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Abstract— This paper studies the control of multiagent for-
mations in which the Fourier descriptors of the sequence of
agent positions are constrained to be zero outside a selected
set of low frequencies. This specification enables the mobile
agents to form a low-frequency discretized planar closed curve
without sharp variation while accommodating high flexibility
of the curve’s shape. We propose a novel approach for con-
trolling this type of formation assuming a motion model with
unicycle kinematics and velocity saturation. Our approach uses
a distributed estimator to compute the values of the Fourier
descriptors at the selected set of low frequencies, and employs
these estimates in a gradient-based motion control strategy. We
exploit existing techniques to define a convergent gradient-based
control law under the considered motion constraints. Compared
to prior work in this problem, our approach only requires
distributed interactions between agents, and explicitly considers
realistic motion constraints. We also study how to combine
descriptors from different sets of frequencies, which enhances
transient control performance. We present simulation examples
to illustrate the properties of the proposed approach.

I. INTRODUCTION

In a number of application scenarios involving multiagent
systems, it is beneficial for the agents to deploy themselves
according to a prescribed geometric configuration, called
a formation. Such scenarios include object transport, area
monitoring, or enclosing of dynamic phenomena [1], [2].
Commonly, formations are specified and controlled using
interagent relative quantities such as distances [3], [4], posi-
tions [5], [6], or bearings [7], [8]. Advantages can be gained
by exploiting formation control designs based on multiple
layers [9], [10], or by using lower-dimensional formation
specifications. Examples of the latter include fitting into
a concentration ellipse [11], satisfying geometric moment
statistics [12], aggregating in a polytope [13], or conforming
to a desired density profile in a ring [14].

A previous formation control study [15] proposed ar-
ranging the sequence of positions of the agents in a team,
according to a given order, in a discretized planar closed
curve whose Fourier descriptors are allowed to be non-zero
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only for a selected set of low discrete frequencies. This way,
the formed curves have a smooth and, at the same time,
highly flexible shape, making them well suited for tasks
such as target enclosing. The Fourier formalism for curve
representation was also exploited in studies [16], [17], which
focused on fitting a multiagent team to a specific boundary
in the workspace. In contrast, the approach in [15] aimed
to avoid constraining the specific shape of the curve, thus
keeping it more adaptable to task demands. In this paper, we
build on [15], presenting novel additions as detailed next.

To improve in scalability, we propose an estimator-based
control approach that requires only distributed interactions,
via communication, between agents. The use of estimators
in multiagent formation control is a common approach [10],
[12], [18]. Here, we apply a finite-time-convergent dynamic
average consensus algorithm based on [19] to estimate the
Fourier descriptors for the selected set of low frequencies.
Regarding the motion control, while [15] assumed integrator
dynamics, here we design a new strategy for agents with
unicycle kinematics and saturated velocities. Concretely, we
exploit a gradient-based control law so that the agents can
reach a discretized curve with only low-frequency Fourier
descriptors. This control law can be implemented by each
agent using its current estimates of these Fourier descriptors
and is initially designed for single-integrator dynamics. Then,
we adapt it to unicycles with saturated velocities following
the methodology in [20], while preserving the global con-
vergence to the desired type of curve.

Our contributions over [15] are: 1) an estimator-based con-
trol approach requiring only distributed agent interactions,
which is more easily scalable for teams with many agents;
2) a control law for agents with unicycle kinematics and
saturated velocities, which increases applicability on real-
world platforms; and additionally 3) a method for combining
multiple sets of low frequencies, which allows controlling the
frequency content during the transient interval.

Overall, our approach allows the agents to form a low-
frequency discretized closed curve. This avoids sharp varia-
tion, tending to preserve the physical vicinity of neighboring
agents along the sequence. Moreover, compared to standard
formation control approaches [3], [4], [5], [6], [7], [8] where
a team can achieve shapes equal to a nominal one up to
prescribed types of transformation (e.g., translational, rigid,
or affine), with the Fourier representation used here the
shapes for the formed curve are not tied to a nominal shape.
This makes it possible to achieve more flexible shapes. We
illustrate these features of our approach, which are useful for
enclosing tasks, with simulation examples.
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A. Notation

We use I,, to denote the n x n identity matrix. We denote
the Euclidean norm of a vector or the spectral norm of a
matrix by || - ||, and the infinity norm of a vector by || - ||oo-
We denote ordered sequences by (-), and unordered sets by
{-}. By sgn(x) where x is an array of real numbers we
denote the component-wise signum function. For a vector
field f(x), Of /0x denotes its Jacobian. For a scalar field
f(x), Vi f = (0f/0x)T denotes its gradient.

