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Abstract

This paper studies policy evaluation with multi-
ple data sources, especially in scenarios that in-
volve one experimental dataset with two arms,
complemented by a historical dataset generated
under a single control arm. We propose novel data
integration methods that linearly integrate base
policy value estimators constructed based on the
experimental and historical data, with weights op-
timized to minimize the mean square error (MSE)
of the resulting combined estimator. We further
apply the pessimistic principle to obtain more ro-
bust estimators, and extend these developments to
sequential decision making. Theoretically, we es-
tablish non-asymptotic error bounds for the MSEs
of our proposed estimators, and derive their or-
acle, efficiency and robustness properties across
a broad spectrum of reward shift scenarios. Nu-
merical experiments and real-data-based analyses
from a ridesharing company demonstrate the su-
perior performance of the proposed estimators.

1. Introduction

Motivation. This paper seeks to establish data-driven ap-
proaches for evaluating the effectiveness of a newly target
policy against a conventional control. A basic approach
relies solely on experimental data to formulate the treatment
effect estimator, which we refer to as the experimental-data-
only (EDO) estimator. However, the often limited sample
size of experimental data prompts the need to incorporate
auxiliary external datasets to enhance the precision of the
treatment or policy effect estimator. We provide three illus-
trative examples to demonstrate this concept.

“Equal contribution 'School of Statistics and Management,
Shanghai University of Finance and Economics Department of
Statistics, London School of Economics and Political Science
3Yunnan Key Laboratory of Statistical Modeling and Data Analy-
sis, Yunnan University “Didi Chuxing 3Department of Biostatistics,
The University of North Carolina at Chapel Hill. Correspondence
to: Hongtu Zhu <htzhu@email.unc.edu>.

Proceedings of the 41°% International Conference on Machine
Learning, Vienna, Austria. PMLR 235, 2024. Copyright 2024 by
the author(s).

Example 1: A/B testing with historical data. A/B test-
ing is frequently used in modern technology companies
such as Amazon, eBay, Facebook, Google, LinkedIn, Mi-
crosoft, Netflix, Uber and Didi for comparing new prod-
ucts/strategies against existing ones (see Larsen et al., 2023,
for a recent review). A common challenge in A/B test-
ing is the limited experiment duration coupled with weak
treatment effects. For example, in the ridesharing industry,
experiments usually last no more than two weeks, and the
effect sizes often range from 0.5% to 5% (Xu et al., 2018;
Tang et al., 2019; Zhou et al., 2021; Qin et al., 2022). Yet,
prior to these experiments, companies often have access
to a substantial volume of historical data under the current
policy. Leveraging such historical data can significantly
improve the efficiency of A/B testing.

Example 2: Meta analysis. In medicine, data often spans
across multiple healthcare institutions. A notable example
is in the schizophrenia study that examined the efficacy of
cognitive-behavioral therapy in early-stage schizophrenia
patients (Tarrier et al., 2004). This study was a multicen-
ter randomized controlled trial (RCT) executed in three
treatment centers (Manchester, Liverpool, and North Not-
tinghamshire). Given that each center had a relatively small
cohort, with fewer than 100 participants, pooling data from
all sources becomes crucial to enhance causal learning.

Example 3: Combining observational data. RCTs are
widely regarded as the benchmark for learning the causal
impacts of interventions or treatments on specific outcomes
(Imbens & Rubin, 2015). However, RCTs often face prac-
tical challenges such as high costs and time constraints,
resulting in limited participant numbers. Conversely, ob-
servational data, derived from sources such as biobanks or
electronic health records, boast larger sample sizes. Inte-
grating both data presents a unique opportunity to improve
the statistical learning efficiency (Colnet et al., 2020).

Challenge. The challenge of merging multiple data sources
often lies in the distributional shifts that occur between
them. In the domain of ridesharing and healthcare, datasets
from different time frames frequently display temporal non-
stationarity (Wan et al., 2021; Li et al., 2022; Wang et al.,
2023b). In the schizophrenia study, variations across various
treatment centers and ethnic groups introduce heterogeneity,
leading to distributional shifts (Dunn & Bentall, 2007; Shi
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2. Related Work

Table 1.Summary of the properties of MSEs of our estimators.

Data integration in causal inference.There is a growing
éiterature on combining randomized data with other sources

Reward shiffNon-pessimistic estimatoPessimistic estimator

Zero Close to ef ciency bound Same order to oracle MS . .

