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Abstract—This paper addresses the robotic manipulation of
deformable linear objects (DLOs) in 3D space, which is a
complex problem with relevant applications in, e.g., industrial,
agricultural, or medical domains. We propose a simple geometric
model of elastic deformation tailored to this problem, and exploit
this model to derive a quasi-static deformation Jacobian mapping
robot motions to changes in the DLO’s shape. We then propose
a control law, based on this Jacobian, to drive multiple points
on the DLO toward target positions. The described approach
extends prior work restricted to 2D scenarios, and is capable
of controlling the DLO’s shape in 3D and with six-degrees-of-
freedom gripper motions. The main advantage of this approach
is its simplicity, as it does not require training, simulation, or full
perception of the object’s shape. We present validation results
from both simulations and real-world experiments.

Index Terms—Robotics, Automatic manipulation, Deformable
objects.

I. INTRODUCTION

In our daily lives, we easily manipulate deformable linear
objects (DLOs) such as ropes, cables, plant stems, or wires.
However, manipulating these objects with robotic systems is a
major challenge due to their complex deformation dynamics.
A growing number of research studies have been addressing
the robotic manipulation of DLOs in recent years, stimulated
by numerous applications in industry (routing wires), medi-
cal surgery (inserting needles and controlling catheters) and
agriculture (fruit harvesting) [1], [2].

The particular shape and dynamic characteristics of DLOs,
which distinguish them from other types of deformable ob-
jects, have been exploited to propose manipulation approaches
based on well-known mechanical models such as Kirchhoff
rods [3], [4] or Cosserat rods [5]. In the work [6], a more
general manipulation planning framework was proposed in-
corporating the effect of gravity. The study [7] developed a
comprehensive dynamic model of DLOs and addressed their
deployment on planar workspaces with one or two robotic
arms. Several works have addressed manipulation tasks by
exploiting mechanical deformation models expressed via the
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finite element method (FEM) [8]-[10], or via alternatives
such as the reproducing kernel particle method [11] or mass-
spring-damper models [12], [13]. In the specific case of DLO
manipulation, the work in [14] exploited an efficient FEM
model for quasi-static deformation control for objects assumed
to lie in a 2D workspace.

In most existing works addressing DLO shape control, the
manipulation task proceeds within a feedback loop relying
on sensor data about the actual state of the object, where
vision is the most commonly used sensing modality. Certain
approaches use the sensor data acquired during the task to
construct, via online estimation techniques, a local model
relating incremental manipulation actions and incremental
changes in the features that are used to represent the object’s
shape. This type of approach was applied for various types of
features and objects in [15], for DLOs in 2D in [16], [17] and
for small 3D DLO deformations in [18]. A related technique
was used in the study [19], which targeted DLO manipulation
in agricultural scenarios and proposed adjusting the parameters
of a deformation model during the task within an adaptive
control framework.

The representational power of artificial neural networks has
also been exploited in a number of approaches. The authors of
[20] used a multilayer neural network to model the mapping
between end-effector actions and object shape changes. In
[21], an offline model of a DLO based on graph neural
networks was employed, together with online refinement with
a residual model to better handle model inaccuracies. A graph
neural network was also used in [22], where a cable installation
task was demonstrated. In [23], DLO dynamics were modeled
with a radial-basis-function neural network, learned offline
and adapted online, within an approach capable of versatile
3D manipulation. Meanwhile, the works [24], [25] exploited
reinforcement learning for DLO shape control.

In this work, we consider the task of controlling the shape
of a DLO via manipulation by robots. The task’s goal is to
drive several points on the object toward prescribed target
positions, relying on visual perception of the positions of
these points. The setup is illustrated in Fig. 1. Our core
assumption is that the DLO’s deformation can be represented
with sufficient accuracy by an as-similar-as-possible (ASAP)
geometric model [26]-[28], chosen as an approximation of
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Fig. 1: Representation of the considered system. The addressed
task consists in manipulating the DLO using the robot so that
the servoed nodes reach their target positions. A vision sensor
used to detect the positions of the servoed nodes is depicted.

