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Abstract

We study nonparametric regression and clas-
sification for path-valued data. We intro-
duce a functional Nadaraya-Watson estima-
tor that combines the signature transform
from rough path theory with local kernel
regression. The signature transform pro-
vides a principled way to encode sequential
data through iterated integrals, enabling di-
rect comparison of paths in a natural met-
ric space. Our approach leverages signature-
induced distances within the classical ker-
nel regression framework, achieving compu-
tational efficiency while avoiding the scala-
bility bottlenecks of large-scale kernel ma-
trix operations. We establish finite-sample
convergence bounds demonstrating favorable
statistical properties of signature-based dis-
tances compared to traditional metrics in
infinite-dimensional settings. We propose ro-
bust signature variants that provide stabil-
ity against outliers, enhancing practical per-
formance. Applications to both synthetic
and real-world data—including stochastic
differential equation learning and time se-
ries classification—demonstrate competitive
accuracy while offering significant computa-
tional advantages over existing methods.

1 INTRODUCTION

Many supervised learning problems involve path-
valued input data—observations that take the form of
sequential or temporal processes. Examples include
financial asset prices evolving over time (Bouchaud
et al., 2018), physiological signals such as EEG or ECG
(Hannun et al., 2019; Schirrmeister et al., 2017), hand-
written character trajectories (Graves et al., 2007),
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and human action recognition (Yang et al., 2022). Un-
like the classical setting, which typically assumes fixed-
dimensional vector inputs, path-valued data are the-
oretically infinite-dimensional, as they represent con-
tinuous functions over time intervals. In practice, such
data present unique challenges arising from the ob-
servation process: they are often irregularly sampled,
recorded at varying time horizons, and may exhibit
strong temporal dependencies.

To address these challenges, one promising approach
is the signature transform, first developed in Chen
(1957). Tt provides a systematic way to extract fea-
tures from sequential data by encoding a path through
its iterated integrals, thereby summarizing essential
information in a tensorial form. Crucially, this rep-
resentation enables direct comparison of sequences of
varying size and length. The signature transform fur-
ther possesses several remarkable properties that make
it particularly well-suited for machine learning:

e the signature naturally encodes geometrical prop-
erties of the path and is invariant under time-
reparametrization;

e linear functionals of the signature are universal
approximators on path space;

e the signature provides a universal representation
for sequences of variable length.

Hence, the use of signatures in statistical learning has
received considerable attention. While we refer to the
review article by Lyons and McLeod (2022) for a broad
overview, we focus on discussing the most directly re-
lated contributions. Within the machine learning lit-
erature, signatures are most commonly regarded as a
feature extraction technique, a perspective that has
been applied in a wide range of practical applications.
Extending this view, Morrill et al. (2020) introduce the
Generalised Signature Method, which provides a unify-
ing framework for variations of the signature transform
in multivariate time series analysis.

The literature most closely related to our work con-
cerns signature methods for functional regression. In
the parametric setting, linear functional regression
with signatures—both with and without regulariza-
tion—has been well-established in the literature (Fer-
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manian, 2021; Gu et al., 2024; Fermanian, 2022; Bleis-
tein et al., 2023; Cohen et al., 2023; Guo et al., 2025;
Bayer et al., 2025a). There, the regression func-
tional is assumed to be linear in the signature with
finitely many unknown coefficients, a representation
motivated by the Stone—Weierstrass theorem. Fully
nonparametric approaches are represented by works
on signature kernels (Kirdly and Oberhauser, 2019;
Chevyrev and Oberhauser, 2022; Lee and Oberhauser,
2025; Schell and Alaifari, 2023; Horvath et al., 2023;
Bayer et al., 2025b). While signature kernels can be
computed efficiently (Kirdly and Oberhauser, 2019;
Salvi et al., 2021; Lemercier et al., 2024; Téth et al.,
2025), these methods inherit the well-known scala-
bility limitations of kernel learning, in particular the
computational burden associated with inverting large
Gram matrices. The same limitation applies to related
Bayesian approaches, such as Gaussian process regres-
sion with signature kernel covariance functions (Toth
and Oberhauser, 2020). To address the scalability is-
sue, Lemercier et al. (2021a) proposed a sparse varia-
tional inference framework for Gaussian processes. Al-
ternatively, signatures can also be used as a feature
within a deep learning pipeline (Kidger et al., 2019;
Walker et al., 2024; Moreno-Pino et al., 2024).

The field of nonparametric statistics for functional
data represents a well-established area of research.
The work of Ferraty and Vieu (2006) provides a
comprehensive treatment of kernel-based methods for
functional data analysis, establishing the theoretical
foundations for nonparametric regression when the in-
put space is infinite-dimensional. Subsequent develop-
ments include convergence rate analysis (Lian, 2012;
Meister, 2016), variable selection methods (Aneiros
et al., 2022; Shang, 2014), dependent data analysis
(Masry, 2005) and extensions to more complex func-
tional structures (Selk and Gertheiss, 2023).

Within the framework of kernel-based functional re-
gression, the choice of semi-metric plays a crucial role
in determining both theoretical properties and prac-
tical performance. Classical approaches typically rely
on LP metrics or Holder norms. However, these stan-
dard choices often fail to reflect the intrinsic geomet-
ric structure of path-valued data. In fact, the associ-
ated topologies invariably produce small-ball probabili-
ties of exponential form—whether based on the supre-
mum norm, L,, or Holder norms (Ferraty and Vieu,
2006)—which limits their ability to enhance concen-
tration properties. This motivates the exploration of
semi-metrics, which can be designed specifically for se-
quential data and provide a more natural framework
for comparing paths.

Contributions. In this paper, we propose a new
estimator that leverages signature transforms within
the classical local kernel (or Nadaraya—Watson) re-
gression framework. Our contributions are twofold:
(i) we establish rigorous finite-sample convergence
guarantees for the proposed estimator, addressing a
gap in the theoretical understanding of nonparamet-
ric methods based on signatures, and (ii) we pro-
vide an efficient and straightforward implementation
that avoids the computational and scalability chal-
lenges commonly associated with signature kernel ap-
proaches, demonstrating its practical applicability on
real-world datasets.

The remainder of the paper is organized as follows.
Section 2 presents the background material along with
the proposed estimator. Section 3 is devoted to our
main theoretical results, including the convergence
analysis for signature-based Nadaraya-Watson estima-
tors and the derivation of convergence rates. Section 4
provides detailed experimental validation on synthetic
and real-world datasets.

2 NOTATIONS AND
BACKGROUND

We consider the problems of regression and classi-
fication for data (X,Y) € X x ), where X is a
(infinite-dimensional) path-space, and Y is some finite-
dimensional Euclidean space. We assume that the
data samples are drawn from a joint probability mea-
sure P on X x .

Our central object of interest is the regression function,
given by

Fz) = E[Y]X = o] = /ydp(yp:), rex, (1)

where P(-|z) denotes the conditional distribution of Y’
given X = z. For instance, in financial modeling one
may view the data X = (X¢);>0 € X as the dynamics
of an asset price. Then, for any option payoff ¥ =
U(X), the conditional expectation (1) represents its
fair price.

For the classification problem, we consider categori-
cal responses for the path-valued data, that is we are
interested in conditional probabilities

py(z) =PY =g|X =z], (z,9) € X x)Y. (2)

A typical classification example is the handwrit-
ing recognition problem, where ) is the alphabet
{A,B,...,Z}, and the data X € X may be seen as
handwritings of such letters - represented as paths in
R%. The function p, then assigns the probability of
such a handwriting to correspond to the letter g € V.
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Both the regression and classification problems reduce
to learning a conditional expectation, so their treat-
ment follows the same principle, which we now briefly
outline. Assume we have i.i.d. (independent and iden-
tically distributed) data of input-output pairs

Motivated by the classical Nadaraya-Watson estimate
(Nadaraya, 1964; Watson, 1964), and in particular the
functional extensions thereof (Ferraty and Vieu, 2006),
we consider the estimator for the regression (1)

o) = Zim Y OK (b 0@, X))
S K(hto(x, X))

(3)

where o is a semi-metric’ on the path-space X, K :
R — R, some asymmetric kernel, and h = h(M) is
strictly positive. The same estimator can be applied
to the classification problem (2) by replacing Y with
l{y—g}, since the latter can be viewed as a regression
problem with target p,(r) = E[l{y_g|X = 2]. It is
well-known in the literature (see, e.g. (Ferraty and
Vieu, 2006, Chapter 13)), that compared to the finite-
dimensional case, the choice of the semi-metric is very
sensible from both a theoretical and practical point of
view. In the following section, we introduce variants of
the estimator (3), where the semi-metric g is defined
via the signature transform of the data, X > = —

Sig(x); see (8)—(9).

