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Abstract— Tasks such as surveillance, escorting or robotic
object interaction benefit from having complete and detailed
perception of a target entity, provided by multiple mobile
sensors. The ensuing challenge of suitably coordinating the
sensor motions for such collective observation is addressed in
this paper. In particular, we consider a moving target in 3D
space, and focus on achieving prescribed relative viewing angles,
which we encapsulate by a default desired enclosing pattern,
with respect to this target. The paper contributes a novel control
method that makes a team of mobile agents converge to the
desired configuration of viewpoints with respect to a point that
tracks the target. Relative agent position regulation and target
tracking are integrated via a formation-based controller relying
on global information that incorporates an optimal pattern
rotation. We also introduce flexibility in the team geometry,
allowing each agent to select freely, without knowledge of the
others, its desired distance to the target. This can allow to, e.g.,
optimize perception quality and avoid collisions. Notably, we
show that even with these distributed adjustments, the team
motions remain steady, which contributes to obtaining stable
perception and efficient control performance. In addition,each
robot can operate on its independent local reference frame.
Simulation tests illustrate the presented methodology.

I. I NTRODUCTION

Increasing the presence of robots in industrial, agricultural,
medical or domestic environments is widely regarded as
fundamental for the improvement of work conditions and so-
cietal advancement. This calls for robots capable of complex
behaviors in dynamic scenarios, which requires versatility
and adaptability. In this context, a team of multiple agents
including cooperative robots, and possibly human agents
as well, can provide notable advantages such as increased
abilities and higher efficiency and reliability.

The specific task of observing a target, which we address
here, benefits from having different viewpoints provided by
multiple sensors placed at diverse positions; this can avoid
occlusions and improve the quality of perception via data
integration (e.g., position triangulation). Such observation
capabilities allow to generate a suitable model of an object
to be manipulated or transported by a robotic system. They
can also find use in surveillance and escorting problems. In
particular, a diversity of viewing angles is a requirement
in, for instance, motion capture systems [1] which are,
however, restricted to a fixed environment with a static
setup of sensors. It becomes interesting, for the application
scenarios mentioned, to extend the concept to mobile targets
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in dynamic environments; this can be achieved using robot-
mounted sensors, where the robots must move to concur-
rently perceive the target and track its motion [2].

A key goal within this problem is to define team con-
figurations and motion policies that optimize the quality
of collective perception by, e.g., uncertainty minimization,
as studied in [3]–[7]. However, a fundamental concurrent
goal is also to suitably control the interagent states during
task execution; the robots must preserve relative positions
that allow them to perceive and/or communicate with each
other and avoid collisions. These considerations connect with
the extensive field of multiagent formation control, which
deals with attaining and maintaining team configurations
prescribed generally by distances and/or angles [8]–[14].
Standard methods to control formations focus on managing
the agents’ relative states, and are not oriented towards
providing collective perception and tracking of a target, as in
this paper. Formation-based schemes have been used within
target observation tasks [15], [16], with lower dimension-
ality and adaptability of the team shape compared to our
method. Strategies based on persistent motion –i.e., target
encirclement– in other related work [17]–[19] do not allow
steady agent motions, which are interesting for efficiency and
increased stability of perception data. Our method integrates
the two goals mentioned above, providing suitable perception
diversity and controlling the team agents’ relative states. This
is done by prescribing a default target-enclosing formation,
and driving the robots to achieve an optimal –in terms of
a global shape alignment metric– rotated version of that
formation, while tracking the target’s motion.

We introduce flexibility in the formation shape –to, e.g.,
avoid collisions, adapt to the target’s size, or improve
perception quality– by allowing free selection by each in-
dividual robot of its desired distance to the target. Still,
the pursued perceptual diversity is achieved, as the agents’
relative positions evolve towards a pattern in which they
maintain the same relative target-viewing angles as in the
default formation. It is shown via the study of the pattern
rotation dynamics that the formation and target tracking
behaviors remain stable and steady, independently from the
distributed distance selection procedure used. In addition, the
method we present applies to general 3D motions and can
be implemented using local measurements with no common
reference frames, which is known to make coordination
more complex to study [8] but provides great flexibility and
simplicity advantages. The work in [20] is the basis for the
method we propose. Contrary to that previous paper, here the
target is mobile, and the desired distances to the target are
not fixed and can be selected independently by each agent.



