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Abstract

Pretrained machine learning models need to be
adapted to distribution shifts when deployed in
new target environments. When obtaining labeled
data from the target distribution is expensive, few-
shot adaptation with only a few examples from the
target distribution becomes essential. In this work,
we propose MixPro, a lightweight and highly
data-efficient approach for few-shot adaptation.
MixPro first generates a relatively large dataset
by mixing (linearly combining) pre-trained
embeddings of large source data with those of
the few target examples. This process preserves
important features of both source and target
distributions, while mitigating the specific noise
in the small target data. Then, it trains a linear
classifier on the mixed embeddings to effectively
adapts the model to the target distribution without
overfitting the small target data. Theoretically,
we demonstrate the advantages of MixPro over
previous methods. Our experiments, conducted
across various model architectures on 8 datasets
featuring different types of distribution shifts,
reveal that MixPro can outperform baselines by
up to 7%, with only 2-4 target examples.

1. Introduction

Modern machine learning models often struggle to general-
ize well, when deployed in domains where the data distri-
bution significantly differs from their source training data
distribution (Quinonero-Candela et al., 2008). Thus, before
deployment in a new domain, they need to be adapted to
the target distribution. When abundant data from the target
domain is available, one can simply fine-tune the model on
the target data to improve its performance. Nevertheless,
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in many real-world scenarios only a limited number of ex-
amples from the target domain is available. For example,
data for training autonomous vehicles in severe weather
conditions, are not only rare in certain geographical areas
but also pose safety risks for data collection. In medical
diagnosis, collecting data for rare diseases is often challeng-
ing. In such scenarios, fine-tuning on the small target data
fails, by overfitting the few available examples instead of
learning their features in a generalizable manner. Few-shot
adaptation of a model to a new domain requires developing
data-efficient methods that can effectively adapt the model
with only a few examples from the target domain.

Recent studies revealed that neural networks learn versatile
features from the training data in their penultimate layer
(Kirichenko et al., 2022; Izmailov et al., 2022; Lee et al.,
2022a; Mehta et al., 2022; Rosenfeld et al., 2022), and
retraining only the last layer using the target data can effec-
tively re-weight features to improve generalization on the
target distribution. This approach is extremely lightweight
and outperforms end-to-end fine-tuning of the whole model
on the target data (Appendix C.1, Kirichenko et al. 2022),
and therefore has recently become a popular technique to
deal with different kinds of distribution shift (Kirichenko
et al., 2022; Mehta et al., 2022; Rosenfeld et al., 2022; 1z-
mailov et al., 2022; Chen et al., 2023; Qiu et al., 2023). Nev-
ertheless, last-layer retraining is not the most data-efficient
technique and can perform poorly for few-shot adaptation
(Chen et al., 2023). To address this, Chen et al. (2023)
proposed PRO? that finds a diverse set of features from the
source data and re-weights them by training a linear model
on the few available target data. But, as finding the set of
compact features is done independent of the target data, this
approach may miss capturing important relevant features
for the target domain, and yields sub-optimal performance.

In this work, we develop a highly data-efficient method,
MixPro, that takes advantage of the few available target ex-
amples in addition to the abundant source data, to re-weight
the last layer of a pre-trained model, effectively adapting it
to the target distribution. MixPro first constructs a large new
dataset by mixing embedding of every source examples with
that of a randomly chosen target example in the same class,
via taking their weighted linear combination. Then, it trains
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a linear model on the new dataset of mixed embeddings.
In the new dataset, every example is a combination of a
target example with a distinct source example. Therefore,
the model trained on the mixed embeddings learns the tar-
get information, without overfitting (particular noise in) the
few target examples. Besides, it can take advantage of the
relevant information of the source data. In doing so, MixPro
effectively adapts the model to the target domain.

We theoretically validate the effectiveness of our approach in
two scenarios. Firstly, we demonstrate that when important
features for the target distribution appear irrelevant in the
source distribution, PRO? (Chen et al., 2023) fails to learn
these features, resulting in poor generalization on the target.
In contrast, MixPro effectively learns the important features
in a data-efficient manner. Secondly, we adopt a model
for subpopulation shift (Sagawa et al., 2020) and examine
MixPro’s performance in high-dimensional asymptotics. We
show that MixPro enables effective learning from the target
distribution while using the source data to prevent overfitting
the small target. In doing so, MixPro outperforms last-layer
training on only target (Kirichenko et al., 2022) or source
data. Moreover, our analysis demonstrates how the severity
of the shift, the noise level in the target data, and the target
sample size influence the optimal mixing weight.

Empirically, we conduct extensive experiments on 8§
datasets, including 3 subpopulation shift datasets — Water-
birds (Sagawa et al., 2019), UrbanCars (Li et al., 2023),
bFFHQ (Kim et al., 2021) — and 5 domain generaliza-
tion datasets — Camelyon17(Koh et al., 2021), PACS (Li
et al., 2017), VLCS (Fang et al., 2013), Office-Home
(Venkateswara et al., 2017) and Terra Incognita (Beery et al.,
2018). We show that MixPro outperforms existing baselines,
achieving superior performance even with very few (2 to 16
per class) target data, across various datasets and model ar-
chitectures. It can achieve a maximum improvement of 7%,
and on average, outperforms baselines by 4.3%/3.9% for 2-
shot/4-shot adaptation across datasets. Finally, we show that
MixPro remains the best method when hyperparameters are
selected using cross validation with only a few target data.

2. Related Work

Distribution shift. Distribution shift, or domain shift, refers
to a scenario where a model is trained on data from one
distribution but is expected to generalize to test data from
different distributions. Prior work primarily focuses on two
settings: zero-shot generalization, which involves training
a classifier on source data without seeing target data and
expecting it to perform well on the target distribution (Tzeng
et al., 2014; Ganin et al., 2016; Zhai et al., 2019; Yosinski
etal., 2014; Sagawa et al., 2019; Arjovsky et al., 2019; Crea-
ger et al., 2021; Kornblith et al., 2019; Zhang & Ré, 2022;
Wortsman et al., 2022; Sharif Razavian et al., 2014; Nam

et al., 2020; Oquab et al., 2014; Liu et al., 2021; Kumar
et al., 2022; Pagliardini et al., 2022; Lee et al., 2022b); and
test time adaptation, where the trained model is additionally
updated upon seeing unlabeled test data from the target dis-
tribution (Sun et al., 2020; Varsavsky et al., 2020; Iwasawa
& Matsuo, 2021; Wang et al., 2020; Zhang et al., 2021; Gan-
delsman et al., 2022). These differ from our setting since
we consider a few-shot case where labeled target data are
available but very few. Additionally, these works do not
take advantage of the recent discovery that naively training
a neural network can already learn generalizable features
in the representation layer, thus do not address the newly
identified bottleneck regarding last layer retraining, which
we discuss in the next paragraph.

Last layer retraining for distribution shifts. A common
intuition, shared in aforementioned works, is that the failure
of deep networks to generalize to out-of-distribution data
stems from their inability to learn generalizable features
from their training data. However, this notion has been
recently challenged by works including (Kirichenko et al.,
2022; Izmailov et al., 2022; Lee et al., 2022a; Mehta et al.,
2022; Rosenfeld et al., 2022). These studies demonstrate
that the model trained on source data has already learned
rich features, and that simply retraining the last linear layer
(also called DFR (Kirichenko et al., 2022)) with target data
can already achieve excellent performance. This suggests
that the real bottleneck is not in feature learning, but rather
in how to effectively re-weight the last layer features. How-
ever, in these works, the last layer is retrained with a large
data from the target distribution, making them impractical
in many real-world scenarios where target data are typically
scarce. Our work specifically targets this direction, seeking
more data-efficient solutions than standard linear probing.

Few-shot adaptation and sample efficiency. In scenarios
where labeled target data are available but scarce, adapting
the last layer to the target distribution in a data-efficient
manner presents a significant challenge. The study most rel-
evant to our paper is (Chen et al., 2023), which considers the
same setting as ours, where the number of available target
data for linear probing is very small (e.g., 2 to 32 per class).
They propose PRO? that first learns a projection that maps
the source data embeddings to orthogonal informative direc-
tions. Then, it passes the target data embeddings through the
learned projection and perform linear probing using these
projected embeddings. (Teney et al., 2022)’s method shares
a similar intuition but does so with an additional loss term
instead of explicitly enforcing orthogonality. However, we
find that in both methods, the projection layer learned on the
source data may miss directions in the embeddings that are
important for the target distribution, as we will theoretically
demonstrate. In contrast, our method does not suffer from
this issue. We include these two methods as baselines in
our experiments. (Zhu et al., 2022) and (Zhang et al., 2022)
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also utilize both source and target data to achieve few-shot
adaptation, albeit in different ways. However, their methods
modifies the pretrained encoder, which could lead to over-
fitting on the limited dataset and degrades representation
quality. We provide a comparison and further discussion of
these methods in Appendix C.4.

