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Abstract

Physics Informed Neural Networks (PINNs) feature applications to various partial differential
equations (PDEs) in physics and engineering. Many real-world problems contain interfaces,
i.e., discontinuities in some model parameter, and have to be included in any relevant
PDE solver toolkit. These problems do not necessarily admit smooth solutions. Therefore,
interfaces cannot be naturally included into classical PINNs, since their learning algorithm
uses the strong formulation of the PDE and does not include solutions in the weak sense.
The interface information can be incorporated either by an additional flux condition on
the interface or by a variational formulation, thus also allowing weak solutions. This paper
proposes new approaches to combine either the weak or energy functional formulation with
the piece-wise strong formulation, to be able to tackle interface problems. Our new method
PINNTEGRATE can incorporate integrals into the neural network learning algorithm. This
novel method cannot only be applied to interface problems but also to other problems that
contain an integrand as an optimization objective. We demonstrate PINNTEGRATE on
variational minimal surface and interface problems of linear elliptic PDEs.

Keywords: Partial Differential Equation, PDE, Elliptic PDE, Neural Net, PINN, Calculus
of Variations, Weak Solution, Interfaces, Energy Functional, Numerical Integration, Integrals

1. Introduction

Physics Informed Neural Networks as a mean to find approximate solutions to Partial
Differential Equations (PDEs) have been the focus of extensive research (Karniadakis et al.,
2021; Cuomo et al., 2022). An important class of PDEs in engineering and science are elliptic
PDEs: Given a domain Q C R? in d dimensions we want to find v € H'(, R), such that

—V - (A(x)Vu) + B(x)Vu + C(x)u = f(x) in Q,
=g(x) on 0fp, (1)
Onu =h(z) on IQy.

with A,B and f from suitable function spaces (see Appendix A). For a general A €
L®(Q,R?) those equations have a unique weak solution v € H'(Q), i.e.

/ A(x)Vu-Ve+ (B(x) - Vu)p + C(x)updr = / fx)pdx (2)
Q Q
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for all ¢ € H(,R) or ¢ € H(,R) for Dirichlet or Neumann boundary conditions,
respectively. We will denote this as an interface problem if A is piece-wise differentiable on
disjoint subdomains £2; for ¢ = 1,2 with interface I' = 927 N 9. Thus, the weak solution u
is a piece-wise strong solution by elliptic regularity. Note that this is equivalent to enforcing
the flux conditions u; = us and 9, Aju; = 9, Asus at the interface, where the indices 1,2
represent the limits from the left or the right of the interface, respectively. However, the
task of computing normal derivatives along the interface is not necessary, if we interpret
the interface problem as finding a weak solution on the entire domain 2. Another way of
approaching this problem is interpreting it as an optimization problem. In their most general
form those problems are given by finding the unique minimizer of the functional

Ju] = [o F(x,u,Vu,V?u,...,V"u)dx. (3)

In particular, this includes minimal surface problems that we will investigate in Section
4.1. For B = 0, we note that a weak solution to Equation 1 is the unique minimizer of the
energy functional of Equation 3 with F = A (x)Vu - Vu+ 3C(x)u® — f(x)u for u: @ - R
in a suitable function space and F' a suitably regular function. All of those formulations
have in common that we have to evaluate some integral and optimize the integrand in order
to solve them within a PINN framework. However, it turns out that the standard Monte
Carlo integration method often leads to unstable training in such cases. In this paper, we
introduce our method PINNTEGRATE to tackle this problem in the form of a PDE that can
be modeled via a hard-constraint PINN on its own.

Our contributions in this paper are three-fold:

1. We propose a new method called PINNTEGRATE, that can incorporate integral-
expressions into a deep learning algorithm.

2. We present two new approaches to tackle PDE interface problems in a PINN setup.
For this, we combine the strong formulation with the energy-functional or the weak
formulation and call these methods semi-variational PINNs and semi-weak PINNs.

3. We demonstrate our method implementing those approaches using several examples:
we consider a minimal surface problem, showcasing the efficacy of the PINNTEGRATE
method in a stand-alone setting and three interface problems for linear elliptic PDEs.

