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ABSTRACT
This article addresses the control of mobile agents, termed followers, to track a time-varying affine formation specified by a set
of leaders. We present a distributed hierarchical method composed of a homogeneous high-order sliding mode observer and a
tracking controller. The observer estimates the followers’ target trajectories from neighbor information in finite time and is robust
to measurement noise. Compared to existing approaches, the method accommodates heterogeneous follower dynamics, main-
tains estimation accuracy independently of follower motion, and mitigates chattering effects. Convergence is guaranteed for both
continuous- and discrete-time implementations, which are supported by formal analysis and numerical simulations.

1 | Introduction

In multi-agent systems, formation control is a central problem
concerned with achieving and maintaining specific geometric
arrangements among agents [1]. Such formations, often defined
through graph specifications, are critical for applications ranging
from collective sensing [2] and cooperative navigation [3] to tasks
such as collaborative object transport [4]. Over the years, a wide
range of approaches to formation control have been developed.
In particular, distance-based [5] and position-based [6] strate-
gies have been popular in the literature. Bearing-based methods
have also emerged [3], where formations are stabilized through
relative bearing information instead of positions or distances.
Another active line has focused on strategies built on complex
Laplacian formulations [7, 8], which can be applied to formation
control and distributed localization in dynamic networks.

Affine formations constitute a particular class where the
achieved configuration is an affine transformation of a
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nominal pattern [9–17]. This means that agent positions evolve
through combinations of translation, rotation, scaling, and
shearing applied to the nominal configuration. Compared to
translation-based formations [6, 18–20] or rigid formations [5,
21], affine formations enable richer maneuvering capabilities,
which is especially valuable when teams must adapt to environ-
mental constraints such as traversing narrow passages. Another
appealing feature is that affine formations can be controlled
through distributed algorithms with a linear core structure. In
this setting, the stress matrix [10] plays a role analogous to the
Laplacian in consensus-based formation control [6, 20], serving
as the key structure for analysis and design.

A number of studies have advanced affine formation control
from different perspectives. The affine formation maneuvering
problem was introduced in [10], showing that leader trajectories
define the target configuration and that followers can be con-
trolled accordingly. A scheme was later considered in [11] where
one special leader computes the time-varying affine parameters,
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and the other leaders estimate them through a sliding-mode
observer; moreover, the control design for the followers assumes
that they have high-order dynamics. A distributed sliding-mode
estimator was designed in [12], inspired by [6], so that fol-
lowers can estimate their own target positions in the forma-
tion. Restrictions to planar affine formations consisting only of
translation, rotation, and uniform scaling were analyzed in [13],
where leaders estimate parameters locally through direct mea-
surements and without communications. The framework was
extended in [22] to directed graphs, higher-order agent dynam-
ics, and time delays. A two-layer control strategy for leaders and
followers under Euler–Lagrange dynamics that ensures practi-
cal finite-time convergence was presented in [14]. Building on
the leaderless approach of [9], a unified sliding-mode control
law applicable to affine, rigid, and translational formations but
limited to first-order models was given in [15]. Heterogeneity
across agents was studied in [16] by allowing dissimilar param-
eters while still assuming first-order dynamics. Timed conver-
gence guarantees were addressed in [17] and [23]: the former
proposed a prescribed-time convergent controller using a scaling
time function, while the latter employed time-base generators to
ensure fixed-time convergence, both requiring a shared clock ref-
erence across agents. Other works [24, 25] applied optimization
frameworks to enhance the performance of affine formation con-
trol. The linear formation control formulation presented in [26]
extends standard affine formation control by defining nominal
configurations in higher dimensions. Taken together, these con-
tributions establish a solid foundation for affine formation con-
trol, covering problem formulation, heterogeneity, and conver-
gence guarantees. Yet, most approaches rely on either low-order
observers, restrictive agent models, or specific structural assump-
tions such as synchronized clocks or leader–follower hierarchies.

One way to address some of these issues is through hierarchi-
cal observer–controller designs. By separating estimation from
control, such schemes allow observers to handle uncertainty,
noise, or discrete communication constraints, while controllers
focus on motion dynamics. This separation has been successfully
exploited in several formation control settings though mostly out-
side the affine setting. An observer was used in [6] to estimate the
state of a virtual leader, while centroid estimation was the focus
in [27], and centroid-based strategies were extended to multiple
leaders in [20]. Other works have employed observers to estimate
statistical moments that describe the formation’s shape [28, 29],
the target positions and velocities of the agents [30], or the overall
state of the formation [31]. These studies highlight the usefulness
of hierarchical observer–controller designs, but they are tailored
to formations modeled through Laplacian dynamics. Affine for-
mations, by contrast, are governed by stress-matrix dynamics and
thus require different analysis tools.

One of the central challenges in affine formation tracking is
that leader motions define a persistently time-varying target
configuration. Observers must therefore follow trajectories that
evolve continuously rather than static references, and controllers
must remain effective despite discretization, noise, and modeling
imperfections. To cope with this variability, methods with strong
robustness and finite-time convergence properties are especially
suitable. In this context, sliding-mode techniques have played an
important role in the design of both observers and controllers.
Classical sliding-mode control approaches have been applied in

affine formation tracking. For instance, a first-order sliding mode
(FOSM) approach was proposed in [32], with a related hierar-
chical approach in [33]. While classical sliding-mode observers
are attractive due to their finite-time convergence, they are
affected by chattering and sensitivity to noise. High-order slid-
ing mode (HOSM) observers [34, 35] overcome these limitations
by exploiting weighted homogeneity, which yields finite-time
convergence while reducing chattering and improving robust-
ness to discretization and disturbances. HOSM-based algorithms
have been applied to distributed consensus problems [20, 36–38],
where they enable robust estimation of dynamic averages and
their derivatives. However, these works address Laplacian-driven
consensus problems, not affine formation tracking.

Motivated by this discussion, we propose a distributed
observer–controller scheme for affine formation tracking in
multi-agent systems. The scheme consists of a homogeneous
HOSM observer and a position tracking controller, and has the
following distinctive features:

• The first application of HOSM observers to affine formation
tracking.

• A hierarchical observer–controller structure that decouples
estimation from control, allowing heterogeneous follower
dynamics and flexible motion controller designs.

• A novel adaptation of HOSM to a problem fundamentally
different from prior uses (e.g., dynamic average consensus),
requiring a distinct design and analysis.

• The first formal analysis of affine formation tracking
under both discretization and measurement noise, covering
continuous-time and discrete-time implementations.

1.1 | Notation

Let ℝ,ℕ be the sets of real and natural numbers respectively.
Let sign(𝑥) = 1 if 𝑥 > 0, sign(𝑥) = −1 if 𝑥 < 0 and sign(0) = 0.
Moreover, if 𝑥 ∈ ℝ, let ⌈𝑥⌋𝛼 ∶= |𝑥|𝛼sign(𝑥) for 𝛼 > 0 and ⌈𝑥⌋0 ∶=
sign(𝑥). In the vector case x = [𝑥1, . . . , 𝑥𝑛]⊤ ∈ ℝ𝑛, then ⌈x⌋𝛼 ∶=
[⌈𝑥1⌋𝛼, . . . , ⌈𝑥𝑛⌋𝛼]⊤ for 𝛼 ≥ 0. Let 𝜎min(•), 𝜎max(•) denote the min-
imum and maximum singular values. For a non-negative integer
𝑚, the 𝑚-th derivative of a function 𝑓 (𝑡) is denoted as 𝑓 (𝑚)(𝑡) with
̇𝑓 (𝑡) ∶= 𝑓 (1)(𝑡).

2 | Preliminaries

Consider 𝑁 ∈ ℕ agents, which can move in ℝ𝑑 with 𝑑 ≥ 2 and
𝑁 ≥ 𝑑 + 1, identified for convenience by an index in the set  ∶=
{1, . . . , 𝑁}. Let𝑁𝐿 < 𝑁 leaders indexed by𝐿 ∶= {1, . . . , 𝑁𝐿} ⊆

. Moreover, consider𝑁𝐹 followers such that𝑁𝐿 +𝑁𝐹 = 𝑁 , and
denote the set of their indices by 𝐹 ∶=  ⧵ 𝐿. In subsequent
developments, we use the same symbol 𝑖 ∈  for an agent index,
regardless of whether it is used for a leader or a follower, where
the distinction is made by specifying if 𝑖 ∈ 𝐿 or 𝑖 ∈ 𝐹 respec-
tively, or simply 𝑖 ∈  when no distinction is required.

The interaction between agents is modeled by an undirected
graph = (, ), where the agent index set is the corresponding
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node set and  ⊆  ×  is the edge set. Denote with 𝑖 the set of
neighbors of agent 𝑖 ∈  according to .

Given an arbitrary agent 𝑖 ∈ , its position at time 𝑡 is denoted
by p𝑖(𝑡) ∈ ℝ𝑑 . A nominal formation is specified by the graph
 together with a constant configuration of nominal positions
{p∗

𝑖
}𝑖∈ for all 𝑁 agents. The goal is not for the agents to reach

these nominal positions exactly, but rather a formation obtained
from them by an affine transformation, uniquely determined by
the leaders’ positions. To clarify this, consider the following defi-
nitions and results we borrow from [10].

