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Abstract

Although average gain optimality is a com-
monly adopted performance measure in
Markov Decision Processes (MDPs), it is of-
ten too asymptotic. Further incorporating
measures of immediate losses leads to the hi-
erarchy of bias optimalities, all the way up
to Blackwell optimality. In this paper, we
investigate the problem of identifying policies
of such optimality orders. To that end, for
each order, we construct a learning algorithm
with vanishing probability of error. Further-
more, we characterize the class of MDPs for
which identification algorithms can stop in
finite time. That class corresponds to the
MDPs with a unique Bellman optimal policy,
and does not depend on the optimality order
considered. Lastly, we provide a tractable
stopping rule that when coupled to our learn-
ing algorithm triggers in finite time whenever
it is possible to do so.

1 INTRODUCTION

What a simple task it is to find the optimal policy
of a Markov decision process for which only a single
reward — or transition, is unknown. And yet, even
if the uniqueness of the optimal policy is guaranteed
beforehand, even if there is a single parameter to learn,
even then, that learning task is surprisingly more deli-
cate than it seems, especially when the optimality at
stake is of higher order. Because when one is trying
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to learn higher order optimalities, standard learning
approaches and intuitions fail.

Let us consider the simple learning problem depicted
in Figure 1.

Figure 1: A class of deterministic transition Markov
decision processes parameters by 6 € (—¢,¢). Choices
of actions are represented by arrows that represent
transitions. Labels are mean rewards. Rewards are
reduced Gaussians, i.e., of the form N(—,1).

In Figure 1, we consider a class of deterministic Markov
decision processes M = {My : § € (—e,e)} where the
only thing to learn is the variable # in a neighborhood
of 0. In all cases, the full-line policy has an asymptotic
reward of 2, and when starting in state so, an immediate
reward of 3. Meanwhile, the dashed-line policy has an
asymptotic reward of 2 + 6 and an immediate reward
of 0 when starting in s;. Clearly, the full-line policy
is the best when 6 < 0, while the dashed-lined one is
better when 6 > 0. In case of the tiebreak # = 0, we see
that the full-line policy is strictly better than the other
because of its immediate reward from sy — in formal
terms, it is said bias-optimal. At 8 = 0, we do not have
both policies optimal from a higher order viewpoint.
As such, the set of optimal policies is discontinuous at
0 = 0. Because no statistical test can ever determine
that 8 = 0, it is impossible to determine which policy
is optimal, despite there always only being one.

So, is bias-optimality impossible to learn?

Despite its simplicity, Figure 1 provides a glimpse at
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the answer: if “0 = 07 is likely to hold under the
current statistical data, the full-line policy is a better
guess for bias-optimality than the dashed-line one. The
idea is that if 6 # 0, the learning agent should be able
at some point to reject the possibility that “0 = 0

So, claiming that the full-line policy is bias-optimal —
when “0 = 07 is likely enough — is the better temporary
guess, although it can never be quantifiably certain.

In this paper, we investigate the problem of learning
high order optimalities in Markov decision processes
and generalize the conclusions drawn from the example
of Figure 1. In opposition to best arm identification
in bandits, the learnability of the optimal policy is not
determined by its uniqueness. Instead, there exists one
order of optimality that decides the learnability of all
others: Bellman optimality. Indeed, the learnability of
optimal policies, whatever the order, is equivalent to
the uniqueness of the Bellman optimal policy.

2 PRELIMINARIES

Let us start by giving a few common definitions and
notations for our setting. In general, given a finite set X,
we write P(X) the set of probability distributions on X
and 2% the power set of X. For p € P(X) and u € RY,
we denote pu := Y, u.p, the expectation of u(X )
for X ~ p. We further write sp(u) := max(u) — min(u)
the span semi-norm of u € R¥. Lastly, for u € R
we let

dmin(u) := min{u(z) : £ € X and u(z) > 0}

be the definite minimum of u, with the convention
dmin(u) =0 for u = 0.

2.1 MDPs and high order optimalities

A Markov decision process is a tuple M = (Z,v,p),
where Z = [[,cs{s} x A(s) is the pair space, con-
structed as the dependent product of the state space S
with the action space A; the function v : Z — P([0, 1])
is the reward function, that maps state-action pairs
to probability distributions over [0,1]; the function
p: Z — P(S) is the transition kernel, that maps pairs
to probability distributions over states. The mean re-
ward of the pair z € Z is the expected reward upon
playing z and is given by r(z) := [z dv(z)(z). We
finally define the distance between two models M and
M’ by

doo (M, M") := max{|[r — "[loc, [Ip — P'[loc}

2.1.1 Interacting with a MDP

At time ¢ > 1, the controller observes the current state
St, picks an action A; € A(S;) and observes a reward

R; ~ v(S:, At) and the next state Siy1 ~ p(St, A¢),
both sampled independently from past observations.
The played pair is denoted Z; = (S, A;). The re-
sulting interaction is summarized into a single vector
H, := (51,41, Ry, 5,...,5;), called the history of ob-
servations. That vector lives in the history space, given
by H := s, He where Hy := (2 x [0,1])7! x S. For-
mally, the choice of action A; is o(H;)-measurable and
can be described as a kernel A : H — A from possible
histories to actions, that we refer to as a sampling rule.
Finally, the choice of a Markov decision process M, of a
sampling rule A and of an initial state sg € S properly
defines a probability space on the history space H, of
which we write P27A(—) and E-A[—] the probability
and expectation. Often, the Markov decision process
is controlled by sampling rules that are independent of
time, called policies, written 7 € I := S — A.

A few assumptions must be added to the Markov deci-
sion process to guarantee that learning objectives can
be met. In some models, there are multiple groups of
disconnected states: some states are not reachable from
others. If high rewards are in those unreachable states,
how is the agent supposed to learn them? Learning
agents need to explore everywhere, and should not be
punished for ending up trapped in low-reward states.
To prevent this problem, we will exclusively consider
models in which good states are always accessible.

Assumption 1. The model M is communicating.
That is, for every pair of states s,s’, there ewists a
deterministic stationary policy w such that

In>1, P¥7(S, =s5)>0.

Finally, in some cases, we will look closely at what
we call unichain policies. Those are policies 7 such
that states are either reachable from every other state
(and thus are visited infinitely many times, whatever
the starting state), or are not reachable from the first
set of states (and are thus visited finitely many times,
whatever the starting state).

2.1.2 Gain, High Order Biases & Optimalities

The following definitions are deduced from Puterman
(1994), and detailed in Appendix A. Given a policy
7w € I1, its gain and bias functions are:

a
s

where Cesaro-lim stands for the Cesaro limit, given by
. . 1 T
Cesaro-limy_, oo ur := Iimr_00 7 Y ;1 U When the

grr(s7 M) = TETOO EMTF

b™ (s, M) := Cesaro-lim EM-™
T—+oo
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limit exists — Note that the limit and the Cesaro limit
of a convergent sequence coincide.

The gain is the asymptotic average amount of reward
that the policy collects, while the bias is the amount
of immediate reward gathered in addition to the gain.
These quantities will also be written as y_1 = g and
Yo = b. By convention, we let y_s = 0. Beyond the
gain and the bias, the n-th order bias y} of = (for
n > 1) is the bias of 7 for which the reward function
r(s,a) is changed to the previous bias value —yX_,(s):

T
yr(s; M) = — Ce;ifgiim]]ié\/[’” l; yr_1(St; M)} .
The optimal gain and bias functions are defined in a
nested fashion. For n = —2, we set II* , (M) = II as the
set of all policies. For n > —1, we define the optimal
bias g (M) of order n as well the set of optimal policies
IT¥ (M) of order n, also called n-optimal policies, in
a co-inductive way:

yn(s, M) := sup
melly _, (M)

I (M) :={r el :Vk <n,yt (M) =y (M)}.

Yn (s, M)

Note that II% (M) C I _;(M). The set of Blackwell
optimal policies is the set of policies that are optimal
at every order, i.e., IT5 (M) := (12 TI%(M). Tt is
known that Blackwell optimal exist unconditionally,
i.e., that II* (M) # 0, see (Puterman, 1994, Theo-

rem 10.1.4) for example.

Lastly the n-th order gaps relative to a policy 7 € 11
are defined as

AT (s,a) :=Yn(8) + Yn—1(8) — p(s,a)yn — Tn(s,a)

for (s,a) a state action pair, where 7, := 1,,—or is the
n-th order reward function. They lead to what we call
high order Bellman optimal policies.

Definition 1. A policy is n-Bellman optimal if, for
all m < n, we have for every state action pair z € Z,

V¢ <m,A}(z)=0] = AT (2) >0

As a matter of fact, Definition 1 states that the pol-
icy satisfies the first n + 2 nested Bellman optimality
equations (Puterman, 1994, §10.2). In other words, a
policy is n-Bellman optimal if, to every order up to n,
it beats the other actions that were optimal until then.
When we say that policy 7 is Bellman optimal with-
out specifying the order, we mean that it is 0-Bellman
optimal, and we write 7 € TI®(M). This notion of Bell-
man optimality coincides with the one motivated by
Gast et al. (2023). As we will see further down, those
Bellman optimal policies have special connections to
optimal policies of order n.

2.2 Fixed-Confidence Identification and
d0-Probably Correct Algorithms

In identification, the underlying Markov decision pro-
cess is unknown and the objective is to find an optimal
policy as quickly as possible. As such, the learning
algorithm explores the hidden Markov decision process
by playing actions. Doing so, it gathers information
from which a stream of potential optimal policies is pro-
duced. Formally, an identification algorithm consists
in a pair of

(1) A sampling rule A : H — A that decides how
the Markov decision process is navigated;

(2) A recommendation rule 7 : H — II that emits
a stream of potential optimal policies.

The recommended policy at time ¢ > 1, denoted 7, is
the policy that the algorithm believes to be the best
guess as an element of II*(M).

From there, there are two main ways to appreciate the
learning performance of a learning agent.

The more straight-forward approach is to minimize the
probability of error PM:A (7, ¢ I1*(M)) as t grows. At
the very least, one expects that this probability vanishes
asymptotically, leading to the definition of consistency
from Kaufmann et al. (2016), see Definition 2 below.

Definition 2 (Consistency). An identification algo-
rithm (A, ) is said consistent with respect to a class
of models M and an optimality map II* : M — 2 if

VM e M, PMA(#, ¢ TI*(M)) = o(1).