2. Related Work

The capability of artificial neural networks as universal function approximators (Cybenko,
1989) has been used to approximate solutions for PDEs as early as in Lagaris et al. (1997).
This has been resumed by Raissi et al. (2017) and Berg and Nystrém (2018) and has become
popular under the name Physics Informed Neural Networks (PINNs), c.f., (Karniadakis
et al., 2021; Cuomo et al., 2022) for an overview.

A multitude of research has been published, either improving different components
of the architecture and learning algorithm (e. g., sampling strategies (Wu et al., 2023) or
adaptive activation functions (Jagtap et al., 2020a)), or approaches which used PINNs as
an alternative to a variety of classical numerical solvers for forward and inverse problems
(e.g., full waveform inversion in Rasht-Behesht et al. (2021)). A substantial part of this
publication is dedicated to deep learning algorithms to find approximate solutions to linear
elliptic interface problems. Since classical PINNs make use of the strong formulation of
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PDEs, these interface conditions - i.e. a jump in some equation parameter - need to be
handled separately. This can be accomplished by some additional loss, introducing an
interface condition into the learning algorithm (e.g. some flux conditions for elliptic PDEs
or hyperbolic conservation laws). PINNs pursuing this approach can be found in (Jagtap
et al., 2020b; Cao et al., 2023; Li et al., 2020; Wu et al., 2022). A continuity condition of
the PDE residuals on the interfaces as described in (Jagtap and Karniadakis, 2020) does
not suffice for interface problems. Another way of accomplishing this, is by a formulation
that not only covers solutions in the strong sense but also in the weak sense. In (Weinan
and Yu, 2017; Wang and Zhang, 2020; Nabian and Meidani, 2018) the energy functional
formulation gets incorporated into the learning algorithm. Specifically, Wang and Zhang
(2020) tackle PDE interface problems with a loss solely posed in the energy functional form
and incorporating this into the learning algorithm by summing over all collocation points.
In our experiments we observed, that this is not necessarily a well-posed optimization target
for all variational problems. In (Ryck et al., 2024; Kharazmi et al., 2019; Zang et al., 2019)
the weak formulation gets incorporated into the learning algorithm. In (Ryck et al., 2024)
this is used to obtain entropy solutions of scalar conservation laws and in (Zang et al., 2019)
it is used to obtain approximate solutions to high-dimensional PDEs.

In contrast to existing approaches, we therefore stress two major foci of our work:
While our PINNTEGRATE method provides a (1) general approach to incorporate integral-
expressions into a deep learning algorithm, we (2) specifically provide a reliable methodology
to calculate approximate solutions to PDE interface problems.

3. Method

In Section 3.1 we present our method PINNTEGRATE that can incorporate a definite integral
over the domain © C R? into a neural network learning algorithm. We will see that while one
can learn the integral I for provided integrand i(x) with the help of automatic differentiation,
our method’s intention is for the integrand i(x) to also be dynamically learned. This can
either be done for a static target-value of the definite integral, but also by making the
target-value learnable (e.g. minimizing it).

In the following notation, vectors of the independent variables will be set in boldface and
their elements indexed by a subscript (i.e. x = (21, 2,...,24)7). Sets of n sampling points
(e.g. a batch of scalars or vectors) will be denoted as the set {z'};cr (or {x'};cr,) with index
set I, = {1,2,...,n}. The indices will be set as superscript in this case. For the sake of
brevity we will denote these as {z'} (or {x'}). For the assignments of these sets to specific
subsets as collocation points (c), Dirichlet boundary points (bD), Neumann boundary points
(bN) or interface points (inter), we also add a corresponding superscript (e.g. {x%'}).

3.1. PINNtegrate

We will first introduce the definite integral as a solution to a partial differential equation
(PDE), and then show how a neural network can be used to learn an approximate solution
to this PDE. In one dimension, the definite integral I(x) = f;s i(§) d€ can also be expressed

as the initial value problem g—i(x) —i(z) = 0 with I(xs) = 0. We want to be able to learn

this integral in the general d-dimensional case with the help of a Neural Network 917(x, n),
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with model parameters n in a hard-constraint setup (see Appendix B.1):

o R
Itarget

g(x7 Itarget) = (xz - wi,s)
_zl;Il i _H?:1(xj7e — Tjs)
r 1] «

0x) = |[J@i — 20| | D (@5 — zje) (4)
Li=1 1 [i=1
g(X)ml (Xa 77)7 if Itarget =0

Iy (x, Tiarget) =
(% frarget) {f(x)mI(X, n) + 9(X, Liarget), if Jtarget 7 0.