3. Problem Formulation

We consider adapting a model to make accurate predictions
on a shifted distribution in the few-shot setting, where we
have access to a large source data but only a few examples
from the shifted target distribution.

Formally, we have a source distribution &7° and a target
distribution Z?*. The two distributions differ, for instance,
due to data being collected at different times, from various
regions, or in distinct environments. Similar to (Chen et al.,
2023), we assume that the supports of the labels are the same
in both distributions, while the supports of the inputs may or
may not be the same. This encompasses both scenarios of
subpopulation shift and domain generalization, as defined
in (Koh et al., 2021). The source dataset D* = {x], ys}" |,
is composed of n examples from a set of classes C drawn
from the source distribution &?°, while the target dataset
D' = {a!,y!}™, consists of m examples from C drawn
from the target distribution 27t In the few-shot setting
we consider, m < n, where m is very small (e.g., in our
experiments, we consider 2 to 32 examples per class). After
adaptation, the model is evaluated on a held-out test set from
the target distribution.

Note that our setting differs from prior works on zero-shot
generalization (Sagawa et al., 2019; Kumar et al., 2022;
Wortsman et al., 2022) under distribution shift, where the
model is exclusively trained on the source data D® and di-
rectly evaluated on the target distribution. A very small
amount of target data that can be realistically obtained in
many settings, is often essential to deal with arbitrary distri-
bution shift, as we will confirm in our work. Closer to our
setting are (Kirichenko et al., 2022; Izmailov et al., 2022;
Lee et al., 2022a), which perform linear probing with target
data on a pre-trained model that is fine-tuned on the source
data. However, such methods are not very data-efficient,
and may perform poorly when target data is very small. We
specifically consider the adaptation with a few target exam-
ples, which is also recently considered in (Chen et al., 2023).

4. Mix & Probe (MixPro): Data-efficient
Few-shot Adaptation to Target Domains
In this section, we first discuss the challenges and considera-

tions of few-shot adaptation to distribution shift, and then in-
troduce our method, MixPro, to overcome these challenges.

Challenges & considerations. Adapting a model to new
domains with only a few examples from the target domain
is very challenging for the following two reasons: First,
while last-layer retraining on large target data outperforms
end-to-end fine-tuning (Kirichenko et al., 2022; Izmailov
et al., 2022; Rosenfeld et al., 2022; Yang et al., 2023),
this approach is not very data-efficient and poses a risk of
overfitting when only a few examples from the target distri-
bution are available (c.f. (Chen et al., 2023), and our figures
in Sec 6 and C). Second, adaptation to the target domain
should take maximum advantage of the few available target
examples to achieve optimal performance. Indeed, the prior
work that first find a diverse set of features from the source
and re-weight them using the target data (Teney et al., 2022;
Chen et al., 2023) may yield sub-optimal performance. This
is because some features that are important for the target
domain, but seem unimportant in the source data, may be
missed. We will confirm this theoretically in Sec. 5.

4.1. Linear probing on mixed source and target
embeddings

We present our method, MixPro that effectively adapts a
model with only a few data from the target distribution.

Key idea. The key idea of our method is to take advantage of
the large source data and a few target examples to construct
a new large dataset that contains generalizable information
about the target domain. If this can be done, then last-
layer retraining (linear probe) on the new constructed data
achieves a superior performance as: (1) it does not overfit
the (noise in the) few target examples, and (2) as the new
constructed data contains information of both the source and
target domains, the linear probe can take advantage of all
the relevant information during training to achieve superior
performance on the target distribution.

To construct a large dataset that contains information about
the target data, our main idea is to leverage the large avail-
able source data and incorporate information about the tar-
get into it. To do so, we use a pre-trained backbone model
f : X — R to map the source and target examples to a
d-dimensional embedding space. Then, we create a new
large embedding dataset by taking every source example
and mix its embedding with the embedding of a randomly-
chosen target example in the same class. For mixing the
embeddings, we simply take linear combinations of the em-
beddings of the source and target examples. In the new
dataset, every example is a combination of a target example
with a distinct source example. Therefore, the model trained
on the mixed embeddings learns the target information in
a more generalizable manner, without overfitting (particu-
lar noise in) the few target examples. In addition, the new
dataset still contains the information from the source data.
Hence, the valuable information of the source data that are
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relevant to the target domain but do not present in the few
target examples can be easily leveraged by the linear probe
to achieve superior performance.

Formal description. Formally, for source dataset
D* = {xf,y;}7, with n examples and a target dataset
D! = {x!,yl '}, with m < n examples, MixPro has the
following two steps:

(1) Mixing source & target. we construct a new dataset of
embeddings with their labels, expressed as follows:

Emived = {(1 = 8)f(25) + sf(a},), ¥}, (D

where j; " {7 |y = v;,j € [m]}, meaning that each
Ji is uniformly randomly sampled from the indices of the
target data whose labels equal y;. That is, for each source
example, we randomly select one target example with the
same label and take a weighted average of their embeddings
to create a new embedding, where s is the weight for the
target example and serves as a hyperparameter.

(2) Linear probe on mixed embeddings. Finally, we train
a linear classifier g on the mixed embeddings by minimizing
loss function (-, -):

min Bz, e, (9(2). ), 2)

where I denotes the empirical expectation.

MixPro vs (manifold) Mixup. We highlight the difference
between MixPro and (Manifold) Mixup (Zhang et al., 2017;
Verma et al., 2019). Mixup improves the in-distribution
generalization by training the model on mixed inputs and la-
bels of pairs of examples, using randomly sampled weights.
In contrast, our method is specifically designed for data-
efficient adaptation and involves mixing embeddings of
source and target data with a fixed weight, without mix-
ing labels of examples in difference classes. We will show
MixPro outperforms Mixup in our experiments in Section 6.

Using a fixed s. We note that randomly sampling s, e.g.
from a Beta distribution as is done in Mixup, is not effective,
as s determines the proportions of source and target data
in the mixture. Hence, it should be set appropriately for
every dataset. When s is randomly selected from a Beta
distribution, its expected value is 0.5, implying equal
weights for source and target data, which can lead to
suboptimal performance (c.f. Figure 3).

The selection of s. Prior work (Kirichenko et al., 2022;
Chen et al., 2023; Teney et al., 2022), involve hyperpa-
rameter tuning based on a hypothetical large validation
set from the target distribution. Indeed, addressing
hyperparameter selection in the few-shot scenario has
not been explored before. In Sec. 6.2, we demonstrate
that 2-fold cross-validation with the few available target
examples, can lead to reasonable hyperparameter selection.

Our method outperforms prior work, whether using this
strategy or a hypothetical large validation set.

5. Theoretical Analysis

In this section, we provide theoretical analysis in two scenar-
ios that comprehensively showcase the advantages of Mix-
Pro. Firstly, we compare MixPro with PRO? (Chen et al.,
2023), which learns a projection of pre-trained embeddings
of source data before performing linear probing on target
data. We demonstrate that PRO? can overlook important fea-
tures for the target distribution, whereas our method, which
directly performs linear probing on a mixture of source and
target data, does not have this issue. Secondly, we consider
a subpopulation shift model and demonstrate the trade-off
in selecting the mixing weight, as well as the advantage of
our method over using solely source or solely target data.

5.1. A case study of domain generalization: the
advantage of MixPro over prior work

Recent works (Teney et al., 2022; Chen et al., 2023) sug-
gested leveraging the large source data to learn a projection
from the original embedding space to a lower-dimensional
space that preserves a small and diverse (orthogonal) set of
features from the source data. Linear probing on the target
domain using these orthogonal directions has been found to
be more data-efficient. But, the drawback of this approach
is that the projection, being learned solely from source
data, may disregard directions that are less significant in the
source but critical for the target distribution. Next, we show
that such methods may result in sub-optimal performance.

In our analysis, we make assumptions about the distribu-
tion of embeddings on which different methods are applied.
In the source distribution, each label y is uniformly drawn
from {—1, 1} and the corresponding embedding z is given
by z = yv + &, where v '~ {v1,v2}, & = Evs with
& ~ N(0,0). v1,vs, v3 are orthogonal unit vectors. Sim-
ply put, in the embedding space, the label information is
carried in two directions, v; and vs, with each embedding
encoding label information in one of these two directions,
while having some noise in the third direction, vs.