The natural performance criterion for consistent al-
gorithms is the behaviour of the error probability
PMA (7, ¢ TI*(M)) when t — oo.

Beyond consistency alone, we are further interested
in optimality certificates. That is, in addition to the
mere recommendation 7;, one requires the algorithm
to estimate how likely 7; is to be optimal. In the
literature, this learning task is typically formulated the
other way around: one picks a confidence threshold
6 > 0 and looks for a stopping time 75 at which the
recommendation 7, is correct with probability greater
than 1 —4§. Such algorithms are said §-probably correct
(6-PC, Boone and Gaujal (2023)), see Definition 3.

Definition 3 (Probable correctedness). An identifica-
tion algorithm (A, ) together with a stopping time Ts is
said §-probably correct (5-PC) with respect to a class
of models M and an optimality map II* : M — 2™ if

VM e M, PMA(q ¢ T*(M)) <6

The natural performance criterion for §-PC algorithms
is their sample complexity EMA[r5] (Kaufmann et al.
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(2016); Mannor and Tsitsiklis (2004)), that measures
the expected time before the algorithm stops.

In this paper, we will be interested in consistent algo-
rithms enriched with a §-PC property.

2.3 Related Works

The problem of identifying optimal policies can be
likened to best arm identification (Audibert and Bubeck
(2010); Mannor and Tsitsiklis (2004)) in multi-armed
bandits, that are de facto state-less RL problems. The
time complexity of best arm identification is thoroughly
described by Kaufmann et al. (2016), where the com-
plexity is shown to stem from the proximity of the
mean rewards. With classical multi-armed bandits,
barring specific settings such as risk-sensitive, an arm
is optimal or it is not; hence, all optimality orders are
absolutely equivalent, therefore occluding much of the
nuances of the RL setting.

A worth-mentioning pool of works that sits closely to
this work is perhaps the problem of the identification
of gain optimal policies in average reward RL in the
(€,0)-PAC setting (Jin and Sidford (2021); Wang et al.
(2024); Zurek and Chen (2024)), that has seen signifi-
cant advances in the recent years. In this setting, the
goal is to find an e-gain optimal policy with probability
1 — ¢ with as few samples of the underlying instance
as possible. Despite the impossibility to estimate it
(Tuynman et al. (2024)), the bias of the optimal policy
appears in the sample complexity bounds (Lee et al.
(2025); Zurek and Chen (2025)), highlighting the de-
pendencies between the various optimality orders and
the difficulties to determine them.

Beyond identification problems, other lines of work
are focusing on the computation of Blackwell optimal
policies. Notably, Grand-Clément and Petrik (2023);
Mukherjee and Kalyanakrishnan (2025) have worked
off the historical definition of Blackwell (1962), stating
that a Blackwell optimal policy must be discount opti-
mal for all discount factors beyond a threshold vy < 1,
providing new complexity guarantees regarding their
computation. The value of the threshold is discontin-
uous in M however, thus complicating the approach
when further incorporating noise and uncertainty.

At the intersection of identification and Blackwell op-
timal policies, it has been shown recently that, in the
space of Markov decision processes with deterministic
transitions, the learnability of Blackwell optimal poli-
cies depends on a few criteria on the gain and bias
optimal policies (Boone and Gaujal (2023)). More
specifically, the uniqueness of the bias optimal policy,
and the unichain character of all gain optimal policies,
were shown to be necessary conditions for learnability.

2.4 Contributions

We start our paper by showing that Blackwell optimal
policies can be computed even in the presence of noise.
More precisely, in Section 3, we show that consistent
algorithms exist. For that, we provide HOPE, standing
for Higher Order Policy iteration Epsilonized, that we
show to be consistent for II%_.

We stress that a natural set of MDPs to focus on are
those for which consistent algorithms can be stopped
in finite time. Such instances are said non-degenerate.
Although non-degeneracy obviously depends on the
order of optimality that we consider, we characterize
non-degenerate MDPs at every order. To that end,
we first prove in Section 4 that non-degenerate MDPs
necessarily have a unique Bellman-optimal policy, gen-
eralizing the results of Boone and Gaujal (2023) to
stochastic transition MDPs. Lastly, in Section 5, we
provide a stopping rule for HOPE, therefore proving that
MDPs with a unique Bellman optimal policy are non-
degenerate. As a result, a MDP is non-degenerate if
and only if it has a unique Bellman optimal policy,
whatever the order of optimality that we consider.

3 CONSISTENT ALGORITHMS
AND MODEL DEGENERACY

As shown in Figure 1, simply returning the best policy
of the empirical policy is not necessarily a good idea, as
the probability of error is not necessarily asymptotically
vanishing. This raises the following question: for some
order n, is there an algorithm that is consistent for the
optimality mapping II*?

3.1 Existence of Consistent Algorithms

We show that consistent algorithms exist indeed for
every order. This means that there exist an algorithm
(A, 7t) with vanishing probability of error for any order
n > —1 and model M, i.e., PM:A (7, ¢ TI*(M)) — 0.

For that, we build off Policy Iteration from Puterman
(1994). The Policy Iteration algorithm maintains a pol-
icy that is improved gradually using a subroutine called
Policy Improvement. That subroutine guarantees that
the aggregate bias vector (Y&, )m>—1 is improved ev-
erytime the policy is updated. At a proof level, the
algorithm progressively discovers the optimal biases
(Y%, )m>—1. Once the algorithm is sure that yJ;, = vy, for
m < k, it will restrict the Policy Improvement subrou-
tine to select state-action pairs such that AT (s,a) =0
for m < k—1. At that point, the policy is improved by
looking for state-action pairs for which A7 (s,a) < 0 or
AT, (s,a) < 0. The issue of replicating this algorithm
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in a learning setting is the constraint
AT (s,a) =0, Ym<k-1 (1)

because the estimation of the biases (y7,), therefore of
the gaps A7, is noisy.

Dealing with noise in Policy Iteration. We thus
construct Higher Order Policy Iteration (HOPI(n,e¢)),
Algorithm 2 (described in detail in Appendix C), that,
for each order, finds the set of policies that are nearly
Bellman optimal for that order. It does so by relaxing
the constraint (1) to

AT (s,a) <e, Vm<k-—1. (2)

In the example of Figure 1 with § = 0, even if 6 is
a bit overestimated, the full-line policy will remain
near gain-optimal, and will thus be considered for bias
optimality instead of being disqualified.

Running HOPI with a small enough ¢ will return exactly
the correct policies, even in the presence of noise —
provided that this noise is small enough. Indeed, a
small noise on the MDP translates to a small noise in
the biases. We will show in Lemma B.11 that there
exists a function ¢ : Ry — [0, 0o] with

suglrn +py; — 1, — 'Y 0| < U(doo(M, M)
TE

such that ¢ (e) = O(e) when £ — 0.

In Corollary C.8, we use that result to show that
there exists a certain function f such that, when
doo (M, M") < f(e, M), HOPI(n,0, M) gives the exact
same result as HOPI(n,e, M'), because the sequence of
policies of HOPI(n,e, M) is a valid sequence of policies
for HOPI(n, 0, M).

This is the basis for our Higher Order Policy iteration
Epsilonized (HOPE) algorithm (Algorithm 1).

Algorithm 1: Higher Order Policy iteration Epsil-
onized
Require: Desired order of optimality n > —1.
t«0
loop
Construct empirical MDP M,
£ t1/4
[1. An(s) < HOPI, . (M)
Recommend any policy in [, A, (s)
Sample uniformly a; € A(s), observe r; and s;41
t+t+1
end loop

We will show in Appendix C that the choice of &; :=
t—1/4 is sufficient to get vanishing probability of error.
Theorem 1. For all n > —1, HOPE(n) (Algorithm 1)
is consistent for 1L} .

3.2 MDPs Learnable in Finite Time

Since consistent algorithms exist, we have shown that
against all odds, high order optimal policies can be
found even in the presence of noise. However, even
if the recommendation is correct at some point, there
might be no way of knowing when this happens. In
Figure 1, for instance, since the optimal policy of My
changes depending on whether § > 0 or 6 < 0, it is not
possible to reject 8 < 0 in M. The problem consists
in giving a finite stopping time, that is, being able to
at some time t give a certificate of optimality of the
recommended policy. We define non-degenerate models
as those in which, for some consistent algorithm, there
exists a stopping time that is finite on the model.

Definition 4 (Non-degenerate models). A model M €
M is said non-degenerate with respect to an optimality
map II* if there exists a consistent algorithm (A, 7)
and a collection of stopping rules (7s)s>0 such that,
regardless of the confidence parameter § > 0, we have

(1) (A, 7, 7s) is 0-PC on M with respect to IT*;
(2) 75 is almost-surely finite in M, i.e., we have
PMA (75 < 00) = 1.

The question that we raise now is the following: which
models are degenerate according to this definition?
On which models is the construction §-PC algorithms
hopeless? This is the central question of our paper,
and here is our final answer:

Theorem 2 (Characterization of non-degeneracy).
Let n > —1. A Markov decision process M € M
is non-degenerate w.r.t. II*, (M) if, and only if M
has a unique Bellman optimal policy.

It is well-known that once the Bellman optimal policy
m* is unique, then it is not only the unique bias optimal
policy, but also the unique Blackwell optimal policy,
ie., that II§(M) = II5(M) = ... = IIX (M) = {r*},
see (Puterman, 1994, Corollary 10.1.7).

Combined with this observation, Theorem 2 has a spec-
tacular consequence: non-degeneracy does not depend
on the order of optimality (Corollary 3). In more simple
terms, be it the identification of gain optimal policies,
of bias optimal policies, or of Blackwell optimal policies,
consistent algorithms can only stop on the same exact
class of Markov decision processes: exactly those that
have a unique Bellman optimal policy.

Corollary 3 (Degeneracy collapse). The set of degen-
erate models with regards to I1* |, 115, 115, ..., II% are
all the same.

Theorem 2 is a strict generalization of Theorem 1 from
Boone and Gaujal (2023), in which the uniqueness of
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the bias optimal policy is shown necessary for the learn-
ability of Blackwell-optimal policies in deterministic
policies. Our result extends this to stochastic models,
focuses on consistent algorithms, and gives an exact
and simpler characterization of the unlearnable models.

The following sections will be dedicated to proving and
explaining Theorem 2.

