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Background
• In my field of research — computational solid mechanics — the Finite 

Element Method (FEM) reigns supreme among all PDE solution procedures.  

• In fact, FEM traces its roots in mechanics back over 80 years to variational 
elasticity papers by Hrennikoff (1941) and Courant (1943).

• The goal of my project is to construct solid mechanics PINNs using Julia and 
document my challenges and victories, drawing comparisons to FEM along the way.

• None of these applications has used Julia, instead using TensorFlow or PyTorch.

• In the last 3 years however, PINNs have mounted a challenge in the solid 
mechanics literature. Applications include:

• Phase-field fracture mechanics (Goswami 
et al., 2020) (fig. right) 

• Small-strain elastodynamics (Rao et al., 
2021) 

• Finite deformation hyperelasticity (Fuhg 
and Bouklas, 2022) 

• Finite deformation plasticity (Niu et al., 
2023)

PINN simulation of crack propagation  
path in a plate with three holes.



3

PINNs in one slide

<latexit sha1_base64="OQ9sbd8ONcNTH0zpocWcZfIZAYQ="></latexit>

4. Find u = argminu (L) using gradient descent, Adam, BFGS, etc.

Grid methods Quasi-random Gaussian quadrature

<latexit sha1_base64="dgsUdyl7hTaulfGuJaN5wlX/OPQ="></latexit>

3. Estimate L(u).

or or

( ModelingToolkit.jl )

( Flux.jl / Lux.jl )

( NeuralPDE.jl )

( Optimization.jl )

<latexit sha1_base64="rlKVNPMWTM/7knhJskIAc5RlOZc="></latexit>

1. Loss function (the “PI” in PINN):

L def
= LPDE + LBCs, where

LPDE =

Z
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✓
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@xi @xj
, etc.

◆
dv, and

LBCs =

Z

@B
( error in BCs ) da.

Domain: 

<latexit sha1_base64="QsGGr7klrqELyeDnaRiPb+UJaRo=">AAACHXicbVDLSgMxFE3qq9ZXq0s3wSK4KjNStMuCG5cV7APaUjLpnTY2mQxJRixD/8Gtbvwad+JW/BszbRfaeuDC4Zx74N4TxIIb63nfOLexubW9k98t7O0fHB4VS8ctoxLNoMmUULoTUAOCR9C03AroxBqoDAS0g8lN5rcfQRuuons7jaEv6SjiIWfUOqnVC0IY+INi2at4c5B14i9JGS3RGJQw7g0VSyRElglqTNf3YttPqbacCZgVeomBmLIJHUHX0YhKMP10fu6MnDtlSEKl3USWzNXfiZRKY6YycJuS2rFZ9TLxXy8IZKYrDWTN7CY2rPVTHsWJhYgtrggTQawiWTFkyDUwK6aOUKa5e4SwMdWUWVdfoTcPptJZylQsPM1caf5qReukdVnxryrVu2q5XlvWl0en6AxdIB9dozq6RQ3URAw9oGf0gl7xG37HH/hzsZrDy8wJ+gP89QPx/aFU</latexit>e1

<latexit sha1_base64="9ixbDJUbtS2Hn5X0bAXcITTQhnM=">AAACHXicbVDLSgMxFE181vpqdekmWARXZaYU7bLgxmUF+4C2lEx6p41NJkOSEcvQf3CrG7/GnbgV/8ZM24W2HrhwOOceuPcEseDGet433tjc2t7Zze3l9w8Oj44LxZOWUYlm0GRKKN0JqAHBI2habgV0Yg1UBgLaweQm89uPoA1X0b2dxtCXdBTxkDNqndTqBSEMKoNCySt7c5B14i9JCS3RGBQx7g0VSyRElglqTNf3YttPqbacCZjle4mBmLIJHUHX0YhKMP10fu6MXDhlSEKl3USWzNXfiZRKY6YycJuS2rFZ9TLxXy8IZKYrDWTN7CY2rPVTHsWJhYgtrggTQawiWTFkyDUwK6aOUKa5e4SwMdWUWVdfvjcPptJZypQtPM1caf5qReukVSn7V+XqXbVUry3ry6EzdI4ukY+uUR3dogZqIoYe0DN6Qa/4Db/jD/y5WN3Ay8wp+gP89QPzsaFV</latexit>e2

Degrees of freedom + derivatives:

<latexit sha1_base64="bCWABQpSihtMe1fFxJEoDy996pc=">AAAB/3icbVC7TsMwFHV4lvIqMLJEVEhMUYJ4dKzEwlgk+pDaqHIcpzW148i+qaiiDvwBK/wAG2LlU9j5ENw0A7QcydLROffoXp8g4UyD635ZK6tr6xubpa3y9s7u3n7l4LClZaoIbRLJpeoEWFPOYtoEBpx2EkWxCDhtB6Obmd8eU6WZjO9hklBf4EHMIkYwGKnVG4cSdL9SdR03h71MvIJUUYFGv/LdCyVJBY2BcKx113MT8DOsgBFOp+VeqmmCyQgPaNfQGAuq/Sy/dmqfGiW0I6nMi8HO1d+JDAutJyIwkwLDUC96M/E/r5tCVPMzFicp0JjMF0Upt0Has6/bIVOUAJ8Ygoli5labDLHCBExB5V4ezISxpHaAPk5NLd5iCcukde54V87l3UW1XisKKqFjdILOkIeuUR3dogZqIoIe0DN6Qa/Wk/VmvVsf89EVq8gcoT+wPn8AymyXNg==</latexit>...

<latexit sha1_base64="IYuAlLqHFfmi6MlpRrakm5rFFuI="></latexit>
x1

x2

�

<latexit sha1_base64="bCWABQpSihtMe1fFxJEoDy996pc=">AAAB/3icbVC7TsMwFHV4lvIqMLJEVEhMUYJ4dKzEwlgk+pDaqHIcpzW148i+qaiiDvwBK/wAG2LlU9j5ENw0A7QcydLROffoXp8g4UyD635ZK6tr6xubpa3y9s7u3n7l4LClZaoIbRLJpeoEWFPOYtoEBpx2EkWxCDhtB6Obmd8eU6WZjO9hklBf4EHMIkYwGKnVG4cSdL9SdR03h71MvIJUUYFGv/LdCyVJBY2BcKx113MT8DOsgBFOp+VeqmmCyQgPaNfQGAuq/Sy/dmqfGiW0I6nMi8HO1d+JDAutJyIwkwLDUC96M/E/r5tCVPMzFicp0JjMF0Upt0Has6/bIVOUAJ8Ygoli5labDLHCBExB5V4ezISxpHaAPk5NLd5iCcukde54V87l3UW1XisKKqFjdILOkIeuUR3dogZqIoIe0DN6Qa/Wk/VmvVsf89EVq8gcoT+wPn8AymyXNg==</latexit>...
<latexit sha1_base64="bCWABQpSihtMe1fFxJEoDy996pc=">AAAB/3icbVC7TsMwFHV4lvIqMLJEVEhMUYJ4dKzEwlgk+pDaqHIcpzW148i+qaiiDvwBK/wAG2LlU9j5ENw0A7QcydLROffoXp8g4UyD635ZK6tr6xubpa3y9s7u3n7l4LClZaoIbRLJpeoEWFPOYtoEBpx2EkWxCDhtB6Obmd8eU6WZjO9hklBf4EHMIkYwGKnVG4cSdL9SdR03h71MvIJUUYFGv/LdCyVJBY2BcKx113MT8DOsgBFOp+VeqmmCyQgPaNfQGAuq/Sy/dmqfGiW0I6nMi8HO1d+JDAutJyIwkwLDUC96M/E/r5tCVPMzFicp0JjMF0Upt0Has6/bIVOUAJ8Ygoli5labDLHCBExB5V4ezISxpHaAPk5NLd5iCcukde54V87l3UW1XisKKqFjdILOkIeuUR3dogZqIoIe0DN6Qa/Wk/VmvVsf89EVq8gcoT+wPn8AymyXNg==</latexit>...

