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Abstract

The Hopfield network serves as a fundamental energy-based model in machine learning,
capturing memory retrieval dynamics through an ordinary differential equation (ODE).
The model’s output, the equilibrium point of the ODE; is traditionally computed via syn-
chronous updates using the forward Euler method. This paper aims to overcome some
of the disadvantages of this approach. We propose a conceptual shift, viewing Hopfield
networks as instances of Deep Equilibrium Models (DEQs). The DEQ framework not only
allows for the use of specialized solvers, but also leads to new insights on an empirical
inference technique that we will refer to as ‘even-odd splitting’. Our theoretical analysis of
the method uncovers a parallelizable asynchronous update scheme, which should converge
roughly twice as fast as the conventional synchronous updates. Empirical evaluations vali-
date these findings, showcasing the advantages of both the DEQ framework and even-odd
splitting in digitally simulating energy minimization in Hopfield networks. The code is
available at https://github.com/cgoemaere/hopdeq.
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1. Introduction

In 1982, the Hopfield network was suggested as a model for associative memory retrieval
(Hopfield, 1982). It restores corrupted memories by solving an ordinary differential equa-
tion (ODE) representing the gradient field of a learnable energy function, which holds the
true memories at its local minima. In recent years, there has been a renewed interest in
Hopfield networks, which has lead to a series of architectural improvements over the origi-
nal formulation (Krotov and Hopfield, 2016; Demircigil et al., 2017; Krotov, 2021; Krotov
and Hopfield, 2021; Ramsauer et al., 2021). In this paper, we consider two formulations
of the Hopfield network: the continuous Hopfield network (CHN) of Bengio and Fischer
(2015), and Hierarchical Associative Memory (HAM; Krotov, 2021), which extends the
framework of classical continuous Hopfield networks (Hopfield, 1984) to arbitrary network
architectures.

Both during training and inference, Hopfield networks require an internal energy min-
imization. Physical compute platforms (i.e., neuromorphic hardware) could solve this op-
timization problem near-instantaneously and at an extremely low energetic cost (Yi et al.,
2023), but unfortunately, such technology is not yet commercially available. In anticipation
of these devices, research on Hopfield networks has turned to the use of traditional digital
accelerators, such as GPUs, where solving the ODE is computationally intensive, thereby
hindering progress in the field. Accelerating the digital energy minimization simulations is
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currently an underexplored research direction. However, we consider it an essential step in
stimulating future research on Hopfield networks in general, especially at larger scales than
currently investigated.

Deviating from convention, we argue that compute-intensive ODE-based dynamics may
be unnecessary for modelling the behavior of a Hopfield network. Instead, we propose a
conceptual shift, casting Hopfield networks to the framework of Deep Equilibrium Models
(DEQs; Bai et al., 2019), which focuses on state dynamics rather than energy. Through
this lens, we are able to theoretically motivate an intuitively appealing idea from Bengio
et al. (2016) to help accelerate Hopfield networks and uncover the conditions required for
its successful application in practice.

Our contributions:

1. We propose a new perspective on Hopfield networks, treating them as DEQs instead
of ODEs. This conceptual shift simplifies theoretical analysis and enables the use of
specialized solvers that may accelerate convergence.

2. Our analysis reveals that, under specific conditions, CHNs can be interpreted as
HAMs, challenging the traditional categorization based solely on energy functions.

3. Revisiting an idea from Bengio et al. (2016), we uncover its nature as a parallelizable
asynchronous update scheme that converges twice as fast, as empirically validated on
the MNIST dataset across Hopfield networks of varying sizes.

This work expands the scope of our NeurIPS workshop paper (Goemaere et al., 2023) to
include both HAMs and CHNs, and offers a much more substantial theoretical analysis and
empirical validation, without assuming prior knowledge on Hopfield networks.

2. Preliminaries

This section briefly introduces the key concepts underlying the remainder of the paper.
We describe the two types of Hopfield networks considered (CHN and HAM) from the
perspective of the current literature. Furthermore, we provide a brief introduction to the
DEQ framework and revisit the original idea of Bengio et al. (2016). Please note that we
introduce recurring symbols in Table 1.

Continuous Hopfield network (CHIN) While originally proposed as a model for asso-
ciative memory retrieval (Hopfield, 1984), Bengio and Fischer (2015) consider the CHN an
energy-based model that iteratively updates its hidden neurons to explain signals coming
from the sensory neurons, similar to how the brain works. Based on the Boltzmann machine
energy function (Ackley et al., 1985), they propose the energy function

B(s) = g lsl* ~ 5o(s)"Wo(s) 6" p(s). (1)

The zero-diagonal weight matrix W (W;; = 0) is often constructed as a symmetric matrix,
since any anti-symmetric component is cancelled out in Eq. (1). By convention, the first d
dimensions of the state s (denoted sg) constitute the static input .

