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Abstract

We introduce a novel algorithm for controlling linear time invariant systems in a tracking problem.
The controller is based on a Gaussian Process (GP) whose realizations satisfy a system of linear
ordinary differential equations with constant coefficients. Control inputs for tracking are deter-
mined by conditioning the prior GP on the setpoints, i.e. control as inference. The resulting Model
Predictive Control scheme incorporates pointwise soft constraints by introducing virtual setpoints
to the posterior Gaussian process. We show theoretically that our controller satisfies open-loop
stability for the optimal control problem by leveraging general results from Bayesian inference and
demonstrate this result in a numerical example.

Keywords: Linear Model Predictive Control, Constrained Gaussian Processes, Control as Infer-
ence

1. Introduction

Controlling industrial applications requires precise modeling and good control algorithms, which
is often addressed via Model Predictive Control (MPC) (Tebbe et al., 2023; Rawlings et al., 2017).
MPC consists of a predictive model and a control strategy. The predictive model simulates the future
system behavior for given control inputs and the optimization strategy produces the optimal input
with respect to the given objective function and constraints.

Predictive models are usually first principle based and/or data-driven. For example, Gaussian
Processes (GPs) have emerged as a commonly applied data-driven method due to their excellent
handling of both few datapoints and uncertainty quantification (Berkenkamp and Schoellig, 2015;
Hewing et al., 2018; Maiworm et al., 2021)'. The objective function may be of economic type
(Bradford and Imsland, 2018) or quadratic type (Qin and Badgwell, 2003). Linear MPC for track-
ing defines the special case where the predictive model is linear and the objective is the squared
Euclidean distance of the state to a desired setpoint and therefore quadratic (Limén et al., 2008).

The resulting optimization problem is a Quadratic Program (QP) whose solution is easily ob-
tained. A problem of this constrained optimization problem is, that it might be infeasible due to
the initial point not satisfying the constraints (Kerrigan and Maciejowski, 2000; Krupa et al., 2024).
A remedy to this is soft constrained MPC where the optimization problem has no hard state and
control constraints, but contains these constraints in its objective function. Several works addressed
this research path, including Zeilinger et al. (2014); Wabersich et al. (2021); Gracia et al. (2024).
In this work we present a novel approach for such problems with input and state constraints. We

1. For a comparison of GP-based approaches to Physics-informed Neural Networks see e.g. Harkonen et al. (2023)
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Figure 1: Similarities between classical MPC and our proposed method. While in classical MPC
(Left) a GP or different surrogate model is only used for the dynamics, our approach
(Right) applies also the synthesis of the control law directly in the GP.

expand the recently introduced class of Linear Ordinary Differential Equation Gaussian Processes
(LODE-GPs) (Besginow and Lange-Hegermann, 2022), a class of GPs strictly satisfying given lin-
ear Ordinary Differential Equation (ODE) systems to an MPC scheme. We solve the optimal control
problem by using the current state and constraints as training data for the LODE-GP and obtaining
the control law directly from its posterior predictive distribution. By using smooth kernel functions
in our GP, our method also produces smooth control functions, but other choices of kernels would
be possible (Duvenaud, 2014). Our approach differs from classical tracking MPC by considering
the union of dynamics and control law in one model. This reduces a complex control task to simple
posterior inference of a GP, as we illustrate in Figure 1. This approach, also known as Control as
Inference (CAI), has already been used in stochastic optimal control problems and reinforcement
learning (Levine, 2018). Our approach is furthermore based on the behavioral approach to control
(Willems and Polderman, 1997), which does not necessarily distinguish inputs, state, and outputs
and instead combines them as one matrix. This allows application of computer algebra, with the
potential of mixing inputs, states and outputs through base-change matrices. This point of view
allows to apply computer algebra (Oberst, 1990; Pommaret and Quadrat, 1999; Zerz, 2000; Chyzak
et al., 2005; Lange-Hegermann and Robertz, 2013, 2020), which was also the motivation of the
LODE-GP. In this paper, we endow the behavior, i.e. the set of admissible trajectories, with a prob-
ability distribution via the LODE-GPs and use the marginalization of this probability distribution
for control. This probabilistic behavioral approach allows to restrict our system by any form of data,
e.g. at any time, masked data, average values, or most importantly by requirements of future states.
We exploit the kernelized structure of the GP to provide open-loop stability to the controlled sys-
tem. This results from the fact that a GP posterior converges to its prior in the absence of correlated
training data. Moreover, we connect GPs with MPC via CAI. This connection may open the field
of control for MPC for the vast methods of GPs or other kernel based methods including variational
approaches for non-Gaussian likelihoods (Titsias, 2009).