<latexit sha1_base64="ZmXZeXjbutjGKPFsorpGEdQ9aDQ="></latexit>
u1(x1, x2)
u2(x1, x2)

�
<latexit sha1_base64="C88KRm+QJxUIyIA027PGMaO/9Vw=">AAAB/nicbVDLSgMxFM3UV62vqks3wSK4GmbER5dFNy4r2Ad0hpJJM21oHkOSEctQ8A/c6g+4E7f+ins/xHQ6C209EDiccw/35kQJo9p43pdTWlldW98ob1a2tnd296r7B20tU4VJC0smVTdCmjAqSMtQw0g3UQTxiJFONL6Z+Z0HojSV4t5MEhJyNBQ0phgZK7UCjNh1v1rzXC8HXCZ+QWqgQLNf/Q4GEqecCIMZ0rrne4kJM6QMxYxMK0GqSYLwGA1Jz1KBONFhlh87hSdWGcBYKvuEgbn6O5EhrvWER3aSIzPSi95M/M/rpSauhxkVSWqIwPNFccqgkXD2czigimDDJpYgrKi9FeIRUggb208lyIMZt5bUriGPU1uLv1jCMmmfuf6le3F3XmvUi4LK4Agcg1PggyvQALegCVoAAwqewQt4dZ6cN+fd+ZiPlpwicwj+wPn8AXWwlm4=</latexit>

B
<latexit sha1_base64="3KNBRavJaedkQsIsL5Z1id8IBh4=">AAACBnicbVC7TsMwFHV4lvIqMLJYVEhMUYJ4dKxgYSwSfUhNVDmu21r1I9gOooq68wes8ANsiJXfYOdDcNIM0HIkS0fn3HN9daKYUW0878tZWl5ZXVsvbZQ3t7Z3dit7+y0tE4VJE0smVSdCmjAqSNNQw0gnVgTxiJF2NL7O/PYDUZpKcWcmMQk5Ggo6oBgZK4VBjJShiAUYsatepeq5Xg64SPyCVEGBRq/yHfQlTjgRBjOkddf3YhOm2UrMyLQcJJrECI/RkHQtFYgTHab50VN4bJU+HEhlnzAwV38nUsS1nvDITnJkRnrey8T/vG5iBrUwpSJODBF49tEgYdBImDUA+1QRbNjEEoQVtbdCPEIKYWN7Kgd5MOXWkto15HFqa/HnS1gkrVPXv3DPb8+q9VpRUAkcgiNwAnxwCergBjRAE2BwD57BC3h1npw35935mI0uOUXmAPyB8/kD78WaBw==</latexit>

@B
<latexit sha1_base64="4WCpHfmBcP2xqZBMzSfkZf1iIhI=">AAAB/3icbVC7TsMwFHXKq5RXgZElokJiihLEo2MlFsYi0YfURpXjOK2pHUf2DaKKOvAHrPADbIiVT2HnQ3DTDNByJEtH59yje32ChDMNrvtllVZW19Y3ypuVre2d3b3q/kFby1QR2iKSS9UNsKacxbQFDDjtJopiEXDaCcbXM7/zQJVmMr6DSUJ9gYcxixjBYKR2fxRK0INqzXXcHPYy8QpSQwWag+p3P5QkFTQGwrHWPc9NwM+wAkY4nVb6qaYJJmM8pD1DYyyo9rP82ql9YpTQjqQyLwY7V38nMiy0nojATAoMI73ozcT/vF4KUd3PWJykQGMyXxSl3AZpz75uh0xRAnxiCCaKmVttMsIKEzAFVfp5MBPGktoB+jg1tXiLJSyT9pnjXToXt+e1Rr0oqIyO0DE6RR66Qg10g5qohQi6R8/oBb1aT9ab9W59zEdLVpE5RH9gff4AtACXKA==</latexit>. . .

<latexit sha1_base64="8BrzEjxs4i0BrfBcH9i6K0PqEM0="></latexit>⇢
@u1

@x1
,
@u2

@x2
,
@2u1

@x2
1

,
@u1

@x2
,
@2u2

@x2
2

,
@2u1

@x1, x2
, etc.

�

<latexit sha1_base64="dvhxm4P5p5/YiGlz3ON8BHPnFv0="></latexit>

2. Differentiable Neural Network DOFs (the “NN” in PINN):
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Continuum elasticity in one slide

<latexit sha1_base64="QsGGr7klrqELyeDnaRiPb+UJaRo=">AAACHXicbVDLSgMxFE3qq9ZXq0s3wSK4KjNStMuCG5cV7APaUjLpnTY2mQxJRixD/8Gtbvwad+JW/BszbRfaeuDC4Zx74N4TxIIb63nfOLexubW9k98t7O0fHB4VS8ctoxLNoMmUULoTUAOCR9C03AroxBqoDAS0g8lN5rcfQRuuons7jaEv6SjiIWfUOqnVC0IY+INi2at4c5B14i9JGS3RGJQw7g0VSyRElglqTNf3YttPqbacCZgVeomBmLIJHUHX0YhKMP10fu6MnDtlSEKl3USWzNXfiZRKY6YycJuS2rFZ9TLxXy8IZKYrDWTN7CY2rPVTHsWJhYgtrggTQawiWTFkyDUwK6aOUKa5e4SwMdWUWVdfoTcPptJZylQsPM1caf5qReukdVnxryrVu2q5XlvWl0en6AxdIB9dozq6RQ3URAw9oGf0gl7xG37HH/hzsZrDy8wJ+gP89QPx/aFU</latexit>e1

<latexit sha1_base64="9ixbDJUbtS2Hn5X0bAXcITTQhnM=">AAACHXicbVDLSgMxFE181vpqdekmWARXZaYU7bLgxmUF+4C2lEx6p41NJkOSEcvQf3CrG7/GnbgV/8ZM24W2HrhwOOceuPcEseDGet433tjc2t7Zze3l9w8Oj44LxZOWUYlm0GRKKN0JqAHBI2habgV0Yg1UBgLaweQm89uPoA1X0b2dxtCXdBTxkDNqndTqBSEMKoNCySt7c5B14i9JCS3RGBQx7g0VSyRElglqTNf3YttPqbacCZjle4mBmLIJHUHX0YhKMP10fu6MXDhlSEKl3USWzNXfiZRKY6YycJuS2rFZ9TLxXy8IZKYrDWTN7CY2rPVTHsWJhYgtrggTQawiWTFkyDUwK6aOUKa5e4SwMdWUWVdfvjcPptJZypQtPM1caf5qReukVSn7V+XqXbVUry3ry6EzdI4ukY+uUR3dogZqIoYe0DN6Qa/4Db/jD/y5WN3Ay8wp+gP89QPzsaFV</latexit>e2