Definition 1. Let the affine image(p∗
1, . . . ,p

∗
𝑁
) of the nom-

inal configuration be the set of all stacked agent positions for
which, for each one of them, there exist A ∈ ℝ𝑑×𝑑 and b ∈ ℝ𝑑

satisfying p𝑖 = Ap∗
𝑖
+ b for all 𝑖. Formally,

(p∗
1, . . . ,p

∗
𝑁
) =

{
p = [p⊤

1 , . . . ,p
⊤
𝑁
]⊤ ∈ ℝ𝑑𝑁 ∶ ∃ A ∈ ℝ𝑑×𝑑 ,

b ∈ ℝ𝑑 , p𝑖 = Ap∗
𝑖
+ b ∀𝑖 ∈ 

}
.

Definition 2. Let the decomposition

p =

[
p𝐿

p𝐹

]
, p𝐿 =

⎡⎢⎢⎢⎣
p1

⋮

p𝑁𝐿

⎤⎥⎥⎥⎦, p𝐹 =
⎡⎢⎢⎢⎣
p𝑁𝐿+1

⋮

p𝑁

⎤⎥⎥⎥⎦.
The nominal formation is affinely localizable by the leaders if for
any p ∈ (p∗

1, . . . ,p
∗
𝑁
), p𝐹 is uniquely determined by p𝐿.

For the tracking problem to be well posed, the affine transforma-
tion, and hence the desired positions of the followers, must be
uniquely determined by the current positions of the leaders. For
this purpose, the following lemma characterizes when a nominal
formation is affinely localizable and specifies the conditions that
the leaders’ nominal positions must satisfy.

Lemma 1 ([10, Theorem 1]). Assume that {p∗
𝑖
}𝑖∈ affinely

span ℝ𝑑 . Then, the nominal formation is affinely localizable if and
only if the nominal leaders’ positions {p∗

𝑖
}𝑖∈𝐿

affinely span ℝ𝑑 .

For the purpose of obtaining the concrete positions for the fol-
lowers in terms of those of the leaders, the concept of the stress
matrix 𝛀 ∈ ℝ𝑁×𝑁 is introduced, which has components

[𝛀]𝑖𝑗 =

⎧⎪⎪⎨⎪⎪⎩
0 if 𝑖 ≠ 𝑗, (𝑖, 𝑗) ∉ 

−𝜔𝑖𝑗 if 𝑖 ≠ 𝑗, (𝑖, 𝑗) ∈ ∑
𝑘∈𝑖

𝜔𝑖𝑘 if 𝑖 = 𝑗

.

with the weights 𝜔𝑖𝑗 in 𝛀 chosen such that∑
𝑗∈𝑖

𝜔𝑖𝑗(p∗
𝑖
− p∗

𝑗
) = 0,∀𝑖 ∈ . (1)

The existence of 𝛀 for the formation guaranteeing (1) is ensured
for a wide range of formations as studied in [10], in particular
for those called generically universally rigid which satisfy that 𝛀

is positive semidefinite. In addition, the steps used to compute 𝛀
given the graph  and the nominal configuration are given in [10,
Section VII.A]. The following lemma establishes a direct relation
between the nullspace of 𝛀 and the affine image of the nominal
configuration:

Lemma 2 ([10, Adapted from Lemma 5]). Consider a
graph , a nominal formation {p∗

𝑖
}𝑖∈ and their corresponding

stress matrix 𝛀, satisfying rank(𝛀) = 𝑁 − 𝑑 − 1. Then, {p∗
𝑖
}𝑖∈

affinely span ℝ𝑑 if and only if Null(𝛀⊗ I𝑑) = (p∗
1, . . . ,p

∗
𝑁
),

where Null(•) represents the nullspace of the input matrix •.

The following lemma gives the explicit relationship between the
leaders’ and followers’ positions when the nominal formation is
affinely localizable.

Lemma 3 ([10, Theorem 2]). Let the conditions of Lemma 2
hold and

𝛀 = 𝛀⊗ I𝑑

be decomposed as

𝛀 =

[
𝛀𝐿𝐿 𝛀𝐿𝐹

𝛀⊤

𝐿𝐹
𝛀𝐹𝐹

]
where 𝛀𝐿𝐿 ∈ ℝ𝑑⋅𝑁𝐿×𝑑⋅𝑁𝐿 and the rest of the matrices are of appro-
priate dimension. Then, the nominal formation is affinely local-
izable if and only if 𝛀𝐹𝐹 is nonsingular. Moreover, when 𝛀𝐹𝐹 is
nonsingular, for any p ∈ (p∗

1 , . . . ,p
∗
𝑁
), p𝐹 can be uniquely deter-

mined as
p𝐹 = −𝛀−1

𝐹𝐹
𝛀⊤

𝐿𝐹
p𝐿.

Besides these results, we also make use of the standard compari-
son lemma [39, Lemma 3.4] as well as norm inequalities, which
we reproduce here for clarity:

Lemma 4 (Adapted from [39, Lemma 3.4]). Consider the
scalar differential equation:

𝑥̇(𝑡) = 𝑓 (𝑡, 𝑥(𝑡))

where 𝑓 (𝑡, 𝑥) ∈ ℝ is continuous in 𝑡 and locally Lipschitz in 𝑥 for all
𝑡 ≥ 𝑡0 ≥ 0 and all 𝑥 ∈ ℝ. Let 𝑦(𝑡) be a differentiable function that
satisfies:

𝑦̇(𝑡) ≤ 𝑓 (𝑡, 𝑦(𝑡))

with 𝑦(𝑡0) ≤ 𝑥(𝑡0). Then, 𝑦(𝑡) ≤ 𝑥(𝑡) for all 𝑡 ∈ [𝑡0,∞).

Lemma 5 ([40, Theorem 19, Page 28]). Let v =
[𝑣1, . . . , 𝑣𝑛]𝑇 ∈ ℝ𝑛 and define ||v||𝑝 = (∑𝑛

𝑖=1|𝑣𝑖|𝑝)1∕𝑝
. Then,

with 0 < 𝑟 < 𝑠, it follows that ||v||𝑠 ≤ ||v||𝑟.
3 | Observer-Based Affine Formation Tracking

In this work, we assume that the nominal formation is affinely
localizable and that the trajectories of the leader agents

p𝐿(𝑡) =
⎡⎢⎢⎢⎣

p1(𝑡)
⋮

p𝑁𝐿
(𝑡)

⎤⎥⎥⎥⎦ (2)
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are exogenous time-varying signals. The followers are assumed to
have dynamics of the form

p(𝑚𝑖)
𝑖

(𝑡) = u𝑖(𝑡), 𝑖 ∈ 𝐹 , (3)

where u𝑖(𝑡) is the local controller, 𝑚𝑖 is the (possibly
agent-dependent) relative degree, and p(𝑚𝑖)

𝑖
(𝑡) denotes the 𝑚𝑖-th

time derivative of p𝑖(𝑡).

The objective is to design controllers u𝑖(𝑡), based solely on shared
local information, so that the followers’ positions converge to the
time-varying target configuration

p𝐹 (𝑡) =
⎡⎢⎢⎢⎣
p𝑁𝐿+1(𝑡)

⋮

p𝑁 (𝑡)

⎤⎥⎥⎥⎦ = −𝛀−1
𝐹𝐹

𝛀⊤

𝐿𝐹
p𝐿(𝑡),

as determined by the leaders’ current positions in Lemma 3. That
is, we want

lim
𝑡→∞

‖‖‖p𝐹 (𝑡) − (−𝛀−1
𝐹𝐹

𝛀⊤

𝐿𝐹
p𝐿(𝑡))

‖‖‖ = 0. (4)

To solve this problem, we adopt a hierarchical approach. First,
each follower 𝑖 ∈ 𝐹 runs a local observer to estimate its tar-
get position and its derivatives from the leaders’ current posi-
tions. Second, these estimates serve as reference signals in a
trajectory-tracking controller for (3).

The proposed local HOSM observer of order 𝑚 ≥ max{𝑚𝑖}𝑖∈𝐹

stores {p̂𝑖,𝜇(𝑡)}𝑚𝜇=0 at each follower, where p̂𝑖,𝜇(𝑡) is the estimate
of the 𝜇-th derivative of the target position. The observer updates
are given by

̇̂p𝑖,𝜇(𝑡) = p̂𝑖,𝜇+1(𝑡) − 𝜅𝜇f𝜇
⎛⎜⎜⎝
∑
𝑗∈𝑖

𝜔𝑖𝑗

(
p̂𝑖,𝜇(𝑡) − p̂𝑗,𝜇(𝑡)

)⎞⎟⎟⎠,
𝜇 ∈ {0, . . . , 𝑚 − 1},

̇̂p𝑖,𝑚(𝑡) = −𝜅𝑚f𝑚
⎛⎜⎜⎝
∑
𝑗∈𝑖

𝜔𝑖𝑗

(
p̂𝑖,𝑚(𝑡) − p̂𝑗,𝑚(𝑡)

)⎞⎟⎟⎠, (5)

for a follower agent 𝑖 ∈ 𝐹 with arbitrary initial conditions,
design parameters {𝜅𝜇}𝑚𝜇=0 > 0, stress matrix entries 𝜔𝑖𝑗 , and
f𝜇(•) = ⌈•⌋𝛼𝜇 with 𝛼𝜇 = 𝑚−𝜇

𝑚−𝜇+1
. Note that for 𝜇 = 𝑚, we have 𝛼𝑚 =

0, hence f𝑚(•) = ⌈•⌋0 = sign(•) is discontinuous. For this reason,
solutions of (5) are understood in the sense of Filippov [41]. As a
result, differential inclusions will be used repeatedly in this work,
as is standard in the study of sliding modes [15, 35].

