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This chapter considers the problem of coordinating multiple mobile robots to
sense and track a moving target. For this task, it is equally fundamental to
take into account the quality of the acquired target localization information
and the suitability of the motions of the robotic team. A multirobot control
methodology that simultaneously addresses these two concerns is described.
Accurate and complete cooperative observation of the target is obtained by
driving the robots to achieve a set of prescribed relative viewing angles, encap-
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2 Flexible and steady control for cooperative target observation

sulated by a default desired enclosing pattern, with respect to the target. In
particular, relative robot position regulation and efficient target tracking are
integrated via a formation-based controller that relies on global information
and incorporates an optimal pattern rotation. The control framework allows
each robot to select freely its desired distance to the target. By doing so, the
robots can optimize their individual perception quality and avoid collisions
during navigation without affecting the desired cooperative target observa-
tion diversity. It is shown that even with these distributed distance adjust-
ments, the team movements remain steady with the proposed controller. This
noteworthy property results in efficient agent robot motions and facilitates
navigation and stable perception of the target by the team. An additional ad-
vantage of the described controller is that each robot can implement it using
its independent local reference frame. Simulation tests in different coopera-
tive target enclosing and navigation scenarios are presented to illustrate the
performance of the methodology.

1.1 Introduction

It is well-known that a multirobot system can allow to complete many real-
world tasks efficiently and reliably. It is, by definition, more powerful and
capable than a single robot. Considerable efforts have therefore been dedicated
to exploring what specific coordination mechanisms can make the most of
these systems’ potential. Particular contexts of interest have been cooperative
sensing or perception, target tracking, or navigation for transportation tasks.
This chapter concerns specifically the problem of tracking a mobile element
(i.e., a target) with a team of robots. We describe recent research advances in
control design that provide the robots with the ability to collectively perceive
the target with a suitable quality, while preserving the team’s ability to move
with flexibility and steadiness. Such integration of desirable traits on both
counts (perception and motion) is the most relevant feature of the presented
contents.

In order to observe a phenomenon, it is advantageous to have different
viewpoints provided by multiple sensors placed at diverse positions; this can
prevent occlusions and allows to improve the quality of perception via data
integration (e.g., position triangulation). With these multi-view perception
capabilities one can generate a suitable model of an object that needs to be,
e.g., manipulated, or transported by a robotic system. Surveillance and es-
corting problems can also greatly benefit from these capabilities. Motion cap-
ture systems [11] are an important multi-sensor application along these lines.
However, the sensors in motion capture setups are normally static, covering
an operational space that is fixed.

Considering other more general potential application scenarios, it to in-
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teresting to extend the concept of motion capture to highly dynamic targets
moving across non-fixed environments; in this case, it is required to use sensors
mounted on robots, which have to move to concurrently observe the target and
track its motion [27]. There are multiple constraints that are essential to con-
sider in order to solve the resulting tracking/observation problem. One type
of constraints concerns the need to identify and prescribe team geometries
and motion policies that optimize the quality of the collective perception of
the target. There has been substantial work in this area. The approaches that
have been introduced typically focus on uncertainty minimization using met-
rics such as mutual information or Fisher information [22, 31, 6, 29, 23, 28, 13].

However, aside from such target perception constraints, there are other
equally essential requirements: these concern the suitability of the robots’ mo-
tions, at both the individual and team levels. The robots’ relative positions
must always be such that they can perceive and/or communicate with each
other, and avoid colliding with other robots or the environment. Formation
control is a vast of field of research devoted to addressing these issues. It deals
with controlling robot teams towards suitable arrangements called formations,
defined in general by distances and/or angles [24, 7, 17, 19, 9, 30, 12, 26]. Still,
standard formation controllers focus on steering the robots’ relative states but
do not address collective perception and target tracking objectives, as in this
chapter. For flexible motion and optimal target perception, exploring alter-
natives beyond the scope of reaching a fixed-shape formation can be clearly
advantageous. This is the approach taken in the methodology described here.

