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Abstract

In this work, we study pairwise fair k-Median
with ℓ ≥ 2 groups, where for every cluster C
and every group i ∈ [ℓ], the number of points
in C from group i must be at most t times
the number of points in C from any other
group j ∈ [ℓ], for a given integer t. Only bi-
criteria approximation and exponential-time
algorithms follow for this problem from the
prior work on fair clustering problems when
ℓ > 2.

We present the first polynomial-time O(k2 ·
ℓ · t)-approximation for this problem that
does not violate the fairness constraints. We
also implemented our algorithm on a vari-
ety of datasets to test the “price of fairness”
achieved by our approach in real data, which
turned out to be significantly smaller than
the theoretical guarantee.

1 INTRODUCTION

Clustering is a fundamental task in machine learning
and data mining aimed at dividing a set of data items
into several groups or clusters, such that each group
contains similar data items. Typically, the similarity
between data items is measured using a metric dis-
tance function. Clustering is often modeled as an op-
timization problem where the objective is to minimize
a global cost function that reflects the quality of the
clusters; this function varies depending on the applica-
tion. Among the many cost functions studied for clus-
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tering, the most popular are k-Median [Cohen-Addad
et al., 2025], k-Means [Ahmadian et al., 2017], and
k-Center [Gonzalez, 1985, Hochbaum and Shmoys,
1986]. These objectives generally aim to minimize the
variance within the clusters, serving as a proxy for
grouping similar data items.

Motivated by the recent trend in research on fairness
in artificial intelligence, clustering problems have been
studied extensively with fairness constraints, com-
monly known as fair clustering problems. In this work,
we focus on Pairwise Fair Clustering.

Definition 1 (Pairwise Fair Clustering). We are
given a dataset of n points in a metric space (Ω, d),
which is partitioned into ℓ disjoint groups P1, . . . , Pℓ.
The input also includes an integer balance parameter
t ≥ 1. A clustering is defined as pairwise fair if for
any cluster C and any pair of groups Pi and Pj, the
number of points from group Pi in C is at least 1/t
times and at most t times the number of points from
group Pj in C. The goal is to find a pairwise fair
clustering that minimizes a given cost function.

The Pairwise Fair Clustering formulation is a nat-
ural generalization of the seminal fair clustering model
of Chierichetti et al. [2017], extending it to settings
with more than two protected groups. Their work ini-
tiated an active line of research by formalizing fairness
via a single balance parameter, t. Since their work
[Chierichetti et al., 2017], other models have also been
proposed to handle multiple groups. One notable ex-
ample is the (α, β)-fairness model, proposed by Bera
et al. [2019], Bercea et al. [2019], which requires the
fraction of points from each group i in any given clus-
ter to be within a specified range (αi, βi). Our Pair-
wise Fair Clustering model provides a distinct but
related approach to this multi-group fairness problem.

While Pairwise Fair Clustering has been studied
across various clustering objectives, no polynomial-
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time algorithm with a bounded approximation guar-
antee was known until very recently. The first
such result was provided by Bandyapadhyay et al.
[2025] for k-Center, achieving a 33-approximation
using a tree-based linear programming (LP) round-
ing scheme. For k-Median objective, polynomial time
approximation is known only in two special cases:
(i) the two-group case, i.e., when ℓ = 2, an O(t)-
approximation [Chierichetti et al., 2017], and (ii) the
fully-balanced case, i.e., when t = 1, an (α + 2)-
approximation [Böhm et al., 2020], where α is the ap-
proximation factor for k-Median in the unconstrained
case.

Although designing polynomial time “true” approxi-
mation algorithms has remained elusive, notable suc-
cess has been achieved in developing “bi-criteria”
constant-approximation algorithms, where the solu-
tion is permitted to violate the fairness constraints by
an additive term [Bercea et al., 2019, Bera et al., 2019]
for a closely related, yet different notion of (α, β)-fair.
Such LP-based approaches can be suitably adapted
also for Pairwise Fair Clustering. This raises a
natural question: “Is it possible to efficiently convert
bi-criteria solutions into true solutions while bounding
the approximation guarantee?”

Our Contributions. In this work, we study Pair-
wise Fair k-Median with a focus on designing poly-
nomial time algorithms that do not violate the fair-
ness constraints. Formally, the goal is to find a pair-
wise fair clustering {X1, . . . , Xk} and a set of cen-
ters {c1, . . . , ck} ⊂ Ω that together minimize the k-

Median cost, defined as
∑k

j=1

∑
p∈Xj

d(p, cj).

Our main contribution is a novel technique for convert-
ing bi-criteria solutions into “true” approximations.
Specifically, we design a polynomial time conversion
algorithm that yields the first true approximation for
Pairwise Fair k-Median.

Theorem 1. There is a polynomial time O(k2 · ℓ · t)-
approximation for Pairwise Fair k-Median.

Our algorithm begins by using a constant-factor ap-
proximation algorithm for (unconstrained) k-Median
to select the set of k centers F . We show that there is
an O(1)-approximate solution for the Pairwise Fair
k-Median instance using centers F , so the focus is
then to find a fair assignment to these centers. We
use a natural assignment LP relaxation for this task;
the main purpose is to find initial (perhaps fractional)
values indicating how many clients from each group
Pi should be assigned to each center. The LP also
helps us decompose the problem into instances where
the distance between any two points is O(k) times the
optimum solution cost.

We then find an integer assignment of clients that al-
most matches each of these initial values, with only
slight additive violation in the fairness constraint at
each center. So far, our assignment is still within a
constant-factor of the optimum solution cost. Our fi-
nal and most important step is to show that we can
move some points from their current centers to differ-
ent centers, satisfying the fairness constraints. More-
over, the number of points moved is independent of n
and is only a polynomial function of ℓ, k, and t, hence
our approximation guarantee. The details of this al-
gorithm are presented in Section 2 with the proofs of
some supporting claims being deferred to Appendix B.

While our approximation guarantee is independent of
the number of points, it still may seem a bit large.
However, one might expect in practice that the num-
ber of points to be clustered is considerably larger than
the parameters ℓ, k, and t. In such cases, the additional
cost of reassigning a bounded number of points is ex-
pected to be small, suggesting that the algorithm will
perform much better in practice than its worst-case
guarantee indicates.

We empirically evaluated our algorithm on a variety
of datasets to investigate this. Our experiments were
designed to achieve two goals: first, to test if the algo-
rithm’s practical performance is better than its worst-
case guarantee, and second, to quantify the “price of
fairness” by measuring the increase in cost compared
to the initial, unconstrained k-Median. These are
presented in Section 3 and Appendix C.

We also provide two hardness of approximation results.
First, we show that Pairwise Fair k-Median is as
hard as the well-studied Capacitated k-Median,
up to a factor of (1 + ϵ) for any ϵ > 0. Despite
extensive research on this problem, the best-known
polynomial time approximation factor remains to be
Ω(log k) [Adamczyk et al., 2019]. Our polynomial
time reduction demonstrates that if Pairwise Fair
k-Median admits a o(log k)-approximation, so does
Capacitated k-Median.