the as-rigid-as-possible (ARAP) [29]-[31] geometric model
of elastic deformation. Based on this assumption, we define
an ASAP energy tailored to our scenario and derive from this
energy a quasi-static deformation Jacobian and a control law
for the robotic grippers. This Jacobian is a constant matrix,
and its computation only requires choosing a discretization
(number of nodes) to represent the DLO. We demonstrate the
capabilities of this approach with simulations and experiments.
The contributions of this paper are:

e Our scheme extends the one in [28], which controlled
DLO deformations in 2D and used gripper motions with
three degrees of freedom (DOF), to 3D deformations and
6-DOF gripper motions. Many other works assume the
DLO lies in a 2D workspace [7], [14], [16], [17], [21],
[22], [28], [32]. Here, we handle the more complex case
of DLOs deforming in 3D.

o As we rely on a constant Jacobian, we avoid the need
for online estimations or online deformation model com-
putations that are used in other approaches [14]-[19],
[31]. While such approaches are interesting due to their
adaptability, they can be sensitive to noise and initial-
ization/excitation conditions. We do not need to use me-
chanical parameters, in contrast to [4]-[6], [14], and we
do not require training either offline or online, differently
from [20]-[25]. Hence, our approach has advantages in
terms of simplicity, while remaining effective.

o The approach we propose is formulated using geometric
analysis relying on an established deformation modeling
framework (ASAP), and we do not use the perception of
the object’s full shape during the control task. These traits
distinguish our approach from the solutions in [32]-[34].

II. PROBLEM DEFINITION

The system we consider is visualized in Fig. 1. Next, we
describe the elements of the system, our assumptions about
them, and the task we solve.

o The manipulated object is a DLO (e.g., a flexible rod,
a tube, a cable, a wire, or a plant stem). The object’s
material composition is unknown, but its deformation
behavior is assumed to be mostly homogeneous along
its length; i.e., the object has no articulations or regions
with significantly different stiffness. The geometry of
the object at its rest state is a straight line. The object
deforms elastically; i.e., it tends to return to its rest shape
when forces stop being applied on it. The manipulation
is quasi-static and the object’s shape is stable at every
time instant. The changes in shape are continuous; e.g.,
buckling effects are disregarded. The effect of gravity is
not modeled explicitly. The deformation is always locally
small, meaning that there is never an extreme deformation
at any point along the DLO. The global deformation
of the full object is not constrained and, hence, can
potentially be large.

« The object is gripped with a gripping configuration that
fully constrains its shape. While the approach we will
propose can be used with multiple movable grippers, we
concentrate on the case where one end of the DLO is fixed
(e.g., held by a static gripper, or fixed to the ground) and
the other end is held by a movable robotic gripper at the
end-effector of a robot arm. The 6-DOF velocity of this
gripper at every instant can be fixed by a robot controller.
The knowledge of which parts of the object are being
gripped or fixed is available beforehand. These parts are
the same during the full task. The parts not being gripped
or fixed are free to move, i.e., they are not subjected to
any external forces or contacts in the environment.

o The task is to control the gripper so that the 3D positions
of several points on the object, called servoed nodes,
move toward prescribed target positions. The target posi-
tions are reachable, i.e., there is a feasible configuration of
the object where the servoed nodes are in those positions.
The 3D positions of the servoed nodes, measured by a
static vision sensor, are known during the task’s execu-
tion. The transformation between the sensor coordinate
frame and the robot coordinate frame is known. The
kinematic model of the robot arm is also known.

III. DLO DEFORMATION ENERGY MODEL IN 3D

The DLO is represented discretely, by a set of n consecutive
nodes indexed from 1 to n. The model is illustrated in Fig.
2. We define a reference configuration representing the rest
shape of the object, where the nodes are evenly spaced and
they form a straight line. We denote the positions of the nodes
in the rest shape by column vectors ¢; € R3 and we denote
the positions of the nodes on the object by column vectors
q; € R3, for i = 1,2,...,n. Without loss of generality, the
positions are expressed in the reference frame of the static
sensor. We denote the vector encoding the full object’s shape
byq=I[q],qal,...,q7]T € R3". Our model divides the object
into overlapping local regions, where each region is a set of
three consecutive nodes, i.e., a triad. In order to cover the n
nodes that form the object, there are n — 2 triads, 7, indexed