<latexit sha1_base64="QsGGr7klrqELyeDnaRiPb+UJaRo=">AAACHXicbVDLSgMxFE3qq9ZXq0s3wSK4KjNStMuCG5cV7APaUjLpnTY2mQxJRixD/8Gtbvwad+JW/BszbRfaeuDC4Zx74N4TxIIb63nfOLexubW9k98t7O0fHB4VS8ctoxLNoMmUULoTUAOCR9C03AroxBqoDAS0g8lN5rcfQRuuons7jaEv6SjiIWfUOqnVC0IY+INi2at4c5B14i9JGS3RGJQw7g0VSyRElglqTNf3YttPqbacCZgVeomBmLIJHUHX0YhKMP10fu6MnDtlSEKl3USWzNXfiZRKY6YycJuS2rFZ9TLxXy8IZKYrDWTN7CY2rPVTHsWJhYgtrggTQawiWTFkyDUwK6aOUKa5e4SwMdWUWVdfoTcPptJZylQsPM1caf5qReukdVnxryrVu2q5XlvWl0en6AxdIB9dozq6RQ3URAw9oGf0gl7xG37HH/hzsZrDy8wJ+gP89QPx/aFU</latexit>e1

<latexit sha1_base64="9ixbDJUbtS2Hn5X0bAXcITTQhnM=">AAACHXicbVDLSgMxFE181vpqdekmWARXZaYU7bLgxmUF+4C2lEx6p41NJkOSEcvQf3CrG7/GnbgV/8ZM24W2HrhwOOceuPcEseDGet433tjc2t7Zze3l9w8Oj44LxZOWUYlm0GRKKN0JqAHBI2habgV0Yg1UBgLaweQm89uPoA1X0b2dxtCXdBTxkDNqndTqBSEMKoNCySt7c5B14i9JCS3RGBQx7g0VSyRElglqTNf3YttPqbacCZjle4mBmLIJHUHX0YhKMP10fu6MXDhlSEKl3USWzNXfiZRKY6YycJuS2rFZ9TLxXy8IZKYrDWTN7CY2rPVTHsWJhYgtrggTQawiWTFkyDUwK6aOUKa5e4SwMdWUWVdfvjcPptJZypQtPM1caf5qReukVSn7V+XqXbVUry3ry6EzdI4ukY+uUR3dogZqIoYe0DN6Qa/4Db/jD/y5WN3Ay8wp+gP89QPzsaFV</latexit>e2

<latexit sha1_base64="LTuk5KKuE9lwZu7lJC4iuhy+mSc=">AAAB/XicbVDLSgMxFM3UV62vqks3wSK4GmYKapcFNy4r2Ad0hpJJM21oHkOSkZah+Adu9QfciVu/xb0fYqadhbYeCBzOuYd7c6KEUW0878spbWxube+Udyt7+weHR9Xjk46WqcKkjSWTqhchTRgVpG2oYaSXKIJ4xEg3mtzmfveRKE2leDCzhIQcjQSNKUYml4Iong6qNc/1FoDrxC9IDRRoDarfwVDilBNhMENa930vMWGGlKGYkXklSDVJEJ6gEelbKhAnOswWt87hhVWGMJbKPmHgQv2dyBDXesYjO8mRGetVLxf/8/qpiRthRkWSGiLwclGcMmgkzD8Oh1QRbNjMEoQVtbdCPEYKYWPrqQSLYMatJbVryHRua/FXS1gnnbrrX7tX9/Vas1EUVAZn4BxcAh/cgCa4Ay3QBhiMwTN4Aa/Ok/PmvDsfy9GSU2ROwR84nz//MJYw</latexit>x
<latexit sha1_base64="CkEVph7RXD7yjYlwR2e1byH+xoA=">AAACDnicbVDLSsNAFJ3UV62vaJduBotQEUpSULssuHFZwT6gCWUynbRDJ5MwM5GG0H/wD9zqD7gTt/6Cez/ESZqFth4YOHPOPdzL8SJGpbKsL6O0sbm1vVPereztHxwemccnPRnGApMuDlkoBh6ShFFOuooqRgaRICjwGOl7s9vM7z8SIWnIH1QSETdAE059ipHS0sisOp4/hw68hJrE9ex3MTJrVsPKAdeJXZAaKNAZmd/OOMRxQLjCDEk5tK1IuSkSimJGFhUnliRCeIYmZKgpRwGRbpofv4DnWhlDPxT6cQVz9XciRYGUSeDpyQCpqVz1MvE/bxgrv+WmlEexIhwvF/kxgyqEWRNwTAXBiiWaICyovhXiKRIIK91XxcmDaaCtUDYUmS90LfZqCeuk12zY142r+2at3SoKKoNTcAbqwAY3oA3uQAd0AQYJeAYv4NV4Mt6Md+NjOVoyikwV/IHx+QPeOJtk</latexit>

x + u(x)

<latexit sha1_base64="4wUWWFD+H9YREBc0u52eeJjA2dY=">AAACFXicbVDLSgMxFM34rPVVdaebYBFclZmC2qXgxmUVawvtUDLpHQ3NJENyRyxDwb/wD9zqD7gTt67d+yGmdRa+DgQO59zDzT1RKoVF33/3Zmbn5hcWS0vl5ZXVtfXKxual1Znh0OJaatOJmAUpFLRQoIROaoAlkYR2NDyZ+O0bMFZodYGjFMKEXSkRC87QSf3K9jnEYEBxoFxrMxCKIVjai+LbfqXq1/wp6F8SFKRKCjT7lY/eQPMsAYVcMmu7gZ9imDODgksYl3uZhZTxIbuCrqOKJWDDfHrDmO45ZUBjbdxTSKfq90TOEmtHSeQmE4bX9rc3Ef/zuhnGjTAXKs3Qnfm1KM4kRU0nhdCBMMBRjhxh3Aj3V8qvmWEcXW3l3jSYJ87StoZwO3a1BL9L+Esu67XgsHZwVq8eN4qCSmSH7JJ9EpAjckxOSZO0CCd35IE8kifv3nv2XrzXr9EZr8hskR/w3j4Bfdyfpw==</latexit>Reference coordinates x
<latexit sha1_base64="RPnZms9KA3geq0dG4ckO40US6zc="></latexit>

Deformed coordinates x + u(x)

<latexit sha1_base64="6EJgIJOevJXi3zrphSUw50Z/gSA="></latexit>1. The symmetric small strain tensor is given by

" =
1

2
[ru+ (ru)>] .

<latexit sha1_base64="OTozfYZE22n3LwD/FOVWoZP6PhE="></latexit>2. The constitutive relation for stress is

� = 2G "+

✓
K � 2

3
G

◆
tr(")1

where G and K are the shear and bulk moduli respectively, which both
have units of Pa.