In follow-up work, mostly layered instantiations of the CHN have been considered,
without intralayer connections (Bengio et al., 2016; Scellier and Bengio, 2017; O’Connor
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Symbol Description —
s RN State vector g s = fo,(s),55)
E:RN 3R Global energy function I s Sole»I83 = fo,(s7,53)
Activation function® 5 84=79 T
. RN N % 1=9Y x
piRT—=R (typically non-linear) 53 oy *’ )A
L-RY SR Lagraanﬁgian function such = fou(s3) =9
' that &= =p
Js -
W ¢ RVXN State weight matrix So 0 wg OT 0 0
beRY State bias vector S1 Wo 0 Wy OT 0
x c Re Input vector s=|s | W= 0 Wi 0 W; OT
U c RVxd Input weight matrix 23 g 8 Vg"’ Vg V‘g‘
® Hadamard product 4 - 8
) Vector () at equilibriym || 1, igure 1: Diagram of a 5-layer Hopfield net-
()" Vector () at the n-th work (upper left), with an abstract DEQ for-
iteration of its DEQ pp ’

mulation of the interlayer dynamics (upper

: We use a scalar function p applied element- K i K
f ppp right). State s and corresponding weight ma-

wise to the state vector as p(s), corresponding

to an additive Lagrangian £ (Krotov, 2021). trix W (below). Partitioning the layers into
and odd reveals a bipartite structure.
Table 1: List of symbols Best viewed in color.

et al., 2019; Gammell et al., 2021; Laborieux and Zenke, 2023; Scellier et al., 2023), leading
to zero diagonal blocks in W, as illustrated for a 5-layer architecture in Fig. 1.

The output of a CHN is s*, which resides at a minimum of E given . The energy FE is
guaranteed to decrease over time (Scellier and Bengio, 2017) using the state update rule

% = —%—f =—s+p'(s)®(Wp(s)+b). (2)
In the literature on Hopfield networks, the equilibrium state s* is typically obtained by
numerical integration of Eq. (2) using the forward Euler method (Bengio and Fischer, 2015;
Bengio et al., 2016; Scellier and Bengio, 2017; Gammell et al., 2021). By contrast, in the
field of Neural ODEs (Chen et al., 2018), it is customary to use more advanced ODE solvers,
and these techniques have been suggested for Hopfield networks as well (Krotov, 2021).

Remark 1 [t is common practice to update all states in parallel, known as ‘synchronous
updates’. While fast, this method lacks formal convergence guarantees (Koiran, 1994; Wang,
1998). For guaranteed convergence, one must turn to ‘asynchronous updates’, where the
states are sequentially updated, but this can be very slow when applied naively.

Hierarchical Associative Memory (HAM) A HAM (Krotov, 2021) is the multilayer
extension of the classical CHN (Hopfield, 1984). The main difference with the CHN from
Bengio and Fischer lies in its energy function, which can be defined as

E(s) = s p(s) — L(s) ~ %p(S)TWp(S) ~bp(s), 3)

where the Lagrangian function £ is defined to be the antiderivative of p (i.e., % =p).
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By convention, the dynamics of a HAM require the activations p(s) to be at equilibrium,
rather than the states s. As a result, its state update rule can be simplified to

ds _BE

dt — dp(s)

= —s+Wp(s) +b. (4)

Notice that the only difference between Eqs. (2) and (4) is the missing p/(s)-term. All
other aspects remain the same, including the implicit input dependence through sy and the
structure of W for layered instantiations of the HAM.

Deep Equilibrium Model (DEQ) A DEQ (Bai et al., 2019) is a recurrent neural
network that operates on a static input x. It returns an equilibrium point s*, that is
defined implicitly through the fixed point equation s* = fp(s*,x). The function fy may be
any arbitrary computation block, from a simple MLP p(Ws*+ b+ Ux) to an elaborate,
deep architecture (Bai et al., 2019, 2020).

DEQs can be seen as infinite, implicit or adaptive depth models, because the number
of iterations — and hence the depth of the unrolled computational graph — may be scaled
arbitrarily to match the difficulty of the task at hand (Anil et al., 2022).

Going beyond simple fixed point iteration, DEQs make use of specialized fixed point
solvers, such as Anderson acceleration (Anderson, 1965; Walker and Ni, 2011) and Broyden’s
method (Broyden, 1965). Additionally, their fixed point structure overcomes the need for
backpropagation-through-time by offering memory-efficient gradient estimation methods
(Bai et al., 2019), based on the implicit function theorem (Krantz and Parks, 2002).

DEQs are part of the broad family of implicit models (Kolter et al., 2020), that includes
Neural Differential Equations (Chen et al., 2018; Kidger, 2021) and differentiable optimiza-
tion (Amos, 2019). However, distinguishing between these models can be ambiguous at
times, as they often exhibit interchangeable functionality, allowing, for example, Neural
ODEs to be represented as DEQs, and vice versa (Kidger, 2021; Pal et al., 2022).

Even-odd splitting Inspired by block Gibbs sampling in Deep Boltzmann Machines
(Salakhutdinov and Hinton, 2009), Bengio et al. (2016) describe a two-step iterative method
to accelerate the energy minimization process of multilayer CHNs. Throughout this paper,
we will refer to this technique as ‘even-odd splitting’.

The intuition is to leverage the problem’s bipartite structure (see Fig. 1) by splitting it
into two smaller, more tractable sub-problems. In the first step, all odd layers are brought
to a local energy minimum, conditioned on the fixed values of the even layers, and in the
second step, the roles are reversed. Bengio et al. argue that iteratively applying these two
steps should converge faster than synchronously updating all layers, under the condition
that there are no intralayer connections and only connections between successive layers.!

Other than that, the paper does not go into more detail. Even-odd splitting is not
its main contribution, and accordingly, no empirical results on the matter are presented.
Despite its intuitive appeal, the method has not gained much traction in the community,
possibly because of its ineffectiveness in CHNs in practice (see Section 4). Independently,
Scellier et al. (2023) introduced a similar technique that shows good performance, but also
lacks a theoretical foundation.