For the leaders, we set

p̂𝑖,𝜇(𝑡) ∶= p(𝜇)
𝑖
(𝑡), 𝑖 ∈ 𝐿. (6)

From (6), we assume that a leader 𝑖 ∈ 𝐿 has access to p(𝜇)
𝑖
(𝑡) for

𝜇 ≤ 𝑚, which may not be directly available from sensors in prac-
tice. However, these can be estimated using only position mea-
surements, as described in Section 5.1.

The leaders’ states act as inputs to the followers’ observers. We
define

p̂𝐹 ,𝜇(𝑡) =
⎡⎢⎢⎢⎣
p̂𝑁𝐿+1,𝜇(𝑡)

⋮

p̂𝑁,𝜇(𝑡)

⎤⎥⎥⎥⎦, p̂𝜇(𝑡) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

p̂1,𝜇(𝑡)
⋮

p̂𝑁𝐿,𝜇
(𝑡)

p̂𝑁𝐿+1,𝜇(𝑡)
⋮

p̂𝑁,𝜇(𝑡)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (7)

which, using (2) and (6), yield

p̂𝜇(𝑡) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

p(𝜇)
1 (𝑡)
⋮

p(𝜇)
𝑁𝐿

(𝑡)
p̂𝑁𝐿+1,𝜇(𝑡)

⋮

p̂𝑁,𝜇(𝑡)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

[
p(𝜇)
𝐿
(𝑡)

p̂𝐹 ,𝜇(𝑡)

]
. (8)

where p(𝜇)
𝐿
(𝑡) in (8) denotes the 𝜇-th derivative of p𝐿(𝑡). From

a communication standpoint, 𝑖 in (5) denotes the neighbor-
hood of 𝑖 ∈ 𝐹 in , including both leaders and followers. Thus,
follower 𝑖 requires {p̂𝑗,𝜇(𝑡)}𝑚𝜇=0 from all 𝑗 ∈ 𝑖. Leaders share
{p(𝜇)

𝑗
(𝑡)}𝑚

𝜇=0 as per (6), while followers share their own locally
computed {p̂𝑗,𝜇(𝑡)}𝑚𝜇=0.

Remark 1. The choice of 𝛼𝜇 in (5) ensures that the observer
error system is weighted homogeneous, that is, invariant under
the transformation 𝑡′ = 𝜂𝑡, 𝜹′

𝜇
(𝑡′) = 𝜂𝑚−𝜇+1

𝜹𝜇(𝑡′∕𝜂) [35]. This
property is used in Section 5 to establish robustness under mea-
surement noise and discrete-time sampling.

Assumption 1 (Leader motion constraints). Assume that
the nominal formation is affinely localizable, generically univer-
sally rigid, and that the exogenous leader positions p𝐿(𝑡) have
bounded (𝑚 + 1)-th derivative, with

r(𝑡) = 𝛀−1
𝐹𝐹

𝛀⊤

𝐿𝐹
p(𝑚+1)
𝐿

(𝑡) ∈ [−𝐵,𝐵]𝑑⋅𝑁𝐹 , ∀𝑡 ≥ 0,

for some known 𝐵 > 0.

The only requirement in Assumption 1 is that the (𝑚 + 1)-th
derivative of p𝐿(𝑡) be bounded by a known constant, which
can be enforced as a constraint during trajectory planning. This
condition is compatible with a wide variety of leader trajectories.

Theorem 1. Let Assumption 1 hold, 𝜅𝜇 > 0 for 𝜇 ∈
{0, . . . , 𝑚 − 1}, and

𝜅𝑚 > 𝐵

√
𝑑 ⋅𝑁𝐹 𝜎max(𝛀𝐹𝐹 )

𝜎min(𝛀𝐹𝐹 )
.

Then there exists  > 0 such that

p̂𝐹 ,𝜇(𝑡) = −𝛀−1
𝐹𝐹

𝛀⊤

𝐿𝐹
p(𝜇)
𝐿
(𝑡), ∀𝑡 ≥  , 𝜇 ∈ {0, . . . , 𝑚}.

Proof. See Section 4.2. ◽
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The design condition on 𝜅𝑚 in Theorem 1 depends on the sin-
gular values of 𝛀𝐹𝐹 . Moreover, the weights 𝜔𝑖𝑗 in (5) generally
require centralized computation, as in other affine formation
control schemes [10, 13, 15]. These parameters can be computed
and distributed through an initialization procedure.

Theorem 1 guarantees that, after a finite time, the followers can
obtain their target positions and corresponding derivatives from
the leaders’ current positions via the outputs of the observer (5).
From these outputs, each agent can implement a local trajec-
tory tracking controller to follow its target position. For instance,
design parameters {𝜌𝑖,𝜇}

𝑚𝑖−1
𝜇=0 can be chosen for a standard linear

trajectory tracking controller, where the observer outputs p̂𝑖,𝜇(𝑡)
act as the reference signals at follower agent 𝑖 ∈ 𝐹 :

u𝑖(𝑡) = p̂𝑖,𝑚𝑖
(𝑡) −

𝑚𝑖−1∑
𝜇=0

𝜌𝑖,𝜇

(
p(𝜇)
𝑖
(𝑡) − p̂𝑖,𝜇(𝑡)

)
. (9)

Proposition 1. Let Assumption 1 hold and (5) be designed as
in Theorem 1. Moreover, let {𝜌𝑖,𝜇}

𝑚𝑖−1
𝜇=0 be chosen such that the poly-

nomial 𝑞(𝑠) = 𝑠𝑚𝑖 +
∑𝑚𝑖−1

𝜇=0 𝜌𝑖,𝜇𝑠
𝜇 of complex variable 𝑠 is Hurwitz

for every 𝑖 ∈ 𝐹 , meaning that all solutions 𝑠 of 𝑞(𝑠) = 0 have neg-
ative real part. Then, using (9) in (3) ensures that every follower
asymptotically converges to its position in the target configuration
as given in (4).

Proof. Set the reference for the followers as

p𝐹 ,ref(𝑡) = −𝛀−1
𝐹𝐹

𝛀⊤

𝐿𝐹
p𝐿(𝑡) =

⎡⎢⎢⎢⎣
p𝑁𝐿+1,ref(𝑡)

⋮

p𝑁,ref(𝑡)

⎤⎥⎥⎥⎦,
and define the tracking error e𝑖(𝑡) = p𝑖(𝑡) − p𝑖,ref(𝑡) for 𝑖 ∈
𝐹 . Then,

e(𝑚𝑖)
𝑖

(𝑡) = u𝑖(𝑡) − p(𝑚𝑖)
𝑖,ref(𝑡)

= p̂𝑖,𝑚𝑖
(𝑡) − p(𝑚𝑖)

𝑖,ref(𝑡) −
𝑚𝑖−1∑
𝜇=0

𝜌𝑖,𝜇

(
p(𝜇)
𝑖
(𝑡) − p̂𝑖,𝜇(𝑡)

)
= −

𝑚𝑖−1∑
𝜇=0

𝜌𝑖,𝜇 e(𝜇)
𝑖
(𝑡) + d𝑖(𝑡), (10)

where

d𝑖(𝑡) =
(

p̂𝑖,𝑚𝑖
(𝑡) − p(𝑚𝑖)

𝑖,ref(𝑡)
)
+

𝑚𝑖−1∑
𝜇=0

𝜌𝑖,𝜇

(
p̂𝑖,𝜇(𝑡) − p(𝜇)

𝑖,ref(𝑡)
)
.

Since {𝜌𝑖,𝜇}
𝑚𝑖−1
𝜇=0 lead to a Hurwitz characteristic polynomial,

(10) is BIBO stable with respect to d𝑖(𝑡). By Theorem 1, d𝑖(𝑡) is
bounded, so regardless of the initial follower conditions p(𝜇)

𝑖
(0),

𝑖 ∈ 𝐹 , the values of p(𝜇)
𝑖
(𝑡) remain bounded for 𝑡 ∈ [0,  ] with

 given in Theorem 1. Hence, there are no finite-time escapes
before convergence of the observer (5). For 𝑡 ≥  , d𝑖(𝑡) ≡ 𝟎, so
(10) becomes disturbance-free and lim𝑡→∞ ||e𝑖(𝑡)|| = 0, complet-
ing the proof. ◽

Remark 2. From the proof of Proposition 1, it follows that
any trajectory tracking controller that guarantees no finite-time

escapes for the error system (10) can be used. Consequently,
any BIBO-stable tracking controller is admissible. Since estimates
of high-order derivatives of the target position are available to
every follower, the approach allows considerable flexibility in
the choice of follower dynamics and controllers. For example, it
can be applied to agents with nonlinear dynamics using suitable
tracking controllers for unicycle systems [42], multirotors [43],
and Euler-Lagrange systems [44].

Remark 3. The proposed observer (5) requires agent posi-
tions to be expressed in a common global reference frame.
This condition is met in many applications where absolute
positioning is routinely available without centralized computa-
tion, such as outdoor multi-agent systems with GPS or indoor
environments equipped with UWB, optical tracking, or other
infrastructure-based localization systems. In settings without
such infrastructure, a global frame can still be established in a
distributed manner from relative measurements or a small set
of anchors with known positions, using established distributed
localization and coordinate alignment methods such as [45].
Once such a common frame is available, either through infras-
tructure or distributed estimation, the proposed scheme can be
applied without modification.