Small Close to oracle MSE  |Same order to oracle MsgQf datasets; see Degtiar & Rose (2023) and Shi et al. (2023c)
Moderate |May suffer a large MSE |Oracle property for reviews. These methods can be broadly classi ed into
Large Oracle property Oracle property three categories, as outlined in the introduction:

Theoracle MSE denotes MSE of the oracle estimator that use the 1. The rst Category |everages historical datasets collected
bestweight to combine historical and experimental data whereas under the control (see e.g., Pocock, 1976; Cuffe, 2011:

the ef ciency bound is the smallest achievable MSE among a . . . -
broad class of regular estimators (Tsiatis, 2006). Viele et al., 2014; van Rosmalen et al., 2018; Schmidli

etal., 2020; Cheng et al., 2023; Liu et al., 2023; Scott &
Lewin, 2024). In particular, assuming no reward shift,
Li et al. (2023) developed a semi-parametric ef cient

et al., 2018). Furthermore, the integration of RCTs with estimator whose MSE achieves the ef ciency bound.

observational data introduces the potential for unmeasured IQ contrazt, ﬁL]itr methods are more exible, allowing
confounding within the observational data (Pearl, 2009). the reward shift to exist.

Neglecting these distributional shifts would produce biased 2. The second category is meta analysis where the ex-
estimations of treatment effects. ternal data is collected from different trials (Schmidli

o ) o et al., 2014; DerSimonian & Laird, 2015; Hasegawa
Contributions. This paper focuses on the application of etal., 2017; Zhang et al., 2019: Steele et al., 2020; Lian
A/B testing with historical data. However, the methodolo- et al., 2023; Rott et al., 2024). This category includes
gies and theoretical frameworks we develop are equally 5 hotable subset of methods that apphtype penalty
applicable to the other two examples discussed earlier. Our  ¢,nctions for selecting external data (Dahabreh et al.,

contributions are summarized as follows: 2020; Han et al., 2021; 2023). However, their perfor-

Methodologically, we propose several weighted estimators ~ Mance is sensitive to the choice of the tuning parameter,
for data integration, including both pessimistic and non- ~ as shown in our numerical study (see Figure A2).
pessimistic estimators, covering both non-dynamic settings 3. The last category incorporates observational data to
(also referred to as contextual bandits in the OPE literature)  enhance causal learning (see e.g., Hartman et al., 2015;
and sequential decision making. We demonstrate the su- Peysakhovich & Lada, 2016; Kallus et al., 2018; Athey
perior empirical performance of these estimators through et al., 2020; Gui, 2020; Yang et al., 2020a;b; Wu &
simulations and real-data-based analyses Yang, 2022; Lee et al., 2023).

Theoretically, we derive various statistical properties (e.g.,Remarkl. The rst category of research is closely related
ef ciency, robustness and oracle property) of the proposedo our work, while the focus of the last two categories dif-
estimators across a wide range of scenarios, accommodatirigrs from ours. Additionally, all aforementioned studies
varying degrees of reward shift between the experimentatoncentrate on the non-dynamic setting framework. Our re-
data and the historical data in mean — from zero to small (thgearch, however, broadens this perspective by investigating
shift's order is much smaller tham =2 ), moderate (the sequential decision making where treatments are assigned
shift's order falls between 2 andn 12" log(n)), and  sequentially over time — a typical scenario studied in rein-
large (the shift is substantially larger than=2" log(n)),  forcement learning (RL, Sutton & Barto, 2018).

wheren represents the effective sample size; see Table 85f' iy . h d imistic estimat
for a summary. To the contrary, existing works impose, In€ palicy leaming. 1€ proposed pessimistic estimator

more restrictive conditions. They either require the mearl> iF‘Sp"_ed by recent advang:ements_ in of ine policy learning,
shift to be zero, or suf ciently large for clear detection (seeWhICh aims o learn an optimal policy from a pre-collected

e.g., Cheng & Cai, 2021; Han et al., 2021; Dahabreh et alof ine dataset without active exploration of the environment.
202’3; Li et al., 20’23). Ir’1 summary’, our ’ndings suggest Exis?i_ng method_s typically adopt the “pessimis;ic prin_ciple”
that the non-pessimistic estimator tends to be effective if® Mitigate the discrepancy between the behavior policy that

scenarios where the reward shift is minimal or substantiafi?enerates.th.e C.)f Ine da}ta anq the OP“”“?' policy. In contrast
Ecg the optimistic principle widely used in contextual ban-

robustness, particularly in situations with moderately IargedItS and online RL, the DESSIm!StIC principle favors actions
reward shifts. whose values are less uncertain.