Fig. 2: Tllustration of the model of the DLO. The object is
discretized in n nodes (n = 10 in this depiction). In the rest
configuration ¢, shown in blue, the nodes are evenly spaced
and form a straight line. The positions of these nodes on the
actual DLO, q, are represented in green. For defining the
deformation energy, the nodes are grouped in m — 2 triads,
T, for | = 1,...,n — 2. The different triads are represented
with different colors, for clarity.

from [ = 1 to [ = n— 2, where the triad 7; comprises nodes [,
141, and [ + 2. We model the internal deformation energy of
the DLO as an ASAP energy. We choose to use this modeling
for two reasons:

1) ARAP is a well established method for modeling elastic
deformations [30]. It is defined based on an optimal
rigid transformation for every local region. ASAP can be
defined in an analogous way, but using an optimal sim-
ilarity transformation instead. The two transformations
are equal (i.e., the scale of the similarity is 1) when
there is no local deformation, and they are close to each
other when the local deformation is small [28]. Then,
our hypothesis is that ASAP can be a proper method for
modeling, in an approximate manner and in the context
of the addressed task, small elastic local deformations.

2) The ASAP method (unlike the ARAP method) leads
to a constant deformation Jacobian relating motions of
gripped and servoed nodes of the DLO. This greatly
simplifies the control task and allows us to avoid iden-
tifications of mechanical parameters, online estimations,
training, or sensing of the DLO’s full shape.

We take the 2D scenario considered in [28] as our starting
point. In the following developments, we use (-)’ to denote
the variables of the 2D case. The work in [28] used an ASAP
deformation energy in 2D, E’ € R>g, defined as the sum of
an energy E] € R for every triad [. For the case of a DLO
with n — 2 triads, this has the expression

n—2 1+2
1
B =Y B, B =3 l(a;—dh,) — Hi(c, — <)) ()
=1 i=l

Here, qp, and cf, denote the centroids for the nodes of the
triad [ in the current configuration and in the rest configura-
tion, respectively. H) € R?*? is the least-squares similarity
transformation, comprising rotation and scaling, that relates
the current and rest positions for triad I. Hence, E; expresses
the difference between two triad shapes: the current one, and
the rest one transformed by an optimal similarity. This is why
E’ is an ASAP energy. By using the analytical expression of
Hj, one can write E’ as
E/ — 7%q/TA—/qI- (2)
For the specific case where the rest shape is a straight line of
evenly-spaced nodes, which is the case treated in this paper,
the matrix A’ has the expression
n—2
A'=BoL e R* withB =) PJAP cR""
=1
3)
Here, ® denotes the Kronecker product and I, denotes the
2 x 2 identity matrix, the matrix A, € R3*3 is

1 1 _1

6 3 6
A= |1 -2 1] )

1 1 _1

6 3 6
and the matrices P; € R3*" for | = 1,2,...,n — 2 are
selector matrices. Denoting by [-,-] the entries of a matrix,

these matrices are such that Py[1,1], P;[2,1+1], and P,[3, [+2]
are equal to one, and all other entries are zero.

Notice that the structure of A’, given by the matrix B, is
separable and identical for each of the two spatial coordinates.
From this observation, we propose here using the same matrix
in 3D, by simply extending the dimensionality. Concretely,
using the 3 x 3 identity matrix, I3, we define the matrix

A =B®I; c R, (5)

This can also be interpreted as a combination of matrices A’
for the projections in the three planes zy, yz, xz, because

1 100 000 100
5(B®010+B®010+B®000)
000 001 001
(6)
Then, the ASAP energy we propose in the 3D case is
E:—%qTAq. @)

Interestingly, E' does not depend on the specific positions
of the rest configuration points c;. This is a consequence of
using an ASAP model; if we scale, rotate, and translate the
points c;, the optimal similarity for every triad correspondingly
undergoes scaling, rotation, and translation in such a way that
E;, and hence F, remain unchanged. The model we propose
aims for simplicity, and does not include a representation of
torsion in the DLO. This simplification makes our model more
suitable for tasks where torsion is undesired or small.