Existing works, e.g., [3, 25, 20], have already explored the use of formation-
based formalisms for target observation. These motion control frameworks
have lower dimensionality and/or adaptability of the robotic team’s geom-
etry compared with the method described in this chapter. One can also use
strategies based on persistent motion, such as target encirclement, to solve the
tracking problems we consider. Approaches along these lines include [16, 21, 8].
In these methods, however, the robots remain gyrating and thus the team
does not move steadily. Steady motions –which the method described here
generates– can provide increased efficiency and stability of perception data.
The control policy presented in the chapter integrates the two goals men-
tioned above: it facilitates appropriate target perception diversity, and allows
efficient control of the robots’ relative states. It does so by prescribing a default
target-enclosing formation, which the robots are driven towards. In particular,
the robots move to reach an optimal –in terms of a global shape alignment
metric– rotated version of that prescribed formation, while they track the
target’s motion.

Crucially, the control approach examined in this chapter allows flexibility
in the formation shape –to, e.g., avoid obstacles, adapt to the size of the
environment, or improve perception quality–. This is achieved by enabling each
individual robot to freely select its desired distance to the target. Even with
these individual adjustments, the pursued perceptual diversity is ensured: in
particular, this is the case because the robots’ relative positions evolve towards
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a pattern in which they maintain the same relative target-viewing angles as
in the default formation. Via the study of the pattern rotation dynamics, we
show that the behaviors of the formation and target tracking remain stable
and steady, regardless of the distance selection procedure used by the robots.
An additional important feature is that the method presented here applies to
general 3D motions and can be implemented with local measurements, not
requiring common reference frames. This independence of global coordinate
references, which provides great advantages in flexibility and simplicity, is
known to make team coordination harder to study and guarantee [24].

The contents of the chapter build on work presented in [4]. The chap-
ter is characterized by an emphasis on applying the control approach that
is examined to collective navigation tasks. We believe that the approach is
particularly useful for these tasks [5, 18, 2, 1], which have been and remain of
great importance for practical applications. The key reason is that the target
entity considered in the proposed controller can be regarded as a leader for
the purposes of navigation. In this context, several properties of the method
reveal themselves as especially interesting, as will be discussed throughout the
chapter. We use simulation tests to exemplify the usefulness of the presented
control approach. In particular, results from simulation tests of a target en-
closing behavior in a 3D setting and a navigation task in a 2D environment
are described.

1.2 Problem formulation

We consider a team of N > 2 robots in R
3 modelled as point masses. Each

robot is assigned an index i ∈ {1, ..., N}. We assume the robots move according
to a single integrator model, i.e., each of them satisfies:

q̇i = ui, (1.1)

where qi ∈ R
3 is robot i′s position, and ui ∈ R

3 is its control input. Further,
we denote as qt ∈ R

3 the position of the target. The robots are tasked with
collectively observing this target, which is assumed to displace with finite-
norm arbitrary velocity vt:

q̇t = vt. (1.2)

The positions of the robots and the target are expressed in an arbitrary global
reference frame. We will refer to relative position vectors using the following
notation: qij = qi − qj = −qji.

The problem addressed consists in ensuring that the target is observed
from a suitable diversity of viewpoints all through its movement. Next, we
describe the framework we consider. By doing so, we will be able to define the
problem in more precise terms. We define a default desired configuration (or
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FIGURE 1.1

a) Default formation of robots (circles) which encloses a target (cross) in 3D
space. In b), the formation has the same relative viewing angles αij with
respect to the target as in a), with different robot-target distances. Observe
that if we apply a given rotation to every vector between the target and a
robot, the relative angles αij for all pairs of robots do not change.

formation), which is a reference layout of the N robots in their ambient space.
This configuration is encapsulated via relative position vectors, in such a way
that cji ∈ R

3, ∀i, j ∈ {1, ..., N} denotes the default desired vector from robot
i to robot j. In addition, we denote as cti the desired vector from robot i to
the target. An objective of the task will be for the robots to enclose the target.
In agreement with this objective, we assume that the target’s desired position

is right at the centroid of the desired pattern. Therefore,
N
∑

i=1

cti = 0. For

the purposes of controller analysis, we make the assumption that the desired
geometry is generic [12] and it has no exact symmetries. In reality this is not
a restrictive constraint; one can modify infinitesimally any starting desired
geometry to make it satisfy the constraint.