4 DEGENERATE MODELS AND
STOPPING IN FINITE TIME

The main result (Theorem 2) claims that for a consis-
tent algorithm to stop in finite time, the Bellman opti-
mal policy of the underlying instance must be unique.
This section unravels the reason behind this result with
Corollary 8: if multiple Bellman optimal policies coex-
ist, then a consistent algorithm will indefinitely struggle
to determine which one is supposed to be the best.

4.1 Non-Degeneracy and Locally Optimal
Policies

We begin by drawing a general observation on non-
degenerate instances. Non-degenerate instances admit
policies that remain optimal under perturbations of the
instance itself. This observation does not depend on
the optimality order, or even on the optimality notion
considered, see Proposition 4 below.

Proposition 4. Let IT* : M — 2! be a measurable
optimality map. If M € M is non-degenerate, then
there is a policy m € II*(M) that remains optimal in a
neighbourhood of M, i.e.,

Je >0, ((WI*(M') : doo (M, M') <} # 0.

Proof Sketch. If M is non-degenerate, there exists a
consistent algorithm that identifies an optimal policy 7
of M in finite time. Because the algorithm only takes
decisions from observed histories, it is very likely to
recommend 7 in finite time for every instance M’ that
produces histories similar enough to M. In other words,
the recommendation of the algorithm is continuous,
so that if M and M’ are close, the algorithm will
recommend 7 for both M and M’. Accordingly, by
consistency, 7 is an optimal policy of M’ as well. [

Proposition 4 drives the remaining of the proof, and
we will work with a converse version of it: if, for an
optimality map II* : M — 21 every m € II*(M) can
be made into the unique optimal policy of an instance
M’ arbitrarily close to M, then M cannot be non-
degenerate unless it has a unique optimal policy.

I* = {m} &

&
7

Figure 2: Tllustration of Proposition 4 — as long as we
can put M and M arbitrarily close to M but having no
common optimal policy, we can never learn an optimal
policy for M

4.2 Making a Bellman Optimal Policy into
the Unique Gain Optimal Policy

Following Proposition 4, to show that non-degenerate
instances have a unique Bellman optimal policy, we
prove that a Bellman optimal policy can be isolated as
the unique gain optimal policy through an ergodifica-
tion technique, that we call shattering.

Proposition 5 (Shattering Bellman optimality). Let
M be a communicating instance. For every unichain
Bellman optimal policy = € TIB(M) and precision e > 0,
there exists M’ € M with de (M, M") < & for which
is the unique gain optimal policy, i.e., II* | (M') = {n}.

Note that Proposition 5 only claims that unichain Bell-
man optimal policies may be isolated in such fashion —
that detail will be taken care of later on.

Proposition 5 is derived as a two-step process. First, we
make 7 € ITB(M) the unique Bellman optimal policy of
M' =~ M by degrading the mean reward at every state-
action pair that m does not play (Lemma 6). Then,
we argue that if an instance has a unique Bellman
optimal policy, then it can be made into the unique
gain optimal policy under a well-chosen (infinitesimal)
ergodic transform.

Lemma 6. Let M = (Z,v,p) be a communicaling
instance. For every unichain Bellman optimal policy
7w € UB(M) and € > 0, there exists M' = (Z,r',p)
with deo (M, M') < € for which

(1) 7 is the unique Bellman optimal policy;

(2) g"(M') = g*(M);

(3) b*(M') = b"(M).

Proof Sketch of Lemma 6. We consider the penalized
Markov decision process M. = (Z,rL, p) with rewards

ri(s,a) :=r.(s,a) — el(a # 7(s))
and check that the family (M.) works as intended. O
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Consider Figure 3. The red policy is unichain and
Bellman optimal, but is not the only one. We can
thus penalise every non-red action by substracting e
to their rewards: this can be an arbitrarily small modi-
fication. The red policy is the only Bellman-optimal
policy. However, it is not the only gain-optimal policy.

2 2

. 3

2—¢ 2
e@é

Figure 3:  An illustration of Lemma 6, making a (non-
unique) bias optimal policy (in red) into the unique
Bellman-optimal policy.

It is to be noted that the model M’ given by Lemma 6
is not [0, 1]-reward in general. In general, this is not
an issue because the latter property can be forced a
posteriori via a linear reward transform.

In turn, we provide the construction for Proposition 5.

Proof Sketch of Proposition 5. Given a precision € > 0
and a unichain Bellman optimal policy = € IIB (M),
let M’ be the instance isolating 7 as the unique Bell-
man optimal policy provided by Lemma 6. Then, we
consider the ergodic transform M"” = (Z,r”,p") with
reward and kernel functions given by

Tll(sa a) = T/(S,CL) + (p//(sv CL) *p/(S, a))bﬂ-(M/)
10 L rrot €
p (S ‘870’) B (1_E)p (5 |S)a)+|¢4($)‘

We check that do. (M, M") < Ce for some C > 0, and
that for e small enough, we have IT* ; (M) = {7}. To
force the rewards to be [0,
linear reward transform ¢(z) :=

1], we further apply the
Ce+(1—-2Ce)x. O

2—¢ 2

Figure 4:  An example of the shattering operation,
making the unique Bellman-optimal policy (in red) into
the unique gain optimal policy.

Let us illustrate this idea with our example. In Figure 4,
we make it so taking the looping action in sy has a
small probability of going back to s;. That way, s;
becomes a recurrent state instead of a transitive one.

The action taken in s; matters, as the reward incurred
will impact asymptotic gain. That way, the red policy
has become the unique gain-optimal policy.

4.3 Non-Degeneracy and Unique Bellman
Optimal Policies

We can almost directly plug Propositions 4 and 5, but
we have one issue to circumvent: Proposition 5 can only
shatter unichain Bellman optimal policies. Therefore,
we need to prove that if the Bellman optimal policy
isn’t unique, then there are multiple unichain Bellman
optimal policies. Thankfully, this is indeed true.

Lemma 7. If a communicating Markov decision pro-
cess has multiple Bellman optimal policies, then it has
multiple unichain Bellman optimal policies.

The proof of Lemma 7 relies on the intimate structure
of Bellman optimal policies; we defer it to Appendix.

Corollary 8. Given n > —1, every I} -non-degenerate
instance has a unique Bellman optimal policy.

Proof. Let M € M be a non-degenerate communicat-
ing instance. Denote I12 (M) its set of unichain Bellman
optimal policies. By Proposition 5, for every unichain
Bellman optimal policy m € II2(M) and precision ¢ > 0,
there exists MT € M such that II* ; (M7) = {r} and
doo (M, MT) < €. The instance M is non-degenerate
so by Proposition 4, for € > 0 small enough, we have

doo (M, M") < &}

N =

wellB (M)

0 # ({1 (M
c () m(MI=

wellB (M)

So TIB(M) is necessarily a singleton and thus by
Lemma 7, IIB(M) is necessarily a singleton as well. [

5 MDPS WITH A UNIQUE
BELLMAN OPTIMAL POLICY

At this point of the paper, you should be convinced that
non-degenerate instances have a unique Bellman opti-
mal policy. In this section, we show that the converse
is equally true, therefore proving Theorem 2.

The heart of the rationale is that if the Bellman optimal
policy of M is unique, then this policy remains the
unique optimal policy of instances in a neighbourhood
of M. Showing that this neighbourhood exists — and
measuring it, is a hard result. Most of the proof details
of the results down below are deferred to Appendix.
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5.1 Deciding the Uniqueness of Bellman
Optimal Policies

To begin with, we provide an important structural
property of Bellman optimal policies that are unique:
they have to be unichain (Lemma 9). This observation
is not only very important to the analysis, it also has
a huge computational interest, because deciding the
uniqueness of the Bellman optimal policy becomes
polynomial in time-complexity.

Lemma 9. Let M be a communicating instance. Then

(1) If M has a unique Bellman optimal policy, then
this policy is unichain.

(2) Conwversely, if there exists a unichain policy m € 11
such that g™ (s) + b7 (s) > r(s,a) +p(s,a)b™ for all
a#7(s) and s € S, then 7 is the unique Bellman
optimal policy of M.

Lemma 9 provides a simple algorithm to determine
whether a communicating Markov decision process has
a unique Bellman optimal policy or not. First, compute
a Bellman optimal policy 7* using Policy Iteration. If
that policy isn’t unichain, reject; otherwise, verify that
every gap is positive. These tests can be realized in
time O(|Z|) once 7* is known, which is overall negligble
in front of the computation of 7*, also polynomial.

5.2 A Stopping Rule with /-Probable
Correctness

Once the Bellman optimal policy is proven to be
unichain, we can rely on a range of results that bound
the variations of its gain and bias functions with re-
spect to doo (M, M’), that can be found in Appendix.
Without the unichain property, such bounds are im-
possible to obtain without the assumption that M and
M’ have transition kernels of similar supports, and this
assumption is not reasonable in identification problems.

Now, given a communicating instance M = (Z,v,p)
with unique Bellman optimal policy 7%, we introduce
the threshold:

B(M) := min{ dmin(A") ! } (3)

(1+40)(2 +sp(b*)) a

where we set a 1= min,_es._ (So0) With a(se) =
maxges BT [inf{t > 1:S; = s,,}] is the worst hitting
time to so, under the optimal policy 7%, and S, is the
set of recurrent states of 7*.

The threshold 8(M) provides a simple measure of the
radius of the neighbourhood in which all instances
have the same Bellman optimal policy as M. This is
formalized in Lemma 10 thereafter.

Lemma 10. Let M = (Z,v,p) be a communicaling
instance with unique Bellman optimal policy 7. For
every M' = (Z,V',p") such that supp(p’) 2 supp(p), if

doo(M, M) < B(M)
then 7* is the unique Bellman optimal policy of M'.

From a complexity perspective, the quantity 8(M) is
computed in time O(|Z| + |S|*). Indeed, the recurrent
class So of * is determined in time O(|S|?). Given a
recurrent state so, € Soo, the gain and bias functions
g*,b* are obtained by matrix inversions in O(|S|?) and
A* is deduced in O(|Z]). Finally, the family of hitting
times to $o, (under 7*) is the solution of a linear system
that can be solved in time O(|S|?). Doing it for every
Seo € Sx yields a, for a total time cost O(|S]*).