IR code implementing the proposed weighted estimatord NON-dynamic settings, pessimistic algorithms can gener-
is available athttps:/github.com/tingstat/Data_ ally be categorized into value-based and policy-based meth-
Combination . ods. Value-based methods learn a conservative reward func-
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tion to prevent overestimation and compute the greedy poB. Estimators in Non-dynamic Setting

icy with respect to this estimated reward function (Buckman

et al., 2020; Jin et al., 2021; Rashidinejad et al., 2021: ZhorpUMmary. In this section, we present our newly devel-
et al., 2023). Conversely, policy-based methods directI)Pped non—pes§|mlst|g and peSS|m|st[c estlmatprs, _taﬂorgd
search the optimal policy by either restricting the policyfor non-dynamic settings. These estimators differ in their

class to stay close to the behavior policy or optimizing theapproach to weighting historical and experimental data. The

policy that maximizes an estimated lower bound of the re[1on-pes,simistic estimator determines its weight by minimiz-
ward function (Swaminathan & Joachims, 2015a:b; Wu &ing an estimated MSE, whereas the pessimistic estimator

Wang, 2018; Kennedy, 2019; Aminian et al., 2022; Jin et al optimizes its weight to minimize a “pessimistic” version of
2022 Zhao et al. 202'3)_ ’ K ’ ‘the estimated MSE. We will discuss adaptations of these

estimators for sequential decision making later.
Furthermore, the pessimistic principle has been extensiveIB he ofine d ) ) ld
adopted in of ine RL, accommodating more complex se-22ta- The of ine data comprises an experimental dataset

guential settings (Kumar et al., 2019; 2020; Yu et al., 2020{)e and _a.historical datasel,. In thg experimenta_l setting,_
Uehara & Sun, 2021; Xie et al., 2021; Bai et al., 2022; Rigter he decision maker observes certain contextual information

etal., 2022; Shi et al., 2022b; Yin et al., 2022; Zhou, 2023)2! €ach time point, denoted B, and makes a choice, rep-
resented byA., between a baseline control poliéy = 0

Off-policy evaluation (OPE). Finally, our work is closely  and a target polic = 1, resulting in an immediate re-

related to OPE in contextual bandits and RL, which aimsyard,R.. Thus, the experimental data contains a set of i.i.d.

to estimate the mean outcome of a new target policy usingontext-action-reward triplets. In contrast, the historical

data collected by a different policy (see Dkiét al., 2014;  data consists of i.i.d. context-reward padg = ( Sp; Rp)

Uehara et al., 2022, for reviews). It has been recently enmgenerated solely under the control policy.

ployed to conduct A/B testing in sequential decision making . o . .

(Bojinov & Shephard, 2019; Farias et al., 2022: Tang et al_Objectlve. Our objective is to estimate the dlffe_rence be-

2022: Shi et al., 2023a:b: Li et al., 2024: Wen et al., 2024)fween the mean outcome under the target policy and that

Existing approaches in this eld can generally be classi ed under the control in the experimental data. This estimand is
into three main groups:

commonly referred to as the average treatment effect (ATE).
Since no unmeasured confounders exists during the exper-

1. Direct methods these methods learn a reward or value'meor_ﬂs’the A;E can b_e r?prEest n_fdlay:. E[r_e (1:Se)
function from of ine data to estimate the policy value re(0;Se)l, wherer(a;s) = E(RejAe = S = 5).
(Bradtke & Barto, 1996; Le et al., 2019; Feng et al.,Two base estimators We next introduce two base estima-
2020; Luckett et al., 2020; Hao et al., 2021; Liao et al.,tors for ATE. The rst estimator is the EDO estimatiy,
2021; Chen & Qi, 2022; Shi et al., 2022a; Bian et al.,which exclusively useB to learn ATE. The second esti-
2023; Uehara et al., 2024). matorh,, on the other hand, incorporatBg into the ATE

estimation. Speci cally, it useB¢ to estimate the target

2. Importance sampling (IS) methods this group em- policy's value andDy, to estimate the control policy's value.

ploys the IS ratio to adjust the observed rewards, aclVIathematicaIIy, letO. be a shorthand for the triplet

counting for the discrepancy between the target polic ALCRY) ; ;
. . - A, th tal data. W ti-
and the behavior policy (Heckman et al., 1998; leang(Se e:Re) In the experimental data. We de ne an estl

etal., 2003; Thomas et al., 2015; Liu et al., 2018; Dai Taton function (') for O as follows
et al., 2020; Wang et al., 2023a; Hu & Wager, 2023). xt n o}
( ° ! re(a;Se) + (AejSe)[Re  re(Ae;Se)] ;

3. Doubly robust (DR) methods these strategies in- a=0
tegrate the principles of direct methods and IS (Tanyherer, represents our posit model for the reward function
2010; Dudk et al., 2011; van der Laan et al., 2011, Moreover, @ denotes the model for the IS rafi(A¢ =
Zhang et al., 2012; Jiang & Li, 2016; Thomas & Brun- gy-p(A, = ajS,), wherel () is the indicator function and
skill, 2016; Chernozhukov et al., 2018; Farajtabar et al.the denominator is the behavior policy (or the propensity

2018; Oprescu et al., 2019; Shi et al., 2020; Uehargcore) that generat.. The following de nition gives the
etal., 2020; Kallus & Uehara, 2022; Liao et al., 2022).EpQ estimator.