IV. DEFORMATION JACOBIAN DEFINITION

In this section, we use the energy F in (7) to define virtual
forces as linear functions of q and ultimately derive a constant
matrix, obtained directly from the matrix A, mapping between
the displacements of the part of the object being gripped
and the part of the object we want to control. From this,
we will define our control law. Interpreting £ as a potential
energy associated with the object’s deformation, we define
f=[ff,£f],...,fT]T € R3" as the vector of ASAP forces;
i.e., the virtual forces at the nodes due to the energy E, where
f; € R3 is the force at the node 4. Since A; is symmetric, A
is symmetric too, and the forces are, from (7), as follows:

f=—-""=Aq. (8)

We now derive a quasi-static deformation Jacobian by using
a strategy based on grouping the nodes in sets according to
their role in the addressed task. Related strategies have been
used in the domain of deformable object manipulation; e.g.,
in [12]. Here, we specifically propose an approach analogous
to those employed in [14], [28]. We group the nodes into n
gripped nodes, ng servoed nodes, and n; free nodes, such
that ny + n, + ny = n. Note that the set of gripped nodes
includes all nodes constrained externally; e.g., the nodes held
by a robotic gripper and the nodes fixed to the ground. The
positions of the nodes in these sets are grouped, respectively,
in g, € R3", q, € R3":, and q; € R3"/. We divide A and f
in blocks accordingly with the same corresponding subscripts.
Taking the time derivative of (8), we can obtain

Agg Ags Ags q(J f,'g
Asg Ass Asf qs | = fs . (9)
Apg Ays Agp] |4 £y

The object’s shape is always stable by assumption. Therefore,
the total force (i.e., sum of the ASAP force f; and any
external force) at every node 7 is always zero. Thus, the
time derivative is zero as well. Calling the external force
on node ¢ f.;, we then have £, + fm = 10,0,0]" for
i = 1,2,...,n. For non-gripped nodes, i.e., servoed nodes
and free nodes, the external force is zero or constant (e.g., the
gravity force). Therefore, for every non-gripped node, we have
f.; =10,0,0]" and, hence, f; = [0,0,0]". Using this fact in

(9), we obtain
2]
A 21 o)
fr as

For these two equation sets, we can solve for g in the second
and then substitute into the first, obtaining

Asg Ass

(10)
Apg Ay

qg :Jsgqg» (11)
where
—1
o (re i) (haAniian)
(12)

J g € R37:X370 jg a constant deformation Jacobian matrix that
maps between the displacements of the gripped and servoed
nodes of the DLO. We assume that the inverse matrices in
(11) exist, which is the case in situations where the shape of
the object is completely constrained by the gripped nodes.

V. CONTROL LAW

Let us denote the target positions for the servoed nodes by
qq € R37=, so that the goal is to achieve q, = qq. We define
the error of the control task, i.e., the servoing error, as

€s = qs — qq. (13)

The idea of our control law is to exploit (11) in order to apply
velocities to the gripped nodes so that they make e, zero, i.e.,
they move the servoed nodes toward their target positions.
In the real system, velocities are not applied directly to each
separate gripped node; instead, multiple gripped nodes are
moved jointly by a robotic gripper that can rotate and translate
with six degrees of freedom. Therefore, we define a gripper
control law next. For simplicity of the exposition and to fit
the actual setup we implemented, we consider a single gripper
grasping two DLO nodes. The extension to multiple grippers
and different numbers of gripped nodes is straightforward.

We assume that the gripper is grasping two adjacent nodes
of the DLO with indices g; and g». We denote by h € R?
the position of the center of the gripper. The vectors from this
center to the gripped nodes are

—q, —h fori=1,2. (14

r, = [Tim; Tiy, Tiz]T

We denote by vy, = [vg, Uy, Vs, Wy, wy,ws|T € RS the 6-
DOF velocity vector of the gripper, where v denotes the
translational (linear) velocities and w denotes the rotational
(angular) velocities. The rotational action is applied about the
center of the gripper, and x, y, z are the axes of the reference
frame where the positions q; are expressed. Then, following
[31], we obtain the matrices that map the gripper’s 6-DOF
motion to the motion of each of the two gripped nodes as

