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Abstract
Despite the success of the Adam optimizer in prac-
tice, the theoretical understanding of its algorith-
mic components still remains limited. In particu-
lar, most existing analyses of Adam show the con-
vergence rate that can be simply achieved by non-
adative algorithms like SGD. In this work, we pro-
vide a different perspective based on online learn-
ing that underscores the importance of Adam’s al-
gorithmic components. Inspired by Cutkosky et al.
(2023), we consider the framework called online
learning of updates/increments, where we choose
the updates/increments of an optimizer based on
an online learner. With this framework, the design
of a good optimizer is reduced to the design of a
good online learner. Our main observation is that
Adam corresponds to a principled online learning
framework called Follow-the-Regularized-Leader
(FTRL). Building on this observation, we study
the benefits of its algorithmic components from
the online learning perspective.

1. Introduction
Let F : Rd → R be the (training) loss function we want
to minimize. In machine learning applications, F is often
minimized via an iterative optimization algorithm which
starts at some initialization w0 and recursively updates

wt+1 = wt +∆t for t = 0, 1 . . . , (1.1)

where ∆t denotes the update/increment1 chosen by the
algorithm at the t-th iteration. Practical optimizers often
choose the update ∆t based on the past (stochastic) gradi-
ents g1:t = (g1, . . . ,gt) where gt is the stochastic gradi-
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1Sometimes, “update” refers to the iterate wt, but throughout
this work, we mean the increment wt+1 −wt.

ent of F collected during the t-th iteration. For instance,
stochastic gradient descent (SGD) corresponds to choosing
∆t = −αtgt in (1.1) for some learning rate αt > 0.

For training deep neural networks, one of the most popular
choices is the Adam optimizer (Kingma and Ba, 2014).
In particular, several recent works have observed that
Adam and its variants are particularly effective for train-
ing Transformer-based neural network models (Zhang et al.,
2020b; Kunstner et al., 2023; Jiang et al., 2023; Pan and Li,
2023; Ahn et al., 2024). Given some learning rate γt > 0
and discounting factors β1, β2 ∈ (0, 1), Adam chooses ∆t

on each coordinate i = 1, 2, . . . , d by combining g1:t as2

∆t[i] = −γt
(1− β1)

∑t
s=1 β

t−s
1 gs[i]√

(1− β2
2)
∑t

s=1(β
t−s
2 gs[i])2

,

where v[i] denotes the i-th coordinate of a vector v. For
a streamlined notation, we define the scaled learning rate
αt ← γt · (1−β1)/

√
1−β2

2 and consider

∆t[i] = −αt

∑t
s=1 β

t−s
1 gs[i]√∑t

s=1(β
t−s
2 gs[i])2

. (Adam)

Compared to SGD, the notable components of Adam is the
fact that it aggregates the past gradients g1:t (i.e., momen-
tum) with the discounting factors β1, β2.

Despite the prevalent application of Adam in deep learning,
our theoretical grasp of its mechanics remains incomplete,
particularly regarding the roles and significance of its core
elements: the momentum and the discounting factors.
Most existing theoretical works on Adam and its variants
primarily focus on characterizing the convergence rate for
convex functions or smooth nonconvex functions (Reddi
et al., 2018; Zhou et al., 2019; Chen et al., 2019; Zou et al.,
2019; Alacaoglu et al., 2020; Guo et al., 2021; Défossez
et al., 2022; Zhang et al., 2022; Li et al., 2023; Wang et al.,
2023) for which methods like SGD already achieve the min-
imax optimal convergence rate. In fact, the latest works in
this line (Li et al., 2023; Wang et al., 2023) both mention

2For simplicity, we remove the debiasing step and the appear-
ance of ϵ in the denominator used in the original paper.
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that their convergence rate of Adam gets worse with momen-
tum (Wang et al., 2023, §6) or the rate of Adam is no better
than that of SGD (Li et al., 2023, §7). A notable exception
is Crawshaw et al. (2022) where they show the benefits of
momentum in a variant of Adam, under the generalized
smoothness conditions of Zhang et al. (2020a).

In this work, we take a different approach to understand
Adam from a online learning perspective, as outlined below.

1.1. Our Approach and Main Results

Our starting point is the main insight of Cutkosky et al.
(2023) that the design of nonconvex optimizers falls under
the scope of online linear optimization, an iconic setting in
online learning. Specifically, one can regard the selection
of the update ∆t based on g1:t as an online prediction
procedure. Such a framework will be called online learning
of updates/increments (OLU).

Building on this framework, we then notice that it is im-
portant to choose an online learner that performs well in
dynamic environments (Cutkosky et al., 2023). Better dy-
namic regret leads to better optimization performance (The-
orem 2.1), and therefore, the design of good optimizers is
reduced to designing good dynamic online learners. Along
this line, our results can be summarized as follows:

• (Section 2:) Our main observation is that the popular
Adam optimizer corresponds to choosing a classical on-
line learner called Follow-the-Regularized-Leader (FTRL)
(Gordon, 1999; Kalai and Vempala, 2005; Shalev-Shwartz
and Singer, 2006; Abernethy et al., 2008; Nesterov, 2009;
Hazan and Kale, 2010). Specifically, when using the
framework OLU, Adam is recovered by plugging in a
discounted instance of FTRL well-suited for dynamic
environment, which we call β-FTRL.

• (Section 3:) We provide the dynamic regret guarantees
of β-FTRL (Theorem 3.1 and Theorem 3.2) through a
novel discounted-to-dynamic conversion. It gives us a
new perspective on the role of Adam’s algorithmic compo-
nents, namely the momentum and the discounting factors.
Our results suggest that both components are crucial for
designing a good dynamic online learner (see Subsec-
tion 3.2).

• (Section 4:) We justify the importance of a good dynamic
regret, via its implications for optimization. Along the
way, we discuss optimization settings for which Adam
could be potentially beneficial.

2. Adam is FTRL in Disguise
Iterative optimization algorithms are closely connected to
adversarial online learning. For example, SGD is often an-
alyzed through online gradient descent (OGD), its online

learning counterpart. To exploit this connection in (1.1),
the traditional approach is using an online learner to di-
rectly choose the iterates wt, as demonstrated by Bottou
(1998); Cesa-Bianchi et al. (2004); Duchi et al. (2011); Li
and Orabona (2019); Ward et al. (2019) and many more.
Diverging from this common approach, we consider a new
approach due to Cutkosky et al. (2023) that applies the
online learner to choose the updates ∆t.

2.1. Choosing Updates/Increments via Online Learning

Consider an iconic setting of online learning called online
linear optimization (OLO). For the consistency with our
optimization algorithm (1.1), we will introduce OLO using
slightly nonstandard notations. In each round t, the algo-
rithm (or online learner) chooses a point ∆t ∈ Rd, and then
receives a linear loss function ℓt(·) = ⟨vt+1, ·⟩ and suffers
the loss of ℓt(∆t). In other words, it chooses ∆t based
on the previous loss sequence v1:t := (v1,v2, . . . ,vt) and
then receives the next loss vt+1. The performance of the on-
line learner is measured by the regret against a comparator
sequence u0:T−1, defined as

RT (u0:T−1) :=

T∑
t=1

⟨vt,∆t−1 − ut−1⟩ . (2.1)

To be precise, (2.1) is called the dynamic regret in the lit-
erature (Zinkevich, 2003). Another common metric, static
regret, is a special case of (2.1) where all ut = u; this is
denoted as RT (u).

Now given an online learner LEARNER, we consider an
optimization algorithm that outputs the ∆t in (1.1) using
LEARNER. More formally,

∆t is chosen by LEARNER based on g1:t. (OLU)

We call this framework online learning of updates (or on-
line learning of increments). This framework was first pro-
posed by Cutkosky et al. (2023) (under the name online-to-
nonconvex conversion) to design algorithms that find critical
points for nonsmooth and nonconvex stochastic optimiza-
tion problems. Under OLU, we want LEARNER of choice
to be a good online learner for dynamic environments, as
summarized in the informal statement below.

Theorem 2.1 (Importance of dynamic regret in OLU;
see Theorem 4.1). In OLU, a better dynamic regret of
LEARNER leads to a better optimization guarantee. There-
fore, we want LEARNER to have a low dynamic regret.

To understand this elegant reduction, let us give examples of
how Theorem 4.1 is applied. Recent works (Cutkosky et al.,
2023; Zhang and Cutkosky, 2024) choose an online gradient
descent (OGD) (Zinkevich, 2003) as LEARNER to design
algorithms for finding stationary points for nonconvex and
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nonsmooth functions. When LEARNER is chosen as OGD,
the resulting optimization algorithm under OLU turns out
to be SGD with momentum (Zhang and Cutkosky, 2024).
However, OGD is known to require a careful tuning of
learning rate (Zinkevich, 2003). What if we use an adaptive
online learner as LEARNER?

