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Abstract
In this paper, we present Partially Stochastic
Infinitely Deep Bayesian Neural Networks, a
novel family of architectures that integrates par-
tial stochasticity into the framework of infinitely
deep neural networks. Our new class of architec-
tures is designed to improve the computational
efficiency of existing architectures at training and
inference time. To do this, we leverage the ad-
vantages of partial stochasticity in the infinite-
depth limit which include the benefits of full
stochasticity e.g. robustness, uncertainty quan-
tification, and memory efficiency, whilst improv-
ing their limitations around computational com-
plexity. We present a variety of architectural
configurations, offering flexibility in network de-
sign including different methods for weight par-
tition. We also provide mathematical guaran-
tees on the expressivity of our models by es-
tablishing that our network family qualifies as
Universal Conditional Distribution Approxima-
tors. Lastly, empirical evaluations across multi-
ple tasks show that our proposed architectures
achieve better downstream task performance and
uncertainty quantification than their counterparts
while being significantly more efficient. The
code can be found at https://github.com/
Sergio20f/part_stoch_inf_deep

1. Introduction
By conceptualising neural networks as a composition of
infinitely many residual layers, Neural ODEs (Chen et al.,
2018) transform the output of a network into the solution
of an ODE (Haber & Ruthotto, 2017). This approach of
infinite-depth parametrisation has two primary advantages:
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it permits a nuanced balance between computational cost
and precision via adaptive computation tailored to specific
error tolerances, and it notably diminishes memory require-
ments during training. The latter is achieved by using the
adjoint method which allows reverse-time reconstruction of
states, facilitating the use of such models in time series and
diffusion applications (Calvo-Ordoñez et al., 2023).

Previous work (Xu et al., 2022) proposed a framework
for implementing Bayesian Neural Networks (BNNs) in
this infinite-depth limit using Neural SDEs (Liu et al.,
2019). These models offer a probabilistic interpretation
of continuous-time neural networks by placing a prior dis-
tribution over the network’s weights and updating them
through Bayesian inference steps. This involves inferring
distributions over parameters rather than relying on point
estimates (Mackay 1992; Neal 1995). This approach in-
troduces several key benefits like accounting for model un-
certainty (Bergna et al. 2023; Van Amersfoort et al. 2020;
Ustyuzhaninov et al. 2020; He et al. 2023), which is key in
high-stakes environments such as financial forecasting (Ar-
royo et al. 2024; Moreno-Pino & Zohren 2022) or healthcare
(Vanderschueren et al. 2023).

However, for both continuous and discrete BNNs, the pro-
cess of estimating the posterior distribution of network
weights typically involves computationally intensive tech-
niques like Markov Chain Monte Carlo or variational in-
ference methods, both of which can be resource-heavy and
time-consuming (Neal 1995; Blundell et al. 2015). These
methods often require a large number of iterations or com-
plex optimisation procedures to accurately approximate the
posterior distribution. Additionally, the need to store and
process multiple samples for each weight during training
and inference further escalates the computational load.

To overcome these challenges, previous research has ex-
plored partially stochastic networks as a potential solution
in finite-depth settings (Daxberger et al. 2021b; Kristiadi
et al. 2020; Li et al. 2024). These networks restrict stochas-
ticity to a subset of the model’s parameters, denoted as
Θ = ΘS ∪ΘD, and the learning process involves estimat-
ing a distribution for ΘS while obtaining point estimates
for ΘD. These methods aim to achieve greater computa-
tional efficiency while retaining the benefits of Bayesian ap-
proaches. Initially, the main idea of these architectures was
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to approximate fully stochastic networks with a trade-off
between computational efficiency and accuracy. However,
Sharma et al. (2023) provide both theoretical and empir-
ical evidence to demonstrate that partially stochastic net-
works can achieve comparable, if not superior, performance
to their fully stochastic counterparts. While Sharma et al.
(2023) leaves the selection of non-stochastic components
in BNNs largely unexplored, works focusing on Variational
Bayesian Last Layers like Harrison et al. (2024), address
this issue. As there is no trivial way to split the weights
into subsets of deterministic and stochastic weights in the
infinite-depth limit, previous research has only explored
finite-depth regimes. However, studies such as Farquhar
et al. (2020) hint towards the viability of extending this
approach to an infinite-depth configuration.

Building on these insights, our work introduces Par-
tially Stochastic Infinitely Deep Bayesian Neural Networks
(PSDE-BNNs). This class of architectures combines the
flexibility of neural differential equations with the efficient
uncertainty quantification of partially stochastic networks.
By selectively introducing noise into the weights process,
our model achieves an enhanced representation of uncer-
tainty and superior performance in downstream tasks com-
pared to fully stochastic counterparts. Additionally, it sig-
nificantly reduces the computational overhead typically as-
sociated with infinitely deep BNNs. Our contributions to
the field are summarised as follows:

• We introduce the concept of partial stochasticity within
continuous-time neural models, expanding the existing
framework of Bayesian Neural Networks.

• We provide a detailed mathematical framework to in-
corporate partial stochasticity into the evolution of the
weights of infinitely deep BNNs.

• We prove mathematically under which specific condi-
tions infinitely deep BNNs fail to be Universal Con-
ditional Distribution Approximators (UCDAs). Con-
versely, we demonstrate that Partially Stochastic In-
finitely Deep BNNs, under different conditions, do
qualify as UCDAs.

• We demonstrate that our class of models outperforms
fully stochastic networks in downstream tasks and un-
certainty quantification, showing that full stochasticity
may not be necessary. We further conduct ablation
studies on key PSDE-BNN hyperparameters.

2. Background and Preliminaries
We build upon existing infinite-depth networks, as well as
concepts of partial stochasticity in discrete networks.

Neural Ordinary Differential Equations A Neural ODE
(Chen et al., 2018) consists of a continuous-time hidden state
model, whose rate of change is given by a neural network.
Given an input x, a Neural ODE can be written as

dht
dt

= fθ(t, ht), h0 = x,

where fθ is a Lipschitz function defined by a neural network
with parameters θ. To evaluate the Neural ODE at an input
x, we use an ODE solver, and backpropagation is computed
using the adjoint sensitivity method (Li et al., 2020).

Partial Stochasticity in Bayesian Neural Networks In
Bayesian Neural Networks (Lampinen & Vehtari, 2001; Tit-
terington, 2004), parameters are treated as random variables,
with the aim to infer their posterior distribution p(w|D)
given a dataset D and prior p(w). Approximate inference
involves finding an approximate posterior, often through a
parametrisation qθ(w). Specifically, variational inference
methods intend to maximise the Evidence Lower Bound
(ELBO), or equivalently, minimise the Kullback-Leibler
(KL) divergence between qθ(w) and p(w|D). The gradient
of this objective can be computed using Monte-Carlo sam-
ples via Stochastic Variational Inference (Hoffman et al.,
2013). In addition, previous studies suggest that full stochas-
ticity is unnecessary for effective posterior approximation
in finite-depth BNNs (Sharma et al., 2023). Extending these
findings, we show that partial stochasticity preserves the
expressivity of BNNs in the infinite-depth regime.

