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A Case Study of Solving a Stiff, Nonlinear PDE in Custom Geometries 
using the Smoothed Boundary Method (SBM)
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Motivation
Common lithium ion battery electrode materials exhibit complex ,heterogeneous 

physics characterized by phase separation

Zhao et al., Preprint, 2022

Present Future

Goodenough, Nat. Electron., 2018

Past
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A Crash Course in Non-Equilibrium Thermo
Mass Conservation & Linear 

Irreversible Thermodynamics

Cahn–Hilliard Partial Differential Equation

Bazant, ACR, 2013
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Smoothed Boundary Method
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Smoothed Boundary Method

*** No corgis harmed in the making of this project
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A Naïve Implementation
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A Naïve Implementation

40 x 40 system, t ϵ (0,5)

We can do better!

*** All simulations run on Windows 11 Machine with AMD Ryzen 9 7950 16 Core / 32 threads 4.5GHz CPU , NVIDIA RTX 4070 TI GPU
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Several Iterations of Code Optimization…
Key Differences:
• Finite differencing redone with 

matrix stencil operators
• ForwardDiff.jl compatible mul! 

caches
• Efficient use of broadcasting
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Several Iterations of Code Optimization…
Dense Jacobian: Sparse Jacobian:

30x Speedup!!

*** All simulations run on Windows 11 Machine with AMD Ryzen 9 7950 16 Core / 32 threads 4.5GHz CPU , NVIDIA RTX 4070 TI GPU
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Parameter Estimation via ForwardDiff

Initial Guess

Recovers true 
solution

NewtonTrustRegion() 37 iterations
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Within Method GPU Parallelization

To successfully implement GPU parallelization:
• Ease numerical instability

• Larger systems lead to exploding 
Laplacian terms

• Move the needle to the left by writing 
custom GPU kernel
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Questions? Collaboration?
• Opportunity to demonstrate capability of Julia SciML Ecosystem on a 

very complex physical problem
• Looking to improve performance & stability of within method GPU 

parallelization
• Hoping to set up further support for inversion using reverse mode AD
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