4 | Observer Convergence Analysis

4.1 | Toward Convergence

This section presents several useful lemmas for the convergence
proof of (5). First, write (5) in compact form:

̇̂p𝐹 ,𝜇(𝑡) = p̂𝐹 ,𝜇+1(𝑡) − 𝜅𝜇

[
𝟎𝑑⋅𝑁𝐹×𝑑⋅𝑁𝐿

I𝑑⋅𝑁𝐹

]
f𝜇(𝛀p̂𝜇(𝑡))

for 𝜇 ∈ {0, . . . , 𝑚 − 1}

̇̂p𝐹 ,𝑚(𝑡) = −𝜅𝑚
[
𝟎𝑑⋅𝑁𝐹×𝑑⋅𝑁𝐿

I𝑑⋅𝑁𝐹

]
f𝑚(𝛀p̂𝑚(𝑡)). (11)

Denote the follower observation error by

𝜹𝜇(𝑡) = p̂𝐹 ,𝜇(𝑡) +𝛀−1
𝐹𝐹

𝛀⊤

𝐿𝐹
p(𝜇)
𝐿
(𝑡). (12)

Convergence of (5) as described in Theorem 1 implies conver-
gence of {𝜹𝜇(𝑡)}𝑚𝜇=0 in finite time toward the origin, and the fol-
lowing result establishes the dynamics for this error.

Lemma 6. Let Assumption 1 hold and consider system (5).
Then, {𝜹𝜇(𝑡)}𝑚𝜇=0 with 𝜹𝜇(𝑡) in (12) satisfy

𝜹̇𝜇(𝑡) = 𝜹𝜇+1(𝑡) − 𝜅𝜇f𝜇(𝛀𝐹𝐹𝜹𝜇(𝑡)), 𝜇 ∈ {0, . . . , 𝑚 − 1}

𝜹̇𝑚(𝑡) = r(𝑡) − 𝜅𝑚f𝑚(𝛀𝐹𝐹𝜹𝑚(𝑡)). (13)

Proof. First, note that

𝛀𝐹𝐹𝜹𝜇(𝑡) = 𝛀⊤

𝐿𝐹
p(𝜇)
𝐿
(𝑡) +𝛀𝐹𝐹 p̂𝐹 ,𝜇(𝑡) =

[
𝛀⊤

𝐿𝐹
𝛀𝐹𝐹

]
p̂𝜇(𝑡). (14)

Since Assumption 1 holds, Lemma 2 ensures[
p𝐿(𝑡)

−𝛀−1
𝐹𝐹

𝛀⊤

𝐿𝐹
p𝐿(𝑡)

]
∈ Null(𝛀⊗ I𝑑).
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Then,

𝟎 = 𝛀
[

p𝐿(𝑡)
−𝛀−1

𝐹𝐹
𝛀⊤

𝐿𝐹
p𝐿(𝑡)

]
=

[
𝛀𝐿𝐿 𝛀𝐿𝐹

𝛀⊤

𝐿𝐹
𝛀𝐹𝐹

][
p𝐿(𝑡)

−𝛀−1
𝐹𝐹

𝛀⊤

𝐿𝐹
p𝐿(𝑡)

]

=

[
𝛀𝐿𝐿p𝐿(𝑡) −𝛀𝐿𝐹𝛀−1

𝐹𝐹
𝛀⊤

𝐿𝐹
p𝐿(𝑡)

𝛀⊤

𝐿𝐹
p𝐿(𝑡) −𝛀𝐹𝐹𝛀−1

𝐹𝐹
𝛀⊤

𝐿𝐹
p𝐿(𝑡)

]

which, taking 𝜇-th time derivative, leads to

𝛀𝐿𝐿p(𝜇)
𝐿
(𝑡) = 𝛀𝐿𝐹𝛀−1

𝐹𝐹
𝛀⊤

𝐿𝐹
p(𝜇)
𝐿
(𝑡)

and therefore[
𝛀𝐿𝐿 𝛀𝐿𝐹

]
p̂𝜇(𝑡) = 𝛀𝐿𝐿p(𝜇)

𝐿
(𝑡) +𝛀𝐿𝐹 p̂𝐹 ,𝜇(𝑡)

= 𝛀𝐿𝐹𝛀−1
𝐹𝐹

𝛀⊤

𝐿𝐹
p(𝜇)
𝐿
(𝑡) +𝛀𝐿𝐹 p̂𝐹 ,𝜇(𝑡)

= 𝛀𝐿𝐹

(
𝛀−1

𝐹𝐹
𝛀⊤

𝐿𝐹
p(𝜇)
𝐿
(𝑡) + p̂𝐹 ,𝜇(𝑡)

)
= 𝛀𝐿𝐹𝜹𝜇(𝑡). (15)

Then, combining (14) and (15) we have that[
𝛀𝐿𝐹

𝛀𝐹𝐹

]
𝜹𝜇(𝑡) = 𝛀p̂𝜇(𝑡). (16)

As a result, we have that[
𝟎𝑑⋅𝑁𝐹×𝑑⋅𝑁𝐿

I𝑑⋅𝑁𝐹

]
f𝜇(𝛀p̂𝜇(𝑡))

=
[
𝟎𝑑⋅𝑁𝐹×𝑑⋅𝑁𝐿

I𝑑⋅𝑁𝐹

]
f𝜇

([
𝛀𝐿𝐹

𝛀𝐹𝐹

]
𝜹𝜇(𝑡)

)

=
[
𝟎𝑑⋅𝑁𝐹×𝑑⋅𝑁𝐿

I𝑑⋅𝑁𝐹

][f𝜇(𝛀𝐿𝐹𝜹𝜇(𝑡))
f𝜇(𝛀𝐹𝐹𝜹𝜇(𝑡))

]
= f𝜇(𝛀𝐹𝐹𝜹𝜇(𝑡)).

Henceforth, for 𝜇 ∈ {0, . . . , 𝑚 − 1}, using (11):

𝜹̇𝜇(𝑡) = 𝛀−1
𝐹𝐹

𝛀⊤

𝐿𝐹
p(𝜇+1)
𝐿

(𝑡) + ̇̂p𝐹 ,𝜇(𝑡)

= 𝛀−1
𝐹𝐹

𝛀⊤

𝐿𝐹
p(𝜇+1)
𝐿

(𝑡) + p̂𝐹 ,𝜇+1(𝑡)

− 𝜅𝜇

[
𝟎𝑑⋅𝑁𝐹×𝑑⋅𝑁𝐿

I𝑑⋅𝑁𝐹

]
f𝜇(𝛀p̂𝜇(𝑡))

= 𝜹𝜇+1(𝑡) − 𝜅𝜇f𝜇(𝛀𝐹𝐹𝜹𝜇(𝑡))

and similarly, for 𝜇 = 𝑚:

𝜹̇𝑚(𝑡) = 𝛀−1
𝐹𝐹

𝛀⊤

𝐿𝐹
p(𝑚+1)
𝐿

(𝑡) + ̇̂p𝐹 ,𝑚(𝑡)

= 𝛀−1
𝐹𝐹

𝛀⊤

𝐿𝐹
p(𝑚+1)
𝐿

(𝑡)

− 𝜅𝑚

[
𝟎𝑑⋅𝑁𝐹×𝑑⋅𝑁𝐿

I𝑑⋅𝑁𝐹

]
𝛀f𝑚(𝛀p̂𝑚(𝑡))

= r(𝑡) − 𝜅𝑚f𝑚(𝛀𝐹𝐹𝜹𝑚(𝑡)).
◽

The following result establishes a Lyapunov inequality for an aux-
iliary system which will be useful to study (13).

Lemma 7. Consider the differential inclusion

𝜹̇𝜇(𝑡) ∈ [−𝐵𝜇, 𝐵𝜇]𝑑⋅𝑁𝐹 − 𝜅𝜇
⌈
𝛀𝐹𝐹𝜹𝜇(𝑡)

⌋𝛼𝜇 (17)

for some 𝐵𝜇≥ 0 and 𝛼𝜇 ∈ [0, 1). Then, 𝑉𝜇(𝜹𝜇(𝑡)) =      𝜹𝜇(𝑡)⊤

is positive definite and satisfies

𝑉̇ 𝜇(𝜹𝜇(𝑡)) ≤ 𝛾𝜇

√
𝑉𝜇(𝜹𝜇(𝑡)) − 𝜁𝜇𝑉𝜇(𝜹𝜇(𝑡))

𝛼𝜇+1
2

with 𝛾𝜇 = 𝐵𝜇

√
2𝑑 ⋅𝑁𝐹𝜎max(𝛀𝐹𝐹 ) and 𝜁𝜇 =

2
𝛼𝜇+1

2 𝜅𝜇𝜎min(𝛀𝐹𝐹 )
𝛼𝜇+1

2 .