This neural form Iy (X, Itarget) can then be used to learn the integral for the provided
integrand i(x). Let us now consider, that the integrand i(x) is of the general form as
provided in the functional in Equation 3 i(x) = F(-,u, Vu, V?u,...,V™u)(x), for some
given suitably regular function F' and an unknown function u from a suitable function space.
The objective is now either to find a u for a given integration target Iiarget or to find an u
that minimizes Iiarger. For this, an approximation to u is learned by a neural network with
learnable parameters 6 denoted as ug(x) := 9, (x, 0). This leads to a PINNTEGRATE loss
term of

I,

C,i T
81’18%‘2 e 8xd (X ’ target)

N,
A 1 &<
Lot} o) = 53
1=

2 (5)
— HQ(XC’i)F(', ue, VU@, VQZL@, ey VmUQ)(XC’i)]

In this formulation, the target value is fixed. To make it learnable, one has to also incorporate
it into the learning algorithm. We express this by moving it to the subscript. Additionally,
we introduce Iiarget as a loss term weighted with a small hyperparameter parameter . While
this additional term is not necessarily needed, it improves the rate of convergence.

ﬁfl)ﬁ,[mrget (X7 Oé) = ﬁn,g (X, Itarget) + o Itarget (6)
Additionally, u needs to have its boundary conditions incorporated into the learning algorithm
(see Appendix B.1). Section 4.1 shows that using Monte Carlo integration for training is
unstable, while PINNTEGRATE leads to stable training.

3.2. Semi-Variational PINNs

While the strong formulation of Equation 1 does not suffice for interface problems, the for-
mulation as energy functional of Equation 3 can completely describe systems with interfaces.
The integrand of the energy functional can be combined with our PINNTEGRATE method
to approximate solutions of u. In our experiments we have observed that a formulation
solely by the energy functional does not provide a reliable learning algorithm. While for
very simple problems (e.g. no interface at all or highly symmetric solutions) the energy
functional may suffice, problems of reasonable complexity are likely to not converge to a
reasonable approximation. Thus, additionally to the loss provided by the energy functional
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in the PINNTEGRATE formulation, we include the strong formulation of the PDE into the
loss term for each subdomain and coin this method semi-variational. We surmise that due
to the localised nature of the strong formulation a loss term using this is numerically more
stable, since every sample point of a learning batch must fulfill the condition individually. In
contrast to this the energy functional formulation is global (non-localized) and a complete
ensemble of points is needed for formulating the optimization target.

We again use a neural network ug to approximate the solution to our problem. However,
each subdomain needs its own neural network denoted as ug; for each subdomain €;. By
just writing ug here, we indicate the usage of the correct neural network for the respective
collocation point. With this definition we have a variational loss for a given set of collocation
points {x%‘} in the domain Qy of

variational C,i L 8dl n Cyi
L0 T e, (X7} 0 =N Z m(x s Target)

> (7)

+ aItarget-

— Ia(x") (%A(xc’i)Vu(xC’i)  Vu(x) + %C(xc’i)u(xc’i)z — Fxu(x))

Note, that this loss is formulated for the complete domain of the encasing hyperbox 2. For
the strong formulation loss we have to take a loss term for each subdomain €2;. Thus, the
strong formulation for each subdomain

-V (A;j(x)Vu) + Bj(x) - Vu+ Cj(x)u = fj(x) in &y (8)

for all j =1,...k leads to a strong formulation loss of

Estrong XCQZ CQ K Ve, XcQj,i
({x*}) = > 1N] ;; ") Vug, (x“7)) o
2

+ Bj (XcQj,i) . VUej (XcQj,i) + Cj (XCQj’i)UQj (XCQj7i) _ fj (XcQj,i)

with {x“**} as the set of all collocation points in Q and {x“%*} as the set of collocation
points in subdomain ;. Putting together the strong formulation, the weak formulation via
our PINNTEGRATE method, the interface condition and the Dirichlet boundary condition
we arrive at Algorithm 2 (see Appendix B.2).