II. PROBLEM FORMULATION

Consider NV mobile agents (where N > 4) in a planar
environment, each having a different index in the set N' =
{0,1,..., N — 1}. The first index is taken to be 0 instead
of 1 for notational convenience. We assume these indices
are fixed and pre-assigned, and every agent knows its own
index. The indices define an ordering of the agents in the
following sequence: (0,1,...,N — 1). We take t = 0
as the initial time instant. For every agent ¢ € N, we
denote its position in a fixed absolute Cartesian coordinate
system by p;(t) = [z;(t),y:(t)]T € R% We assume the
agents move according to the unicycle model. For this, we
denote by 6;(t) € R for every agent 7 its heading angle
measured counterclockwise relative to the direction of the
positive z-axis. v;(t) € R denotes agent i’s linear velocity,
which produces a displacement aligned with its heading.
w;(t) € R denotes the agent’s angular velocity, positive in
the counterclockwise (i.e., left-turn) direction. The dynamics
under the considered unicycle model have the form:

& (t) = vi(t) cos(6;(1)),
Yi(t) = vi(t) sin(6;(2)), (1)
9l(t) = W; (t)

The functions v;(¢) and w;(t) Vi € N are assumed to be mea-
surable and bounded by saturation constraints: concretely,
similarly to [20], for all £ > 0 the velocities satisfy

—vp, < vi(t) < vy, —wr, Swi(t) <wi, 2)

where vy, > 0, vy, > 0 are respectively the maximum
forward and backward speed, while w;, > 0 and w,, > 0
are respectively the maximum left-turn and right-turn speed.
We define vmax = max{vy,, by, ..., Vfy_ 1, Uby_, ;- The
saturation constraints can be written using the following
auxiliary functions for linear and angular velocities v, w:

—vp;, U E (—00, —wp,)

sat,, (v) = ¢ v, v E [—up,, V5] s 3)
vy, v € (vy,,4+00)
W, W E (—00, —wy,)

saty,, (W) = { w, w E [—wp,,wy,] - 4)
wi, w € (wy,, +00)

We assume every agent ¢ knows its current position p; (%)
and heading 6;(t), and agents can communicate to exchange
data. The available communication structure is modeled via

a simple undirected graph G = (N, ) where N is the set of
nodes, each corresponding to an agent, and £ C N x N is
the set of edges, each of which is a pair (4, j) that represents
the fact that node ¢ can receive data from node j. As G is
undirected, (i,7) € € < (j,7) € £. We then say that nodes
(equivalently, agents) ¢ and j are graph neighbors. We denote
by N; C N the set containing the indices of the agents that
are graph neighbors of ¢ in G. We assume that the graph G
is time-invariant and connected.

A. Representing configurations with Fourier descriptors

In this section, we focus on the geometric properties of
the ordered sequence of 2-D agent positions at time instant
t, defined as P(t) = (po(t),...,pn—1(t)). We use the
discrete Fourier transform (DFT) [21, Ch. 5], a well-known
frequency-domain representation that can be exploited for
representing planar curves [15], [17], [22], [23]. For this,
x;(t) and y;(¢) for each ¢ at ¢ are interpreted as, respectively,
the real and imaginary parts of a complex number. Here,
we equivalently express the DFT with real numbers. Let us
define the rotation matrix

_|cos(—27l/N) —sin(—2nl/N)

R() = Lin(—mm) cos(=2xl/N) |* ©
for arbitrary natural number [/, and angles expressed in
radians. Note R(0) = I. Then, the DFT of P(¢) is the
sequence D(t) = (do(t),...,dn_1(t)) where

N-1
di(t) = Y R(k-i)pi(t), k=0,1,....N—1. (6
=0

Note that the transform is applied over the agent indices 1,
parameterizing the spatial curve that the agents form at a
given time instant ¢. We refer to the N elements of D(¢) as
the Fourier descriptors of P(¢) [22, Ch. 11]. We will often call
them simply descriptors in this paper, for brevity. The index
k € N of descriptor dy,(t) € R? represents a discrete spatial
frequency value, equal to k cycles per N spatial points. The
inverse DFT (IDFT) [15], [22] of the sequence D(t) returns
the sequence P(¢) and is defined as