Proof. First, note that due to Assumption 1, the nominal forma-
tion is generically universally rigid. Hence, 𝛀 is positive semidef-
inite and thus its principal block 𝛀𝐹𝐹 is as well. Moreover, the
formation is affinely localizable and thus Lemma 3 implies 𝛀𝐹𝐹

is nonsingular. As a result, 𝛀𝐹𝐹 is positive definite. Henceforth,
𝑉𝜇(𝜹𝜇(𝑡)) is positive definite as well. Moreover, it satisfies that for
any r𝜇(𝑡) ∈ [−𝐵𝜇, 𝐵𝜇]𝑑⋅𝑁𝐹 :

𝑉̇ 𝜇 𝜹̇ ⌈
𝛀𝐹𝐹𝜹𝜇(𝑡)

⌋𝛼𝜇(𝜹𝜇(𝑡)) = 𝜹𝜇(𝑡)⊤                    (𝑡)

= 𝜹𝜇(𝑡)⊤         − 𝜅  𝜹  (𝑡)⊤

≤ ||v(𝑡)||||r𝜇(𝑡)|| − 𝜅𝜇v(𝑡)⊤⌈v(𝑡)⌋𝛼𝜇
≤ 𝐵𝜇

√
𝑑 ⋅𝑁𝐹 ||v(𝑡)|| − 𝜅𝜇v(𝑡)⊤⌈v(𝑡)⌋𝛼𝜇

where v(𝑡) = 𝛀𝐹𝐹  𝜹𝜇(𝑡) . Note that if v(𝑡) =
[𝑣1(𝑡), . . . , 𝑣𝑑⋅𝑁𝐹

(𝑡)]⊤ then

v(𝑡)⊤⌈v(𝑡)⌋𝛼𝜇[𝑣1(𝑡) . . . 𝑣𝑑𝑁 (𝑡)
]⎡⎢⎢⎢⎣

|𝑣1(𝑡)|𝛼𝜇 sign(𝑣1(𝑡))
⋮|𝑣𝑑𝑁 (𝑡)|𝛼𝜇 sign(𝑣𝑑𝑁 (𝑡))

⎤⎥⎥⎥⎦
= (||v(𝑡)||𝛼𝜇+1)𝛼𝜇+1

with the norm definition (||v(𝑡)||𝛼𝜇+1)𝛼𝜇+1 =
∑𝑑⋅𝑁𝐹

𝑘=1 |𝑣𝑘(𝑡)|𝛼𝜇+1.

Moreover,

𝜎min(𝛀𝐹𝐹 )𝜹⊤𝜇𝛀𝐹𝐹𝜹𝜇 ≤ ||v(𝑡)||2 ≤ 𝜎max(𝛀𝐹𝐹 )𝜹⊤𝜇𝛀𝐹𝐹𝜹𝜇.

Hence, Lemma 5, namely ||v||𝑠 ≤ ||v||𝑟 with 0 < 𝑟 < 𝑠, implies

||v(𝑡)||𝛼𝜇+1 ≥ ||v(𝑡)|| ≥ √
𝜎min(𝛀𝐹𝐹 )𝜹𝜇(𝑡)𝛀𝐹𝐹𝜹𝜇(𝑡)

due to 𝛼𝜇 + 1 < 2. Therefore:

𝑉̇ 𝜇(𝜹𝜇(𝑡)) ≤ 𝐵𝜇

√
𝑑 ⋅𝑁𝐹 ||v(𝑡)|| − 𝜅𝜇(||v(𝑡)||𝛼𝜇+1)𝛼𝜇+1

≤ 𝐵𝜇

√
𝑑 ⋅𝑁𝐹𝜎max(𝛀𝐹𝐹 )

√
𝜹𝜇(𝑡)𝛀𝐹𝐹𝜹𝜇(𝑡)

− 𝜅𝜇𝜎min(𝛀𝐹𝐹 )
𝛼𝜇+1

2 (𝜹𝜇(𝑡)𝛀𝐹𝐹𝜹𝜇(𝑡))
𝛼𝜇+1

2

= 𝐵𝜇

√
𝑑 ⋅𝑁𝐹𝜎max(𝛀𝐹𝐹 )

√
2𝑉𝜇

− 𝜅𝜇𝜎min(𝛀𝐹𝐹 )
𝛼𝜇+1

2 (2𝑉𝜇)
𝛼𝜇+1

2

completing the proof. ◽

Lemma 8. Let 𝑣̇(𝑡) = 𝜂𝜇⌈𝑣(𝑡)⌋𝛽𝜇 with 𝛽𝜇 ∈ [0, 1), 𝜇 = |𝑣(𝜏)|1−𝛽𝜇
(1−𝛽𝜇 )𝜂𝜇

and initial time 𝜏 ≥ 0. Then,

𝑣(𝑡)1−𝛽𝜇 =

⎧⎪⎪⎨⎪⎪⎩

|𝑣(𝜏)|1−𝛽𝜇 + (1 − 𝛽𝜇)𝜂𝜇(𝑡 − 𝜏) if 𝜂𝜇 ≥ 0, 𝑡 ≥ 𝜏|𝑣(𝜏)|1−𝛽𝜇 − (1 − 𝛽𝜇) if 𝜂𝜇 < 0,|𝜂𝜇|(𝑡 − 𝜏) 𝑡 ∈
[
𝜏, 𝜏 + 𝜇

]
0 if 𝜂𝜇 < 0, 𝑡 ≥ 𝜇 + 𝜏

.
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Proof. It can be verified that the solution of the separable dif-
ferential equation can be written as

|𝑣(𝑡)|1−𝛽𝜇 = |𝑣(𝜏)|1−𝛽𝜇 + (1 − 𝛽𝜇)𝜂𝜇(𝑡 − 𝜏)

for 𝑣(𝑡) ≠ 0 from which the case with 𝜂𝜇 ≥ 0, 𝑡 ≥ 𝜏 follows
directly. Moreover, choose 𝑉𝑣(𝑣(𝑡)) = 𝑣(𝑡)2∕2 such that

𝑉̇ 𝑣 = 𝜂𝜇𝑣(𝑡)⌈𝑣(𝑡)⌋𝛽𝜇 = 𝜂𝜇|𝑣(𝑡)|𝛽𝜇+1 < 0

for 𝑣(𝑡) ≠ 0 when 𝜂𝜇 < 0. Henceforth, when 𝜂𝜇 < 0 the origin is
asymptotically stable. In this case, the explicit solution reaches
the origin at 𝑡 = 𝜏 + 𝜇 and remains there forever completing the
proof. ◽

4.2 | Convergence of the Distributed Observer

Proof of Theorem 1. We will show, by induction, that there
exist 𝑏𝜇, 𝜏𝜇 such that ||𝜹𝜇(𝑡)|| ≤ 𝑏𝜇 for 𝑡 ∈ [0, 𝜏𝜇] and 𝜹𝜇(𝑡) = 𝟎
for 𝑡 ≥ 𝜏𝜇 . As induction base, we start with 𝜇 = 𝑚. Note that
according to Lemma 6, 𝜹̇𝑚(𝑡) satisfy (17) with 𝐵𝑚 = 𝐵 due to
Assumption 1. Hence, Lemma 7 implies that 𝑉𝑚(𝜹𝑚(𝑡)) satisfies

𝑉̇ 𝑚(𝜹𝑚(𝑡)) ≤ 𝛾𝑚

√
𝑉𝑚(𝜹𝑚(𝑡)) − 𝜁𝑚𝑉𝑚(𝜹𝑚(𝑡))

𝛼𝑚+1
2

= 𝜂𝑚

√
𝑉𝑚(𝜹𝑚(𝑡))

due to 𝛼𝑚 = 0 and with 𝜂𝑚 = 𝛾𝑚 − 𝜁𝑚 < 0 due to the design condi-
tions for 𝜅𝑚 in Theorem 1. Now we use the comparison Lemma 4
and Lemma 8 with 𝜇 = 𝑚, 𝛽𝑚 = 1∕2, 𝜏 = 0 to obtain√

𝑉𝑚(𝜹𝑚(𝑡)) ≤
√
𝑉𝑚(𝜹𝑚(0)) − |𝜂𝑚|𝑡∕2

if 𝑡 ∈ [0, 𝑚] and
√
𝑉𝑚(𝜹𝑚(𝑡)) = 0 for 𝑡 ≥ 𝑚 with 𝑚 > 0 as in

Lemma 8. Hence, the induction base is established with 𝜏𝑚 =
𝑚 and

𝑏𝑚 =
√

2𝑉𝑚(𝜹(0))∕𝜎min(Ω𝐹𝐹 ).