Our main observation is that Adam can be recovered by
choosing LEARNER as an adaptive version of Follow-the-
Regularized-Leader that is well-suited for dynamic environ-
ments, which we gradually elaborate.

2.2. Basics of Follow-the-Regularized-Leader (FTRL)

Follow-the-Regularized-Leader (FTRL) is a classical algo-
rithmic framework in online learning. Unlike the more
intuitive descent-type algorithms, the key idea of FTRL is
selecting the decisions by solving a convex optimization
problem in each round. Throughout, we focus on the 1D
case of OLO (d = 1) since the update of Adam is coordinate-
wise. In particular, the overall regret for the d-dimension
would be the sum of the regret of each coordinate.

The 1D linear loss function is given by ℓt(∆) = vt+1∆ for
vt+1 ∈ R. We use the subscript t+ 1 to highlight that it is
only revealed after deciding ∆t.

FTRL relies on a nonnegative convex regularizer Φ, which
is set to Φ = 1

2 | · |
2 in this work. The algorithm initializes

at ∆0 = 0 and in each round outputs

∆t = argmin
x

[ 1
ηt
Φ(x) +

t∑
s=1

vsx
]
= −ηt

t∑
s=1

vs ,

(FTRL)

where the effective step size ηt > 0 is non-increasing in t.
The remaining task is to choose good step sizes ηt.

One prominent choice is the adaptive step size of the scale-
free FTRL algorithm (Orabona and Pál, 2018, §3) in the
style of McMahan and Streeter (2010); Duchi et al. (2011).
Scale-free FTRL chooses ηt = α/

√∑t
s=1 v2

s based on a
scaling factor α > 0, resulting in the update

∆t = −α
∑t

s=1 vs√∑t
s=1 v

2
s

. (2.2)

Here if the denominator is zero, then we set the output
∆t = 0. The update (2.2) is independent of any constant
scaling of loss sequence v1:t, making it a scale-free update.
This is beneficial when the magnitude of loss sequence
varies across different coordinates.

We remark that the analysis of scale-free FTRL is in fact
quite subtle, as echoed by McMahan (2017); Orabona and
Pál (2018). Using a different proof strategy, we prove a
static regret bound (Theorem A.1) of scale-free FTRL that
slightly strengthens that of Orabona and Pál (2018).

2.3. Adam Corresponds to Discounted-FTRL

Now back to OLU, let us use FTRL to choose the update
∆t. Denoting the coordinate-wise gradients in optimization
by g1:t, a naı̈ve approach is to use FTRL directly by setting
vt ← gt. Unfortunately, this approach is not a good one
because FTRL is designed to achieve low static regret, while
OLU requires low dynamic regret. In fact, it is shown by
(Jacobsen and Cutkosky, 2022, Theorem 2) that Algorithms
of the form (FTRL) are not good dynamic online learners.
See also the lower bounds in Theorem 3.3.

One could already see intuitively why this is the case: any
algorithm in this form does not “forget the past”, as the
output ∆t is the (regularized) minimizer of the cumulative
loss Lt(x) :=

∑t
s=1 vsx. Therefore, it is only competitive

w.r.t. a fixed comparator that minimizes Lt(x), instead of a
time-varying comparator sequence.

To address this issue, our approach is to “discount” the
losses from the distant past. In particular, we implement this
by gradually up-scaling the losses over time. The intuition
is that when deciding the output ∆t, the recent losses would
have much higher “weights” compared to older ones, which
essentially makes the latter negligible.

Theorem 2.2 (Informal; see Theorems 3.1 and 3.2). For
some β ∈ (0, 1), the discounted version of scale-free FTRL
that internally replaces vt by β−tvt is a good dynamic
online learner.

Remarkably, plugging this discounted scale-free FTRL into
OLU would almost recover Adam. There are just two small
issues: in the Adam update, the (scaled) learning rate αt is
time-varying, and we need two discounting factors β1 and
β2 for the numerator and the denominator separately. It is
not hard to fix this last bit, and we end up with an FTRL
instance which given the input gt picks

vt ← β−t
1 gt , and ηt =

αt(β1/β2)
t√∑t

s=1(β
−s
2 gs)2

. (2.3)

Collecting all the pieces above yields our first main result.

Proposition 2.3 (Adam is discounted-FTRL in disguise).
For some learning rate αt > 0 and discounting factors
β1, β2 ∈ (0, 1], FTRL with (2.3) is equivalent to picking

∆t = −αt

∑t
s=1 β

t−s
1 gs√∑t

s=1(β
t−s
2 gs)2

.

Applying it as a coordinate-wise LEARNER in OLU recovers
the Adam optimizer in Adam.

Recall that OLU connects the problem of optimization to the
well-established problem of dynamic regret minimization.
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Given Proposition 2.3, we make use of this connection to
understand the components of Adam from the dynamic
regret perspective. That is the main focus of the next section.
Before getting into that, we briefly compare our approach
with existing derivations of Adam based on FTRL.

2.4. Comparison with the Previous Approach

In fact, Zheng and Kwok (2017) propose a derivation of
Adam based on FTRL. However, their approach is quite
different than ours, as we detail below.

We first briefly summarize the approach of Zheng and Kwok
(2017). Their main idea is to consider the “weighted” ver-
sion of proximal-FTRL defined as

wt = argmin
w

t∑
s=1

λs

(
⟨gs, w⟩+

1

2
∥w − ws−1∥2Qs

)
,

for some weights {λs} and positive semi-definite matrices
{Qs}. Given this, their main observation is that Adam
roughly corresponds to this proximal-FTRL with carefully
chosen {λs} and {Qs}.

Although their motivation to explain Adam with a version
of FTRL is similar to ours, we highlight that their approach
is different than ours. In fact, our approach overcomes some
of the limitations of Zheng and Kwok (2017).

• Firstly, their derivation actually needs a heuristic adjust-
ment of changing the anchor points of the regularizer from
ws−1 to wt−1. A priori, it is not clear why such adjust-
ment is needed, and to the best of our knowledge, there is
no formal justification given. But with our approach, such
an adjustment is naturally derived because under OLU,
the online learner chooses the update/increment instead
of the iterate.

• Secondly, in Zheng and Kwok (2017), in order to recover
Adam, they have to choose {ws} and {Qs} carefully,
which also lacks justification. One of the main advantages
of our approach is the fact that the discounting factors are
theoretically justified via the dynamic regret perspective.
More specifically, we show that without the discounting
factor, FTRL is not a good dynamic learner.

3. Discounted-FTRL as a Dynamic Learner
This section provides details on Theorem 2.2, focusing on
the special case of Adam where β1, β2 = β for some β ∈
(0, 1], and αt = α for some α > 0. From Proposition 2.3
and using the same notation as (2.2), this corresponds to the
following coordinate-wise update rule:

∆t = −α
∑t

s=1 β
t−svs√∑t

s=1(β
t−svs)2

, (β-FTRL)

and if the denominator is zero, we define ∆t = 0. We call
this algorithm β-FTRL. With β = 1, it exactly recovers
scale-free FTRL (2.2) which is shown to be a poor dynamic
learner (Jacobsen and Cutkosky, 2022). Therefore, we will
focus on β < 1 in the dynamic regret analysis.

The earlier informal result (Theorem 2.2) is formalized in
Theorem 3.1 (for unbounded domain) and Theorem 3.2 (for
bounded domain). We provide the simplified versions here,
deferring the detailed adaptive version to Theorem B.4.

Theorem 3.1 (Dynamic regret of β-FTRL; unbounded
domain). For a loss sequence v1:T , consider β-FTRL with
β < 1 and some constant α > 0. Let

Mβ := max
t∈[1,T ]

∣∣∣∑t
s=1 β

t−svs

∣∣∣√∑t
s=1(β

t−svs)2
.

Then, for any comparator sequence u0:T−1 such that |ut| ≤
αMβ for all t, the dynamic regret RT (u0:T−1) is upper
bounded by

O

((
αM2

β +MβP
)
G

√
1− β

+
√
1− β · αM2

βGT

)
.

Here, G := maxt∈[1:T ] |vt|, and P :=
∑T−1

t=1 |ut − ut−1|
is the path length.

We sketch the proof of Theorem 3.1 in Subsection 3.3.

Theorem 3.1 may not seem straightforward, so let us start
with a high level interpretation. First of all, the path length P
is a standard complexity measure of the comparator u0:T−1

in the literature (Herbster and Warmuth, 2001), which we ex-
amine closely in Subsection 3.1. In the context of dynamic
online learning, the above bound could be reminiscent of a
classical result from (Zinkevich, 2003, Theorem 2): on a do-
main of diameter D, the dynamic regret of online gradient
descent (OGD) with learning rate η can be bounded as

RT (u0:T−1) ≤ O
(
D2 +DP

η
+ ηG2T

)
. (3.1)

Intuitively, the choice of η balances the two conflicting terms
on the RHS, and a similar tradeoff remains as a recurring
theme in the dynamic online learning literature (Hall and
Willett, 2015; Zhang et al., 2018a; Jacobsen and Cutkosky,
2022). In an analogous manner, the discounting factor β in
Theorem 3.1 largely serves the similar purpose of balancing
conflicting factors. A rigorous discussion is deferred to
Subsection 3.2.

