7.13, 7.12; Thm. 7.14, 7.19
7

Lemmas 18-22 Lemmas 3.33, 3.34, 3.36, 3.37, 3.38

Theorem 8 and Corollary Thm. 8.3, Cor. 8.4
Lemmas 23, 24; Theorem 9; Lemmas 8.6, 8.7; Thm. 8.8; Prop. 8.9

example

Lemma 25; Theorem 10, Lemma 8.10; Thm. 8.11; Cor. 8.12, 8.14

Corollaries

unsolved problems 1-5 open questions; not formalized

[7]

Lemma Remark before Lemma 9.6; Lemma 9.6

example (answer to [11, Lemmas 9.4, 9.5, Thm. 9.7

Problem 5])

Theorem, Corollary, analytic Thm. 9.8, Cor. 9.9, Cor. 9.10

case

[3]

(A) with (I)—(XXII) Thm. 7.10; Def. 7.4, Lemmas 7.5, 7.6; Def. 7.1, Lemma 7.3;
Def. 7.7, Lemmas 7.8, 7.9

(B) with (I)~(IV) Thm. 7.14; Lemmas 7.12, 7.13; Thm. 3.14

(C), (D), (E), (F) Thms. 7.15, 7.16, 7.17, 7.18; Def. 3.17, Lemma 3.18

Appendix (a), (b), (c) Thms. 3.20, 3.22, 3.21

Problems 1, 2 open questions; not formalized

[9]

Lemma, Theorem Lemma 10.3, Thm. 10.8

Problem open question; not formalized

[4]

Lemma; proof of the theorem Lemma 11.1; Lemmas 11.2, 11.3, Thm. 11.4
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