3 LOCAL REGRESSION WITH
SIGNATURES

This section presents our main theoretical contribu-
tions. We establish finite-sample convergence bounds
for the estimator (3) under general semi-metrics, then
specialize to signature-based distances that exploit the
geometric structure of rough paths. Readers unfamil-
iar with signatures may consult Appendix B.1 for the
necessary background from rough path theory.

3.1 Convergence analysis

As is customary in nonparametric regression, we im-
pose smoothness constraints on the regression func-
tion F. The choice of these constraints is particularly
delicate in the infinite-dimensional setting, where the
topology of the underlying space X plays a crucial
role in determining both the convergence rates and
the practical performance of the estimator.

1Qatisfying all properties of a metric except for point-
separation, i.e. o(z,y) =0=% z =y.

Definition 3.1 Let 8 € (0,1] and L be any positive
constant. For any semi-metric o on X, we denote by
.7-"5 the Holder class of functionals F : X — R that
satisfy the condition

|F(a) = F ()] < Lo(x,")”, (4)
for all z,2' € X.

Remark 3.2 [t is important to note that our con-
vergence analysis applies to smoothness levels § < 1.
Since the domain X is not a vector space in general,
extending to higher smoothness levels presents signifi-
cant challenges due to the absence of a natural notion
of differentiation.

A fundamental quantity in the convergence analysis is
the concentration function, which measures how the
data concentrates around a given point in the metric
space.

Definition 3.3 For a random variable X taking val-
ues in a semi-metric space X, with semi metric o, we
define the concentration function

93 (h) = Plo(X, ) <h], h =0, (5)

where the probability is with respect to the distribution
of X and x € X.

The behaviour of ¢2(h) as h | 0 determines the con-
vergence rates of our estimator. Intuitively, slower de-
cay of ¢2(h) indicates that the data is less dispersed
around z, leading to better statistical performance.
This behaviour is intimately connected to the geome-
try of the path space and the choice of distance func-
tion.

In the classical finite-dimensional setting, when X =
R?, the concentration function typically exhibits poly-
nomial decay O(h?) regardless of the choice of the
metric (as in finite-dimensional spaces all norms are
equivalent). However, in infinite-dimensional spaces,
the situation is more delicate and depends heavily on
the choice of metric.

The choice of the semi-metric ¢ in Definition 3.1 is of
paramount importance, as it directly influences both
the class of admissible functions F, g and the small-ball
probability behaviour ¢? that governs the convergence
rates. For brevity, we will often write F5 = Fj and
¢ = ¢2 whenever the choice of p is fixed and clear
from the context.

In the setting of path-valued data, we propose using
signature-based distances in Section 3.2, which natu-
rally respect the geometric structure of the underlying
paths. Before doing so, we establish the fundamental
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convergence rates of the Nadaraya—Watson estimator
with respect to any semi-metric g on X.

Theorem 3.4 Let Y € [—R, R] and let F € Fg with
smoothness parameter 3 € (0,1]. Consider the estima-
tor F defined in (3), and assume that the kernel K is
compactly supported and satisfies

bljg1) < K < Bl 1, (6)

for some constants 0 < b < B < o0.

Let 6 € (0,1) and suppose that M satisfies

16B log(6/0)
M= 0w

Then, with probability at least 1—0 the following bound
holds

2Blog(6/0)

~ B
|F(x)—F(1:)|§€hﬁ+8R b (WA

(7)

The proof of the theorem can be found in Appendix
A. Theorem 3.4 provides a finite-sample bound of the
pointwise error for the Nadaraya-Watson estimator,
which decomposes the estimation error into two fun-
damental components: the bias term that is directly
controlled by the Holder parameter 8 from Definition
3.1, reflecting how the local smoothness of F' around
the target point = affects the estimation quality. And
the variance term O ((¢,(h)M)~1/?), that captures
the stochastic fluctuations due to finite sample size
M.

In the Euclidean case, when X C R?, the concentra-
tion function exhibits polynomial decay ¢, (h) ~ Ch,
for some constant C' > 0. Assuming an optimal choice
of bandwidth h ~ M~/ (28+d) that balances the bias-
variance trade-off, Theorem 3.4 yields the classical
nonparametric rates of convergence M ~#/(26+d) that
is known to be optimal in the minimax sense (Stone,
1980).

However, in infinite-dimensional spaces, the situation
becomes significantly more delicate and the conver-
gence behavior fundamentally changes. The concen-
tration function typically exhibits exponential behav-
ior ¢, (h) ~ Cexp(—ch™7).

Gaussian processes provide an illuminating exam-
ple. For instance, for fractional Brownian motion
X = (xH 0 < t < 1) we have ¢y(h) ~
Cexp(—h~2/CH=8)) when o is chosen to be the j-
Holder distance (Li and Shao, 2001).

Exponential decay of the concentration function leads
to convergence rates that are fundamentally slower

than their finite-dimensional counterparts. Specifi-
cally, under regularity conditions on the regression
function F' € Fg and appropriate choice of band-
width, one can achieve slow logarithmic type rates
O(log(M)~28/7), known to be optimal in the minimax
sense (Meister, 2016).

In the following subsection, we analyze the concen-
tration function behavior for two specific choices of
signature-based distances that are particularly rele-
vant for rough path data.

3.2 Signature semi-metrics on path-spaces

Our main focus in the applications below is on path-
valued data, that is, on spaces X consisting of paths
x : [0,T] — E, where the state space is typically the
Euclidean space E = R%. In this section, we propose a
canonical metric choice induced by the signature trans-
form, which offers several theoretical and practical ad-
vantages over conventional distances on path spaces.

For simplicity of exposition, we assume in this sec-
tion that X = C'([0,T],R?), whereas a more gen-
eral construction for rougher data—mnamely X =
cr=var([0,T),RY) with p > 1—is discussed in Ap-
pendix B.1. The signature of a path € X is given as
a sequence of tensors

Sig(z) = (1, Sig(x) ™., Sig(x)™®, .. ) e [ ®H=*,

k>0

consisting of iterated integrals

T tr to ) .
Sig(x)™) = (/ / x / dxy) - ~dx1i> )
o Jo 0

Tl genns ik €[d]
where [d] = {1,...,d}, see also Definition B.2.

Among the many fascinating algebraic and analytical
properties of the signature transform, some of which
we summarize in Appendix B.1, the one most rele-
vant for this article is that the sequence Sig(x) can be
regarded as an encoding or description of the trajec-
tory. Indeed, the transform x — Sig(z) is injective
up to some equivalence class ~ (see Appendix B.1 for
more details), so that the sequence Sig(z) uniquely
characterizes the underlying path x. Such equivalence
classes become trivial once paths are augmented with
time, ¢ — (¢, 2¢+); see (24) and the preceding discus-
sion. At the cost of increasing the dimension by one,
we henceforth assume that

X =C"={z, = (t,x;) : x € C'([0,T),R})}.

Injectivity of the signature transform allows us to in-
troduce a Fuclidean-like distance between paths

B X XX =Ry, o%8(x,y) = ||Sig(z) — Sig(y)(l\,)
8



Christian Bayer, Davit Gogolashvili, Luca Pelizzari

where

lal| = lea(’“)llﬁw)m’ ac [J(RHEH,
k>0 k>0

see Lemma B.6. In words, the distance between
two data points x and y is measured by compar-
ing their signatures in the extended tensor algebra
T = [1i>o(RY)®*. In Appendix B.1 we provide a more
detailed introduction to the algebraic structure of T,
including its product ® and addition +, as well as fur-
ther details on its Hilbert space structure.

Remark 3.5 A more conventional distance on C' is
given by the 1-variation (or length) of the difference of
two paths, namely

T
0 @y) = 2 - ylrvars  @]1ovar = / | .
0

We  know ||Sig(l‘)(k)||(]Rd)®k < % from
Lemma B./, so that the distance in (8) is finite.

A key feature of (8) on the infinite-dimensional space
X is that it naturally admits finite-dimensional projec-
tions, obtained by truncating the sequence Sig(x) at
some tensor level N. Supported by the factorial decay
noted in Remark 3.5, for IV large enough the distance
(8) is well-approximated by its truncated version

N
025 @, y) = | 2 [ISig@) ™ = Sig™ W) fayen
n=0

(9)

Remark 3.6 Both the truncated and untruncated sig-
nature distances are well-supported by publicly avail-
able open-source libraries, such as iisignature (Reizen-
stein and Graham, 2020) or roughpy (Morley and
Lyons, 2024). In particular, for the untruncated dis-
tance one can exploit its relation to the signature ker-
nel

0% (x,y)* = k(z,z) — 2k(x,y) + k(y, y),

where k is obtained by solving a Goursat-type PDE;
(Salvi et al., 2021).