3.3. Semi-Weak PINNs

As in the previous section, we combine the strong formulation with a variational formulation.
Here, we will use the weak formulation of the linear elliptic PDE (Equation 2).

To parameterize u, we again use a neural network ug(x) := ,(x,0) with trainable
parameters 6. The test-function ¢ also gets parameterized by a neural network 91, with
parameters ¢ and can be formulated as

pe(x) = Ly (%)M, (%, C)

= 07 Vx on (aQ)Dirichlet (10)
&p(x)

>0, else.
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In this setting, we arrive at a loss term for the weak formulation
N,

: 1 o I :

L:weak Cy — E n c,z7 I -0

"’o’c({x b N¢ [8x15x2 ...0xg (x target )

=1

—In(x*) (A(Xc’i)VUO(XC’i) - Vipe(x*7) + B(x™) - Vug(x*') g (x*) (11)

2
OO g (x4 g (x) — F(x) so<<xw‘>>] .

Since Equation 2 must hold for all suitable ¢ we must introduce an adversarial training step
where we vary ¢ to maximize ,Czegkc. Using the strong formulation as posed in Equations 8
and 9 and boundary loss terms as posed in Equations 17 and 18, we can put everything

together to form Algorithm 3.

4. Results
6.100 semi-variational semi-weak static 0.02
6.075 0.01
E B 0.00
@ 6.050 ”
o -0.01
% 6.025 d
€ -0.02
7 6.000 . . .
o T SUTTICITETTTY LU SPTTTOLLP semi-weak adversarial strong-normal semi-weak WAN
s r 2
§ 5.975 .
jd SN
2 5.950 !“ :
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5.925{ —— Monte Carlo integration “
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(a) Results for Section 4.1. The training (b) Error plots for the different approaches
with the Monte-Carlo approach diverges, for the example given in Section 4.2
while PINNTEGRATE converges to a
good approximation.

Figure 1: Results for Sections 4.1 and 4.2

We first present a variational problem to demonstrate our PINNTEGRATE method in
a setting without strong formulation loss terms and compare the results to the analytical
solution. We then present an experiment for the linear elliptic PDE of Equation 1 with
an interface (two further examples with different domains and parameters can be found
in Appendix C.1 and C.2). There, we use our semi-variational method and our semi-weak
method. For the semi-weak method we also ran a simplified version with one static test
function. While this does not guarantee a unique minimization target in general, our
calculations showed acceptable results. The weak adversarial networks approach (WAN)
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of (Zang et al., 2019) did not converge for our interface problems. For the example in
Section 4.2, we added a combination of the WAN method with an additional strong loss
term to show that in principle the information to obtain the correct solution is available.
As a benchmark for the interface problems, we compared our results to implementations
with flux-continuity conditions, i.e. a strong formulation loss together with a loss term using
the interface condition in the normal direction of the surface as proposed in (Cao et al.,
2023). We call this approach strong-normal in the following. While all our interfaces were
given analytically, note that in practice, an interface would be most likely given as a set of
points. To obtain normal vectors in this case, parameterization by arclength is needed (for
the example in Section 4.2 we achieved this by a B-spline fit).

It is well-established, that fully connected Neural Networks within a range of number of
layers and neurons, and activation functions are widely used for PINNs (see (Cuomo et al.,
2022)). Here, all Neural Networks we used in our experiments have 5 layers with 50 neurons
each and tanh activation functions. Collocation points were either sampled on a grid or
at random. In all experiments, Adam optimizers were used (L-BFGS optimizers did not
further improve the approximations). For the sake of readability, we omit axis labeling in
some plots where the units are arbitrary.

The results for the linear elliptic PDE problems can be found in Table 1 (for more
details see Table 2 in Appendix D). In these tables, the root mean square error (RMSE)
to a high-resolution FEM ground truth and the weights for the loss terms and number of
epochs are shown. The specific weights were determined empirically.