Since the threshold 8(M) is easy to compute, Lemma 10
provides a simple stopping rule for HOPE, our consistent
algorithm from Section 3. First, we design a high prob-
ability ball {M’ : do (M,, M’) < &5(t)} that contains
M with probability 1 — § uniformly over time, where
the radius &5(t) is set to

S| log ( 2210+
£5(t) = Og( i ) (4)

min. ez Ny(2)

Then, we stop HOPE as soon as &5(t) < B(Mt), ie.,
when all the instances within the confidence ball share
the same unique Bellman optimal policy.

Proposition 11. Upon running with the stopping rule
75 = inf{t >1:6(t) < B(V,) and TIB(NT,) = {ﬁt}}

where £5(t) and B(t) are respectively given by Equa-
tions (3) and (4), HOPE is §-PC for I}, whatever n > 1.
Moreover, for every instance M with unique Bellman

optimal policy, we have PMHPE(15 < 00) = 1.

With this, we have all the ingredients necessary to
finish our proof.

5.3 Instances with Unique Bellman Optimal
Policies are Non-Degenerate

At last, the non-degeneracy of instances with unique
Bellman optimal policies is a direct consequence of
Proposition 11, concluding the proof of Theorem 2.

Corollary 12. If a communicating Markov decision
process has a unique Bellman optimal policy, then it is
IT} -non-degenerate for alln > —1.

Proof. By Theorem 1, HOPE is consistent for IIY. By
Proposition 11, once enriched with the stopping rule 75
of Proposition 11, it is J-PC. Lastly, by Proposition 11
again, we have PMHPE(75 < o0) = 1 for every instance
M with unique Bellman optimal policy. O
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6 CONCLUSION

As the main take-away from this paper, Bellman opti-
mality is a fundamental limit to identifying n-optimal
policies. This collapsing result bodes badly for learning
in average reward: can we never try to learn policies op-
timal in both the long and the short term, then? There
is hope in the PAC setting, in which one investigates
near optimal policies.

Another obvious research path, now that we have iso-
lated the models in which optimality is learnable, would
be to investigate the necessary and achievable sample
complexities.
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Checklist

1. For all models and algorithms presented, check if
you include:

(a) A clear description of the mathematical set-
ting, assumptions, algorithm, and/or model.
[Yes]

(b) An analysis of the properties and complexity
(time, space, sample size) of any algorithm.
[Yes]

(¢) (Optional) Anonymized source code, with
specification of all dependencies, including
external libraries. [Not Applicable]

2. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of
all theoretical results. [Yes]

(b) Complete proofs of all theoretical results.
[Yes]
(¢) Clear explanations of any assumptions. [Yes]

3. For all figures and tables that present empirical
results, check if you include:

(a) The code, data, and instructions needed to re-
produce the main experimental results (either
in the supplemental material or as a URL).
[Not Applicable]

(b) All the training details (e.g., data splits, hy-
perparameters, how they were chosen). [Not
Applicable]

(c) A clear definition of the specific measure or
statistics and error bars (e.g., with respect to
the random seed after running experiments
multiple times). [Not Applicable]

(d) A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster, or
cloud provider). [Not Applicable]

4. If you are using existing assets (e.g., code, data,
models) or curating/releasing new assets, check if
you include:

(a) Citations of the creator If your work uses
existing assets. [Not Applicable]

(b) The license information of the assets, if appli-
cable. [Not Applicable]

(¢) New assets either in the supplemental mate-
rial or as a URL, if applicable. [Not Applica-
ble]

(d) Information about consent from data provider-
s/curators. [Not Applicable]

(e) Discussion of sensible content if applicable,
e.g., personally identifiable information or of-
fensive content. [Not Applicable]

5. If you used crowdsourcing or conducted research
with human subjects, check if you include:

(a) The full text of instructions given to partici-
pants and screenshots. [Not Applicable]

(b) Descriptions of potential participant risks,
with links to Institutional Review Board (IRB)
approvals if applicable. [Not Applicable]

(c) The estimated hourly wage paid to partici-
pants and the total amount spent on partici-
pant compensation. [Not Applicable]
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A A REFRESHER ON HIGH ORDER OPTIMALITIES

High order optimalities (Puterman, 1994, Chapter 9) can be introduced in several ways. In this paper, they
are introduced via nested Bellman equations. The book of (Puterman, 1994), that serves as the reference for
standard Markov decision process material of this paper, introduces them via sensitive discounted optimalities
instead. Although the links between the two approaches are well known and documented, this is a bit of a niche
subject. For better accessibility, we sketch the main line of this theory in the paragraphes below.

In all the subsequent section, we fix a Markov decision process M.
The dependency on M is dropped from now on.

Given a policy m and 7 € [0,1) a discount factor, the y-discounted value of that policy is

o0
Z’YtilRt
=1

The optimal discounted value is V7 (s) := sup,. V.7 (s). From standard theory, it is known that for v < 1, discounted
optimal policies exist, i.e., policies m € II7 such that that V.7 = V. Ever since (Blackwell, 1962), it is also
known that in a neighbourhood of 1, the set of discounted optimal policies I} do not depend on the discount
anymore; such policies are said Blackwell optimal, and this is the historical definition of Blackwell’s optimality.
As claimed by in the main body, this optimality can be also obtained as the ultimate refinement of high order
optimalities. This starts with the following remark. Given a policy 7, its discounted value function admits a
Laurent series expansion at v = 1 as a rational function of -, see (Puterman, 1994, Theorem 8.2.3):

V7(s) :=E] . (A1)

A I N O el
V= RV N St (A.2)
T 1-q o ; AL

with yT € RS for all k > —1. The coefficients (yF) coincide among Blackwell optimal policies, and denoted (yj).

e (Puterman, 1994, Corollary 8.2.4) For every policy 7 € II, ¢™ = y™; and b™ = y;

(Puterman, 1994, Definition 10.1.1) A policy 7* € II is n-discount optimal if, for every = € II, we have
liminf, (1 — ’y)n*(V,\;r* = V) > 0. (Puterman, 1994, Theorem 10.2.3) A policy 7* € II is n-discount optimal
if, and only if (y )7__, is the maximal of {(yF)?__, : m € II} under the lexicographic order on R"*2.

e (Puterman, 1994, Theorem 10.1.5) Blackwell optimal policies correspond to policies that are n-discount
optimal for all n > —1.

e In particular, ¢* = y*; and b* = y{;

e (Puterman, 1994, Theorem 10.2.1) Let 7* be a Blackwell optimal policy. Then (y7 ),>_1 satisfies the nested
optimality equations from the main text. Therefore, so does (y)n>—1.

e (Puterman, 1994, Theorem 8.2.8) Since (y.)n>—1 = (Y7 )n>—1 where 7* is any Blackwell optimal policy, we
have

Yy’ (s) := — Cesaro-lim ET
T—o00

T
> y“(St)] (A.3)
t=1
for all n > 1. In particular, the coefficients (y;),>—_1 of the Laurent series expansion of VW’T* coincides with
the similarly denoted (y:),>—_1 from the main text.

B PRELIMINARY TECHNICAL RESULTS

In this Appendix, we provide a variety of preliminary results.

We start with some concentration results in Appendix B.1, quantifying the speed at which the empirical MDP
M, converges towards the real MDP in terms of the distance do,. We then give in Appendix B.2 a numerical
result that we’ll use in the following. In Appendix B.3, we study the number of visits in each state-action pair
under uniform exploration. Finally, for two MDPs with “small” distance, we study in Appendix B.4 how closely
their bias vectors are, for unichain policies and in general.
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B.1 A Few Concentration Results from Probability Theory

Lemma B.1 (Maximal Azuma). Let (X,,) be a martingale difference sequence, with almost surely X,, bounded
between —0.5 and 0.5 for all m € N. Denote i, := %anzl X, the empirical mean of the first n variables. For
all x > 0, we have

P(3m > n, fi, > ) < exp(—2nz?).

Lemma B.2 (Time-uniform Weissman, Boone (2024)). Let ¢ be a distribution over {1,...,d}. Let (X,,) be a
sequence of i.i.d. random variables of distribution q, and G, be the empirical mean over n samples, %Zz:l Xm.
Then, for all 6 > 0,

(30> 1, ]G, —qlh >

\/dlog((?x/l +n)/0)

Lemma B.3 (Time-uniform Azuma, Lemma 5 of Bourel et al. (2020)). Let (Y,,,) be a sequence of i.i.d. random
variables bounded between 0 and 1, with [i,, the empirical mean estimate after n samples and p the real mean.

Then, for all 6 > 0,
1\ 1 1 1)
. 3nzl’,;tn_,”z\/(H)Og( VITn)
n n

Corollary B.4 (Time-uniform MDP concentration). Let M be a Markov decision process with pair and state
spaces Z and S respectively. Let My be its empirical estimation, as given in (...). For all 6 > 0, we have

Pl 3t>1.d (M Mt>>\/|slog((4zm)/5)) <5

min Ny

Proof. Write M = (Z,p,r). Let £(n,d) := \/|8| log((4|Z]v/1 + n)/8)/n the error as given by Corollary B.4. We
have

INS

]P’(Elt € N, doo (M, My) > &(min(IVy), 5)) [P(Ht =R lpine mrp ol 2 g(min(Nt)ﬁ)))]
(s,a)eZ

_|_
P(3t € N, |f(s,a) — r(s,a)] > £(min(Ng), d)

2 P(Ht € N7 Hﬁt(sva) _p$7a)||1 > f(NA&a),é))]
- (s,a)eZ P(Ht €N, |7ﬁt(s7a’) - T(S?a)‘ 2 f(Nt(57a)76))
°3 0 )

< C— =

T T I

where (°1) unfolds the definition of do(—) and uses a union-bound over the set of pairs; (°2) uses that, for z > 0
and y > 1, z — L -logy/1 + z is decreasing, so that min Ny can be changed to Ny(s,a); and (°3) bounds the
deviations of transition kernels with Lemma B.2 and the deviations of rewards with Lemma B.3). O

B.2 A Numerical Result

We will also be using the following folklore bound.