1. Notice how the architecture in Fig. 1 satisfies both conditions.
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3. Even-odd splitting from a Deep Equilibrium perspective

Intuitively, even-odd splitting seems like a promising way to accelerate Hopfield networks,
but gaining more theoretical insights is difficult, due to the contemporary energy-based
formulation of Hopfield networks. To address this, we propose a conceptual shift towards
the DEQ framework, which enables a clearer, step-by-step analysis of the procedure, from
the splitting of the states to the local energy optimization. Our findings reveal that even-odd
splitting is not to blame for its ineffectiveness in CHNs. Rather, it is the CHN itself that is
inherently inefficient. Contrary to the traditional energy-based distinction, we demonstrate
that, under specific conditions, CHNs can be interpreted as HAMs, albeit with a more
complicated non-linearity. Finally, we uncover an elegant mathematical formulation of
even-odd splitting in HAMs and discuss its advantages compared to the commonly used
synchronous updates.

While the transformation to the DEQ framework primarily serves to streamline our
theoretical analysis below, it is worth noting that this reinterpretation also offers practical
computational benefits that we exploit in our experiments in Section 4. We provide a brief
overview of these advantages in Appendix A.

3.1. From Hopfield network to DEQ

Strictly speaking, Hopfield networks are by definition energy-based models, and yet, their
dynamics are entirely defined by the ODEs in Egs. (2) and (4). In fact, contrary to Neural
ODEs (Chen et al., 2018), only the equilibrium point matters in a Hopfield network, not
the trajectory to get there. In this particular case, the exact time dynamics are irrelevant,
and the problem can be solved much faster by casting the ODE as a DEQ (Pal et al., 2022).
As this has not been previously described for Hopfield networks, we explicitly derive the
formulation in Appendix B, resulting in:

CHN as DEQ: 5" = p/(5%) © (Wp(3") + b+ Up(x)), (5)
HAM as DEQ: 5" = Wp(3*) + b+ Up(x). (6)
Here, the tilde on 8, W, and b indicates a change in dimensionality resulting from the
separation of the input layer sg = x. For readability, however, we chose to leave it out in

the following sections.

Example 1 In a 5-layer Hopfield network like Fig. 1, we can easily derive that

o wlf o 0 Wo
= w0 Wl o | o0
=10 W, 0 Wl |° U=1 o
0 0 W; 0 0

3.2. Splitting the states into even & odd

The first step towards understanding even-odd splitting is to introduce a distinction between
the even and odd layers, as formalized in Theorem 2 and proven in Appendix C.
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Theorem 2 FEven-odd splitting rearranges the layered structure of s using a permutation
matriz P, such that s = [s1;82;83;...] is converted into Ps = [Seven; Sodd), With Seven =
[s2, 84, ...] and Soqq = [S1,83,...]. Under this change of variables, the fized point iteration
procedures for the CHN and HAM, according to Egs. (5) and (6), are transformed into

n+tl _ /(an WT n b
CHN iteration: sf;ff _ pl(szven) QWPp(iOdd) +beven U ,(7)
Sodd =p (Sodd) © Pp(seven) + 0odd + oddp(m)
n+1 — WT n b
HAM iteration: sf;ff _ Pp(ssdd) * beven . (8)
Sodd - WPp(seven) + 0odd + Uoddp(w)

Example 2 In a 5-layer Hopfield network like Fig. 1, we have

[wf o [ Wy
WP—|:W2 Wg“:|andd—[ 0 },

with the matriz at block position (i,j) in Wp representing the influence of 83,5 on 83;4.

3.3. Finding the local energy optimum

The next step is to bring each layer to its local energy minimum, given its neighbors. When
viewed in parallel, the task amounts to computing s} ., given sqqq, and vice versa. In this
regard, HAMs are exceptionally well suited for even-odd splitting. Given a fixed value of
Sodd in Eq. (8), the equilibrium value s, is retrieved after a single iteration, and vice
versa. By contrast, in CHNs (i.e., Eq. (7)), finding this local equilibrium point still requires
a computationally expensive fixed point iteration, thereby nullifying any practical benefits
(see Section 4). Here, the DEQ framework proves particularly effective, enabling us to

derive an analytic solution, as detailed and proven in Appendix D, resulting in Theorem 3.

Theorem 3 Under relatively mild conditions for p and up to an input preprocessing step, a
well-behaved CHN can be transformed into a functionally equivalent HAM with effective non-
linearity p. := pos~t, where ¢(s8):=s@ p/(s), with @ representing the Hadamard division.

Remark 4 In practice, one typically picks a non-linearity p that can be quickly computed,
such as a sigmoid. Nevertheless, Theorem & states that a well-behaved CHN internally
models a function inversion ¢—1, which it performs iteratively at inference. Hence, a CHN
can be thought of as a HAM with a non-linearity that is more involved to compute.

3.4. DEQ formulation of even-odd splitting in HAMs

Consider a Hopfield network with a layered architecture, such as the one in Fig. 1. For an

odd number 2k+1 of layers, the output layer s3, belongs to sy, such that s,qq serves

only as an auxiliary variable, which need not be explicitly modelled, and vice versa for an

even number of layers. In HAMSs, this entails a substitution of the expression for sgidl in

Eq. (8) into the one for s%t2, resulting in

even’

82\;?1 = ng(WPp(ngen) + bOdd + Uoddp(m)) + beven~ (9)
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From a different perspective, Eq. (9) may be interpreted as a single iteration of the DEQ

SZven = ng(WPp(SZven) + bodd + Uoddp(a:)) + bevena (10)

corresponding to the DEQ formulation of even-odd splitting in HAMs and certain CHNs
(by Theorem 3).