N—-1
pi(t) = % > R(k-i)Tdy(t), i=0,1,...,N—1 (7)
k=0

We represent the DFT as a linear transformation [21, Ch.
5], as done in [15]. For this purpose, we represent the
sequences P(t), D(¢) equivalently as the column vectors

p(t) = [Po(®)T,....pn—1()T]T € RN and d(t) =
[do(t)T,...,dn_1(t)T]T € R?Y, which allows one to write:
d(t) = Mp(t), p(t)=M"'d(1), ®)

where M is a fixed real matrix with size 2N x 2N that has
the following form:

L I I, - I,
L, R(1) R(2) R(N-1)
M= |2 R(2(N-1))



and whose inverse has the form M~ = (1/N)MT.

B. Formation specification based on Fourier descriptors

Any sequence of agent positions P(t), represented as p(¢),
can be interpreted as a discretized planar closed curve. The
DFT d(t) represents the frequency content of this curve with
a descriptor at each frequency. High frequencies correspond
to sharp variation and local detail in the curve [22, Ch.
11]. Following [15], our idea is to continuously drive p(t)
toward a configuration with descriptors equal to zero outside
a selected set of low frequencies. This will avoid sharp
variation while allowing for flexible configurations, which
is interesting, e.g., for enclosing tasks. Let us first define H
as the fixed odd number, 3 < H < N, of low frequencies to
be used. Then, our set of H selected low frequencies, which
correspond to the indices of the DFT d(t), is defined as

H=1{0,1,...,(H-1)/2, N—(H-1)/2,...,N—1}. (10)

Since frequencies k and k— N are equivalent (note R(k-i) =
R((k— N)-14) in (6)), H contains positive and negative low
frequencies lying symmetrically around the zero frequency.

For a given p(t) € R?Y, we consider the configuration
having the same descriptors as p(t) for the frequencies in H,
and descriptors with value zero for the frequencies outside .
We call this configuration py(t) € R2V. As seen in [15, Sec.
I1.C], the sequence of positions in py(t) forms a discretized
curve obtained by evenly sampling the angular parameter of
a continuous closed parametric curve consisting of a sum of
sinusoids for the frequencies in . If one chooses H = 3,
px(t) is a discretized ellipse. With H > 3, py(¢) can have
a more flexible shape while still remaining low-frequency.
Figure 1 shows two illustrative examples for N = 7.

Let us now describe how to obtain py (t). We rewrite M
in (9) as composed of N x N blocks M; ; of size 2 X 2 as

Mo My 1 Moy N1
LAY E M; M n—1
M= ) ) (11)
Mny_10 Mpy_1:1 Mpy_1,nv-1
Then, we define
Moo Mo, Mo, n-1
M, — MH;I’O MH2—171 1\/[1~1271’Ni1
My s, My s, My sy,
Mny_1,0 My_11 - Mpy_i,nv-1

12)
which has size 2H x 2N and contains the rows of M
corresponding to the frequencies in H. We can now define

dy(t) = Myp(t) €R* (13)

which contains the descriptors of p(¢) for frequencies in
H, following (8). As p(t) has descriptors d(t) for the
frequencies in ‘H and zero for all other frequencies, we just

Fig. 1. Two examples (left and right) with N = 7. Agent positions are
shown with different markers, and neighbors according to the sequence are
joined by lines. In both examples, the configurations shown are p (blue,
dotted lines), py with H = 5, i.e., H = {0, 1,2,5,6} (black, solid lines),
and py with H = 3, i.e., H = {0,1,6} (red, dashed lines).

need to consider the columns of the inverse transform matrix
M~ = (1/N)MT for frequencies in H, having

pau(t) = (1/N)MJ,dy (1) = (1/N)MEMyp(t) = Ap(t),

(14
where we define the matrix A = (1/N)MJ My, € R2V*2V,
This matrix was already used in [15] and is presented here in
an alternative form more fitting for our formulation. Hence,
p#(t) can be interpreted as a projection by the matrix A
which is symmetric, positive semidefinite and idempotent.