Notation: We denote the concatenation of state x € R™* and control © € R™ as z € R"#. We
use £ as the derivative of z(¢) with respect to ¢, x < y for vectors denotes x; < y; in each entry, 1 4
is the indicator function for x € A, d(x,z’) denotes the Kronecker function and diag(z1, . .., xy)
is a diagonal matrix containing 1, . . ., £, on the diagonal.
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2. Problem formulation

Consider the controllable linear ODE based system with state € R™* and control input u € R™»
i = Ax + Bu (1)

where A € R"=*"= and B € R™= %" are system and control matrices respectively (Rawlings et al.,
2017). The system state and control input are subject to constraints

Tmin < :L'(t) < ZTmax (2)
Umin < u(t) < Umax 3)

for t € [to,tr]. The general tracking control task is the minimization of the difference between a
given reference z..f € R™* and states x over a given time horizon [to, t7]

tr
min/ (Zref — x(t))th 4)

u(t) to

with the constraints (1), (2), (3) and given initial point z(tp) = z(. The tracking control task at
discrete timesteps is an approximation of (4) and minimizes the distance of state z.s and state x(t)
to find the minimal error control solution of

T
min Yy (arer — 2(t;))” + |Jull (5a)
ul®) 555
s.t. £ = Ax + Bu, (5b)
x(to) = o, (5¢)
Tmin < 2(t) < Tpax YVt € [to, t7], (5d)
Umin < U(t) < Umax VT € [to, t7]. (5e)

We will present an approach in this paper which will approximate the solution of this optimization
problem by giving a reference point x¢ and forcing the resulting solution x(¢) and u(t) to provide
smooth behavior. Note that the constraints (5b) and (5¢) must be considered as hard constraints,
while the remaining can be incorporated as soft constraints in order to guarantee feasibility of the
optimization problem.

3. Preliminaries

3.1. Gaussian Processes

A Gaussian Process (GP) (Rasmussen et al., 2006) g(t) ~ GP(u(t), k(t,t")) is a stochastic process
with the property that all g(¢;), ..., g(t,) are jointly Gaussian. Such a GP is fully characterized
by its mean p(t) and covariance function k(t,t"). By conditioning a GP on a noisy dataset D =
{(t1,21),..., (tn, zn)} we have the posterior GP defined as

ph= ) + KK+ on D)7z — ()

(6)
k* = K** - KJ(K + 0_7211-)71];(*
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with covariance matrices K = (k(t;,t5));; € R™", K, = (k(t, t;‘))” € R and K, =
(k(t7,t7))i,; € R™*™ for predictive positions ¢* € R™ with noise variance o2. This is the most
common way of applying GPs in control theory for regression analysis on time series data.
Additionally, GPs can be parameterized in terms of hyperparameters ¢, which include the noise
variance a,zl. The noise variance does not have to be constant (homoscedastic), but can be input
dependent (heteroscedastic), i.e. o2(t) € R™:. The noise variance describes the noise we expect
on a given datapoint (¢;, z;). Additional hyperparameters are commonly introduced via its covari-
ance function, for example the Squared Exponential (SE) covariance function often includes signal

variance o'} and smoothness parameter ¢*:

AV
ksg(t,t') = 0]% exp <—(t2€§)> (7

These hyperparameters are trained by maximizing the GPs Marginal Log Likelihood (MLL):
log p(z|t) = —lzT (K + 021)71 z— L log (det (K + 021)) (8)
2 " 2 "

where [ is the identity and constant terms are omitted. We obtain a quadratic type error term
combined with a regularization term based on the determinant of the regularized kernel matrix.