SDEs as Approximate Posteriors Stochastic differential
equations introduce Brownian motion as a source of con-
tinuous noise in the dynamics of a time-dependent state
Xt (Oksendal, 2013). Formally, a d-dimensional stochastic
differential equation driven by a m-dimensional Brownian
motion Bt on a time interval [0, T ] is often written as

dXt = µ(t,Xt)dt+ σ(t,Xt)dBt,

where µ : [0, T ]× Rd → Rd (the drift), σ : [0, T ]× Rd →
Rd×m (the volatility or diffusion matrix) are Lipschitz func-
tions in the state, and satisfy a linear growth condition.
Such conditions ensure the existence and uniqueness of a
strong solution, given a square-integrable initial condition
X0. SDEs are a natural way of embedding stochasticity in a
continuous-time framework, hence they are fit for modeling
infinitely deep networks in a Bayesian setting. For these
networks, Xu et al. (2022) propose to model the prior on
weights (wt)t∈[0,1] as an SDE

dwt = fp(t, wt)dt+ gp(t, wt)dBt, (1)

and parametrize the approximate posterior using a Neural
SDE, where the drift fq is a neural network with parameters
θ

dwt = fq(t, wt; θ)dt+ gp(t, wt)dBt. (2)
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Variational inference on SDEs was introduced by Archam-
beau et al. (2007), and previous work has relied on other
techniques to learn the coefficients of SDEs, such as the
Karhunen-Loève expansion of Brownian motion (Ghosh
et al., 2022). The parametrization of the weights given by
(2) requires using KL divergence on path spaces. Mini-
mizing this divergence between path measures induced by
diffusion processes is a well-studied mathematical prob-
lem (Cattiaux & Léonard, 1994) which has been recently
leveraged in the context of learning the Schrödinger Bridge
Problem (Vargas et al., 2023) and regularizing generative
models (Richter et al., 2024; Vargas et al., 2024). We use the
following infinite-dimensional version of the KL divergence
(Tzen & Raginsky, 2019; Li et al., 2020)

DKL (µq∥µp) = Eqθ(w)

[∫ 1

0

1

2
∥uθ(t, wt)∥22 dt

]
where

uθ(t, wt) = gp (t, wt)
−1

[fq (t, wt; θ)− fp (t, wt)] ,

with µp, µq being the prior and posterior measures on the
path space P ⊂ R[0,1] induced by (1) and (2) respectively.
We show that when only a fraction of the weights are
stochastic, such approximate posteriors yield UCDAs.

3. Method
Standard discrete-depth residual networks (He et al., 2016)
can be defined as a composition of layers of the form

ht+δ = ht + δf(ht;wt), t = 1, . . . , T, (3)

where t is the layer index, ht ∈ Rdh represents a vector
of hidden unit activations at layer t, the input is h0 = x,
wt are the parameters for layer t, and δ = 1. Taking
δ = 1/T and letting T → ∞ yields a Neural ODE
dht = fh(t, ht;wt)dt, where fh is a neural network with
parameters wt. These parameters can also be modelled by
a neural network (more precisely, a hypernetwork), which
in the infinite-depth limit becomes itself a neural differ-
ential equation dwt = fq(t, wt; θ)dt (or, in the Bayesian
setting, a Neural SDE). Therefore, fq is a neural network
parametrised by θ which models the continuous evolution
of the parameters of fh. Finally, in this framework, the
only trainable parameters are the vector θ and w0. While
we use an SDE formalism similar to generative diffusion
models, our model is discriminative. It ultimately learns
the conditional distribution p(y | x) via continuous latent
variables.

We now present a detailed mathematical formulation for the
class of Partially Stochastic Infinitely Deep BNNs.

3.1. Vertical Separation of the Weights

First, we consider a vertical separation of the weights in the
neural network fq (Figure 1). Let wt ∈ Rdw represent the
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Figure 1. Vertical Cut: Sample paths of wt when (left) not fixing
wt2 vs. (right) fixing wt2 . If we do not fix wt2 , wt will be
random in the interval (0.6, 1). Here, fq = cos(20t), gp = 0 for
t /∈ (0.3, 0.6), and fq = 0, gp = 1 for t ∈ (0.3, 0.6).

weights of layer t ∈ [0, 1], and t1 < t2 be cutoff points of
the interval where the weights evolve stochastically, then
consider an infinite-depth network architecture such that:

• For t /∈ (t1, t2), the dynamics of wt are deterministic,
i.e

dwt = fq(t, wt; θ)dt, (4)

where fq : [0, 1] × Rdw → Rdw is a neural network
parametrised by θ ∈ Rdθ .

• For t ∈ (t1, t2), we treat wt as a random vector, and
perform Bayesian inference. To that end, we define a
prior as the solution of the SDE

dwt = fp(t, wt)dt+ gp(t, wt)dBt, (5)

as well as an approximate posterior

dwt = fq(t, wt; θ)dt+ gp(t, wt)dBt, (6)

where Bt is a standard dw-Brownian motion, and
fp, gp are deterministic functions fixed a priori.

Notice that the diffusion of the approximate posterior is
fixed to match the prior diffusion. This is to ensure that the
KL divergence between the prior and posterior measures on
paths µp and µq respectively, is finite. This can be formu-
lated in the following lemma (see Archambeau et al., 2007
for a proof).
Lemma 1. Assume the prior and posterior of wt are given
as

dwt = fp(t, wt)dt+ σp(t, wt)dBt, (7)

dwt = fq(t, wt)dt+ σq(t, wt)dBt. (8)

Assume that σp, σq are continuous. If there exists t ∈ (0, 1)
such that σq(t, wt) ̸= σp(t, wt) with non-zero probability,
then DKL (µq∥µp) = ∞.

Over the whole time interval [0, 1], the hidden state dynam-
ics ht ∈ Rdh is given by

dht = fh(t, ht;wt)dt, (9)
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where fh(t, ht;wt) is again a neural network whose param-
eters are wt.

In our model, the points t1 and t2 play a key role in dic-
tating the behaviour of the neural network parameters wt.
Specifically, wt1 denotes the initial condition of the SDE,
which, if t1 > 0, also serves as the terminal value of the
ODE governing the weight evolution in the interval [0, t1).
Conversely, wt2 is the sampled state at the SDE’s endpoint.
When t2 < 1, deciding the initial value for the subsequent
ODE spanning [t2, 1] becomes crucial. The first approach is
to continue with the same vector wt2 , allowing for a contin-
uous transition into the ODE. Alternatively, the initial value
for this ODE could be fixed a priori or set as a learnable pa-
rameter. This choice significantly influences the network’s
parameter trajectory: using the same wt2 introduces an el-
ement of randomness beyond t2, as illustrated in Figure 1
(left), where wt is non-deterministic in the interval (0.6, 1).
On the other hand, fixing wt2 a priori, as shown in Figure
1 (right), ensures that wt remains deterministic throughout
the interval (0.6, 1).

In conclusion, the dynamics of the whole system can then
be written as a single SDE in Rdh+dw :

d

[
ht
wt

]
=

[
fh(t, ht;wt)
fq(t, wt; θ)

]
dt+

[
0

gp(t, wt)

]
dBt, (10)

where we impose gp(t, wt) = 0 for t /∈ (t1, t2). For the
initial conditions, we impose h0 = a(x), where x is the
input data point and a : Rdx → Rdh corresponds to a pre-
processing step. The initial weight w0 ∈ Rdw is a trainable
parameter. Note that (10) is a slight abuse of notation, since
wt might jump at time t2.

3.2. Horizontal Separation of the weights

In (10), gp(t, wt) : R × Rdw → Rdw × Rdw denotes the
diffusion matrix of wt. Similar to Sharma et al. (2023),
where parameters in a single hidden layer are separated into
deterministic and stochastic groups, we can perform this
parameter separation in the same layer if we set the diffusion
matrix gp(t, wt) to zero in our SDE setting, e.g.

gp(t, wt) =

[
σIm1 0m1×m2

0m2×m1
0m2

]
.