4.1. Variational Problem: 1D Minimal Surface Problem

To showcase our PINNTEGRATE method in a rather comprehensible setting, we first consider

a variational problem with only one independent variable. We want to find the C'-function

y* : la,b] = R with y*(z,) = y, and y*(xp) = yp with z4, 7, € R, that minimizes the surface

of revolution, i.e. the surface that is obtained by rotating the graph of y* around the x-axis.

The functional for this surface area is given by I[y] = 27 f;: yv/1+ y2dx and the optimal

y can be obtained by finding y* = argmin I[y]. This expression has an analytical solution
Yy

of the form y*(z) = c1 cosh( + c2) with ¢1,c2 € R (see (Bronstein et al., 2015)). For our
example we set z, = 0,y, = 1,2, = 1,5, = 1 (and obtain ¢; ~ 0.848 and c2 ~ —0.589).
We set the prediction of y as a hard-constrained neural form yg = N, (z,0) z (x — 1) + 1,
fulfilling the boundary conditions directly (and thus omitting the boundary loss term) and
set up the integral network as described in Equation 4, to obtain a loss function as described
in Equation 6. For this example, we provide this explicitly written out as

ﬁnze,ltargct({xc’i}) = C“[target +

X

N, 2
1 < aI”I ci cyi Jye c.i (12)
FC Zz; 67(1: ,Itarget) — 27Ty9(ﬂf ) 1 + 87( ’ )] .

This loss is then used in a training algorithm as described in Algorithm 1 with Nepoens = 5000
epochs, N. = 100 equidistant sampled collocation points and an Adam optimizer with
learning rate of [r = 0.001. The surface area starting value is set as Iiarget,start = 27 since
this is the surface area of the respective cylinder with given boundary conditions and seems



EHEBRECHT 12 SCHARLE"? ATZMUELLER!3

to be a good heuristic. Figure 1(a) shows the approximation of the learned minimal surface
value during training for the cases of PINNTEGRATE and Monte Carlo integration. Our
method successfully finds a good approximation of the analytical solution (dashed line). In
the case of Monte Carlo integration, the learning algorithm becomes unstable and diverges
at some point - even in this relatively easy example with one independent variable. The
RMSE of our approximation to the analytical solution (based on the sampling points) is
RMSEex41 = 2.5 x 1073

4.2. Elliptic PDE ’flower’: Interface and Dirichlet Boundaries

In this example, we calculate an approximate solution to an interface problem of the linear
elliptic PDE (Equation 1) in two dimensions. We set f(x) =2, g(x) =0, B=0 and C = 0.
The interface I' is described by the closed curve

Xinterface = (8in(£) (cos(Nt) + 5), cos(t) (cos(Nt) +5))" ,t € [0,27] and N = 5. We sample
this interface with Nipter = 200 points {x™€"}. We call the inner subdomain Qiyner and set
a(x) = 1 for x € Qipner and the outer subdomain Qoyter and set a(x) = 6 for x € Qoyger- The
outer boundary is the boundary of the square [—1,1] x [—1, 1] and we sampled this with
Npp = 400 points ({xPP#}). We took N, = 10* randomly sampled collocation points ({x%})
on the complete domain. We ran both our two methods described in sections 3.2 and 3.3
to calculate approximate solutions to this problem. For our semi-weak method we also ran
an experiment with only one static test function ygatic = (1 — 1)(x1 + 1)(x2 — 1)(z2 + 1).
For the adversarial training, we used a hard-constraint neural network as described in
Equation 10: @¢(x) := (x1 — 1)(x1 + 1) (22 — 1)(22 + 1), (x, ¢). Additionally, we calculated
approximations with the strong-normal method and the WAN method. However, the WAN
method training only converged in a scenario where we also included the piece-wise strong
formulation into the loss.

We tested our prediction against high resolution (66049 vertices) FEM calculation. The
error plots for this can be seen in Figure 1(b) and RMSE values (using the set of FEM
vertices) in Table 1. All methods yielded acceptable results, with our semi-weak method
exhibiting the smallest RMSE.