We call the configuration

pu(t) = [Pro®)T,. .., PuN_1(t)T]T 15)

the desired formation at time ¢, and we call py ;(t) € R? the
desired position for agent ¢ at time ¢. Notice that for agent ¢

P.i(t) =

% |:M()’i, ey M%J‘v MN—%,ZW e ,MN,177;:| de(t)
(16)
The problem we address in this work consists in designing,
under the described conditions, a multiagent control law such
that the team reaches the desired formation: i.e., the positions
of the agents satisfy p(t) — px(t) as t — co.

III. PROPOSED ESTIMATOR-CONTROLLER STRATEGY

Our strategy for solving the stated problem combines an
estimator and a controller. Concretely, every agent ¢ will
obtain an estimate of dy(¢) via a distributed consensus
algorithm and use this to estimate its desired position py ;(t)
according to (16) and, simultaneously, the agent will run a
motion controller to move toward its desired position.

A. Distributed estimation of descriptors

In our proposed scheme, every agent estimates the vector
dy (t), which contains the descriptors for the frequencies
in ‘H. For this purpose, we exploit the fact that the DFT
has a linear structure. This allows us to estimate dy (¢) by
means of an average consensus algorithm, using properly
defined reference signals at each agent as a function of its
current position. Since the agents are moving, we need to
use an algorithm capable of handling time-varying reference
signals. We propose to use the dynamic average consensus



algorithm in [19, eq. 1], which is also discussed in [24] and
is sliding-mode-based. For every agent i € N we define a
vector &5;) (t) € R?H containing its local estimate of dy(t).
The algorithm for every agent i € N has the following form:

2i(t) =r Y sen(d) (t) —d%) (1)),
JEN;
i () = 2:(t) + ri(0),

a7

with initial condition Zfigl z;(0) = 0. k € R is a positive
design parameter, z;(t) € R?H represents the internal local
state for agent 1, élgi) (t) is the estimate received by agent
i from j who is a graph neighbor, and r;(t) € R?# is the

vector of local reference signals for agent ¢, defined as

[
=

pi(t).

My_1,; J

A convergence result for this algorithm is given next.
Proposition 1: Using the algorithm (17) with x > N -
Umaxs a(;} (t) Vi € N converges to dy(t) in finite time.
Proof: Following [19], we consider the dynamics of the
reference signals, which we express as r;(t) = g;(t) where
gi(t) Vi € N is measurable and bounded; in particular,
due to the linear velocity saturation constraints and every
M,; VI € H, Vi € N being a rotation matrix, we have
SUPse0,00) |8 (D)oo < IV - Umax. Hence, £ > N - vpax >
SUP4e(0,00) [18i()[loo Vi € N. This condition and G being
connected and time-invariant imply, by virtue of Theorem 1
in [19], that a;_? (t) Vi € N converges to the average of r;(t)
Vi € N in finite time; i.e., there exists 7 > 0 such that

MO,]
N-1 N-1 '
e 1 1 Mu_: .

) =5 Dm0 = 5 N [y [

=0 =0 N=T5d

L Mpy_1,;
=Myp(t) =dy(t), Vie N, Vt > T, (19)
which proves the stated result. [ ]

Remark 1: Algorithm (17) is an interesting choice for
several reasons: it provides finite-time convergence, it only
requires a connected graph and one-hop communication, the
size of the managed data (2H) is small and independent of
N, and only positions (and not their derivatives) are used.
The algorithm requires the initial condition Z?;Bl z;(0) =
0, which can be satisfied, e.g., if every agent i € A/ chooses
z;(0) = 0. Note that other dynamic average consensus algo-
rithms guaranteeing finite-time convergence under bounded
derivatives of the reference signals could also be used.

B. Gradient-based controller for unicycle agents

Following [15], we propose to use a gradient-based strat-
egy to achieve the control goal p(t) — p(t). As explained
above, in our strategy each agent uses the estimates of the
Fourier descriptors computed with the distributed algorithm
in (17). Let us first define the matrix

B=ILinx—A, (20)
which is symmetric and idempotent, and the cost
1 1
Vp®) = 5lp(#) - pu®)|* = 5p()TBp(1).  (21)

Note that B is positive semidefinite. The negative gradient
of the cost V(p(t)) is

f(p(t)) = —VpV(p(t)) = —Bp(t) = pu(t) — p(t), (22)

where f(p(t)) = [fo(p(t))T,...,fn-1(p(?))T]", and for
every individual agent i € N we have

fi(p(t)) = =V, V(p(1)) = Pr.i(t) — pi(t).