Second, we study the complexity of the variant of
Pairwise Fair k-Median when the groups P1, . . . , Pℓ

are not disjoint, i.e., a point can be included in multi-
ple groups. We remark that the bi-criteria approxima-
tion of Bera et al. [2019], where they studied a similar
cluster balanced fairness notion (with upper and lower
bound parameters), also works for this variant, albeit
with a slightly larger additive violation. We prove that
Pairwise Fair k-Median with overlapping groups is
NP-hard to approximate within a factor of n1−ε for
every ε > 0, even when k = 2. An overview of these
hardness results is presented in Section 4 with details
deferred to Appendix A.
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Other Related Work. Constant approximation
factors are known for Pairwise Fair Clustering,
based on fair coreset construction, with a runtime
of (kℓ)O(k) · nO(1) [Bandyapadhyay et al., 2024] (de-
noted as (t, k)-fair clustering), specifically a (3 +
ϵ)-approximation for k-Median. When ℓ = 2,
Pairwise Fair k-Center admits an improved 4-
approximation [Chierichetti et al., 2017]. The Eu-
clidean version of the problem has also been studied
with k-Means and k-Median costs. Schmidt et al.
[2019] gave an nO(k/ϵ) time (1 + ϵ)-approximation for
two groups. Böhm et al. [2020] obtained an nf(k/ϵ)

time (1 + ϵ)-approximation in a restricted setting,
with f being a polynomial function. Lastly, Backurs
et al. [2019] designed a near-linear time O(d · log n)-
approximation when ℓ = 2 and points are in Rd.

Besides Pairwise Fair Clustering, several other
notion of fair clustering have been proposed [Chhabra
et al., 2021]. Below, we survey some related to ours.

Rösner and Schmidt [2018] studied the problem where
a clustering is called fair if, for every cluster C and

every group 1 ≤ i ≤ ℓ, the ratio |Pi∩C|
|C| is equal

to the ratio |Pi|
|P | . They obtained an LP-based O(1)-

approximation for this problem with k-Center cost.
Bercea et al. [2019] and Bera et al. [2019] studied
(α, β)-fair clustering, and designed bi-criteria O(1)-
approximations for k-Median and k-Means objec-
tives, with additive fairness violation. Schmidt et al.
[2019] studied composable coreset construction for this
notion. Subsequently, Dai et al. [2022] proposed an
O(log k)-approximation for (α, β)-fair k-Median that
runs in time nO(ℓ). Concurrent to Bercea et al. [2019],
Bera et al. [2019], Ahmadian et al. [2019] studied k-
Center upper bound requirement only (i.e., αi = 0,
∀i ∈ [ℓ]). They devised a bi-criteria approximation
with an additive ±2 violation. Furthermore, Li et al.
[2010] considered ℓ-diversity in clustering, in which the
points are partitioned into clusters of size at least ℓ,
with all points in each cluster belonging to distinct
groups. Their formulation does not require the num-
ber of clusters to be bounded by k. However, if one
additionally enforces a k-clustering, for example by
merging the clusters they construct, then no group
can make up more than a 1/ℓ fraction of any resulting
cluster. In this sense, their notion can be viewed as a
special case of the (αi, βi)-fairness framework of [Bera
et al., 2019], with αi = 0 and βi = 1/ℓ for every group
i. This is unrelated to our pairwise fairness notion,
which concerns pairwise balance rather than global
balance within clusters.

Fair clustering has been studied with various other
fairness notions and models, including fair center
representation [Kleindessner et al., 2019, Chiplunkar

et al., 2020, Jones et al., 2020, Hotegni et al., 2023],
proportional fairness [Chen et al., 2019, Micha and
Shah, 2020], min-max fairness [Abbasi et al., 2021,
Ghadiri et al., 2021, Makarychev and Vakilian, 2021,
Chlamtáč et al., 2022, Ghadiri et al., 2022, Gupta
et al., 2022], fair colorful [Bandyapadhyay et al., 2019,
Jia et al., 2020, Anegg et al., 2020], individual fair-
ness notions [Jung et al., 2020, Mahabadi and Vakil-
ian, 2020, Negahbani and Chakrabarty, 2021, Brubach
et al., 2020, 2021, Ahmadi et al., 2022], and fair hierar-
chical [Ahmadian et al., 2020, Knittel et al., 2023a,b].

2 THE APPROXIMATION
ALGORITHM

In this section, we prove Theorem 1. The steps will
be described in the following subsections and the en-
tire algorithm will be summarized at the end of this
section. We assume t ≥ 2 as the case t = 1 has al-
ready been studied and has a constant-factor approx-
imation [Böhm et al., 2020].

We begin by setting up some notation. Let [ℓ] =
{1, 2, . . . , ℓ} and P = ∪a∈[ℓ]Pa. For any assignment
σ : P → F for a subset F ⊂ Ω, its cost, denoted
by cost(σ), is

∑
v∈P d(v, σ(v)). Moreover, σ is called

t-balanced or fair if for any c ∈ F and a, b ∈ [ℓ],
|σ−1(c) ∩ Pa| ≤ t · |σ−1(c) ∩ Pb|. Note that σ−1(c)
defines a cluster for each c ∈ F , and so we define
the t-balance of the clusters accordingly. Let OPT be
the optimal cost for the Pairwise Fair k-Median in-
stance, F ∗ = {c∗1, . . . , c∗k} be a corresponding optimal
set of centers, and {C∗

1 , . . . , C
∗
k} be a corresponding

optimal fair clustering.

Observation 1 (∗). Consider two t-balanced clusters
with bi and b′i points, respectively from each group 1 ≤
i ≤ ℓ. Then, their union is also t-balanced.

The proofs marked with (∗) are deferred to Appendix.
Our algorithm has three major steps described below.

2.1 Step 1: Computation of vanilla k centers

To begin, we use an existing α-approximation for k-
Median on the point set P to compute a set of k
centers F ⊂ Ω. Let σ : P → F be the assign-
ment function that maps each point in P to a near-
est center in F . Currently, the best polynomial time
approximation algorithm for k-Median is a 2.675-
approximation [Byrka et al., 2014].

In particular, there exists an O(1)-approximation for
pairwise fair k-Median using centers F .

Lemma 1 (∗). There exists a fair assignment γ : P →
F such that cost(γ) ≤ (2 + α) ·OPT .
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However, the more involved component in our algo-
rithm for Pairwise Fair Clustering is to find a fair
assignment from P to F .

2.2 Step 2: Finding a low-cost, nearly-fair
assignment

We begin by introducing an LP relaxation for Pair-
wise Fair Clustering using fixed centers F . Let
xj,i be a variable indicating we assign client j ∈ P to
center i ∈ F .

min
∑
i∈F

∑
j∈P

d(i, j) · xj,i [LP (D)]

s.t.
∑
i∈F

xj,i = 1, ∀j ∈ P∑
j∈Pa

xj,i ≤ t ·
∑
j′∈Pb

xj′ ,i, ∀i ∈ F, a, b ∈ [ℓ]

xj,i = 0, if d(i, j) > D

xj,i ≥ 0, ∀j ∈ P, i ∈ F

In the rest of the algorithm, we try all distances D
of the form d(i, j) for some i ∈ F and some j ∈ P .
We solve linear program LP (D) below for each such
distance D, rejecting any for which LP (D) is infeasi-
ble. For each value D where the LP is feasible, we run
the rest of the algorithm and return the best Pairwise
Fair Clustering solution found over all values D for
which LP (D) is feasible.