1 0 0 0 Tiz —Tiy
Jn=10 1 0 —ri, 0 1y | fori=1,2, (15)
0 0 1 Tiy —Tix 0

in such a way that g4, = J;;v;,. We stack these matrices in a
matrix J g, having size 3ng x 6 and containing zeros in the
positions corresponding to gripped nodes that are not grasped
by the gripper (e.g., nodes fixed on the ground, or grasped
by another gripper). For example, if g; and g5 are the indices
corresponding to the first two positions in qg, then Jg; =
[I11 33 06 (3n,—6)] - We define g, = JoJ g, which is
the Jacobian that links the motions of the gripper and the
servoed nodes. Then, the control law we propose is

vy, = —kpJ 7 es, (16)

where (-)* denotes the Moore-Penrose inverse and kj, € R
is a control gain. Alternatively, it is possible to use a gain
matrix instead of kj; e.g., a diagonal matrix of positive gains



can be employed in order to give different weights to the
translational and rotational velocities.

From classical Jacobian-based control analysis, e.g., in [35],
the system defined by the error state e, can remain stable with
the proposed control law if the computed Jacobian approxi-
mates sufficiently well the dynamics of the actual DLO. When
the number of servoed nodes grows and the system becomes
underactuated, stability guarantees become local. In various
scenarios, it is reasonable to control, as proposed in this paper,
only a reduced number of servoed nodes. This includes cases
where the positions of these nodes essentially determine the
shape of the full DLO, or where the goal of the task (e.g.,
assembly) is the placement of some specific parts of the DLO.

VI. EXPERIMENTAL VALIDATION

In this section, we present results from our validation of
the proposed DLO manipulation approach in simulation and
in real-world experiments. In all the tests we present, we use
target positions of the servoed nodes that are reachable by the
DLO. We define target positions requiring DLO deformations
in 3D. In the presented results, the servoed nodes are numbered
in an ascending order from the fixed DLO end; i.e., servoed
node 1 is the one closest to the fixed end in the rest configura-
tion. Videos of our tests are available at https://www.youtube.
com/playlist?list=PLp_Aa-IfaBfFFeoUTUEwtjoO2XRBjil4A.

A. Simulations

We implement the proposed control approach in MATLAB.
We use a virtual DLO which we simulate using the ARAP
method in [30] to create a behavior similar to a thin elastic
tube with a circular cross-section. A free-floating gripper (i.e.,
not attached to a robot arm) grasping two nodes is simulated
at one end of the DLO. The two nodes at the other end of
the DLO are fixed to the ground. To move the gripper, we
apply the control law (16). We use the gain k;, = 0.2 and
simulate the control law with a time step of 0.02 s. We do
not simulate a vision sensor, and we run the control law using
the object’s centerline positions expressed in the simulation’s
global coordinate frame.

In the first test we report (see Fig. 3), the DLO has a length
of 0.8 m, and we use n = 30 nodes to discretize it in our
control approach. It can be seen that the control system drives
the two servoed nodes toward their target positions. In the
remaining tests, the DLO has a length of 1 m, and we use
n = 50 nodes. This way, we illustrate that our approach can
handle different DLO lengths and values of n. In particular,
n should be chosen high enough to correctly capture the
deformability of the object. In Fig. 4, we illustrate a test with
two servoed nodes where a considerable deformation of the
DLO is required. As can be seen, our approach is capable of
handling this case.

We then present results of tests with three servoed nodes.
This is generally a more complex scenario, as the number
of degrees of freedom to be controlled is higher. On the
other hand, using three (or more) servoed nodes is interesting
because it can allow for finer control of the full shape of the
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Fig. 3: Results of a simulation test with two servoed nodes.
The target (red hollow circles) and current (green solid circles)
positions of the servoed nodes are shown. The gripper’s
position is marked by a black circle and its orientation is
marked by three (in red, green, blue colors) line segments.
The fixed region at the bottom of the DLO is marked by
a black square. The centerline of the DLO is plotted as a
blue solid line. The top row shows three views of the initial
configuration. The second row shows the same views for
the final configuration, and includes the paths followed by
the servoed nodes as magenta solid lines. The bottom row
shows time plots of the gripper’s linear and angular velocities
(left) and of the Euclidean norm of the 3D servoing error
corresponding to each servoed node (right).