3.2. Linear Ordinary Differential Equation GPs

The class of GPs is closed under linear operations?, i.e. applying a linear operator £ to a GP g as

Lg is again a GP. This ensures that realizations of the GP Lg lie in the image of the linear operator
L, in addition to the GP ¢ (Jidling et al., 2017; Lange-Hegermann, 2018).

We demonstrate the procedure from (Besginow and Lange-Hegermann, 2022) for constructing
so-called LODE-GPs — GPs that strictly satisfy the underlying system of linear homogenuous
ordinary differential equations — using the following unstable system, with two integrators of the

control function.
. 01 0
T = <1 1>x+ <1>u 9

We subtract 1 and combine state x and input u by stacking it in one variable z to reformulate the
system as:

B (-8, 1 o\ (™
_H'Z_<1 1—-9, 1> ‘ZQ (10)

We can algorithmically factor H into three matrices such that Q - H -V = D, with D € R[0;]"**"=
the Smith Normal Form and @ € R[9;]"=*"=, V' € R[0;]"**"= invertible (Smith, 1862; Newman,
1997). All matrices belong to the polynomial ring R[d;] i.e. containing polynomials of J;. For the

2. This property holds true for almost all relevant linear cases in control theory. For more details see (Harkonen et al.,
2023; Matsumoto and Sullivan, 2024).
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system in Equation (10) the application of an algorithm to find the Smith Normal Form results in
the following D, () and V:

1 0 1

D:<(1) (1) 8),@:(_01 —1a>’V: 0o -1 Oy (11)
K 0 -0 —1 9248, -1

We then construct a prior latent GP g using the simple construction rules presented in Table 1 of
Besginow and Lange-Hegermann (2022), based on the diagonal entries of D. These entries are 0 or
1 for controllable systems. In the case of the system in Equation (10), we construct the latent GP g:

0 00 0
§=GP 0],10 0 © (12)
0 0 0 ksg

which we simplify to g = GP( (0) , (k:SE) ) by removing the independent, uninformative zero-entries
in the covariance function of g, which deterministically produce zero behavior. This can be under-
stood as a trivial case of the Gaussian marginalization property, in which we remove constant be-
havior. We simplify V' similarly by omitting the first two columns, which correspond to the zeroes
in g. By applying the linear operator V to this latent GP g, the realizations of the resulting LODE-
GP Vg in Equation (13) strictly satisfy the system in Equation (10), as detailed in Besginow and
Lange-Hegermann (2022). By doing so we guarantee that the LODE-GP Vg spans the nullspace
of H, which is equivalent to saying that V¢ produces only solutions to the original homogenuous
system H - z = 0.

Vg=GP (0, V- (kse) VT> (13)

where V is the operator V' applied to the second argument (¢') of the SE covariance function ksg
(cf. Equation (7)).

The LODE-GP in Equation (13) can be trained and conditioned on datapoints, which we exploit
for our control algorithm. We illustrate samples drawn from the LODE-GP in Equation (13), after
conditioning it on varying numbers of setpoints, in Figure 2.

4. LODE-GP Model Predictive Control

This section describes how to apply our LODE-GP based MPC to generate the control input using
GP conditioning. We assume a LODE-GP as described in Section 3.2 for a system of linear ODE:s.
As we have seen in the previous section, the LODE-GP posterior mean yields smooth functions
which satisfy (5b). In the following we will show how the remaining constraints (5c) - (5¢) can
be enforced as hard and soft constraints respectively by specific constructions of the conditioned
dataset D and obtain optimality as in (5a).