Now, assume the induction hypothesis for 𝜹𝜇+1(𝑡) in order to
show it for 𝜹𝜇(𝑡) for arbitrary 𝜇 ∈ {0, . . . , 𝑚 − 1}. This is, we
assume the existence of 𝑏𝜇+1, 𝜏𝜇+1 such that ||𝜹𝜇+1(𝑡)|| ≤ 𝑏𝜇+1
for 𝑡 ∈ [0, 𝜏𝜇+1] and 𝜹𝜇+1(𝑡) = 𝟎 for 𝑡 ≥ 𝜏𝜇+1. Under this setting,
Lemma 6 implies that 𝜹̇𝜇(𝑡) satisfy (13), which is of the form (17),
with 𝐵𝜇 = 𝑏𝜇+1 for 𝑡 ∈ [0, 𝜏𝜇+1]. Hence, in this interval, Lemma 7
implies that 𝑉𝜇(𝜹𝜇(𝑡)) satisfy

𝑉̇ 𝜇(𝜹𝜇(𝑡)) ≤ 𝛾𝜇

√
𝑉𝜇(𝜹𝜇(𝑡))

with 𝛾𝜇 = 𝑏𝜇+1
√

2𝑑 ⋅𝑁𝐹𝜎max(𝛀𝐹𝐹 ). By the comparison Lemma 4
and Lemma 8 with 𝜂𝜇 = 𝛾𝜇 ≥ 0, 𝛽𝜇 = 1∕2, 𝜏 = 0:√

𝑉𝜇(𝜹𝜇(𝑡)) ≤
√

𝑉𝜇(𝜹𝜇(0)) + 𝜂𝜇𝑡∕2 ≤
√

𝑉𝜇(𝜹𝜇(0)) + 𝜂𝜇𝜏𝜇+1∕2

=∶ 𝑏𝜇

√
𝜎min(Ω𝐹𝐹 )∕2

for 𝑡 ∈ [0, 𝜏𝜇+1]. Now, for 𝑡 ≥ 𝜏𝜇+1, if follows by the induction
hypothesis that 𝜹̇𝜇(𝑡) satisfy (13), which is of the form (17), with
𝐵𝜇 = 0. From Lemma 7, 𝑉𝜇(𝜹𝜇(𝑡)) satisfy

𝑉̇ 𝜇(𝜹𝜇(𝑡)) ≤ −𝜁𝜇𝑉𝜇(𝜹𝜇(𝑡))
𝛼𝜇+1

2 = 𝜂𝜇𝑉𝜇(𝜹𝜇(𝑡))𝛽𝜇

with 𝜂𝜇 = −𝜁𝜇 < 0 and 𝛽𝜇 = (𝛼𝜇 + 1)∕2 for all 𝑡 ≥ 𝜏𝜇+1. From here,
it follows that√||𝜹𝜇(𝑡)||2𝜎min(Ω𝐹𝐹 )∕2 ≤

√
𝑉𝜇(𝜹𝜇(𝑡)) ≤ 𝑏𝜇

√
𝜎min(Ω𝐹𝐹 )∕2

is maintained ∀𝑡 ≥ 𝜏𝜇+1 since 𝑉𝜇(𝜹𝜇(𝑡)) is nonincreasing in that
interval. Moreover, the comparison Lemma 8 in addition to
Lemma 8 with 𝜏 = 𝜏𝜇+1 imply the existence of 𝜇 > 𝜏𝜇+1 such
that 𝑉𝜇(𝜹(𝑡)) = 0 for all 𝑡 ≥ 𝜇 . Hence, set 𝜏𝜇 = 𝜇 to complete the
induction. Therefore, 𝜹𝜇(𝑡) = 𝟎,∀𝜇 ∈ {0, . . . , 𝑚},∀𝑡 ≥  ∶= 𝜏0.

5 | Robustness Analysis

5.1 | Robustness to Noisy Leader
Measurements

Up to this point, it was assumed that a subset of the follower
agents had access to leaders positions p𝑖(𝑡) for some 𝑖 ∈ 𝐿, and
their derivatives. In practice, follower agents may measure these
quantities by means of onboard sensors or the leaders might com-
municate them directly. In any case, it is usual to have access to
the position measurement p𝑖(𝑡) but not directly to its derivatives.
Hence, we study this usual scenario next in which the derivatives
need to be estimated, providing a specific approach to carry out
such estimation. If a leader node 𝑖 ∈ 𝐿 cooperates, has access
to noisy measurements of its own position p𝜀

𝑖
(𝑡) = p𝑖(𝑡) + 𝜺𝑖(𝑡)

with noise 𝜺𝑖(𝑡) ∈ 𝜀[−1, 1]𝑑 , it can replace (6) with the following
derivative estimator:

̇̂p𝑖,𝜇(𝑡) = p̂𝑖,𝜇+1(𝑡) − 𝜅𝑑
𝜇

⌈
p̂𝑖,0(𝑡) − p𝜀

𝑖
(𝑡)
⌋ 𝑚−𝜇

𝑚+1

for 𝜇 ∈ {0, . . . , 𝑚 − 1}

̇̂p𝑖,𝑚(𝑡) = −𝜅𝑑
𝑚

⌈
p̂𝑖,0(𝑡) − p𝜀

𝑖
(𝑡)
⌋ 𝑚−𝜇

𝑚+1 (18)

for 𝑖 ∈ 𝐿. The estimator in (18) corresponds to the Robust Exact
Differentiator (RED) in [34] and will be used for the leaders in
conjunction with (5) for the followers. Appropriate parameters
{𝜅𝑑

𝜇
}𝑚
𝜇=0 are known for the RED to induce the terminal neighbor-

hoods ||p̂𝑖,𝜇(𝑡) − p(𝜇)
𝑖
(𝑡)|| ≤ 𝑐𝑑

𝜇
𝜀

𝑚−𝜇+1
𝑚+1 (19)

for 𝑖 ∈ 𝐿, after some finite time  𝑑 > 0 and for positive constants
{𝑐𝑑

𝜇
}𝑚
𝜇=0, provided p(𝑚+1)

𝑖
(𝑡), 𝑖 ∈ 𝐿 is uniformly bounded for all

time. Note from (19) that (6) is recovered when 𝜀 = 0. In a case
where the leader agents do not cooperate and cannot communi-
cate directly with any follower, then some of the followers might
measure the positions p𝜀

𝑖
(𝑡) and run a copy of (18) for every 𝑖 ∈ 𝐿.

The following result establishes the robustness of the proposed
observer (5) to measurement noise, when used in conjunction
with (18).

Proposition 2. Let the same assumptions as in Theorem 1
hold. Moreover, let (5) with (18) in place of (6). Then, there exists
𝛾 > 0 and positive constants {𝛾𝜇}𝑚𝜇=0 such that for all 𝑡 ≥ 𝛾 and
𝜇 ∈ {0, . . . , 𝑚}:

‖‖‖‖p̂𝐹 ,𝜇(𝑡) −
(
−𝛀−1

𝐹𝐹
𝛀⊤

𝐿𝐹
p(𝜇)
𝐿
(𝑡)
)‖‖‖‖ ≤ 𝛾𝜇𝜀

𝑚−𝜇+1
𝑚+1
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Proof. Finite time escapes of (5) cannot occur before the con-
vergence time of (18) at 𝑡 =  𝑑 , even under noise using the
same argument as in the proof for the standard differentiator in
[34, Lemma 7]. Thus, we analyze 𝑡 ≥  𝑑 . Let 𝜺𝜇(𝑡) = p̂𝐿,𝜇(𝑡) −
p(𝜇)
𝐿
(𝑡) for 𝑖 ∈ 𝐿 with p̂𝐿,𝜇(𝑡) = [p̂1,𝜇(𝑡)⊤, . . . , p̂𝑁𝐿,𝜇

(𝑡)⊤]⊤ More-
over, write

p̂𝜇(𝑡) ∶=

[
p̂𝐿,𝜇(𝑡)
p̂𝐹 ,𝜇(𝑡)

]
=

[
p(𝜇)
𝐿
(𝑡)

p̂𝐹 ,𝜇(𝑡)

]
+

[
𝜺𝜇(𝑡)
𝟎

]

in place of (7). The analogue version of (16) is:

𝛀p̂𝜇(𝑡) = 𝛀
[

p(𝜇)
𝐿
(𝑡)

p̂𝐹 ,𝜇(𝑡)

]
+

[
𝛀𝐿𝐿 𝛀𝐿𝐹

𝛀⊤

𝐿𝐹
𝛀𝐹𝐹

][
𝜺𝜇(𝑡)
𝟎

]

=

[
𝛀𝐿𝐹

𝛀𝐹𝐹

]
𝜹𝜇(𝑡) +

[
𝛀𝐿𝐿

𝛀⊤

𝐿𝐹

]
𝜺𝜇(𝑡).

Henceforth,

𝜹̇𝜇(𝑡) = 𝜹𝜇+1(𝑡) − 𝜅𝜇f𝜇
(
𝛀𝐹𝐹𝜹𝜇(𝑡) +𝛀⊤

𝐿𝐹
𝜺𝜇(𝑡)

)
, 𝜇 ≤ 𝑚 − 1

𝜹̇𝑚(𝑡) = r(𝑡) − 𝜅𝑚𝛀f𝑚
(
𝛀𝐹𝐹𝜹𝑚(𝑡) +𝛀⊤

𝐿𝐹
𝜺𝑚(𝑡)

)
. (20)

Moreover, 𝜺𝜇(𝑡) ∈ [−1, 1]𝑑⋅𝑁𝐿

√
𝑑 ⋅𝑁𝐿𝑐

𝑑
𝜇
𝜀

𝑚−𝜇+1
𝑚+1 as a result of

(19) for 𝑡 ≥  𝑑 . Therefore, 𝜺𝜇(𝑡) ∈ [−1, 1]𝑑⋅𝑁𝐿𝜌𝑚−𝜇+1 with 𝜌 =

max0≤𝜇≤𝑚

(√
𝑑 ⋅𝑁𝐿𝑐

𝑑
𝜇

) 1
𝑚−𝜇+1

𝜀
1

𝑚+1 . It can be verified that (20) is
invariant under the homogeneity transformation 𝑡′ = 𝜂𝑡, 𝜌′ =
𝜂𝜌, 𝜹

′
𝜇
(𝑡′) = 𝜂𝑚−𝜇+1

𝜹𝜇(𝑡′∕𝜂) with 𝜂 > 0 following the same steps
as in [36, Lemma 17]. Moreover, (20) is globally finite-time stable
when 𝜌 = 0 due to Theorem 1. Therefore, the result follows from
[35, Theorem 2]. ◽

Remark 4. Note that in this section, noise is considered for
p̂𝑖,𝜇(𝑡) in (5) for the leader variables 𝑖 ∈ 𝐿 and not for followers
𝑖 ∈ 𝐹 . The reason is that noise appears in practice due to measur-
ing the leader positions. In contrast, p̂𝑖,𝜇(𝑡) for followers 𝑖 ∈ 𝐹 are
virtual variables stored digitally at each agent, and do not suffer
from any additional noise. However, measurement noise for the
follower position will impact the controller (e.g., the one in (9))
rather than the observer. Fortunately, since our scheme makes
the design of the controller independent of the observer structure,
additional analysis can be conducted individually using standard
techniques, which we omit for conciseness.