Their validity relies on the consistency of either the . : .
direct method or IS, but not necessarily both. We referDe nition 1 (Experimental-data-only Estimator). The

to such a property as the double robustness property.dOUbIY robust estimator based on the experimental data
alone is de ned as

1 X

We note that none of the aforementioned work studied data by =

. . L . oy (Oe): (1)
integration, which is the central theme of this paper. IDe 0.2D . e



Combining Experimental and Historical Data for Policy Evaluation

Remark2. h, covers a range of estimators including the for quantifying discrepancies between the two datasets. It is
direct method estimator, the IS estimator, and the DR estalso equal to the bias of the ATE estimabgrwhich incor-
mator. In its general form, without any speci ¢ restrictions, porates the historical data to estimate the control policy's
he functions as the doubly robust estimator. It can be easilputcome. A small value d§, implies a relatively safe use
veri ed that b, is consistent to ATE when either the reward of historical data to enhance the precision of the ATE esti-
function or the IS ratio is correctly speci ed. Meanwhilg, = mator. Conversely, a lard® suggests caution against using
can be simpli ed to the direct method estimator by settinghistorical data due to the signi cant bias it introduces.

0 — —_ . . ]
= 1=0,andtothe IS estimator wheg is set to0. The proposed estimators Both the proposed non-
n pessimistic and pessimistic estimators are formulated as

Dener = E(RhjSh = as the reward function i - L .
n( ) (RinjSn ) linear combinations of the two base estimatarandh, .

the historical data and let ( ) denote the density ratio
of the probability mass/density function 8f over that of ~ De nition 3 (Weighted Estimator). The weighted estima-
Sh. The historical data distribution might differ from the tor is de ned as
experimental data distribution in the following two aspects:
by = whe +(1  w)b,
1. Reward shift: the reward functiom, ( ) might differ _
fromr(0; ) conditional on the control. for some properly chosen weight2 [0; 1]

2. Covariate shift: the distribution ofSg might differ

: The weight is selected to minimize the MSE of the resulting
from that ofS,,i.e., 61.

estimator. Speci cally, for a givew, according to the bias-

Letry, and denote the posit models for, and . We variance decomposition, we obtain

next give the de nition of historical-data-based estimaipr MSE(h,) = Bia(hy) + Var(by): 3)

De nition 2 (Historical-data-based Estimator). The dou- o _ _
bly robust estimator that uses the historical data to estimat¢/here the bias is proportional t(l ~ w), given by

the control policy's value is de ned as (1 w)h, according tq2) and the variance term equals
X X w2Var(h)+(1  w)?Var(b,)+2w(1 w)Cov(hs; b,). This
by = 1 h:1(Oe) 1 h:2(Oh): yields a close-form expression for (3).
S , , ;
Pel 0,20, Phlo,20, We aim to estimate the oracle weight that minimizes

(3). We rst note that the variance/covariance terms can be

where 1:1(0e) = Te(LiSe) +  “(AejSe)[Re consistently estimated using the sampling variance forfnula
Fe(Ae;Se)l n(Se)and n2(On) = (Sn)[Rn m(Sn)l- 1t remains to estimate the reward shift bias

Remark3. By addition and subtractio, is unbiased to The non-pessimistic estimator employs the unbiased esti
the difference betweeny. 1(Oc) + rn(Se) andry (Se) + ) )
m1(Oe) * n(Se) n(Se) matorB, = . I, for estimatingty,. Through certain

h.2(On). To elaboratdy,, it is crucial to understand these derivati hi h vields th b -
two estimating functions. The rst function uses the exper- erivations, this approach yields the subsequent estimator

imental data to construct the doubly robust estimator fof®" W

the value of the target policy, while the second function in- + Var dovib.:
corporates the historical data to construct the doubly robust W = Bﬁ (bn) V(b;' ) — (4)
estimator for the average outcome under the control policy. Var(h) + B + VYar(h,)  2@ov(h; by)

These two terms are unbiased estimatorsHoe(1; Se)]
andE[r, (Se)], respectively, provided that either the density
ratio or the reward function is correctly speci ed.

where the precise expressions for the estimated variance and
covariance terms are detailed in Appendix D.

We next discuss the limitations of the non-pessimistic esti-
ator. We draw a parallel with the “of ine bandit” problem
here each weight represents an arm in the bandit frame-

work. Here, the MSE of, is analogous to the cost of

ielecting an arm, with the aim being to identify the optimal
rm (weight) that minimizes this cost.