Fig. 1. a) Default formation of agents (circles) enclosing atarget (cross)
in 3D space. b) Formation preserving the relative viewing anglesαij with
respect to the target in a), while having different agent-target instances. Note
that if a given rotation is applied to every vector between the target and an
agent, the relative anglesαij for all pairs of agents are preserved.

II. PROBLEM DEFINITION

Consider a group ofN > 2 robots modelled as point
masses inR3. Each robot is identified by an indexi ∈
{1, ..., N} and its dynamics can be expressed through a
single integrator model, i.e., it satisfies:

q̇i = ui, (1)

whereqi ∈ R
3 is the position of roboti andui ∈ R

3 its
control input. We further defineqt ∈ R

3 as the position of
the target. The robots have to collectively observe this target,
which moves with finite-norm arbitrary velocityvt:

q̇t = vt. (2)

The robots’ and target positions are expressed in an arbitrary
global reference frame. We use the following notation to refer
to relative position vectors:qij = qi − qj = −qji.

The problem we address can be stated as ensuring that
the target is observed from a suitable diversity of viewpoints
throughout its movement. The framework described next
gives the precise definition of the problem. We define the
default desired configurationas a reference layout of theN
robots in their configuration space. This is encapsulated via
relative position vectors, beingcji ∈ R

3, ∀i, j ∈ {1, ..., N},
the vector from roboti to robot j. In addition, we denote
as cti the desired vector from roboti to the target. As we
want to enclose the target, we assume its desired position is

in the centroid of the desired pattern. Thus,
N
∑

i=1

cti = 0. For

controller analysis purposes, we assume the desired geometry
is generic [11] and without exact symmetries. Note that this
is not restrictive, as by infinitesimal modifications one can
ensure the condition holds for any desired geometry.

From this geometric description, we can directly define
an associated angle-based configuration, specified by the
relative angles at which pairs of robots observe the target.
In particular, for any pairi, j ∈ {1, ..., N}, we define their
desired relative viewing angle with respect to the target as
αij = ∠(cit, cjt). Thus, a way to encode a given desired
target-observation diversity is by prescribing an appropriate
default enclosing formation, which directly encapsulatesthe
desired relative target-viewing angles. An illustration of the
default formation definition appears in Fig. 1.

Then, we consider that the control goal is achieved if there
exist a pointpa ∈ R

3, a rotation matrixRa ∈ SO(3), and
a set ofN scalar parameterssai > 0 such that:

qi = pa +Rac
sai
it , ∀i ∈ {1, ..., N}, (3)

where csaiit = saicit, and if simultaneouslypa remains
suitably close toqt.

We see next that the condition (3) implies the desired
relative target-viewing angles are achieved with respect to
pa. For this to occur, the angle –which we denote asβij–
between a pair of vectorsqi − pa andqj − pa must equal
αij , ∀i, j. Let us rotate all these vectors by the common
matrix Ra

−1, which clearly does not change the angles
between them, obtaining a set of vectors defined as follows:
vi = Ra

−1(qi − pa) = c
sai
it ∀i. Then for eachi, the

angle betweenvi and cit, denoted asβvci, is zero, since
cos(βvci) =< vi, cit > /(||vi|| · ||cit||) = sai < cit, cit >
/(sai(||cit|| · ||cit||)) = 1. Hence,βij = αij , ∀i, j.

As said above, the default desired configuration captures
the relative angular constraints that define our problem. Its
usefulness also lies in that it can represent a pattern that,in
the absence of other task constraints, is the preferred con-
figuration of the team due to advantages such as facilitation
of agent interactions, favorable geometry and size, and/or
safety. The agents can nonetheless deform the shape of the
default configuration –as explained in subsequent sections–
to provide observation and navigation flexibility, while still
satisfying the relative angular constraints.