<latexit sha1_base64="CvMQFCFKqtHIYueAvU4X79Viwss="></latexit>3. The equation of motion for continuum bodies is given by

div � + b = ⇢ü,

where b is a body force per unit volume e.g. gravity, and ⇢ is the mass
density in kg/m3.
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Validation problem: Quasi-static simple shear

<latexit sha1_base64="QsGGr7klrqELyeDnaRiPb+UJaRo=">AAACHXicbVDLSgMxFE3qq9ZXq0s3wSK4KjNStMuCG5cV7APaUjLpnTY2mQxJRixD/8Gtbvwad+JW/BszbRfaeuDC4Zx74N4TxIIb63nfOLexubW9k98t7O0fHB4VS8ctoxLNoMmUULoTUAOCR9C03AroxBqoDAS0g8lN5rcfQRuuons7jaEv6SjiIWfUOqnVC0IY+INi2at4c5B14i9JGS3RGJQw7g0VSyRElglqTNf3YttPqbacCZgVeomBmLIJHUHX0YhKMP10fu6MnDtlSEKl3USWzNXfiZRKY6YycJuS2rFZ9TLxXy8IZKYrDWTN7CY2rPVTHsWJhYgtrggTQawiWTFkyDUwK6aOUKa5e4SwMdWUWVdfoTcPptJZylQsPM1caf5qReukdVnxryrVu2q5XlvWl0en6AxdIB9dozq6RQ3URAw9oGf0gl7xG37HH/hzsZrDy8wJ+gP89QPx/aFU</latexit>e1

<latexit sha1_base64="9ixbDJUbtS2Hn5X0bAXcITTQhnM=">AAACHXicbVDLSgMxFE181vpqdekmWARXZaYU7bLgxmUF+4C2lEx6p41NJkOSEcvQf3CrG7/GnbgV/8ZM24W2HrhwOOceuPcEseDGet433tjc2t7Zze3l9w8Oj44LxZOWUYlm0GRKKN0JqAHBI2habgV0Yg1UBgLaweQm89uPoA1X0b2dxtCXdBTxkDNqndTqBSEMKoNCySt7c5B14i9JCS3RGBQx7g0VSyRElglqTNf3YttPqbacCZjle4mBmLIJHUHX0YhKMP10fu6MXDhlSEKl3USWzNXfiZRKY6YycJuS2rFZ9TLxXy8IZKYrDWTN7CY2rPVTHsWJhYgtrggTQawiWTFkyDUwK6aOUKa5e4SwMdWUWVdfvjcPptJZypQtPM1caf5qReukVSn7V+XqXbVUry3ry6EzdI4ukY+uUR3dogZqIoYe0DN6Qa/4Db/jD/y5WN3Ay8wp+gP89QPzsaFV</latexit>e2

traction-free

traction-free

1 mm

1 mm

<latexit sha1_base64="r/mCLk7R4i+0kjZxMvnesRafRJ8=">AAACEHicbZDLSgMxFIYzXmu9VcWVm2ARXA0z4qUboeDGZQV7gc4wZNK0DU0mQ3JGLENfwjdwqy/gTtz6Bu59ENPLQlt/CPz8/znk8MWp4AY878tZWl5ZXVsvbBQ3t7Z3dkt7+w2jMk1ZnSqhdCsmhgmesDpwEKyVakZkLFgzHtyM++YD04ar5B6GKQsl6SW8yykBG0Wlwyzy8TX2XM/HAbBHyLGUo6hUtslEeNH4M1NGM9Wi0nfQUTSTLAEqiDFt30shzIkGTgUbFYPMsJTQAemxtrUJkcyE+eT8ET6xSQd3lbYvATxJf2/kRBozlLGdlAT6Zr4bh/917Qy6lTDnSZoBS+j0o24mMCg8ZoE7XDMKYmgNoZrbWzHtE00oWGLFYLKYS1sp41o2Yyz+PIRF0zhz/Uv34u68XK3MABXQETpGp8hHV6iKblEN1RFFOXpGL+jVeXLenHfnYzq65Mx2DtAfOZ8/1Xqb5Q==</latexit>

u1 = 0.01 mm

<latexit sha1_base64="GG36r8tBkDZAVhU22W7EwWHEO18="></latexit>✓
K +

1

3
G

◆✓
@2u1

@x2
1

+
@2u2

@x1 @x2

◆
+G

✓
@2u1

@x2
1

+
@2u1

@x2
2

◆
= 0

✓
K +

1

3
G

◆✓
@2u1

@x1 @x2
+

@2u2

@x2
2

◆
+G

✓
@2u2

@x2
1

+
@2u2

@x2
2

◆
= 0

Governing PDEs in terms of 2nd 
derivatives of displacement field.

<latexit sha1_base64="B/t2Ytvx7wj4rjVcEZ7Llbh+k4M=">AAACAHicbVC7TsMwFHXKq5RXgZHFokJiihLEo2MFC2OR6ENqospx3dSqH5HtIKqoC3/ACj/Ahlj5E3Y+BDfNAC1HsnR0zj261ydKGNXG876c0srq2vpGebOytb2zu1fdP2hrmSpMWlgyqboR0oRRQVqGGka6iSKIR4x0ovHNzO88EKWpFPdmkpCQo1jQIcXIWKkTXNM4DrJ+tea5Xg64TPyC1ECBZr/6HQwkTjkRBjOkdc/3EhNmSBmKGZlWglSTBOExiknPUoE40WGWnzuFJ1YZwKFU9gkDc/V3IkNc6wmP7CRHZqQXvZn4n9dLzbAeZlQkqSECzxcNUwaNhLO/wwFVBBs2sQRhRe2tEI+QQtjYhipBHsy4taR2DXmc2lr8xRKWSfvM9S/di7vzWqNeFFQGR+AYnAIfXIEGuAVN0AIYjMEzeAGvzpPz5rw7H/PRklNkDsEfOJ8/I46XYA==</latexit> (

<latexit sha1_base64="mkGz435ngLo1ccxWgIhawXWiVoE="></latexit>

u1(x, 0) = 0

u2(x, 0) = 0

u1(x, 1) = 0.01

u2(x, 1) = 0
✓

K � 2

3
G

◆✓
@u1

@x1
+

@u2

@x2

◆
+G

✓
@u1

@x1

◆� ����
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= 0

G

✓
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@x1
+

@u1

@x2

◆ ����
(0,y)

= 0

✓
K � 2

3
G

◆✓
@u1

@x1
+

@u2

@x2

◆
+G

✓
@u1

@x1

◆� ����
(1,y)

= 0

G

✓
@u2

@x1
+

@u1

@x2

◆ ����
(1,y)