Additionally, the use of,(Se) + h:2(On) partially ad-
dresses the distributional shift between the experiment
and historical data. Speci cally, by usirf}, instead ofS;,

in rp (Se) and using the density ratioin .2, it addresses
the covariate shift, leading to an unbiased estimator towar
E[rh(Se)] instead ofE[ry (Sp)]. However, it introduces a

potential bias equal to For each arm, the estimated cddSE(hy), is calculated
_ _ _ by incorporatinda1 and the estimated variance/covariance
by = Efre(0;Se)]  Elrn(Se)l: () values into(3). The non-pessimistic estimator employs

. . .. P
This parameter represents the mean reward shift between the 2For an i.i.d. averag¥ = [, Xi=n, its variance can be
experimental and historical data, serving as a pivotal metriconsistently estimated by '_, (Xi  X)?=n(n  1).

4
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pessimistic estimatdyy, . We show in Section 5.2 that this
estimator is more robust than the non-pessimistic estimator,
particularly wherhy, is moderately large.

Con dence Interval. Under certain regularity conditions,
each weighted estimator is asymptotically normal such that

(b &)= Var(bg) ! N(0;1): This motivates us to
consider the following Wald-type con dence interval for
ATE
Figure 1.Distributions of estimated costs for optimal and sub- q ——— q ——
optimal arms. A key challenge arises when the estimated cogty, Y1 ) Yar(by):be+ Y1 ) War(b);
of a sub-optimal arm is inaccurately high, leading to failure of the
greedy action selection method. To address this issue, we appyhere 1! is the inverse cumulative distribution function
the pessimistic principle which takes into account the uncertaintiepf a standard random variable, and the varianchgois
inherent in these estimations. The estimates of the cost under thsstimated based on the sampling variance formula.
two arms are given bfost, (k = 1;2) with their pessimistic
versionstosty (k = 1;2). By comparing the upper bounds of
the estimated costs, we effectively identify the optimal arm.

a greedy action selection method, selecting the arm witiVe next brie y outline the extension of our methods to
the lowest estimated cost. The reliability of this estimatorsequential decision making. To save space, more details
is largely dependent on a uniform consistency conditionare given in Appendix C. This extension aligns closely with
which requires that the estimated costs uniformly converg@®ur ridesharing example, where policy decisions are made
to the actual costs across all arms. However, this conditiosequentially over time, and past policies can in uence future
is likely to be violated, if the estimated cost for any sub-outcomes (Bojinov et al., 2023; Shi et al., 2023b). In this
optimal arm is inconsistent, as depicted in Figure 1. setting, the ATE is de ned as the difference in expected
cumulative rewards between the control and target policies.

4. Extension to Sequential Decision Making

In our framework, underestimating the absolute valub,of
leads to lower estimated MSEs for smaller weights. As al'he online experiment spans multiple days, with daily data
result, the weightv chosen by the non-pessimistic estimator summarized as sequences of state-action-reward triplets.
tends to be smaller than the ideal (oracle) value, resulting if\ctions are binary, denoting either a baseline control or an
a signi cant bias inby. This reveals the limitations of the experimental target policy. To account for day-to-day varia-
non-pessimistic estimator, particularly whianis moder-  tions, we model the experiment as a time-varying Markov
ately large, as detailed in Table 1 and further elaborated ilecision process. For ATE estimation, we employ the dou-
Section 5.1. ble RL estimator (Kallus & Uehara, 2020), leading to the
L . o . development of the EDO estimator. The historical data com-
The pessimistic estimator addresses this limitation by N5 ises state-reward pair sequences from previous days under

corpo_ratlng the uncertamt.y of cost estlmqt|on. Insteaq Othe control policy, forming the basis for our second estimator.
selecting the greedy arm with the lowest estimated cost, it s is estimator, also doubly robust, is used to estimate the
lects the arm based on a more pessimistic cost estimate th&tjmulative revx,/ard under the contr,ol policy, thereby facili-
method relaxes the stringent uniform consistency condition, gation 3, we apply both pessimistic and non-pessimistic
as illustrated in Figure 1. Importantly, the consistency of trategies to integrate these base estimators.

the resulting estimator relies on the accurate estimation o?

the optimal arm's cost only. . .
, 5. Theoretical Properties
In our setup, we compute an uncertainty quantlefor the

estimation erron b, . It satis es the following condition, TO simplify our theoretical analysis, this section examines
a sample-split version of the proposed estimator in non-

P(jB” bhj U) 1 () dynamic settings. Further extensions of our analysis to

for a given signi cance level > 0. In practice,U can be sequential decision making are detailed in Appendix C.

constructed using concentration inequalities or asymptoti©ur analysis compares three key estimators: a conceptual
normal approximation (Casella & Berger, 2021). We nextoracle estimatob, , which utilizes the idealv value, the
use(jB,j + U)? as a pessimistic estimator fof and plug-in  EDO estimator detailed ifl), and the semi-parametrically
this estimator into the right-hand-side @) to determine  ef cient (SPE) estimator (Li et al., 2023) developed on
the weightlsy . Under the event de ned i(b), (thj + U)? the assumption of no reward shift. The EDO and SPE
serves as a valid upper bound fgf. This leads to the estimators represent two polar views of reward shift: the