As a complementary result to Theorem 3.1, we also present
a dynamic regret bound for the case of a priori bounded
domain, where the outputs of online learner should lie in
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a bounded domain [−D,D]. In this case, we project the
output of β-FTRL to the given domain:

∆t = −clipD

α

∑t
s=1 β

t−svs√∑t
s=1(β

t−svs)2

 , (β-FTRLD)

where clipD(x) := xmin( D
|x| , 1). Then, with the same no-

tations of G and P as in Theorem 3.1, we get the following
result (see Subsection B.5 for details).

Theorem 3.2 (Dynamic regret of β-FTRLD; bounded
domain). For D > 0, consider any comparator sequence
u0:T−1 such that |ut| ≤ D for all t. Then for any loss
sequence v1:T , β-FTRLD with β < 1 and α = D has the
dynamic regret RT (u0:T−1) upper bounded by

O
(

DG√
1− β

+
GP

1− β
+
√
1− βDGT

)
.

Compared to Theorem 3.1, the main difference is that the
regret bound now holds simultaneously for all the loss se-
quences v1:T of arbitrary size. The price to pay is the
requirement of knowing D, and the multiplying factor on
the path length P is slightly worse, i.e., (1 − β)−1/2 →
(1 − β)−1. A sneak peek into the details: such a slightly
worse factor is due to the projection step breaking the self-
bounding property of β-FTRL, which says the discounted
gradient sum

∑t
s=1 β

t−svs can be controlled by the maxi-
mum update magnitude sup |∆t| times the empirical vari-

ance of gradients, i.e.,
√∑t

s=1(β
t−svs)2. Interested read-

ers may compare Subsections B.4 and B.5 for the subtleties.

Moving forward, Theorems 3.1 and 3.2 constitute our main
results characterizing the dynamic regret of β-FTRL. How-
ever, there is still one missing piece. The earlier informal
result (Theorem 2.2) states that

β-FTRL is a “good” dynamic online learner.

However, we have never explained which dynamic regret is
good. Actually, the “goodness” criterion in dynamic online
learning could be a bit subtle, as the typical sublinear-in-T
metric in static online learning becomes vacuous. Next, we
briefly provide this important background.

3.1. Basics of Dynamic Online Learning

Dynamic online learning is intrinsically challenging. It is
well-known that regardless of the algorithm, there exist loss
and comparator sequences such that the dynamic regret is at
least Ω(T ). This is in stark contrast to static regret bounds
in OLO, where the standard minimax optimal rate is the
sublinear in T , e.g., O

(√
T
)
.

To bypass this issue, the typical approach is through instance
adaptivity. Each combination of the loss and comparator

sequences can be associated to a complexity measure; the
larger it is, the harder regret minimization becomes. Al-
though it is impossible to guarantee sublinear-in-T regret
bounds against the hardest problem instance, one can indeed
guarantee a regret bound that depends on such a complex-
ity measure. From this perspective, the study of dynamic
online learning centers around finding suitable complexity
measures and designing adaptive algorithms.

Only considering the comparator sequence u0:T−1, the pre-
dominant complexity measure is the path length P :=∑T−1

t=1 ∥ut − ut−1∥ (Zinkevich, 2003), whose 1D special
case is considered in Theorem 3.1 and Theorem 3.2. On a
bounded domain with diameter D, the optimal dynamic re-
gret bound isO(G

√
DPT ), which can be achieved through

the classical result for OGD (3.1) with the P -dependent
learning rate η = G−1

√
DP/T . On top of that, one could

use a model selection approach (Zhang et al., 2018a) to
avoid the infeasible oracle tuning (i.e., η depends on the un-
known P ), at the expense of increased computation. Recent
works (Jacobsen and Cutkosky, 2022; Zhang et al., 2023)
further extend such results to unbounded domains.

The essential “goodness” of this O
(
G
√
DPT

)
bound is

due to P ≤ DT . In the worst case the bound is trivially
O(DGT ), but if the comparator is easy (i.e., P = O(D)),
then it becomes O

(
DG
√
T
)
, recovering the well-known

optimal static regret bound. In general, the goodness of a
dynamic regret bound is usually measured by the exponents
of both P and T (e.g., 1

2 and 1
2 in O

(
G
√
DPT

)
).

Given this background, we now use the dynamic regret
results of β-FTRL so far to interpret the role of two key
components of Adam, namely the momentum (i.e., aggre-
gating past gradients) and the discounting factor β (i.e.,
exponential moving average).

3.2. Benefits of Momentum and Discounting Factor

Recall that a particular strength of the OLU framework is
that it establishes one-to-one correspondence between op-
timizers and their online learning counterparts. Thus we can
compare a variety of optimizers by comparing their corre-
sponding online learners, from the perspective of dynamic
regret. Notice that β-FTRL from our analysis corresponds
to the scaled parameterization of (Adam). Through that,
our ultimate goal is to shed light on Adam’s algorithmic
components — the momentum and the discounting factor.

We first discuss the baseline online learners for this problem:

• To understand the momentum, we pick the baselines
as a family of “degenerate” online learners that induce
non-momentum optimizers, such as SGD and AdaGrad
(Duchi et al., 2011). Concretely, for the loss sequence
v1:T , this family of LEARNER in OLU has the following
generic update rule: for some coordinate-wise learning
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rate αt[i] > 0 ∀i, it outputs

∆t[i] = −αt[i]vt[i] . (3.2)

For example, given a scalar αt > 0, SGD chooses the
coordinate-wise learning rate αt[i] independently of the
coordinates, i.e.,

αt[i] = αt , (SGD)

while AdaGrad further employs a variance-based precon-
ditioning, i.e.,

αt[i] =
αt√∑t

s=1 vs[i]2
. (AdaGrad)

The important observation is that compared to the (FTRL)
update rule, the coordinate-wise update ∆t[i] in (3.2)
only scales linearly with the most recent observation
vt[i], instead of using the entire history v1:t[i]. In other
words, from the optimization perspective, this family of
algorithms does not make use of the past history of gradi-
ents to decide the update direction.

• To understand the discounting factor, we pick the baseline
as β-FTRL with β = 1 (i.e., no discounting). Alterna-
tively, if the domain is bounded, then we use the clipped
version of β-FTRLD with β = 1 instead. In other words,
such baselines correspond to scale-free FTRL (2.2). In
light of Jacobsen and Cutkosky (2022), the case of β = 1
is not a good dynamic online learner, which we discuss
more formally below.

The following lower bound, inspired by Jacobsen and
Cutkosky (2022), shows that the above baselines fail to
achieve sublinear dynamic regret for a very benign example
of P = O(1). See Subsection C.1 for a proof.

Theorem 3.3 (Lower bounds for baselines). Consider a
2D online linear optimization problem with the bounded
domain [−1, 1]2. For any given T , there exist (i) a loss
sequence v1, . . . ,vT ∈ R2 with ∥vt∥ = 1 for all t, and (ii)
a comparator sequence u0, . . . ,uT−1 ∈ [−1, 1]2 with the
coordinate-wise path length

∑T−1
t=1 |ut[i] − ut−1[i]| ≤ 1

for both i = 1, 2, such that the following holds:

• For all t, ut−1 ∈ argminu∈[−1,1]2⟨vt,u⟩.
• Any “non-momentum” online learner of the form (3.2)

has the dynamic regret at least T − 3.

• β-FTRLD with β = 1 and D = 1 has the dynamic regret
at least (T − 3)/2.

The first bullet point says that the constructed comparator se-
quence u0:T−1 is the best ones w.r.t. the loss sequence v1:T ,
therefore the dynamic regret against such u0:T−1 is a good
metric to measure the strength of dynamic online learners.
Then, the rest of the theorem shows that the two baselines

above (corresponding to optimizers without momentum or
discounting factor under OLU) cannot guarantee low regret
against u0:T−1, thus are not good dynamic online learners.

In contrast, Theorem 3.2 shows that β-FTRLD with β < 1
is a better dynamic online learner, and we make this very
concrete through the following corollary. Again, it suffices
to consider the 1D setting.

Corollary 3.4. For D > 0, consider any comparator se-
quence u0:T−1 such that |ut| ≤ D for all t. Then, given
any constant c > 0, β-FTRLD with β = 1 − cT−2/3 > 0
achieves the dynamic regret bound

RT (u0:T−1) ≤ O
(
DGT

2/3c
1/2(1 + c−

3/2P/D)
)
,

which enjoys a T 2/3 dependency on T . In particular, with
the optimal tuning c = Θ

(
(P/D)2/3

)
, the bound becomes

O(D2/3GP 1/3T 2/3).