Lemma B.5 (Folklore). Let p,q be two probability distributions over {1,...,d} and let u € R%. Then |(q — p)u| <
3sp(w)llg — pll1-
2

Proof. Let e := (1,...,1) be the unitary vector. Because Elepi =Y ;.1 we have (¢ — p)u = (¢ — p)(u + Xe)
for all A € R. We find

. 1) M 1
— = — -+ < — = —
(g — p)ul )1\2%(‘] p)(u+Ae)| < }\IEIFRHQ pllllu+ Aefloo 2Sp(u)||q plh

where (1) follows from Hélder’s inequality; and (1) follows by setting A := —3 (min(u) + max(u)). O
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B.3 Visit Counts under Uniform Exploration

Algorithm HOPE uses uniform exploration. We thus need to determine how often each pair is visited, to use in
conjunction with Corollary B.4.

Lemma B.6. Let M = (Z,p,r) a communicating Markov decision process and let © be the uniformly random
policy, given by w(a|s) := |A(s)|~L. There exist constants 3,v,\ > 0 such that

PM™(3t > T,32 € Z,Ni(2) < Bt) < exp(—T + \)

Proof. Fix a pair zg € Z. Consider the deterministic reward function f(z) := 1(z = 2p), and let M, := (Z,p, f)
the copy of M with reward function f. In M., we get a reward only when we sample z9. Let g7 , b7 and AT
the gain, 0-bias and 0-gap functions of 7 in M,,. Because M, is communicating and 7 is uniform, every pair z is
recurrent under 7, so in particular zq is recurrent. Therefore, g.,(z) > 0. Set 7., := max{sp(b., ), [|A%, |l }- We
have

=1
t
°1
=D (G20 + 20 (Si) = p(Zi)bsy — D2y (Z2))
i=1
o i t
2> tgz, + bZo (Sl) _p(Zt)bZO + Z (eSiJrl - Z €A; — 7T' )) AZO (Sl>
=1 =1

> 1g2 = Voo T Y (€501 = P(Zi))bzy + (ea, — 7(Si—1)) A% (Si))

=1

where (°1) comes from the definition of A, ; (°2) uses that 7(s) - A, (s) = 0 for any state s, where A, (s) :=
(A% (5,a)),c4,- In the last inequation, we recognize in the right hand side term a sum of martingale differences,
each bounded by 2v,,. Therefore, by Lemma B.1 applied to

_((esiys = P(Zi))bzy + (ea, — m(Si—1)) Az (S5)
()i := < 472, )

%

we get for any « > 0

Tx
exp( 82)2 <E|t>T ZVZ_ 4%0>

(Elt >T Z (€54, — P(Z;))bzy + (ea, — m(Si—1))A, (Si) < —fft)

P(3t>T, Nt(ZO) < tgzy — V2o — 1)

and we get the result by picking x := % min, g. > 0, with 8 :=z, v := % and \ := m# +In|Z|. O

B.4 Distances Between Two MDPs

For two MDPs, it is expected that, as they get close, their behaviour should also become similar: gap functions,
bias functions... In the following, we describe the variation of those quantities with regards to the distance
between the models. We start with the special case of unichain policies.

B.4.1 TUnichain Policies

The goal of this paragraph is to provide a bound on the variations of the gap function A™(s,a) := g™ (s) +b"(s) —
p(s,a)b™ — r(s,a) of a unichain policy m under changes of the reward r and kernel function p (Lemma B.10).
Recall that the distance between model M and M’ in £..-norm is given by

doo (M, M) = max{|r’(2) = r(2)| + [Ip'(z) = ()11}



Towards Blackwell Optimality: Bellman Optimality Is All You Can Get

Because the gap function is a combination of the gain and the bias function, the result is obtained by combining
deviational bounds on these to quantities (Lemma B.7 and Lemma B.9). The technique is adapted and generalized
from (Boone, 2025, Appendix D).

Lemma B.7 (Variations of the gain, unichain case, Boone and Gaujal (2025)). Let M = (Z,p,r) be a Markov
decision process and fix w € II a unichain policy of M. For all M' = (Z,p',r"), we have

lg™ (M) = g™ (M)l < (1 +sp(b™(M))doo (M, M").

los

Lemma B.8 (Variations of reaching times, unichain case). Let M = (Z,p,r) be a Markov decision process and
fix m € II a unichain policy of M. Let so, € S be a recurrent state of m and denote Too := inf{t > 1:5; = so0 }
the reaching time to s. For every model M' = (Z,p',r") such that supp(p') 2 supp(p), for all s € S, we have

4 1 ’ T
(27 (1] — B [rec]| < SEM 7 [roc] mae{ EL " ] oo (M, M),

1 ’
In particular, if doo (M, M') < (maxs/eg Ei\fl’”[Too]) , then EM 77 ] < 2EM7 1] for all s € S.

Proof. Let My = (Z,po,r0) be the model with reward function ro(s,a) := 1(s # s« ) and kernel

p(s'|s,a) if $ # Soo;
po(s’|s,a) := <0 if 5 = 80 and §' # Soo;
1

if $# 500 and 8" = $o0.

Define M/, similarly. We see that s is eventually absorbing under 7 in Mp; This is also true in M since
supp(p’) 2 supp(p). So g™ (My) = g™ (M{) =0 and b™ (Soo; My) = ™ (S00; M{) = 0. Now, for s € S, we have

S rols # sm>]

t=1

EM' " [roe] = ESO

° !
°1 My,
= L

S (67 (Mo) + (es, — p(Zt»b”(Mo))]

t=1

= (53 M) — b (500; Mo) + EXO™

S Wiz —p<zt>>bﬂ<M0>]

t=1

where (°1) follows from the Poisson equation of 7 in Mj. Similarly, by unfolding the Poisson equation of 7 in M/,
we find that EM "7 [r,] = b (s; M{/) for every M" € {M, M’'}. Applying Lemma B.5, we conclude that

! 1 ’
BN ] — BY"[rcl| < 300" (Mo)EX "l — ploc

1 -
SEN 1] mas{ EN o] oo (M, 2).

IN

This concludes the proof. O

Lemma B.9 (Variations of the bias, unichain case). Let M = (Z,p,r) be a Markov decision process and fix
7 € I a unichain policy of M. Let soo € S be a recurrent state of ™ and denote T, :=1inf{t > 1:S5; = s} the
reaching time to So. For every model M' = (Z,p',r') such that supp(p’) 2 supp(p) and for all s € S, we have

|b™ (53 M) — b7 (8; M) 4 D™ (S00; M) — b™ (S00; M")| < AEMT[7.](1 + sp(b™ (M)))doo (M, M")
. M,m -1
provided that deo (M, M') < (maxsfeg E." [TOOD .

Proof. Note that since supp(p’) 2 supp(p) and that 7 is unichain in M, it is unichain in M’ as well. We further
have EM »™[7.] < oo regardless of the initial state s € S. Now, fix s € S. We have

b™(5; M') = b7 (5005 M)
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=B sz_;lwzt) — g™ (M)
=R} [Tglwt) — g™ (M))| +EM'" T:i;(r'(&) —7(Z))| +EY T§1<9”<M> — g™ (M)
Y lroi:l(p(Zt)b“(M) — 0" (Sy; M)) | +dr +dg
=
257 (53 M) — b7 (500 M) + BN wat) — P (Z))b"(M)| + dr +dg
=

gb”(s;M)—b”(SOO;M)—i—dT—&-dg—&-dp

where (°1) follows from the Poisson equation of 7 in M and introduces dr and dg for the two noise terms; (°2) is
obtained by recognizing a telescopic sum; and (°3) introduces dp as the last noise term.

To bound each term, notice that since doo(M, M’) < 1/maxyesEY " [r], we have EM ™[] < 2EM7[r, ]
(Lemma B.8). Combined with the bound on gain deviations of Lemma B.7 and Lemma B.5, we obtain the desired
result. O

Lemma B.10 (Variations of the gap function, unichain case). Let M = (Z,p,r) be a Markov decision process
and fix m € 11 a unichain policy of M. Let Soo € S be a recurrent state of ™ and denote Too :=1Inf{t > 1: S; = 500}
the reaching time to so. For every model M' = (Z,p',7") such that supp(p’) 2 supp(p), we have

JAT (M) — AT(M)]|, < (1 T 4%1@%”[%@}) (24 sp(b™ (M) do (M, M),

-1
provided that doe (M, M') < (maxycs E) " [1c])

Proof. Fix (s,a) € Z. We have

|A™(s,a; M) — A™ (s, a; M)|
= g7 (s; M) — g™ (s M)| + |r'(s,a) — 7(s,a)| + |(es — p'(5,0))b" (M) — (es — p(s,a))b" (M)]

2 (2 . ;spw”(M)))dm(M, M)+ [(es — p/ (5, @) (6" (M) — b7 (M))| + |9 (5. @) — p(s, a))b™ (A1)

< (24 sp(b" (M)))dao (M, M') + int (e — 1/ (5, ) (47 (M) = b7 (M) + Ac)
2 (14 iy B[] ) 24 50007 D) (01,

where (°1) follows by Lemma B.7; (°2) uses Lemma B.5 to bound the left-most term; and (°3) chooses A =
b™ (So0; M) — b™ (S00; M) and invokes Lemma B.9. O

B.4.2 General Case

For the general case, we import a result from Boone (2025), see Lemma B.12 below, that bounds the variations
of the bias function between two chains in the general setting. In the general setting, this bound requires that
supp(p1) = supp(p2), i.e., that the transition kernel of the two models have the same support. It further requires
that ||p2 — p1|| is small relatively to the generalized diameter of p;, that we recall below.

Definition B.1 (Generalized diameter of a kernel). Let p be a transition kernel over some finite space S.
Let S1,...,8,, C S be the recurrent components of the Markov chain induced by p over S. The generalized
diameter of p is

D(p) := EP[inf{t >1:5; € ooy Smt- B.1
(p) i=max —max  ERlinf{t = 1:5 € {51, sm}l] (B.1)
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That is, the generalized diameter is the worst hitting time to a covering of the recurrent components. Note
that D(p) < oo as soon as S is finite. Because, given a MDP, a policy 7 € II induces a kernel p,, we will write
D(x) = D(py) in abuse of notation. We finally define the worst diameter of a MDP as the largest generalized
diameter over its policies, see below.

Definition B.2. Let M be a Markov decision process with finitely many states. Its worst diameter is

D.(M) = max D(n). (B.2)
TE
The worst diameter is always finite. Then, we prove the following.