Refer to Figure 2 for an intuitive understanding where
m1 = m2 = 1. In this configuration, only the first m1

elements of wt interact with the Brownian motion Bt, and
are thus random, while the remaining m2 elements are de-
terministic. We term this division a “horizontal separation”.
It is important to highlight that, within this horizontal sep-
aration framework, the function fq(t, wt; θ) must also be
split, and therefore distinctly formulated for the stochastic

(S) and deterministic (D) weights:

fq =

[
fθS (t, w

S
t ; θS)

fθD (t, w
D
t ; θD)

]
,

where wS
t represents the subset of wt corresponding to the

indices in S, this allows us to reformulate (10) as follows:

d

 htwD
t

wS
t

 =

fh(t, ht;wS
t , w

D
t )

fθD (t, w
D
t ; θD)

fθS (t, w
S
t ; θS)

dt+

 0
0

gp(t, w
S
t )

dBt.

(11)

The rationale behind separating fq stems from the neces-
sity of maintaining the deterministic nature of wD

t in this
setting. Otherwise, if fθD were to incorporate wS

t as an
input, it would introduce stochastic elements into fθD , and
consequently, wD

t would no longer remain deterministic.

For a better understanding, we refer to Figure 2, which
illustrates the concept in a 2D setting for wt. In the middle
panel, we do not separate fq, resulting in a random wD

t ,
which is not desirable. In the right panel, we separate fq,
which gives a fixed wD

t .

3.3. Training the Network

To evaluate our network given an input x, we integrate (10)
using both a SDE and ODE solver to obtain a distribution for
h1. We then use h1 to compute the likelihood of the output
y. Our trainable parameters are Θ = (w0, θ) ∈ Rdw × Rdθ

(or Θ = (w0, wt2 , θ) ∈ Rdw ×Rdw ×Rdθ if t2 < 1 and we
set wt2 as a learnable parameter). We perform approximate
inference on wt, as done by Xu et al. (2022). Thus, we
maximise the ELBO:

LV (Θ) = Eqθ

[
log p(D|w)− κ

∫ t2

t1

||uθ(t, wt)||2dt
]
(12)

where uθ(t, wt) = gp(t, wt)
−1[fp(t, wt)− fq(t, wt; θ)].

In (12), the expectation is taken with respect to the approx-
imate posterior distribution on the whole path (wt)0≤t≤1.
Note that κ is a coefficient that determines the weight of
the KL divergence term in the ELBO, and that (12) corre-
sponds to a model with vertical separation of the weights.
We use the stochastic variational inference scheme of Li et
al. (2020) to compute the gradient of the loss with respect
to Θ. For the horizontal cut (11), the ELBO takes the form:

LH(Θ) = Eqθ

[
log p(D|w)− κ

∫ t2

t1

||uSθ (t, wS
t )||2dt

]
,

with uSθ (t, w
S
t ) = gp(t, w

S
t )

−1[fp(t, w
S
t )−fθS (t, wS

t ; θS)].
As for the prior process, we use the Ornstein–Uhlenbeck
(OU) process as in Xu et al. (2022).
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Figure 2. Horizontal Cut: Sample paths of wS (left) and wD when not separating fq (middle) vs. separating fq (right). If we do not
separate fq , then wD will also be random. Here, when not separating fq , we take fq = [−wS , t + wD + wS ] and gp = [1, 0], when
separating fq , we take fq = [−wS , t+ wD] and gp = [1, 0].

4. Expressivity Guarantees
In this section, we investigate the conditions under which
our Partially Stochastic Infinitely Deep Bayesian Neural
Networks qualify as Universal Conditional Distribution Ap-
proximators (UCDAs).

4.1. Constrained Infinitely Deep Bayesian Neural
Networks are not Universal Approximators

Dupont et al. (2019) proved that a n-dimensional Neural
ODE: {

dv(t)
dt = f(v(t), t)

v(0) = x,

with globally Lipschitz continuous f : Rn × R → Rn and
a linear output layer L : Rn → R cannot approximate the
following function z : Rn → R{

z(x) = −1 if ∥x∥ ≤ r1

z(x) = 1 if r2 ≤ ∥x∥ ≤ r3,
(13)

where r1 < r2 < r3. Define the flow of the ODE given
the initial value x as ϕt(x) = v(t). Dupont et al. (2019)
mainly proved that the feature mapping ϕ1(x) : Rn → Rn

is a homeomorphism and therefore it is impossible for the
linear layer L to separate ϕ1({∥x∥ ≤ r1}) and ϕ1({r2 ≤
∥x∥ ≤ r3}). Similar arguments apply to our setting which
we define by (10) with dx = dh and a(x) = x and we
formalise it into the theorem below:

Theorem 4.1. Let (Ω,F ,P) denote a probability space.
All random variables and stochastic processes considered
are defined in that space. Consider a Linear output layer
L : Rdx → R and the dynamics

d

[
ht
wt

]
=

[
fh(t, ht;wt)
fq(t, wt; θ)

]
dt+

[
0

gp(t, wt)

]
dBt, (14)

with h0 = x,w0 = 0 , where fh : R×Rdx ×Rdw → Rdx ×
Rdw is globally Lipschitz continuous in ht and continuous

in t and w, fq : R× Rdw → Rdw is continuous in t and w
and gp : R×Rdw →: Rdw ×Rdw is Lipschitz continuous in
wt, continuous in t and satisfies a linear growth condition.
Define the flow of ht given the initial value x as ψt(ω, x) =
ht, where ω ∈ Ω denotes the sample. The final output
L(ψ1(ω, x)) cannot represent the function z defined in (13)
in the sense of supreme norm. That is:

P
(
sup
x∈A

|L(ψ1(ω, x))− z(x)| > 1/2

)
= 1,

where A = {∥x∥ ≤ r1, x ∈ Rdx} ∪ {r2 ≤ ∥x∥ ≤ r3, x ∈
Rdx} is the domain of z(x).

The detailed proof is in Appendix A.

4.2. Partially Stochastic Infinitely Deep Bayesian Neural
Networks are UCDAs

We investigate the expressivity of our model, that is, we
investigate whether it is possible to approximate any condi-
tional distribution with a posterior as defined in our PSDE-
BNN architectures. Theorem A.1 hints to get a positive
result, especially because we benefit from an “infinite-
dimensional” source of noise through the Brownian Motion
Bt. However, since the hidden state ht is modelled with
an ODE (for a fixed weight trajectory (wt)t∈[0,1]), we need
to augment the input space to unlock the model’s approx-
imation power, as done by Dupont et al. (2019) with the
so-called Augmented Neural ODEs. Our theorem leverages
four main results.