Returning to the local regression analysis from Sec-
tion 3.1, we now derive convergence rates for the trun-
cated signature distance. Before doing so, we show in
the following lemma that in both the truncated and
untruncated cases, the rate of convergence is always
at least as fast as under the l-variation metric; the
proof can be found in Appendix B.2.

Lemma 3.7 For any R > 0 and random variable X
in Xr ={z € X : ||| 1-var < R}, we have

Sig

25N (h) > 627" (h) > 62 (Ch), Va € Bg,

for some constant C > 0.

To derive convergence rates, we recall from Ap-
pendix B.1 that the signature takes values in a free
nilpotent Lie group G C T, which will be crucial for
the following assumption.

Assumption 3.8 We assume that X is a random
variable taking values in X, and its truncated signa-
ture

Sig(X)=" = (1, SigM(X), ..., Sig™ (X))

admits a density function p with respect to the Haar
measure of the Lie group G=V, see Definition B.7,
which is bounded away from zero, i.e., p(g) > ¢ > 0
for allg € G=N.

Example 1 While we restrict to smooth random
paths X here for simplicity, Assumption 3.8 remains
reasonable in rougher frameworks. For instance, it has
been shown to hold for Brownian motion X = B al-
ready in Kusuoka and Stroock (1987), which is relevant
for our application in Section 4.1, and has further been
extended to fractional Brownian motion X = B¥ with
H > 1/4 recently in Baudoin et al. (2020), relevant for
the application in Appendix C.2.

Proposition 3.9 Under Assumption 3.8, the small-
ball probability with respect to the truncated signature
distance (9) has at most polynomial decay, in the sense
that for any N € N

Sig

SN () =P o3 (X,2) <h| O™, wex,

where C > 0 is constant and

and p(-) denotes the Mdébius function, and the inner
sum is taken over divisors of n.

Remark 3.10 While the rigorous proof is deferred to
Appendiz B.2, we briefly indicate why such a result is
natural. Owing to the density assumption, the small-
ball probability is bounded below by the volume of balls
By, in GSE. We will see that these volumes scale as
hdim(ggK), where g=V is the Lie algebra associated
with GSN | whose homogeneous dimension is in fact
given by dim(g=N) = v(N), see (Reutenauer, 2003,
Theorem 6).
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As a consequence, we obtain the following non-
parametric convergence rate for our estimator (3) with
respect to the truncated signature distance, the proof
can be found in Appendix B.2.

Corollary 3.11 Let Y be a fixred random variable in
[—R, R] and assume

F(z)=E[Y|X =z] € F§, o= 0%,

for some N € N. Suppose that the kernel K satisfies
(6) and Assumption 3.8 holds true, and set

o 1/(28+0(N))
h— <1g<ﬂj/‘”) (10)

where 6 € (0,1). Then, for M large enough, with prob-
ability at least 1 — 6

|ﬁ(x)—F(x)§c<10g(]3/5>>W’

where C' is independent of M and 9.

For fixed N, the previous result yields Euclidean-type
nonparametric rates in the infinite-dimensional space
X, governed by the effective dimension v(N). We em-
phasize once more that the choice of semi-metric not
only affects the convergence rate, but also determines
the class of admissible functions F g , which is expected
to be much smaller compared to the full signature dis-
tance. While it might not always be justified that the
underlying functions lie in F3, we observe excellent
performance when using the truncated signature dis-
tance in all our applications.

Remark 3.12 While we have only considered smooth
data in this section, i.e. X = C', typical stochastic
processes such as Brownian motion have more irreg-
ular sample paths. A more suitable framework is the
space of paths of finite p-variation with p > 2; see Def-
inition B.1. As outlined in Remark B.3, by exploiting
rough path theory (Lyons, 1998), the signature remains
well defined using Stratonovich iterated integrals (Friz
and Victoir, 2010, Chapter 13)

iy T rtn ta .
Sig(B) :/0/0 /O odBj! -+ 0 dB;".

The induced distance osig—and the theory developed
in this article—remains valid on rough path spaces.

3.3 Robustification

In our numerical experiments in Section 4, we observe
that the estimators F' are not robust to samples yield-
ing unusually large signature values, leading to outliers
in the predictions and unstable performance.

For Brownian signatures, see also Remark 3.12, such
outliers can occur for samples that produce large sig-
nature values. In this case, the signature distance to
a “typical” signature sample becomes very large, and
consequently the estimator (3) predicts a value close
to zero. This phenomenon is not difficult to anticipate,
say for T = 1, since the signature contains the powers

1 tn to R . Bn
// / odB} -+ 0dB] = —*:,
o Jo 0 " n

where By ~ N(0,1). With small probability (Gaus-
sian tail-estimates), these entries can become arbitrar-
ily large whenever B; > 1. We illustrate and further
comment on this observation in Figure 1 in Section
4.1.

We found that this issue can be addressed by adopt-
ing the robust signature proposed in Chevyrev and
Oberhauser (2022), which we summarize below; fur-
ther details are provided at the end of Appendix B.2,
an explicit construction of A is provided in Example
2.

The robust signature, following Chevyrev and Ober-
hauser (2022), is defined by RSig(xz) = A o Sig(z),
where A is a tensor normalization

AT — {a€eT:|a|| <R},

for some fixed R > 0. The map A is required to be
continuous and injective in order to preserve the struc-
tural properties of the signature transform.

4 APPLICATION

In this section, we test our estimator (3) in two appli-
cations. First, we learn the solution map of stochas-
tic differential equations as a functional of the driving
noise, formulated as a nonparametric regression prob-
lem. Second, we apply the method to classification
tasks on various real-world datasets consisting of se-
quential data, which we interpret as piecewise linear
paths.

All signature computations are performed using the
iisignature library (Reizenstein and Graham, 2020),
which provides efficient implementations of signature
algorithms with computational complexity O(Ld")
where L is the path length, d is the dimension, and
N is the truncation level. The code to reproduce all
experiments is publicly available at https://github.
com/Davit1123/nw-signature.

Our basic method, which we call Sig, uses the
estimator defined in equation (3) with the trun-
cated signature-based” semi-metric from equation (9).

2We also tested replacing the standard signature with
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<4

M. RSigS? sSigS? RsigS®  sigS®  RSigS?  sig 2-var  4-var L L?>  sup
8 0.115  0.146  0.114 0.163  0.114 0.172 0.206 0.323 0.197 0.190 0.177
16 0.088 0.130  0.090 0.150  0.090 0.160 0.190 0.161 0.211 0.219 0.166
32 0.060 0.111  0.061 0.128  0.061 0.138 0.179 0.213 0.183 0.164 0.154
64 0.062 0.126  0.126 0.127  0.071 0.135 0.180 0.142 0.175 0.160 0.139
128 0.054 0104  0.051 0.111  0.051  0.119 0.164 0.129 0.141 0.141 0.121
256 0.047 0.056  0.042 0.060  0.039  0.069 0.167 0.128 0.124 0.121 0.104
512 0.042 0.055  0.033 0.064  0.032 0.061 0.163 0.124 0.111 0.106 0.093
1024 0.041 0.051  0.029 0.050  0.027 0.050 0.164 0.093 0.104 0.097 0.088
2048  0.040 0.050  0.026 0.048  0.025  0.048 0.165 0.087 0.100 0.091 0.085
4096  0.039  0.040  0.023 0.035  0.021  0.042 0.164 0.080 0.098 0.087 0.083
8192 0.038 0.040  0.021 0.034  0.019 0.041 0.165 0.074 0.098 0.084 0.083
time 1529  0.86 1868  1.25 2394 220 1840.87 1704.02 24.85 22.52 33.54

Table 1: SDE regression accuracy (RMSE) on the testing data. The last row corresponds to the evaluation time
(in seconds) required for the whole procedure for the largest training sample size My, = 8192. Note that we do
not include 1-var here, since almost surely ||Bl|1—yqr = +00.

Throughout the experiments involving local regres-
sion, we use the standard Gaussian kernel.

The RSig method uses robust signature features to
improve stability and discriminative power. For each
time series, we compute truncated signatures up to
level N and apply a robust transformation A o Sig,
where the normalization map A rescales each signature
tensor according to its magnitude (see Appendix B.1,
Example 2). This rescaling reduces sensitivity to out-
liers by dampening the influence of large signature
components (Chevyrev and Oberhauser, 2022).