= 0

Bottom edge fixed

<latexit sha1_base64="B/t2Ytvx7wj4rjVcEZ7Llbh+k4M=">AAACAHicbVC7TsMwFHXKq5RXgZHFokJiihLEo2MFC2OR6ENqospx3dSqH5HtIKqoC3/ACj/Ahlj5E3Y+BDfNAC1HsnR0zj261ydKGNXG876c0srq2vpGebOytb2zu1fdP2hrmSpMWlgyqboR0oRRQVqGGka6iSKIR4x0ovHNzO88EKWpFPdmkpCQo1jQIcXIWKkTXNM4DrJ+tea5Xg64TPyC1ECBZr/6HQwkTjkRBjOkdc/3EhNmSBmKGZlWglSTBOExiknPUoE40WGWnzuFJ1YZwKFU9gkDc/V3IkNc6wmP7CRHZqQXvZn4n9dLzbAeZlQkqSECzxcNUwaNhLO/wwFVBBs2sQRhRe2tEI+QQtjYhipBHsy4taR2DXmc2lr8xRKWSfvM9S/di7vzWqNeFFQGR+AYnAIfXIEGuAVN0AIYjMEzeAGvzpPz5rw7H/PRklNkDsEfOJ8/I46XYA==</latexit>

(

<latexit sha1_base64="B/t2Ytvx7wj4rjVcEZ7Llbh+k4M=">AAACAHicbVC7TsMwFHXKq5RXgZHFokJiihLEo2MFC2OR6ENqospx3dSqH5HtIKqoC3/ACj/Ahlj5E3Y+BDfNAC1HsnR0zj261ydKGNXG876c0srq2vpGebOytb2zu1fdP2hrmSpMWlgyqboR0oRRQVqGGka6iSKIR4x0ovHNzO88EKWpFPdmkpCQo1jQIcXIWKkTXNM4DrJ+tea5Xg64TPyC1ECBZr/6HQwkTjkRBjOkdc/3EhNmSBmKGZlWglSTBOExiknPUoE40WGWnzuFJ1YZwKFU9gkDc/V3IkNc6wmP7CRHZqQXvZn4n9dLzbAeZlQkqSECzxcNUwaNhLO/wwFVBBs2sQRhRe2tEI+QQtjYhipBHsy4taR2DXmc2lr8xRKWSfvM9S/di7vzWqNeFFQGR+AYnAIfXIEGuAVN0AIYjMEzeAGvzpPz5rw7H/PRklNkDsEfOJ8/I46XYA==</latexit>

(

Top edge shear

<latexit sha1_base64="B/t2Ytvx7wj4rjVcEZ7Llbh+k4M=">AAACAHicbVC7TsMwFHXKq5RXgZHFokJiihLEo2MFC2OR6ENqospx3dSqH5HtIKqoC3/ACj/Ahlj5E3Y+BDfNAC1HsnR0zj261ydKGNXG876c0srq2vpGebOytb2zu1fdP2hrmSpMWlgyqboR0oRRQVqGGka6iSKIR4x0ovHNzO88EKWpFPdmkpCQo1jQIcXIWKkTXNM4DrJ+tea5Xg64TPyC1ECBZr/6HQwkTjkRBjOkdc/3EhNmSBmKGZlWglSTBOExiknPUoE40WGWnzuFJ1YZwKFU9gkDc/V3IkNc6wmP7CRHZqQXvZn4n9dLzbAeZlQkqSECzxcNUwaNhLO/wwFVBBs2sQRhRe2tEI+QQtjYhipBHsy4taR2DXmc2lr8xRKWSfvM9S/di7vzWqNeFFQGR+AYnAIfXIEGuAVN0AIYjMEzeAGvzpPz5rw7H/PRklNkDsEfOJ8/I46XYA==</latexit>

(

<latexit sha1_base64="B/t2Ytvx7wj4rjVcEZ7Llbh+k4M=">AAACAHicbVC7TsMwFHXKq5RXgZHFokJiihLEo2MFC2OR6ENqospx3dSqH5HtIKqoC3/ACj/Ahlj5E3Y+BDfNAC1HsnR0zj261ydKGNXG876c0srq2vpGebOytb2zu1fdP2hrmSpMWlgyqboR0oRRQVqGGka6iSKIR4x0ovHNzO88EKWpFPdmkpCQo1jQIcXIWKkTXNM4DrJ+tea5Xg64TPyC1ECBZr/6HQwkTjkRBjOkdc/3EhNmSBmKGZlWglSTBOExiknPUoE40WGWnzuFJ1YZwKFU9gkDc/V3IkNc6wmP7CRHZqQXvZn4n9dLzbAeZlQkqSECzxcNUwaNhLO/wwFVBBs2sQRhRe2tEI+QQtjYhipBHsy4taR2DXmc2lr8xRKWSfvM9S/di7vzWqNeFFQGR+AYnAIfXIEGuAVN0AIYjMEzeAGvzpPz5rw7H/PRklNkDsEfOJ8/I46XYA==</latexit>

(

Traction-free 
left edge

Traction-free 
right edge

<latexit sha1_base64="9eT/JOm+edX7K+Joior1Bcq8kfw="></latexit>

It’s an intuitive picture, but complex to describe in terms of {u1, u2}:
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PINN solution versus FEM 
<latexit sha1_base64="Au7JePRnwR9rwAvRCEyPBw8qs2A=">AAACBnicbVDLSsNAFJ34rPVVdelmsAgVJCTFR5cFNy4r2Ae0IUymk3boZCbOTKQldO8fuNUfcCdu/Q33fojTNAttPXDhcM493MsJYkaVdpwva2V1bX1js7BV3N7Z3dsvHRy2lEgkJk0smJCdACnCKCdNTTUjnVgSFAWMtIPRzcxvPxKpqOD3ehITL0IDTkOKkTaSl/huZey753DsV8/8UtmxnQxwmbg5KYMcDb/03esLnESEa8yQUl3XibWXIqkpZmRa7CWKxAiP0IB0DeUoIspLs6en8NQofRgKaYZrmKm/EymKlJpEgdmMkB6qRW8m/ud1Ex3WvJTyONGE4/mhMGFQCzhrAPapJFiziSEIS2p+hXiIJMLa9FTsZcE0MpZQtibjqanFXSxhmbSqtntlX95dlOu1vKACOAYnoAJccA3q4BY0QBNg8ACewQt4tZ6sN+vd+pivrlh55gj8gfX5A7ORmKM=</latexit>

u1(x1, x2)
<latexit sha1_base64="rDiV7Rob1xo0JO+E8WJWWJLhkU8=">AAACBnicbVDLSsNAFJ34rPVVdelmsAgVJCTFR5cFNy4r2Ae0IUymk3boZCbOTKQldO8fuNUfcCdu/Q33fojTNAttPXDhcM493MsJYkaVdpwva2V1bX1js7BV3N7Z3dsvHRy2lEgkJk0smJCdACnCKCdNTTUjnVgSFAWMtIPRzcxvPxKpqOD3ehITL0IDTkOKkTaSl/jVyth3z+HYr575pbJjOxngMnFzUgY5Gn7pu9cXOIkI15ghpbquE2svRVJTzMi02EsUiREeoQHpGspRRJSXZk9P4alR+jAU0gzXMFN/J1IUKTWJArMZIT1Ui95M/M/rJjqseSnlcaIJx/NDYcKgFnDWAOxTSbBmE0MQltT8CvEQSYS16anYy4JpZCyhbE3GU1OLu1jCMmlVbffKvry7KNdreUEFcAxOQAW44BrUwS1ogCbA4AE8gxfwaj1Zb9a79TFfXbHyzBH4A+vzB7UxmKQ=</latexit>

u2(x1, x2)

FEM reference solution

PINN solution

NNs are 2 x 20
Integral estimation: 
quadrature method

Training

Loss converges, and seems reasonable. 