For any D and any feasible solution x to LP (D), let
G(D,x) be the support graph with vertices F ∪P and
edges {{i, j} : i ∈ F, j ∈ P, xi,j > 0}.
Lemma 2. Let γ be the assignment from Lemma 1
and let D = maxj∈P d(j, γ(j)). Then LP (D) is fea-
sible and has optimal solution value at most (2 + α) ·
OPT . For any j ∈ P and i ∈ F in the same connected
component C ⊆ F ∪P of G(D,x) (where x is any fea-
sible solution to LP (D)) we have d(i, j) ≤ 2·|F∩C|·D.

Proof. That LP (D) is feasible and has value at most
(2 + α) · OPT is simply because the natural {0, 1}-
assignment corresponding to γ is a feasible solution to
the LP.

Now consider any i ∈ F and j ∈ P in the
same connected component in G(D,x). Let j =
j1, i1, j2, i2, . . . , jb, ib = i be any path in G(D,x) with
the minimum number of edge hops. Each hop uses an
edge with distance at most D by the LP constraints, so
d(i, j) ≤

∑b−1
a=1(d(ja, ia) + d(ia, ja+1)) + d(jb, ib) ≤ 2 ·

|F∩C|·D, where the last bound is because the path is a
minimum-hop path, so the points j1, i1, j2, i2, . . . , jb, ib
are distinct.

From this point on, we will analyze the algorithm for
the case D = maxj∈P d(j, γ(j)) ≤ (2+α) ·OPT . Since
our final algorithm takes the best solution over all D,
the final solution’s cost will be no worse than the cost
of the solution in this case. We remark here that
our final approximation guarantee will be of the form
O(OPT ) + O(k2 · ℓ · t ·D). One would often expect D
to be much smaller than cost(γ) so the approximation
guarantee is likely to be much better in practice.

We now describe a simple procedure that rounds an
optimal solution x∗ to LP (D) to obtain a low-cost
integer assignment of points that is close to a fair as-
signment.

Observation 2. The restriction of x∗ to any con-
nected component C ⊆ P ∪F of G(D,x∗) is a feasible
(fractional) solution to the Pairwise Fair Cluster-
ing instance with clients P ∩ C. Furthermore, P ∩ C
is balanced, meaning |Pa ∩ C| ≤ t · |Pa′ ∩ C| for any
two a, a′ ∈ [ℓ].

Proof. To see that P ∩ C is balanced, note that the
fractional assignment to all centers in F ∩ C is bal-
anced. Since the total number of clients in Pa ∩ C
for each a ∈ [ℓ] is the sum of their fractional assign-
ments to each center in F ∩ C. So by Observation 1,
more precisely a straightforward generalization of it to
fractional assignments, P ∩ C is balanced.

From now on, we may assume G(D,x∗) is connected.
If it was not, we run the following algorithm on the re-
striction of x∗ to each connected component and out-
put the union of the solutions. For each component C
let νC be the value of x∗ restricted to C. Our algorithm
will find a solution with cost only O(|F ∩C|2 · ℓ · t ·D)
more than νC in each component C. Adding this
for each component C shows the final solution cost
would be at most O(k2 · ℓ · t · D) + (2 + α) · OPT =
O(k2 · ℓ · t ·OPT ), as required.

The initial nearly-fair solution is obtained from an op-
timal solution x∗ as follows. First, for each i ∈ F ,
set ℓi = mina∈[ℓ]

∑
j∈Pa

x∗
j,i. Here, ℓi represents the

smallest amount that any group of clients is fraction-
ally assigned to center i. Then find a min-cost inte-
gral assignment σint : P → F , where |σ−1

int(i) ∩ Pa| ∈
[⌊li⌋, ⌈t · li⌉].
Lemma 3. Such assignment σint exists and has cost
at most the optimum solution value of LP (D).

Proof. Consider a bipartite graph with nodes P on the
left side and nodes {(i, c) : i ∈ F, a ∈ [ℓ]} on the right
(i.e. a node for each group of clients for each center
in F ). For each j ∈ P with, say, j ∈ Pa and each
i ∈ F we include an edge {j, (i, a)} with cost d(j, i).
In this way, x∗ describes a fractional assignment such
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that each j ∈ P is assigned to an extent of exactly 1
to nodes on the right side and each node (i, a) on the
right has received a total assignment between ⌊ℓi⌋ and
⌈t · ℓi⌉.

Furthermore, the cost of this fractional assignment is
exactly the optimal LP solution cost. By integrality
of the bipartite assignment polytope with integer up-
per and lower bounds, there is an integer assignment
σint of no greater cost. Such an assignment can be
computed using any polynomial time minimum-cost
assignment algorithm.

As a result, cost(σint) is still O(OPT ) and the assign-
ment σint is nearly fair in that for any i ∈ F and any
a, b ∈ [ℓ] we have |σ−1(i) ∩ Pa| ≤ t · |σ−1(i) ∩ Pb| + t.
The fairness condition is only violated in extreme cases
where we have exactly ⌊li⌋ clients of some color sent
to center i and strictly more than t · ⌊li⌋ clients of
some other color assigned to center i. That is, we
have ⌊t ·ℓi⌋ ≤ t · ⌊ℓi⌋+ t, so if i receives at least ⌊ℓi⌋+1
clients of each color then the assignment to i would
indeed be fair.

In the remainder of the algorithm, we change the des-
tination of O(k · ℓ · t) clients in the assignment σint

to get a truly fair solution. Each client that has its
destination changed will be moved to another center
in its connected component, so by Lemma 2 the total
cost will increase by at most O(k2 · ℓ · t ·D).

2.3 Step 3: Fixing the assignment

To modify σint to make it a feasible Pairwise Fair
Clustering solution, we will first unassign a limited
number of clients to get a fair partial assignment and
then reassign them to new locations.

Define a set S of unassigned clients as follows: for
each i ∈ F and each color a let ∆i,a = max{0, |σ−1

int(i)∩
Pa| − t · ⌊ℓi⌋} denote the number of clients of color a
assigned to i in excess of t times the lower bound used
in the computation of σint. If ∆i,a > 0, add any ∆i,a

clients from σ−1
int(i) ∩ Pa to S.

Claim 1. |S| ≤ k · ℓ · t.

Proof. By the upper bound imposed when σ is com-
puted, we have |σ−1

int(i) ∩ Pa| ≤ ⌈t · ℓi⌉. So ∆i,a ≤
⌈t · ℓi⌉− t · ⌊ℓi⌋ ≤ t. Summing this bound for all i ∈ F
and a ∈ [ℓ] yields claim.

Observe that if we ignore S, each center i receives be-
tween ⌊ℓi⌋ and t · ⌊ℓi⌋ clients of each color, so this par-
tial assignment is fair. Our next task is to reassign all
clients in S such that the fairness remains preserved.
In doing so, we may reassign a limited number of ad-
ditional clients beyond those in S.

Let σ be the current partial assignment, initially it is
the restriction of σint to P \ S, i.e. those clients that
were not unassigned. We also maintain integer bounds
ℓ′i for each center, initially set ℓ′i = mina∈[ℓ] |σ−1(i) ∩
Pa|.