3.5. Advantages of even-odd splitting in Hopfield networks

In Hopfield networks, even-odd splitting comes with two notable advantages over the tra-
ditional synchronous updates: convergence is reached faster and is always guaranteed.

Faster convergence By advancing two time steps (i.e., 8%, — s%:2 in Eq. (9)) in
a single iteration, even-odd splitting should converge twice as fast as fully synchronous
updates of Eq. (6), as given by Eq. (8). Crucially, one fixed point iteration of Eq. (10) still
requires ezactly as many computations as an iteration of Eq. (6) when not accounting for
multiplications by zero (i.e., assuming an optimal block-sparse matrix multiplication). To
verify this, observe that a single iteration always corresponds to all states being updated

exactly once (in Eq. (9): first, soqq at step n+1 and then Seyen at step n+2).

Guaranteed convergence As mentioned in Remark 1, asynchronous update schemes
have convergence guarantees for Hopfield networks, unlike synchronous updates. Interest-
ingly, the order in which the states are asynchronously updated, traditionally chosen to be
random, does not influence this property (Koiran, 1994).2 Through a clever grouping of
the states into even and odd layers, even-odd splitting essentially establishes an ordering of
asynchronous state updates that achieves maximal parallelism in layered architectures.

In Appendix E, we provide some intuition into the problems that may occur when using
synchronous updates and highlight how even-odd splitting naturally overcomes them.

4. Experimental results

4.1. Setup

To assess the impact of even-odd splitting and DEQ solvers in Hopfield networks, we per-
formed an ablation study on several CHNs and HAMs of different depths. The models were
trained on the MNIST dataset (LeCun, 1998; Cohen et al., 2017) for 10 epochs, with the
relevant techniques active both during training and testing.

We evaluated convergence speed and performance on the test set and list the results in
Table 2. Rather than relying on wall time or FLOPS, which depend on the exact implemen-
tation and hardware, we quantify convergence speed by the number of iterations required
to reach convergence®. Recall, however, that one iteration of even-odd splitting involves
finding two local equilibrium points (s?;4 & 8&en). In HAMs, each point is retrieved in a

even
single step, but in CHNSs, it may require several iterations (here: 10).

Further details are provided in Appendix F.

2. The order does, however, influence the convergence speed.

. . . ntl_gn _
3. In our experiments, ‘convergence’ denotes a relative residual w <1074
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Model #iters to conv. Speedup Test ace. (%)

CHN (10 epochs)  75.5 (+2.1) 0.5x 97.9 (40.1)

z  CHN (3 epochs)  39.1 (+3.8) Ix 97.0 (40.2)
=  CHN-DEQ® 20.6 (£0.2) 1.9x 97.2 (40.3)
= CHN-EO” 16.8 (£0.5) 0.1x 97.1 (40.1)
CHN-EO-DEQ®  16.2 (£1.0) 0.1x 97.1 (40.2)

. HAM 11.9 (+0.4) 1x 97.9 (£0.0)
g HAM-DEQ 9.9 (+0.3) 1.2x 97.9 (£0.1)
= HAM-EO 8.0 (+0.2) 1.5x 97.9 (£0.1)
“  HAM-EO-DEQ 6.6 (£0.2) 1.8x 97.9 (£0.1)
. HAM 36.0 (£1.8) Ix 97.1 (£0.1)
o} HAM-DEQ 33.0 (£0.6) 1.1x 97.1 (£0.2)
= HAM-EO 18.3 (+0.5) 2.0x 97.1 (£0.1)
*  HAM-EO-DEQ  17.7 (£0.3) 2.0x 97.1 (£0.1)
. HAM 67.1 (£2.9) 1x 95.6 (£0.2)
g HAM-DEQ 56.0 (£1.4) 1.2x 95.6 (£0.1)
= HAM-EO 32.2 (+£0.8) 2.1x 95.5 (£0.2)
™  HAM-EO-DEQ  31.0 (£1.0) 2.2x 95.5 (£0.2)

a: trained for only 4 epochs; consistently became unstable during 5% epoch

B: 1 iteration of even-odd splitting in CHNs comprises 2x10 local iterations

Table 2: Impact of DEQ solver (‘DEQ’) and even-odd splitting (‘EO’) on the mean number
of iterations until convergence and MNIST test accuracy. Speedup refers to the reduction in
state updates needed to reach convergence w.r.t. the base model (including within-iteration
updates). Results aggregated across 5 runs.

4.2. Discussion

Our experiments reveal that combining the DEQ solver with even-odd splitting
significantly accelerates convergence, with both methods effective individually and
most impactful when used together (see Table 2). This aligns with our expectations from
Section 3.5, where we predicted that even-odd splitting would halve the iteration count.

In CHNSs, we observed a trade-off between speed and test accuracy. The vanilla CHN
gradually demands more iterations as training progresses, a common phenomenon in DEQs
(Bai et al., 2021). In the other configurations, though, it was far less prominent.

To ensure a fair comparison, we limited the vanilla CHN’s training to 3 epochs. Even
then, the DEQ solver still shows a substantial speedup, as it constitutes a more powerful
method to solve the CHN’s function inversion at inference (see Remark 4). Conversely,
even-odd splitting does not offer a practical speedup. The added cost of resolving local
equilibria in each iteration significantly outweighs the reduction in total iterations.