Table 1: RMSEs of our experiments compared to high-resolution FEM calculations of all
the examples for linear elliptic PDEs.

flower ellipse mixed

semi-variational 6.4e-3 2.0e-3 -

semi-weak-static | 6.9e-3 2.9e-3 2.1e-2
semi-weak-advers | 3.7e-3 9.2e-4 1.6e-2
strong-normal 1.4e-2 9.4e-4 1.le-2

semi-weak-WAN | 5.3e-3 - -
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5. Conclusion

In this paper, we presented our novel method PINNTEGRATE: it can incorporate integrals
into a neural network learning algorithm in such a way, that its integrand can be optimized.
While this can be used for problems in calculus of variations, it can also be extended to be
used for PDE interface problems: We combined the variational and the strong formulation
of the PDE and implemented the variational formulation with our PINNTEGRATE method —
calling these methods semi-weak and semi-variational. For demonstrating their successful
application, in our experimentation we first tackled variational minimal surface problems
for our PINNTEGRATE method in a stand-alone setting. Not only did this conclusively
showcase our method, but we also demonstrated that posing such a problem with Monte Carlo
integration may lead to unstable training. Furthermore, we solved interface problems of linear
elliptic PDEs with our semi-weak and semi-variational method and compared the predictions
to a high resolution FEM ground truth. Additionally, we used a method employing a flux
condition for comparison. All methods yielded good and valid approximations, where our
semi-weak method with adversarial training produced the best results in two experiments.
Also, it does not require the calculation of normal vectors, which is a considerable advantage.

Future research directions include extensions to interface problems of other PDEs, if they
can be posed as minimization-functional or in the weak formulation. Furthermore, we aim
to investigate whether our PINNTEGRATE method could also be used for other problems
where an integrand has to be optimized. This can, for example, be optimal control problems
where a continuous-time cost functional needs to be minimized.
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Appendix A. Introduction

The suitable function spaces of Section 1 are a uniformly elliptic matrix-valued function
A € L=®(Q,R™) B e L®(Q,RY), A € L®(,R), f € L2(Q,R). In the isotropic case, we
write A(x) = a(x)1, for a scalar-valued function a with 0 < ¢ < a(x) < C' < oo for some
positive constants ¢, C'. In electrostatics, u describes the electric scalar potential and A
represents the electric permittivity. In thermodynamics, the steady state of the temperature
distribution in a body can be described by an equation of this form, where A represents the
thermal diffusivity of the material. Note that in both cases A is not necessarily smooth,
but can have jumps. This can occur, for example, at an interface between two materials.
Therefore, a solution in the strong sense does not necessarily exist for an arbitrary A, even
for seemingly trivial problems. In such a case, an additional (physical / flux) interface
condition is required, to have a well-posed problem. Figure 2 depicts such a problem setup.

09y a9,

Figure 2:  is split into two subdomains €21, {5 via interface I'.

Appendix B. Method
B.1. PINNtegrate

In the general d-dimensional case

Tq 1
109 = [ [T it 6 a - d (13)
Td,s T1,s
with x5 = (21,5, %2, - - - ,xd’s)T as the vector of lower bounds of the integral, this transforms
to
041 ; _
0x10x2...0xyg (X) - ’L(X) =0 (14)
I(x)=0 ifz;=x;, forsomeie{l,...,d}.

This integrates over the domain of the hyperbox which is spanned by Qg = [15, 21, X
(2,5, T2e] X -+ X [Tn,s, Tne] With upper bounds x. = (21, Tae, .. .,xme)T. However, one
can extend the integrand from an arbitrary domain €2 to a hyperbox Qp D € by setting
i(z) =0on Qn \ Q.

I
8x18x2 ‘e 8xd

i(x) for x € Q

15
0 for x € Qg \ . (15)

(x) = In(x) i(x) = {

Let us now define a neural network 917(x,n), with model parameters n that will help us
to learn I. While we could use this neural network directly to learn I, we still need to
incorporate the boundary conditions. This could be done by introducing a term in the loss

11
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function that penalizes the deviation of the neural network from the boundary conditions
for a set of sampling points. However, a more elegant way is to use a hard-constraint (e.g.
see (Lagari et al., 2020)) setup. For this, we need to constrain the boundary conditions and
the integration target liarget := I (Xe):

.;&
&
8
N

s
Il
—_

Itarget
d
Hj:l (Tje — j,s)

g(X, Itarget) =

—

@
Il
—

M=~

((x) =[] | (@i —mis) (Tj — Tje) (16)

1

<.
Il

X)ml (Xa 77)7 if Itarget =0
X)mf (Xv 77) + g(X7 Itarget)a if Itarget # 0.