But displacement contours are way off!
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Recast as a “mixed formulation”

<latexit sha1_base64="QsGGr7klrqELyeDnaRiPb+UJaRo=">AAACHXicbVDLSgMxFE3qq9ZXq0s3wSK4KjNStMuCG5cV7APaUjLpnTY2mQxJRixD/8Gtbvwad+JW/BszbRfaeuDC4Zx74N4TxIIb63nfOLexubW9k98t7O0fHB4VS8ctoxLNoMmUULoTUAOCR9C03AroxBqoDAS0g8lN5rcfQRuuons7jaEv6SjiIWfUOqnVC0IY+INi2at4c5B14i9JGS3RGJQw7g0VSyRElglqTNf3YttPqbacCZgVeomBmLIJHUHX0YhKMP10fu6MnDtlSEKl3USWzNXfiZRKY6YycJuS2rFZ9TLxXy8IZKYrDWTN7CY2rPVTHsWJhYgtrggTQawiWTFkyDUwK6aOUKa5e4SwMdWUWVdfoTcPptJZylQsPM1caf5qReukdVnxryrVu2q5XlvWl0en6AxdIB9dozq6RQ3URAw9oGf0gl7xG37HH/hzsZrDy8wJ+gP89QPx/aFU</latexit>e1

<latexit sha1_base64="9ixbDJUbtS2Hn5X0bAXcITTQhnM=">AAACHXicbVDLSgMxFE181vpqdekmWARXZaYU7bLgxmUF+4C2lEx6p41NJkOSEcvQf3CrG7/GnbgV/8ZM24W2HrhwOOceuPcEseDGet433tjc2t7Zze3l9w8Oj44LxZOWUYlm0GRKKN0JqAHBI2habgV0Yg1UBgLaweQm89uPoA1X0b2dxtCXdBTxkDNqndTqBSEMKoNCySt7c5B14i9JCS3RGBQx7g0VSyRElglqTNf3YttPqbacCZjle4mBmLIJHUHX0YhKMP10fu6MXDhlSEKl3USWzNXfiZRKY6YycJuS2rFZ9TLxXy8IZKYrDWTN7CY2rPVTHsWJhYgtrggTQawiWTFkyDUwK6aOUKa5e4SwMdWUWVdfvjcPptJZypQtPM1caf5qReukVSn7V+XqXbVUry3ry6EzdI4ukY+uUR3dogZqIoYe0DN6Qa/4Db/jD/y5WN3Ay8wp+gP89QPzsaFV</latexit>e2

traction-free

traction-free

1 mm

1 mm

<latexit sha1_base64="r/mCLk7R4i+0kjZxMvnesRafRJ8=">AAACEHicbZDLSgMxFIYzXmu9VcWVm2ARXA0z4qUboeDGZQV7gc4wZNK0DU0mQ3JGLENfwjdwqy/gTtz6Bu59ENPLQlt/CPz8/znk8MWp4AY878tZWl5ZXVsvbBQ3t7Z3dkt7+w2jMk1ZnSqhdCsmhgmesDpwEKyVakZkLFgzHtyM++YD04ar5B6GKQsl6SW8yykBG0Wlwyzy8TX2XM/HAbBHyLGUo6hUtslEeNH4M1NGM9Wi0nfQUTSTLAEqiDFt30shzIkGTgUbFYPMsJTQAemxtrUJkcyE+eT8ET6xSQd3lbYvATxJf2/kRBozlLGdlAT6Zr4bh/917Qy6lTDnSZoBS+j0o24mMCg8ZoE7XDMKYmgNoZrbWzHtE00oWGLFYLKYS1sp41o2Yyz+PIRF0zhz/Uv34u68XK3MABXQETpGp8hHV6iKblEN1RFFOXpGL+jVeXLenHfnYzq65Mx2DtAfOZ8/1Xqb5Q==</latexit>

u1 = 0.01 mm

<latexit sha1_base64="EXh1aIxnAmoyQpJHcOLhTqe7g0c="></latexit>

If we choose our DOFs as {u1, u2,�11,�22,�12}, the formulation simplifies:

Bottom edge fixed

<latexit sha1_base64="B/t2Ytvx7wj4rjVcEZ7Llbh+k4M=">AAACAHicbVC7TsMwFHXKq5RXgZHFokJiihLEo2MFC2OR6ENqospx3dSqH5HtIKqoC3/ACj/Ahlj5E3Y+BDfNAC1HsnR0zj261ydKGNXG876c0srq2vpGebOytb2zu1fdP2hrmSpMWlgyqboR0oRRQVqGGka6iSKIR4x0ovHNzO88EKWpFPdmkpCQo1jQIcXIWKkTXNM4DrJ+tea5Xg64TPyC1ECBZr/6HQwkTjkRBjOkdc/3EhNmSBmKGZlWglSTBOExiknPUoE40WGWnzuFJ1YZwKFU9gkDc/V3IkNc6wmP7CRHZqQXvZn4n9dLzbAeZlQkqSECzxcNUwaNhLO/wwFVBBs2sQRhRe2tEI+QQtjYhipBHsy4taR2DXmc2lr8xRKWSfvM9S/di7vzWqNeFFQGR+AYnAIfXIEGuAVN0AIYjMEzeAGvzpPz5rw7H/PRklNkDsEfOJ8/I46XYA==</latexit>

(

<latexit sha1_base64="B/t2Ytvx7wj4rjVcEZ7Llbh+k4M=">AAACAHicbVC7TsMwFHXKq5RXgZHFokJiihLEo2MFC2OR6ENqospx3dSqH5HtIKqoC3/ACj/Ahlj5E3Y+BDfNAC1HsnR0zj261ydKGNXG876c0srq2vpGebOytb2zu1fdP2hrmSpMWlgyqboR0oRRQVqGGka6iSKIR4x0ovHNzO88EKWpFPdmkpCQo1jQIcXIWKkTXNM4DrJ+tea5Xg64TPyC1ECBZr/6HQwkTjkRBjOkdc/3EhNmSBmKGZlWglSTBOExiknPUoE40WGWnzuFJ1YZwKFU9gkDc/V3IkNc6wmP7CRHZqQXvZn4n9dLzbAeZlQkqSECzxcNUwaNhLO/wwFVBBs2sQRhRe2tEI+QQtjYhipBHsy4taR2DXmc2lr8xRKWSfvM9S/di7vzWqNeFFQGR+AYnAIfXIEGuAVN0AIYjMEzeAGvzpPz5rw7H/PRklNkDsEfOJ8/I46XYA==</latexit>