Invariant: We will maintain for each center i and
each color a that |σ−1(i)∩Pa| ∈ [ℓ′i, t · ℓ′i], i.e. that the
partial assignment is fair. This is true for the initial
partial assignment σ by how we unassigned clients and
by how we set ℓ′i.

Let i∗ denote a particular center in F , this may be arbi-
trarily chosen but should remain fixed throughout the
algorithm. Repeat following while S ̸= ∅. Intuitively,
the following steps will check if some unassigned client
can be assigned to any center while preserving fairness
of the current assignment. If not, it moves some clients
from their currently-assigned center to i∗ so that some
unassigned client can also be assigned to i∗ while main-
taining fairness.

• First Case: Formally, if there is some j ∈ S with,
say, j ∈ Pa and some i ∈ F such that |σ−1(i)∩Pa| <
t · ℓ′i, set σ(j) := i and remove j from S (j is now
assigned).

• Second Case: Otherwise, pick any j ∈ S and let
a ∈ [ℓ] be such that j ∈ Pa. Observe |σ−1(i∗)∩Pa| =
t · ℓ′i∗ since the previous case did not apply. Let
A = {b ∈ [ℓ] : |σ−1(i∗) ∩ Pb| = ℓ′i∗}. For each b ∈ A,
pick any one ib ∈ F with |σ−1(ib) ∩ Pb| > ℓ′ib . Then
pick any one jb ∈ Pb with σ(jb) = ib and reassign
σ(jb) := i∗. After doing so for all jb ∈ A, set σ(j) :=
i∗, remove j from S, and update ℓ′i∗ = ℓ′i∗ + 1.

In the second step, it could be that A = ∅: recall
the invariant maintains that each center has between
ℓ′i and t · ℓ′i clients from each group but we do not
necessarily insist that the “lower bound” ℓ′i is met. If
A = ∅, then the second step merely increases ℓ′i∗ so j
can be assigned to i∗ while maintaining the invariants.

Next, we prove that there is some ib ∈ F for each b ∈ A
in the second case. Given this, it is straightforward to
verify the invariants hold after each iteration.

Lemma 4. Whenever the second case is executed, we
can always find a center ib with |σ−1(ib)∩Pb| > ℓ′ib for
each b ∈ A.

Proof. Suppose otherwise, i.e. that for some b ∈ A
we have |σ−1(i) ∩ Pb| = ℓ′i for every i ∈ F . Since the
first case does not apply, then every j ∈ Pb must be
assigned to some center as any unassigned j ∈ Pb could
be assigned to any center in this case (note we are using
t > 1 in this argument). So |Pb| =

∑
i∈F ℓ′i. On the

other hand, since there exists a j ∈ Pa that cannot
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be assigned to any center (again since the first case
does not apply) and since j itself is not yet assigned,
|Pa| ≥ 1 + t ·

∑
i∈F ℓ′i. This contradicts the feasibility

assumption of the given instance, i.e., |Pa| ≤ t · |Pb|.

We now bound the total number of clients j with
σ(j) ̸= σint(j) after the algorithm concludes. For any
such j, either j ∈ S or j was moved in the second case
above in order to increase the lower bound ℓ′i∗ . Each
time this lower bound was increased, at most ℓ clients
were reassigned. So a simple bound on the number of
clients reassigned this way is ℓ · |S| ≤ k · ℓ2 · t.

But we can refine this analysis a bit by showing the
second case only executes at most k times in total. The
following claim is the starting point for this argument.

Claim 2. Consider an iteration where the second case
is being executed and let j ∈ S be as in the description
of this case where, say, j ∈ Pa. At this point, no client
in Pa that is currently assigned to i∗ at the start of this
iteration was ever assigned to a different center in any
previous iteration.

Proof. Suppose otherwise, that some j′ ∈ Pa was ear-
lier assigned to some i′ ̸= i∗ and was reassigned to i∗

prior to the iteration being considered. In this earlier
iteration the second case was being executed and we
had j ∈ S and |σ−1(i∗)∩Pa| = ℓ′i∗ < t·ℓ′i∗ (since j′ was
moved to i∗ in this earlier iteration). This contradicts
the fact that j ∈ S in this earlier iteration and that
j could be added to i∗ (i.e. the first case could have
been executed).

Towards the refined analysis, if ℓ′i∗ was never increased
then σ(j) ̸= σint(j) only for j ∈ S. Otherwise, say ℓ′i∗
was increased Γ ≥ 1 times.

Lemma 5. Γ ≤ k.

We remark this would prove that the number of clients
jb that had σ(jb) change over all iterations of the
second case would is at most k · ℓ, as |A| ≤ ℓ in
each iteration. So the total number of points j with
σ(j) ̸= σint(j) would then be at most |S|+k ·ℓ and the
final solution cost would then be cost(σint)+O(k ·D) ·
(|S|+k·ℓ) = O(OPT )+O(k2·ℓ·t·D) = O(k2·ℓ·t·OPT ).
That is, the proof of Theorem 1 will be complete.

Proof of Lemma 5. Consider the moment that ℓ′i∗ was
increased the last time (i.e. becomes equal to ⌊ℓi∗⌋ +
Γ). At this point, the algorithm was considering some
j ∈ S with, say, j ∈ Pa to assign to i∗. By Claim 2,
every client j′ ∈ Pa currently assigned to i∗ at the start
of this iteration was either initially assigned to i∗ (i.e.

had σint(j
′) = i∗ and was not initially unassigned)

or was initially in S. By how S was constructed, it
initially contained at most t · k clients in Pa so at this
point strictly fewer than t · k clients have been added
to i∗ (recalling j ∈ S ∩ Pa has not yet been added to
i∗ at this point).

At the start of the algorithm, we had |σ−1(i∗)∩Pa| ≤
t · ⌊ℓi⌋ (using the initial assignment σ of P \S) and the
moment before ℓ′i∗ is increased to Γ we have |σ−1(i∗)∩
Pa| = t · (⌊ℓi⌋ + Γ − 1). So at least t · (Γ − 1) clients
in S ∩ Pa have been added to i∗ since the start of the
algorithm. By the previous paragraph, this also at
most t · k − 1, i.e. t · (Γ − 1) < t · k. So Γ − 1 < k,
meaning Γ ≤ k as both values are integers.

The entire algorithm is summarized in Algorithm 1.

Algorithm 1 Pairwise Fair Clustering

1: Use an O(1)-approximation for k-Median to get
a set of centers F .

2: CAND← ∅
3: for each D ∈ {d(j, i) : j ∈ P, i ∈ F} do
4: if LP (D) is infeasible, then break
5: let x∗ be an optimal solution to LP (D)
6: let ℓi = mina∈[ℓ]

∑
j∈Pa

x∗
j,i for each i ∈ F

7: for each connected comp. C of G(D,x∗) do
8: compute a min-cost assignment σint : P∩C →

F ∩ C satisfying |σ−1
int(i) ∩ Pa| ∈ [⌊ℓi⌋, ⌈t · ℓi⌉]

for each i ∈ F ∩ C
9: run the fixing procedure in Section 2.3 to get a

feasible Pairwise Fair Clustering solution
σ for this component C

10: end for
11: let σ′ be the assignment obtained by combining

all assignments σ for components of G(D,x∗).
12: CAND← CAND ∪ {σ′}
13: end for
14: return the cheapest solution in CAND

3 EXPERIMENTS

Our empirical evaluation builds on prior work on the
fair clustering framework such as in [Bera et al., 2019,
Backurs et al., 2019, Chierichetti et al., 2017]. In par-
ticular, we use the k-Median implementation of Bera
et al. [2019] to select the centers, then apply our algo-
rithm to find a fair solution. We focus on measuring
the “price of fairness”, which is the increase in clus-
tering cost compared to the unconstrained clustering
solution.