Recall that py ;(t) can be computed from the vector of
Fourier descriptors dy (¢) as expressed in (16). Agent ¢ does
not have direct access to the true vector dy(t) but can
estimate it via (17). In particular, agent ¢ can compute

(23)

f)gi),i(ﬂ =
1 (i
= Mo M My s M| a0,

(24)
If the agents obeyed single-integrator dynamics, one could
propose the following gradient-based control law:

pi(t) = £ (p(t) = B, (1) — pi(t).

Then, the control law we propose for unicycle agents is based
on adapting the single-integrator one as done in [20, eq. 12]:

i(t) = saty, ([eos(0:(0)), sin(B:(0)] £ (p(1)) )
wi(t) = saty, ([— sin(0;(t)), cos(6; (1)) £ (p(t))). 27)

This control law follows the general approach proposed in
[20] for modifying a single-integrator gradient control law
to take into account motion constraints, while retaining the
convergence properties of the original law. We analyze our
control law next.

Theorem 1: Under the action of the control law (26), (27),
it holds that p(t) — px(t) as t — oo, ie., the agents
converge globally asymptotically to a configuration whose
descriptors are zero for all indices outside .

Proof: First, note that finite-time escapes of p(t¢) are
not possible under (26), (27) because the linear velocity is
bounded by the saturation constraints. Hence, p(¢) remains
bounded until the convergence of the estimator (17) which,
from Proposition 1, occurs at a finite time instant 7. For
t > T we have di)(t) = du(t), BY,(t) = Pui®),
and f'i(l) (p(t)) = fi(p(t)) Vi € N, and hence the single-
integrator control law from (25) is p(t) = f(p(t)) Vt > T.
We study the system for ¢ > T next.

(25)

(26)



Let us define the error vector e(t) = p(t) — pu(t) =
Bp(t). Notice V(e(t)) = (1/2)||e(t)||*>. We next analyze
the convergence of the modified control law (26), (27) by
examining a set of four conditions for the gradient control
law p(t) = f(p(¢)) [20, Assumption 1]: 1) V(e(t)) =
(1/2)]|le(t)||* is a Lyapunov function whose level sets
Q(r) = {e : V(e) < r} are compact for any r > 0; 2)
As f(p(t)) = —e(t), we have e(t) = 0 & f(p(t)) = 0
everywhere: 3) [[9e/dp]| = B and [|£(p(1)) | = [le(t)]| are
bounded for bounded ||e(t)||; 4) f(p(t)) = —e(t) = —Bp(t)
is continuous in e, and uniformly continuous in p since it is
a linear transformation.

As noted in [20], these conditions imply the gradient
control law p(t) = f(p(¢)) is globally convergent due to
LaSalle’s invariance principle and they ensure, from Theorem
4 in [20], that under control law (26), (27) it holds globally
that e(t) — 0, i.e., p(t) = px(t), as t — oo. [ |

Remark 2: With our approach, the agents converge to a
static configuration, as their velocities vanish when the gradi-
ent is zero. The approach does not control the specific shape
of the curve, which depends on the initial conditions and on
the system dynamics. The achieved closed curve is an ellipse
if H = 3.1f H > 3, the achieved closed curve may be simple
(i.e., with no self intersections) or self-intersecting. A simple
curve is a suitable solution for standard enclosing behaviors,
while a self-intersecting curve makes the team’s shape more
flexible and can be interesting in some applications; for,
e.g., creating multiple adjacent enclosed areas. Also, our
formation specification allows descriptors of any value for
the frequencies in H, and therefore it is possible to achieve
degenerate curves (e.g., degenerate ellipses if H = 3).