Given the presented geometric description, we can directly extract from it
an angle-based configuration, encoded by the relative angles at which pairs of
robots observe the target. Specifically, for any pair of robots i, j ∈ {1, ..., N},
their desired relative viewing angle with respect to the target is defined as
αij = ∠(cit, cjt). Thus, a given desired target-observation diversity can be
prescribed by defining a suitable default enclosing formation, as the one we
have prescribed; such a formation directly encapsulates the desired relative
target-viewing angles. We illustrate the default formation definition in Fig.
1.1.

We define the control goal as follows. The objective is for the system to
reach a state where there exist a point pa ∈ R

3, a rotation matrixRa ∈ SO(3),
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and a set of N scalars sai > 0 such that:

qi = pa +Rac
sai
it , ∀i ∈ {1, ..., N}, (1.3)

with csaiit = saicit, and where simultaneously pa remains suitably close to qt.
The condition (1.3) implies the desired relative target-viewing angles are

achieved with respect to pa, as shown next. For this fact to hold, the angle
–denoted as βij– between a pair of vectors qi −pa and qj −pa must be equal
to αij , ∀i, j. We rotate all such vectors by the common matrix Ra

−1. This
clearly does not change the angles between them. We obtain a set of vectors
as follows: vi = Ra

−1(qi − pa) = csaiit ∀i. Then one can see that for each
i, the angle between vi and cit, which we denote as βvci, is zero, because
cos(βvci) =< vi, cit > /(||vi|| · ||cit||) = sai < cit, cit > /(sai(||cit|| · ||cit||)) =
1. Thus, βij = αij , ∀i, j ∈ {1, ..., N}.

The default desired configuration captures the relative angular constraints
that define the problem we consider. Given the fact that the problem’s con-
straints are angular, one may wonder why it can be useful or appropriate to
use, as we do, a desired configuration which encodes both angles and dis-
tances. The idea is that this configuration represents a pattern that, in the
absence of other task constraints, is a preferred configuration for the team to
maintain. The reasons can be that the distances in that configuration are such
that they facilitate the robots’ interactions, and that the team’s geometrical
shape and size in that configuration are particularly favorable for the specific
environment of operation. Nevertheless, the robots can deform the shape of
the default configuration while still satisfying the relative angular constraints,
as explained in subsequent sections. This capability to deform the team is very
relevant as it provides great flexibility in the performance of the observation
and navigation tasks addressed.

1.3 Control strategy

We describe in this section the proposed multirobot control approach. The
strategy will allow to carry out the task of target enclosing for observation
according to the definition put forward in the preceding section. A way to
solve the addressed problem is to steer the robots towards a geometric pattern
that satisfies the condition in (1.3). The default desired configuration is such
a pattern. Given that a common rotation of all desired target-robot vectors
leaves the angles αij unchanged, one can try to move the robots towards an
optimally rotated version of the default formation. By doing so, the efficiency
of their motions will be increased. To this end, we define the rotation by solving
the problem of optimally aligning two shapes : the set of current positions and
the set of desired points. A cost function that expresses the error of this
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alignment can be given by the following sum of squared distances:

γ =
∑

i

∑

j

||qij −Rccij||
2, (1.4)

where i, j both go from 1 to N , and Rc ∈ SO(3) is a rotation matrix that acts
on the desired vectors. This cost function is equivalent to the one considered
in orthogonal Procrustes shape alignment problems [10].

1.3.1 Rotation matrix computation

The rotation matrix is a key element of the presented control method. It
enables the goals of optimality –because it minimizes γ– and independence of
global coordinate systems, as will be detailed later. We can stack the position
vectors between robots and obtain the following N2 × 3 matrices:

Q = [q11...q1N q21...q2N...qN1...qNN]T

C = [c11...c1N c21...c2N...cN1...cNN]T . (1.5)

Let us define the matrix A = CTQ from these two sets. For optimality,
we wish to find R such that when one chooses Rc = R in (1.4), γ takes it
minimum possible value for two given matrices Q and C. It is known that this
rotation can be computed using the Kabsch algorithm [14], which employs the
Singular Value Decomposition (SVD) of A, A = UΛVT , as follows:

R = VDUT = V





1 0 0
0 1 0
0 0 d



UT , (1.6)

where d = sign(det(VUT )). The solution thus obtained for R is unique un-
less rank(A) < 2 or A has a degenerate smallest singular value [15]. This
uniqueness will be a precondition of our stability analysis presented in a sub-
sequent section. Each robot follows the described operations to obtain at each
time instant this rotation matrix, which is equal to all of them, and uses it to
compute its control law.