To model the shift in distribution, we consider the following
target data distribution where each embedding is given by
z = yv + & where v unlf {va,v3}, &€ = vy with & ~
N (0, 7). The shift is such that, in the target distribution, the
label information is carried in vy, which is the shared part
with the source distribution, but it differs in that it can also
be carried in vs and never in v;. Instead, v, consists only
of noise in the target distribution.

Assuming we have access to n source data embeddings in
dataset £% and m target data points in dataset £¢ . To model
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the case where the source data is very large, we let n — co.

This simple model allows seeing the failure mode of pre-
vious methods, including (Chen et al., 2023; Teney et al.,
2022). Specifically, we consider PRO? (Chen et al., 2023),
while noting that (Teney et al., 2022) shares a similar under-
lying mechanism, and is nearly equivalent to PRO? for linear
models. We defer detailed discussion to Appendix A.1.

PRO? first learns a projection layer IT* = [IT7, ... . II}] €
R*P using the source data. It learns the columns in
IT* such that they are orthogonal to each other. The

formalization in (Chen et al., 2023) is as follows:
IT; = arg min By ee:(TL] 2,y) (3)
s.t. TI; L ITj for all j <,

where [ is the loss function. Then it performs linear probing
on the projected embeddings of the target data

w]”;Roz = argrrqlli]n]E(z’y)egtl(zTH*w,y). )

Intuitively, in the source distribution, vs does not carry any
label information, thus it is not learned by IT* in Eq. (3).
Thus, no information carried along v3 would exist after
passing through II. Therefore, any linear model on top of
the projected embeddings would fail on any test example z
that contains yvs, which accounts for half of the target data.

In contrast, MixPro can succeed because we directly train a
linear model on the mixture of source and target embeddings.
The linear model, having been exposed to vy, va, v, Will
effectively learn all these features.

The following theorem summarizes the above discussion:

Theorem 5.1. Assuming that the noise is sufficiently small,
o=o0(1), and l(.,.) is the MSE loss, then w.h.p.:

(1) The test loss on target data achieved by PRO? can always
be lower bounded by a constant order:

E(%y)emrgetdist-l(ZTH*'w;Roza y) > 0.5 —o(1).

‘mixed
I(z"w,y), as described in Section 4. When 3¢ = O(1)
s.t. € < s < 1 — ¢, it achieves a test loss on target data that
can be upper bounded by:

(2) MixPro learns Wy ,,pr, = argming E(z’y)eg

T, %
]E(z,y) Etarget dist. l (z WpfizPro y)

1%m02:mu

m

s(a+0(

The necessity of mixing with source data (advantage
over DFR). Here, we further discuss why mixing target
data with source data is important, compared to DFR, which
solely trains on the target data. We provide a rough intu-
ition by considering the extreme case where the noise is

o o =
© © o
|

Test Accuracy

<
N

Target Data Size
Figure 1. Comparison between methods on synthetic data.

very large, 0 = w(1). In this scenario, with probability
of at least 1 — 4, the test loss on the target distribution
E(2,y) carget dist. L (2| Wiz pro» Y)s takes the form:

IOg(l/(s) ))27

m

(Y(s,0) + 0(5202

where 1 (s, o) is a function of s and o, independent of m and
0. See explanation in Appendix A.3. Note that using s = 1
in our method corresponds to DFR, i.e., using only the target
data. We observe that reducing s, or placing more weight on
the source data, diminishes the second term, which reflects
the error due to the interaction of a small sample size m and
noise o. Next, we will consider another example that allows
us to provide a more fine-grained analysis, illustrating the
trade-off involved in selecting the value of s. In Fig. 1, we
compare MixPro with DFR and PRO? using synthetic data
similar to that in our analysis (see details in Appendix B.5).

5.2. A case study of subpopulation shift: trade-off
between learning target and overfitting noise

Here, we adopt a variation of the subpopulation shift model
used in prior work (Sagawa et al., 2020; Wald et al., 2021;
Aubin et al., 2021; Yao et al., 2022; Xue et al., 2023) to
provide a fine-grained analysis demonstrating the benefits
of MixPro over DFR, which only uses target data. We will
show that MixPro makes a trade-off between learning from
the target data and overfitting noise, outperforming both
DFR and only training on the source data.

We first define a family of data distributions & (u) param-
eterized by p, where each embedding-label pair (z,y) is
generated as follows. First, sample the label y uniformly
from {1, —1}, then sample a from {1, —1} with probabil-
ities Pr(a = y) = p and Pr(a = —y) = 1 — p. Finally,
generate the embedding as z = [z, 22, & |7 in R?, where

2

21~ N(y,0%), 2 ~ N(a,02), and &€ ~ N(0, 75 14-).
This model and its variations, widely utilized in many prior
works (Sagawa et al., 2020; Wald et al., 2021; Aubin et al.,
2021; Yao et al., 2022; Xue et al., 2023), are designed to
simulate a specific type of distribution shift known as sub-
population shift or spurious correlation. The first coordinate
21 , the core feature, carries the label information, while the
second coordinate 25, the spurious feature, carries informa-
tion about an attribute a, with its correlation to the label y is
dictated by p. When p > 1/2, a and y are correlated. The
remaining coordinates represent random noise.
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Figure 2. A trade-off between learning target information and
preventing overfitting noise. Top: incorporating more target in-
formation with increasing s. The orange and blue dots represent
examples from two classes in the spurious and core coordinates.
The black line represents the decision boundary of the learned
model along these first two coordinates. Bottom: With increas-
ing s, the model has a larger component in the coordinates for
random noise. The normalized weights vector is displayed in blue.
Its component in the first two coordinates is shown in green, and
the component in the directions of noise is shown in red.

Specifically, we consider the case where the source distribu-
tion is & (pspu) With pepy > 1/2, and the target distribution
is &(1/2) where a is completely independent of y.

The large source data is effectively less noisy than the
small target data. Consider the very small sample size of
the small target data. When the dimension is significantly
larger than the number of examples, there is a high proba-
bility that the noise in each target example is asymptotically
orthogonal to that in every other example, according to the
concentration behavior of random Gaussian vectors. Due
to this orthogonality, the noise appear unique to each exam-
ple and thus the model can learn the noise to predic labels,
especially when the scale of the noise is significantly large.
Similarly, in real world data, noises are spread out across the
entire embeddings with low correlation among themselves,
as opposed to the useful features, which are usually concen-
trated in a lower-dimensional subspace (Papyan et al., 2017;
Morcos et al., 2018; Oymak et al., 2019; Huh et al., 2021).
In contrast, in the source data, which comprises many more
examples, the noise cannot be used for prediction of the
label. Therefore, the small target data is more affected by
noise, while the source data is less so.

Visualizing the trade-off between learning target infor-
mation and preventing overfitting noise. First, we visual-
ize the decomposition of the weights w™ of a linear model
trained using MixPro in Figure 2. Specifically, we break
down the weights into two components: wy; . and wy, ;.-
The former is the component of w* in the span of the spuri-
ous and core features, while the latter is the component in
the orthogonal complement, corresponding to noise. From
Figure 2, we observe that as s increases, the data distribution

— r=05
0.50 4 r=1
— r=2

X

0 02 04 06 08 10
only source s DFR

)
I
S

Test MSE on target
&

Test MSE on target

0.25

0 02 04 06 08 10
only source s DFR

noise

(a) vary severity of shift (b) vary gt datasize

Figure 3. Left: A larger pyp, indicating a more severe shift, neces-

2
sitates a larger s; Right: A larger r = >, signifying greater noise

or a smaller target data size, necessitates a smaller s.
leans more towards the target distribution, leading the model

to align more with the core coordinate (top row). However,
simultaneously, the model also learns more noise (bottom
row). Fig. 2(c) shows that at s = 1 (using only target data,
i.e., DFR (Kirichenko et al., 2022)), the model learns ex-
cessive noise. In contrast, Fig. 2(a) shows thatat s = 0
(using only source data), the model learns predominantly
from the spurious feature. As shown in Fig. 2(b), by setting
an intermediate s, we can strike a balance between learning
target information and avoiding overfitting noise.

Formal theoretical results. Next, we present our formal
analysis. We make the following assumptions:

Assumption 5.2. (1) Similar to (Sagawa et al., 2020), we
assume that the second coordinate, carrying the spurious
attribute a, has a smaller variance than the first coordinate,
which carries the true label information. This makes the
spurious attribute easier to learn. Specifically, we set their
corresponding variances to be o; > 0 and oo = 0. (2) To ob-
tain closed-form results, we examine the high-dimensional
asymptotic limit where n, d, and m tend to infinity. To
account for the small size of the target data, we assume that
% — 00, while % — 0, ensuring that m is much smaller
than n. (3) Additionally, we assume that o¢ — oo, while
ratio between the noise and the sample size of the target data,

2
ie., %, remains constant at . This allows us to observe the
effects of the target dataset’s size and noise level.