4.1. Controller formulation

We have to respect the initial point constraint (5¢) as hard constraint in timestep ¢. We translate this
to the LODE-GP as using (;, z;) in the conditioned dataset D with noise variance o2 (¢;) = 0 € R™
with n, = n, + n,. Due to numerical issues, we have to set a numerical jitter of 10~% as the noise
variance. This forces the LODE-GP posterior mean to satisfy p*(¢;) = z; up to numerical precision.
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Figure 2: We see 50 samples drawn from a trained LODE-GP for the spring-mass system in Equa-
tion (10). Each sample is a multivariate time series that spans across all three columns,
depicting the distinct channels of the system, and is guaranteed to satisfy the ODEs. Set-
points are shown in red and the x-axis and y-axis are shared across rows. (Upper) Only
the initial state g and the desired state x are given. (Lower) In addition to the initial
state and desired state, some intermediate states are given.

We define this dataset as Dinir = { (%, 2;)} in timestep 7. In order to track the constant reference
point x.r, we choose a constant z.f such that Equation (10) is satisfied, which is always possible
for controllable systems. This allows to set the LODE-GP prior mean ((t) = 2. The posterior
mean p*(t) then yields a function which satisfies p*(tg) = zp and converges to zf for t — co. As
a model predictive control scheme, we update the dataset in each timestep as the new initial point.

4.2. Open-loop stability

The controller defined by the LODE-GP and a single reference point yields convergence to the prior
mean of the LODE-GP. This results from a property of Bayesian models in general which converge
to their prior in the absence of correlated datapoints. This is stated in the following theorem.

Theorem 1 The posterior mean 1*(t) of a LODE-GP with D = {(to, 20)} and a squared expo-
nential covariance function converges to its prior for t — +oo.

Proof W..o.g, tp = 0. We have to proof, that , li;rcn w*(t) = p(t), which means K, K~ 1(z —
—o0

w(to) — 0. K~1(z9 — pu(to)) is independent of ¢, therefore it can be considered as constant. Since

t2
K = bt 10) = k(2,0) = o%(0) - exp (572
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for a polynomial p and the exponential function dominates the polynomial for ¢ — 400, we obtain
K, — 0, which proves the claim. [ |

Remark 2 The proof of theorem 1 provides the convergence rate, which is dependent on the chosen
kernel. For the squared exponential kernel we obtain squared exponential decay. This result can be
easily extended both for more than one point in dataset D and for stationary kernels which tend to
0fort —t — .

This theorem suggests, that it is theoretically sufficient to use D = Dj,;; and use the reference
Zref @S constant prior p(t) to obtain a working controller. Unfortunately, the thereby generated
solution y*(t) is not optimized on controller performance and will not respect state and control
constraints.

4.3. Soft constraints

In order to fulfill the constraints for state (5d) and control (5e), we encode pointwise soft constraints
at time ¢; in the dataset

Deon = {(ti—I—l, Zcon)7 ceey (ti-i—mc; ZCOH)}a (14)
With 25 — L+ Zmin) - Zmin) (15)
and o, — {Zmsx — Zmin) 5 Zimin) (16)

Nz

as constraint noise variance. Note that 02 € R allows for different noise levels on each state

and control dimension. For a point in Deo, We expect that z(t;) = €; with €; ~ N (zcon, 02). The
incorporation of D imposes soft constraints in the likelihood (8) of the LODE-GP and therefore
also in the posterior mean £*(¢). Note that in timestep ¢; we only have constraints on future states.
These soft constraints technically do not suggest a uniform constraint satisfaction, but rather focuses

the posterior to the center z.o, and suggests a Gaussian distribution with the constraints as zcop £ 07,

Algorithm 1 LODE-GP based MPC

Input: Initial state z;, and control u;,, reference 2y, constraints Do, with o
Output: Simulation/Control path { (x4, u.)|t € [to, t7]}
Set prior pu(t) = zper
Hyperparameter optimization of ¢? and O'J% using D = Dipit U Deon
fort =tg,...,t7 do
observe current state xy,
generate predictive posterior on [t;, ti11]: GP (27, vy, ) = Vg(ti+1]D)
set control input for next time interval: u| [ti,t ¥