1.3.2 Selection of desired robot-target distances

A salient aspect of the method proposed is described next. Specifically, we
propose to enable each robot to select independently its desired distance to
the target. This is an attractive capability: it can allow, e.g., to optimize target
perception quality and to enhance navigation performance. In particular, it
can be used to avoid collisions with environmental obstacles and to increase
the target’s comfort and safety during navigation. Thus, a robot i can choose
to define a distance from the target equal to ||csti|| = si||cti||, at which the
robot wants to position itself. si > 0 is an upper-bounded and constant factor,
which we term the control scale of i. This scalar is chosen freely by i and is
unknown to all other robots.
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1.3.3 Control law

Every robot i ∈ {1, ..., N}moves according to the following closed-loop control
law:

ui = q̇i = Kc(qti −Rcsti), (1.7)

where Kc > 0 is a control gain and csti = sicti represents i
′s desired position

relative to the target, weighted by its control scale. The interpretation of this
law is that the robot i moves towards a position that is situated at its desired
distance to the target, and meanwhile the robot is also taking into account
the team coordination goal via R (1.6), the optimal rotation that robot i
computes at each time instant.

1.3.4 Information requirements and implementation details

In order to compute (1.7), a robot i needs to know the relative positions of the
other robots relative to itself, i.e., qji ∀j 6= i. Hence, given that qjk = qji−qki,
it is clear that i can compute the matrixQ (1.5) and thenR (1.6). This relative
position information required by the robot can be obtained via sensing, or by
integration of the data received from other robots –through communications–
with its own measurements. Note that the robots need to have global infor-
mation of the team; we believe this to be a reasonable condition, given that
the number of robots for a cooperative target perception task will typically be
small in practical scenarios. This means that the data processing requirements
will be low. It would be reasonable to consider the use of a a central unit of
computation, as this would increase the efficiency of processing. The downside
of this choice is that it would create a central point of failure, and make the
use of communications mandatory. Robot i must also be able to perceive the
target and its relative position, qti. We do not elaborate on the issue of how
the sensing of the target is performed, as this problem lies outside the scope
of the chapter. Special dedicated sensors of different types could be employed
for this purpose. We define the steps a robot i can follow to implement the
proposed approach in Algorithm 1, where, for generality, we assume no central
unit is present in the system.

The proposed control can be computed by each robot using a local and ar-
bitrarily oriented coordinate frame. This is a prominent trait of the presented
methodology, which we illustrate next for a robot k. Notice first that qtk and
qjk, ∀j ∈ {1, ..., N}, are all relative measurements; this means that there is
no need for the robots to share a common coordinate origin. Moreover, we
show next that the specific orientation of the reference frame of each robot
is irrelevant. Let us denote as Pk ∈ SO(3) the rotation matrix between the
global frame and the local frame which k uses, i.e., qP

k = Pkqk, being qP
k the

position of k in a frame aligned with the local frame and with its center in
the global origin. Consider (1.4), and assume the robots have fixed positions
qi. We denote with a superscript Lk the variables that are expressed in k′s
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Algorithm 1 Robot i′s motion control loop

1. Initial Data: Template configuration (cji ∀j 6= i).

2. While control executes do:

(a) Data collection: Using onboard sensing/communications with
other robots:

i. Acquire relative position data of other robots and target, qji

∀j 6= i, qti

ii. Acquire environment constraints data
iii. Acquire target observation data

(b) Control computation: From a), compute rotation matrix R

(1.6), determine si using a desired distance selection algorithm,
and compute control law ui (1.7)

(c) Motion execution: Execute physical motor commands corre-
sponding to control ui

local frame. Let us write down the cost function (note that qLk
ij = Pkqij):