We perform an asymptotic analysis to derive the exact ex-
pression of the test performance on the target data, and plot
it to observe the benefit of mixing source and target data,
as well as how it interacts with the severity of distribution
shift, noise level, and target dataset size.

Theorem 5.3. Consider the linear model w3, p,, learned
by MixPro with l(., .) being MSE loss with £y regularization.
With assumption 5.2, the test loss on the target distribution
achieved by wiy;,.. p,., can be expressed in closed form in
terms of pyu, 01,7 and s, as shown in Appendix A.4.

We plot the expression in Figure 3. Note that s = 0 corre-
sponds to using only source data and s = 1 to using only
target data (DFR). Across all plots, we observe that the test
loss on the target distribution first decreases and then in-
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creases as s increases. An intermediate value of s yields
the best performance, confirming that a mix between the
two performs better than using either only source or only
target (DFR). In Fig 3(a), we plot the curves under different
Pspu Values, which indicate the severity of the distribution
shift. We see that with a larger pgp,, implying a greater shift,
the optimal s becomes larger, suggesting more emphasis
on the target data. In Fig 3(b), we plot the curves under
different r values, the ratio of noise to target sample size.
We observe that a larger 7, indicating either greater noise or
a smaller number of target examples, results in the optimal s
being smaller, aligning with the intuition that in such cases,
we should rely more on the source data to counteract noise.
This is also empirically confirmed on real datasets in Figure
9 in Appendix C.3.

6. Experiments

In this section, we will demonstrate the superior perfor-
mance of MixPro over existing baselines across various
datasets and using different backbone models. Addition-
ally, we will explore realistic hyperparameter tuning in the
few-shot scenario, which is not addressed in prior work.

Datasets. We consider 8 datasets with different types of dis-
tribution shifts. These include 3 subpopulation shift bench-
marks: WaterBirds (Sagawa et al., 2019), bFFHQ (Kim
et al., 2021), and UrbanCars (Li et al., 2023); along with 5
domain generalization benchmarks: PACS (Li et al., 2017),
VLCS (Fang et al., 2013), Office-Home (Venkateswara et al.,
2017), Terra Incognita (Beery et al., 2018), and Camelyon17
(Koh et al., 2021). Due to space limitations, we defer the
details to Appendices B.1 and B.2. For the target dataset
size, we consider the few-shot scenario where {2, 4, 8, 16}
data points per class are sampled from the target distribution
(except for Terra Incognita, for which we use only {2, 4,
8} samples, because the smallest class, i.e., class index 9,
has only 12 examples). The test set is constructed using the
remaining data in the target distribution.

Baselines. We consider the following four baselines: (1)
DFR (Deep Feature Reweighting) (Kirichenko et al., 2022),
which performs standard linear probing using the target
data. (2) (Manifold) Mixup (Zhang et al., 2017; Verma
et al., 2019) where we additionally apply Mixup to the
embeddings while performing DFR. (3) Teney et al. (2022),
which trains multiple models on the source data while
minimizing the similarity between these models’ gradients.
We note that their method does not specify how to apply
these models to target data. To maximize effectiveness, we
train a linear model on the concatenation of the outputs of
these models using the target data. The final prediction is
thus a weighted combination of these models, with weights
determined using the given target data. (4) PRO? (Chen
et al., 2023), which first learns a linear projection to map

the embeddings onto orthogonal directions using source
data, and then performs linear probing using target data on
the projected embeddings.

Backbone models. For the backbone model that produces
embeddings, we consider two models: (1) The standard
ImageNet-pretrained ResNet 50 and (2) the ViT-L/16
model pretrained with SWAG (Singh et al., 2022). These
models are publicly available in TorchVision. For model
(1), we additionally fine-tune the backbone model on the
source data following (Kirichenko et al., 2022; Izmailov
et al., 2022), as (Rosenfeld et al., 2022) suggests that this
significantly improves the final performance. For model
(2), we use the original weights directly, as (Mehta et al.,
2022) has demonstrated the superior robustness provided
by the original SWAG weights.

Hyperparameter tuning. In Table 1, we present the range
of hyperparameters considered for each method, and the
ranges are sourced from the corresponding original papers.
We test our method and existing baselines using two differ-
ent approaches to tune hyperparameters, for a comprehen-
sive evaluation. The first setting (Section 6.1) follows the
practice of prior works (Teney et al., 2022; Kirichenko et al.,
2022; Izmailov et al., 2022; Chen et al., 2023), where hyper-
parameters are chosen based on performance on a held-out
large validation set from the target distribution. We note that
such a large validation set is essentially hypothetical and is
not typically available in real-world scenarios, particularly
in a few-shot setting where only a limited number of target
data points are accessible. Prior work that uses this approach
does admit that selecting hyperparameters in a realistic man-
ner remains an open problem that they have not addressed
yet. Therefore, we also test a second, more realistic setting
for hyperparameter selection in few-shot learning, where
we tune using cross-validation with only the few available
target data. The details are provided in Section 6.2.

6.1. Results with hypothetical large validation data

The results for SWAG-pretrained ViT-L/16 are displayed in
Figures 4, and results for ResNet50 are deferred to Fig 7 in
Appendix C.2. We report the results over 5 runs. Overall,
while some methods may perform comparably to MixPro on
certain datasets, they falter on others. In contrast, MixPro
consistently achieves the best performance across various
datasets, data sizes, and backbone models, as shown from
the average plot in Figures 4 and 7. The superiority of
MixPro over DFR and Mixup is particularly noticeable in
scenarios with small target dataset sizes (e.g., 2 per class).
This is because DFR relies solely on the limited target data,
leading to an insufficient sample size and consequently a
higher risk of overfitting to noise, as elaborated in Section 5.
The performance of PRO? largely depends on the severity
of the distribution shift. Specifically, based on our fine-
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Figure 4. Test accuracy on the target distribution versus target data size for all baselines across the 8 datasets we consider. Here, we use
the SWAG-pretrained ViT-L/16 model as the backbone . Overall, while some methods may perform comparably to MixPro on certain
datasets, they falter on others. In contrast, MixPro consistently achieves the best performance across datasets and data sizes.
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Figure 5. Results with hyperparameters tuned using cross-validation with only the few given target data. We use the SWAG-pretrained
ViT-L/16 model as the backbone. In these scenarios, MixPro continues to outperform the others as the best method.

grained results in Appendix C.1 for the subpopulation shift
datasets (WaterBirds, UrbanCars, bFFHQ), PRO? works
better when the target distribution is balanced (Fig 6 top),
i.e., all subpopulations are equally represented in the target
distribution, despite still being outperformed by MixPro.
However, in scenarios where the target distribution only
consists of the minority subpopulations, indicating a more
severe shift, PRO? achieves worse performance compared
to others (Fig 6 middle). The corresponding three plots
in Fig 4 present the average results over the two types of
shifts. Furthermore, on domain generalization datasets (Fig
4, top row), which present a severe shift as the target and
source come from completely disjoint domains, PRO? also
achieves less satisfactory performance overall. In contrast,
MixPro consistently performs well across datasets. This is
supported by our theoretical analysis in Section 5.1, which
explains that when the source and target differ significantly,
such as when the target has examples not present in the
source’s support, PRO?> may filter out crucial features of
the embeddings during projection, while MixPro learns all
vital aspects, thereby confirming MixPro’s advantage over
PRO?. Besides, Teney et al. (2022) is also surpassed by
MixPro, for a similar reason; they initially train multiple

models exclusively on source data before applying them to
the target data, potentially missing relevant features.

6.2. Results with cross validation using few-shot data

Prior works, such as (Kirichenko et al., 2022; Izmailov
et al., 2022; Chen et al., 2023), tuning hyperparameter—
including learning rate, weight decay, and method-specific
hyperparameters—by evaluating accuracy on a large held-
out validation set. However, this may not be realistic for
few-shot adaptation, as it contradicts the assumption of
having only a few target data points available. Therefore, to
evaluate if the methods can operate effectively in a true few-
shot scenario without additional data, we employ standard
k-fold cross-validation using the limited target data available
for hyperparameter selection. Considering the smallest case
in our experiments, where the target data size is only 4 (2
per class and 2 classes), we set & = 2 to ensure that each
fold has at least one data point per class.