5.2 | Robustness to Discrete-Time
Communication

In the previous sections, continuous-time communication is
assumed for the local observer in (5). However, implementation
is made in discrete time. This makes the analysis of robustness to
discrete-time communication particularly relevant. Assume that
agents exchange messages at discrete time instants {𝑘Δ}∞

𝑘=0 with
sampling step Δ > 0. Then, the alternative version of (5) is:

p̂𝑖,𝜇[𝑘 + 1] =
𝑚−𝜇∑
𝜈=0

⎛⎜⎜⎝Δ
𝜈

𝜈!
p̂𝑖,𝜇+𝜈[𝑘] −

Δ𝜈+1𝜅𝜇+𝜈

(𝜈 + 1)!

× f𝜇+𝜈
⎛⎜⎜⎝
∑
𝑗∈𝑖

𝜔𝑖𝑗(p̂𝑖,𝜇+𝜈[𝑘] − p̂𝑗,𝜇+𝜈[𝑘])
⎞⎟⎟⎠
⎞⎟⎟⎠ (21)

for follower agents 𝑖 ∈ 𝐹 , where we write p̂𝑖,𝜇[𝑘] ∶= p̂𝑖,𝜇(𝑘Δ).
Hence, information and updates are only produced at the dis-
crete time instants {𝑘Δ}∞

𝑘=0. Similarly as with (5), a leader 𝑗 ∈ 𝐿

shares {p̂𝑗,𝜇[𝑘]}𝑚𝜇=0 = {p(𝜇)
𝑗
[𝑘]}𝑚

𝜇=0 with its neighbors, whereas a
follower 𝑗 ∈ 𝐹 shares {p̂𝑗,𝜇[𝑘]}𝑚𝜇=0 directly from its local version
of (21).

The following result quantifies the chattering of the proposal, that
is, the accuracy as a function of Δ and 𝑚.

Proposition 3. Let the same assumptions as in Theorem 1
hold and consider (21). Then, there exists 𝐾 ∈ ℕ and positive con-
stants {𝛾𝜇}𝑚𝜇=0 such that for all 𝑘 ≥ 𝐾 :

‖‖‖‖p̂𝐹 ,𝜇[𝑘] −
(
−𝛀−1

𝐹𝐹
𝛀⊤

𝐿𝐹
p(𝜇)
𝐿
[𝑘]
)‖‖‖‖ ≤ 𝛾𝜇Δ𝑚−𝜇+1.

Proof. First, it can be verified that

p̂𝑖,𝜇(𝑡) =
𝑚−𝜇∑
𝜈=0

⎛⎜⎜⎝
(𝑡 − 𝑘Δ)𝜈

𝜈!
p̂𝑖,𝜇+𝜈[𝑘] −

(𝑡 − 𝑘Δ)𝜈+1𝜅𝜇+𝜈

(𝜈 + 1)!

× f𝜇+𝜈
⎛⎜⎜⎝
∑
𝑗∈𝑖

𝜔𝑖𝑗(p̂𝑖,𝜇+𝜈[𝑘] − p̂𝑗,𝜇+𝜈[𝑘])
⎞⎟⎟⎠
⎞⎟⎟⎠ (22)

comply (21) and

̇̂p𝑖,𝜇(𝑡) = p̂𝑖,𝜇+1(𝑡) − 𝜅𝜇f𝜇
⎛⎜⎜⎝
∑
𝑗∈𝑖

𝜔𝑖𝑗(p̂𝑖,𝜇[𝑘] − p̂𝑗,𝜇[𝑘])
⎞⎟⎟⎠

for 𝜇 ∈ {0, . . . , 𝑚 − 1}

̇̂p𝑖,𝑚(𝑡) = −𝜅𝑚f𝑚
⎛⎜⎜⎝
∑
𝑗∈𝑖

𝜔𝑖𝑗(p̂𝑖,𝑚[𝑘] − p̂𝑗,𝑚[𝑘])
⎞⎟⎟⎠.

Henceforth, the error variables 𝜹𝜇(𝑡) for (22) satisfy

𝜹̇𝜇(𝑡) ∈ 𝜹𝜇+1(𝑡) − 𝜅𝜇f𝜇
(
𝛀𝐹𝐹𝜹𝜇(𝑡 − Δ[0, 1])

)
, 𝜇 ≤ 𝑚 − 1

𝜹̇𝑚(𝑡) ∈ [−𝐵,𝐵]𝑑⋅𝑁𝐹 − 𝜅𝜇f𝑚
(
𝛀𝐹𝐹𝜹𝑚(𝑡 − Δ[0, 1])

)
(23)

since
𝜹𝜇[𝑘] = 𝜹𝜇(𝑡 − (𝑡 − 𝑘Δ)) ∈ 𝜹𝜇(𝑡 − Δ[0, 1])

due to 𝑡 − 𝑘Δ ∈ [0,Δ] when 𝑡 ∈ [𝑘Δ, (𝑘 + 1)Δ]. It can be veri-
fied that (23) is invariant under the homogeneity transformation
𝑡′ = 𝜂𝑡, 𝜌′ = 𝜂𝜌, 𝜹

′
𝜇
(𝑡′) = 𝜂𝑚−𝜇+1

𝜹𝜇(𝑡′∕𝜂)with 𝜂 > 0 and 𝜌 = Δ.
Thus, the proof follows as in Proposition 2. ◽

For clarity, Proposition 2 and Proposition 3 separately addressed
robustness to measurement noise and to discrete-time implemen-
tation. For completeness, the following result establishes conver-
gence when both measurement noise and discrete-time updates
are present simultaneously.

Corollary 1. Let the same assumptions as in Theorem 1 hold.
Moreover, let discrete-time noisy leader measurements p̂𝑖,𝜇(𝑡), 𝑖 ∈
𝐿 complying

||p̂𝑖,𝜇[𝑘] − p(𝜇)
𝑖
[𝑘]|| ≤ 𝑐𝑑

𝜇
max

{
Δ, 𝜀

1
𝑚+1

}𝑚−𝜇+1
(24)
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for 𝑖 ∈ 𝐿,Δ, 𝜀 ≥ 0, for 𝑘 ≥ 𝐾𝑑 with finite time𝐾𝑑 > 0 and positive
constants {𝑐𝑑

𝜇
}𝑚
𝜇=0. Hence, with such modification, there exists 𝐾 ∈

ℕ and positive constants {𝛾𝜇}𝑚𝜇=0 such that (21) complies that for
all 𝑘 ≥ 𝐾 :‖‖‖‖p̂𝐹 ,𝜇[𝑘] −

(
−𝛀−1

𝐹𝐹
𝛀⊤

𝐿𝐹
p(𝜇)
𝐿
[𝑘]
)‖‖‖‖ ≤ 𝛾𝜇 max

{
Δ, 𝜀

1
𝑚+1

}𝑚−𝜇+1

Proof. Assume 𝑘 ≥ 𝐾𝑑 , condition after which (24) has been
established. Follow the same arguments as in the proofs of
Proposition 2 and Proposition 3 to obtain the error system:

𝜹̇𝜇(𝑡) ∈ 𝜹𝜇+1(𝑡) − 𝜅𝜇f𝜇
(
𝛀𝐹𝐹𝜹𝜇(𝑡 − 𝜌[0, 1]) +𝛀⊤

𝐿𝐹
𝜺𝜇(𝑡)

)
, 𝜇 ≤ 𝑚 − 1

𝜹̇𝑚(𝑡) ∈ [−𝐵,𝐵]𝑑⋅𝑁𝐹 − 𝜅𝜇f𝑚
(
𝛀𝐹𝐹𝜹𝑚(𝑡 − 𝜌[0, 1]) +𝛀⊤

𝐿𝐹
𝜺𝑚(𝑡)

)
(25)

with 𝜺𝜇(𝑡) ∈ [−1, 1]𝑑⋅𝑁𝐿𝜌𝑚−𝜇+1 and

𝜌 = max
{

max
0≤𝜇≤𝑚

(√
𝑑 ⋅𝑁𝐿𝑐

𝑑
𝜇

) 1
𝑚−𝜇+1 max

{
Δ, 𝜀

1
𝑚+1

}
,Δ
}
.

Compare (25) with (20) and (23). It can be verified that (25) is
invariant under the homogeneity transformation 𝑡′ = 𝜂𝑡, 𝜌′ =
𝜂𝜌, 𝜹

′
𝜇
(𝑡′) = 𝜂𝑚−𝜇+1

𝜹𝜇(𝑡′∕𝜂) with 𝜂 > 0. Hence, the proof follows
in the same way as in Proposition 2 and Proposition 3. ◽

Remark 5. The terminal bounds obtained in Corollary 1 rely
on noisy leader measurements with accuracies of the form (24),
rather than directly on the continuous-time differentiator (18).
Nevertheless, [46] presents a discretization method for simulat-
ing (18) that guarantees precisely the accuracy requirement in
(24), provided that p(𝑚+1)

𝑖
(𝑡), 𝑖 ∈ 𝐿, is uniformly bounded for all

time.