III. C ONTROL STRATEGY

This section describes the proposed multirobot control
strategy to carry out the task of target enclosing for observa-
tion according to the definition established in the preceding
section. Some of the contents are similar to those in [20]
although a different control strategy is proposed here. A
suitable manner to solve the problem is by making the agents
move towards an objective relative multiagent pattern that
satisfies the condition in (3). Note that a common rotation
of all desired target-agent vectors preserves the anglesαij .
Therefore, it is interesting to move the agents towards an
optimally rotated version of the default formation, as this
can increase the efficiency of their motions. To do so, we
define the rotation by solving an optimal alignment problem
between twoshapes: the sets of current and desired points.
We can express a cost function for this alignment as the
following sum of quadratic distances:

γ =
∑

i

∑

j

||qij −Rccij||
2, (4)

where i, j both go from1 to N , and Rc ∈ SO(3) is a
rotation matrix acting on the desired vectors. It can be seen
that this cost function is equivalent to the one considered in
orthogonal Procrustes shape fitting problems [21].

A. Computation of the rotation matrix

The rotation matrix is a fundamental element of the control
method we present, as it enables the goals of optimality –
it minimizes γ– and independence of a global coordinate



system, as shown later. By stacking the interagent position
vectors, we obtain the followingN2 × 3 matrices:

Q = [q11...q1N q21...q2N...qN1...qNN]T

C = [c11...c1N c21...c2N...cN1...cNN]T . (5)

We define the matrixA = CTQ from the two sets. We
want to findR such that choosingRc = R in (4) makesγ
minimum for given matricesQ andC. This rotation can be
computed by the Kabsch algorithm [22], using the Singular
Value Decomposition (SVD) ofA, A = UΛVT , as follows:

R = VDUT = V





1 0 0
0 1 0
0 0 d



UT , (6)

whered = sign(det(VUT )). The solution forR is unique
with this algorithm unlessrank(A) < 2 or the smallest
singular value ofA is degenerate [23]. This uniqueness
will be ensured by the conditions provided in our stability
analysis. Each agent computes this rotation matrix, which is
common to all of them, and uses it to define its control law.

B. Free individual selection of desired agent-target distances

We propose to allow each agent to select independently its
desired distance to the target. This is an appealing capability
as it can allow to, e.g., optimize target perception qualityor
avoid collisions during navigation. Specifically, agenti will
want to situate itself at a desired distance from the target
equal to ||csti|| = si||cti||, where si > 0 is a bounded
constant factor, which we call thecontrol scaleof i, and
which is chosen freely byi and unknown to all other agents.

C. Control law

Every agenti ∈ {1, ..., N} determines its motion com-
mand via the following closed-loop control law:

ui = q̇i = Kc(qti −Rcsti), (7)

whereKc is a positive control gain andcsti = sicti represents
i′s desired position vector to the target, weighted by its
control scale. With this law, the agent moves towards a
position situated at its desired distance to the target, while
also taking into account the team coordination goal viaR

(6), which is computed byi at each time instant.

D. Implementation details and reference frames

To compute (7), a roboti needs to know the relative
positions of the other agents with respect to itself,qji ∀j 6= i.
Thus, sinceqjk = qji − qki, i clearly can compute the
matrix Q (5) and thenR (6). This required relative position
information can be obtained by the robot via sensing, or
by integrating data received from the other robots –via
communications– with its own measurements. We note that
the robots need global information of the team; we deem this
to be a reasonable requirement, as the number of agents for a
cooperative target perception task will remain small in typical
practical scenarios. Thus, the data processing load will be
low. Employing a central unit of computation would increase
the efficiency of processing, albeit creating a central point of

failure and making the use of communications mandatory.
Agent i also needs to perceive the target and its relative
position,qti. The sensing of the target, on which we do not
elaborate here, can be done with a special dedicated sensor.