We conduct experiments on Terra Incognita, VLCS, Urban-
Cars, bFFHQ and Offie-Home. Figs 5 and 8 show the results
for different model architectures. We observe that although
the overall performance slightly drops, it remains reason-
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able, as the decrease is mostly within 10% compared to the
case where a large validation set is used, considering that no
extra information beyond the given few examples is used.
This confirms that cross-validation strategy is promising
and is a potential solution to the hyperparameter selection.
Importantly, MixPro still stands out with the highest perfor-
mance, showing that its advantage is retained even when hy-
perparameters are selected using very limited information.

6.3. Relaxing the requirement of source data availability

In some scenarios, the source and target data may not be
available simultaneously. In other words, by the time we
encounter the target data and wish to adapt to it, the source
data may no longer be accessible. However, MixPro re-
quires both data to be available at the same time to train
a linear probe on the mixed source and target embeddings.
This implies that one may always need to store the source
embeddings to use them when a new target data is encoun-
tered. To alleviate this requirement, we propose a simple
approach of storing only minimal information about the
source data, thereby making the method more flexible.

Specifically, we store only the average embeddings (mean)
of each class, resulting in only #classes embeddings. When
we create the mixed embeddings, we combine each tar-
get data point with the corresponding class mean from the
source. We call this modified method MixPro-CM and test
it on all the datasets under the same settings as shown in
Figure 4. From the figure, we observe that MixPro-CM
performs slightly worse than the original MixPro, but still
outperforms all other methods. We believe that further ex-
ploration into how to improve it, such as retaining more
fine-grained information than just class means, would be a
valuable direction for future research.

7. Conclusion

In this work, we proposed MixPro for few-shot adapta-
tion to distribution shifts. MixPro performs linear probing
on mixed embeddings of source and target data, avoiding
overfitting to the small target data while effectively learn-
ing target information. Moreover, we proposed a variation
of MixPro which requires minimal information about the
source data, i.e., the class means. We provided theoretical
analysis showing its advantages over previous methods and
conduct extensive experiments demonstrating its superior
performance across various scenarios for few-shot adapta-
tion under distribution shift.
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A. Theoretical Analysis
A.1. Discussion on Teney et al. (2022)

(Teney et al., 2022) proposes training multiple models (h1,..., Ay, ..) o0 the embeddings of the source data while
minimizing the similarity of these models, before adapting to the target data. We will see that this process closely resembles
the projection step of PRO?. The objective of (Teney et al., 2022) is defined as:

Tmodels

Z]Ezyegs +)‘Z Z simy (h;, hj) | ,

i#j (z,y)EE®

where sim, (h;, ;) is the inner product between the gradients of two models with respect to the input z.
Considering that h’s are linear models defined by h;(z) = 6, 2, the gradient with respect to any input z is just the model

weights, V,h;(z) = 6,. Consequently, the objective becomes:

Tmodels

min ZEzyegs 18] z,y +)\'ZOT

01 7""enmodels i#]

This goal bears a strong resemblance to that of PRO? where 6;’s can be considered analogous to the projection vectors IT;’s
in PRO?The objective above is to align each projection’s output with the label 3, while promoting orthogonality among
the projections. The only difference is that (Teney et al., 2022) achieves this through a regularization term, whereas PRO?
enforces exact orthogonality. We hypothesize that this additional flexibility is likely why (Teney et al., 2022) generally
outperforms PRO? with hyperparameter tuning in our experiments in Section 6.

A.2. Proof of Theorem 5.1

A.2.1. ANALYSIS OF MIXPRO

Notations. Let {Z;};, denote the mixed embeddings where 2; = (1 — 5)z] + 52} .

Assumptions. As mentioned in Section 5.1, we assume n — oo and 0 = o(1). We also assume that 3¢ = ©(1) s.t.
€ < s < 1 — e as mentioned in the statement of Theorem 5.1.

Without loss of generality, we consider vy, v2, v3 to be e1, es, €3, respectively, i.e., the three standard basis vectors.

By the closed form expression of the minimizer of the MSE loss, we can write the weight of the linear model found in
MixPro as

* a—1 o~
Wiz Pro = Z)mixedtl‘l‘mi’(eCl? (5)
where
Z 557
mlxed — ) (6)
and
N 1 L
Umixed = ZiYi-
n

Next, we analyze E;i}(ed and Upixed-

Firstly, we decompose 2mixed as

. 1
T 2 T tT
3 mixed =( l—s E ziz] +s -~ E zj %), (1-29) sf E ziz (1-29) sf E zjl * @)

:Emixed + AzJmixed, (8)
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where
2:mixed = IEEA:mixed = EO + A
with
%(1—5)2 1(1—s)s %(1—5)3
So= [H1-ss 12 a5 1 fa- o ©)
7(1—=s)s (1 —s)s 55
and
s202 0 0
A= 0 0 0 . (10)
0 0 (1-s)%0?

By applying concentration bounds for Gaussian vectors and matrices (Theorems 6.1 and 6.3 of (Wainwright, 2019)) we can
obtain the following. We omit the exact derivation, but the process is similar to, for example, Section B.2.2 in (Xue et al.,

2023).
|AS ixed|l2 <O(s2021/ logwt/é) +O(s(1 - s)a\/w), with probability > 1 — & (11

Here, as we assume o = o(1), we further obtain || A yixed||2 = O(04/ %). Since Je = ©(1) s.t. € < s < 1—¢, we have

[Zoll < O(1),[|Z5 2 < O(1) (12)

By applying the classical result for the inverse of perturbation (Demmel, 1992) and combining it with 12, we obtain

. log1/6 . ..
||E;i§ed — Eale < O(]|A + AXixed|]2) = O(ay/ gin/ ) with probability > 1 — 6. (13)
Next, we examine Umpixeq, Which can be further decomposed into
. 1 .
Umixed == ZiYi
n

=Unixed + Almixeds

where

3(1-39)

N[

Umixed = Elpixed =
S

ML

Similarly, we can also bound || Atpixed||2 using Gaussian concentration bounds

[[Atmixed||2 < O(% log1/5) with probability > 1 — .
m

DI 1umixed can be easily calculated

[

20 Mmiea = [ 1] - (14)

—_

Now we bound the distance between 3, 1umixed and ﬁ];&edﬁmixed. Observe that

-1 -1 -1 o —1 ~
Emixedumixed = (20 - (20 - Emixed)> <umixed - (umixed - umixed)) .
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By Cauchy—Schwarz inequality and realizing that ||wmixea||2 and |2y |2 are ©(1), we have

13 iea Bmixed — Bg  tmixed|l2 O Bikea — X0 ' 1l2) + O/ thmixed — Umixeall2) (15)

log(1/3)

=0(o ) with probability > 1 — 4.

Now we are ready to bound the test loss. We first define the covariance matrix of the target embeddings

a2 0 0
=00 % 0
0 0 %

By deriving the test loss, leveraging the relation y = 3," z where 3; = [0,1,1] " in the target distribution, and incorporating
Equation 5, we express the test loss as

1/2 y— ~
]E(z,y)etarget dist.l(sz}K\/[imProay) = HEt/ (ﬂt - Emiied'u'mixed)HQ-

Applying Cauchy—Schwarz inequality and incoporating Equation 15 yield

1/2 _ 1/2 /e TN
\/]E(z,y)emrget dist (2T Wi i pror Y) §||2t/ (B — X, 1umixed)” + ”Et/ (2o Mmixed — Emiied“mixed)”

<o+ O( W)

Therefore

ZOLNE

]E(z,y)etargel dist.l(szX/[inroa y) < (U + O(

Consequently, with a probability of at least 1 — O (=)

poly m

" logm 2
E s el (2 Wisizpr) < (7 + 00 2E2) ) = o).

A.2.2. ANALYSIS OF PRO?