(

Top edge shear

<latexit sha1_base64="B/t2Ytvx7wj4rjVcEZ7Llbh+k4M=">AAACAHicbVC7TsMwFHXKq5RXgZHFokJiihLEo2MFC2OR6ENqospx3dSqH5HtIKqoC3/ACj/Ahlj5E3Y+BDfNAC1HsnR0zj261ydKGNXG876c0srq2vpGebOytb2zu1fdP2hrmSpMWlgyqboR0oRRQVqGGka6iSKIR4x0ovHNzO88EKWpFPdmkpCQo1jQIcXIWKkTXNM4DrJ+tea5Xg64TPyC1ECBZr/6HQwkTjkRBjOkdc/3EhNmSBmKGZlWglSTBOExiknPUoE40WGWnzuFJ1YZwKFU9gkDc/V3IkNc6wmP7CRHZqQXvZn4n9dLzbAeZlQkqSECzxcNUwaNhLO/wwFVBBs2sQRhRe2tEI+QQtjYhipBHsy4taR2DXmc2lr8xRKWSfvM9S/di7vzWqNeFFQGR+AYnAIfXIEGuAVN0AIYjMEzeAGvzpPz5rw7H/PRklNkDsEfOJ8/I46XYA==</latexit>

(

<latexit sha1_base64="B/t2Ytvx7wj4rjVcEZ7Llbh+k4M=">AAACAHicbVC7TsMwFHXKq5RXgZHFokJiihLEo2MFC2OR6ENqospx3dSqH5HtIKqoC3/ACj/Ahlj5E3Y+BDfNAC1HsnR0zj261ydKGNXG876c0srq2vpGebOytb2zu1fdP2hrmSpMWlgyqboR0oRRQVqGGka6iSKIR4x0ovHNzO88EKWpFPdmkpCQo1jQIcXIWKkTXNM4DrJ+tea5Xg64TPyC1ECBZr/6HQwkTjkRBjOkdc/3EhNmSBmKGZlWglSTBOExiknPUoE40WGWnzuFJ1YZwKFU9gkDc/V3IkNc6wmP7CRHZqQXvZn4n9dLzbAeZlQkqSECzxcNUwaNhLO/wwFVBBs2sQRhRe2tEI+QQtjYhipBHsy4taR2DXmc2lr8xRKWSfvM9S/di7vzWqNeFFQGR+AYnAIfXIEGuAVN0AIYjMEzeAGvzpPz5rw7H/PRklNkDsEfOJ8/I46XYA==</latexit>

(

Traction-free 
left edge

Traction-free 
right edge

<latexit sha1_base64="SuXIDQFxD/GWqPAlt5IHJCsLVC8="></latexit>

u1(x, 0) = 0

u2(x, 0) = 0

u1(x, 1) = 0.01

u2(x, 1) = 0

�11(0, y) = 0

�12(0, y) = 0

�11(1, y) = 0

�12(1, y) = 0

Governing PDEs in terms 
of 1st derivatives of 
stresses.

<latexit sha1_base64="JpxQeb0bOadEv5rBo1aUF9jyioA="></latexit>

@�11

@x1
+

@�12

@x2
= 0

@�12

@x1
+

@�22

@x2
= 0

<latexit sha1_base64="B/t2Ytvx7wj4rjVcEZ7Llbh+k4M=">AAACAHicbVC7TsMwFHXKq5RXgZHFokJiihLEo2MFC2OR6ENqospx3dSqH5HtIKqoC3/ACj/Ahlj5E3Y+BDfNAC1HsnR0zj261ydKGNXG876c0srq2vpGebOytb2zu1fdP2hrmSpMWlgyqboR0oRRQVqGGka6iSKIR4x0ovHNzO88EKWpFPdmkpCQo1jQIcXIWKkTXNM4DrJ+tea5Xg64TPyC1ECBZr/6HQwkTjkRBjOkdc/3EhNmSBmKGZlWglSTBOExiknPUoE40WGWnzuFJ1YZwKFU9gkDc/V3IkNc6wmP7CRHZqQXvZn4n9dLzbAeZlQkqSECzxcNUwaNhLO/wwFVBBs2sQRhRe2tEI+QQtjYhipBHsy4taR2DXmc2lr8xRKWSfvM9S/di7vzWqNeFFQGR+AYnAIfXIEGuAVN0AIYjMEzeAGvzpPz5rw7H/PRklNkDsEfOJ8/I46XYA==</latexit>

(

Stresses in terms of 
1st derivatives of 
displacements.

<latexit sha1_base64="B/t2Ytvx7wj4rjVcEZ7Llbh+k4M=">AAACAHicbVC7TsMwFHXKq5RXgZHFokJiihLEo2MFC2OR6ENqospx3dSqH5HtIKqoC3/ACj/Ahlj5E3Y+BDfNAC1HsnR0zj261ydKGNXG876c0srq2vpGebOytb2zu1fdP2hrmSpMWlgyqboR0oRRQVqGGka6iSKIR4x0ovHNzO88EKWpFPdmkpCQo1jQIcXIWKkTXNM4DrJ+tea5Xg64TPyC1ECBZr/6HQwkTjkRBjOkdc/3EhNmSBmKGZlWglSTBOExiknPUoE40WGWnzuFJ1YZwKFU9gkDc/V3IkNc6wmP7CRHZqQXvZn4n9dLzbAeZlQkqSECzxcNUwaNhLO/wwFVBBs2sQRhRe2tEI+QQtjYhipBHsy4taR2DXmc2lr8xRKWSfvM9S/di7vzWqNeFFQGR+AYnAIfXIEGuAVN0AIYjMEzeAGvzpPz5rw7H/PRklNkDsEfOJ8/I46XYA==</latexit>

(

<latexit sha1_base64="86TYT/ervqD+HpU2qo2JVpDItLU="></latexit>

�11 =

✓
K +

1

3
G

◆✓
@u1

@x1
+

@u2

@x2

◆
+ 2G

@u1

@x1

�22 =

✓
K +

1

3
G

◆✓
@u1

@x1
+

@u2

@x2

◆
+ 2G

@u2

@x2

�11 = G

✓
@u1

@x2
+

@u2

@x1

◆
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PINN solution versus FEM 
<latexit sha1_base64="Au7JePRnwR9rwAvRCEyPBw8qs2A=">AAACBnicbVDLSsNAFJ34rPVVdelmsAgVJCTFR5cFNy4r2Ae0IUymk3boZCbOTKQldO8fuNUfcCdu/Q33fojTNAttPXDhcM493MsJYkaVdpwva2V1bX1js7BV3N7Z3dsvHRy2lEgkJk0smJCdACnCKCdNTTUjnVgSFAWMtIPRzcxvPxKpqOD3ehITL0IDTkOKkTaSl/huZey753DsV8/8UtmxnQxwmbg5KYMcDb/03esLnESEa8yQUl3XibWXIqkpZmRa7CWKxAiP0IB0DeUoIspLs6en8NQofRgKaYZrmKm/EymKlJpEgdmMkB6qRW8m/ud1Ex3WvJTyONGE4/mhMGFQCzhrAPapJFiziSEIS2p+hXiIJMLa9FTsZcE0MpZQtibjqanFXSxhmbSqtntlX95dlOu1vKACOAYnoAJccA3q4BY0QBNg8ACewQt4tZ6sN+vd+pivrlh55gj8gfX5A7ORmKM=</latexit>