In HAMs, both the DEQ solver and even-odd splitting enhance convergence without
trade-offs in test accuracy. The simpler model dynamics make these methods particularly
effective, delivering optimal performance when combined. In contrast to its substantial role
in CHNs, the DEQ solver’s more limited advantage in HAMs indicates that, here, its value
primarily lies in stabilizing initial conditions, where early dynamics differ from those in the
stable regime. For a visual comparison of the state dynamics in the different models, we
refer the reader to Figs. 3 and 4 in Appendix G.
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5. Limitations

Our experiments focused on the intrinsic effects of DEQ solvers and even-odd splitting on
the convergence speed of Hopfield networks, which may not directly translate to reduced
compute times. For small architectures simulated on modern processors, the added solver
complexity or the sequential nature of even-odd splitting could offset the convergence gains.
In our tests, even-odd splitting showed notable computational benefits, whereas DEQ solvers
were slightly less efficient. Although these methods may offer greater advantages with larger
models, our conclusions on scalability are limited given this study’s proof-of-concept scope.

State-of-the-art performance was not our objective; instead, we opted for minimal hy-
perparameter tuning, only enough to ensure model stability. The impact of design choices
(e.g., initialization, non-linearity, optimizer, number of layers) in Hopfield networks remains
underexplored, leaving room for further improvement.

One key aspect is the choice of Lagrangian £, which defines the family of HAM models.
In particular, we did not investigate the HAM extension of the Modern Hopfield Network
(Krotov and Hopfield, 2021; Ramsauer et al., 2021), which could be an interesting direction
for future research.

Lastly, while we focused on Hopfield networks, even-odd splitting may also benefit other
architectures with bipartite structures. Similarly, DEQ solvers — often designed as root find-
ers — could be useful in accelerating other energy-based models, provided that the gradient
can be formulated easily.

6. Conclusion

The goal of this paper was to accelerate the digital simulation of energy minimization in
Hopfield networks. To that end, we proposed a conceptual shift, away from the traditional
energy-based view, toward the DEQ framework, which allows for simpler analysis and offers
several computational advantages, such as specialized solvers and lower memory complexity.
This perspective enabled us to derive theoretical underpinnings for even-odd splitting, an
intuitive idea from Bengio et al. (2016), and uncovered a correspondence between two
commonly used types of Hopfield networks, the CHN and HAM. Our analysis revealed
that the CHN essentially performs a function inversion at inference, which may not be
computationally optimal. The experimental results demonstrate the effectiveness of both
the DEQ framework (with its specialized solvers) and even-odd splitting, especially when
combined. Specifically, we observed that these techniques reduced the required amount of
iterations to reach convergence, without compromising on test accuracy.

In light of these findings, we advocate for the use of the DEQ framework as a basis for
both theoretical analysis and practical implementation of Hopfield networks, given its con-
cise, equilibrium-focused notation and its computational efficiency. For researchers looking
to speed up their Hopfield networks without sacrificing performance, we recommend the use
of DEQ solvers and even-odd splitting, alongside traditional solutions like optimized code
and high-performance hardware. Additionally, we encourage researchers to focus on HAMs
instead of CHNs, as the primary difference lies in the choice of non-linearity, with HAMs
being more computationally efficient. The tools and methodologies presented in this work
aim to facilitate the practical scaling-up of Hopfield networks, which we hope will stimulate
further research into this growing field.
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Appendix A. Advantages of viewing Hopfield networks as DEQs

Below, we describe the advantages that come with our transition from the energy-based
view of Hopfield networks to the DEQ framework of Section 3.1.

First, we would like to highlight that the DEQ formulation fully encompasses the Hop-
field network’s original ODE formulation. In fact, solving the DEQs in Egs. (5) and (6)
with a damped Picard iteration is mathematically equivalent to solving the model’s ODE
with the forward Euler method, where the damping factor corresponds to the time step size.
Using specialized DEQ solvers allows for even faster convergence®, as shown in Section 4.

Additionally, while Hopfield networks are typically trained using backpropagation-through-
time, DEQs offer more memory-efficient methods, such as recurrent backpropagation (Pineda,
1987; Almeida, 1987). While similar algorithms have been suggested for the energy-based
setting (Scellier and Bengio, 2017), they aim to approximate these exact methods and are
often sensitive to the exact choice of hyperparameters (Scellier et al., 2023).

Furthermore, unlike for Hopfield networks, the stability of DEQs is a widely studied
area, that includes regularization terms and even parametrizations that are provably stable
(Bai et al., 2019; Ghaoui et al., 2019; Winston and Kolter, 2020; Bai et al., 2021; Revay
et al., 2021).

Moving past computational advantages, we argue that the DEQ framework is a more
natural way of reasoning about the dynamics of Hopfield networks, as it offers a compre-
hensible, concise formulation that operates directly at the equilibrium level. Compared to
the energy-based setting, the DEQ framework makes it significantly easier to study the
characteristics of techniques like even-odd splitting, that act on the states at equilibrium.

While the close relationship between DEQs and Hopfield networks has been noticed
before (Krotov, 2021; Laborieux and Zenke, 2023; Ota and Taki, 2023), remarkably, none
of the many advantages described here are exploited in these works.

Appendix B. Derivation of DEQ formulation of CHN & HAM

Given the expression for the state update rule ‘;—f in a Hopfield network, we may implicitly
define s* as the equilibrium state for which %(s*) = 0, thereby yielding the desired DEQ

formulation. We work out the details below for the CHN and HAM.