We first solve I, which is simply given by arg miny, IAE(z,y)e e<1(IL] z, y) without any restriction. Since we use MSE
loss, the closed-form solution is given by

(Bea,yyeeszz ") B y)ceyz

As we assume n — 00, the empirical expectation equals the true expectation, thus we can calculate that

R 1/2 0 0
Eiyeezz = 0 1/2 0],
0 0 0‘?
and
R 1/2
B yeeyz = 1/2
0
Therefore, we obtain that
1
II; = |1
0
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For the remaining IT}’s (¢ > 2), we first write the loss function as follows

IAE(z,y)ESSZ(HiTza y) :]E(z,y)wsource dislributionl(HiTza y)

/2 0 0
=II; | 0 1/2 0 |IL—[1, 1, 0] IL; + 1.
0 0 o2

Note that IT’s (for ¢ > 2) have to be orthogonal to II7, which equals 1,1, O]T, while minimizing the above. Therefore, we
substitute [1, 1, 0]II; = O into the above, which reveals that IT} minimizes

12 0 0

II} = argmin <H;r 0 1/2 0 Hi—&—l).
II; 2
0 0 o

Note that the RHS is minimized when II; = 0. Therefore we conclude that IIY = 0 for # > 2. Given that, and considering
v4 IT; = 0 we obtain

v, IT* = 0.
The linear model trained on top of the projected embeddings using the target data has the following expression
w”* :Eztegt (H*TZtZtTH*)TIAEZtegt(H*thyt) (16)

We first examine the projected covariance

0 0
E(zt7y)€gt (H*TZtZtTH*) = IAE(zt’y)egt 0 0 O
0 0

Noticing that thH’{ = by' + £ where b ~ Bernoulli(1/2), we can apply concentration bounds of random variables
to deduce thatJlE(z”l'[’{)2 — (1/2 + 0?)| < o(1) with high probability, when m is sufficiently large and o = o(1).
Additionally, IE gt (IT*T 2'y') concentrates around [1/2,0,...]" with error bounded by o(1) with high probability,
1
20241
similar to what we show in the previous section. Finally, we can further calculate that w* concentrates around 0 by

1
1].

: * 00k 1 * 1
Equation 16. Thus, IT*w* concentrates around 5 +1l'[1 = 55277

Now we are ready to bound the test loss. Combining the above conclusions on concentration and the fact that o = o(1), we
obtain

E(z,y)Eta.rgetdist.l(zTH w 7y) :*E&y([a%ﬂﬂ w _y)2 + 7]E§,y([07£7y]]] w _y)2

2 2

1, 1 1 1

== — 124+ By (=——E¢—1y)2 +0(1
1, 1 1 o?

= (—— 1)+ S (=——— + 1) £o(1

2zt Y gy TV W)

=0.5+ o(1).

A.3. Effect of s when ¢ = w(1)

Here, to understand the benefit of choosing an intermediate s instead of solely using the target data by setting s = 1, we
consider the case of large noise where o = w(1). The analysis is similar to that in Section A.2.1, except that the dominant
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. . . 1 1/6 .. . . S—1 ~ —1
term in Equation 11 is now 0(3202\/ %) Additionally, in Equation 15, we compare 3 . Umixed 10 2 4Umixed
instead of Ealumixed, ie.,

T log1l/6
HEmiiedumixed - EmliedumIXEd”? <O(||A2m1xed” ) + O(HAumixed”Q) = 0(8202 gm/ )
Then, the final step becomes:
* 1/2 1/2 S — ~
\/E(Zvy)étargel diSt.l(ZTwMi:rPrm y) g”2315/ ( ZJmlxed’u’mlxed)H + ||E / (Ezmlxedum”‘ed Emi}(edumimd)”'

Note that X! 4 and therefore 33 |

mixe dumixed can be calculated exactly and are independent of m, thus the above takes the

mixe
form ¢ (s, 0) + O(s%0?4/ %), where (s, o) is a function of only s and o.
A.4. Proof of Theorem 5.3

Expression of the test loss. Consider the linear model w3, , p,, learned by MixProwith /() being MSE loss with {5
regularization, i.e., we minimize miny, B, ,)egue. (W' 2 — ¥)? + Al|w||2. With assumption 5.2, the test loss on the target

‘mixed

distribution achieved by w3, p,., has the following closed form expression:

2
E(zyeet (Wifiwpro? — Y)° :<¢1¢3q—¢§(w3 — (1 —5)(2p—1)) — 1)

2
<¢1¢3 %( ¢2+1/J1(1—5)(2P—1))>

2 q _ _ s _ ’
+ol( - e 1))),

where
Y1 =(1—8)2(1+0}) +25(1 — 8)g+ s*q(1 +0}) — (1 —5)*(1 —q) + A
P =(1—5)°2p—1)+s(1—s5)g(2p—1) — (1 —5)’(1—q)(2p— 1)
Y3 =(1—s)* 45— (1—5)’(1—q)(2p—1)* + A,

with ¢ = 2.

We prove the above conclusion below.

Notations. Let Z € R?*™ collect inputs in £°. Let Z' € R4*™ collect inputs in £*. Remember that for each example in
&%, we sample an example from £ to construct Emixed- Let Z " e R collect the n sampled inputs (i.e., with duplicates)
from E*. Let Z denote the inputs in Epixeq. Then Z = (1 — s)Z +sZ”. Let Y, Y’ Y" be the corresponding labels.

Note that Y = Y. For convenience, in this section, we use z, 2, 2", Z for columns in Z, Z’', Z", Z, respectively

!

éc,] where f’ € R? and ¢’ € R%2. Let
=[f1. 1%, ..., fl.]. Let C, denote the set of indices of examples in £* with label y. Let S; denote the set of indices of

examples from £¢ that are going to be mixed with zg-.

(instead of the notations with ¢ and s used in the main paper). We write z’ =

17
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Proposition A.1. The following holds asymptotically almost surely (a.a.s.) in the asymptotic regime we consider

1//_1m//T_1+U%O._
—F'F = EZ;fifi = o' | =Geore (17)
Vi£jeml, ¢'¢=0 (18)
Vi € [m], [I€ill = o¢ (19)
1 1 (G 0 2 9p—
~zZZ7T == ZzzT = g o2 , where G gpy, = [1 +tor 2p 1}
n n = I 0 ﬁ[d_2 2p —1 1
v ]

y;(2p —1)
m
Mo 0 =z, (20)
n iESj S

0 -
2
=3 1= [‘(ﬂ @1
m ¢
JECy

1
Lpy - H 22)
m 0

1

2p—1

1 0
~ZY = (23)
n :

0

The following derivations are performed based on the equations in Proposition A.1. We index the examples such that the first
m/2 examples in £¢ have label 1 and the rest have label —1. Since equations 18 and 19 are true, without loss of generality,
we assume ) = o¢e; where e; is the i-th standard basis in R4—2,

Corollary A.2. The following is true

1
sy _ |(1-9)Ep-1)

1
n s2EY!
0

Proof. 2Z"Y = L Z'Y’ holds almost surely in the limit we are considering. Then

1 - 1 1
—ZY =(1-8)-ZY +s-2"Y
n n n

1 1
=1-98)-ZZ+s—2'Y'
n m

1
2p—1 1
=(1-2ys) 0 +s goy, by the assumption on ¢;’s and Equations 23 and 22,
: 0
0
which completes the proof. O
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Lemma A.3. The following is true

1 H N o
—(zz'""+2"'Zz")=|NT o0 o],
" 0 0 O
where
[ 2 2-1
H._[2p_1 0} (24)
— e 1 [ 111 1 1. -1 ]=2 Loy (25)

the first m /2 elements are 1 the last m /2 elements are —1

Proof. We first derive the expression of 1 ZZ" "

2R DI it SIS

ye{l,—1}  jec,  i€S;

|

1 2
=3 Z Eya Z z}T by equation 20
ye{l,—1} JECy
1 _ 2 T T
5 ¥ aZYu g
ye{1,-1} jec,
1 2
=5 Z Zy[y 0 - Z agejT] by equation 21 and the assumption about
ye{l,—1} JECy
1 0 = i & JREE -5 i -5 ) 0
2p—1 0 @2-1)% -1)%F —@2p-1)7 —(2p-DF 0
_ | o . 0
0 0

The expression of %Z "Z T is just the transpose of the above. Adding the two expressions together completes the proof. [
Lemma A.4. The following is true
GCOT‘C gF, 0
lZNZ//T — | o T ;?I

0 0 0

Proof. %LZ nz"m = %Z 'Z'T almost surely in the limit we are considering. Then

lZ//Z//T :lZ/Z/T
n m
1 [ F
= oely, [F'T oelpy, 0']
| 0
| [F'F'T ocF 0
=_ O’gF/T cr?Im 0
m
0 0 0

Gco’re EF/ 0

0
=|Z=FT %1, 0
0 0 o
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Define M = %Z~Z~T + A1 ;. Then

M:(l_S)QZZT+8(1_8)ZZ//T+S(l_S)Z//ZT+iZ//ZHT+)\Id
n n n n

H N 0 Geore 2=F' 0
5 |Gspu 0 T 2 or
=(1-5s) o +s(1—3) |N 0 O +s" |ZpT %1, 0| +Ala
0 =lie 0 0 O 0 0 o
A B 0
—|B"T D 0

0'2 '
0 0 TfZId_Q_m + Mo
where
A=(1 =5 Gopu +5(1 = )H + *Gore + A2
B :=s5(1 —s)N + R
m
o2 o?