γLk(RLk
c ) =

∑

i

∑

j

||qLk
ij −RLk

c cij||
2 =

=
∑

i

∑

j

||qij −P−1
k RLk

c cij||
2 = γ(P−1

k RLk
c ), (1.8)

for any RLk
c ∈ SO(3). It is thus clear that the unique optimal rotations in the

two frames must be such that R = P−1
k RLk, i.e., RLk = PkR. Then, since:

uLk
k = Kc(Pkqtk −PkRcstk) = Pkuk, (1.9)

the same motion is obtained when the control law is computed in each of the
two frames.

1.4 Stability analysis

We inspect the stability properties of the target enclosing strategy. Our anal-
ysis employs the following assumption:

A1: The rotation matrix (1.6) is at all times unique and differentiable as
a function of the robots’ positions.

Let us explain the assumption. When R has multiple solutions (see Section
1.3.1), this rotation is not differentiable with respect to time. Such differentia-
bility is a prerequisite of the stability analysis we present below. The scenarios
where these undesirable situations can arise, expressed by conditions on the
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rank and the SVD of matrix A, are linked with perfect symmetries or sin-
gular geometries of the current and desired relative positions of the robots.
These configurations have measure zero, and an infinitesimal perturbation of
the robot positions brings A out of them. The conditions under which non-
uniqueness or non-differentiability can appear correspond with specific degen-
erate arrangements of the robots’ positions that are not attracting configura-
tions under the proposed controller, and we disregard them via assumption
A1. Further explanations on these matters are provided in Remark 1.

1.4.1 Rotation matrix dynamics

We study next the time evolution of the rotation matrix R, which is a key
element of the proposed approach.

Theorem 1. Under the controller (1.7) and if assumption A1 is satisfied, the
rotation matrix R remains constant.

Proof. Let us first write down the inter-robot dynamics, from (1.7), as follows:

q̇ij = q̇i − q̇j = −Kc(qij −R(csit − csjt)). (1.10)

We define a constant N2×3 matrix Cs = [cs1t−cs1t cs1t−cs2t ... csNt−csNt]
T .

We can then give this expression for the dynamics of Q (1.5):

Q̇(t) = −Kc[Q−CsR
T ]. (1.11)

The dynamics of A is, hence, as follows:

Ȧ = CT Q̇ = −Kc(A−CTCsR
T ). (1.12)

We will examine the evolution of R by studying how A evolves. Observe that
it is clear from the definitions of A and R (Section 1.3.1) that matrix AR is
symmetric, and therefore:

RTAT −AR = 0, (1.13)

and as a consequence:

ṘTAT +RT ȦT − ȦR−AṘ = 0. (1.14)

One can now substitute (1.12) in this last equation and obtain:

ṘTAT −KcR
TAT +KcR

TRCs
TC

+KcAR −KcC
TCsR

TR−AṘ = 0. (1.15)

As AR is symmetric, it is possible to write:

ṘTAT −AṘ+Kc(Cs
TC−CTCs) = 0. (1.16)
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Let us now define Pc = Cs
TC. We express Cs = Cs1 −Cs2 and, from (1.5),

C = C1 − C2, where Cs1 = [cs1t ... cs1t cs2t ... cs2t ... csNt]
T and Cs2 =

[cs1t ... csNt cs1t ... csNt ... csNt]
T . Note that analogous expressions, without

the s superscripts, apply to C1 and C2. Then, one can see that an individual
element of Pc can be expressed as:

Pc[i, j] =

N2

∑

k=1

Cs1[k, i]C1[k, j] +Cs2[k, i]C2[k, j]

−Cs1[k, i]C2[k, j]−Cs2[k, i]C1[k, j], (1.17)

for i, j = 1, 2, 3. Thanks to the structure of the matrices, we can write:
N2

∑

k=1

Cs1[k, i]C2[k, j] =
N
∑

k=1

cskt[i]
N
∑

l=1

clt[j] = 0, because every sum along a given

coordinate (x, y or z) of the N vectors from the target (clt) is equal to zero.
We reiterate that this is the case because the target lies at the centroid of the
default desired configuration. In a similar fashion, one can also see that the
last sum of terms in (1.17) is zero. Thus, only the two sums in the first line
of (1.17) are different from zero. One then has:

Pc[i, j] =

N2

∑

k=1

Cs1[k, i]C1[k, j] +Cs2[k, i]C2[k, j]

=

N2

∑

k=1

sp1(k)C1[k, i]C1[k, j] + sp2(k)C2[k, i]C2[k, j], (1.18)

where sp1(k) and sp2(k) are scale values dependent only on the index k. From
(1.18), one clearly sees that matrix Pc is symmetric. Thus, (1.16) becomes:

ṘTAT −AṘ = 0. (1.19)

We now refer to the analysis of an identical equation and its possible solutions
given in [3, Prop. 1]. One can use the properties of the time-derivative of the
rotation matrix and the SVD of A, and consider assumption A1, to conclude
that the correct solution to (1.19) is Ṙ = 0. Hence, the rotation matrix remains
constant over time under the action of the proposed controller.

Let us highlight why this result is relevant. The control scales si determine
in a very direct manner the directions of motion –see (1.7)–. These scales are
chosen freely by each robot, without coordination among them. Even though
they are not used in the computation of the rotation R, one could therefore
reasonably expect that the time-evolution of R would be dependent on the
values of these scales. However, the presented analysis has shown that R

stays constant. A consequence of this fact is that the motion of a given robot
is not influenced by the other robots’ desired distances to the target. Thus,
the team’s motions turn out to be steady and predictable. In the context of
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the tracking and observation task that is addressed, these are desirable and
advantageous properties.

Remark 1. Observe from (1.12) that, as R is constant when assumption A1
holds, one can define a constant matrix Af = CTCsR

T such that:

Ȧ = −Kc(A−Af ). (1.20)

Hence, A converges exponentially to Af . One can assume A satisfies A1 at
the start of the execution. Also, given that there are no exact symmetries and
alignments of the robots’ positions in the desired configuration –as discussed
in Section 1.2–, CTCs satisfies A1, and the same holds for Af . Thus, A

is attracted exponentially by a configuration in which A1 holds true. This
provides support to the validity of the assumption that the degenerate cases
can be disregarded when analyzing the controller. An alternative option would
be to formulate an almost-global stability result where all possible cases would
be contemplated. Regarding the geometric spaces where the robots may lie, note
that the proposed method can be equally applied if the robots and target operate
in 2D space. This case is explored in detail in Section 1.5.1.�

1.4.2 Formation and tracking behaviors

Let us address the analysis of the inter-robot dynamics, and we characterize
the target tracking capabilities of the proposed control approach. Let us define
the central point of observation associated with the current positions of the
robots as the following weighted centroid :

pwq =

N
∑

i=1

s−1

i qi

N
∑

i=1

s−1

i

. (1.21)

It can be seen that when the positions of the robots satisfy the condition
(1.3), with scales si, and relative to a certain point in space, then it holds
that such point is equal to pwq. The dynamic behavior of this point is used
in the following to study the formation and tracking dynamics.

Proposition 1. Under the action of controller (1.7) and if A1 holds, the
robots converge exponentially to a configuration where the desired relative view-
ing angles, and individually selected desired distances, are attained with respect
to the team’s weighted centroid.

Proof. From (1.7), we express the dynamics of the relative position between
two robots i and j as follows:

q̇ij = q̇i − q̇j = Kc(qti −Rcsti)−Kc(qtj −Rcstj)

= −Kc(qij −R(sjctj − sicti)). (1.22)



Stability analysis 13

Owing to Theorem 1, R remains constant over time, and given that the con-
trol scales are constant too, the final term of (1.22) is a constant. This allows
to directly deduce the exponential convergence of each position vector qij to
a vector qf

ij = R(sjctj − sicti). One can now define pwqf = qf
i +R(sicti) =

qf
j + R(sjctj). If we isolate in these expressions qf

i and substitute, for all i,
in (1.21), we can find that pwqf is the weighted centroid of the final robot
positions. Then, as qf

i = pwqf +Rsicit and all other robots satisfy an anal-
ogous expression, if one considers (1.3) and the contents in Section 1.3.2 it is
possible to directly conclude the stated result.