Remark 3: As p(t) and py(t) have the same zero-
frequency content, they have the same centroid, since
(1/N) > enPi(t) = (1/N)do(t) from (6). Also, defining
the scale (i.e., size relative to the centroid) as follows:

so(0) = 5 3 |pil) — 5 3 ps(0)

‘ ; (28)
iEN JEN

then for a given p(t), s(px(t)) is less than or equal to
s(p(t)), as studied in [15]. Another interesting fact from
[15] is that py(t) is time-invariant under a single-integrator
gradient control p(t) = £(p(t)). The behavior in this respect
is similar with our unicycle control, as it is gradient-based;
this is visible in our simulations and implies there is no
persistent downward drift of the scale. The scale may be
kept under control in practice by the constraints of a higher-
level task: e.g., maintaining lower-bounded agent-to-agent
and agent-to-target distances in a target enclosing task. Note
that our approach does not avoid interagent collisions. To ad-
dress this issue, one could incorporate a collision avoidance
strategy; e.g., exploiting control barrier functions [25]. While
this would not guarantee the maintenance of our controller’s
convergence properties, it is a widespread practical solution.

C. Combining sets of frequencies

In some scenarios, it can be interesting to use two different
sets of low frequencies, H; with H; elements, and H-

with Hy > H; elements. To accomplish this, we exploit a
linear combination of two (one per set) gradient-based single-
integrator terms like the one in (25). The team will then
eventually reach a low-frequency formation consistent with
H1. The intuitive reason (formalized below) is that H;, C Ho
and thus, combined motions toward configurations consis-
tent with the two sets finally converge to a configuration
consistent with the smaller of the two. However, instead of
moving directly toward the final formation, the team will
remain close to a low-frequency formation consistent with
‘Ho during the transient interval. This is interesting as it
makes the transition more gradual and overall provides a
stronger low-frequency formation-keeping behavior.

Following developments presented above, we can define
matrices A; for H; and Ay for Ho, with py,(t) =
A;p(t) and py, (t) = Aop(t) being the desired formations
associated with H; and H, respectively. We also define
B, = Iy — Ay, B, = I,y — As. Note that once again
B; and B; are real symmetric positive semidefinite. Let us
now define B = oy B + aeBo, with o1, as being two real
positive scalars that represent the weight of the control terms
associated with H; and Hsy respectively. Choosing either
a1 = 0 or ap = 0 one obtains the controller of Sec. III-
B. Notice that B is real symmetric positive semidefinite. We
now define a corresponding cost as

V(p(t)) = (1/2)p(t)"Bp(t).

We can define a single-integrator control law based on the
negative gradient of V' which is

f(p(t)) = —VpV(p(t)) = —~Bp(t))
= a1(pu, (t) — P(1)) + a2(Py. () — (1)), (30)
where f(p(t)) = [fo(p(¥))T, ..., fx_1(p(t))T]T and we have
for every individual agent ¢ € N that
fi(p(t)) = —Vp.V(p(t))
= a1(Pu,.i(t) = Pi(t)) + a2(Pw,,i(t) — Pi(t)).

(29)

€29

Agent 7 can obtain an estimate aﬁjz (t) by means of algorithm
(17). As H1 C Ho, this directly gives &%)1 (t) as well. From
this, agent ¢ can obtain f)g_?hi(t) and f)g_gi(t) as in (24).
Then, we define the following gradient-based control law:

pi(t)= £ (p(1) = c1(BY), (1) —pi (1) +a2(BY, (1) i (1))
(32)

We propose a unicycle control law as in (26), (27); i.e., we

adapt the single-integrator control law (32) as follows:

vi(t) = saty, ([cos(0: (1)), sin(:(D)E (p(1))),
wi(t) = saty, ([— sin(0;(t)), cos(6; (1)) £? (p(t))). (34)

Theorem 2: Under the action of the control law (33), (34),
it holds that p(t) — px,(t) as t — oo, i.e., the agents
converge globally asymptotically to a configuration whose
descriptors are zero for all indices outside ;.

Proof: As in Theorem 1, finite-time escapes of p(t)
under (33), (34) cannot occur due to the velocity saturation

(33)



constraints, and Proposition 1 ensures there is a finite 7 >
Q at which estimator (17) has converged, i.e., Vi > T
fi(z) (p(t)) = fi(p(t)) in (33), (34) and the single-integrator
control law from (32) is p(t) = f(p(t)). We analyze the
system for ¢ > T next. Let e(t) = B'/2p(t) be the error
vector where B'/2 is the real symmetric positive semidefinite
square root of B. Notice V(e(t)) = (1/2)|e(t)||*>. We
study again the four conditions in Assumption 1 of [20] for
p(t) = £(p(t): ) V(e(t)) = (1/2)]}e(t)||? is a Lyapunov
function whose level sets Q(r) = {€ : V(e) < r} are
compact for any r > 0; 2) As f(p(t)) = —B'/?&(t), we have
é(t) = 0 = f(p(t)) = 0 and f(p(t)) = 0 = V(e(t)) =
0 = e&(t) = 0 everywhere; 3) ||0e/dp| = ||B'/?| and
If(p(t)|| = |B'/?e(t)|| are bounded for bounded ||&(t)]|;
4) f(p(t)) = —B'/?e(t) = —Bp(t) is continuous in &, and
uniformly continuous in p since it is a linear transformation.