DLO, compared to using two servoed nodes. In Fig. 5, we
show the results of a successful test with three servoed nodes.
For the test illustrated in Fig. 6, one can see that the system
converges to a configuration with a non-negligible residual
error. In general, this may occur in cases where completing
the task involves complex deformations or large motions of
the servoed nodes. One possible direction to follow in order
to solve this issue would be to use deformation planning.
For example, one could define a path of target positions
to be achieved sequentially, so that at all times the target
positions are close to the current servoed node positions.
Another possible way to alleviate this limitation is by using
multiple grippers.

B. Real-world experiments

In this section, we describe an evaluation of the proposed
approach in a real-world scenario. We use a UR10 robotic
arm. For visual perception purposes, we use ArUco markers,
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Fig. 4: Results of a simulation test with two servoed nodes and
a large deformation. The interpretation of the figure’s contents
is the same as in Fig. 3.
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Fig. 5: Results of a simulation test with three servoed nodes.
The interpretation of the figure’s contents is the same as in
Fig. 3.
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Fig. 6: Results of a simulation test with three servoed nodes
with a noticeable final residual error. The interpretation of the
figure’s contents is the same as in Fig. 3.

with their centers being placed at the servoed nodes. An Intel
RealSense D435 camera is used to detect the 3D positions of
the markers’ centers during the task. We implement the full
control system in ROS. We present results from three tests with
two different objects. For both objects, we choose n = 50.
We use the camera coordinate frame, with axes x, y, and z
in the frontward (i.e., depth), leftward, and upward directions,
respectively. In the first test, illustrated in Fig. 7, we use an
object made of synthetic latex having a length of 50 cm and a
circular cross-section with a diameter of 3.5 cm. We use two
servoed nodes and only apply translational velocities to the
gripper in this test. The performance is satisfactory, illustrating
that our approach is capable of solving tasks that do not require
gripper rotation.

The second and third tests are done with a different DLO
made of foam, having a length of 50 cm and a circular cross-
section with a diameter of 2.8 cm. In the second test, illustrated
in Fig. 8, we control one single servoed node, which is the
simplest scenario for our approach. As seen in the plots,
our approach solves this case well, with a gripper motion
consisting mostly of translation. The third test, illustrated
in Fig. 9, is with three servoed nodes. Reaching the target
positions in this test involves a large deformation of the
DLO. It can be seen that the control system is capable of
reducing the errors to small final values. The performance
in these real-world tests is affected by perturbations due to
various causes; these include the inaccuracy of the used 3D
positions of the servoed nodes, particularly in the spatial
coordinate corresponding to the depth in the camera frame.
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Fig. 7: Results of the experiment with two servoed nodes
and the first DLO. First row: initial (left) and final (right)
images of the system, captured by the camera used in the
control approach. The current positions of the servoed nodes
are marked as overlaid green circles, and their target positions
are marked as overlaid red circles. Second row: time plots of
the control law velocities (left) and of the Euclidean norm of
the 3D servoing error corresponding to each of the servoed
nodes (right).

The presented validation shows that the proposed approach can
complete DLO shape control tasks in 3D while having simpler
requirements in terms of modeling and perception than other
alternative approaches.

VII. CONCLUSION

This paper addressed the development of an approach for
the robotic manipulation of DLOs in 3D environments. The
main idea was to use a simple geometric model of elastic
deformation; for this, we extended the 2D control method in
[28] to encode the deformation behavior in 3D space. The
proposed control approach is simple to define and it enables
DLO manipulation without the need to simulate or sense the
entire object during execution. Its capability to successfully
control the shape of DLOs was demonstrated with simulation
examples and real-world experiments. As the approach is
formulated on the basis of a Jacobian which is a simplified
model and which only represents the deformation behavior
under small incremental actions, it may fail when complex and
large deformations are required. In addition, it is an approach
designed for controlling the shape of predominantly elastic
DLOs, and it is not well suited for other types of DLOs or
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Fig. 8: Results of the experiment with one servoed node and
the second DLO. The interpretation of the figure’s contents is
the same as in Fig. 7.
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Fig. 9: Results of the experiment with three servoed nodes and
the second DLO. The interpretation of the figure’s contents is
the same as in Fig. 7.



for more general types of deformable objects. Future work
directions include addressing these issues, conducting further
validations of the approach in more diverse conditions, and
targeting broader application scenarios, such as human-robot
collaborative manipulation.
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