A fundamental aspect to note is that this control can be
computed if each robot uses a local and arbitrarily oriented
coordinate frame. Let us illustrate this for an agentk.
Observe first thatqtk andqjk, ∀j ∈ {1, ..., N}, arerelative
measurements, and therefore, there is no need for a common
coordinate origin for the robots. Furthermore, the specific
orientation of each robot’s reference frame is irrelevant.To
see this, let us denote asPk ∈ SO(3) the relative rotation
matrix between the global frame and the local frame in which
k operates, i.e.,qP

k = Pkqk, with qP
k being the position

of k in a frame centered in the global origin and aligned
with the local frame. We next look at (4), and assume given
fixed positionsqi. Let us denote with a superscriptLk the
variables expressed ink′s local frame, and write down the
cost function (note thatqLk

ij = Pkqij):

γLk(RLk
c ) =

∑

i

∑

j

||qLk
ij −RLk

c cij||
2 =

=
∑

i

∑

j

||qij −P−1
k RLk

c cij||
2 = γ(P−1

k RLk
c ), (8)

for any RLk
c ∈ SO(3). Thus, clearly, the unique optimal

rotations in the two frames must satisfyR = P−1
k RLk,

i.e.,RLk = PkR. Then, the same motion is obtained when
computing the control in each of the two frames, since:

uLk
k = Kc(Pkqtk −PkRcstk) = Pkuk. (9)

IV. STABILITY ANALYSIS

We study next the stability properties of the target enclos-
ing strategy. The analysis uses the following assumption.

A1: rank(A) > 1 and the smallest singular value ofA
is nondegenerate at every time instant.

Let us explain this assumption. When there are multiple
solutions for R (see Section III-A), this rotation is not
differentiable with respect to time, which is a requisite ofour
stability analysis presented below. The scenarios where this
situation can arise, expressed by rank and SVD conditions on
matrixA, are associated with perfect symmetries or singular
geometries of the current and desired relative robot positions.
These configurations have zero measure, meaning that an
infinitesimal perturbation of the robot positions takesA out
of them. In addition, as will be shown, they are unrelated
with the control strategy proposed (i.e., the controller does
not move the system towards them). Then, as they do not
represent an issue in reality, we disregard them –by using
A1– in the stability analysis that follows. Further discussion
on this matter is provided in Remark 1.

Theorem 1:Under the controller (7) and provided that
assumption A1 is satisfied, the rotation matrixR remains
constant for all time.

Proof: Let us start by writing down the interagent
dynamics, from (7), as follows:

q̇ij = q̇i − q̇j = −Kc(qij −R(csit − csjt)). (10)



We define a constantN2 × 3 matrix Cs = [cs1t − cs1t cs1t −
cs2t ... csNt − csNt]

T . One can then provide this expression
for the dynamics ofQ (5):

Q̇(t) = −Kc[Q−CsR
T ]. (11)

The dynamics ofA has, therefore, the following form:

Ȧ = CT Q̇ = −Kc(A−CTCsR
T ). (12)

We will study the evolution ofR by studying the evolution
of A. Notice that it is immediate from the definitions ofA
andR (Section III-A) thatAR is a symmetric matrix, so:

RTAT −AR = 0, (13)

and in consequence:

ṘTAT +RT ȦT − ȦR−AṘ = 0. (14)

We can now substitute (12) in this last equation and get:

ṘTAT −KcR
TAT +KcR

TRCs
TC

+KcAR −KcC
TCsR

TR−AṘ = 0. (15)

Symmetry ofAR allows one to write:

ṘTAT −AṘ+Kc(Cs
TC−CTCs) = 0. (16)

Let us now define and examinePc = Cs
TC. By expressing

Cs = Cs1 − Cs2 and, from (5),C = C1 − C2, where
Cs1 = [cs1t ... cs1t cs2t ... cs2t ... csNt]

T and Cs2 =
[cs1t ... csNt cs1t ... csNt ... csNt]

T –analogous expressions
without thes superscripts clearly apply toC1 andC2–, an
individual element ofPc can be seen to be equal to:

Pc[i, j] =
N2

∑

k=1

Cs1[k, i]C1[k, j] +Cs2[k, i]C2[k, j]

−Cs1[k, i]C2[k, j]−Cs2[k, i]C1[k, j], (17)

for i, j = 1, 2, 3. The structure of the matrices allows to

write:
N2

∑

k=1

Cs1[k, i]C2[k, j] =
N
∑

k=1

cskt[i]
N
∑

l=1

clt[j] = 0, since

every sum along a given coordinate(x, y or z) of the N
vectors from the target (clt) is zero. We note again that this is
so because the target is at the centroid of the default desired
configuration. Similarly, the last sum of terms in (17) can
also be seen to be zero. Hence, only the two sums in the
first line of (17) are nonzero, and one has:

Pc[i, j] =

N2

∑

k=1

Cs1[k, i]C1[k, j] +Cs2[k, i]C2[k, j]

=

N2

∑

k=1

sp1(k)C1[k, i]C1[k, j] + sp2(k)C2[k, i]C2[k, j],

(18)

wheresp1(k) and sp2(k) are scale values that depend only
on the indexk. From (18), it is clear thatPc is a symmetric
matrix. Then, (16) becomes:

ṘTAT −AṘ = 0. (19)

We refer at this point to the analysis of the solutions of an
identical equation in [20, Prop. 1]. Using the properties of
the time-derivative of the rotation matrix and the SVD ofA,
and under assumption A1, one can see that indeed the correct
solution to (19) isṘ = 0. Thus, the rotation matrix remains
constant for all time when using the proposed controller.

Let us stress the significance of this result. The control
scalessi very directly determine the directions of motion –
see (7)– and are chosen freely without coordination among
agents. Thus, even though they are not used in the com-
putation ofR, one could expect the time-evolution ofR
to depend on the values of these scales. To the contrary,
the analysis has shown thatR remains constant. Hence, the
motion of a given agent is uninfluenced by what the other
agents’ desired distances to the target are, and the team
maintains steady and predictable motions; a very suitable
quality for the addressed task.

Remark 1:Notice from (12) that, sinceR is constant
when assumption A1 holds, we can define a constant matrix
Af = CTCsR

T such that:

Ȧ = −Kc(A−Af ). (20)

That is, A converges exponentially toAf . We can safely
assumeA satisfies A1 at the start of the execution. As there
are no exact symmetries and alignments of the robots in
the desired configuration –as commented in Section II–, we
can see thatCTCs satisfies A1, and so doesAf . Hence,
A is exponentially attracted by a configuration that satisfies
A1. This justifies disregarding, as we did at the beginning
of the section, the degenerate cases. Alternatively, an almost-
global stability result could be enunciated, if these caseswere
contemplated. Note also that the proposed method can be
equally applied if the robots and target lie in 2D space.�

We define thecentral point of observationfor the current
agent positions as the followingweighted centroid:

pwq =

N
∑

i=1

s−1

i qi

N
∑

i=1

s−1

i

. (21)

One can see that when the agent positions satisfy the desired
viewing angles condition (3) with scalessi relative to a
certain point in space, then that point is equal topwq. We
use next the dynamic behavior of this point to analyze the
formation and tracking properties of the proposed controller.

Proposition 1: Under the controller (7) and if A1 is satis-
fied, the agents converge exponentially to a configuration in
which the desired relative viewing angles, and the individual
selected desired distances, are achieved with respect to the
time-varying weighted centroid of the team.

Proof: Let us express as follows, from (7), the dynamics
of the relative position between two robotsi andj:

q̇ij = q̇i − q̇j = Kc(qti −Rcsti)

−Kc(qtj −Rcstj) = −Kc(qij −R(sjctj − sicti)). (22)

Due to Theorem 1,R is constant along time, and as the
control scales are constant too, the final term of (22) is



a constant, which directly allows to conclude exponential
convergence of each position vectorqij to a vectorqf

ij =

R(sjctj − sicti). We can now definepwqf = qf
i +

R(sicti) = qf
j +R(sjctj). By isolating in these expressions

qf
i and substituting, for alli, in (21), one can see thatpwqf

is the weighted centroid of the final robot positions. Then,
asqf

i = pwqf +Rsicit and an analogous expression holds
for all other robots, by considering (3) and Section III-B the
stated result can be directly concluded.

Proposition 2: Under the controller (7) and if A1 holds,
the weighted centroid of the agent positions tracks the tar-
get’s position at all times, and all the agents’ velocities align
exponentially with the velocity of the weighted centroid.