DEQ formulation of CHN
For CHNS, fl—‘z is given by Eq. (2). Setting this to zero, we find the following DEQ:

s"=p/(s") © (Wp(s") +b). (11)

At first glance, this DEQ seems to be independent of the input and therefore always converge
to the same s*. However, recall that the input x is implicitly applied through the first d
states.

When the equilibrium state s* is split up into the input x and hidden state 8%, i.e.,
s* = [x; 8*], we can reformulate Eq. (11) with an explicit input dependence as

5 =0/(3") 0 (Wp(E") + b+ Up()), (12)

4. The DEQ solver cannot guarantee energy minimization and may move towards spurious extrema. In
this work, however, we will assume that it always finds the true energy minimum.
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where the tilde on *, W and b indicates a change in dimensions due to the slicing operation.

Example 3 In a 5-layer CHN like Fig. 1, we can easily derive that

o wlf o 0 Wo
= | w0 WI o |0
=10 W, 0 Wl |’ U=1 o

0 0 W; 0 0

DEQ formulation of HAM
For HAMs, the derivation is entirely identical as for CHNs. Starting from Eq. (4), we find

5" =Wp(58) + b+ Up(x). (13)

For readability, we leave out the tilde in the rest of the paper.

Appendix C. Splitting the states into even & odd: full derivation

Below, we provide a detailed derivation of Egs. (7) and (8), serving as a proof for Theorem 2.
We begin with the more concise derivation of even-odd splitting in HAMs. For the CHN,
the process is entirely analogous, therefore, we provide only a rough sketch of the derivation.

C.1. Derivation of even-odd splitting in HAMs
First, we multiply both sides of Eq. (6) with a general permutation matrix P and find:
Ps* = PWp(s*) + Pb+ PUp(x)
= PWP"Pp(s*) + Pb+ PUp(x)

= PWPTp(Ps*) + Pb+ PUp(x), (14)
where P can be brought inside p, as it applies the same element-wise non-linearity over all
states.” In even-odd splitting, P transforms s* = [s};s5;s%;...] into Ps* = [sfen; Siads
with s}, = [s5,s},...] and 8,4 = [s], s5,...]. Using this specific P, we find

PWPT:[ 0 Wg], P.s*:{seiveﬂ},
Wp 0 87 4d
b 0

Pb— even :| ’ PU = |: :| .
[ boad Uoad

Example 4 In a 5-layer HAM like Fig. 1, we have
_[wf oo _ | Wo

with the matriz at block position (i,j) in Wp representing the influence of 83,5 on 83;4.
The locations of the zero matrices in Wp and U ,qq correspond to skip connections, which
are technically allowed, as long as they are between even and odd layers.S

5. For a more general p, one should use a permuted version pg.
6. The second condition of Bengio et al. was phrased too restrictively.

14



HopPFIELD NETWORKS BEYOND SYNCHRONOUS UPDATES AND FORWARD EULER

With the proper substitutions in Eq. (14), we find

{S;VGH - ng(szdd) + beven (15)

Sédd = WPp(szven) + bodd + Uoddp(m)

Therefore, the synchronous state update rule corresponding to the fixed point iteration
procedure for the HAM, according to Eq. (6),

s"T = Wp(s") + b+ Up(x),
in which the state superscript n denotes the iteration index, can be written as
-1 P ) [
= + + x),
[ Sg$d1 wp o |7 S0d4d bodd Uodd ple)
or simplified,

ng;gx = ng(sﬁdd) + beven
Sggdl = Wpp(sgyen) + boda + Uoaap(x)

C.2. Derivation of even-odd splitting in CHNSs

The derivation of even-odd splitting in CHNs is entirely analogous to the one for HAMS,
with the subtle difference of the added p’-term. This mainly poses a challenge in finding
the equivalent for Eq. (14), as it requires Proposition 5.

Proposition 5 For a permutation matriz P and vectors a,b € RY: P(a®b) = Pa® Pb
Using Proposition 5, we may start from
Ps* = Pp/(s") © (PWp(s") + Pb+ PUp(x)),

from which we can proceed, entirely analogously to the case of the HAM, to eventually find

SQ\;‘E}I = pl(sgven) © ng(sgdd) + beven
p'(s

shad (804d) © Wpp(8gyen) + bodd + Uoaap(x)

Appendix D. Correspondence between CHN and HAM

As outlined in Section 2, the distinction between a CHN and a HAM is conventionally made
on the basis of the energy functions. However, via the DEQ formulations of Section 3.1, we
can demonstrate a correspondence between these two models, as formalized in Theorem 3.
This appendix gradually builds up towards the theorem’s proof.

Definition 6 In a well-behaved CHN, s* is always unique and not identically zero.

Lemma 7 A CHN with an element-wise p can only be well-behaved if p'(0) #0.

Proof (Contraposition) If p'(0) =0, then s* =0 is always an equilibrium state of the CHN.
Thus, s* is either identically zero or not unique, and the CHN is not well-behaved. |
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Lemma 8 In a well-behaved CHN with an element-wise p, p'(s*) contains no zeros.

Proof (from Bengio and Fischer, 2015) Consider the i-th state s} and assume p’(s}) =0.
Then, in the i-th equation of Eq. (5), the right-hand side equals 0, reducing the whole to
st =0. However, by Lemma 7, we know that in a well-behaved CHN p/(s¥) =0 = s} #0.
This is a contradiction. |

Theorem 3 (restated) Under relatively mild conditions for p and up to an input prepro-
cessing step, a well-behaved CHN can be transformed into a functionally equivalent HAM
with effective non-linearity p. = p o', where ¢(s):=5 p/(s), with @ representing the

Hadamard division.