We select hyperparameters (bandwidth h, robust pa-
rameters C' and a) via cross-validation. The signature
level is set according to the time series dimension, and
the bandwidth and robustness parameters are selected
from predefined grids.

4.1 Learning the solution map of SDEs

Let (Bt)¢e[o,7) be an m-dimensional Brownian motion,
and consider its time-augmentation By = (¢, B;). We
are interested in the Ito-map B +— Zp, where

dZt = b(Zt)dt + O'(Zt)dBt7

with coefficients b : [0,7] x R? — R? and o : [0,T] x
R? — R¥>™ gufficiently regular such that a unique
strong solution exists, see, e.g., (Protter, 2005, Chap-
ter 3, Theorem 7).

Zy = 2o, 0<t<T,

For the numerical experiments in this section, we fix
m = d = 1 and consider the smooth coeflicients

b(z) = —2P, o(z)=xzcos(z), peEN,
and choose p = 5. For some M € N, we draw
BW ... BM) independent Brownian sample paths

the log-signature, but observed no noticeable difference in
performance.

on some grid {to, ..., ¢z} in [0, 7], and denote by Y (™)
the terminal values Y (™) = Z;m), obtained using an
Euler-Mayurama scheme. We split the data into dis-
joint training and testing sets I,.UlL, = {1,..., M}
and for m € I, consider

om _ et YOR (hoB™,5)) (11)
e, K (hto(Bom, BD))

In Figure 1 we plot the testing data {(Y (™), Y(m) .
m € It.}, choosing M = 213 and a 90% — 10% split,
i.e. Mt,,\ = |It'r‘| =0.9 x M and Mte = |Ite| =0.1x M.
The estimator in (11) is evaluated using Sig and RSig
at increasing truncation levels, as well as Sup, which
uses the conventional supremum distance pgup(x,y) =
sup, |z:—y¢|. Although both signature-based distances
visibly outperform the supremum distance, we observe
that Sig is sensitive to outliers, see the discussion in
Section 3.3.

Finally, Table 1 illustrates the convergence studied in
Theorem 3.4 and Corollary 3.11 as the number of sam-
ples M increases. In addition to Sig, RSig and Sup,
we also include the methods p-var and LP based on
the metrics induced by classical LP- and p-variation
norms (see (21) in Appendix B.1). For each training
sample size, the table reports the root mean-squared
error (RMSE) evaluated on the independent testing set
of size My, = |Ite| = 8192. The last row additionally
presents the maximal running time (in seconds) of the
procedure, including the hyperparameter optimization
and the evaluation of the RMSE for each method for
tha largest training sample size My, = 8192.

The results clearly show that Sig and RSig substan-
tially outperform the estimators based on conventional
metrics, both in terms of accuracy and computational
efficiency. Among the signature methods, RSig consis-
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Figure 1:  Scatter plots of the testing data
{(ym) y(m) :m € I}, using signature and supre-
mum metrics in (11). At truncation level N = 4, the
point e near (1.2,0) illustrates an outlier of the basic
method Sig; see the discussion in Section 3.3.

tently achieve better performance. The sensitivity of
Sig, discussed in Section 3.3, becomes apparent as its
accuracy worsens when the truncation level increases
from 3 to 4, whereas RSig continues to improve. The
price to pay lies in the additional computational ef-
fort required for the robustification. Nevertheless, it
remains highly efficient—comparable to the “simpler”
methods LP and Sup —whereas p-var methods become
impractical for this task. In Appendix C.1, the results
reported in Table 1 are illustrated visually.

We conduct a second numerical experiment with syn-
thetic data in Appendix C.2, which concerns learn-
ing path-dependent functionals of fractional Brownian
motion, and we compare the performance of our non-
parametric method with parametric regression on the
signature.

4.2 Time Series Classification

We evaluate our signature-based Nadaraya-Watson
classifier on the UEA time series classification archive
(Bagnall et al., 2018). Our experimental setup in-
cludes comparisons with some distance-based time se-
ries classifiers (Abanda et al., 2019), such as dynamic
time warping (DTW) *, canonical signature pipeline

3We follow the dataset subset used in the original work
Bagnall et al. (2018), rather than selecting a subset our-
selves. This ensures consistency and allows for a repro-
ducible comparison with prior results.

“DTWD/DTWA refer to 1-NN with DTW distance using uni-
form and distance-weighted voting respectively (Abanda

Dataset DTWD DTWA SigP Sup L2 RSig Sig

ArticularyWord  98.7 98.7 97.7 92.3 94.3 97.0 95.7
AtrialFibrillation 20.0 26.7 46.7 33.3 33.3 26.7 33.3
BasicMotions 97.5 100 100 52.5 67.5 95.0 92.5

Cricket 100 100 95.8 58.3 81.9 83.3 75.0
Epilepsy 96.4 97.8 95.7 47.8 53.6 73.1 44.9
Ethanol 32.3 31.6 43.3 25.1 25.1 38.8 24.7
Ering 91.5 92.6 94.8 81.9 87.8 81.1 62.6

FaceDetection 52.9 52.8 61.4 50.9 52.5 51.5 51.3
FingerMovements 53.0 51.0 52.0 49.0 49.0 48.0 49.0
HandMovement 18.9 20.3 20.3 20.3 20.3 29.7 27.0

Handwriting 60.7 60.7 379 174 12.6 28.7 12.1
Heartbeat 71.7 69.3 69.8 72.2 74.6 T1.7 72.6
Libras 87.2 88.3 93.9 82.8 T71.1 828 77.8
LSST 55.1 56.7 56.9 10.4 16.7 41.3 31.5
NATOPS 88.3 88.3 92.2 75.6 76.1 81.7 76.1
PenDigits 97.7 97.7 974 91.4 96.3 88.4 95.1
Racketsports 80.3 84.2 90.8 56.6 82.2 79.6 74.3
SCP1 77.5 78.5 78.8 50.2 50.2 77.1 68.9
SCP2 53.9 52.2 50.6 50.0 51.1 53.9 52.2

StandWalkJump 20.0 33.3 46.7 46.7 13.3 33.3 33.3
UWaveGesture 90.3 90.0 90.9 82.5 84.4 83.8 80.6

Table 2: Classification accuracy (%) comparison across
21 benchmark time series datasets.

(8igP) with a random forest classifier (Morrill et al.,
2020) and an analysis of different distance metrics
within the local regression framework.

Table 2 presents the classification accuracy (expressed
as percentages) across 21 datasets. We make the fol-
lowing key observations. Sup and L? serve as natural
baselines for our methods, since all share the same ker-
nel regression framework and differ only in the choice
of distance. Across datasets, we observe that Sup and
L? frequently yield lower accuracy. This demonstrates
that the signature distance offers a more expressive
and robust similarity measure for sequential data than
pointwise metrics.

DTW-based methods remain strong performers on some
datasets (e.g., Cricket, Handwriting), reflecting their
effectiveness when local temporal shifts are the dom-
inant source of variability. However, both Sig and
RSig achieve comparable or better accuracy on many
datasets without requiring explicit alignment.

The computational complexity of Sig is of order
O((Mye + My, )LdN + My M;,.dY) which is linear in
sequence length L and linear in the number of train-
ing samples My, with the exponential dependence
on dV controlled by choosing small truncation levels
(typically N < 5). DTW methods on the other hand,
scales quadratically in L, making it unpractical for a
long time series. For the comparison, on the Ethanol
dataset, which has the longest sequence length among
our benchmark datasets, DTW-based classification re-

et al., 2019)
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quires approximately 1018.49 seconds for complete
evaluation (on CPU). In comparison, our signature-
based method with fixed bandwidth and truncation
level N = 5 completes in just 4.89 seconds (also on
CPU, without GPU acceleration).

5 Conclusion

In this paper, we have proposed a signature-based
Nadaraya-Watson estimator for nonparametric regres-
sion and classification on path spaces. We provide a
rigorous finite-sample guarantee.

Experimental validation on SDE learning and time
series classification demonstrates consistent improve-
ments over conventional distance metrics. While
signature-based methods may not always outperform
specialized techniques like DTW in specific domains,
they provide a unified framework that works well
across diverse sequential data types without requiring
domain-specific preprocessing.