Lemma B.11. Let M = (Z,p,j") a communicating Markov decision process. For alln > 1, there exists a constant
an(M) € R such that, for all M with di (M, M) <1/D.(M), we have

mamax|ra () + p(2)y — 7n(2) — B(2)] < an(M)d (M, ) (B3)

Lemma B.12 (Variations of the bias function of a MRP, (Boone, 2025, Lemma D.14)). Let (M;)i=12 =
(pi,si)i=12 be a pair of MRPs with common state space S. Denote b; € RS the bias function of (pi,r:). If
P2 = p1l[5% < 1/D(p1), then

[[b2 = billoc < (12 + (16 + [S) D(p1)) D(p1)doo (M, M2)

where doo (M, Ma) := max{||ra — 71]|co, [[P2 — P1lco }-

Proof of Lemma B.11. Because II is a finite set, it is enough to establish Equation (B.3) for a single policy 7 € II.
To begin with, note that by triangular inequality, we have

Tr_

max|ry (2) + p(2)yn — Pn(2) = P(2)In| < llrn — Pall o +max|(p(z) — p(2))ys| + max|p(z)(y; — d7)
z2EZ z€EZ z€EZ

1 9 ~TT
< (1 5900 ) V1,80 + 17

so that the result is about proving that there exists o, (M) < oo such that ||[yT — 47| < a,(M)dos(M, M).
Because the bias y7, | of order n + 1 is the bias of the Markov reward process (—y;,p™), the proof naturally goes
by induction on n > 0. For n = 0, since D.(M) > D(p™) by definition of D, (M), the result follows readily from
Lemma B.12, that bounds the variations of the 0-th order bias, by setting af(M) = (124 (16 + |S|)D(p1))D(p1).
Supposing n > 1, the result follows by a straight-forward computation:

17 — 7 lle < (124 (16 + [S)D (1) D (1) - doo (—47 1 57, (—571.57)
2 (124 (16 + |S)D(p1)) D(p1) - oy (M)doo (M, V)

(12 + (16 + [S)D(p1))" "' D(p1)" oo (M, M)

where (°1) follows by Lemma B.12; and (°2) follows by induction. Note that on the way, we show that
al (M) = (12 + (16 + |S|)D(p1))" ™t D(p1)™ . This concludes the proof. O

n

C CONSISTENCY AND PROOFS OF SECTION 3

C.1 The HOPI Algorithm

We start off by presenting HOPI, our algorithm capable of computing optimal policies of the desired order. The
pseudo-code is provided in Algorithm 2.

The algorithm is essentially an “epsilonized” version of the high order Policy Iteration algorithm (Puterman, 1994,
§10), that is, a version of Policy Iteration that takes noise into account during each of its iterations. Because we
will have to adapt the proof of Policy Iteration to a noisy setting, we provide a high level description of how the
algorithm works. The key idea of the algorithm is to compute the set of state-action pairs Z,, that are optimal at
order m, and to progressively increase m to further refine the optimality order of the output policy until the
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Algorithm 2: Higher Order Policy Iteration

1: Input: Order n, slack € > 0

2: Initialize k£ < 1 and some arbitrary policy 7

3: > Initialize a Bellman optimal policy of order 0

4: loop

5. Compute g™ and b™*

6: if g™ is not constant then

7 Select 741 that is constant and such that g™+ (s) = maxyecs g™ (s')

8: k+—k+1

9: else if there is s € S with 7 (s) ¢ soft. argmax,{r(s,a) + p(s,a)b™} then
10: Tr+1(8)  soft. argmax,{r(s,a) + p(s,a)b™} (break ties arbitrarily)
11: Tet1(8") « mp(s') for 8" £ s
12: k+—k+1
13:  else
14: Ao« A k o+ k
15: break
16:  end if
17: end loop

18: > Progressively refine the output to Bellman optimal policies of order n
19: for m = —1,0,...,n do

20: loop

21: Compute the bias vector (y, %) _1<m/<m+2

22: if there is s € S with mx(s) ¢ soft. argmax,c 4, (s){7m+1(s,a) +p(s,a)yy,;} then
23: > First Stage Policy Improvement

24: Ti+1(8) = softe argmax,e 4. () {rm+1(5,a) + p(s, a)ynsi1} (break ties arbitrarily)
25: Ter1(s’) < mp(s’) for &' # s

26: k+—k+1

21 else

28: > Second Stage Policy Improvement

29: Ak (s) + soft. argmax,e 4, (s)1rm+1(8,a) + p(s,a)ym1}

30: if there is s € S with 7y (s) ¢ soft. argmax,c ar (5 {rm+2(s,a) + p(s,a)yy’ -} then
31: T+1(8) < soft. argmax, e 4x () {rm+2(s,a) +p(s, a)ypiat (break ties arbitrarily)
32: Trt1(8") < mi(s’) for s’ # s

33: k+—k+1

34: else

35: Am(s) = AE (s), kp < k

36: break

37 end if

38: end if

39: end loop

40: end for

41: return A,
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desired order n. That is, at stage m > —2, the goal of the algorithm is to construct a set of state-action pairs
Z,, € Z such that the associated set of policies

II(Z,) ={rell:Vs e S,(s,7(s)) € Zn} (C.1)

satisfies I} | (M) C II(Z,,) C I}, (M) (see Corollary C.6). To do so, the algorithm proceeds as follows.

At stage m > —2 and round k, the algorithm tries to refine the current policy 7 with a two-staged process.
Write Ay(s) := {a: (s,a) € Z¢} the right-projection of Z,. Those are the actions that have been found to be
optimal at order .

o (First Stage) The algorithm looks at the Bellman optimal equations of order m + 1 clipped to Z,,_1, the
pairs that are known to be optimal at order m — 1, and takes a soft argmax:

A (6) = {0 € A9 i (5:0) +5. > o (i) pls it} . (€2

If the algorithm finds an improving state, i.e., s € S such that m(s) ¢ AX (s), it improves the policy into
Tr+1 and starts over to round k + 1. Otherwise, it tries to further improve 7 by moving to the second stage.

e (Second stage) The algorithm looks at the Bellman optimal equations of order m + 2 clipped to A¥, (s), the
e-optimal actions computed in the first stage, see Equation (C.2), and takes a soft argmax:

Aa(9)i= {0 € A9 o) + 05, > | (i) ol itia} ). (3
Then it does the same as in the first stage: If the algorithm finds an improving state, i.e., s € S such that
mi(s) ¢ AF, 1 (s), it improves the policy into 741 and starts over to round k + 1. Otherwise, A* _; is
considered correct, and the algorithm sets

= [J{s} x 4k (s). (C.4)

seS

The algorithm sets m;4+1 = 7, increases m to m + 1 and moves to the next round k + 1, starting the new
phase m + 1, to compute Z,,41.

On a side note, the case m = —2 is treated slightly differently than the others. Indeed, the usual criterion for
Bellman optimality is that the policy must have constant gain (see Definition 1.9 from Boone (2024)), so this is
what we use here.

The next few sections are dedicated to proving the correctness of HOPI.

C.2 Links Between Optimalities and Gaps

To begin with, note that we can work on the aperiodic transform of the underlying Markov decision process
M = (Z,p,r), given by M’ = (Z,p',r') where p'(s'|s,a) := $(p(s's,a) + 1(s' = 5)) and 7/(s,a) := 3r(s,a),
see (Puterman, 1994, §8.5.4). Indeed, we have yT(M’) = 272y (M) (proof by induction on n), so that the
optimality classes I} and Bellman optimalities are unchanged. Overall, we can assume freely that p(s|s,a) > %
In particular, all policies are aperiodic.

The following lemma quantifies the differences between bias vectors of two policies with regards to their gaps.
Depending on whether some state-action pairs are transient or recurrent under mo, a different order of gap will
appear.

Lemma C.1. Let M = (Z p,r) be a Markov decision process such that p(s|s,a) > 1. Let my,m € II be two
policies such that yi* = y? forn > —1. Then, for alls € S and T > 1, we have

T
Typai(s) + ynia(s) = Tynka(s) + ynial(s) = BT |ynta(Sron) + (AR a(Ze) + (T = )ATL1(Z)) | +o(1).
t=1
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For n = —2, we have for any s € S that

T
g7 (s) = g™ (s) = Jim —]E’T Z (ATN(Zy) + (T — )A™(Z0)) |-

Proof. Given a policy 71, recall that the gap is defined by AT (s, a) ==yl (s) +ynt (s) —p(s, a)yph 1 —rni1(s, a).
Therefore, for any pair of policies 71, w5, we have

7"n+1(5a a) - ygl(s) = y::}H(S) - p(S, a)yﬁil - AZEH(& a)

T'—1 T -1
ET | Y (g1 (Ze) =y (S)) | = ui'ia(s) — EZ [yt (Sr)] — EF Z AT (Z
t=1

MOI‘GOVEI‘, rn+2(sv a) - ygil(s) = y77:1+2(8) - p(S, a)yrﬂ;& - AZ;Z(Sa a), so that

T -1

ET? Z (rn+1(Ze) — yp' (St))

t=1

T -1
= yni1(8) +ET [ynho(S1r) — ynla(Srr41) — AT o (Z10) — rnga(Zr)] — ET? Z AR (Ze) |- (C5)

For n > —2, r,, 12 = 0. Summing over 7" =1,...,T, we get
T T'-1
Eg? Z Z (rn+1(Zt) — yp' (St))
T'=1 t=1
T T -1
=Typ41(s) + yplols) —EF? [ygiz(STH)] - Eg? Z Ano(Zrr) + Z AT (Z)
T'=1

Since yI* = y72, the left hand term is equal to E72 [ZT, 1 Zt Yrne1(Zy) — g (St))} Take the equation for
71 = ma. Because for every state s, policy m and integer m, we have AT (s,7(s)) = 0, it follows that

Tynii(s) +ynia(s)
T T -1

= T?Jn+1( 5) + ygiz(s) + ES? [ygiz(STH) - yﬁ-z(STﬂ)] - EP? Z n+2 (Zrr) + Z An+1
T'=1

T
S T(AT L (Z) + (T = AT (20))

t=1

= Ty (s) + yna(s) + B2 [y735(Sm 1) — 474 (Sran)] — B

T

2 Ty () + Yo (s) — EZ? [y7he(Srn)] — BT lZ(Alez(Zt) (T —t)AT 1 (Zh)
t=1

+o(1)

where (°1) is obtained by reindexing the left-most sum and (°2) follows from ET2[1(St41 = §')] = p™(s'|s) where
p™(—|s) is a probability invariant measure of 7y (by aperiodicity), combined with ), s u™(s'[s)y;%5(s") = 0.
This concludes the proof for n > —2.