We use the four datasets from the UCI database1 that

1https://archive.ics.uci.edu/datasets

https://archive.ics.uci.edu/datasets
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were previously used in this domain; e.g., [Bera et al.,
2019, Backurs et al., 2019, Chierichetti et al., 2017].
However, we do not directly compare our final results
with theirs since the notion of fairness we are consid-
ering differs from theirs.

3.1 Datasets and Setup

We ran our experiments on a Zenbook S14 Windows 11
laptop with Intel Core Ultra 7 CPU, 32 GB RAM, and
Pycharm 2025 IDE. We used four datasets, each com-
prising both numerical and categorical attributes. The
datasets and their relevant attributes are summarized
below: We used four datasets in our evaluation. The
bank dataset includes one categorical variable (mar-
ital) and three numerical variables (age, balance, and
duration). The adult race dataset features one cat-
egorical variable (race) and three numerical variables
(age, final-weight, and education-num). Similarly, the
creditcard education dataset includes one categori-
cal variable (education level) and three numerical vari-
ables (LIMIT BAL, AGE, and BILL AMT1 ). Finally,
the census1990 ss dataset has one categorical vari-
able (dAge) and five numerical variables (dAncstry1,
dAncstry2, iAvail, and iCitizen).

For each dataset, we performed preprocessing to pre-
pare it for clustering. Categorical variables were con-
verted into a one-hot encoded format to ensure they
could be treated numerically, while all numerical at-
tributes were standardized to have zero mean and unit
variance. This prevents features with larger scales
from dominating the distance calculations.

Following the preprocessing steps, we used the stan-
dard Euclidean distance for all clustering cost calcu-
lations. To manage the computational cost of solving
an LP for every possible distance value D, we imple-
mented the geometric grid approach described in Sec-
tion 3.2. This significantly reduces the number of LPs
solved with a negligible impact on solution quality.

3.2 Experimental Methodology

The experiments consist of multiple stages, as below:

1. Balancing Factor t: For each dataset, we set
the fairness parameter t to be the minimum integer
value that for which the input is t-balanced. This
imposes the strictest feasible fairness constraint.

2. Vanilla k-Median Clustering: We initialize
our process by finding cluster centers using a k-
Median algorithm, which also serves as our base-
line for comparison. Specifically, we employ the 5-
approximation single-swap local search algorithm
from Bera et al. [2019], with its performance guar-

antee established by Arya et al. [2004]. The results
of this initial clustering are labeled as vanilla in our
plots.

Notably, in all our experiments, the vanilla algo-
rithm produced a solution where some demographic
groups were not assigned to any center. This out-
come implies that the solution by vanilla k-Median
is unboundedly unfair, corresponding to a fair-
ness parameter of t =∞.

3. Fairness Adjustment: One of the bottlenecks
in our algorithm is solving O(n2) linear programs
(LPs), one for each possible distance D between
points. To make this step more efficient, we solve
the LP for only a smaller, geometrically increasing
set of values for D. Specifically, if δ is the mini-
mum non-zero distance in the metric space, we test
values of the form δ · (1.1)j for j ≥ 0 up to the
maximum distance.

This discretization significantly reduces the number
of LPs that need to be solved. While this approach
can worsen the theoretical approximation guaran-
tee by a factor of at most 1.1, we expect a minimal
impact on the solution quality in practice. We use
Gurobi2 to solve the LPs in our implementation.
Furthermore, this step is highly parallelizable, as
the LPs for different values of D can be solved in-
dependently.

4. Finding best assignment using another inte-
ger program: Finally, after our Pairwise Fair
k-Median algorithm determines the number of
clients from each group to be assigned to each center
in F , we perform a post-processing step to poten-
tially improve the solution. This step consists of
finding the minimum-cost assignment of clients to
centers that satisfies these per-center quotas.

Although this post-processing does not improve the
theoretical worst-case approximation guarantee, we
observed that it consistently reduces the cost of the
final solution in our experiments.

3.3 Results and Analysis

We conducted experiments on datasets with varying
cluster counts, k. The results demonstrate how fair-
ness adjustments influence clustering costs. Repre-
sentative results are presented in Figure 1, where we
compare the vanilla and fair clustering results for each
dataset. Additional plots can be found in Appendix C,
where the difference can be seen to be more pro-
nounced as the number of clusters k increases, which
can be expected as it will be harder to create balanced

2https://www.gurobi.com

https://www.gurobi.com
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Figure 1: Cost comparison across multiple datasets for k = 5. Each point represents the average cost over 5
subsamples of size n, comparing our pairwise-fair k-Median to the unconstrained k-Median baseline. The top
dashed line in all figures in the fair cost and the bottom one is the vanilla cost.

clusters for larger k. Still, the difference in costs is
much better than the worst-case approximation guar-
antee we produced.

As shown in the runtime plots (Appendix C), the to-
tal execution time of our algorithm is dominated by
the initial vanilla k-Median step. The subsequent
phases, including solving the LPs and the final client
assignment, contribute only marginal overhead. This
demonstrates that our method achieves provable fair-
ness with high computational efficiency, adding little
cost to a standard clustering pipeline.

In what follows, we have an example of metadata out-
put of an experiment run, including the ratio of the
costs as well as the number of points needed to reas-
sign in the fixing step:

Metric Value

unconstrained k-Median cost 236,352.57
our fair k-Median cost 307,917.24
price of fairness 1.30
number of D values tried 113
total runtime of our algorithm 11.03s
number of points to reassign 17

Table 1: Performance on bank dataset (n = 500, k = 5).

Our experiments provides a systematic trade-off be-
tween clustering cost, the fairness parameters t, and
k. As the fairness parameter t increases; i.e., the
constraint is relaxed, the price of fairness (gap be-
tween the fair and unconstrained k-Median cost) de-
creases consistently. In contrast, increasing k tends
to increase this price of fairness: with more (and
thus smaller) clusters, satisfying pairwise-balance con-
straints becomes harder without incurring additional
cost, which widens the gap. Full experimental details
and their plots appear in Appendix C.

Figure 2: k-Median cost of the unconstrained and fair
algorithms versus k. Each point is the average of 5 tri-
als, with error bars indicating the standard deviation.
In the left graph, the lines represent cluster count of
5, 10, 15, and 20, top to bottom; while in the right
graph, at the left most point, the lines represent 20,
15, 10, and 5 cluster count, top to bottom.

4 HARDNESS OF
APPROXIMATION RESULTS

We provide an overview of our hardness of approxima-
tion results for Pairwise Fair k-Median, and proofs
are deferred to Appendix A.