14

In(letarget) — {f

~—~~

For boundaries, we distinguish between Dirichlet and Neumann conditions as posed in
Equation 1. The established way to formulate the respective loss terms for sets of Dirichlet
sampling points {xPP+} is

i 1 i iv|?
LHUP) = Z; up (x"P) — g(x") (17)
and sets of Neumann sampling points {z"N} it is
1 NbN 9
N (g bN,i bN,i bN,i bN,i
) — A ) h ’ _ h ) 1
Lo (1=7')) = 5~ D AT au(x"N) — h(x"N) (18)

i=1

Putting everything together, we arrive at Algorithm 1.

B.2. Semi-Variational PINNs
The complete algorithm for the Semi-Variational PINN method is shown in Algorithm 2.

B.3. Semi-Weak PINNs
The complete Algorithm for the Semi Weak PINN method is shown in Algorithm 3

Appendix C. Results

C.1. Elliptic PDE ’ellipse’: Interface and Dirichlet Boundaries

A linear elliptic PDE interface problem with additional complexity is obtained by altering
the domain to an ellipse that is divided by an interface. The ellipse has its center at (0.5, 0.5)
with a = 0.4 the radius of the semi-major axis and b = 0.25 the radius of the semi-minor
axis. Here, we indeed need to use an indicator function for our PINNTEGRATE method.
We set g(x) = 0.1z, f(x) = 10, B =0 and C(x) = 50. The interface is described by the

function

x9(x1) = —2.521 + 1.75 (19)

12
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Algorithm 1: PINNtegrate algorithm

Initialize network parameters 8, n uniformly
Initialize:{x%?}, {xPP7}, {ubP}, {xPN4} {uPN} I
Initialize weights: wp, wpp, WpN, @
Set number of Nepochs
iepoch <~ O;
while icpoen, < Nepochs do
LD e wip L ({x*P7));
Lg — won L ({x"1);
if static Iigrger then
L g wp Ll g({x}, Larget);
0,n «+ minimize(ﬁgﬂ + LY+ LY);
Ise if learnable I14rger then
Lcr — wpLl ({x>'}, a);

7]707Itarget nvevltarge’vt _ _
0,n, Itarget — IIllHlIIllZG(ﬁ + Eg + ﬁg%

)

P
nvoyltarget
end

Z.epoch < Z‘epoch +1;

end

Algorithm 2: Semi-Variational PINN algorithm

Initialize network parameters 0,1, Iiarget
Initialize: {x%'}, {xnteri} {xPDil [yuPDi} g
Initialize loss weights: wp, Wstrong, WhD, Winters ¢
iepoch «— 0;

while i¢poen, < Nepochs do

£g < wopLy ({x"P1});

Ebnter . winterﬁignter({xinter,i});

Esatrong — wstrongﬁsetmng({XCQ’i});

~variational variational C,t .
ET’:O»Itarget <_ wPEn’eyltarget ({X }’ a)’

inimi ;variational rD Fstrong Sintery.
6,1, Lianges < minimize( LG + £ + L5 + L3

Z.epoch A Z.epoch +1;
end

13
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Algorithm 3: Semi-Weak PINN algorithm
Initialize network parameters 8,7 uniformly
Initialize {x%'}, {x%'}, {be’i}, {ubD’i}, {be’i}, {ubN’i}, i)
Initialize loss weights wp, WLp, WHN, Wstrongs Winter, ¢
Z'epoch < O;
Initialize: {x'}, {xnteri} [xPDi} fubDi} g
Initialize loss weights: wp, Wstrong, WhD, Winters ¢
iepoch < O;
Whil~e iepoch < Nepochs do
Ly + wyp Ly ({x"P});
Ly — won L ({x"1);
L™ = witmong Ly ({x1});
R T
0,m,¢ «+ minimize(ﬁ%"f&% + LD+ LY + L'Ztmng + Linter),

¢ maximize(ﬁ%”?j}‘c);

Z.epoch < Z‘epoch +1;
end

and separates the ellipse into the two domains Qjee with a(x) =5 for x € Qegr and Qyighe
with a(x) = 1 for x € Qyignt.