Several directions for future work can be considered.
On the theoretical side, it would be interesting to ex-
tend the analysis to higher orders of smoothness on
path space, in order to obtain finer approximation re-
sults and a better understanding of the underlying
regularity. On the numerical side, one may investi-
gate generalized signature distances based on alter-
native augmentations, such as lead—lag transforms or
rectilinear interpolation; see Chevyrev and Kormil-
itzin (2026) for details. In a similar vein, another
promising direction is to look into distances induced
by “weighted” signatures recently considered in the
literature Abi Jaber and Sotnikov (2025); Hager et al.
(2026); Bloch et al. (2026), and to study the ex-
tent to which these richer representations improve the
modeling of temporal dependence in non-Markovian
time series. Finally, another natural direction is to
develop regression estimators at the level of proba-
bility laws, building on expected signature distances
Lemercier et al. (2021b); Chevyrev and Oberhauser
(2022); Lucchese et al. (2025), with the aim of learn-
ing law-dependent functionals from path-valued data.
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Supplementary Materials

A Convergence Guarantee
In this section, we provide the detailed proof of Theorem 3.4. We begin by stating Bernstein’s inequality, which

serves as our main probabilistic tool.

Theorem A.1 (Bernstein’s Inequality) Let n1,72,...,n, be independent random variables that satisfy the
moment condition

X 1
E[|n; — E[ni]|*] < §k!Lk_2027 Vk > 2, (12)

for some positive L > 0 and o. Then, for any § € (0,1), with probability at least 1 — 6,

2021og(2/4) n Llog(2/5)-

Moment condition holds, in particular, for bounded random variables with bounded variance

L
ml < as, EbP) <o (13)

The proof strategy follows a standard bias-variance decomposition approach: we first decompose the pointwise
risk into bias and variance components, then we apply concentration inequalities to bound the variance terms
with high probability.

Let us fix h > 0 and consider the estimator (3) when the number of observations M goes to infinity

_ JyK(h 'o(z, 2))dP(y, 2)

F) = .
M) = TR Tole, 2))dPx ()
We also need the following notations
M
! -1 () -1
pu(x) = i ZK(h o(z, X)), and pp(z)= | K(h™ o(z,2))dPx(z).
j=1

By simple algebraic manipulations, we have



Local Regression on Path Spaces with Signature Metrics

F(z) - F(a)| < |F(@) - Fa(@)| + [Fu(2) - F()
1 1
= o (2) <M ;Y(Z)K(h o(z, X)) PM(x)Fh(l“)> + [Fy(z) — F(z)]
< |- p@) —pn@) | L §h o KO el X))
= i) M~ pu(z) "
Ay Ay
L (@) = @) g L B - ).
ph(x) —B/_/
As
Bound on B. We have
[Fr(z) — F(z)| = yK(h™ " o(, 2))dP(y, z) — F(x)

F(2)K(h™Yo(z,2))dPx(z) — F(x)

3
iH
— —

IN
s}
>

) (/K(’l”@(waZ))lF(z) —F(x)|dPX(z)>_

Applying conditions (4) and (6) yields

o) — F@)| <~ [ KO~ ol ol 2 () < 2000
Note that under the condition 6, we have
pule) = [ K(hola,2))dPx(2) = BPlo(X, 2) < h] = b6 (1) (14)
This leads to the bound on the bias term
Fute) — Pl < 22 (15

Bound on A4;. Provided that |%&§4(I)| < 1/2 we have

pu(@) —pur(a) |~

S

< 2.

| pn(@)—pum ()

So it remains to show that e )| < 1/2, which is given by the following proposition.

Proposition A.2 Let
16Blog(6/0)

16
= b6, () 16)
Then, for § € (0,1), with probability at least 1 — §/3
Ipn(z) — pu ()| 1
Hhir)  PMARL 2 17
(o) =35 (17)
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Proof To establish the result, we verify the conditions (13) of Bernstein’s inequality for the random variables

K(h™ "oz, X))
pr() '

Since the kernel is bounded, we have

i| < .
|74 @)

K(h™! Q 7,2))? B B
il = [ e < o <

where the last inequality follows from (14). Applylng Bernstein’s inequality, we conclude that with probability
at least 1 —§/3

For the variance,

pn(x) —pr(@) _ [2Blog(6/5)  2Blog(6/0)

18
@ SN b M T b 1
The proposition follows from (16). a
Bound on As. Since |Y| < R, we have |Fp(x)| < R. Therefore, using (18) we have
— 2Blog(6/0 2Blog(6/6
Bound on A;. The bound follows from the following
Lemma A.3 Let |Y| < R. Then, with probability at least 1 — §/3
K(h=o(x, X)) 2Blog(6/6) 2RBlog(6/9)
y® Fu(z)| <R 20
M Z pa() M= g maar T e, 20
Proof We check the Bernstein condition (13) for n; = Y(i)%?)xm)). We have
RB 5 R’B
nil < s~ Ellml) < :
= gy S e
The bound (20) follows from the Bernstein inequality. O
Proof [proof of Theorem 3.4] Applying the union bound, we get, with probability at least 1 — §
~ 2Blog(6/6)  2Blog(6/0)
F(z) - F < 2(R+ |F
(@)~ Fu(o)| < 2(R + |Fa(o)) ( AT et
<8R 2Blog(6/9)
bz (h) M
The last inequality, together with the bias bound (15), finishes the proof. ]

B Signature appendix

In this section, we provide a supplementary introduction to path signatures, complementing Section 3, and
present the proofs of the convergence rates for local signature regression. Our primary references for signatures
and rough paths are the classical monograph Friz and Victoir (2010) and the recent lecture notes Cass and Salvi
(2024), to which we refer for further details.
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B.1 Signatures and tensor algebras

As anticipated in Section 3.1, the signature (or path signature) of a continuous path z : [0,7] — R? is the
collection of iterated integrals against itself. To give a meaning to this object, one needs a suitable notion of
regularity for paths z : [0, 7] — R%.
Definition B.1 For any real number p > 1 and continuous path x : [0,T] — R?, we define the p-variation by
1/p
zllp—var = sup Z Ty — o |? ) (21)

PC[0,T] [w,0]eP

where | - | is the Buclidean norm on R, and the supremum is taken over all partitions P of [0,T]. We denote by
Cr=var([0,T),R?) the spaces of all continuous paths of finite p-variation, that is ||z||p—var < 00.

It is well known that for any 1 < p < p’ < oo one has the inclusion CP-var ¢ CP-var (Friz and Victoir, 2010,
Proposition 5.3). In particular, every continuously differentiable path x € C* has finite 1-variation with

T
l-var — / |mt‘ dt7
0

see (Friz and Victoir, 2010, Proposition 1.27). Increasing p > 1 enlarges the class CPV*" admitting more irregular
paths, such as |1/p|-Holder paths (Friz and Victoir, 2010, Proposition 5.2).

[l

While the class of p-variation paths provides the correct analytical framework to define signatures, let us now
turn to the algebraic aspects. For multidimensional paths x, iterated integrals naturally appear as tensors

T T pt
(/ d:cj;) e RY, (/ / dm;dxg> € R @RY,
0 i€ld] 0 /o

i.j€ld]
recalling the index notation [d] = {1,...,d}. More generally, the n-fold iterated integrals take values in (R%)®".

Let {e1,...,eq} denote the canonical basis of R%. For any word w = i ---4, with letters from the alphabet
A = [d], we denote by e, = e;;, ® --- ® e;, the corresponding basis element of (R%)®". Starting from the
representation r = Zle e;x?, one can then write the n-fold iterated integral tensor as

T tn ta 4 T fto ts ,
“ee dle “e dxln — / / . / dle “e e dxl" 611)'
L[ i a | S (L

Lreyin€ld]  w=i1-in
The full signature of a path, and its truncation at level N, take values in the spaces

N

T=[I®)™, 72N = [[®)",

k>0 k=0

where we adopt the convention (R?)®° = R. Using the basis representation of tensors introduced above, any
element a € T can be represented through the series

a:E a%e,, a"eR,
wew

where W denotes the space of all words. Additionally, we denote by a(*) the projection of a to the tensor-level
k, that is
alk) = Z a”e,, Wk = {w=1dy-ip:i1,...,0 € [d]} CW.

Finally, we equip T, as well as its truncated version, with the product

|wl
SERERS N DOPTS B 5 oUS D oY 0 oSSy P

wew wew weWw \ =0
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which turns (7, ®) into an algebra, often called the extended tensor algebra; see (Cass and Salvi, 2024, Chap-
ter 1.1.2). Moreover, we can also naturally define addition

+:TxXT =T, <Z awew>+<z b“’ew>2(aw+b“’)ew.

weW wew wew

Finally, we can endow 7~ with a Hilbert space structure by using the inner product on (R%)®* defined by

k
(v, W) (Rayor = H<Ul,’lUl>Rd, V=0 Q- QU, W=W ® - Wy,
=1
and set ||v||(gayer = 4/ (v, v)(®ayex. This extends to T via (a,b)r = Zk20<a(k),b(k)>(Rd)®k, which induces the

Hilbert space
T = {a eT:|al = {aa)r < oo} cT.
see (Cass and Salvi, 2024, Section 1.1.2) for further details.