Disjoint Groups. We show that Pairwise Fair
k-Median with disjoint groups is almost as hard as
Soft Uniform Capacitated k-Median (CkM).
This reduction is significant because, despite exten-
sive research, the best-known polynomial-time ap-
proximation for CkM remains O(log k) [Adamczyk
et al., 2019]. Our result demonstrates that a o(log k)-
approximation for Pairwise Fair k-Median would
directly translate to an equivalent improvement for
CkM. This shows similar hardness for the notion con-
sidered by Bera et al. [2019], Bercea et al. [2019] too.

Definition 2 (Soft Uniform CkM). We are given
metric space (X, d) and parameters k and u. Then, the
goal is to open k facilities f1, . . . , fk ∈ X and assign
each client (point) x ∈ X to one of the facilities fa(x)
so that at most u clients are assigned to each facility.



Bandyapadhyay, Chlamtáč, Friggstad, Jamshidian, Makarychev, Vakilian

The objective is to minimize
∑

x∈X d(x, fa(x)).

Theorem 2 (∗). Suppose there is a polynomial time
α-approximation algorithm for Pairwise Fair k-
Median with ℓ = 2. Then Soft CkM admits an
(1 + ε)α approximation for every constant ε > 0.

Here we sketch the proof of this theorem. Consider
an instance (X, d) with k and capacity u of CkM.
Using standard rescaling and truncating steps, we may
assume that the smallest positive distance in X is at
least 1 and the diameter diam(X) of X is at most
polynomial in n = |X|. We transform this instance to
an instance I of Pairwise Fair k-Median. The set
of locations in I is X ∪{R}, where R is an extra point
at distance diam(X) from all other locations x ∈ X.
There will be multiple clients/points at every location,
as we will describe below. Instance I has two groups,
black Gb and red Gr. Define W = ⌈k · diam(X)/ε⌉.
We put W black points at every location x ∈ X. We
put k red points at R. The parameter t equals uW .

To relate the cost of the two instances, we prove that
if the capacitated clustering cost is z, then the cost of
I is at most Wz + k · diam(X), and if the cost of I is
y, the capacitated clustering cost is at most y/W .

Overlapping Groups. Now, we prove a very strong
hardness result for the variant of Pairwise Fair k-
Median with overlapping groups, where each point
may belong to more than one group. We show that
the problem does not admit an n1−ε approximation
for every ε > 0 if P ̸= NP, even when k = 2.

Theorem 3 (∗). It is NP-hard to approximate Pair-
wise Fair k-Median with overlapping groups within
(n1−ε)-factor for every constant ε > 0, even for k = 2.

To prove this hardness result, we present a reduc-
tion from the problem of 2-coloring a 3-uniform hy-
pergraph, which is known to be NP-hard [Dinur et al.,
2005]. In this problem, given a 3-uniform hypergraph
H = (V,E) with N = |V | vertices, the objective is
to decide whether there is a coloring of V with two
colors such that no hyperedge in E is monochromatic.
The full reduction and hardness proof is deferred to
Appendix A.2.
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Matthäus Kleindessner, Jamie Morgenstern, Pat-
tara Sukprasert, and Ali Vakilian. Individual pref-
erence stability for clustering. In International Con-
ference on Machine Learning (ICML), 2022.

Sara Ahmadian, Ashkan Norouzi-Fard, Ola Svensson,
and Justin Ward. Better guarantees for k-means and
euclidean k-median by primal-dual algorithms. In
Chris Umans, editor, 58th IEEE Annual Symposium
on Foundations of Computer Science, FOCS 2017,
Berkeley, CA, USA, October 15-17, 2017, pages 61–
72. IEEE Computer Society, 2017.

Sara Ahmadian, Alessandro Epasto, Ravi Kumar, and
Mohammad Mahdian. Clustering without over-
representation. In Proceedings of the 25th ACM
SIGKDD International Conference on Knowledge
Discovery & Data Mining, pages 267–275, 2019.

Sara Ahmadian, Alessandro Epasto, Marina Knit-
tel, Ravi Kumar, Mohammad Mahdian, Benjamin
Moseley, Philip Pham, Sergei Vassilvitskii, and
Yuyan Wang. Fair hierarchical clustering. Ad-
vances in Neural Information Processing Systems,
33:21050–21060, 2020.

Georg Anegg, Haris Angelidakis, Adam Kurpisz, and
Rico Zenklusen. A technique for obtaining true ap-
proximations for k-center with covering constraints.
In International conference on integer program-
ming and combinatorial optimization, pages 52–65.
Springer, 2020.

Vijay Arya, Naveen Garg, Rohit Khandekar, Adam
Meyerson, Kamesh Munagala, and Vinayaka Pan-
dit. Local search heuristics for k-median and fa-
cility location problems. SIAM J. Comput., 33(3):
544–562, 2004.

Arturs Backurs, Piotr Indyk, Krzysztof Onak, Baruch
Schieber, Ali Vakilian, and Tal Wagner. Scalable fair
clustering. In International Conference on Machine
Learning, pages 405–413, 2019.

Sayan Bandyapadhyay, Tanmay Inamdar, Shreyas Pai,
and Kasturi Varadarajan. A constant approxima-



A Polynomial-time Approximation for Pairwise Fair k-Median Clustering

tion for colorful k-center. In 27th Annual Euro-
pean Symposium on Algorithms (ESA 2019). Schloss
Dagstuhl-Leibniz-Zentrum fuer Informatik, 2019.

Sayan Bandyapadhyay, Fedor V Fomin, and Kirill Si-
monov. On coresets for fair clustering in metric and
euclidean spaces and their applications. Journal of
Computer and System Sciences, 142:103506, 2024.

Sayan Bandyapadhyay, Tianzhi Chen, Zachary Frig-
gstad, and Mahya Jamshidian. A constant-factor
approximation for pairwise fair k-center clustering.
In Nicole Megow and Amitabh Basu, editors, Inte-
ger Programming and Combinatorial Optimization
- 26th International Conference, IPCO 2025, Bal-
timore, MD, USA, June 11-13, 2025, Proceedings,
volume 15620 of Lecture Notes in Computer Science,
pages 43–57. Springer, 2025.

Suman Bera, Deeparnab Chakrabarty, Nicolas Flores,
and Maryam Negahbani. Fair algorithms for cluster-
ing. In Advances in Neural Information Processing
Systems, pages 4954–4965, 2019.

Ioana O Bercea, Martin Groß, Samir Khuller, Aounon
Kumar, Clemens Rösner, Daniel R Schmidt, and
Melanie Schmidt. On the cost of essentially fair
clusterings. In Approximation, Randomization, and
Combinatorial Optimization. Algorithms and Tech-
niques (APPROX/RANDOM), 2019.
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Bandyapadhyay, Chlamtáč, Friggstad, Jamshidian, Makarychev, Vakilian

Sedjro Salomon Hotegni, Sepideh Mahabadi, and Ali
Vakilian. Approximation algorithms for fair range
clustering. In International Conference on Machine
Learning, pages 13270–13284. PMLR, 2023.

Xinrui Jia, Kshiteej Sheth, and Ola Svensson. Fair
colorful k-center clustering. In International Con-
ference on Integer Programming and Combinatorial
Optimization, pages 209–222. Springer, 2020.

Matthew Jones, Huy Nguyen, and Thy Nguyen. Fair
k-centers via maximum matching. In Proceedings of
the International Conference on Machine Learning
(ICML), pages 4940–4949, 2020.