First, we assume that, for m ∈ N large enough, there exists
a continuous generator function for the conditional distri-
bution Y |X , i.e, a function f̃ : X × Rm → Y such that
for any η ∼ N (0, Im) independent of X , (X, f̃(X, η)) is
distributed like (X,Y ). This assumption is motivated by the
Noise Outsourcing lemma (Kallenberg, 2010) and we state
it in Appendix A. Second, we use the results on the approxi-
mation capabilities of Neural ODEs, first proven by Zhang
et al. (2020) - Lemmas 3 and 4 in Appendix A. Finally, we
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use the fact that Partially Stochastic finite-depth Bayesian
Neural Networks are UCDAs (Sharma et al., 2023), as stated
in Appendix A. We now present our main result:

Theorem 4.2. Let X,Y be random variables taking values
in X ⊂ Rdx ,Y ⊂ Rdy respectively. Assume X is compact.
Assume further that there exists a continuous generator
function f̃ : Rm ×X → Y for the conditional distribution
Y |X for some m ≥ dy. Consider a PSDE-BNN model
given by (10), with dh, dw large enough. Then, for all ε > 0,
there exist A ∈ F , a, fh, fq, gp, θ, a linear operator L and
a random variable η ∼ N (0, Im) independent of X such
that

(i) P(A) ≥ 1− ε,

(ii) ∀ω ∈ A, x ∈ X , ||L(ψ1(ω, x))− f̃(η(ω), x)|| ≤ ε.

In other words, there exists a PSDE-BNN model that ap-
proximates Y |X with high probability.

The detailed proof is in Appendix A. At a high level, we
construct a suitable PSDE-BNN architecture which, for
t2 < 1, allows wt2 to be either fixed a priori, a learnable
parameter, or the solution to the SDE in (6) at time t2. For
the architecture of fq(t, wt; θ), we introduce the following
structure:

• We partition the whole time interval [0, 1] into three
distinct decision regions, namely R1, R2 and R3. The
specifics of these regions are elaborated upon in the
proof in Appendix A.

• For each region, we employ a network architecture ca-
pable of approximating any continuous function. Such
architectures include fixed-width deep ReLU networks
(Yarotsky, 2017) and fixed-depth wide networks with
non-polynomial activations (Leshno et al., 1993). The
parameters for each region θ1, θ2 and θ3 are distinct
but collectively form the parameter vector θ.

We assume the volatility gp(t, wt) to be a constant matrix for
each of the time regions Ri. For the function fh(t, ht;wt),
we use a similar architecture where the parameters corre-
spond to the partially stochastic weights wt. This construc-
tion allows us to find suitable parameters for our PSDE-
BNN which approximate f̃ with high probability.

5. Experiments
In this section, we detail our Partially Stochastic Infinitely
Deep BNNs’ performance for image classification, uncer-
tainty quantification, and learning efficiency. We compare
these results with fully stochastic, partially stochastic and
deterministic baselines, and we perform ablation studies to
understand the impact of key hyperparameters.

5.1. Experimental Setup

In the design of our model, we implement a similar ap-
proach to Xu et al. (2022) by parametrising the drift of the
variational posterior fq through a multilayer perceptron. On
the other hand, we choose a convolutional architecture for
fh, although it can be widely varied across the given tasks.

We conduct our experiments under three distinct configura-
tions. The first configuration, termed ‘SDEfirst’, is defined
by setting the initial time cut, t1, to 0. In this setup, the
weights process is initially modelled with an SDE and then
transitions to an ODE regime. Within this framework, we
explore two sub-settings: one where the initial values of the
ODE are the weights obtained from the SDE, and another,
labelled ‘fix w2’, where the initial values of the ODE
are trainable parameters. The second configuration, ‘ODE-
First’, sets the second time cut, t2, to 1, i.e. the endpoint
of the considered time frame. Here, the weight evolution
initially follows an ODE, with stochasticity introduced in
the subsequent phase. The last configuration, the Horizon-
tal Cut method (‘Hor. Cut’), splits the weight vector into
two subsets, S and D - here t1 = 0 and t2 = 1. These
segments evolve according to an SDE, discretised using the
Euler-Maruyama scheme, and an ODE computed using the
Euler scheme. Two critical criteria guide the selection of
t1 and t2. The first criterion is the data’s uncertainty and
complexity. For data with high uncertainty or limited prior
knowledge, extending the stochastic phase ( t2 in ‘SDE-
First’) may be advantageous. Conversely, when more prior
information is available, prolonging the deterministic phase
( t1 in ‘ODEFirst’) could benefit the model more. The
second criterion is computational efficiency. Models with
an extended stochastic phase may require greater compu-
tational resources, which is an important consideration in
scenarios with limited computational budgets. Table 4 pro-
vides further insights into the impact of t1 and t2 on the
performance and computational time of our models.

We employ a comprehensive grid search for hyperparameter
optimisation, and the final values are detailed in Appendix
E. Across all experiments, the diffusion function gp is set to
a constant value. Lastly, experiments were conducted on a
single Nvidia RTX 3090 GPU.

5.2. Image Classification

Similar to Xu et al. (2022), the hidden state’s instantaneous
modifications (fh) are parameterised with a convolutional
neural network, which includes a strided convolution for
downsampling and a transposed convolution layer for up-
sampling. The parameters wt are set to be the weights and
biases of these layers. The MLP parametrising fq includes
bottleneck layers (e.g. 2-128-2) in order to minimise the
variational parameters and ensure linear scalability with
the dimension of wt. For the MNIST (LeCun et al., 2010)
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Table 1. Classification accuracy and expected calibration error (ECE) on MNIST and CIFAR-10 (across 3 seeds). We borrow several
baseline results from Xu et al. (2022) (indicated by †) and add the results for our PSDE-BNN models and an extra ResNet32 + Last-Layer
Laplace approximation. Models are separated into point estimates, stochastic and partially stochastic “discrete-time”, and continuous-time
models. We also provide the SDE-BNN model performance when trained for the same amount of time it takes our models to train.

MNIST CIFAR-10

Model Accuracy (%) ↑ ECE (×10−2) ↓ Accuracy (%) ↑ ECE (×10−2) ↓

ResNet32† 99.46 ± 0.00 2.88 ±0.94 87.35 ±0.00 8.47 ± 0.39
ODENet† 98.90 ±0.04 1.11 ± 0.10 88.30 ± 0.29 8.71 ±0.21

MFVI ResNet 32† 99.40 ± 0.00 2.76 ± 1.28 86.97 ± 0.00 3.04 ± 0.94
MFVI† — — 86.48 1.95
ResNet32 + LL Laplace — — 92.10 2.98
Deep Ensemble† — — 89.22 2.79
HMC (“gold standard”)† 98.31 1.79 90.70 5.94

MFVI ODENet† 98.81 ±0.00 2.63 ±0.31 81.59 ±0.01 3.62 ±0.40
MFVI HyperODENet† 98.77 ±0.01 2.82 ±1.34 80.62 ±0.00 4.29 ±1.10
SDE-BNN 98.55 ±0.09 0.63 ±0.10 86.04 ±0.25 9.13 ±0.28
PSDE-BNN - ODEFirst (ours) 99.30 ±0.06 0.62 ±0.08 87.84 ± 0.08 4.73 ±0.07
PSDE-BNN - SDEFirst (ours) 99.10 ±0.07 0.56 ± 0.10 85.34 ±0.21 3.56 ± 0.15
PSDE-BNN - fix w2 (ours) 99.30 ±0.07 0.60 ± 0.10 87.49 ±0.24 5.27 ± 0.17
PSDE-BNN - Hor. Cut (ours) 99.27 ± 0.03 0.57 ± 0.06 87.78 ± 0.37 4.29 ± 0.37

SDE-BNN (same training time) 94.23 ± 0.02 0.14 ± 0.02 69.94 ± 0.21 1.52 ± 0.23

dataset, a single SDE-BNN block is utilised, whereas, for
CIFAR-10 (Krizhevsky, 2009), we employ a multi-scale
approach with several SDE-BNN blocks with the invertible
downsampling from Dinh et al. (2016) in between.