Proof For a well-behaved CHN, Lemma 8 allows us to rewrite the DEQ of Eq. (5) as
((s) = Wp(s") + b+ Up(a),

where we have introduced ¢(s*) := s* @ p/(s*), with @ representing the Hadamard (element-
wise) division. Furthermore, if p is chosen such that ¢ is bijective (as is the case for most
common choices of p), we may introduce a change of variables s} := ¢(s*) and rearrange
the DEQ to

st = Wols™(s2) + b+ Up(a).

Under the substitution p, := po¢~!, we find
8¢ = Wpe(s)) + b+ Upg(s(x)), (16)

which coincides exactly with Eq. (6), the DEQ of a HAM, with non-linearity p. and input
preprocessing using <. |

While Eq. (16) has direct access to the inverted function ¢=!, a CHN does not. Instead, it
uses its fixed point structure to approximate this inverse function during inference. Specif-
ically, for a single state s}, we have s} = p/(s}) - C;, where C; is a constant depending on
the value of all other states, which we assume are kept fixed here. Depending on ¢, this
fixed point equation may converge very slowly, therefore requiring many iterations. If an
efficient implementation of ¢~ would be available, it would almost always be better to di-
rectly use Eq. (16) instead of Eq. (11). Conversely, certain activation functions may lead to
a stable CHN, despite not resulting in a bijective ¢. Nevertheless, for some of these CHN,

an equivalent HAM may still be formulated.

Example 5 A CHN with p= ReLU, analytically extended such that p'(0) =1, would result
in a non-bijective ¢. Nonetheless, it can quickly be recognized as a HAM with the same
non-linearity, but where the states are limited to be strictly non-negative. Moreover, the
HAM is linear, and an analytic expression for the equilibrium may be found. By contrast,
it is not clear how stable a naive implementation of this CHN would be, and using the HAM
counterpart would likely be the better choice.
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Appendix E. Redundancy of synchronous updates

The state substitution in Eq. (9) reveals an interesting phenomenon arising in synchronously
updated HAMs. First, it is important to reiterate that, as mentioned in Appendix A,
iteratively applying Eqgs. (7) and (8) is equivalent to minimizing the energy E from Eq. (3)
by solving the ODE of Eq. (4) using the forward Euler method with synchronous state
updates and a time step size equal to 1. As illustrated in Fig. 2, this scenario corresponds
exactly to simultaneously solving two DEQs of the form of Eq. (10), one at time step n
(solid), the other at m + 1 (dashed). In other words, synchronously updating the states
corresponds to solving two internal DEQs with independent state dynamics.

This redundancy is not beneficial. Below, we discuss two problems that arise in this
case and describe how even-odd splitting avoids them. As an alternative solution, one may
also turn to a particular state initialization, which induces dynamics identical to even-odd
splitting, albeit at a lower computational efficiency.

Problem #1: Lack of convergence guarantees

Fig. 2 nicely illustrates how state conver-
gence under synchronous updates can only
be guaranteed over two time steps (i.e.,
a length-2 limit cycle exists), as has long
been known for Hopfield networks (Koiran,
1994; Wang, 1998). Absolute convergence
can only be achieved when both the solid
and the dashed DEQ converge to the same
equilibrium point. This may not always be
the case, as it depends on both the input x
and the specifics of the DEQ, such as state Figure 2: A view of synchronous updates

initialization, parameter values, and choice ~across time reveals two separate even-odd
of non-linearity p. DEQs (solid & dashed)

time

However, this behavior can easily be guaranteed by simply iterating a single DEQ (e.g.,
the solid one in Fig. 2) and defining the second DEQ as a time-shifted copy of the first one.
This is precisely what even-odd splitting does and what Eq. (10) describes.

Problem #2: Partial gradient flow

In practice, the total number of iterations is typically kept fixed and determined in advance.
In the case of Fig. 2, this means that whichever DEQ contains the output prediction ¢ after
the final iteration at time 7', will always be the one receiving the gradient, which can then
backpropagate through time, either explicitly or using memory-efficient DEQ methods. The
other DEQ will not receive any gradient information whatsoever, whereas its parameters,
which are shared with the first DEQ, are still updated.

Since the gradients depend on only a single DEQ, the parameters will adapt to the
initial behavior of that DEQ, which may not be optimal for the other one. This might be
problematic if the model is ever to run for a different number of iterations, with a different
polarity. In Eq. (10), this is never a problem. As the DEQ internally advances two time
steps at once, the final time T" will always be even. Additionally, it never explicitly models
the other DEQ, whose behavior at initialization is therefore irrelevant.
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Inducing even-odd splitting through state initialization

State initialization plays an important role in guaranteeing convergence. To illustrate what
might go wrong, let us assume that n=0 in Fig. 2 and that s, and s, are initialized at
zero, as is commonly done. In the solid DEQ), .s(l)dd receives information from both the input
x and sgven, and updates its states accordingly. However, in the dashed DEQ, sl ., only
receives information from sgdd, which is not input-dependent, and uses that to update its
states. This means that the dashed DEQ is not exactly a time-shifted version of the solid

DEQ anymore: its initialization for seyen Will be sl .., which does not necessarily equal
0
s

even-*
To avoid this discrepancy, we may design an initialization scheme such that s

by construction. Setting

1

— 0
even_s

even

ngen - ng(sgdd) + beven

guarantees this equality, as can be seen from Eq. (8). In fact, this initialization scheme
directly induces even-odd splitting in synchronously updated HAMs. After all, we find that

0

even

2

o3
even_s

_ ol 1 .2
=S = Sodd = Sodd =S even

S even

== ...,

which corresponds exactly to even-odd splitting, where the even/odd layers are alternately
kept fixed for a single time step. Note, however, that synchronous updates still waste
computations on these fixed values, making Eq. (9) the more sensible update rule to follow.
Appendix F. Experimental setup

Below is an overview that should contain all information required to reproduce the results
from Section 4. The code is available at https://github.com/cgoemaere/hopdeq.