5
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EDO anticipates a notable divergence betwedl; ) and Remarkd. The coverage condition in Assumption 1 is fre-
rn( ), while the SPE assumes no difference. qguently imposed in the OPE literature (see e.g., Uehara et al.,
2022). ltis also referred to as the positivity assumption in
the causal inference literature (H&mé& Robins, 2010).
Remarls. The condition of bounded rewards in Assumption
 Small b,: in scenarios where the reward shift is much 2(i) is commonly imposed in RL (see e.g., Agarwal et al.,
smaller than the standard deviations of the doubly ro2019). Given the bounded nature of the reward and the
bust estimators, the SPE estimator achieves the beggensity ratio/propensity score, it is reasonable to assume that
performance. However, our analysis shows that théhe user-de ned nuisance functions are similarly bounded,
MSEs of the proposed estimators closely approximateés detailed in Assumptions 2(ii) and 2(iii).

those of both the oracle and the SPE estimator. Remark6. Assumption 3 re ects the double robustness
Moderate b,: when the reward shift is comparable to property of the proposed estimat(_)r_. Alternative_ly, this as-
or larger than the standard deviation terms, yet fallsSUmption can be replaced by requiring these nuisance func-
within the high con dence bounds of the estimation tions to satisfy certain convergence rate conditions (Cher-
error, it remains uncertain which estimator (other thannozhukov et al., 2018; Kallus & Uehara, 2020).

the oracle estimator) outperforms the rest. In these se{ye begin by providing a non-asymptotic upper bound for
tings, the MSE of our pessimistic estimator is generallyyisg of the non-pessimistic estimator. De Mgnn =
smaller than that of the non-pessimistic estimator. minfj Dej; jDnjg as the effective sample size.

* Large by: when the reward shift is much larger than Theorem 1 (MSE of the non-pessimistic estimatofynder
the estimation error, both the EDO estimator and OUMssumptions 1 — 3, the excess MSE of the non-pessimistic

estimators are equivalent to that of the oracle estimatogstimator compared th,, , i.e., MSEby) MSHh, ) can
We refer to this equivalence as the oracle property. e ypper bounded by

Summary. Before delving into the technical details, we
offer a concise summary of our theories:

2

. S . R
5.1. Properties of the Non-pessimistic Estimator E(1 w)> (1 wi® K)+o0o ngf‘:xz . (6)

min

We study a sample-split variant of our estimator, where the
dataset is equally divided into two parts. The rst half, la-The upper bound can be decomposed into two parts: the
beled aD” [D @ is utilized to deduce the weighi. rst one represents the error for estimating the mean reward
The second halD®@ [D @, is then employed to construct Shift by, whereas the second one upper bounds the errors
the nal doubly robust estimatob, leveraging the previ- for estimating the variance and covariance terms, namely
ously estimated weight. This sample-splitting approachvar(k), Var(l,), and Coyhs; b).

removes the dependencies between the estimated weigljfe next compare this excess MSE agaiMSE(h, ).
and the dataset used in formulating the ATE estimator, COM=jrst, we observe that whevSE(h, ) is proportional to
siderably simplifying our theoretical analysis. It has beenRﬁqax =( 2nmin ), the second term i(6) becomes negligible
widely used in causal inference and OPE (see e.g., Luedtkgsn . grows to in nity. Hence, it suf ces to compare the
& Van Der Laan, 2Q16; Chernozhukov eF al., 2018; Kallus (st term in (6) in contrast taMSE(h, ). To elaborate the

& Uehara, 2020; Bibaut et al., 2021; Shi et al., 2021). An (gt term, we examine three scenarios previously introduced
alternative method involves swapping the roles of the datg this section, differentiated by the magnitudeopf
subset® [D f]l) andD¥? [D r(f) to generate a second . , L
estimator and then averaging both estimators to attain full e©Mall . In this scenario, we assum ]

ciency. Nonetheless, this approach is not explored furthefmin Rmax= and thus, the rst term is asymptotically

in our paper for the sake of simplicity. equivalent to

We impose the following assumptions. SEEB) = E[@ w)? 1 w2k, b)) (7
Assumption 1(Coverage) Let (ajs) = P(Ae = ajS, = We refer to this term as the spurious estimation error (SEE)
s) be the propensity score. There exists a scakarOsuch  of B,, since it occurs due to the spurious correlation between
that (ajs) and (s) ! hold for anya ands. W andB,. Theoretically, it is of the same order of magni-

Assumption 2 (Boundedness)(i) There exists some con- tude asMSE(h, ). However, our empirical investigation
stantRmax such thatmax(jRej;jRnj)  Rmax holds al-  reveals thatitis considerably smaller than the oracle MSE,

most surely. (imax(jrej;jrnj) is upper bounded bRmax . @s illustrated in Figure 2.