The classification outcomes, as detailed in Table 1, demon-
strate the superior performance of our model against base-
line models across the datasets. Notably, while ODEnet
architectures (Hu et al., 2020) achieve classification met-
rics comparable to standard residual networks, they exhibit
inferior calibration. In contrast, our PSDE-BNN model
demonstrates superior accuracy relative to other stochas-
tic frameworks, such as mean field variational inference
(MFVI) ODENets, which utilize stochastic variational infer-
ence (SVI) over depth-invariant weights. Moreover, even
in the domain of image classification, where discrete net-
works like ResNet32 with last-layer Laplace approximation
perform robustly, our continuous-depth approach remains
competitive. It’s crucial to recognise the differences be-
tween these architectures; discrete networks may inherently
align more closely with image classification tasks. However,
our PSDE-BNN models achieve comparable performance
without mechanisms like last-layer Laplace approximation,
which are inapplicable in the infinite-depth setting. More-
over, the analysis reveals a consistent level of performance
across the three distinct PSDE-BNN configurations, un-
derlining the robustness of our approach regardless of the
specific setting.

5.3. Uncertainty Quantification

In the discrete neural networks domain, partial stochastic-
ity is initially conceptualised as a simplified approximation
of fully stochastic neural networks aimed at providing just
enough uncertainty quantification. However, as we have
theoretically established in earlier sections, partial stochas-
ticity provides an expressive framework to approximate
any posterior distribution. In this section, we further prove
this empirically by looking at the expected calibration error
(ECE) of the models at test time, and by performing pre-
dictive entropy analysis of out-of-distribution (OOD) and
in-distribution (ID) samples.

Table 1 demonstrates that among the uncertainty-aware mod-
els, our PSDE-BNN (SDEFirst) achieves superior Expected
Calibration Error (ECE) performance compared to all base-
line models. Although ODEFirst, SDEFirst with ‘fix w2’,
and PSDE-BNN (Hor. Cut) consistently exhibit competitive
error calibration and accuracy, the SDE-BNN encounters
difficulties in maintaining low ECE when pursuing higher
accuracy. This trade-off arises during training, where ECE
is compromised for enhanced accuracy, likely due to overfit-
ting that progressively narrows uncertainty estimates. This
phenomenon is particularly pronounced in the SDE-BNN.
For CIFAR-10, at relatively low accuracies (70% - 80%),
SDE-BNN can achieve good ECE performance, but this
quickly degrades over epochs, and at a much faster rate
than PSDE-BNNs. This is shown in the last row of Table
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Figure 3. Histograms depicting the distribution of predictive uncertainty for SDE-BNN (green) and PSDE-BNN ODEFirst (blue), SDEFirst
(red), and with horizontal cuts (orange) across CIFAR-10 test predictions (top row) and OOD samples predictions (bottom row). Entropy
was computed for each prediction, with higher values indicating greater uncertainty. Note that the legend includes summary statistics of
the histograms, i.e. mean and standard deviation.

Model Corruption Lvl 2 Corruption Lvl 3 Corruption Lvl 4 Corruption Lvl 5

ODEFirst 0.322± 0.409 0.381± 0.431 0.431± 0.450 0.503± 0.465
SDEFirst 0.443± 0.468 0.498± 0.480 0.543± 0.489 0.628± 0.512
Hor. Cut 0.394± 0.436 0.430± 0.447 0.488± 0.452 0.541± 0.458
SDEBNN 0.256± 0.353 0.293± 0.370 0.333± 0.388 0.375± 0.405

Table 2. Quantitative evaluation of model performance under varying corruption levels in the CIFAR10-C dataset. All models exhibit an
increase in predictive entropy as the level of corruption intensifies, demonstrating their sensitivity to image degradation. Notably, models
such as SDEBNN display a more pronounced increase in entropy across corruption levels, indicating a robust capability to recognize and
respond to deteriorating input quality.

1, where SDE-BNN, within the same time limit, achieves
excellent ECE at the cost of reduced accuracy, which would
improve with additional epochs.

Encouraged by the calibration results, we proceed to evalu-
ate model performance in distinguishing in-distribution (ID)
from out-of-distribution (OOD) samples. A well-known
issue with deterministic networks is their tendency to be
overly confident in their predictions, regardless of the in-
put. Ideally, models with effective uncertainty quantification
should mitigate this problem for OOD samples. Our evalua-
tion, based on ROC curves and AUC values (see Appendix
B), demonstrates that our partially stochastic models (AUC:
0.88 for models with vertical cuts, AUC: 0.86 for the model
with horizontal cut) outperform the SDE-BNN model (AUC:
0.84). Figure 3 further analyzes predictive entropy distri-
butions, highlighting our models’ superior performance in
representing OOD uncertainty.

Moreover, we utilized CIFAR10-C (Hendrycks & Dietterich,
2019), a dataset that introduces various corruption levels
to systematically assess our models’ uncertainty estimation.
Our investigations involved adding 17 different types of

corruptions (e.g., Gaussian noise, blur, snow, compression,
pixelation) at five different intensity levels to challenge the
models’ robustness and generalization. The results are pre-
sented in Table 2.

5.4. Efficiency and Learning Rate

The approach from Xu et al. (2022), has limited use in prac-
tice due to excessively long training and inference times.
Indeed, one of the main incentives behind this paper is to
provide an efficient alternative to SDE-BNN that is practi-
cal and can be efficiently used for downstream tasks. To
determine the efficiency of our models, we measure the
average time taken to compute an epoch and the inference
time required to make 10000 CIFAR-10 predictions. In this
section, we focus on models with vertical cuts due to the
current lack of an optimised numerical solver for the hori-
zontal cut model. Table 3 shows a significant gap between
both PSDE-BNN models and SDE-BNN in both tasks. Our
faster model achieves 27.5% quicker epoch completion on
average and is 25.9% faster at inference than the baseline.

Next, we explore the learning rate of our models, i.e. how
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Table 3. Models’ average times in seconds.

Model Epoch Time Inference Time

SDE-BNN 371.9 43.7
ODEFirst (10%) 289.4 31.7
SDEFirst (10%) 295.1 31.7
Hor. Cut (50%) 316.7 35.9

many epochs the network takes to get to acceptable down-
stream task performance. PSDE-BNN takes considerably
less time to achieve the reported classification accuracies.
While our models trained for 100 epochs, SDE-BNN (and
as reported by Xu et al. (2022)) required 300 epochs. The
evolution after the 80% test accuracy for SDE-BNN was
especially long. This indicates that PSDE-BNNs were both
faster at each epoch, and only needed a third of the epochs to
achieve similar (although better) downstream performance.
Therefore, the overall training time was 74.1% faster.

5.5. Ablation Studies

Here, we explore the sensitivity of the PSDE-BNN model
with a vertical separation of the weights to key hyperparam-
eters. We determine the impact of the stochasticity ratio,
which modulates the duration of stochastic dynamics in our
framework, and the KL coefficient (κ in (12)) on model
performance.

The ablation studies (Table 4 in Appendix C), show no
correlation between the stochasticity ratio and downstream
performance or uncertainty metrics (ECEs and entropy).
This is consistent with the literature in partially stochastic
networks, where several approaches achieve competitive
uncertainty representations with only the last discrete layer
of the network being stochastic (e.g. using Laplace ap-
proximation or HMC) demonstrating that a small subset of
stochastic weights suffices (Daxberger et al. 2021a; Duran-
Martin et al. 2022; Immer et al. 2021; Antorán et al. 2023).
However, higher stochasticity ratios increase computation
times. Given the lack of performance trade-off, the stochas-
ticity ratio in our optimal model is set to 10%. Moreover,
we find that increasing the order of κ to 10−2 leads to an
enhanced learning rate but at the cost of numerical instabil-
ity during training. In contrast, decreasing the order of κ
to 10−4 makes the training of the models converge slower.
Given this trade-off, we conclude that the default value of
κ = 10−3 is the most versatile (see Appendix C).