u1(x1, x2)
<latexit sha1_base64="rDiV7Rob1xo0JO+E8WJWWJLhkU8=">AAACBnicbVDLSsNAFJ34rPVVdelmsAgVJCTFR5cFNy4r2Ae0IUymk3boZCbOTKQldO8fuNUfcCdu/Q33fojTNAttPXDhcM493MsJYkaVdpwva2V1bX1js7BV3N7Z3dsvHRy2lEgkJk0smJCdACnCKCdNTTUjnVgSFAWMtIPRzcxvPxKpqOD3ehITL0IDTkOKkTaSl/jVyth3z+HYr575pbJjOxngMnFzUgY5Gn7pu9cXOIkI15ghpbquE2svRVJTzMi02EsUiREeoQHpGspRRJSXZk9P4alR+jAU0gzXMFN/J1IUKTWJArMZIT1Ui95M/M/rJjqseSnlcaIJx/NDYcKgFnDWAOxTSbBmE0MQltT8CvEQSYS16anYy4JpZCyhbE3GU1OLu1jCMmlVbffKvry7KNdreUEFcAxOQAW44BrUwS1ogCbA4AE8gxfwaj1Zb9a79TFfXbHyzBH4A+vzB7UxmKQ=</latexit>

u2(x1, x2)

FEM reference solution

PINN solution

NNs are 2 x 20
Integral estimation: 
quadrature method

Training
“Mixed formulation” contours look much much better!

Avoiding second derivatives seems to help a lot.

<latexit sha1_base64="y+McrE3lRLVe7TydyodUPhMV7ho="></latexit>

u1 RMS Error: 5.962e-5 mm ⇡ 60 nm
<latexit sha1_base64="zKZ9BdI0FI+svoqt6sY5KOnvPGs="></latexit>

u2 RMS Error: 1.217e-4 mm ⇡ 120 nm
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PINN solution versus FEM - stress fields

FEM reference solution
<latexit sha1_base64="REcJ1vmtH22MOCpyPnXSmYDLte8=">AAACEHicbVDLSsNAFJ3UV62vqLhyM1iEChKS4qPLghuXFewDmhAm00k7dCYJMxNpCf0J/8Ct/oA7cesfuPdDnKZZaPXAhcM593AvJ0gYlcq2P43Syura+kZ5s7K1vbO7Z+4fdGScCkzaOGax6AVIEkYj0lZUMdJLBEE8YKQbjG/mfveBCEnj6F5NE+JxNIxoSDFSWvLNI1fSIUd+5jiz2sR3zuHEr5/5ZtW27BzwL3EKUgUFWr755Q5inHISKcyQlH3HTpSXIaEoZmRWcVNJEoTHaEj6mkaIE+ll+fszeKqVAQxjoSdSMFd/JjLEpZzyQG9ypEZy2ZuL/3n9VIUNL6NRkioS4cWhMGVQxXDeBRxQQbBiU00QFlT/CvEICYSVbqzi5sGMayuWliKTma7FWS7hL+nULefKury7qDYbRUFlcAxOQA044Bo0wS1ogTbAIANP4Bm8GI/Gq/FmvC9WS0aROQS/YHx8A4FFnEU=</latexit>

�11(x1, x2)
<latexit sha1_base64="2Ed+EE8btEWIed8VffVyGmDymnk=">AAACEHicbVDLSsNAFJ3UV62vqrhyM1iEClKS4KPLghuXFewD2hIm00k7dGYSZibSEvIT/oFb/QF34tY/cO+HOE2z0OqBC4dz7uFejh8xqrRtf1qFldW19Y3iZmlre2d3r7x/0FZhLDFp4ZCFsusjRRgVpKWpZqQbSYK4z0jHn9zM/c4DkYqG4l7PIjLgaCRoQDHSRvLKR31FRxx5ieum1annnMOp55555YpdszPAv8TJSQXkaHrlr/4wxDEnQmOGlOo5dqQHCZKaYkbSUj9WJEJ4gkakZ6hAnKhBkr2fwlOjDGEQSjNCw0z9mUgQV2rGfbPJkR6rZW8u/uf1Yh3UBwkVUayJwItDQcygDuG8CzikkmDNZoYgLKn5FeIxkghr01ipnwUTbqxQ1TSZpqYWZ7mEv6Tt1pyr2uXdRaVRzwsqgmNwAqrAAdegAW5BE7QABgl4As/gxXq0Xq03632xWrDyzCH4BevjG4SInEc=</latexit>

�22(x1, x2)
<latexit sha1_base64="yWbMwd9xNI6fCZHFmMnbKuYtx00=">AAACEHicbVDLSsNAFJ3UV62vqLhyM1iEChKS4qPLghuXFewDmhAm00k7dCYJMxNpCf0J/8Ct/oA7cesfuPdDnKZZaPXAhcM593AvJ0gYlcq2P43Syura+kZ5s7K1vbO7Z+4fdGScCkzaOGax6AVIEkYj0lZUMdJLBEE8YKQbjG/mfveBCEnj6F5NE+JxNIxoSDFSWvLNI1fSIUd+5tRntYnvnMOJXz/zzapt2TngX+IUpAoKtHzzyx3EOOUkUpghKfuOnSgvQ0JRzMis4qaSJAiP0ZD0NY0QJ9LL8vdn8FQrAxjGQk+kYK7+TGSISznlgd7kSI3ksjcX//P6qQobXkajJFUkwotDYcqgiuG8CziggmDFppogLKj+FeIREggr3VjFzYMZ11YsLUUmM12Ls1zCX9KpW86VdXl3UW02ioLK4BicgBpwwDVoglvQAm2AQQaewDN4MR6NV+PNeF+slowicwh+wfj4BoLmnEY=</latexit>

�12(x1, x2)

PINN solution

<latexit sha1_base64="BwgbEZFeW5l9prCvki7BoyAqJEg="></latexit>The max shear stress �max
12 matches the theoretical result 0.01 MPa very well.



Next steps in progress
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• In my proposal I had ambitious goals to include inertial effects, nonlinear 
kinematics, and rubber elastic constitutive behavior in my PINN.  

• Demonstrated in movies below.

• Progress has been much slower than expected (ML is an art), but I hope to 
include at least one more of these interesting behaviors in my final report.

Small strain elastodynamics in FEM Finite strain hyperelastic dynamics in FEM



Concluding remarks
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• I leveraged existing Julia tools a lot, and was still surprised by how lengthy and 
difficult it was to set up a PINN and get reasonable comparisons to FEM results. 

• PINN convergence and accuracy is highly sensitive to order of 
derivatives, as well as NN architecture, integral estimation method, and 
training method. 

• In terms of performance, the PINN trains in around 30 minutes versus 1 
second to obtain the FEM result.

• Although PINNs are a bit cumbersome, there are some contexts where PINNs 
have an advantage over FEM since 

• PINNs are mesh-free. 

• PINNs have no explicit time discretization. 

Which could be helpful in resolving e.g. stress singularities at a crack tip or shocks 
in solids.

• The project has been a valuable learning experience for me about Julia and 
PINNs.
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Thank you!