The proof is deferred to Subsection C.2. We emphasize
that in the lower bound example of Theorem 3.3, we have
P = O(D), so the β < 1 case achieves a sublinear dynamic
regret bound of O(DGT 2/3). This suggests that in order to
design a better dynamic online learner both momentum
and discounting factor are necessary.

A similar result can be developed for the case of unbounded
domain under an assumption regarding the 1D OLO envi-
ronment that generates the losses v1:T .

Corollary 3.5. Assume the environment is well-behaved in
the sense that Mβ ≤ M for all β ∈ (0, 1]. Consider any
comparator sequence u0:T−1 such that |ut| ≤ αM for all t.
Then, given any constant c > 0, β-FTRL with parameters α
and β = 1− cT−1 > 0 achieves the dynamic regret bound

RT (u0:T−1) ≤ O
(
αM2G

√
Tc

1/2

(
1 +

c−1P

αM

))
,

which enjoys a
√
T dependency on T . In particular, with

the optimal tuning c = Θ
(
P/(αM)

)
, the bound becomes

O
(
α1/2M 3/2G

√
PT
)
.

In contrast, β-FTRL with the same α but the different β = 1
achieves a dynamic regret bound which is linear in P :

RT (u0:T−1) ≤ O
(
MGP

√
T
)
.

Essentially, without the discounting factor we can show
an O

(
P
√
T
)

dynamic regret bound, but with discounting
the bound can be improved to the optimal rate O

(√
PT
)
,

under suitable tuning. This provides another evidence that
discounting is helpful for designing a dynamic online learner.
We remark that without discounting, the dynamic regret
of O

(
P
√
T
)

is unimprovable in light of the lower bound
result (Jacobsen and Cutkosky, 2022, Theorem 3).
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3.3. Proof Sketch of Theorem 3.1

Finally, we briefly sketch the proof of Theorem 3.1, the dy-
namic regret bound of β-FTRL. The proof of Theorem 3.2
mostly follows the same analysis. Our analysis of the dy-
namic regret relies on the following “discounted” regret.

Definition 3.6 (β-discounted regret). For any discounting
factor β ∈ (0, 1], the β-discounted regret is defined as

RT ;β(u) :=

T∑
t=1

βT−tvt(∆t−1 − u) .

It is noteworthy that the discounted regret has been consid-
ered in the concurrent works (Zhang et al., 2024; Jacobsen
and Cutkosky, 2024) to adapt online learners to dynamic
environments. Moreover, the discounted regret has found to
be useful in designing nonconvex optimization algorithms,
as shown in (Zhang and Cutkosky, 2024; Ahn and Cutkosky,
2024). In our work, we propose a generic conversion ap-
proach to analyzing the dynamic regret using the discounted
regret, called discounted-to-dynamic conversion (Theo-
rem B.3), which could be of independent interest. At a high
level, our analysis follows the following steps.

(Theorem B.2)︸ ︷︷ ︸
Discounted reg. of β-FTRL

(Theorem B.3)
===========⇒

Discount-to-dynamic
(Theorem 3.1)︸ ︷︷ ︸

Dynamic reg. of β-FTRL

1. β-FTRL is the discounted version of scale-free FTRL,
and the latter is associated to a static regret bound (Theo-
rem A.1). Utilizing this relation, we naturally arrive at a
discounted regret bound of β-FTRL (Theorem B.2). In-
tuitively, it measures the performance of β-FTRL on an
exponentially weighted, “local” look-back window that
ends at time T . A particular strength is that the bound is
anytime, i.e., it holds for all T simultaneously.

2. Next, consider the dynamic regret over the entire time
horizon [1, T ]. We can imagine partitioning [1, T ] into
concatenating subintervals, and on each of them the dy-
namic regret can be approximately upper-bounded by
suitable aggregations of the above discounted regret
bound (modulo certain approximation error) — this is
because the discounted regret bound mostly concerns
the few recent rounds, so the dynamic regret can be con-
trolled by the sum of such local metrics. Formalizing this
argument results in the discounted-to-dynamic conver-
sion in Theorem B.3: the dynamic regret of an algorithm
is expressed using its discounted regret as an equality.

Both Theorem 3.1 and 3.2 are obtained by combining these
two elements, with slightly different ways of relaxation.

4. Implications for Optimization
In this section, we provides the details of Theorem 2.1,
which justifies the importance of the dynamic regret guar-
antee of LEARNER in OLU, based on its implications for
(non-convex) optimization.

Recall that in OLU, for the function F we want to minimize,
we choose the update ∆t by the output of LEARNER on
the loss sequence g1:t that are stochastic gradients of F .
Formally, we assume F : Rd → R is differentiable but not
necessarily convex. Following the notations of Cutkosky
et al. (2023), given an iterate w and a random variable z, let
GRAD(w, z) be the standard stochastic gradient oracle of
F at w, satisfying Ez[GRAD(w, z)] = ∇F (w).

We first introduce (Cutkosky et al., 2023, Theorem 7) that
crucially connects the dynamic regret guarantee to the op-
timization guarantee, justifying the importance of the dy-
namic regret of LEARNER.

Theorem 4.1 (Importance of dynamic regret in OLU).
Consider the optimization algorithm (1.1) where

• the update ∆t is chosen by LEARNER based on g1:t;

• the gradient gt = GRAD(wt−1 + st∆t, zt), where the
i.i.d. samples st ∼ Unif([0, 1]) and zt ∼ z.

Then, for all T ≥ 0 and any comparator sequence u0:T−1,
the iterate wT generated by (1.1) satisfies

E [F (wT )]−F (w0) = E

[
T∑

t=1

⟨gt,ut−1⟩+RT (u0:T−1)

]
,

where RT (u0:T−1) is the regret bound of LEARNER.

The proof is provided in Subsection D.1. The insight is that
the nonconvexity can be handled by randomization (through
st) at the gradient query, and if F is convex, it suffices to
set st = 1 (which is more aligned with practice). Regarding
the quantitative result, Theorem 4.1 precisely captures the
informal claim from Theorem 2.1:

Improving the dynamic regret of LEARNER directly leads
to better optimization guarantee.

Hence, the effectiveness of β-FTRL as a dynamic online
learner (discussed in Section 3) supports the success of its
optimizer counterpart, namely the update (Adam).

To make this concrete, we revisit the lower bound examples
from Theorem 3.3, and discuss the implications.

4.1. Revisiting lower bound example

Consider an abstract scenario where we fix the stochastic
gradient sequence g1:T to be given the lower bound example

7
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of Theorem 3.3. We compare the guarantees in Theorem 4.1,

T∑
t=1

⟨gt,ut−1⟩+RT (u0:T−1) . (4.1)

Then, the following is a direct corollary of Subsection 3.2.

Corollary 4.2. Suppose g1:T and u0:T−1 are chosen as
in the 2D example of Theorem 3.3. Then, the following
statements hold:

• Adam. If LEARNER is β-FTRLD with 1− β = Θ(T−2/3)
and D = 1, then (4.1) = −T + o(T ).

• No momentum (e.g., SGD/AdaGrad). If LEARNER has
the form (3.2), then (4.1) ≥ −3.

• No discounting. If LEARNER is β-FTRLD with β = 1
and D = 1, then (4.1) ≥ − 1

2T −
3
2 .

Essentially, this result specializes the key insight from Sub-
section 3.2, i.e., the benefits of the momentum and the dis-
counting factor, to the corresponding optimizers.

On the other hand, we acknowledge that the abstract sce-
nario of fixing g1:T to be some desired sequence is not en-
tirely practical, because (i) they should be stochastic gradi-
ents of F and (ii) g1:T depends on the LEARNER of choice.
Below, we build on the intuitions of this abstract example
and present a concrete classification problem where Adam
is more beneficial than the other two baselines.

4.2. Adam Could Be Effective for Sparse and
Nonstationary Gradients

Inspired by Duchi et al. (2011), we propose a concrete
classification scenario for which we see the performance
gap described in Corollary 4.2. At a high level, it is designed
such that the associated gradient sequence imitates the one
from our lower bound construction, Theorem 3.3.

Classification of sparse data with small η. Consider the
classification of (zi, yi) where zi ∈ Rd is the data vector
with its label yi ∈ {±1}. We assume that each data vector
zi is sparse. Concretely, we focus on the setting where the
dataset consists of coordinate vectors and positive labels, i.e.,
{(zi, yi)}di=1 where zi = ei and yi = 1 for i = 1, . . . , d.
We consider the following regularized hinge loss

ℓ(x) = max(0, 1− x) + λ|x| for λ < 1 ,

which prevents the classifier from becoming over-confident.
See Figure 1 for the landscape of this hinge loss. Then, the
training loss is given as

F (w) =
1

d

d∑
i=1

ℓ(yi⟨zi,w⟩) ,

−1 0 1 2 3 4
0

0.5

1

1.5

2

Figure 1. 1D illustration of the regularized hinge loss ℓ(x) =
max(0, 1− x) + λ|x|. We illustrate the case λ = 1/4.