We used N, = 10* points sampled on a grid. There were 1542 in the left and right
domains each and 6916 outside. We again used our methods and the strong-normal method.

In all cases, we sampled the interface at 523 points. For the semi-weak case with one
(21—-0.5)2 | (22—0.5)2
0.42 + 0.252

pcloe) = (5 + g —1) Mo, €).

Again, we tested our predictions against high resolution FEM calculation (prediction on
the FEM vertices). The results are depicted in Figure 3 and Table 1. While all methods
yielded acceptable results, our semi-weak method had the smallest RMSE, followed by the
strong-normal method.

— 1 and in the adversarial case set

static test function, we set ¢(x) =

C.2. Elliptic PDE ’mixed’: Interface and Mixed Dirichlet/Neumann Boundaries

For the next example, we use mixed Dirichlet and Neumann boundaries. We consider a
unit square domain €. The boundaries at (x = 0) and (z = 1) are of Dirichlet type and the
boundaries at (y = 0) and (y = 1) are of Neumann type. The Neumann boundaries are set
to be 0 everywhere. The left Dirichlet boundary is set to uPP!*f = 0 and the right Dirichlet
boundary is set to u”P18t = (0.1, In this setup, the test function ¢ for the semi-weak method
needs to be zero on the Dirichlet boundaries and non-zero on the Neumann boundaries. For
the case of one test function, we set ¢(x) = z1(x1 — 1) and in the case of adversarial training
to ¢ (x) = (Ny(x, C)x1 (1 — 1))%. The parameters of the elliptic PDE (Equation 1) in this
example are set to g(x) = 0.1zq, f(x) = 10, B(x) = (1,1)T and a(x) = 5 for x € Qg and
a(x) =1 for x € Qyight.

14
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semi-variational semi-weak static
" 0.010
‘\ 0.005
i < et
0.000

weak-weak adversarial strong-normal

—0.005

—-0.010

...........................

Figure 3: Results for C.1. The plots depict the error comparing each of our methods to
high-resolution FEM calculations. The black dotted area shows the position of the
interface. All methods find reasonable approximations of the solution (assuming
the error of the FEM calculation is reasonably small). Our semi-weak method
had the smallest RMSE.

The semi-variational approach is omitted, since B(x) # 0. The results are shown in
Figure 4 and Table 1. The strong-normal method yields the best results, closely followed by
our semi-weak method. The comparison was again performed on a set of vertices of high
resolution FEM calculations.

semi-weak static

0.050
) 0.025
0.000
-0.025
: -0.050
semi-weak adversarial strong-normal

» ) B
= L
Figure 4: Results for C.2. The plots depict the error comparing each of our methods to

high-resolution FEM calculations. All methods find reasonable approximations of
the solution. The strong-normal method yielded the best results
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Appendix D. Weights

Weights and number of epochs for the training of the interface problems are shown in Table 2

Table 2: Epochs and weights of the different loss terms for the examples of linear elliptic
PDEs. (#E: number of epochs, PNT: PINNTEGRATE, intrf: interface, strg: strong)

| #E | PNT intrf strg bD  bN  flux

flower:
semi-variational 35k | 0.2 30 0.05 0.5 - -
semi-weak-static | 90k | 1le-3 1.0 le-3 1.0 - -
semi-weak-advers | 40k | 1.0 50 1.0 10 - -

strong-normal 40k | - 100 1.0 1.0 - 2.0
semi-weak-WAN | 30k | - 30 1.0 10 - -
ellipse:

semi-variational 40k | 50 500 10 550 - -
semi-weak-static | 60k | 50 500 10 950 - -
semi-weak-advers | 20k | 50 500 10 550 - -
strong-normal 20k | - 500 10 550 - 1.0

puzzel:
semi-weak-static | 50k | 1.0 500.0 1.0 10.0 10.0 -
semi-weak-advers | 50k | 1.0 500.0 1.0 10.0 10.0 -
strong-normal 50k | - 100.0 1.0 1.0 1.0 2.0
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