2
n

i+l — utz‘+1
end
return {x;, w|t € [to, t7]}
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4.4. Optimality in a Reproducing Kernel Hilbert Space

Conditioning the GP on D = Djyit U Deon yields a posterior mean function p*(t) which satisfies
(5b) and (5¢) as hard constraints and (5d) and (5e) as soft constraints. The mean function is optimal
in the norm of an abstract space related to the covariance function of the GP which is called the
Reproducing Kernel Hilbert Space (RKHS) (Berlinet and Thomas-Agnan, 2011). This space is the
closure of all possible posterior mean functions with the chosen covariance kernel with respect to
its induced norm. For further literature on the connection of GPs and RKHSs, see (Kanagawa et al.,
2018). The following theorem states this result via the representer theorem (Scholkopf et al., 2001).

Theorem 3 The posterior mean function as in Equation (6) with noise variance U% for the con-
straints yields an optimal control minimizing the RKHS norm given by the kernel of the LODE-GP.

Proof In order to use the representer theorem in (Scholkopf et al., 2001), we have to provide a
positive definite kernel. We use

k(tv t/) =V kSE(t’ t,) ’ VT + UTQL]l{t>t0} ’ 6(t7 t,) ’ ﬂ{t’>t0}

which results in a kernel matrix K + diag (02(to),...,02(tm,)). Since the LODE-GP kernel is
positive definite, the sum is either which proves the claim. |

This result corresponds to the objective (5a) and provides the optimality of our proposed con-
troller. This completes the translation of the optimization problem described in chapter 2 to a prob-
lem solved by inference of a LODE-GP with a specific training dataset. In comparison to MPC
this optimality is of course limited, since the RKHS is given by the kernel and cannot be chosen
as a standard function space. Moreover, the RKHS norm is defined on the extended state z and is
not directly able to model x and u separately as it is done in (5a). In comparison to MPC, the cost
function used in our approach is also limited, since it is determined by the cost function formulation
in the representer theorem. For further details on the formulation of the RKHS norm for the optimal
control problem generated by LODE-GPs, see Besginow et al. (2025).

4.5. Heuristic improvements: Artificial references

In order to improve the control performance, we propose two heuristic additions to the dataset D.
We propose to extend the conditioned dataset D with past observed data

Dpast = {(tim1, 2i-1, 05 (ti=1))s - -, (timmy s Zimys Op (tim,))} (17)

which supports the controller in providing smooth behavior. For more information, see Section 5.
Further, we suggest virtual reference points to encode hard point constraints for future behavior

D, = {(tj+17zj+170)""7(tmu7zmv70)}' (18)

This forces the posterior mean to satisfy p*(¢) = z for all (¢, z,0) € Dy. Recall that all additional
points impose soft constraints in the likelihood of the LODE-GP (8) when conditioning on D =
Dinit U Deon U Dy. Note that setpoints may contain masked channels for specific time steps, i.e.
some z; or u; can be missing for timestep ;.

Figure 2 illustrates how the space of functions is constrained by just conditioning the LODE-GP
on the intial state zg and the desired state z7 or by conditioning it on additional setpoints. By adding
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Figure 3: Comparison of our approach (left) with the two extended models. Each model satisfies
the control constraints and the performance improves with larger conditioned dataset D.

the additional points x,, as in the lower row of Figure 2, we reduce the space of realizations. This
demonstrates, that the dataset D, has to be chosen heuristically with prior knowledge, since virtual
datapoints may lead the model to constraint violations and unstable numerical behavior. This can
be seen in this example, as the control amplitude rises when the state 2 should be regulated faster.