6. Conclusion and Future Work
We have introduced Partially Stochastic Bayesian Neural
Networks (PSDE-BNNs) in the infinite-depth limit, provid-
ing an exact mathematical formulation and demonstrating
how to partition the weights of continuous-time networks
into stochastic and deterministic subsets. Building on these

foundations, we established several theoretical results that
lead to the conclusion that our novel family of networks
are Uniformly Continuous Depth Approximators (UCDAs).
Our empirical experiments show that PSDE-BNNs outper-
form fully stochastic networks and other Bayesian inference
approximations in continuous-time models, such as Mean
Field Variational Inference (MFVI). Notably, this enhanced
performance is achieved with a significant efficiency gain,
without any trade-off in performance. Additionally, we con-
ducted a thorough investigation of the key hyperparameters
in our models. In summary, our newly introduced family
of Bayesian Neural Networks in the infinite-depth limit of-
fers a superior, more efficient, and practical alternative to
existing models.

In future work, we aim to investigate models that incorpo-
rate both horizontal and vertical cuts to explore potential
performance improvements. Additionally, we will explore
variance reduction techniques such as Sticking The Landing
(Roeder et al., 2017) to enhance the performance and stabil-
ity of our models. Another promising direction is to evaluate
the generalization capabilities of our approaches on a diverse
range of datasets, including Omniglot for few-shot learning
and ImageNet for high-resolution performance. Given that
scalability is a common challenge with Bayesian models,
implementing PSDE-BNN on learned features may further
improve model efficiency. Finally, we plan to systematically
investigate the relationship between test set performance and
the quality of the variational approximation. This includes
exploring different priors and model complexities to better
understand how the KL divergence impacts generalization
across various settings.

Impact Statement
The impact of our work manifests primarily in the domain
of model uncertainty quantification. This work does not
specifically focus on any particular ethical challenge that
we should worry about nowadays such as LLMs or image
generation models. However, advanced predictive models
can influence a wide range of applications, from healthcare
to autonomous systems. Therefore, we encourage ongoing
reflection on how advancements in machine learning may
shape and be shaped by societal and ethical considerations.
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port meets variational inference: Controlled monte carlo
diffusions. Proceedings of the International Conference
on Learning Representations, 2024.

Xu, W., Chen, R. T., Li, X., and Duvenaud, D. Infinitely
deep bayesian neural networks with stochastic differential
equations. In Proceedings of The 25th International Con-
ference on Artificial Intelligence and Statistics, volume
151, pp. 721–738, 2022.

Yarotsky, D. Error bounds for approximations with deep relu
networks. Neural Networks, 94:103–114, 2017. ISSN
0893-6080.

Zhang, H., Gao, X., Unterman, J., and Arodz, T. Approxi-
mation capabilities of neural ODEs and invertible residual
networks. In Proceedings of the 37th International Con-
ference on Machine Learning, volume 119, pp. 11086–
11095, 2020.

11



Partially Stochastic Infinitely Deep Bayesian Neural Networks

A. Proofs
A.1. Proof of Theorem 4.1

We know that the sample path of wt is almost surely continuous as the Brownian motion Bt is almost surely continuous. For
any ω ∈ Ω such that wt is continuous, we can write wt as a continuous function of time t. Therefore, given the continuous
sample path wt, we can write fh(t, ht;wt) = fh(t, ht) where fh is continuous in t and globally Lipschitz continuous in ht.
In this case, ht satisfies an ODE and we can follow the same argument as in Dupont et al. (2019) and show that for any ω
such that wt is continuous, L(ψ1(ω, x)) cannot represent z(x). Actually, following the same argument we can show that
L(ψ1(ω, x)) cannot map {∥x∥ ≤ r1, x ∈ Rdx} to the region {x ≤ −1/2, x ∈ R} and {r2 ≤ ∥x∥ ≤ r3, x ∈ Rdx} to the
region {x ≥ 1/2, x ∈ R} simultaneously. If that is the case then ψ1({∥x∥ ≤ r1, x ∈ Rdx}) and ψ1({r2 ≤ ∥x∥ ≤ r3, x ∈
Rdx}) would be linearly separable which contradicts proposition 2 in Dupont et al. (2019). Therefore, if the sample path wt

is continuous, supx∈A |L(ψ1(ω, x))− z(x)| > 1/2 and we have:

P
(
sup
x∈A

|L(ψ1(ω, x))− z(x)| > 1/2

)
= P(wt is continuous) = 1

A.2. Proof of Theorem 4.2

First we state the noise outsourcing lemma (Kallenberg, 2010), two theorems by Zhang et al. (2020) and the theorem by
Sharma et al. (2023):

Lemma 2. (Noise Outsourcing Lemma (Kallenberg, 2010)). Let X and Y be random variables in Borel spaces X and Y .
For any given m ≥ 1, there exists a random variable η ∼ N (0, Im) and a Borel-measurable function f̃ : Rm ×X → Y
such that η is independent of X and

(X,Y ) = (X, f̃(η,X))

almost surely. Thus, f̃(η, x) ∼ Y | X = x, ∀x ∈ X .

Lemma 3. (Theorem 2 by Zhang et al. (2020)). For any homeomorphism h : X → X ,X ⊂ Rp, there exists a 2p-ODE-Net
ϕT : R2p → R2p for T = 1 such that ϕT

([
x, 0(p)

])
=

[
h(x), 0(p)

]
for any x ∈ X .

Lemma 4. (Theorem 7 by Zhang et. al (2020)). Consider a neural network F : Rp → Rr. For q = p+ r, there exists a
linear layer-capped q-ODE-Net that can perform the mapping F .

Theorem A.1. (Theorem 1 by Sharma et al. (2023)). Let X be a random variable taking values in X , where X is a compact
subspace of Rd, and let Y be a random variable taking values in Y , where Y ⊆ Rn. Further, let fθ : Rm × X → Y
represent a neural network architecture with a universal approximation property with deterministic parameters θ ∈ Θ,
such that, for input X = x, the network produces outputs fθ(Z, x), where Z = {Z1, . . . , Zm} , Zi ∈ R, are the random
variables in the network, which are Gaussian, independent of X , and have finite mean and variance. If there exists a
continuous generator function, f̃ : Rm× X → Y , for the conditional distribution Y | X , then fθ can approximate Y | X
arbitrarily well. Formally, ∀ε > 0, λ <∞,

∃θ ∈ Θ, V ∈ Rm×m, u ∈ Rm :

sup
x∈X ,η∈Rm,∥η∥≤λ

∥∥∥fθ(V η + u, x)− f̃(η, x)
∥∥∥ < ε.