We are now ready to defined the signature which dates back to Chen (1957), introduced here as a mapping
from p-variation spaces into the extended tensor algebra. As in the case of continuously differentiable paths
X = CY([0,T],R?) discussed in Section 3, the signature can immediately be define for p-variation paths with
1 < p < 2. This is made possible by Young’s generalization of the Riemann—Stieltjes integral Young (1936); for
further background we refer to (Friz and Victoir, 2010, Chapter 6).

Definition B.2 For any real number 1 < p < 2 and word w = i1 -- -1, € W, we define
Tt ta _
Sig()”: C7 (TR S R we Sigle) = [ [T [Casiyanl, (22)
o Jo 0

and the k-th signature level is then by Sig(m)(k) = wewk Sig(z)"eyw. Finally, the full signature is defined as

Sig : CP7U([0,T],RY) — T, x> Sig(z) = Z Sig(z)" ew- (23)
weWw

In the case of p-variation paths with p > 2, it is no longer clear whether (22) is well defined, and more sophisticated
constructions are required to introduce the rough path signature. To keep this introduction concise, we only state
the following remark and refer the interested reader to the cited references for details.

Remark B.3 For more irregular paths, such as Brownian sample paths where p > 2, Young’s extension of the
Riemann—Stieltjes integral is no longer sufficient to define the signature. As already observed by Young (1956),
a > 1/2 (equivalently p < 2) is necessary and sufficient for a well-defined notion of the integral for Hélder
paths. One of the major achievements of Lyons’ rough path theory Lyons (1998) was to realize that the first |p)]
signature levels of x contain exactly the missing information needed to extend integration to irreqular paths. By
enhancing x to a rough path

T o~ X = (Sig(x)(l),...,Sig(ac)upj))7

where these abstract components mimic the classical signature, a consistent integration theory can be devel-
oped with respect to x. This provides a Tobust and deterministic framework for differential equations driven by
Brownian motion and more general stochastic processes. In particular, Lyons’ extension theorem (Lyons, 1998,
Theorem 2.2.1) ensures that the signature of a rough path x is again well defined and enjoys the same algebraic
properties as in Definition B.2. Moreover, for a large class of stochastic processes the lift x — x is well under-
stood; for instance, semimartingales can be lifted using Ito calculus. We refer to Lyons and Victoir (2007); Friz
and Victoir (2010); Cass and Salvi (2024) for further details.

One of the most fundamental properties of the signature, which we rely on multiple times in this article, is the
fast decay of Sig(w)(k) as k increases. For the case p = 1, the following lemma is an elementary exercise; see
(Cass and Salvi, 2024, Proposition 1.2.3), and for more irregular paths see (Friz and Victoir, 2010, Section 9.1.1).
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Lemma B.4 For any x € C1*"([0, T], R?) we have
k
[Sin(e) ¥ ayor < IMwer -y e

In particular, Sig(C'=v%") C %.

The above lemma ensures, in particular, that the signature semi-distance in (8),
XXX =Ry, o¥¥(x,y) = ||Sig(x) — Sig(y)],

as well as its truncated version in (9), are well defined. Indeed, an application of the triangle inequality shows
that for all z,y € C'~V", we have

i k k k k
8 (w,y)? =Y |ISig(a) ™ =Sig(y) P [Zayer < Y [1Sig(a) ™ [ +[Sig(y) [l mayer < Cexp(llzli—var+lylli-var)-
k>0 k>0

It is important to note, however, that ¢%# is in general not a true metric, as the following lemma demonstrates.

Lemma B.5 Let x € CP7"" with 1 < p <2 and 7 : [0,T] — [0,T] a continuous, non-decreasing surjection.
Then
0%8(z,x07) =0.

This is a direct consequence of the invariance of the signature under time reparametrization; see (Friz and Victoir,
2010, Proposition 7.10). The corresponding equivalence classes of paths

[x] = {y € CPV*: gSig(x,y) = 0}, x e CPvar

are well understood and known as tree-like equivalence. This was established in Hambly and Lyons (2010) for
paths of bounded variation and extended to p > 1 in Boedihardjo et al. (2016); we refer to the latter references
for a precise definition.

To obtain a genuine distance, one natural approach is to shrink the space by identifying tree-like equivalent paths
x ~ y, i.e. by working on the quotient X' /.. The alternative considered in this paper is to augment all paths
with time, namely

X = ép'var([O,T],RdH) = {t = (t,ay) 1z € C”""ar([O,T],]Rd)}. (24)

Finally we note that signatures are by construction invariant with respect to the initial condition, that is
058 (x,z +¢) = 0, so that osig only defines a true metric for paths with identical initial condition.

Lemma B.6 For any 1 <p <2 and £ € R%, g, defines a true metric on X = Cp—var {Z:7Z9=1(0,)}.

Proof Since (T,| - ||) is a Hilbert space, symmetry and the triangle inequality follow immediately. Moreover,
we have ¢%8(x,y) > 0, and therefore we are left to prove that ¢%8(z,y) = 0 = = = y. Now we can notice that
for T,y € CP~"%" and any word w = il ---1 it follows by the Cauchy formula for repeated integration that

Sig(x / / / (zy, — af)dty - dt, = /OT(J:]Z; - mé)%dt,

where n is the number of 1 in w, and ¢ € [d]. But then in particular, for all i € [d] we have

o~ T et "
0%8(Z,7) =0« Sig(@) - Sig(l) =0 = / T —t)"dt — %:o,
n!
for all n > 0. Since zg = yo on X¢ and since monomials are dense in LP, the latter is only possible if 2° = y* a.e.
for all i € [d], and thus, in particular, Z = § almost everywhere. |
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From an algebraic perspective, one of the key features of the signature is the shuffle identity, which plays an
important role in our theoretical results. To this end, it is useful to introduce the notation of pairing words in
W with elements in T

() WxT =R, (w,a)— (w,a) =a",

which extends linearly to the span of words in the alphabet A, that is, to the free associative algebra R{A).
The shuffle identity is a generalization of integration by parts to higher order iterated integrals appearing in the
signature. Starting with level 2 and assuming xy = 0 for simplicity, integration by parts suggests that

T T
/ xidr] —|—/ rldrt = 2ix] thatis, (ij + ji,Sig(x)) = (i, Sig(x))(j, Sig(z)).
0 0

To capture this relation on higher levels of the signature, we introduce the shuffle-product on the space of words
recursively by

wwd=0ww=uw, wi v = (wWwvj)i+ (wiWwv)j,
which bi-linearly extends to the span of words R(A), so that L1 : R(A) x R(A) — R{A). The integration by parts

identity above then simply reads (i W j, Sig(x)) = (¢, Sig(x)) {4, Sig(x)). Perhaps surprisingly, and first observed
already in Ree (1958), is that this relation holds for arbitrary linear combinations of words

(w W v, Sig(z)) = (w, Sig()) (v, Sig()), Vv € R(A).
In particular, the signature, resp. truncations thereof, take values in the following subspaces of T
G={acT\{0}: (wwwv,a) = (w,a)(v,a), Yw,v € R(A)}, GV ={geG:g" =0, ¥n> N},

which are often called group-like elements. It can for instance be found in (Friz and Victoir, 2010, Section 7.3.1)
that GS¥ is a Lie group associated to the free Lie algebra g=" € T< with bracket given by [a,b] = a®@b—b®a,
with exponential and logarithmic maps given by

Qn
n+1 g

Xn
g
xXpg 190, g epg(g) =) S, logg:G—g ge ) (F1)ME

n>0 n>1
For a more general introduction to free Lie algebras we refer to Reutenauer (2003).

In Section 3, we made the assumption that the stochastic process X € & has the property that its truncated
signature Sig(X)SY € GSV admits a density with respect to the Haar measure, which we now define.

Definition B.7 We denote by m™ (resp. u ) the unique’ left- and right-invariant Haar measure® on the Lie
algebra g=N (resp. the Lie group G=V ).

An important observation is that u is determined by m” through the logarithmic map, we refer to (Friz and
Victoir, 2010, Proposition 16.40) for a proof.