(i) ~and are lower bounded by. Additionally, under the assumption thaf(s) = re(0;s)
Assumption 3 (Doubly-robust Speci cation) Either the  for all s — effectively resulting i, = 0 — the SPE es-
reward functions or the density ratios are correctly speci ed.timator achieves the smallest MSE asymptotically, since it

6
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Figure 2.Boxplots of the SEE and the oracle MSE under the set-

ting of Example 6.1 when the bids = 0, andd indicates the
difference of the conditional variance of the reward between th
experimental data and historical data.

scenario is the most challenging, as it is not clear whether
the SPE estimator or the EDO estimator will deliver superior
performance.

To illustrate the issues of the non-pessimistic estimator,
let us examine a scenario whegbgj signi cantly exceeds
nmilnzszaX: , causing the optimal weiglhw ! 1. In

this context, even thougj,j is considerably large, it re-
mains within the high-con dence interval of the estimation

grror forB, b, which might not makgh,j adequately

distinguishable from the data. Ag ! 1, the dominant
factor in the rst part of(6) becomes E(1 Ww)2(B? 7).

is tailored to minimize MSE under this assumption. As-Nevertheless, there is no guarantee thawill converge
suming all nuisance functions are correctly speci ed, andto 1 with high con dence. This uncertainty introduces a
the proportionality assumption holds such that the raticsigni cant excess MSE for the non-pessimistic estimator.

Var(RejAe = 0;Se)=[Var(RhjSe) (Se) (0jSe)] remains
constant irrespective &, the SPE estimator is equivalent

See the numerical results in Section 6.

to the oracle estimator. Consequently, this suggests th&t2. Robustness of the Pessimistic Estimator

the MSE of our non-pessimistic estimator asymptotically.

equals the ef ciency bound augmented by a small spuriou
estimation error. We summarize these discussions below.

Corollary 1 (MSE with a smallb,). In the small, sce-
nario, if MSE, ) is proportional toR2 ., =( >npmin ), then

MSHbs) MSHb, ) SEEB) |
MSHhy ) MSEhy ) =
asnmin !'1 . Additionally, wherr,,( ) = re(0; ), the

proportionality assumption holds, and all nuisance func-

tions are correctly speci edMSHby) is asymptotically
equivalent to the sum of the ef ciency bound plus &E

Large b,. In this scenario, we requirghyj
nmifz lognmin Rmax = . Notice that the lower bound is

aligned with the high con dence bound for the estimation
error ofB,. Consequently, the reward shift is suf ciently
large to be “detectable” from the data.

Under this condition, th& term becomes the dominant
factor in the MSE(3), leading to the optimal weight/

approachind.. Consequently, the EDO estimator is asymp-
totically equivalent to the oracle estimator whereas the SPE

estimator is sub-optimal since it assumes a bgro

S

The pessimistic estimator effectively mitigates the afore-
mentioned limitation of the non-pessimistic estimator by
incorporating the estimation error Bf into weight selec-
tion. To elaborate, we rst provide a non-asymptotic upper
bound for its MSE.

Theorem 2 (MSE of the pessimistic estimatorlnder
Assumptions 1 — 3 an@), MSEhy,) MSHKHh, ) can be
upper bounded by

2
Rmax

tﬁ] + O 2 3:.2
min

+O( [bﬁ + Rr211ax: 2nmin ])

@ w)ZE[[B+ V)2
(8)

According to Theorem 2, the excess MSE of the pessimistic
estimator can be decomposed into three parts:

1. Estimation error of B,: the rst term quanti es the
estimation error foB,. Unlike the non-pessimistic
estimator where this term depends on the estimated
weight, here it relies only o . This distinction
enhances the robustness of the estimator, particularly
whenh, is moderately large.

2. Estimation errors of the variance/covariance terms
similar to the non-pessimistic estimator, the sec-

In the largeh, scenario, the weight selected by the non-
pessimistic estimator tends towards one, so that the excess
MSE is of a small order. Hence, the MSE of the non-
pessimistic estimator is asymptotically the same as that
of the oracle estimator, achieving the oracle property.

Corollary 2 (Oracle property with a largdy). In
the large by, scenario, bothMSHhby)=MSHHh, ) and
MSHhgy)=MSHh.) approachl asnm, !1

Moderate b, . In this scenario, the magnitude ji j falls
betweemn 1 Rmax= andn_> 2" 10gNmn Rmax = . This

min min

ond term quanti es the estimation error for the vari-
ance/covariance terms.

3. Type-l error : the last term is directly proportional to

the type-l error which upper bounds the probability
that thejBn hnj exceedd). Notice that this term can
be made suf ciently small by employing concentra-
tion inequalities without substantially increasing the
estimation error associated wih.