D =((1-5) =5 +5* S 4+ N = (s°r + N

The inverse of M is

(P/D)~! —(P/D)"'BD™! 0
M-l_ |-D'BT(P/D)"" D'+D 'B'(P/D)"'BD! 0 26)
0 0 021 Id—2—m 7
=3+
A B T .
where P = BT D and P/D := A — BD !B is the Schur complement of D in P.

We first derive the expressions of F/N T .
FNT=2F'y1 2p—1]
m

—o¢ Ll) 2p 0 1] by Equation 22 Q27

Now we derive BB .

2
g
BB =s*(1- 52NN +s' S F'F'T 4+ (1 —5)X(NF'T+ F'N")
m m

=5%(1 - 8)*rd + §*7Geore +53(1 — s)rH by Equations 25, 17 and 27, (28)
1 2 — 1
where J = [217 1 (- 1)2}
Letgq = ﬁ Then
A A s2r
P/D =(1—35)°Gypy+s(1—8)5——~H + 8 ———Geore — (1 — 5)° 5——J + AL
/ (1= 8) Gopu + 5 8)521“4—/\ e (1-2) s2r 4+ A Ak
=(1-8)*Gspu + (1 — 8)qH + 52qG core — (1 — 5)*(1 — q)J + AL,
_ [% 1/}2}
Y2 Y3]’
where

U1 i=(1— )’ (1+07) +25(1 — s)g+ s°q(1 + 07) — (1 = 5)*(1 — q) + A
Yo =(1—-5)2p—1) +s1—s)q2p—1)— (1—s)*’1—q)(2p—1)
Y3 =(1—5)°+s%¢—(1—9)>(1—q)(2p—1)> + A
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Then

I S - S
(P/D)™ = V1 — Y3 L% 1 ] '

Let w be the minimizer of the objective in 2, which has the closed form expression M ~! %Z Y. We are ready to derive the
elements in w using Corollary A.2 and 26. But before that, we first derive the following

BY' =s(1 - s)NY' + 225 Py’
m

=s(1 — s)o¢ {gpl_ 1} + %o H

e [(1 - s>§2p - 1)] '

Now we can drive the first two elements in w with the above and Corollary A.2 and 26

wy =(P/D)™ [( ] - (P/D)leD*s%Y’ (29)

1
1-5)(2p—1)

=q(P/D)™* {(1 - 3)22;0 - 1)]

__ 4 {7#3 —tha(1 —s)(2p — 1) ]
P1py — 3 | Y2 +Y1(1—s)(2p—1)|°

as well as the next m entries

__ p-lpT -1 1 —1_.9¢~ 1T -1 —1_9¢ v
W3.mi2 =— D7 "B (P/D) [(15)(2}91) + D smY +D B (P/D)""BD smY
hq
_oe |2
him

where

e =3 — (1l —8)(2p— 1)

co=—o+U1(1—s)(2p—1)

h; ::( i -1 L S
' S2r+ X s+ Ny — 3

(1—s)(e1+ (2p — 1)e2))ys — s°(finca + fizca).

Note that the remaining entries in w are all zero.
With simple calculation, we can obtain the MSE test loss on the target distribution

0_2 m—+2

Eemee (w2 =9 = (o =1 +wd +ofui+ 725 3 ul.

Let’s look at the last term, which can be written as

: : 1 ym 32 1§y g2
Since [EA is a constant and by the law of large number —- % " - h# converges almost surely to the expected value, — > .~ - hs
Tm

2
is also a constant. Note that r is a constant, too. Then the RHS converges to 0 because % = =75 — 0 by our assumptions.
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Combining the above and equations 29, we obtain the following expression of

T q ? q ?
— 2: o — — S —_ — —Yg 1 — S —
Bz yes (w2~ y) ( T (= 92— ) 1) +< Tt (=92 1)))

¢ 2
+o1 <¢MW3 — P21 —s)(2p — 1))) :

which completes the proof.

B. Experimental Details
B.1. Datasets

Waterbirds. In the WaterBirds dataset (Sagawa et al., 2019), the task is to classify images of birds as either landbirds
or waterbirds, where each bird image has a background of either land or water. The dataset introduces a challenge as
the label is spuriously correlated with the image background. Among the 4,795 training samples, about 95% exhibit this
spurious correlation, with the numbers of the four combinations of background and label—(land background, landbird),
(water background, landbird), (Iand background, waterbird), and (water background, waterbird)—being 3498, 184, 56, and
1057, respectively.

UrbanCars. This dataset, constructed by (Li et al., 2023), features multiple spurious correlations. The task is classifying
images as either urban cars or country cars. Each image has one background (BG) and one co-occurring object (CoObj). The
BG is selected from either urban or country backgrounds, and the CoObj is selected from either urban or country objects.
For each class, images with common BG and CoObj constitute 90.25%, images with uncommon BG and common CoObj,
or with common BG and uncommon CoObj, constitute 4.75%, and images with both uncommon BG and CoObj constitute
0.25%. This dataset presents a challenge due to multiple spurious correlations/shortcuts.

bFFHQ. This dataset, constructed by (Kim et al., 2021), is the gender-biased version of the Flickr-Faces-HQ (FFHQ) dataset
(Karras et al., 2019). The task is to classify whether a given facial image is ‘young’ (aged 10-29) or ‘old’ (aged 40-59). The
label ‘young’ is highly correlated with the attribute ‘women’, and ‘old’ is highly correlated with the attribute ‘man’.

Camelyon17. This dataset, included in the WILDS benchmark by (Koh et al., 2021), comprises medical images collected
from various hospitals, leading to naturally occurring distribution shifts due to the differences in data collection processes.
In the training set, the images are patches taken from 30 WSIs (whole-slide images), with 10 WSIs from each of the 3
hospitals in the training set. In its out-of-distribution test set, the images are patches taken from 10 WSIs from a different
hospital, which was chosen because its patches were the most visually distinctive. These WSIs are also distinct from those
in the training set.

PACS. This dataset was constructed by (Li et al., 2017) and is included in the DOMAINBED benchmark by (Gulrajani &
Lopez-Paz, 2020). The task is image classification across seven classes. It features images from four domains: Art (A),
Cartoons (C), Photos (P), and Sketches (S).

VLCS. This dataset was constructed by (Fang et al., 2013) and is included in the DOMAINBED benchmark by (Gulrajani &
Lopez-Paz, 2020). The task is image classification across five classes. It features images from four photographic domains:
Caltech101 (C), LabelMe (L), SUNO09 (S), and VOC2007 (V).

Terra Incognita. This dataset was constructed by (Beery et al., 2018) and is included in the DOMAINBED benchmark by
(Gulrajani & Lopez-Paz, 2020). The task is image classification across ten classes. It contains photographs of wild animals
taken by camera traps at four different locations: L.100, L38, L43, and L46.

Office-Home. This dataset was constructed by (Venkateswara et al., 2017) and is included in the DOMAINBED benchmark
by (Gulrajani & Lopez-Paz, 2020). The task is image classification across 65 classes. It features images from four domains:
Art (A), Clipart (C), Product (P) and Real (R).

B.2. Details of data distribution

WaterBirds, bFFHQ and UrbanCars exhibit subpopulation shifts. In these datasets, certain subpopulations are significantly
underrepresented in the source distribution. Following (Chen et al., 2023), we examine two types of target distribution that
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Table 1. Hyperparameter range for each method. m.s. represents ‘method-specific’.
| [ PRO’ DFR | Mixup | Teneyetal. (2022) | MixPro
Ir {0.1,0.01,0.001}
wd {0.1,0.01,0.001}
m.s. | de{1,2%,272°25 2™} [ None [ o € {0.2,0.4,2%,2° 2°} [ Ae{5e *,1e *,0.1,1,5} [ s€{0.1,0.3,0.5,0.7,0.9}

differ from the source distribution: (1) Minority (M), which only contains the minority subpopulations, and (2) Balanced
(B), which contains an equal number of examples from each subpopulation.

PACS, VLCS, Terra Incognita, and Office-Home are domain generalization datasets, each consisting of data collected
from multiple distinct environments/domains. Following prior work (Gulrajani & Lopez-Paz, 2020; Li et al., 2017; Fang
et al., 2013; Beery et al., 2018; Venkateswara et al., 2017), we select one domain as the target distribution, with the
remaining domains forming the source distribution. Below are the exact setups, following the common settings used in the
aforementioned works. For PACS, we let P, A, and C constitute the source domain, with S as the target domain; for VLCS,
we let V, L, and C constitute the source domain, with S as the target domain; for Terra Incognita, we let L100, L38, and L43
constitute the source domain, with L46 as the target domain; for Office-Home, we let A, C, and P constitute the source
domain, with R as the target domain.