Christopher Jung, Sampath Kannan, and Neil Lutz.
A center in your neighborhood: Fairness in facility
location. In Proceedings of the Symposium on Foun-
dations of Responsible Computing (FORC), page
5:1–5:15, 2020.
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A HARDNESS OF APPROXIMATION RESULTS

In this section, we provide our hardness of approximation results for Pairwise Fair k-Median.

A.1 With Disjoint Groups

We show that Pairwise Fair k-Median with disjoint groups is almost as hard as Soft Uniform Capacitated
k-Median (CkM).

Definition 2 (Soft Uniform CkM). We are given metric space (X, d) and parameters k and u. Then, the
goal is to open k facilities f1, . . . , fk ∈ X and assign each client (point) x ∈ X to one of the facilities fa(x) so
that at most u clients are assigned to each facility. The objective is to minimize

∑
x∈X d(x, fa(x)).

There is a more general version of this problem, where the sets of client and facility locations may be different.
However, Li [2017] proved that both variants of the problem admit the same approximation. Further, one can
consider a hard variant of CkM, in which all opened facilities must be at different locations. Li [2017] showed
that if one variant admits an α approximation then the other admits an O(α) approximation.

Theorem 2 (∗). Suppose there is a polynomial time α-approximation algorithm for Pairwise Fair k-Median
with ℓ = 2. Then Soft CkM admits an (1 + ε)α approximation for every constant ε > 0.

Proof. Consider an instance (X, d) with k and u of CkM. Using standard rescaling and truncating steps, we
may assume that the smallest positive distance in X is at least 1 and the diameter diam(X) of X is at most
polynomial in n = |X|.

We transform this instance to an instance I of Pairwise Fair k-Median. The set of locations in I is X ∪
{R}, where R is an extra point at distance diam(X) from all other locations x ∈ X. There will be multiple
clients/points at every location, as we will describe below. Instance I has two groups, black Gb and red Gr.
Define W = ⌈k · diam(X)/ε⌉. We put W black points at every location x ∈ X. We put k red points at R. The
parameter t equals uW .

Now we relate the costs of the CkM and Pairwise Fair k-Median instances. Consider a solution for CkM with
facilities (f1, . . . , fk) and assignment a. Denote its cost by z. Assume Wlog that at least one client is assigned to
every opened facility. We show that there is a corresponding solution for the Pairwise Fair k-Median instance
of cost y ≤Wz + k · diam(X). We simply assign every black point at location x ∈ X to center fa(x). We assign
red point number i at R to facility fi. We open at most k centers. We verify that the fairness constraint holds.
Consider a location v with at least one facility. Denote the opened facilities at this location by fi1 , . . . , fiq . Then,
we assign q red points to v and

∑q
j=1 W |{x : a(x) = ij}| ≤ qWu black points to location f . The assignment

cost is Wz for black points and is at most k · diam(X) for red points.

Now consider a solution for Pairwise Fair k-Median. We may assume that this solution does not assign any
black points to R. If it does, we can reassign these black points and an appropriate number of red points to
locations in X without increasing the cost, since the assignment cost for black points may only go down (here
we use that d(R, x) = diam(X) for all x ∈ X).

We treat red points assigned to locations in X as facilities. That is, if red point number i is assigned to x, we
open facility fi at point x in our solution for CkM. We use the assignment of black points to red points, to define
an assignment flow from locations in X to facilities fi such that (i) W units of flow leaves every x ∈ X and (ii)
at most t = uW units of flow enters every facility fi. We divide all flow amounts by W and get a rescaled flow
Φ such that (i′) 1 unit of flow leaves every x and (ii′) at most u units of flow enter every fi. The cost of this
flow with respect to edge costs d(u, v) is at most y/W . Note that if Φ is integral, then it defines an assignment
of points in X to facilities in such a way that at most u points are assigned to each facility. Further, the cost of
the assignment is z ≤ y/W , as required. So if Φ is integral, we are done. We now show that there is always an
integral flow Φ′ satisfying properties (i′) and (ii′) and of cost at most that of Φ. To this end, we construct an
s-t flow network. The network consists of 4 layers. The first layer consists of a single vertex s, the second layer
consists of X, the third one consists of f1, . . . , fk, and the fourth one of a single vertex t. There is an edge of
capacity 1 from source s to each vertex x in X; there is an edge of infinite capacity from each x ∈ X to each fi;
there is an edge of capacity u from each fi to t. Each edge from x to fi has cost d(x, fi); all other edges are free.
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Note that Φ defines a flow from X to {f1, . . . , fk}, which can be uniquely extended to a feasible flow from s to t.
Its cost is z ≤ y/W and it saturates all edges from s. Since all the capacities are integral, there exists a feasible
integral flow Φ′ of cost at most z ≤ y/W that also saturates all edges from s. Φ′ defines an integral assignment
of points in X to facilities f1, . . . , fk, as desired.

Now to solve an instance of CkM, we first reduce it to an instance of Pairwise Fair k-Median, run the
provided α-approximation algorithm, and then transform the obtained solution to a solution of CkM. Instance
I of Pairwise Fair k-Median has a solution of cost at most W ·OPT +k ·diam(X), where OPT is the optimal
cost of CkM. Thus, the obtained solution for CkM has cost at most

α(W ·OPT + k · diam(X))

W
≤ (1 + ε)α ·OPT.

A.2 With Overlapping Groups

Now, we prove a very strong hardness result for the variant of Pairwise Fair k-Median with overlapping
groups, where each point may belong to more than one group. We show that the problem does not admit an
n1−ε approximation for every ε > 0 if P ̸= NP, even when k = 2.

Theorem 3 (∗). It is NP-hard to approximate Pairwise Fair k-Median with overlapping groups within (n1−ε)-
factor for every constant ε > 0, even for k = 2.

Proof. To prove this hardness result, we will present a reduction from the problem of 2-coloring a 3-uniform
hypergraph, which is known to be NP-hard [Dinur et al., 2005]. In this problem, given a 3-uniform hypergraph
H = (V,E) with N = |V | vertices, the objective is to decide whether there is a coloring of V in two colors such
that no hyperedge in E is monochromatic.

Consider a 3-uniform hypergraph H = (V,E). We define an instance of Pairwise Fair k-Median with over-
lapping groups as follows:

• The instance has three locations p1, q, p2, equipped with the line distance: d(p1, q) = d(p2, q) = 1, and
d(p1, p2) = 2.

• For every vertex u ∈ V , there is a corresponding point u at location q, which we will identify with u.

• There are Nρ points at each of the locations p1 and p2, where ρ = 2/ε.

• For each hyperedge e = (v1, v2, v3) ∈ E, there is a corresponding group Ge = {v1, v2, v3} in the instance.
Additionally, there is a group G0 consisting of all the vertices at locations p1 and p2.

• Let n = 2Nρ + N be the total number of points. Define the fairness parameter t as t = n.

Note that the distances between points at the same location are 0. If desired, we can make them strictly positive
by making all of them equal to a sufficiently small 0 < δ ≪ 1/Nρ. This change will not affect the proof below.

For the chosen value of t, the fairness constraint simply requires that every non-empty cluster must contain at
least one point from each group. Consider the following two possibilities.