Proposition 2. Under the action of the controller (1.7) and if A1 holds, the
weighted centroid tracks the position of the target at all times, and the veloc-
ity of every robot becomes exponentially equal to the velocity of the weighted
centroid.

Proof. The weighted centroid’s dynamics are as follows:

ṗwq =

N
∑

i=1

s−1

i q̇i

N
∑

i=1

s−1

i

=

N
∑

i=1

s−1

i Kc(qti − siRcti)

N
∑

i=1

s−1

i

= Kc

(
N
∑

i=1

s−1

i )qt −
N
∑

i=1

s−1

i qi −R
N
∑

i=1

cti

N
∑

i=1

s−1

i

. (1.23)

Recall that
N
∑

i=1

cti = 0 –because the target is in the centroid of the default

desired pattern–. Thus, we can directly reach:

ṗwq = Kc(qt − pwq), (1.24)

i.e., the weighted centroid tracks the target. Moreover, given that each robot’s
position converges exponentially to a constant position relative to the time-
varying weighted centroid (Proposition 1), it follows that every one of the
robots’ velocities converges to that of the weighted centroid.

This result is interesting because it implies that the central point of ob-
servation is always tracking the target’s motion, even when the inter-robot
formation is still far from being reached. This central point is the point that
will be eventually viewed with the desired set of relative observation angles by
the multirobot team. This suggests that an appropriate tracking performance
will be achieved, and is a desirable type of behavior for the proposed target
enclosing system.
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1.5 Usage in navigation

The flexibility allowed by the method in defining each robot’s motion is very
handy for navigation tasks. A natural way to explore and analyze the proposed
controller’s application to navigation scenarios is to regard the target entity
as a leader for the multirobot team. Let us elaborate on this issue next.

This leader will have a sense of global localization and environment aware-
ness, and it will essentially direct the team’s navigation towards the desired
destination in the environment. In this scenario, the robots do not need to have
a similar global awareness to successfully play their assigned role of tracking
and perceiving the target. They can simply implement the proposed controller,
which requires only local sensing capabilities, and navigate alongside the tar-
get. The target, in this case, can be considered a member of the multirobot
team, rather than an external element. Therefore, the target can take into ac-
count the aim of helping the robots’ navigation when making its own motion
decisions. For instance, it can avoid traversing too narrow passages. The pro-
posed control method is particularly well-suited to the described navigation
scenario: its flexibility in terms of the team shape allows to adapt to a chang-
ing environment, and the steady motions it creates can increase the safety
and comfort of navigation from the perspective of the target. These aspects
are illustrated in a practical fashion via a simulation example (Section 1.6.2).

1.5.1 2D formulation of the controller

A case that is very relevant in practical navigation scenarios is one where
the robots and the target all move in 2D (i.e., on a planar ground). It turns
out that for this situation, the rotation matrix (1.6) admits a closed-form
expression. In particular, the single angle αo of the optimal rotation matrix
R(αo) ∈ SO(2) can be computed as follows:

αo = atan2(T⊥, T ), (1.25)

where the definitions of the terms used are:

T =
∑

i

∑

j

qT
ijcij, T⊥ =

∑

i

∑

j

qT
ij c

⊥

ij , (1.26)

with c⊥ij = [(0, 1)T , (−1, 0)T ]cij and the sum indices going from 1 to N .
This simpler closed-form formulation makes it easier to identify the dy-

namic properties of the controller. It can be shown that the fact that the
rotation matrix remains constant (Theorem 1) also holds true for this 2D
case. Also, from (1.25) it is clear that in this case the possible degeneracies of
the controller are reduced to situations where T = T⊥ = 0, which are measure
zero configurations.

The 2D case has peculiar features. First, it can be more appropriate to use
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a kinematic modeling –such as (1.1)– than in the 3D case, due to the inferior
agility of the ground platforms. Also, avoidance of obstacles becomes a more
pressing issue and therefore it needs to be given a greater importance when
selecting the desired distances to the target (Section 1.3.2). The simulation
tests provided in the section that follows will illustrate these points.