For n = —2, Equation (C.5) becomes

T -1
0=g™(s) +E™ [b™ (Sp/) — b™ (Spr11) — AT (Zpr) — 7(Zpr) — Z AT
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T T T'—1
=Ty () 437 () - BR D7 Srea)l BT | 30 ()| B3| 30| AR (2r)+ 3 A7
T'=1 T'=1
by summing over 77/ = 1,...,T. This yields the result as T — +oo for my, 1 = 7, 7. O

With this, we can prove the link between n-Bellman optimality and (n — 1)-optimality, extending a result known
for n = 0.

Proposition C.2. Let M = (Z,p,r) be a communicating Markov decision process such that p(s|s,a) > % For
m > —1, a policy that is Bellman optimal at order m is (m — 1)-optimal.

Proof. For m = —1, there is nothing to say because II*, = II. For m = 0, this is a well-known result, that a
policy m € II satisfying the pair of optimality equations

Vs€S, ¢"(s)= max {p(s,a)g"}
a€A(s)

VseS, ¢"(s)+b"(s) = arenjgc {r(s,a) +p(s,a)b™}

has optimal gain. See for example Proposition 1.4 from Boone (2024). We focus on the case m > 1. By
induction, 7 is (m — 2)-optimal, i.e., y; = yJ for k = —2,—1,...,m — 2. In particular and taking 7* a Blackwell
optimal policy, we have A} = A”* for k = —1,0,...,m — 2, so that A7(s,7*(s)) =0 for all s € S. Since 7 is
(m — 1)-Bellman optimal, it follows that AT _ 1(3, 7*(s)) > 0 for all s € S. In all cases, invoking Lemma C.1 for
n=m—1, m =x and m = 7", we find

LS (a7 20 + - nag_, @) |

t=1

Ym—1(8) = Yp1(s) = lim ET" (C.6)

The crucial additional observation is the following: Since 7 is m-optimal, for every z € Z such that AJ(z) = 0 for

kE <m — 2, either (i) AT _,(z) > 0; or (ii) Afn 1(z) =0 and AT (z) > 0. Accordingly, we have (i) AT,_,(Z:) >0
or (ii) AT, _,(Z;) =0 and AT, (Z;) > 0; PT -a.s. So,
1 T
P - * _ ™ > 0. .
Jim BT | = ;(Am (Z) + (T = DA, (Z)) | 2 0 (c.7)
Combining Equations (C.6) and (C.7), we conclude that y},_; <yZ _,. So mis (m — 1)-optimal. O

C.3 HOPI Without Soft Argmax

In this subsection, we use the previous results to prove the correctness of HOPI(n,0) for any n, that is, of HOPI
running without raw argmax rather than a soft argmax. The idea of the proof is the following. First, we show that
the two-phased policy improvement of HOPI improves the policy indeed, by showing that (y%)m,>—_1 is increasing
with & > 1 for the lexicographic order, see Lemma C.3. Second, we show in Lemma C.5 that the stopping rule of
phase m is correct: At the end of phase m, the policy 7y is (m + 1)-Bellman optimal. Combining the two, we
deduce that HOPI runs in finite time, and runs a set of pairs Z,, such that II}, | C II(Z,,) C II},.

First of all, we build a policy improvement lemma: changing the first non-zero gap to be null improves the policy.

Lemma C.3 (Local Policy Improvement works). Let n > —1. Let m and 7" be two policies, such that

1. w and 7' coincide on all states but one, denoted s';
2. For m <n, we have AT (s',7'(s")) = 0;
8. AL (8,7(s)) < 0.

Then yJr, = y,’ﬁg form <n-—1, and (y;{,,ygg_l) > (yh,yhs1) in lexicographic order.
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Proof. By induction, applying Lemma C.1 at orders —2,...,n — 2 yields y, = y:;; form=-1,...,n—1.

Let us first assume that there exists a state s such that s’ is recurrent under 7’ starting from s, meaning the
asymptotic visitation frequency p7 (s’) > 0. Then for any such state s, Lemma C.1 yields

’

U () = yn(s) = AL (8", 7' ()uf (8) > i (s)
and for any other state s, y7 (s) = y™(s), yielding the result.

If there exists no such state, then y;{/ =yr . and we can apply Lemma C.1 at order n.

T T -1

i (s) =yl (s)— lim ET | Y AT (Z)

T—+oo
+ T'=1 t=1

where limg_, 4 oo ET [Z;zl Zthfl AT, (Z)] <0, and limy_s 400 BT [Z;,Zl Zthfl AT, 1(Z)] < 0 since starting
in s’ guarantees that s’ is visited. Therefore, y; | > y5 ;. O

This means that (7;) will have increasing bias vectors (in lexicographic order), which entails that algorithm
HOPI(n,0) necessarily stops (Corollary C.4).

Corollary C.4. HOPI(n,0) stops in finite time.

Even if the sequence of policies (71) is forever improving until the algorithm stops, we have yet to prove that the
output policy is indeed optimal at order n + 1. We thus push Lemma C.3 once step further, and show that once
stage n finishes with the policy 7y, , we have found an optimal policy of order n + 1, because no policy can best it.
Lemma C.5 (Phase m stops with a m-Bellman optimal policy). For any n > —1, if II*, CII(Z,_1) CII*_; and
if Tk,_, is (n + 1)-Bellman-optimal, then my, is (n + 2)-Bellman optimal and I}, | C II(Z,) C II},.

Proof. Assume that IT C TI(Z,,_1) C II* _; and that 7, _, is (n + 1)-Bellman optimal.

n—1

We start by proving that
Tk, 18 (n + 2)-Bellman optimal. (C.8)

First of all, we claim that 7 is n-optimal for all k¥ > k,,_;. This is shown by induction on k¥ > k,_1. By
assumption, we know that 7 is n-optimal for k = k,,_1. For the other inductive case, assume that 7 is n-optimal.
For any state s, mp41 satisfies AT% (s, Te11(s)) < 0 and AJF(s, mry1(s)) = Ap? (8, mk+1(s)) = 0 by definition
of Z,,_; and by induction hypothesis. So, invoking Lemma C.1 up to order n — 1, we see that m;41 has better

bias Y, *! than 7 for m = —1,0,...,n. As m, is n-optimal, we conclude that 7 is n-optimal as well.

. . . T Thyp—1 T, Thyp—1 .
In particular, 7y, is n-optimal, 0 (Ym ™ )m<n = (Um "~ Jm<n, a0d (A" )m<n = (Am """ )m<n. Because my, , is

(n 4+ 1)-Bellman optimal, it follows that 7, is (n + 1)-Bellman optimal. To see that it is (n + 2)-Bellman optimal,
pick z € Z such that Aj" (2) =0 for m = —1,0,...,n + 1. Because 7y, and 7y, _, have the same gaps up to
order m = n, we have z € Z,_1. Then, by definition of Z,, (see Algorithm 2), every 2z’ € Z,,_; either satisfies (1)
AR (2') >0, or (2) ARy (2) =0 and A7y (2') > 0. By choice of 2, (1) doesn’t hold; so (2) does for 2’ = z. So
by Definition 1, 7, is (n + 2)-Bellman optimal, proving (C.8).

Now, we prove that ITy | C II(Z,). Let 7 € IIy ;. In particular, we have 7 € II;, so 7w € II(Z,,_) by assumption.
Recall that (n+ 2)-Bellman optimal policies are (n+ 1)-optimal (Proposition C.2), so that y7_; = y,"7. Therefore,
for any state s € S, 0= AT (s, 7(s)) = Ay'7 (s, 7(s)). Hence m € II*(Z,,).

Lastly, we prove that II(Z,) CII¥. Let 7 € II(Z,,). Since Z,, C Z,,_1, 7 € II(Z,_1). So 7 is (n — 1)-optimal by
assumption. Furthermore, by defintion of Z,,, we have A7 (s, m(s)) = 0, Az*" (s,7(s)) = 0 for every state s € S.
So, by invoking Lemma C.1 at order n — 1, we obtain y7 > y,"" = y;;. Hence 7 € II,. O

Corollary C.6 (Correctness of HOPI). For any n > —2, II' | CII(Z,) C IT},.

Proof. The proof goes by induction on n = -2, —1,.. ..

At n = =2, for all state s € S, we have Z_5(s) = Z, and therefore II = II(Z_5). Moreover, IT* , = II, so therefore
we have IT* | CTI(Z_5) C II*,. The fact that m;_2 is 0-Bellman optimal is a consequence of well-known results
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Puterman (1994), because the first loop of HOPI(n,0) consists in running the vanilla (first order) Policy Iteration
algorithm, that returns a policy satisfying the Bellman equations; hence a 0-Bellman optimal policies.

Therefore, we can propagate the property to larger n using Lemma C.5. O

With the previous result, we have the correctness of the HOPI(n,0) algorithm.

We now have to look into its approximate version, that replace the use of the raw argmax(—) operator by a soft
argmax during the execution of the algorithm.

C.4 HOPI Running with Non-Trivial Soft Argmax

The point of this section is to prove that, when both € > 0 and do (M, M’) are small enough, then HOPI(n,0, M) =
HOPI(n,e, M’). As our main result, we show that when e and do (M, M') are well-tuned with respect to each
other, every step that HOPI(n,e, M) takes during its execution is the same as HOPI(n,0, M).

Given a set X C R, introduce
dgap(X) := min({|z —y| : z € X,y € X,z #y}) (C.9)

the minimal gap between two distints elements of X

Lemma C.7. Let M = (Z,p,r) a communicating Markov decision process. Fizx n > 0, a policy = € I, a
state s € S and a set of actions A*(s) C A(s). Denote a,(M) > 0 defined in Lemma B.11 and D.(M) the
worst-diameter of M (Definition B.2). For all ¢ > 0 and instance M = (Z,p,+) that satisfy

1 5 dgap({AZ(s,a) : a € A*(s)}) — E}
D)’ 2, (M)’ 200 (M) !

doo (M, M) < min{ (C.10)

we have
argmax{ry (s, a) + p(s, a)y, } = soft argmax{7y (s, a) + (s, a)jy }.
a€A*(s) € acA*(s)

Proof. We proceed by double inclusion.