Data

e Dataset: EMNIST-MNIST (Cohen et al., 2017). This is a drop-in replacement for
the MNIST dataset (LeCun, 1998), but with a known conversion process from the
original NIST digits (Grother, 1995).

e Input preprocessing: rescaling pixel intensities from [0, 255] to [0, 1]
e Batch size: 64
e Epochs: 10

e No data augmentation

Model
e Architecture (with a constant amount of hidden neurons)

— 3 layers: 784-1990-10
— 5 layers: 784-1280-510-200-10
— 7 layers: 784-1024-512-256-128-70-10
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e Non-linearity p: sigmoid(4z — 2) (shifted sigmoid; same as Laborieux et al. (2020))
e State initialization: zero initialization, i.e., s"=9 =0

e Weight initialization: Xavier initialization (Glorot and Bengio, 2010) per layer (not on
full W, but on W;), as we want bidirectional operation between layers. The biases
were initialized using a normal distribution with mean 0.0 and standard deviation
0.01.

e Forward iterations (chosen large enough to ensure state convergence during training):
40 (3 layers), 80 (5 layers), 120 (7 layers)

e DEQ solver: Anderson acceleration with windows size m =4, Tikhonov regularization
(constant: 10719), and safe-guarding

e Damping (tuned to maintain stability during training)

— CHN: damping of 0.5, i.e., if the DEQ is s* = f(s*), then we use s"*! =
0.58™ + 0.5f(s™) as update rule. From an ODE perspective, this means that
time moves half as fast (i.e., step size h=0.5). To compensate for that, we
multiply the provided number of forward and backward iterations with a factor
2, so that the same amount of ODE time is simulated.

— CHN-EO & HAM: no damping, i.e., if the DEQ is s* = f(s*), then we use
s"tl = f(s") as update rule.

Training
e Loss function: Mean Square Error

e Backward method: Recurrent Backpropagation (Pineda, 1987; Almeida, 1987) with
Picard iteration (always; Anderson acceleration was unstable here)

e Backward iterations: 8 (3 layers), 16 (5 layers), 24 (7 layers)
e Optimizer

— Type: Madam (Bernstein et al., 2020) (chosen as a substitute for layerwise learn-
ing rates; Madam automatically scales weight updates according to ||[AW||/||W]],
as advised by Scellier and Bengio (2017))

— Learning rate: 0.01 (3 layers), 0.005 (5 layers & 7 layers)

— Learning rate decay: linear decay to 1/10'" of the initial learning rate mentioned
above, over the course of the 10 epochs (inspired by Bernstein et al., 2020)

— Hyperparameters (see implementation): p_scale = 1024; g_-bound = 3
e No gradient clipping, dropout or other commonly used training techniques

e GPU: 1x GTX-1080T1i
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Appendix G. Visual comparison of state dynamics in different
configurations of Hopfield networks

In Figs. 3 and 4, we provide a visual comparison of the state dynamics in the different models
from Section 4. First, notice how the use of DEQ solvers helps guarantee convergence in
samples that would otherwise not have converged. Additionally, even-odd splitting seems
to boost convergence speed overall, by a factor close to two, as expected. We can see that
the initial dynamics of the models differ from their regular regime, as the trajectories of all
samples start out similarly and only diverge after a few iterations. As for the low density
region in the models using DEQ solvers (most noticeable in the bottom right subplots), we
hypothesize that this is due to the solver occasionally finding the exact fixed point solution,
bringing the relative residual to zero.

State dynamics for CHN (3 epochs) State dynamics for CHN-DEQ State dynamics for HAM State dynamics for HAM-DEQ
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Figure 3: Density heatmap of the state trajectories for a 3-layer CHN (left) and HAM
(right), and the impact of using DEQ solvers (‘DEQ’) and even-odd splitting (‘EO’). The
horizontal axis represents the number of iterations of the DEQ. The vertical axis represents
the relative residual, which is used to determine the state convergence (the lower, the more
converged). The limit of 10~# as chosen criterion for convergence is indicated with a white
dashed line. For every setting, we show the cumulative results of 5 different seeds, run on
the entire MNIST test set. In cyan, we show the mean number of iterations corresponding
to a given convergence criterion. The white circular marker at the limit of 10~* corresponds
to the value reported in Table 2.
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Figure 4: Density heatmap of the state trajectories for a 5-layer (left) and 7-layer HAM
(right), and the impact of using DEQ solvers (‘DEQ’) and even-odd splitting (‘EO’). The
horizontal axis represents the number of iterations of the DEQ. The vertical axis represents
the relative residual, which is used to determine the state convergence (the lower, the more
converged). The limit of 10~% as chosen criterion for convergence is indicated with a white
dashed line. For every setting, we show the cumulative results of 5 different seeds, run on
the entire MNIST test set. In cyan, we show the mean number of iterations corresponding
to a given convergence criterion. The white circular marker at the limit of 10™* corresponds
to the value reported in Table 2.
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