5. Evaluation

In this section we present the results of our approach and the proposed extensions on the unstable
system introduced in Section 3.2. We investigate the mean constraint violation

T
23 mac{z(te) — Zmas, 0} + max{Zain — 2(t0),0} (19)
=1

in order to proof whether our approach can handle the imposed constraints. Moreover, we investi-
gate the mean control error defined as

1 T
> (@(t:) — wer)® (20)
=1

=l

in order to compare the control performance of our approach and its extensions. We compare three
different models:

The first model is our approach introduced in 4.1 — 4.4 which uses D = Djpit UDcon. The second
model is the extension using past data, i.e. D = Djyjt U Dcon U Dpase. The third model uses additional
artificial references as hard constraints. The hyperparameters are optimized offline in advance using
D. The hyperparameters for model 2 and 3 are thus the same, since the dataset at ¢ is identical.
The other models have different initial training datasets and thus different hyperparameters.

We investigate a regulation control task, where the state is steered towards the origin from the
initial point zy = (1, 0)T and v = 0 from ¢ty = 0 to ¢t = 10. Note that for our problem formulation
the initial control is of importance since the control function has to be smooth on [to, t7]. We use
x € [~1,1]? and u € [-2.5,2.5] as soft constraints. For Deo, we use 100 equidistant points from
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Table 1: Results for regulation task.
Training dataset Dinit U Deon | Dinit U Deon U Dpast Dinit U Deon U Dpast U Dy
Constraint error (19) 0.0023 0.0010 0.0008
Control error (20) 0.1460 0.1066 0.1060

t; = 0.1tot1g0 = 10 with z; = 0 and 02 = (1,1, 2.5) . For Dyast we use the last 20 datapoints. For
D, we use the same points as in Do, with ¢ > ¢, = 4. This means that for ¢ > ¢,, the posterior mean
is forced to fulfill *(¢) = 0. If we set ¢, significantly smaller, we obtain constraint violations, since
the amplitude of the control would grow. If we set ¢, significantly larger, we increase the control
error. Therefore the dataset D, has to be chosen carefully.

The results of our experiments are shown in Table 1 and Figure 3. They verify, that our con-
troller regulates the unstable system and yields smooth behavior. We observe, that each model
stabilizes the state. The more datapoints are used in D, the faster the system stabilizes, while both
extended models have similar constraint and control error. Although our approach and the extended
model using past observed data have the same hyperparameters, the controller performance is sig-
nificantly better while adhering to the constraints. Comparing the solution of the initial optimal
control problem for ¢ = ¢y, both models propose the final solution of the model which is extended
with past observations. This means, that providing no past measurements changes the behavior of
our LODE-GP based controller. Our explanation for this is, that providing no constraints for the
past, results in the posterior mean which is most likely to come from the reference z.f at t — —oc.
Since the initial point z; converges towards this point in positive time, the posterior mean changes
in each iteration for both ¢ < ¢; and ¢ > ¢;, which results in slower convergence. Constraining the
past to observed values by hard therefore keeps the controller on track of the solution proposed in
the first optimal control problem.

6. Conclusion & Limitations

We have introduced a novel approach for MPC with GPs acting not as the dynamics model by
conditioning on only past data, but as the control policy by conditioning on the initial point and
constraints. We have shown the open-loop stability of our controller both theoretically and practi-
cally and gave different extensions for the improvement of the control performance. Our controller
defined by a LODE-GP posterior mean yields optimal functions in the norm of the corresponding
RKHS, therefore reducing an optimal control problem to an inference problem.

Our work shows the possibility to use GPs with its closed form posterior computation as an
MPC like controller, although not competing with the vast more practical implementations of MPC.
In order to further improve the practicability, for example via guaranteed constraint satisfaction,
we suggest to use advanced likelihood formulations relying on variational approaches in order to
compute the posterior distribution.

We showed in the last section, that our method solves continuous tracking control problems. The
implementation of a discrete LODE-GP is straightforward and the construction of a corresponding
Linear MPC is analogous and left for future work. Further research will contain different control
strategies given the LODE-GP’s distribution of solutions. This includes sampling for safe control
paths as done in (Tebbe et al., 2024).
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