To further illustrate the advantage of the pessimistic es-
timator, we consider the moderalbg scenario. When
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jbnj nmiszmax =, v might not necessarily converge to deterministic switchback design is adopted to gendbate

1 with high con dence. Hence, the non-pessimistic estimaWe vary the mean reward shif within the range from O

tor can suffer from a large loss, due to the involvement ofto 1.5, incrementing by 0.1 at each step. We also vary the
W in (6). On the contrary(8) depends solely ow , which  conditional variance of the reward and us® characterize
results in a smaller excess loss. Indeed, the following corolthis difference (see Appendix A for its detailed de nition).
lary shows that the pessimistic estimator achieves the oracl

; Eigure 3 visualizes the empirical means of the MSEs for dif-
property even wheh, is moderately large.

o _ ferent methods. According to our theory, the effectiveness
Corollary 3 (Oracle property of the pessimistic esti- of different estimators is determined by the magnitude of
matgzrg Suppose thal) is proportional to the order the reward shift. To validate our theory, we further classify
N - 109 Nmin Rmax = such that = o(1=nmin), if fur- 1k, into different regimes as follows:

therb, nmifz(log Nmin )18 Rmax = , then the pessimistic o q
estimator achieves the oracle property. » Smallby regime: joyj 1 Var(By);

* Moderately large b, regime: ¢; < 1bn Co;
y g bn g 1 pm 2

The conditionby, N 2(10g Nmin )" Rmax = applies

to both the moderate and largg scenarios. Hence, even q

in cases of moderats, as long as it is much larger than ~ * Large b, regime: jb,j > c; Var(B,).

nmifz(log Nmin )Y ®Rmax = , the oracle property is satis ed. AccoEpling to our theoretical analysis, we set= 1 and

This formally establishes the robustness of the pessimistic, = = log(nmin ). This ensures that scenarios where vari-

estimator in comparison to the non-pessimistic estimator. ance dominates the bias are categorized within the small
reward shift region. Conversely, when the bias exceeds the

6. Experiments established high con dence bound, it is classi ed under the
large reward shift regime.

In this section, we investigate the nite sample performanceW

: . ; e depict the boundaries between different regimes in Fig-
of the proposed estimators. Comparison is made among the . .
A . . ure 3. It can be seen that in the smallregime, the SPE
following ATE estimators:

estimator is the top performer. However, the MSE of our pro-
posed non-pessimistic estimator is close to that of the SPE
estimator. Ady, grows to moderate levels, our pessimistic
« Pessi the proposed pessimistic estimator. estimator achieves smaller or comparable MSEs compared
to other alternatives. Finally, in the lardpg regime, our
* EDO: the doubly robust estimatd constructed based pessimistic estimator achieves comparable performance to
on the experimental data only (see (1)). the EDO estimator, both outperforming other estimators in
terms of MSE. These ndings establish a concrete link be-
tween our theories and empirical observations. Particularly,
they numerically verify our theoretically identi ed optimal
where the weightv is chosen to minimize the esti- method within_each respec_tive regime. Additionally, the bot-
mated variance of the nal ATE estimator with the ©M panel of Flgu_re 3 speci cally report; the mean MSEs_for
Lasso penalty (Cheng & Cai, 2021), methods excludmg SPE, offering an in-depth comparison
of the other estimators' performance. Here, Lasso is imple-
* SPE the semi-parametrically ef cient estimator pro- mented with a carefully selected tuning parameter, which
posed by Li et al. (2023) developed under the assumphas been determined to yield reasonably good performance.
tion of no reward shift between the experimental andHowever, as illustrated by additional numerical results in
historical data, i.e5e(0;s) = rn(s) for anys. Figure A2 in the Appendix, this estimator is sensitive to the
choice of the tuning parameter.
Notice that it remains unclear how to extend SPE in sequerExamples.2 (Ridesharing-data based sequential simula-
tial decision making. Consequently, our implementation oftion). In this example, we build a simulation environment
SPE is con ned to non-dynamic settings only. We comparepased on a real dataset collected from a ridesharing com-
the MSEs of the ATE estimators based on 100 simulatiorpany_ The experimental data lasts fogj = 30 days and
replications. Details about the data generating process cas generated from a switchback design. We divide each day
be found in Appendix A. into T = 24 time intervals. The state variable consists of
Example6.1 (Non-dynamic simulation). We consider a the number of order requests and the driver's total online
non-dynamic setting where the sample size of the expertime within each one-hour time interval. The reward is de-
mental data i$Dj = 48, and the sample size of the histor- ned as the total income earned by the drivers within each
ical data is setto b,j = mjDej withm 2 f1;2;3g. A time interval. To generate the historical data, we assume it

« NonPessi the proposed non-pessimistic estimator.

e Lassa aweighted estimatdy 5550 = Wha+(1  w)h,
that linearly combines the ATE estimatby based
on experimental data aril based on historical data,