Camelyon17 is also a domain generalization dataset, where the source and target distributions consist of data collected from
different hospitals.

B.3. Training details

Finetuning of ResNet50 on source data. On WaterBirds, bFFHQ, and UrbanCars, we train the model on the source data
using the SGD optimizer with a batch size of 128, a learning rate of 0.001 and weight decay of 0.0001 for 100 epochs. On
Camelyon17, we use the same setting except we train for 20 epochs. On PACS, VLCS, Office-Home, and Terra Incognita,
we use the same setting but train for 50 epochs.

Training details of all methods. For all methods, following (Chen et al., 2023), we employ the Adam optimizer (Kingma &
Ba, 2014) with a batch size of 64 and train for 100 epochs. On Camelyon17, due to the large size of the source data, we
randomly subsample 20,000 examples from the source data to mix with the target data when applying our method, MixPro.
This turns out to be sufficient to achieve very high performance.

B.4. Details of hyperparameter tuning

Table 1 displays the hyperparameter ranges we use for tuning each method. For every method, we tune the learning rate and
weight decay, along with method-specific hyperparameters. It’s important to note that the ranges we selected here are all
based on the original paper, covering the ranges or the exact values considered in the original study. For (Teney et al., 2022),
in addition to the regularization strength A, there is another hyperparameter, which is the number of diverse models trained
on top of the embeddings. We set this number to 96, as (Teney et al., 2022) demonstrates that a higher number of models
leads to better performance, and 96 is the maximum value they used.

B.S. Details of the toy experiments in Figure 1

We generate synthetic data that is a higher-dimensional generalization of that analyzed in Section 5.1, to demonstrate the
generality of our results. Formally, each example z € IR? is given by:

z=yv+§,

where v is selected from {v1,v2} in the source distribution and from {v, v3} in the target distribution. The noise £ is a

random Gaussian vector sampled from the space orthogonal to the features, formally & ~ N (0, d%z (I —VVT)), where
V = [v1 9] in the source domain and V' = [vy w3] in the target domain.

In our experiments, we set 0 = 4 ,d = 8 and n = 4000.
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Figure 6. Detailed results on the three subpopulation shift datasets where we use the SWAG-pretrained VIT-L/16 as the backbone. The top
section shows the results when the target distribution is balanced. The middle section displays the results when the target distribution
contains only subpopulations that are minorities in the source data. The bottom section shows the average results over these two cases. We
note that these bottom plots are the same as the corresponding plots in Figure 4.

C. Additional Experimental Results

C.1. Detailed results on subpopulation shift datasets

As mentioned in Section B.2, for each subpopulation shift dataset, we examined two types of target distributions: Balanced
(B) and Minority (M). The complete results are presented in Figure 6. We observe that MixPro consistently performs the
best on each dataset, while other methods may perform well in some cases but fail in others. Overall, as indicated by the
bottom row of plots, MixPro demonstrates the best performance.

C.2. Results for ResNet50

We also present results for cases where we use the ImageNet-pretrained ResNet50, fine-tuned on the source data, as the
backbone. Fine-tuning on the source data aligns with the practices in (Rosenfeld et al., 2022; Kirichenko et al., 2022)
and is essential for achieving good performance; otherwise, the performance would be significantly lower, unlike with the
SWAG-pretrained ViT.

Figure 7 presents the results obtained by using an additional validation set for fine-tuning, while Figure 8 shows the results
from using cross-validation with the few given target data. We observe that, similar to the conclusions drawn in Figures 4
and 5, some methods may perform comparably to MixPro on certain datasets but are surpassed on others.
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Figure 7. Results are presented for cases where we use ResNet50, pretrained on ImageNet and fine-tuned on the source data, as the
backbone model. Here we use the additional validation set for hyperparameter tuning. We evaluate all methods across 6 datasets. We see
that MixPro is the only one that consistently delivers the best performance.
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Figure 8. Results are presented for cases where we use ResNet50, pretrained on ImageNet and fine-tuned on the source data, as the
backbone model. Here we use cross-validation with the few given target data for hyperparameter tuning.

0.56
0.81

S - 0493 0486 0497 = -0.739 0.736 0.744 0.745 = -0.787 0.785 0.789 0.792
0.76
- 0.54
- -0.80
Q- 0506 0512 0533 2 -0.746 0.741 0.742 -0.75 2-0.795 0.794 0.799 0.797
-052 @ o o
23 [l %]
< -0.74 ; -0.79 ;
in
n 2- 0517 0517 a n 2 -0.744 0.741 a 0 2 -0.796 0.796 (RN a
=4 C c
-0.50 = 5 S
o -0.73 @ o
2 2 078 Q
540484 0511 5 -0.738 0.731 (U ANETS = -0.786 0.791 XK
- 0.48 -0.72
0.77
o o .71 o
2 JEELEN 0.496 046 2 -0.730 (kP4 0.745 [RAL 0 2
| T 0.76
2 4 2 4 8 16
# examples per class # examples per class # examples per class
(a) Terra Incognita (b) VLCS (c) PACS

Figure 9. Target data Size and the selection of the mixing weight s. Recall that s represents the weight assigned to the target data.
Consistent with our intuition and the analysis presented in Sections 5.2 and 3, we observe that with a smaller target data size, the optimal
value of s decreases.

C.3. Mixing weight and target dataset size

Here we domonstrate how the size of the target data influences the choice of s. As depicted in Fig 3(b), our theoretical
analysis in Section 5.2 has already indicated that with fewer target data points, a smaller s is preferable. This means placing
more emphasis on the source data to counteract the noise. We confirm this intuition on real datasets. In Figure 9, we show
the test accuracy under different values of s and target data sizes, for the results with ResNet50 as the backbone on three
datasets.
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dataset P-Mixup | MixPro
PACS 81.97 84.50
Office-Home 85.05 90.84

Table 2. Comparison between MixPro and (Zhu et al., 2022) on Office-Home and PACS.

LCCS (1-shot)

MixPro (1-shot)
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MixPro (5-shot)
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MixPro (10-shot)

Sketch
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76.7

77.1

79.4
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C.4. Comparisons with (Zhu et al., 2022) and (Zhang et al., 2022)

Table 3. Comparison between MixPro and (Zhang et al., 2022) on PACS.

(Zhu et al., 2022) employs both image-level and representation-level mixup, with the mixing ratio progressively adjusted,
and optimization performed using the MAML meta learning framework. Below, we present a comparison between their
method and ours.

* MixPro is data-efficient and performs better. Our method is more data-efficient than (Zhu et al., 2022), achieving
better performance when given very few target data. We conducted new experiments on PACS (with the target domain
being S) and Office Home (with the target domain being R) using ResNet18, employing the same setup as in (Zhu
et al., 2022) (which uses only a subset of the classes), and reported our method’s mean Average Precision (mAP) — the
metric used in their paper — comparing it with theirs in Table 2. We observed that our method indeed outperforms
theirs on both datasets. This could be attributed to their approach of updating the encoder rather than freezing it, which
can potentially be harmful as the entire network is more prone to overfitting the very few target examples, compared to
just the linear layer.

MixPro is lightweight. A few factors contribute to their method being significantly more costly than ours: (1) They
update the encoder and employ image-level mixup, while the cost of our method is equivalent to just linear probing.
(2) Their use of MAML, a meta learning framework, involves computing the gradient of a gradient, which is very
expensive even with approximations. Despite being considerably more cost-effective, our method still achieves superior
performance.

LCCS (Zhang et al., 2022) adapts the normalization layers leveraging both source data and the information from the few
target data. Below, we present a comparison between their method and ours.

¢ MixPro is data-efficient and performs better. Our method is more data-efficient than (Zhang et al., 2022) and
achieves better performance given few target data. We conducted new experiments on the PACS dataset using ResNet18,
following the same setup as in (Zhang et al., 2022). The performances are compared in Table 3. MixPro outperforms
theirs with the margin being especially significant when the amount of target data is small. The potential reason is that
batch normalization, known to speed up training, also increases the risk of overfitting given few target data, thereby
potentially degrading representation quality. In contrast, our method only trains the last linear layer, posing smaller risk
of overfitting.

* MixPro is lightweight. Our method is also more efficient compared to (Zhang et al., 2022). Their method involves
performing SVD on the matrix of channel-wise features, which is extremely expensive for very large models, whereas
our method solely trains a linear layer on representations.
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