6 | Numerical Examples

For the sake of conciseness, we consider the nominal formation
and stress matrix borrowed from the example in [10, Figure 3]
with 𝑁 = 7 and 𝑑 = 2. We set 𝑁𝐿 = 3. All noise signal compo-
nents were simulated by drawing uniformly in 𝜀[−1, 1] for each 𝑡,
with 𝜀 described for each experiment. To test persistently varying
leader trajectories for all experiments, these are selected as

p𝑖(𝑡) =

[
2 cos(𝑡) sin(𝑡)
sin(𝑡) 2 cos(𝑡)

]
p∗
𝑖
, 𝑖 ∈ {1, 2, 3} = 𝐿

p∗
1 = [2, 0]⊤,p∗

2 = [1, 1]⊤,p∗
3 = [1,−1]⊤,p∗

4 = [0, 1]⊤

p∗
5 = [0,−1]⊤,p∗

6 = [−1, 1]⊤,p∗
7 = [−1,−1]⊤ (26)

which can be verified to comply with Assumption 1 for arbitrary
𝑚 with 𝐵 = 3. As a first example in ideal conditions with 𝜀 = 0,
we set 𝑚 = 5 as well as 𝜅0 = · · · = 𝜅5 = 50 for which it can be ver-
ified that

𝜅𝑚 = 𝜅5 > 𝐵
√
𝑑 ⋅𝑁𝐹𝜎max(𝛀𝐹𝐹 )∕𝜎min(𝛀𝐹𝐹 ) ≈ 46.96

such that the design conditions in Theorem 1 are complied. This
example with such high-order dynamics can be particularly rel-
evant in the context of quadrotor control, where higher-order

derivatives of position are used as inputs when generating tra-
jectories [47].

In all subsequent experiments, discrete-time simulations are car-
ried out using (21), which, as discussed in Section 5.2, is the
proper discretization of the main algorithm in (5). In contrast, the
follower dynamics (3) are simulated with a forward Euler scheme
using a small step size Δeuler = 10−5 s to accurately approximate
the continuous-time behavior. Such step size may differ from the
observer step Δ > 0 which represents the time between commu-
nication rounds. As a first experiment, we consider a very small
observer step Δ = 10−5 s and noiseless leader measurements to
approximate the behavior of the ideal continuous-time algorithm
(5) and to visualize its performance. In this case the output tra-
jectories of the observer are shown in Figure 1. It can be observed
that finite-time convergence to the exact values of the references
and its derivatives is achieved before 𝑡 ≈ 2 s. Each follower agent
is assumed to have integrator dynamics with 𝑚𝑖 = 5. We used the
output of (5) in the local controller (9) for each agent with 𝜌𝑖,𝜇
chosen from the coefficients of the polynomial with poles all at
−0.1. Some captures for this experiment are shown in Figure 2
where it is observed that the followers’ positions converge to the
formation dictated by the current positions of the leaders.

Now, we test our observer under noisy measurements and dis-
crete time sampling and compare its performance with other
methods in the literature. For comparison, we selected the linear
methods described in [10] and the sliding mode method in [15],
summarizing the most common approaches to solve the affine
formation tracking problem.

To test the proposal’s performance under noisy leader measure-
ments, we considered the setting described in Section 5.1 for
which we keep Δ = 10−5 s and vary 𝜀 > 0. To compare with [10],
we selected 𝑚 = 1 in our proposal. Note that the method in [15]
cannot be used since it only handles 𝑚 = 0. For the sake of fair-
ness and to test the linear protocol in its ideal setting, we use it
as an observer to estimate the components of the target follower
positions −𝛀−1

𝐹𝐹
𝛀⊤

𝐿𝐹
p𝐿(𝑡) and velocities −𝛀−1

𝐹𝐹
𝛀⊤

𝐿𝐹
ṗ𝐿(𝑡).

Figure 3 shows the error trajectories for the position estimation
without noise and with noise of magnitude 𝜀 = 0.2. The method
in [10] was configured with acceleration cancellation and gains
such that the settling time is similar to our proposal (see the left
side of Figure 3). However, note that our method, being of finite
time, can achieve faster convergence with smaller gains. As a
result, such selection of gains for the linear method leads to more
considerable noise sensitivity, where our method performs con-
sistently better.

Another significant advantage is shown in Figure 4. Here, we
compare the estimation error for the velocity over 100 different
noise levels 𝜀 ∈ [0, 2]. It is observed that while the linear method
has better performance under small noise levels, HOSM outper-
forms it when the noise level increases. The reason is that the
maximum error for the linear method grows linearly. In contrast,
for HOSM, the error grows as 𝜀

𝑚−𝜇+1
𝑚+1 =

√
𝜀 with 𝜇 = 1 as a result

of Corollary 1 or more clearly as in Proposition 2 given the small
size of the time stepΔ, leading to smaller asymptotical error when
compared to the linear case.

International Journal of Robust and Nonlinear Control, 2025 9
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FIGURE 1 | Example trajectories for the 𝑋 component of p̂𝑖,𝜇(𝑡) for followers 𝑖 ∈ {4, 5, 6, 7} = 𝐹 (blue lines) and 𝑚 = 5. Recall that the observer
(5) achieves its goal if p̂𝑖,𝜇(𝑡) manages to estimate the components of −𝛀−1

𝐹𝐹
𝛀⊤

𝐿𝐹
p(𝜇)
𝐿
(𝑡) corresponding to the 𝑖-th agent. Hence, we show such reference

trajectories as well (red dashed lines).

FIGURE 2 | Different frame captures for the trajectories of the agents (see Section 6). Blue (red) circles are leader (follower) positions. Blue crosses
are the positions of the followers in the target configuration. The blue circles and crosses define an affine transformation of the nominal configuration.
This transformation is a scaling by a factor of two at 𝑡 = 0, and evolves over time according to the trajectories of (26). A video for this experiment can be
found in https://rodrigoaldana.github.io/utils/affinevideo.html.

Finally, we show the advantages of our proposal in the
discrete-time case, particularly when compared to the FOSM
method from [15], which corresponds to (5) with 𝑚 = 0. We
performed the same simulation with different values of time
step Δ with fixed 𝜀 = 0. In this case, the errors are caused by
the effect of chattering due to the discrete-time switching in
the sliding mode. The result is shown in Figure 5, where it is
observed that the error for the position variable (𝜇 = 0) is con-
sistently decreased by increasing the protocol order 𝑚. This is
expected since Proposition 3 ensures worst-case errors propor-
tional to Δ𝑚−𝜇+1, which decrease as 𝑚 is increased for Δ < 1.
As a result, our method outperforms that in [15] when 𝑚 > 0.
Note that although the simulation step Δeuler = 10−5 s for the
continuous-time system (3) is chosen sufficiently small to accu-
rately capture the plant dynamics, the observer operates with a

step size of up to 2 × 10−3 s. This value is on the order of stan-
dard communication intervals in digital protocols such as WiFi or
Bluetooth. Therefore, the effectiveness of the proposed approach
is demonstrated under conditions that are consistent with practi-
cal applications.

7 | Conclusions

We presented a hierarchical approach for affine formation track-
ing relying on a homogeneous communication-based observer.
The aim of this observer is to compute the local references for
each agent according to an affine transformation of the forma-
tion derived from the current position of the leaders. The main
novelty of this work relied on the utilization of arbitrary order

10 International Journal of Robust and Nonlinear Control, 2025
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FIGURE 3 | Error trajectories of the proposed observer for position ||p̂𝐹 ,0(𝑡) − (−𝛀−1
𝐹𝐹

𝛀⊤

𝐿𝐹
p𝐿(𝑡))|| without noise 𝜀 = 0 and with noise of maximum

bound 𝜀 = 0.2. The linear method in [10] with 𝑚 = 1 is compared to our proposal (HOSM).

FIGURE 4 | Average steady-state absolute error for the 𝑋 coordinate of p̂𝑖,1(𝑡) (velocity 𝜇 = 1) under measurement noise for the leader positions for
different values of the noise magnitude 𝜀. The linear method in [10] with 𝑚 = 1 is compared to our proposal (HOSM). Solid curves represent worst-case
bounds fitted to the experimental data. Linear growth is shown for the linear protocols and of the form 𝛾

√
𝜀 for HOSM.

FIGURE 5 | Average steady-state absolute error for the 𝑋 coordinate of p̂𝑖,0[𝑘] in (21) for different values of the sampling step Δ and different
protocol orders 𝑚. Note that the case with 𝑚 = 0 (FOSM) coincides with the method in [15].

International Journal of Robust and Nonlinear Control, 2025 11

 10991239, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/rnc.70308 by U

niversidad D
e Z

aragoza, W
iley O

nline L
ibrary on [20/11/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



homogeneous sliding modes for the observer design, a concept
that had not been explored in the literature on affine formations
before. We formally demonstrated the exact convergence of the
observer in finite time in the ideal case. We provided robustness
guarantees against discrete-time communication and measure-
ment noise affecting the leaders’ positions. A separation principle
for the observer-controller pair was discussed, enabling the use of
different controllers or dynamics at each agent. For future work,
we consider other scenarios that could involve controlling the
motions of the formation leaders, thus expanding the scope of our
research.
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