1.6 Simulation study

We describe in this section simulation tests, performed using MATLABr,
that illustrate the presented control methodology. We introduce a useful per-
formance metric:

ea =
∑

i

∑

j

|βij − αij |, (1.27)

in which the sums are taken over all N robots. This function measures, at
each time instant, the total error in the relative angles at which the robots
view the weighted centroid, with respect to the desired ones.

1.6.1 Tracking of a target in 3D space

The first example includes a team of four robots, with a default configuration
having the shape of a regular tetrahedron. The target’s dynamics was mod-
eled as a sum of sinusoids. Gaussian noise was added to the relative position
measurements the robots used, in order to test the method’s robustness. Each
robot selected a different individual control scale. The values of these scales
were: [1.21 0.75 0.82 1.43]. The results are illustrated in Fig. 1.2. One can see
that despite the visible effects of the perturbations, the behavior is as desired,
with the metric ea being suitably regulated. The rotation matrix also remains
fairly steady –up to the presence of noise–. The fact that the weighted centroid
tracks the target closely can also be visualized.

1.6.2 Navigation in a 2D environment

In this example, a mobile target navigates in a 2D environment and is being
enclosed and tracked by a team of six robots. The default desired configuration
had the shape of a regular hexagon. As discussed in Section 1.5, in such
a scenario one can exploit the adaptability of the team’s shape around the
target and the local character of the provided controller. The target, acting
in this case as a navigation leader, follows a trajectory in the environment.
The target has navigation capabilities that allow it to reach its destination
while suitably handling the constraints posed by the environment. The robots,
meanwhile, are able to operate without such global knowledge, and without
a common coordinate frame of reference. In the example we describe –whose
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FIGURE 1.2

Results for the 3D simulation example. Top-left: paths followed by robots
and target. Robots are marked as circles, target as a cross. Larger markers
are used for the initial positions. Final positions are also marked. The initial
weighted centroid is marked with a square and its path is shown, along with
dashed lines joining it with each robot at the final configuration. Top-right:
evolution of rotation matrix for one of the robots. Bottom, left to right: time
evolution of velocity norms for robots (thinner lines) and target (thicker line),
inter-robot distances, and error metric ea.
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FIGURE 1.3

Results for the 2D navigation test. Top: paths followed by robots and target.
Direction of motion is left to right. Robots are marked as circles, target as
a cross. The initial, final and three intermediate configurations are marked.
The initial weighted centroid is marked with a square and its path is shown,
along with dashed lines joining it with each robot at each of the marked
configurations. Environmental obstacles are marked with straight solid lines.
Bottom, left to right: time evolution of velocity norms for robots (thinner
lines) and target (thicker line), inter-robot distances, and error metric ea.

results are illustrated in Fig. 1.3– the target encounters a narrow passage it
has to traverse. The robots adapt their distances to the target, as required in
order to avoid colliding with the environment. What is interesting to notice is
that the observation quality is preserved even when these changes occur, and
that a suitable performance in terms of target tracking is also retained.

1.7 Conclusion

In this chapter, we have described a novel method that a team of robots
can use to enclose and observe a moving target. This motion coordination
policy relies on an optimal rotation matrix and allows suitable control of the
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relative directions from which the different robots observe the target. Several
features that make the proposed strategy interesting have been highlighted. In
particular, the controller can be implemented on local coordinate frames, and
it produces steady motions of the team of robots while allowing each of them
to control individually its distance to the target. In this way, the approach
naturally lends itself to collective navigation tasks where the robots surround
the target, which acts as a team leader, while it moves across an environment.
These appealing properties have been demonstrated with simulation examples.

Many improvements and additions are possible, building on the founda-
tions laid by the presented methodology. For instance, an interesting issue
to explore would be how to adapt the control framework to tasks requiring
interaction with physical objects or human agents. Certain aspects, such as
the robustness to disturbances and model uncertainties, can deserve a deeper
formal study. It would be important to incorporate in the system model more
complex and realistic robot dynamics. Finally, it would be necessary to exploit
the system’s degrees of freedom (i.e., the desired distances to the target) via
algorithms that provide adaptivity, safety and robustness.
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