Now, we state the proof of our main theorem 4.2:

Proof. Let ε > 0. Let’s assume that the endpoints of the SDE are t1 = 0, t2 = 0.5, and let us define the decision regions
R1 = [0, 0.5), R2 = [0.5, 0.75), R3 = [0.75, 1]. Our proof explicitly constructs a set of parameters θ, σ,L which satisfy the
desired property.
Before we start the proof, we assume that the input x is augmented to x+ = [xT ,0dh−dx

]T = h0 ∈ Rdh , and wt ∈ Rdw ,
where dh ≥ dx, dw ≥ m will be specified later. We also separate θ = [θ1, θ2, θ3] where we will choose θ1, θ2, θ3 later.
Given a vector b ∈ Rn, we write b[i : j] := (bi, bi+1, · · · , bj) ∈ Rj−i+1, and more generally, for a set of indices
I = {i1 < i2 < · · · < ik} ⊆ {1, · · · , n}, we denote by b[I] := (bi1 , bi2 , · · · , bik) ∈ Rk. We denote by 0a×b ∈ Ra×b the
a× b matrix with 0 entries. Also, we denote by 0n ∈ Rn the n dimension row vector with 0 entries.
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We assume that the dw-dimensional Brownian Motion Bt is generated independently from X .

The proof is divided into three steps, corresponding to the three time regionsR1 = [0, 0.5), R2 = [0.5, 0.75), R3 = [0.75, 1].

Step 1. We let a(x) = [xT ,0dh−dx ]
T , which gives the initial values h0 = [xT ,0dh−dx ]

T . We also set w0 = 0T
dw

, and

gp(t, wt) =

(
σIm1

0m1×m2

0m2×m1 0m2×m2

)
=: Σ (15)

where σ > 0, m2 = dw −m1 and m1 will be specified later. We choose θ1 such that fq(t, wt; [θ1, θ2, θ3]) ≡ 0T
dw

on R1,
and we define

fh(t, ht;wt) ≡ [0dx+r, w
T
t [1 : m]]T

where r = dh − dx − dw will be specified later. It is then easy to see that, letting the system evolve according to Equation
(10), we get at time t2 = 0.5

w0.5 =
[
σBT

0.5[1 : m1],0m2

]T
h0.5 =

[
xT ,0r,

∫ 0.5

0

σBT
t [1 : m]dt

]T
(16)

Since Bt is a centered Gaussian process with i.i.d coordinates, then
∫ 0.5

0
σBt[1 : m]dt is a Gaussian random vector with

mean 0T
m and covariance σ2

0Im. Therefore, taking σ = (σ0)
−1, we have

η :=

∫ 0.5

0

σBt[1 : m]dt ∼ N (0T
m, Im)

Step 2. We now detail the construction on R3 = [0.75, 1]. Note that in the interval (0.5, 1], gp ≡ 0 which means wt is
no longer stochastic given w0.5. Assume that h0.75 = h0.5, which is trivially achieved by setting fh(t, ht;wt) ≡ 0T

dh
for

t ∈ R2. Notice that η = h0.75[dx + r + 1 : dx + r +m] by (16), and recall that η ∼ N (0T
m, Im). Using Theorem A.1 by

Sharma et al. (2023), we know that for any λ > 0 there exists a neural network f̂ : Rdx+m → Rdy , which takes as input η
and x such that

sup
x∈X ,η∈Rm,∥η∥≤λ

∥∥∥f̂(η, x)− f̃(η, x)
∥∥∥ < ε/2. (17)

We take λ large enough so that P(||η|| ≤ λ) ≥ 1− ε/2, and let A1 = {||η|| ≤ λ}.

Using lemma 4, we can get hold of a linear-capped (d+m+ dy)−dimensional Neural ODE that can reproduce f̂ , which is
given by

dxt = fγ(t, xt)dt, x0 = [xT ,0dy
, ηT ]T (18)

where fγ : R× Rd+m+dy → Rd+m+dy is a neural network with parameters γ ∈ Rmγ , which is continuous with respect to
its parameters. We are now able to specify the constants m1, m2, r, dw and dh. We take

m1 = max(m,mγ),m2 = mγ , r = dy, dw = m1 +m2, dh = dx +m+ r

Now we construct fh when t ∈ R3. Note that if we define dh = dx +m+ r we will have

h0.75 = [xT ,0dy , η
T ]T

Therefore, we can take
fh(t, ht;wt) = f1h(t, ht;wt[1 : mγ ]) (19)

for t ∈ R3 where f1h(t, ht;wt[1 : mγ ]) has the same dependency structure with respect to the first mγ entries of wt as fγ
with respect to γ, for t ∈ R3. That is,

f1h(t, ht; γ) = fγ(t, ht), t ∈ R3

We define the corresponding linear operator applied to the output of this augmented Neural ODE as L which is the linear
operator applied to the output of (18).

13
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We set θ3 such that fq(t, wt; [θ1, θ2, θ3]) ≡ 0T
dw

on R3, hence wt remains constant on that region. Therefore, as m1 =
max(m,mγ), assuming that w0.75[1 : mγ ] is close enough to γ, using the continuity of the output of the Neural ODE (18)
with respect to γ, we eventually get that the output of our model satisfies

∀ω ∈ A1,∀x ∈ X , ||L(ψ1(ω, x))− f̃(η(ω), x)|| ≤ ||L(ψ1(ω, x))− f̂(η(ω), x)||+ ||f̂(η(ω), x)− f̃(η(ω), x)|| ≤ ε (20)

All we are left to do is to show that, given δ > 0, we can choose θ2 and A ∈ F such that, P(A) ≥ 1− ε, and, for ω ∈ A

||γ − w0.75[1 : mγ ]|| ≤ δ (21)

Step 3. We now detail the construction of fh and fq in the region R2 = [0.5, 0.75). Recall that we set fh(t, ht;wt) ≡ 0T
dh

on R2, all we need to do is defining fq . We shall consider three different cases:
(i) fixing w0.5 a priori;

(ii) taking w0.5 as a fixed learned parameter.

(iii) taking w0.5 as the output of the SDE (6), that is, taking w0.5 = [σBT
0.5[1 : m1],0m2 ]

T .

Note that we do not change h0.5 accordingly, i.e., the hidden state is not being reset. Let’s discuss each case separately.

Case (i). Without loss of generality we can set w0.5 ≡ 0T
dw

, then we can simply set θ2 such that

∀t ∈ R2, fq(t, wt; [θ1, θ2, θ3]) =

(
4γ

0T
dw−mγ

)
This leads to w0.75 = [γT ,0T

dw−mγ
]T , which fulfills (21) with A = A1.

Case (ii). If w0.5 is learnable, we can simply take w0.5 = [γT ,0dw−mγ ]
T and fq ≡ 0T

dw
which leads to w0.75 =

[γT ,0dw−mγ
]T and A = A1.

Case (iii). Assume that w0.5 = [σBT
0.5[1 : m1],0

T
m2

]T . As m1 = max(m,mγ), we can take Λ ≥ 0 large enough such that

P (||σB0.5[1 : mγ ]|| ≤ Λ) ≥ 1− ε

2

Let A2 = {||σB0.5[1 : mγ ]|| ≤ Λ}. Let ϕ : Rmγ → Rmγ be any homeomorphism transformation mapping B(0,Λ)
onto B(γ, δ/2) (for instance, ϕ(y) = γ + δ

2Λy). Then, using lemma 3, we can choose θ2 such that the dw−Neural ODE,
integrated between t2 = 0.5 and t3 = 0.75

dwt

dt
= fq(t, wt; [θ1, θ2, θ3]) w0.5 = [σBT

0.5[1 : m1],0mγ
]T

maps, for any ω ∈ A2, w0.5 to w0.75 such that w0.75[1 : mγ ] ∈ B(γ, δ/2), hence we have (21) with A = A1 ∩A2.