Figure 2. Experimental results for the hinge loss classification.
(Left) the case of zi = ei. (Right) the case of zi = ciei where
ci ∼ Unif[0, 2]. The horizontal dotted line indicates the optimum
value of F . All experiments are run for five different random
seeds, and we plot the error shades (they are quite small and not
conspicuous).

and during iteration t, assume the algorithm receives a single
data (zi(t), yi(t)), where i(t) is sampled from {1, . . . , d}
uniformly at random.

For experiments, we initialize at w0 = 0 and use a small
learning rate, η = 0.01, so that each coordinate takes
multiple steps to approach the minimum w = 1. Besides,
we choose d = 100 and λ = 1/4. Two different settings are
considered:

1. Left plot of Figure 2: zi = ei for i = 1, . . . , d.

2. Right plot of Figure 2: zi = ciei, where ci ∼ Unif[0, 2]
for i = 1, . . . , d. This setting allows the data vectors to
have different magnitudes.

From Figure 2, SGD exhibits sluggish progress owing to
the sparse nature of stochastic gradients—–that is, only one
coordinate is updated at each step. Moreover, setting β = 1
in Adam also results in suboptimal performance once the
coordinate-wise iterate wt[i] exceeds 1 (for some coordinate
i)—after that, the stochastic gradients point toward other di-
rections. In contrast, adopting Adam with β < 1 effectively
addresses these issues, adeptly managing both the sparsity
of updates and the non-stationarity of gradients.

Next, we provide a possible qualitative explanation of this
gap, from the dynamic regret perspective.

Qualitative dynamic regret analysis. Since i(t) is sampled
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uniformly, it suffices to focus on the first coordinate and
consider the 1D setting for simplicity. Then, since learning
rate η is chosen small, starting from w0 = 0, the above set-
ting could be abstractly thought as generating the following
sparse stochastic gradient sequence

gt =

{
(1− λ) · I[i(t)=1] if t ≲ τ

−λ · I[i(t)=1] if t ≳ τ
, (4.2)

where τ denotes the first iteration such that wτ > 1. This
can be seen as one of the simplest setting of a sparse and
non-stationary gradient sequence, mirroring the construc-
tion from Theorem 3.3. Now we compare the 1D version of
the guarantee (4.1), i.e., the total loss of the LEARNER

T∑
t=1

gtut−1 +RT (u0:T−1) =

T∑
t=1

gt∆t−1 (4.3)

for each LEARNER akin to Corollary 4.2:

• No momentum. Due to the sparsity in gradient sequence
(4.2), having no momentum incurs a large dynamic regret.
More specifically, since E |gtgt−1| ≲ 1

d2 , we have

E |gt∆t−1| ≲
1

d2
,

for “non-momentum” LEARNER of the form (3.2). There-
fore, we have (4.3) =

∑
t gt∆t−1 ≳ − 1

d2T .

• No discounting factor. Due to the non-stationarity in
gradient sequence (4.2), having no discounting factor also
incurs a large dynamic regret. In particular, β-FTRL with
β = 1 generates the update ∆t with the same sign as
−
∑

t gt. In a typical run, the sign of −
∑

t gt remains
unchanged throughout, but the sign of gt flips once t ≳ τ .
Hence, roughly speaking, the update ∆t does not have
the “correct” sign (corresponding to the descent direction)
after t ≳ τ , leading to (4.3) ≳ −(1− λ)τ .

In contrast, following Corollary 4.2, Adam achieves (4.3) ≤
−(1−λ)τ −λ(T −τ)+o(T ) = −λT − (1−2λ)τ +o(T ),
improving the above when τ is small.

5. Conclusion and Discussion
This work presents a new perspective on the popular Adam
optimizer, based on the framework of online learning of
updates (OLU) (Cutkosky et al., 2023). Under OLU, our
main observation is that Adam corresponds to choosing the
dynamic version of FTRL that utilizes the discounting factor.
We find this perspective quite advantageous as it gives new
insights into the role of Adam’s algorithmic components,
such as momentum and the exponential moving average.

In fact, our perspective has already inspired a follow-up
work by Ahn and Cutkosky (2024), where they show the

optimal iteration complexity of Adam for finding stationary
points under nonconvex and nonsmooth functions. Their
analysis crucially utilizes our perspective that Adam corre-
sponds to β-FTRL under OLU.

In addition to (Ahn and Cutkosky, 2024), the findings in
this work unlock several other important future directions.
Below, we list a few of them.

• Role of two discounting factors. As an initial effort,
this work considers the case of β1 = β2. Given that the
default choice in practice is β1 = 0.9 and β2 = 0.999,
it would be important to understand the precise effect of
choosing β1 < β2.

• Other algorithms based on OLU. The framework OLU
unlocks a new way to analyze optimization algorithms.
As we highlighted in Subsection 3.2, OLU establishes
the one-to-one correspondence between other optimizers
and their online learning counterparts. The main scope of
this work is to provide a better understanding of Adam
specifically, and extending our framework to other popu-
lar optimizers, such as RMSProp (Tieleman and Hinton,
2012), AdaDelta (Zeiler, 2012), Lion (Chen et al., 2023)
etc, is an interesting future direction. We believe that un-
derstand them based on our framework would offer new
insights for them.

• Algorithm design based on OLU. Our current dynamic
regret analysis of β-FTRL requires knowledge of the en-
vironment. Developing a version of β-FTRL that auto-
matically adapts to the environment without prior knowl-
edge might lead to more practical algorithms. Moreover,
whether one can design practical optimizers based on
recent advancements in dynamic online learning (e.g. Ja-
cobsen and Cutkosky (2022); Zhang et al. (2023)) would
be an important future direction.

• Fine-grained analysis of Adam for practical settings.
As discussed earlier, Adam has gained significant atten-
tion due to its effectiveness in training language models.
Recently, Kunstner et al. (2024) investigate key character-
istics of the language modeling datasets that might have
caused the difficulties in training. In particular, they iden-
tify the heavy-tailed imbalance property, where there are
a lot more infrequent words/tokens than frequent ones in
most language modeling datasets. Further, they demon-
strate this property as a main reason why Adam is partic-
ularly effective at language modeling tasks (Zhang et al.,
2020b). We find their main insights consistent with our
claim in Subsection 4.2. The infrequent words in the
dataset would likely lead to sparse and non-stationary
gradients. Formally investigating this would be also an
interesting future direction.
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A. Analysis of scale-free FTRL
Recall from Section 2 that our construction starts with a gradient adaptive FTRL algorithm called scale-free FTRL (Orabona
and Pál, 2018). This section presents a self-contained proof of its undiscounted static regret bound.

Formally, we consider the 1D OLO problem introduced at the beginning of Section 2. Scale-free FTRL is defined as FTRL
with the step size ηt = α/

√∑t
s=1 v2

s , where α > 0 is a scaling factor. Equivalently, it has the update rule

∆t = argmin
x

[
1

ηt
|x|2 +

t∑
s=1

vsx

]
= −ηt

t∑
s=1

vs = −α
∑t

s=1 vs√∑t
s=1 v

2
s

.

For well-posedness, if the denominator
√∑t

s=1 v
2
s = 0, then we set the update to be ∆t = 0.

Theorem A.1 (Static regret of scale-free FTRL). For all T > 0, loss sequence v1:T and comparator u ∈ R, scale-free
FTRL guarantees the following static regret bound

T∑
t=1

vt(∆t−1 − u) ≤
(
u2

2α
+
√
2α

)√√√√ T∑
t=1

v2t + 2

(
max
t∈[1,T ]

|∆t|
)(

max
t∈[1,T ]

|vt|
)

.

We remark that van Erven (2021) directly applies the clipping technique from (Cutkosky, 2019) to obtain a similar regret
bound as Theorem A.1, but in this way the associated algorithm is scale-free FTRL on the “clipped” gradients, rather than
scale-FTRL itself. In contrast, we analyze the original scale-free FTRL algorithm for the purpose of explaining Adam
(since in practice, Adam does not use the Cutkosky-style clipping on the stochastic gradients). This requires a slightly more
involved analysis.

Comparison with (Orabona and Pál, 2018). Before proving this theorem, we compare our regret bound with that of
scale-free FTRL from (Orabona and Pál, 2018, Theorem 1). Their regret bound in the unconstrained domain setting (which
means the domain diameter D defined in their Theorem 1 is infinite) is

T∑
t=1

vt(∆t−1 − u) ≤ O

(u2 + 1
)√√√√ T∑

t=1

v2t +
√
T max

t∈[1,T ]
|vt|

 .

Our bound replaces the
√
T -factor by the maximum output magnitude (i.e., maxt∈[1,T ] |∆t|), and our is better since

|∆t| = α

∣∣∣∑t
s=1 vs

∣∣∣√∑t
s=1 v

2
s

≤ α
√
t ,

which follows from the Cauchy-Schwarz inequality. We need such an improvement because in the discounted setting, the
scaled loss sequence will have rapidly growing magnitude, which means this Cauchy-Schwarz step would be quite loose.