Proof: The dynamics of the weighted centroid are:

ṗwq =

N
∑

i=1

s−1

i q̇i

N
∑

i=1

s−1

i

=

N
∑

i=1

s−1

i Kc(qti − siRcti)

N
∑

i=1

s−1

i

= Kc

(
N
∑

i=1

s−1

i )qt −
N
∑

i=1

s−1

i qi −R
N
∑

i=1

cti

N
∑

i=1

s−1

i

. (23)

Recalling that
N
∑

i=1

cti = 0 –due to the target being in the

centroid of the default pattern–, we directly reach:

ṗwq = Kc(qt − pwq), (24)

that is, the weighted centroid tracks the target. In addition,
as each robot’s position converges exponentially to a con-
stant position measured from the variable weighted centroid
(Proposition 1), every one of the robots’ velocities eventually
converges to the velocity of the weighted centroid.
The interest of this result is that the central point of observa-
tion, i.e., the point which the multirobot team will eventually
view with the desired set of relative observation angles,
tracks the target at all times with the proposed controller,
even when the interagent formation has yet to be reached.
This is a behavior one would desire for the proposed target
enclosing system.

V. SIMULATIONS

This section describes two simulation tests carried out
to illustrate the performance of the presented method. In
the first one, we used a team of six agents and selected
a regular octahedron as default configuration. The chosen
values of the control scalessi for the six robots were:
[1.33 1.81 0.78 0.85 1.65 2.11]. The target’s motion was
generated by sinusoidal functions. Figure 2 illustrates the
results. We can measure the total error in the relative viewing
angles of the weighted centroid, with respect to the desired
ones, by the following function:

ea =
∑

i

∑

j

|βij − αij |, (25)
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Fig. 2. Simulation results for six-robot example. Top: Paths followed, show-
ing the agents’ initial (large circles), and final (smaller circles) positions,
and target’s initial (large cross) and final (smaller cross)positions. Dashed
lines join each agent and the final weighted centroid, whose initial position
is also marked (square). Second row: Norms of the robots’ andtarget –
in dashed line– velocities (left) and pairwise distances between elements
(right). Bottom: Angular error function (left) and entriesof A (right).

where the sums are over allN agents. As can be seen, this
error vanishes fast, and the observation and tracking of the
target is performed in a steady manner, with a constantR.
The robots enclose the target quickly, thanks to the optimality
of the rotation matrix used. A set of viewpoints lying in
three perpendicular axes, as dictated by the geometry of the
octahedron, is exponentially reached. The weighted centroid
closely tracks the target’s position. The convergence behavior
of matrix A is also shown.

For the second example –illustrated in Fig. 3–, we chose a
team of four agents and a regular tetrahedron as default con-
figuration. The target’s velocity was again a sum of sinusoids.
This time, we added Gaussian noise to the relative position
measurements used by the agents, to test the robustness of
the method. In addition, the control scales were changed at
certain instants during execution. By comparing the interme-
diate and final team configurations, one can appreciate that
the pattern rotation does not change noticeably despite the
noise and the scale changes taking place. The steadiness of
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Fig. 3. Results for the four-robot example. Top: Paths followed, showing
agents’ initial (large circles), and intermediate –at t=280 s.– and final
(smaller circles) positions, and target’s initial (large cross) and final (smaller
cross) positions. Dashed lines join each agent and the intermediate and final
weighted centroid, whose initial position is marked (square). Final robot
positions are joined by dashed lines. Second row: Norms of the robots’
and target –in dashed line– velocities (left) and pairwise distances between
elements (right). Bottom: Angular error function (left) and scalessi (right).

the robots’ relative motions is also illustrated by the evolution
of the distances between the system’s elements (i.e., robots
and target). With the piecewise-constant control scales used
in this example, the expected convergence behavior occurs
within each time interval in which the scales remain constant.
Since all control scales become one eventually, the final
pattern the agents pursue is the default one: their final
positions are very close to forming a regular tetrahedron,
while their centroid tracks the target.

VI. CONCLUSION

We have described a novel method to enclose a moving
target in 3D space with a team of robots in order to observe
it. Notable points about this strategy are that it can operate on
local coordinates and it retains steadiness of agent motions
while allowing free individual selections of the robots’
distances to the target. Future work can include adapting
the framework to tasks that require interaction with physical

objects or human agents, and formally studying robustness
to disturbance and collision avoidance.
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