N

Lemma B.8 The Haar measure m” coincides with the Lebesgue measure on g%, and u~ on the Lie group

G=N s given by the push-forward
pN(A) =m" (loggy (A)), VA€ Bgen.

We conclude this introduction with the construction of the robust signature, introduced in Chevyrev and Ober-
hauser (2022) and frequently used in this work. The unbounded nature of the classical signature leads to several
theoretical and practical difficulties, as outlined in the main body of this article. To address this issue, Chevyrev
and Oberhauser proposed to bound the signature map via a tensor normalization

AT s {acTi:lal <R}, R>0, (25)

Swhich exists and is unique up to constant factors on any locally compact group, see, e.g., (Folland, 1999, Theorem
11.8).

Sthat is, a regular Borel measure m, such that m(gH) = m(H) = m(Hg) for all group elements g and Borel measurable
sets H
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where Ty ={a e T : al = 1}, and defined the robust signature as the composition A oSig. The main challenge in
this construction is to ensure that the resulting feature map = — A oSig(z) retains the key advantages of classical
signatures, such as their expressivity. A natural way to construct such a normalization is through dilations,

Ox:Ti — T, a—dy(a) = Z Mvlave, A eRy,
weW

where |w]| defines the length of the word, that is |y - - -iy| = n. Of course, setting A(a) = dy(a) for some fixed
A > 0 does not suffice to bound the signature map (Definition B.2) via A o Sig, since one easily verifies that

A o Sig(A\'2) = Sig(x), Yo € CPVar,

Hence, the parameter A must depend on the element itself, i.e. A(a) = dy(a)(a), which leads to the following
definition; see (Chevyrev and Oberhauser, 2022, Section 3.2).

Definition B.9 Let R > 0 be fixred and X : T1 — Ry a function. The map

A(a) = dx(a)(a)

is called a tensor normalization if it is continuous’ and injective, and if |[A(a)|| < R for alla € Ty. In this case,
for any 1 < p < 2, the robust signature is defined by

RSig : CP"([0,T],R?Y) — T1, x — RSig(x) = A(Sig(z)).
For our purposes, the most important theoretical property is that the robust signature remains injective on the
space CPV® defined earlier, and in particular
Orsig(2,y) =0 = z=y, Va,y € corvar,

where grsig(z,y) = ||RSig(z) — RSig(y)||. In all our numerical experiments we construct A as proposed in
(Chevyrev and Oberhauser, 2022, Example 4), which we shall briefly outline now.

Example 2 Define the mapping ¥ = ¥, ¢ : [1,00) — [1,00) by

T z<C

Vv = {C+ creC a7 /a x> C,

for some fixed constants a > 0 and C' > 1. Now for any a € T, we define A(a) to be unique non-negative number

such that
1) @17 =D A@)*[|a®]| gayer =1 (|lall)-
k>0

The resulting A = ,(.)(-) defines a tensor-normalization.

B.2 Proofs Section 3.2

Proof [of Lemma 3.7] First we can notice that for any z € X, we have

oME(X,x)? = [Sig(X) — Sig(@) | = 025 (X, 2)? + Y [ISig(X)™ — Sig(a) V| Zayer < 025 (X,2)? as.,
k>N

so that in fact globally it holds that
Plo2% (X,2) < h] > P[o¥8(X,z) < h], VzeX.

For the second part, it follows directly by definition, see also (Friz and Victoir, 2010, Proposition 7.8), that
Sig(x) corresponds to the terminal value to the 7-valued ODE

Sig(x), =1€ T, dSig(x), =Sig(x), ®dr,, 0<t<T,

"With respect to the Banach space topology discussed at the beginning of this chapter.
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where 1% = 1 and 1% = 0 for all w # 0. Following the techniques used in Friz and Hager (2025) for free
developments in T, it follows from the triangle inequality that for any xz,y € X

T
|Sig(x) — Sigly)]| < / Sig(z), ® 1 — Sig(y), ® g dt

0

T T
< / (Sig(x), — Sigy),) ® dlldt + / Sig(y), ® [ — gildt
0 0

T t
< [ Isig(a), ~ Siao) lanlds + | ISig(o) I~ .
0 0

An application of Lemma B.4 shows that fOT Sig(y), ll|2¢ — veldt < elvli—ver|lz — y|li_par =: a(T). Applying
Gronwalls inequality together with 5(t) = |4¢], it follows that

T
ISig(a) — Sigwll e lo — ylasar + [ el oo il liorenien
0
<llz = yll1—var (e”yHl—var + ”wH1_Uare|\y|\1_mr+\|x\|1_mr) ]

Now setting Cr = e 4+ Re?R, for any random variable X € Xy, we almost surely have 0%8(X, z) < Crl|X —
Z||1—var, and therefore .
Po™8(X,2) < h] > P[|X — 2|1—var < Ch], Vz € X,

where C' = O%l. a
Proof [of Proposition 3.9] For any random variable X € X, such that Assumption 3.8 holds true, we have

3™ (h) = PloZf (X, 2) < h] = / p(g)dp™ (g) > eu™ (G5,

<N
G

where g,%;v —{geg":|g- Sig(z)="| < h}. An application of Lemma B.8 together with a change of variable
for the push-forward measure shows

NGt = mY ({g € 85V + | expg () — expe(8o(@) < 1} ), go(@) = logg (Sigla)="),

where logg, is the inverse of expy,. Now since G <N is a free nilpotent, connected and simply connected Lie group,
expg, is a diffeomorphism (Knapp, 1996, Theorem 1.127), so that in particular

m™ ({g € g% : | expg () — exp(go(@))| <k} ) = m™ ({ge g™ : g — go(@)]| < Ch} ) ~ AIG=),

since m” is the Lebesgue measure by Lemma B.8. Finally, it follows from (Reutenauer, 2003, Theorem 6) that
dim(g=") is given by v(N) in Lemma 3.9. a

Proof [of Corollary 3.11] From Proposition 3.9 we know ¢,(h) > Ch*5) for some C' > 0. Since all the
assumption of Theorem 3.4 hold, we know that for any § > 0, with probability at least 1 —§ the following bound

holds
~ B 2Blog(6/9) B 2Blog(6/0)
|F(x) ()] < 5 h” +8R Ch O M h b + 8R TC (428 1]

16 B log(6/9)

provided that M > —-=-555

. Considering (10) in the bound above gives us the claimed in the theorem bound.

It remains to check the condition M > %ﬁfﬁ@. Since h¥ = (%) o , this condition is equivalent to

26
M#5 > 11)65 (log(6/0)) 27+

Hence the condition holds whenever
M > cglog(6/6)

for ¢y > 0 large enough. a
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C Additional numerical experiments

C.1 Further plots for Section 4.1

We provide visual illustrations of the performance of the SDE estimator (11) for various choices of semi-metrics,
together with the corresponding running times. In particular, the Figure 2 presents the SDE approximation
accuracy reported in Table 1, and Figure 3 additionally shows the corresponding running times in seconds.

—e— robust signature, K=1
—e— classical signature, K=1

—e— robust signature, K=2
classical signature, K=2

—e— robust signature, K=3
classical signature, K=3

—e— robust signature, K=4
classical signature, K=4

-®- supremum

F:':ﬂ:‘.fj__: -sase -A- L1
““--\:_:.g_-.,..._...__.___‘\_ \\\\ x— L2
i p-variation, p=1
p-variation, p=2
p-variation, p=4

10-1 4

10-2 4

Mean Squared Error

10-3 4

e e e e
Number of Samples (M)

Figure 2: Regression accuracy (MSE) of the SDE estimator on the testing data as the number of training samples
increases; see also Table 1.

C.2 Learning path-dependent functionals of fractional Brownian motion

In this section we present an additional numerical experiment with synthetic data. Motivated from mathematical
finance, we consider the problem of learning the payoff profiles of path-dependent options. Specifically, we
consider the following three path-dependent functionals

Uy (z) = max (% fOT rdt — K, O) (Asian option)
Ui & =R, T = § Uy(x) = max (maxo<i<7 ¢t — K, 0) (Look-back option) - (26)
V3(7) = max(z7 — K,0)1 fmaxeo,<r o,<p}  (Barrier option)

for some given strike, maturity and barrier K,T, B € R,. In this toy example, we model the price process
as a fractional Brownian motion (fBm) (X{)i>o with Hurst parameter H € (0,1), i.e. the unique centered,
continuous Gaussian process with X{T = 0 and

EXTX[T = St + s = [t = s]*), s;t>0.