Our proof makes a nontrivial use of the gradient clipping technique from (Cutkosky, 2019), which is also different from
(Orabona and Pál, 2018, Theorem 1) and could be of independent interest. However, we acknowledge that directly modifying
the argument of (Orabona and Pál, 2018) might achieve a similar goal.

A.1. Proof of Theorem A.1

On the high level, the proof carefully combines the standard FTRL analysis, e.g., (Orabona, 2019, Lemma 7.1), and the
gradient clipping technique of (Cutkosky, 2019).

Step 1. We start with a preparatory step. Let τ be the index such that vt = 0 for all t ≤ τ , and vτ+1 ̸= 0. Without loss of
generality, assume T > τ . Then,

T∑
t=1

vt(∆t−1 − u) =

T∑
t=τ+1

vt(∆t−1 − u) .

13
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On the RHS we have ∆τ = 0, and for all t > τ , ∆t is now well-defined by the “nice” gradient adaptive update rule (i.e., the
denominator does not cause a problem)

∆t = −ηt
t∑

s=1

vs = −α
∑t

s=1 vs√∑t
s=1 v

2
s

.

To proceed, for all t > τ , we define Ft(x) =
1

2ηt
|x|2 +

∑t
s=1 vsx, which means that ∆t = argminx Ft(x). Trivially, at

the time index τ , we define Fτ (x) = 0 for all x.

Step 2. The main part of the proof starts from the standard FTRL equality (Orabona, 2019, Lemma 7.1),

T∑
t=1

vt(∆t−1 − u) =

T∑
t=1

vt∆t−1 −
(
FT (u)−

1

ηT
|u|2
)

=
1

ηT
|u|2 +

T−1∑
t=τ

[Ft(∆t)− Ft+1(∆t+1) + vt+1∆t] + FT (∆T )− FT (u)

≤ 1

ηT
|u|2 +

T−1∑
t=τ

[Ft(∆t)− Ft+1(∆t+1) + vt+1∆t] ,

where the last inequality follows since ∆T = argminx FT (x).

Consider the terms Ft(∆t)− Ft+1(∆t+1) + vt+1∆t in the above sum. Let us define the clipped gradient

ṽt := clip√∑t−1
s=1 v2

s

(vt) ,

where for any D ≥ 0, clipD(x) := xmin( D
|x| , 1).

• For all t > τ , we have

Ft(∆t)− Ft+1(∆t+1) + vt+1∆t

= Ft(∆t) + vt+1∆t − Ft(∆t+1)− vt+1∆t+1 +
1

2ηt
|∆t+1|2 −

1

2ηt+1
|∆t+1|2

≤ Ft(∆t) + vt+1∆t − Ft(∆t+1)− vt+1∆t+1

≤ Ft(∆t) + ṽt+1∆t − Ft(∆t+1)− ṽt+1∆t+1 + |vt+1 − ṽt+1| (|∆t|+ |∆t+1|) .

Following a standard fact of convex functions, e.g., (Orabona, 2019, Lemma 7.8), since Ft(∆) + ṽt+1∆ is 1
ηt

-strongly
convex, it holds that

Ft(∆t) + ṽt+1∆t − Ft(∆t+1)− ṽt+1∆t+1 ≤ Ft(∆t) + ṽt+1∆t −min
∆

[Ft(∆) + ṽt+1∆] ≤ ηt
2
ṽ2t+1 .

• As for the case of t = τ , since Fτ (∆τ ) = 0 and ∆τ = 0,

Fτ (∆τ )− Fτ+1(∆τ+1) + vτ+1∆τ = −Fτ+1(∆τ+1) = −
1

ητ+1
|∆τ+1|2 −

τ+1∑
s=1

vs∆τ+1 ≤ −vτ+1∆τ+1

≤ |vτ+1 − ṽτ+1| |∆τ+1| . (ṽτ+1 = 0)

Thus, we obtain the following bound:

T∑
t=1

vt(∆t−1 − u) ≤ u2

2α

√√√√ T∑
t=1

v2t +
α

2

T−1∑
t=τ+1

ṽ2t+1√∑t
s=1 v

2
s

+

T∑
t=1

|vt − ṽt| (|∆t−1|+ |∆t|) .

14
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Step 3. Finally, consider the two summation terms on the RHS one-by-one. We begin with the first term.

ṽ2t+1√∑t
s=1 v

2
s

=
√
2

ṽ2t+1√
2
∑t

s=1 v
2
s

≤
√
2

ṽ2t+1√
ṽ2t+1 +

∑t
s=1 v

2
s

= 2
√
2

ṽ2t+1

2
√
ṽ2t+1 +

∑t
s=1 v

2
s

≤ 2
√
2

ṽ2t+1√
ṽ2t+1 +

∑t
s=1 v

2
s +

√∑t
s=1 v

2
s

= 2
√
2


√√√√ṽ2t+1 +

t∑
s=1

v2s −

√√√√ t∑
s=1

v2s

 .

Thus, it follows that

T−1∑
t=τ+1

ṽ2t+1√∑t
s=1 v

2
s

≤ 2
√
2

T−1∑
t=τ+1


√√√√ṽ2t+1 +

t∑
s=1

v2s −

√√√√ t∑
s=1

v2s

 ≤ 2
√
2

T−1∑
t=τ+1


√√√√t+1∑

s=1

v2s −

√√√√ t∑
s=1

v2s


≤ 2
√
2

√√√√ T∑
t=1

v2t .

As for the second summation, we handle it similarly to (Cutkosky, 2019, Theorem 2). Defining Gt = maxs∈[1,t] |vs|, since
|∆0| = 0, we have

T∑
t=1

|vt − ṽt| (|∆t−1|+ |∆t|) ≤ 2

(
max
t∈[1,T ]

|∆t|
) T∑

t=1

|vt − ṽt| = 2max

(
0, max

t∈[1,T ]
|∆t|

) T∑
t=1

|vt| −
√√√√t−1∑

s=1

v2s


≤ 2max

(
0, max

t∈[1,T ]
|∆t|

) T∑
t=1

(Gt −Gt−1)

≤ 2

(
max
t∈[1,T ]

|∆t|
)
GT .

Combining the two upper bounds above completes the proof.

B. Analysis of β-FTRL
As discussed in Section 2, Adam corresponds to β-FTRL, the discounted version of scale-free FTRL, through the OLU
framework. Thus, quantifying Adam’s performance comes down to analyzing the dynamic regret of β-FTRL.

We now present the complete version of Theorem 3.1 (the dynamic regret bound of β-FTRL), fleshing out the proof sketch
in Subsection 3.3. A main proof ingredient is our discounted-to-dynamic conversion. As a quick reminder, the formal setting
considered is still the 1D OLO problem, where the output of the algorithm is denoted by ∆t ∈ R, and the loss function is
denoted by ℓt(x) = vt+1x with vt+1 ∈ R.

Step 1: Discounted regret. Our analysis starts with a concept called discounted regret, formalized in Definition 3.6. We
recall the definition below for reader’s convenience.

Definition B.1 (β-discounted regret). For any discounting factor β ∈ (0, 1], the β-discounted regret is defined as

RT ;β(u) :=

T∑
t=1

βT−tvt(∆t−1 − u) .

When β = 1, the β-discounted regret recovers the standard static regret RT (u). The notational difference is simply an extra
subscript β in the β-discounted regret, i.e., R·;β .

Intuitively, β-FTRL should achieve good β-discounted regret, as long as scale-free FTRL achieves good static regret. This
intuition follows from observations that β-FTRL is just scale-free FTRL with the “discounted losses” vt ← β−tvt, and that
the β-discounted regret considers the loss sequence β−tvt instead of vt. We formalize this with the proof in Subsection B.1.
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Theorem B.2 (Discounted regret of β-FTRL). For all T > 0, loss sequence v1:T and comparator u ∈ R, β-FTRL
guarantees the β-discounted regret bound

RT ;β(u) ≤
(
u2

2α
+
√
2α

)√√√√ T∑
t=1

(βT−tvt)2 + 2

(
max
t∈[1,T ]

|∆t|
)(

max
t∈[1,T ]

|βT−tvt|
)

.

Step 2: Discounted-to-dynamic conversion. The remaining task is to convert this discounted regret bound to a dynamic
regret bound. We accomplish this via a general discounted-to-dynamic conversion, which is of independent interest. The
idea is to partition the entire time horizon into subintervals, and then consider static comparators on each of them. To be
precise, we consider a partition of [1, T ] denoted by

⋃N
i=1[ai, bi], where a1 = 1, bi + 1 = ai+1 for all 1 ≤ i < N − 1, and

bN = T . Then each partitioned interval [ai, bi] is coupled with an arbitrary fixed comparator ūi.