B. More on Uncertainty Quantification
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Figure 4. ROC curves for OOD detection performance across three models: SDE-BNN, PSDE-BNN ODEFirst with rs = 0.1, PSDE-BNN
SDEFirst with rs = 0.1, and the PSDE-BNN with horizontal cut of the weights (rs = 0.5). The curves quantify each model’s ability to
differentiate between in-distribution (CIFAR-10 test set) and OOD samples, with the AUC metric reflecting the discrimination power. A
higher AUC value indicates greater efficacy in distinguishing OOD from in-distribution data.
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C. Further Training Visualisations
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Figure 5. Training, test, and validation accuracy evolution over the first 100 training epochs on the CIFAR-10 dataset. Plots aim to illustrate
the rate of learning and convergence stability across epochs and highlight how quickly each model achieves competitive performance. We
can observe some symptoms of numerical instability which are inherent to differential equations numerical solvers. We overcome this
issue by storing checkpoints only at the best validation accuracy.

0 20 40 60 80 100
Epoch

0.0

0.1

0.2

0.3

0.4

EC
E

Train, Validation, and Test ECEs - ODEFirst t=0.1
Train
Validation
Test

0 20 40 60 80 100
Epoch

0.0

0.1

0.2

0.3

0.4

0.5

EC
E

Train, Validation, and Test ECEs - SDEFirst t=0.1
Train
Validation
Test

0 20 40 60 80 100
Epoch

0.0

0.1

0.2

0.3

0.4

0.5

0.6

EC
E

Train, Validation, and Test ECEs - ODEFirst t=0.5
Train
Validation
Test

0 20 40 60 80 100
Epoch

0.0

0.1

0.2

0.3

0.4

EC
E

Train, Validation, and Test ECEs - ODEFirst t=0.3
Train
Validation
Test

0 20 40 60 80 100
Epoch

0.0

0.1

0.2

0.3

0.4

EC
E

Train, Validation, and Test ECEs - ODEFirst t=0.7
Train
Validation
Test

0 20 40 60 80 100
Epoch

0.0

0.1

0.2

0.3

0.4

0.5

EC
E

Train, Validation, and Test ECEs - SDEFirst t=0.7
Train
Validation
Test

Figure 6. Training, test, and validation expected calibration error evolution over the first 100 training epochs on the CIFAR-10 dataset.
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D. Further Ablations

Models Accuracy (%) ECE (×10−2) Pred. Entropy (OOD) Epoch Time (s) Inference Time (s)
SDE-BNN 86.04 ±0.25 9.13 ±0.28 0.56 ± 0.36 371.9 43.7
ODEFirst (10%) 87.84 ± 0.08 4.73 ± 0.07 0.79 ± 0.37 289.4 31.7
ODEFirst (30%) 87.10 ± 0.13 4.43 ± 0.09 0.67 ± 0.35 310.3 35.4
ODEFirst (50%) 87.23 ± 0.11 5.06 ± 0.16 0.67 ± 0.33 331.9 38.9
ODEFirst (70%) 84.47 ± 0.15 3.58 ± 0.14 0.82 ± 0.39 353.2 42.7
SDEFirst (10%) 85.34 ±0.21 3.56 ± 0.15 0.95 ± 0.38 295.1 31.7
SDEFirst (30%) 87.19 ±0.24 4.09 ± 0.17 0.69 ± 0.35 314.5 35.5
SDEFirst (50%) 82.24 ±0.32 2.24 ± 0.17 0.73 ± 0.34 334.9 39.2
SDEFirst (70%) 83.00 ±0.17 3.77 ± 0.22 0.87 ± 0.32 413.1 42.7

Table 4. Comparison of CIFAR-10 model performance across various metrics and averaged across 3 different seeds. The KL coefficient is
set to be a function of the stochasticity ratio to be proportional to the length of the SDE.

D.1. Computational Complexity Overview

We will now provide a breakdown of the time complexities for each model. Let Dh, Dw denote the dimension of the hidden
state ht and weights wt respectively, and let D = Dh +Dw. At inference, we have:

• Shared Complexity in deterministic part (i.e. induced by ∆t in equation (10)): Both our and (Xu et al., 2022)’s
approaches share the complexity O(F (D)T ) for the deterministic part of the Euler-Maruyama discretization, where T
is the total number of time steps and F (D) represents the cost of evaluating the functions fg and fh at each time step.

• SDE Part Complexity (i.e. induced by dBt in equation (10)) - Original SDE-BNN Model: The SDE-BNN
introduces additional complexity proportional to DwT , corresponding to an additional Dw-dimensional Gaussian
random variable to simulate at each time step (stochastic part of the Euler-Maruyama discretization)

• SDE Part Complexity - PSDE-BNN Model

– Vertical Cut: Introducing vertical cut partitions the time into deterministic and stochastic phases, reducing
the SDE part complexity to O((DwTsubset) where Tsubset is the stochastic phase duration. We can write this as
O(rDwT ), given a stochastic ratio r = Tsubset

T ≤ 1.
– Horizontal Cut: This model limits the stochastic dimensions to Ds < Dw, reducing the SDE part complexity to

O(DsT ) (or O(rDsT ) if combined with a vertical cut).

We can then summarize the total time complexities in the following way:

Model Time Complexity

SDE-BNN O((F (D) +Dw)T )
PSDE-BNN with Vertical cut O((F (D) +Dw)T )
PSDE-BNN with Horizontal cut O((F (D) +Ds)T )
PSDE-BNN with Vertical and Horizontal cuts O((F (D) + rDs)T )

where r < 1 and Ds < Dw.

The distinction between Dw and Dh is key, as Dh is typically much larger, making stochastic simulations notably more
demanding. Thus, by reducing the stochastic portion, our models significantly enhance efficiency without compromising the
depth of stochastic analysis.
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E. Experimental setting

Table 5. Hyperparameter settings for model evaluations in the classification tasks as presented in Table 1. Experiments were conducted on
a single Nvidia RTX 3090 GPU within our compute clusters. Throughout the training, no scheduling was applied to the hyperparameters.
Configurations that share similarities with other models are denoted by <model> notation, where additional parameters are specified.

Model Hyper-parameter MNIST CIFAR-10

SDE-BNN Learning Rate 1e-3 7e-4
Batch Size 128 128
Activation softplus softplus
Epochs 100 300
Augment dim. 0 0
KL coef. 1e-3 1e-4
# Solver Steps 60 30
# blocks 1 2-2-2
Drift fa dim. 32 64
Drift fw dim. 1-32-1 2-128-2
Diffusion σ 0.2 0.1
# Posterior Samples 1 1

PSDE-BNN ODEFirst <SDE BNN> <SDE BNN> <SDE BNN>
Epochs 30 100
Stochasticity Ratio (rs) 0.1 0.1
KL coef. 1

rs
10−3 1

rs
10−4

PSDE-BNN SDEFirst <SDE BNN> <SDE BNN> <SDE BNN>
Epochs 30 100
Stochasticity Ratio 0.1 0.1
KL coef. 1

rs
10−3 1

rs
10−4

PSDE-BNN SDEFirst ‘fix w2’ <SDE BNN> <SDE BNN> <SDE BNN>
Epochs 30 100
Stochasticity Ratio 0.1 0.1
KL coef. 1

rs
10−3 1

rs
10−4

PSDE-BNN Hor. Cut <SDE BNN> <SDE BNN> <SDE BNN>
Epochs 30 100
Stochasticity Ratio 0.5 0.5
KL coef. 1

rs
10−3 1

rs
10−4

Drift fwS/D
dim. 1-16-1 1-64-1
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