Similarly to Theorem 1, these conditions imply that the
gradient control law p(t) = f(p(t)) is globally conver-
gent by virtue of LaSalle’s invariance principle and they
guarantee, from Theorem 4 in [20], that under the control
law (33), (34) it holds globally that e€(¢) — 0 and hence
V = (1/2)p(t)TBp(t) — 0 as t — oo. Recall that By,
B, are real symmetric positive semidefinite, and «;, o
are positive. Using well-known properties of real symmetric
positive semidefinite matrices, we have

p(t)™Bp(t) = 0 = a1p(t)"B1p(t) + aop(t)"Bap(t) = 0
= Blp(t) = 0 and ng(t) =0. (35)

This directly implies the condition p(t) = p, (t) = Py, (1).
Recalling that H;, C Ho, the interpretation of this condition
is that the descriptors of p(t) for frequencies outside Ho
are zero (due to p(t) = px,(t)), and the descriptors for
frequencies in H, but not in H; are zero as well (due to
p(t) = pwu, (). The condition clearly reduces to p(t) =
P, (t), which concludes the proof. |

IV. SIMULATION RESULTS

We present results from several numerical examples run
in MATLAB. Videos for these and other examples are also
available via the provided link'. In all the examples, the
graph G has a ring topology such that Ny = {1, N — 1},
Ny-1 = {N —2,0}, and NV; = {i — 1,i + 1} for the
other ¢ € N. The saturation limits are vy, = v, = 0.5
m/s and w;, = w,, = 7/4 rad/s Vi € N. The estimator and
the controller run at 10 kHz and 100 Hz, respectively. In our
first example, we consider /N = 8 agents and we take H = 3
and kK = 10+ N - vyax. The results in Fig. 2 show the finite-
time convergence of the estimation of the descriptors and the
asymptotic convergence of the team to a discretized ellipse.

For the remaining examples, we use N = 20 and x = 20-
N - vyax, choosing Hy = 3, Ha = 5 to test the combination
of frequency sets (Sec. III-C). We do three runs from an
identical initial configuration with: 1) a3 = 0.1, ap = 0,
2)a; =01, a =1,3) ag =0, ag = 0.1. As shown in

Uhttps://www.youtube.com/playlist?list=PLp_Aa-
IfaBfHC3{F8tL5ShGVIH1PoDFbA
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Fig. 2. Results for the 8-agent simulation example. Top left: agents’ paths
(blue solid lines), initial positions (red hollow circles, headings as red line
segments), and final positions (black solid circles, headings as black line
segments); black dashed lines join the final positions to represent the outline
of the final curve. Top right: cost function V. Middle left: linear velocities.
Middle right: angular velocities. Bottom left: estimated values of all the
components of dy(t) from the algorithm (17) and true values of these
components. Bottom right: values of all the components of the descriptors
for the frequencies outside H, i.e., the components of dy, (t) for k € N\ H.

Fig. 3, the expected convergence behavior is obtained in all
cases. Comparing cases 1) and 2) at t = 8s, in 2) the formed
curve is clearly smoother, indicating that the agents stay on a
lower-frequency curve during the transient interval. The time
plots show that when oo = 1, the high-frequency descriptors
(i.e., those for the set N\ H2) vanish more rapidly.

V. CONCLUSION

This paper has presented an estimation-based control ap-
proach that enables a useful distributed formation-keeping
behavior for multiagent teams by exploiting Fourier descrip-
tors. In terms of future work, we would like to explore how to
gain finer control on the properties of the formation by, e.g.,
keeping the values of the low-frequency descriptors in certain
ranges. Another direction worth pursuing is using different
dynamic models, both for the estimator and for the controller.
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