We remark that this conversion is independent of the algorithm. For an algorithm A, RA
T ;β(u) and RA

T (u0:T−1) denote its
β-discounted regret (Definition 3.6) and its dynamic regret (2.1), respectively. See Subsection B.2 for the proof.

Theorem B.3 (Discounted-to-dynamic conversion). Consider an arbitrary 1D OLO algorithm A. For all T > 0, loss
sequence v1:T and comparator sequence u0:T−1, the dynamic regret of A satisfies

RA
T (u0:T−1) = βRA

T ;β(ūN ) + (1− β)

N∑
i=1

∑
t∈[ai,bi]

RA
t;β(ūi)

+ β

N−1∑
i=1

[(
bi∑
t=1

βbi−tvt

)
(ūi+1 − ūi)

]
+

N∑
i=1

∑
t∈[ai,bi]

vt(ūi − ut−1) ,

where
⋃N

i=1[ai, bi] is an arbitrary partition of of [1, T ], and ū1, . . . ūN ∈ R are also arbitrary.

The remarkable aspect of this result is that it is an equality. That is, we do not lose anything through the conversion. Given
a discounted regret bound of A, we can make use of this conversion by substituting RA

T ;β(ūN ) and RA
t;β(ūi) with their

discounted regret bounds, and then taking the infimum on the RHS w.r.t. the partition ∪i∈[N ][ai, bi] and the choice of the
“approximated comparator sequence” ū1, . . . , ūN .

Step 3: Plugging in β-FTRL. Now we set A in the conversion to β-FTRL. See Subsection B.3 for the proof.

Theorem B.4 (Dynamic regret of β-FTRL). Consider β-FTRL with a fixed α > 0. Consider any loss sequence v1:T and
any comparator sequence u0:T−1 s.t. |ut| ≤ U . The dynamic regret (2.1) of the β-FTRL is bounded as

RT (u0:T−1) ≤
(
U2

2α
+
√
2α

)[
β
√
Vβ(v1:T ) + (1− β)

T∑
t=1

√
Vβ(v1:t)

]

+ 2β

(
max
t∈[1,T ]

|∆t| · max
t∈[1,T ]

|βT−tvt|
)
+ 2(1− β)

T∑
t=1

(
max
s∈[1,t]

|∆s| · max
s∈[1,t]

|βt−svs|
)

+ VARIATION ,

where Vβ(v1:t) :=
∑t

s=1(β
t−svs)

2 is the discounted variance of the losses and

VARIATION := inf

β

N−1∑
i=1

(
bi∑
t=1

βbi−tvt

)
(ūi+1 − ūi) +

N∑
i=1

∑
t∈[ai,bi]

vt(ūi − ut−1)

 ,

and the infimum in VARIATION is taken over all partitions
⋃N

i=1[ai, bi] of [1, T ] and all choices of {ūi}i∈N satisfying
|ūi| ≤ U .
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In Theorem B.4, the variation term VARIATION consists of two terms. The first part

β

N−1∑
i=1

(
bi∑
t=1

βbi−tvt

)
(ūi+1 − ūi)

measures how fast the representative comparators ūi’s change across different subintervals, and we hence call it the
“inter-partition variation”. The second term

N∑
i=1

∑
t∈[ai,bi]

vt(ūi − ut−1)

measures how different ut’s are from the representative comparators ūi’s within each subinterval, and we call it the “intra-
partition variation”. A notable strength of the variation term is that it is the infimum over all partitions and ūi’s. In other
words, the upper bound will automatically adapt to the best choice of partitions and ūi’s without knowing them explicitly.
For instance, choosing

ūi =

∑
t∈[ai,bi]

vtut−1∑
t∈[ai,bi]

vt

would make the intra-partition variation term zero.

Referring to Theorem B.4, we immediately obtain its simplified version in the main text, Theorem 3.1 with the proof in
Subsection B.4. For the case of bounded comparators (β-FTRLD), the dynamic regret can be analyzed using almost the
same strategy, which leads us to state Theorem 3.2 with the proof in Subsection B.5.

B.1. Proof of Theorem B.2

β-FTRL is equivalent to scale-free FTRL with vt ← β−tvt. Therefore, applying Theorem A.1 with vt ← β−tvt leads to

T∑
t=1

β−tvt(∆t−1 − u) ≤
(
u2

2α
+
√
2α

)√√√√ T∑
t=1

(β−tvt)
2
+ 2

(
max
t∈[1,T ]

|∆t|
)(

max
t∈[1,T ]

∣∣β−tvt
∣∣) .

Multiplying both sides by βT completes the proof.

B.2. Proof of Theorem B.3

Overall, the proof draws inspiration from (Zhang et al., 2018b), where a similar partitioning argument was used to prove a
dynamic regret guarantee of a strongly adaptive online learner (Daniely et al., 2015). Throughout the proof, we will omit the
superscript A for brevity, since our argument is independent of specific algorithms.

We start with a simple fact that connects the dynamic regret to the subinterval static regret. For any partition
⋃N

i=1[ai, bi] of
[1, T ] and any choices of {ūi}i∈N ,

RT (u0:T−1) =

N∑
i=1

bi∑
t=ai

vt(∆t−1 − ūi) +

N∑
i=1

bi∑
t=ai

vt(ūi − ut−1) . (B.1)

To handle the static regret on the RHS, we use the following result.
Lemma B.5. On any subinterval [a, b] ⊂ [1, T ], with any u ∈ R,

b∑
t=a

vt(∆t−1 − u) = (1− β)

b∑
t=a

Rt;β(u) + β (Rb;β(u)−Ra−1;β(u)) .

Proof. For all t, notice that

Rt;β(u) =

t∑
s=1

βt−svs(∆s−1 − u) and Rt−1;β(u) =

t−1∑
s=1

βt−svs(∆s−1 − u) ,
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and thus

Rt;β(u)− βRt−1;β(u) = vt(∆t−1 − u) .

Summing over t ∈ [a, b],

b∑
t=a

vt(∆t−1 − u) =

b∑
t=a

Rt;β(u)− β

b∑
t=a

Rt−1;β(u)

= (1− β)

b∑
t=a

Rt;β(u)− βRa−1;β(u) + βRb;β(u) .

Next, applying Lemma B.5 to each [ai, bi] in (B.1) yields:

RT (u0:T−1) = (1− β)

N∑
i=1

∑
t∈[ai,bi]

Rt;β(ūi) + β

N∑
i=1

[Rbi;β(ūi)−Rai−1;β(ūi)] +

N∑
i=1

∑
t∈[ai,bi]

vt(ūi − ut−1) .

Since ai − 1 = bi−1, the second term on the RHS can be rewritten as

N∑
i=1

[Rbi;β(ūi)−Rai−1;β(ūi)] = RT ;β(ūN ) +

N−1∑
i=1

[Rbi;β(ūi)−Rbi;β(ūi+1)]

= RT ;β(ūN ) +

N−1∑
i=1

[(
bi∑
t=1

βbi−tvt

)
(ūi+1 − ūi)

]
.

Combining everything above completes the proof.

B.3. Proof of Theorem B.4

Due to Theorem B.3, for any “approximated comparator sequence” ū1, . . . , ūN ∈ R with |ūi| ≤ U for i ∈ [N ], we have

RA
T (u0:T−1) = βRA

T ;β(ūN ) + (1− β)

N∑
i=1

∑
t∈[ai,bi]

RA
t;β(ūi)

+ β

N−1∑
i=1

[(
bi∑
t=1

βbi−tvt

)
(ūi+1 − ūi)

]
+

N∑
i=1

∑
t∈[ai,bi]

vt(ūi − ut−1) .

Using Theorem B.2 and |ūi| ≤ U ,

RA
T ;β(ūN ) ≤

(
ū2
N

2α
+
√
2α

)√√√√ T∑
t=1

(βT−tvt)2 + 2

(
max
t∈[1,T ]

|∆t|
)(

max
t∈[1:T ]

|βT−tvt|
)

≤
(
U2

2α
+
√
2α

)√
Vβ(v1:T ) + 2 max

t∈[1,T ]
|∆t| · max

t∈[1:T ]
|βT−tvt| ,

and similarly, for any t and ūi,

RA
t;β(ūi) ≤

(
U2

2α
+
√
2α

)√
Vβ(v1:t) + 2 max

s∈[1,t]
|∆s| · max

s∈[1:t]
|βt−svs| .

Putting these bounds into the equality and taking the infimum on the RHS (over the partition and the {ūi}i∈N sequence
satisfying |ūi| ≤ U ) complete the proof.
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B.4. Simplification for unbounded domain: Theorem 3.1

Theorem 3.1 follows as a corollary of Theorem B.4 with the partition
⋃T

t=1{t}, U = αDβ and ūt = ut for all t. With such
choices, we have

VARIATION ≤ β

T−1∑
t=1

(
t∑

s=1

βt−svs

)
(ut − ut−1) .