1
2
Similar to the example in Section 4.1, we can formulate this problem in the language of nonparametric regression
(see Section 2) by setting X = XH:() and Yj(i) = \I/j(X(i)), for : = 1,..., M ii.d. samples of the fBm and
J € {1,2,3} indexing the payoff functions. We compare our nonparametric signature-based estimators both with
conventional path-space norms, as before, and additionally with parametric signature-regression estimators,
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robust signature, K=1 i
classical signature, K=1
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Figure 3: Running times in seconds for the experiments shown in Figure 2.

which have been employed in various applications in the literature, as mentioned in the introduction. More

precisely, we compare our method with signature-based Ridge regression

M=

0% = argmin —

2
; (v = (6, 8ig(X™)) "+ Al AeRy, je{1,2:3}
LeT=L

m=1

where the Ridge penalization parameter A is treated as a hyperparameter and L denotes the truncation level of
the signature.

In the following examples, we choose the Hurst parameter to be H = 0.3. Similar to Table 1, in Tables 3-5 we
present, for each payoff ¥;, an overview of the performance of the different methods across increasing sample
sizes M. The experiments are conducted using the same setup as in Section 4.1, in terms of training/testing
data splits and hyperparameter optimization. We exclude the p-var method here, as it consumes a huge amount
of time compared to the other methods, as already observed in Table 1. We call the described Ridge regression
method REL at the truncation level L.

M RSigS?  5ig=? RS2 RsigS®  sigS3 RS3  RsigS?*  sigS? RS*  RsigS®  sigSP RS5 Lt L2 sup
16 0.183  0.167  0.142 0.191  0.181  0.104 0.194  0.186  0.079 0.194  0.187  0.081 0.218 0.218 0.218
32 0.127  0.136  0.139 0.125  0.145  0.092 0.125  0.154  0.169 0.125  0.171  0.069 0.218 0.218 0.218
64 0.090  0.101  0.143 0.102  0.116  0.089 0.116  0.131  0.063 0.083  0.136  0.067 0.119 0.150 0.119
128 0.071  0.089  0.135 0.070  0.097  0.078 0.074  0.107  0.066 0.074  0.110  0.064 0.112 0.072 0.106
256 0.052  0.070  0.128 0.055  0.074  0.072 0.052  0.086  0.057 0.056  0.092  0.057 0.069 0.052 0.079
512 0.032  0.050  0.124 0.037  0.064 0.072 0.040  0.074  0.052 0.042  0.079  0.047 0.054 0.045 0.062
1024 0.027  0.047  0.124 0.033  0.066  0.072 0.033  0.076  0.052 0.034  0.069  0.045 0.046 0.056 0.052
2048 0.022  0.032  0.124 0.025  0.045 0.072 0.026  0.057  0.051 0.027  0.059  0.044 0.036 0.046 0.045
4096 0.015  0.030  0.123 0.019  0.038  0.072 0.020  0.049  0.051 0.021  0.053  0.045 0.029 0.038 0.034
8192 0.010  0.021  0.123 0.014  0.028  0.072 0.016  0.037  0.050 0.016  0.047  0.042 0.018 0.031 0.031
time  14.804  0.750 0.680  18.460  1.105 0.659  23.731  1.890  1.538  31.520  3.768  2.356  27.980  42.802  28.424

Table 3: Regression accuracy (RMSE) on Asian options ¥y with K = 0.5 and H = 0.3.
to the evaluation time (in seconds) required for the whole procedure for the largest sample size M = 8192.

The last row corresponds
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M RSigS?  sigs? RS2 RSigS3?  sig=3 RS3 RsigS? sigst RSY RSigS®  sigS=P RSO Lt L? sup
16 0.312 0389  0.231 0.313  0.452  0.216 0.311  0.485  0.226 0.310  0.498 0.227  0.520  0.270  0.267
32 0.285  0.326  0.249 0.370  0.388  0.238 0.333  0.420 0.217 0.315  0.436 0.222  0.239  0.231  0.245
64 0.235  0.269  0.248 0.221  0.305  0.198 0.217  0.343  0.170 0.215  0.361 0.173  0.235  0.465  0.337
128 0.228 0252 0.235 0.217  0.276  0.192 0.212  0.298  0.165 0.210  0.309 0.160  0.233  0.218  0.304
256 0.222  0.244  0.229 0.201  0.247  0.184 0.195  0.267  0.157 0.193  0.278 0.142  0.245  0.211  0.254
512 0.212 0222  0.227 0.188  0.233  0.182 0.181  0.241  0.153 0.179  0.251  0.143  0.215  0.204  0.223
1024 0.210  0.221  0.227 0.180  0.232  0.182 0.182  0.228  0.150 0.181  0.230 0.136  0.203  0.220  0.208
2048 0.205  0.209  0.227 0.166  0.198  0.181 0.158  0.210  0.148 0.156  0.213  0.131  0.187  0.202  0.194
4096 0.203 0211  0.227 0.158  0.192  0.181 0.150  0.198  0.149 0.147  0.206 0.130  0.174  0.185  0.174
8192 0.201 0205  0.227 0.154  0.181  0.181 0.144  0.183  0.148 0.141  0.196 0.130  0.164  0.172  0.168

time 15.329 0.752 0.511 18.865 1.183 0.681 24.669 2.062 1.230 32.128 3.897 2.339 25.336 49.119 32.162

Table 4: Regression accuracy (RMSE) on Look-back options ¥y with K = 0.5 and H = 0.3. The last row
corresponds to the evaluation time (in seconds) required for the whole procedure for the largest sample size
M = 8192.

M RSigS?  5ig=? RS2 RsigS®  sigS3 RS3  RsigS?*  sigS? RS* RsigS®  sigSP RSS Lt L2 sup
16 0.092  0.092  0.093 0.093  0.093  0.144 0.090  0.090  0.547 0.088  0.091  0.393 0.099 0.099 0.099
32 0.096  0.097  0.094 0.097  0.097 0.123 0.091  0.091 0.139 0.091  0.091  0.142 0.099 0.099 0.099
64 0.077  0.098  0.093 0.094  0.097  0.090 0.098  0.098  0.090 0.098  0.098  0.090 0.106 0.109 0.093
128 0.072  0.072  0.094 0.073  0.071  0.091 0.073  0.071  0.091 0.073  0.071  0.091 0.092 0.092 0.093
256 0.074  0.073  0.094 0.074  0.074  0.090 0.074  0.075  0.091 0.075  0.076  0.091 0.093 0.092 0.093
512 0.073  0.073  0.092 0.073  0.073  0.089 0.074  0.074  0.089 0.075  0.075  0.089 0.092 0.092 0.093
1024 0.073  0.073  0.092 0.073  0.073  0.088 0.075  0.075  0.088 0.076  0.076  0.084 0.091 0.091 0.092
2048 0.072  0.072  0.092 0.069  0.069  0.088 0.069  0.069  0.087 0.068  0.069  0.084 0.092 0.090 0.092
4096 0.071  0.071  0.092 0.066  0.067  0.088 0.066  0.073  0.088 0.067  0.068  0.084 0.089 0.090 0.093
8192 0.071  0.071  0.092 0.065  0.066  0.088 0.065  0.066  0.087 0.064  0.067  0.083 0.086 0.090 0.089

time 15.214 0.769 0.512 18.598 1.257 1.054 23.668 2.043 1.239 30.942 3.919 2.313 22.830 33.232 24.010

Table 5: Regression accuracy (RMSE) on Barrier options W3 with K = 0.5, B = 1.4 and H = 0.3. The last
row corresponds to the evaluation time (in seconds) required for the whole procedure for the largest sample size
M = 8192.

C.3 Regression on real-world data

To complement the classification results in Section 4.2, we evaluate our methods on real-world regression datasets
from the AEON time series regression benchmark. For our methods (as well as for methods with sup and L?
metrics), we fix the signature truncation level to 3 across all datasets and select the bandwidth via 3-fold cross-
validation over a grid of 50 equispaced values in [0.001,10]. Results are reported in Table 6.

On Covid3Month, our Sig estimator achieves the lowest RMSE. On AppliancesEnergy and
BeijingPM10Quality, the parametric SigP baseline performs best, while RSig remains competitive. We
remark once again that our method is significantly faster than the alternatives

Dataset DTW DTWA SigP Sup L? RSig Sig

Covid3Month 0.06 0.05 0.05 0.05 0.05 0.05 0.04
AppliancesEnergy 5.23 560 2.35 3.72 356 3.08 3.44
BeijingPM10Quality 141.61 141.64 106.02 120.55 196.29 128.03 141.40

Table 6: Test RMSE comparison across benchmark datasets. Best result in each row is shown in bold.