Hypergraph H is 2-colorable. Let V1 and V2 be a valid 2-coloring of V . It defines a clustering of the points:
C1 consists of all the points at location p1 and all the points (corresponding to the vertices) in V1; similarly, C2

consists of all the points at location p2 and all the points (corresponding to the vertices) in V2. We open centers
for C1 and C2 at locations p1 and p2, respectively. Since each hyperedge e has at least one vertex from V1 and
one from V2, both clusters C1 and C2 contain at least one representative from each group Ge. Clearly, C1 and
C2 also contain representatives from G0. Therefore, clustering C1, C2 satisfies the fairness constraint. Its cost is
N , since each vertex at location q contributes 1 and all other points contribute 0 to the cost.
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Hypergraph H is not 2-colorable. In this case, there is no clustering with two non-empty clusters, satisfying
the fairness constraint. If there were such a clustering C1, C2 then its restriction to points in V would define a
valid 2-coloring of H. Therefore, every fair clustering with k = 2 clusters has only one non-empty cluster; that
is, all points belong to the same cluster. It is immediate that the cost of the clustering is at least 2Nρ.

Now, it is NP-hard to distinguish between the possibilities listed above, and accordingly between the cases when
the clustering cost is at most N and is at least 2Nρ. We conclude that the problem is NP-hard to approximate

within 2Nρ−1 = 2Nρ

N ≥ n/2
nε/2 ≥ n1−ε.

B MISSING PROOFS

Proof of Observation 1. Consider any two indexes i and j. The union of the two clusters has bi + b′i and bj + b′j
points, respectively from groups i and j. Now, bi + b′i ≤ t · bj + t · b′j = t · (bj + b′j). Hence, the merged cluster is
also t-balanced.

Proof of Lemma 1. Let ϕ : F ∗ → F map each i ∈ F ∗ to its nearest i′ ∈ F . Consider the following assignment
γ : P → F . For each 1 ≤ i ≤ k, assign all the points in the i-th optimal fair cluster C∗

i to ϕ(c∗i ).

First, we prove that γ is fair, i.e., for any c ∈ F and i, j ∈ [ℓ], |γ−1(c)∩Pi| ≤ t · |γ−1(c)∩Pj |. Let C∗
i1 , . . . , C

∗
iκ be

the clusters whose points are assigned to c through γ. Then, the set of points that are assigned to c is the union
of these clusters. By applying Observation 1 in an inductive manner, we obtain |γ−1(c) ∩ Pi| ≤ t · |γ−1(c) ∩ Pj |.

Next, we bound the cost of γ. Consider any point p ∈ P and let p ∈ C∗
i .

d(p, γ(p)) = d(p, ϕ(c∗i ))

≤ d(p, c∗i ) + d(c∗i , ϕ(c∗i )) (triangle inequality)

≤ d(p, c∗i ) + d(c∗i , σ(p)) (ϕ(c∗i ) is the nearest neighbor of c∗i in F )

≤ d(p, c∗i ) + d(c∗i , p) + d(p, σ(p)) (triangle inequality)

= 2d(p, c∗i ) + d(p, σ(p))

So, cost(γ) ≤
∑

p∈P (2d(p, c∗i ) + d(p, σ(p))) ≤ (2 + α) ·OPT .

C PLOTS OF RESULTS

Additional plots comparing the vanilla k-Median clustering cost and the cost of the solutions found by our
algorithm are found in this section. While the costs can sometimes be notably more expensive, the approximation
guarantee is certainly better than Ω(k2 · ℓ · t) even if we use the vanilla clustering optimum solution value as a
lower bound.

Plots of the running time of vanilla clustering versus our algorithm are also presented. In all cases, it is clear
that the bottleneck is the vanilla clustering routine, and the overall algorithm could be sped up by using a faster
initial k-Median approximation.

For each unique number of clients and number of clusters and for each dataset, we ran 10 trials and show the
mean of the vanilla k-median cost vs our fair algorithm cost in the figures below. We also plot the clustering time
for both the k-median algorithm and out fair algorithm. The results denote how the most time-consuming part
of the fair algorithm remains the initial k-median procedure. We also include the error bar plots for all datasets
in each category of fair and unfair, each indicating the mean and standard deviation. At last, we analyze the
change in the cost as t increases, which shows a mostly downward trend in the cost; which is expected as the
fairness parameter is larger, allowing for more imbalance in each cluster.
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Figure 3: Average cost comparison across multiple datasets for k = 10. The top dashed line in all figures in the
fair cost and the bottom one is the vanilla cost.

Figure 4: Cost comparison across multiple datasets for k = 15. The top dashed line in all figures in the fair cost
and the bottom one is the vanilla cost.
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Figure 5: Cost comparison across multiple datasets for k = 20. The top dashed line in all figures in the fair cost
and the bottom one is the vanilla cost.

Figure 6: k-Median cost of the unconstrained and fair algorithms versus k. Each point is the average of 10
trials, with error bars indicating the standard deviation for the dataset adult race. In the left graph, the lines
represent cluster count of 5, 10, 15, and 20, top to bottom; while in the right graph, at the left most point, the
lines represent 20, 15, 10, and 5 cluster count, top to bottom.
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Figure 7: k-Median cost of the unconstrained and fair algorithms versus k. Each point is the average of 10 trials,
with error bars indicating the standard deviation for the dataset bank. In the left graph, the lines represent
cluster count of 5, 10, 15, and 20, top to bottom; while in the right graph, at the right most point, the lines
follow the same pattern.

Figure 8: k-Median cost of the unconstrained and fair algorithms versus k. Each point is the average of 10
trials, with error bars indicating the standard deviation for the dataset creditcard education. In the left graph,
the lines represent cluster count of 5, 10, 15, and 20, top to bottom; while in the right graph, at the right most
point, the lines follow the same pattern.
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Figure 9: k-Median cost of the unconstrained and fair algorithms versus k. Each point is the average of 10
trials, with error bars indicating the standard deviation for the dataset census1990 ss. In the left graph, the
lines represent cluster count of 5, 10, 15, and 20, top to bottom; while in the right graph, at the left most point,
the lines represent 15, 20, 10, and 5 cluster count, top to bottom.

Figure 10: Running time comparison across multiple datasets when k = 5. The top dashed line in all figures in
the fair cost and the bottom one is the vanilla cost.
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Figure 11: Running time comparison across multiple datasets when k = 10. The top dashed line in all figures in
the fair cost and the bottom one is the vanilla cost.

Figure 12: Clustering time comparison across multiple datasets when k = 15. The top dashed line in all figures
in the fair cost and the bottom one is the vanilla cost.
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Figure 13: Clustering time comparison across multiple datasets when k = 20. The top dashed line in all figures
in the fair cost and the bottom one is the vanilla cost.

Figure 14: Plot of the fairness-cost trade-off across three distinct experimental runs, left for creditcard education
Dataset (k = 5 and number of clients = 1000) and bottom for census1990 ss (k = 5 and number of clients
= 4000). The x-axis shows the balance parameter t, and the y-axis represents the clustering cost. The solid blue
(top) line tracks the cost of the final fair solution, while the orange (bottom) line represents the baseline cost of
the vanilla (unfair) clustering for each run.