Recall that Mβ := maxt∈[1,T ]
|∑t

s=1 βt−svs|√∑t
s=1(β

t−svs)2
. Hence, it follows that

∣∣∣∣∣
t∑

s=1

βt−svs

∣∣∣∣∣ ≤Mβ

√
Vβ(v1:t) .

Therefore, the VARIATION term in Theorem B.4 is reduced to

VARIATION ≤ βMβ

T−1∑
t=1

√
Vβ(v1:t) |ut − ut+1| ,

and thus the bound becomes (notice that U = αMβ and β < 1)

RT (u0:T−1) ≤
(
1

2
αM2

β +
√
2α

)[√
Vβ(v1:T ) + (1− β)

T∑
t=1

√
Vβ(v1:t)

]
+ 2αMβG [1 + (1− β)T ]

+Mβ

T−1∑
t=1

√
Vβ(v1:t) |ut − ut−1| . (B.2)

For all t, using β < 1

Vβ(v1:t) =

t∑
s=1

(βt−svs)
2 ≤ G2

∞∑
i=0

β2i =
G2

1− β2
<

G2

1− β
.

Therefore,

RT (u0:T−1) ≤
(
1

2
αM2

β +
√
2α

)[
G√
1− β

+
√
1− βGT

]
+ 2αMβG [1 + (1− β)T ] +

MβGP√
1− β

= O
((

α+ αM2
β +MβP

) G√
1− β

+
(
α+ αM2

β

)√
1− βGT

)
.

Hence, we arrive at Theorem 3.1 presented in the main paper.

B.5. Simplification for bounded domain Theorem 3.2

For the case of bounded comparators, i.e., |ut| ≤ D, we consider β-FTRLD, the D-clipped version of β-FTRL:

∆t = −clipD

α

∑t
s=1 β

t−svs√∑t
s=1(β

t−svs)2

 , (β-FTRLD)

where clipD(x) = xmin( D
|x| , 1). With β-FTRLD, since |∆t| ≤ D at each step, the following regret bound holds. The proof

boils down to verifying that the entire proof strategy of Theorem B.2 goes through even with projection.

Theorem B.6 (Discounted regret of β-FTRLD). For all T > 0, loss sequence v1:T and comparator |u| ≤ D, the discounted
regret bound of β-FTRLD is

RT ;β(u) ≤
(
u2

2α
+
√
2α

)√√√√ T∑
t=1

(βT−tvt)2 + 2D

(
max
t∈[1:T ]

|βT−tvt|
)

.
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Now based on this discounted regret bound, we prove the claimed dynamic regret bound in Theorem 3.2. Similar to the
proof of Theorem 3.1, from Theorem B.4, we choose the partition to be ∪Tt=1{t}, and let U = D and ūt = ut for all t. With
such choices, we have

VARIATION ≤ β

T−1∑
t=1

∣∣∣∣∣
t∑

s=1

βt−svs

∣∣∣∣∣ |ut − ut−1| .

Therefore, the upper bound in Theorem B.4 becomes (notice that α = U = D and β < 1)

RT (u0:T−1) ≤ 2D

[√
Vβ(v1:T ) + (1− β)

T∑
t=1

√
Vβ(v1:t)

]
+ 2DG [1 + (1− β)T ] + β

T−1∑
t=1

∣∣∣∣∣
t∑

s=1

βt−svs

∣∣∣∣∣ |ut − ut−1|

≤ 4D

[√
Vβ(v1:T ) + (1− β)

T∑
t=1

√
Vβ(v1:t)

]
+

T−1∑
t=1

∣∣∣∣∣
t∑

s=1

βt−svs

∣∣∣∣∣ |ut − ut−1| .

Now notice that for all t, since β < 1,

Vβ(v1:t) =
t∑

s=1

(βt−svs)
2 ≤ G2

∞∑
i=0

β2i =
G2

1− β2
<

G2

1− β
, and∣∣∣∣∣

t∑
s=1

βt−svs

∣∣∣∣∣ ≤ G

∞∑
t=0

βt ≤ G

1− β
.

Substituting these bounds back to the bound on RT (u0:T−1), we obtain

RT (u0:T−1) ≤ 4DG

(
1√

1− β
+
√
1− β · T

)
+

GP

1− β
.

Therefore, we arrive at Theorem 3.2 presented in the main paper.

C. Benefits of momentum and discounting factor
This section presents omitted details from Subsection 3.2. The goal is to justify the benefits of Adam’s algorithmic
components, namely the momentum and the discounting factor.

C.1. Proof of lower bounds (Theorem 3.3)

For simplicity, we start by assuming T is a multiple of 4. Consider the following loss sequence: For 1 ≤ t ≤ T/2,

vt =

{
(1, 0) for t even,
(0, 1) for t odd.

For T/2 < t ≤ T ,

vt =

{
(−1, 0) for t even,
(0,−1) for t odd.

The comparator sequence u0:T−1 is given as ut = (−1,−1) for 0 ≤ t ≤ T/2− 1 and ut = (1, 1) for t ≥ T/2. Then, we
have

∑T
t=1⟨vt,ut−1⟩ = −T .

As for the total loss,

• Consider the baseline (3.2). Since vt[i]vt+1[i] = 0 for all t ≥ 1 and i = 1, 2, we have

T∑
t=1

⟨vt,∆t−1⟩ =
T∑

t=1

2∑
i=1

vt[i]∆t−1[i] = −
T∑

t=1

2∑
i=1

αt−1[i]vt−1[i]vt[i] = 0.
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• Consider β-FTRLD with β = 1 and D = 1. Recall its coordinate-wise update rule,

∆t[i] = −clip1

α

∑t
s=1 vs[i]√∑t
s=1 vs[i]2

 .

From the loss sequence, it follows that
∑t

s=1 vs[i] ≥ 0 for all t, and hence, we have −1 ≤∆t[i] ≤ 0 for all t ≥ 0 and
i = 1, 2. Hence,

∑T
t=1⟨vt,∆t−1⟩ ≥ −T/2.

This completes the proof under the assumption that T is a multiple of 4.

For general T , let T̂ be the largest integer less or equal to T which is a multiple of 4. Then, we define v1:T̂ and
u1:T̂−1 as the aforementioned loss and comparator sequences (with T replaced by T̂ ), and this yields lower bounds on∑T̂

t=1⟨vt,∆t−1 − ut−1⟩. As for the time index satisfying T̂ < t ≤ T , we define vt = (0, 0) and ut−1 = uT̂−1. In this

way, altogether,
∑T

t=1⟨vt,∆t−1 − ut−1⟩ =
∑T̂

t=1⟨vt,∆t−1 − ut−1⟩, and the lower bounds for the latter can be applied.

C.2. Proof of Corollary 3.4

Using Theorem 3.2 with β = 1− cT−2/3,

RT (u0:T−1) ≲
DG√
1− β

+
DG

1− β
+
√
1− βDGT (Theorem 3.2)

=
DGT 1/3

√
c

+
PGT 2/3

c
+
√
cDGT 2/3

≲ DGT 2/3c1/2
(
1 +

c−3/2P

D

)
.

With the optimal tuning c = Θ
(
(P/D)2/3

)
, it becomes O(GD2/3P 1/3T 2/3).

C.3. Proof of Corollary 3.5

Consider β < 1 first. Since the environment is well-behaved with constant M , we can invoke Theorem 3.1 with Mβ

there replaced by M . Notice that M is independent of β, therefore at the end we may tune β using M . Concretely, using
Theorem 3.1 with β = 1− cT−1,

RT (u0:T−1) ≲

(
αM2 +MP

)
G

√
1− β

+
√
1− βαM2GT (Theorem 3.1)

= MG
√
Tc

1/2

(
αM + P

c
+ αM

)
≲ αM2G

√
Tc

1/2

(
1 +

c−1P

αM

)
.

With the optimal tuning c = Θ
(
P/(αM)

)
, it becomes O(α1/2M 3/2GP 1/2T 1/2).

Next, consider β = 1. We follow the same analysis in Subsection B.4 until (B.2), before plugging in any β. Then, instead of
using β < 1 there, we plug in β = 1, which yields

R[0,T−1](u0:T−1) ≤
(
1

2
αM2 +

√
2α

)√
V1(v1:T ) + 2αMG+M

T−2∑
t=0

√
V1(v1:t+1) |ut − ut+1|

≲
(
αM2 +

√
2α
)
G
√
T +MG

√
T

T−2∑
t=0

|ut − ut+1|

≲ MGP
√
T . (T ≫ 1, and P ≫ αM )
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D. Details on optimization
D.1. Proof of Theorem 4.1

Since F is differentiable, the fundamental theorem of calculus implies that for all x,y ∈ Rd, F (y)− F (x) =
∫ 1

0
⟨∇F (x+

t(y − x)),y − x⟩dt. Hence, we have

F (wt+1)− F (wt) =

∫ 1

0

⟨∇F (wt + s∆t),∆t⟩ds = Es∼Unif([0,1])⟨∇F (wt + s∆t),∆t⟩

Now, summing over t and telescoping yield the desired equality.
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