Let a € argmax, ¢ 4+(5) {Tn(s,a) + p(s,a)y] }. We have

°1 N
f'n(sva) +ﬁ(s,a)@f{ > Tn(saa) +p(s»a)y:{ - an(M)dOO(Mv M)

= 1max {Tn(&a/) —I—p(s,a/)yg} —ap(M)dw (M, M)
a’€A*(s)

o1 .
> mj}% ){f’n(sva/) +ﬁ(5a a’)@:f} - QQn(M)doo(Ma M)
a’cA*(s

where both instances of (°1) stem from Lemma B.11, since d (M, M) < 1/D*(M) by Equation (C.10). We deduce
that, since 2a, (M)doo (M, M) < € by Equation (C.10) again, a € soft. argmax,e 4+ (5){7n (s, a’) + p(s,a’)37 }.

Conversely, fix a € soft. argmax, ¢ 4+ (5 {n(s,a’) + p(s,a’)g7 }. Similarly,

TTL(SH Cl) +pn(S, a)y,’{ > ij( ){Tn(s, a/) +p(85 a/)yz} - 2a7l(M)dOC(M7 M) —¢€
a’eA*(s
Since 2a, (M)duso (M, M) < dgap({A7(s,d’) : a’ € A*(s)}) by Equation (C.10) always, we conclude that a €
argmax,e 4+ (s) 17n (8, @) + p(s, @)y }, which concludes the proof. O

Strong of Lemma C.7, we may conclude that HOPI(n,0, M) = HOPI(n,e, M') under the right tuning of ¢ and
doo (M, M").

Corollary C.8 (Bissimulation). Let M = (Z,p,r) a communicating Markov decision process and fix n > 0.
Denote a, (M) > 0 defined in Lemma B.11 and D, (M) the worst-diameter of M (Definition B.2). For all e > 0
and instance M’ = (Z,p',r') that satisfy

- ) 1 3 ) . . dgap({AT (s,a):a € A(s)}) —¢
doo (M, M) < mm{ D*(M) 20,(M) nell ment2 ses 2t (M) (G
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we have HOPI(n,0, M) = HOPI(n,e, M').

Proof. This is essentially a bissimulation argument. Let (m) and (7,) the respective sequences of policies
computed by HOPI(n,0, M) and HOPI(n,e, M'). Let Z,,, k., (resp. Z/,, k..) the respective sequences of pairs and

phases starting times of HOPI(n,0, M) (resp. of HOPI(n,0,M")). By induction on k > 1, we show that 7, = 7},
so that Z,, = 2! and k,, = k.,; In other words, both algorithms takes the same decisions at every point.

Indeed, assume that 7}, = 7, and that both HOPI(n,0, M) and HOPI(n,e, M’) have the same pair mask Z, and
are at the same state mg < n. Write Ay(s) := {a € A(s) : (s,a) € Zy}. Because Equation (C.11) holds, by
Lemma C.7, we have

Ik

Vs € S, argmax{rmo(s, a) + p(s, a)y,’;’j)} = soft argmax{rfno(s, a) +p'(s,a)y }
a€Ap(s) € acAp(s)

Therefore, the current policy will be improved at the first stage during the execution of HOPI(n,0, M) if, and
only if it is improved so for HOPI(n,e, M’), and 741 = m;_ ;. If the policy enters the second stage of policy
improvement, we conclude that 7, = 7, with the same arguments. O

C.5 The Learning Variant of HOPI: HOPE

Our algorithm HOPE (Algorithm 1) feeds the empirical model M, and a precision e, =t~/ to HOPI, and outputs
a policy generated by HOPI(n, &, Mt) without modification. So, it remains to show that, at some point, HOPE does
yield small enough ¢ and a good enough approximation of the underlying instance M so that Lemma C.7 can be
applied. As Corollary C.8 foreshadows, the empirical MDP must converge to the real one faster than ¢; goes to 0.

In other words, we prove Theorem 1 from the main text, restated below for convenience.

Theorem 1. For alln > —1, HOPE(n) (Algorithm 1) is consistent for ITF.

Proof of Theorem 1. By definition of consistency, we want to show that, for each model M, P(7; ¢ IT: (M)) = o(1).
For that, we fix a Markov decision process M and, for any é > 0, we will show the existence of a ts satisfying

P(3t > ts, 7 ¢ I (M)) < 6.

To achieve the above, the point is to invoke Corollary C.8, to state that HOPI(n,0, M) and HOPI(n, e, Mt) return
the same thing, and conclude by correctness of HOPI(n,0, M), see Corollary C.6. We want t5 to be such that,
€ty < Milyy<pyo %dgap(m; M), where

dgap(m; M) := Igréin miﬁl dgap({Af(2);z € Z}) (C.12)
<mme
. . . . _1/4 . . . . . . 2 4
This is possible, since ¢, =t is decreasing in t: it is satisfied for ts > tg := (min,,Lg,L+2 dgap(m;M)) .

We also want ¢5 to be such that d (M, M) is smaller than D, (M)~" and e, with high probability when ¢ > t5.
For any t; > 1,

N 1
> i _—
P(Ht >ty doo (M, M) > mln{ D*(M)’Et}>

3t > ty, doo (M Mt) > min{D*(M) ™! &}
< > sy Woo ) ?
<P(3t>t,32€ Z,Ny(2) < Bt) + P( and Vt > t1,Vz € Z, Ny(2) > Bt

3t > ty, doo (M, M) > min{D*(M)_l,et}>

°1
< _
< exp(=7t+2) +P< and V¢ > 11,Vz € Z, N,(2) > Bt

where (°1) comes from Lemma B.6. Suppose now that #; is such that, for ¢ > ¢,

min{ L 5}> @10 <8|Z| 1+ﬂt)
D.(M) ) =\ gt 8 5
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(there exists such a t; since &, is of the form e; = & with y < 1/2). Then,

Ty

P(Ht > 4, | M — N|| > min{D*(M)_l,st})

S 8|Z|V1+ Bt
< exp(— 7t1+/\)+JP’<Ht>t1,||M M| > ||0g<||\/5+7,8)

5 NVt > ty, min(N,) > Bt>

°1 X i TN
< exp(—ti + N+ P 3t > 1, ||M - M| > |§t| <8|S|A|V ;mm( t)>ﬂVt2t1,min(Nt)26t

°2
<exp(—yti +A) + -
where (°1) is due to > 0 +— bgyﬁ VH“ being decreasing when y > 1, and (°2) invokes Corollary B.4.

Defining t5 := H (ln% - /\)—‘, we thus have that when t5 > max{ty,t2},

N 1
> i _— <o.
P(Et >ty doo (M, M) > mm{D*(M),et}> <46

Let us put it all together now. With t5 > max{to,t1,t2},

P(3t > ts, 7t ¢ 11 (M)

°1 ~ . 1 €t dgap(m; M
<P(3t>ts,Im < 2,doo (M, M
> < 2 ts,am < n+2, OO( ) t)>mln{D*(M)a2am(M)7 2am
9 . 1 Et dgap(ma M
<P(3t>ts,Im < n+2,do(M, M, , U <
< ( > t5,3dm < n+ 2, doo( t)>m1n{D*(M) 2am(M)} et > 5
where (°1) stems from Corollary C.6, the correctness of HOPI(n,0, M), and Equation (C.12). O

D DEGENERATE MDPS AND PROOFS OF SECTION 4

D.1 Proofs of Section 4.1

In this paragraph, we prove Proposition 4 from the main text, of which we recall the statement below.

Proposition 4. Let IT* : M — 2 be a measurable optimality map. If M € M is non-degenerate, then there is
a policy m € II*(M) that remains optimal in a neighbourhood of M, i.e.,

Je >0, [{IT(M') 2 doo (M, M) < £} # 0.

Proof of Proposition 4. Let M € M be a non-degenerate model. By definition of non-degeneracy (Definition 4),
there exists an identification algorithm (A, 7) that is consistent and such that, for all § > 0, there is a stopping
time 75 making (A, #,7s) 6-PC and such that PM2 (75 < 00) = 1. Fix M’ € M with d.(M, M) < ¢ for some
e > 0 to be specified later. Given M" € {M, M'}, the probability operator PM"-A(—) on # can be restricted to
the sub-space Hr of possible histories of length at time T'; It is written ]P’%IH’A(—). Now, for all T' > 1, we have

PMA (7, € T (M’ )) = sup{IF’M (Fry € II*(M') and 75 < T)}
T>1

= sup{IP’%/[’A(ﬁ'T& € II*(M') and 75 < T)}

°3 ’ ’
> sup{w Ay, € (M) and 75 < T) — dpv (W’A,P% A)}

°4 , ,
> sup{l — 0 —PM A (5 > T) — dTV(PZM’A,Pf}/[ A)}
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05 ’
> 16— inf (P (7 > T) + 27y (P, PYY) )

where (°1) uses that (#,, € II*(M')) is the increasing union of (#,, € II*(M’) and 75 < T); (°2) uses that the
event (7., € IT*(M’) and 75 < T) is o(Hr)-measurable; (°3) follows by definition of the total-variation distance;
(°4) follows by definition of the §-PC property; (°5) follows by definition of the total-variation distance again.

Fix 6,z > 0 with |[II|(0 +22) < 1, e.g., § < [I[|7! and z < 3(|II|7* —9).
Because PMA (75 < 00) = 1, there exists T' > 0 such that P4 (75 > T') < z. By induction on T' > 1, we find that
dry (PN YY) < Tdoo (M, M),
So, for doo (M, M') < 5% =: €, we get PMA (7, € I*(M')) > 1—6 — 2z. So
PMA (7, ¢ TI*(M')) < 6 + 2. (D.1)
Now, let IT. := N II*(M’) : doo (M, M’) < € be the set of policies that are universally optimal in the e-neighborhood

of M. For every policy 7 ¢ II., there is a model M) € M with d. (M, M]) < € that rejects 7 in the sense that
7 ¢ II*(M]). Following from this observation, we obtain

PYA (e, € TL) = PMA(vr ¢ T, iy, € (M)
=1-PMA3r ¢ I, 7., ¢ 117 (M}))

S 1- Y B, ¢ I (M)
Il

o .
> 1 — [T\ TL|(0 + 22) > 1 — |TI|(6 + 22) = 0
where (°1) follows from (D.1); and (°2) follows by definition of § and x. We conclude that II. # 0. O

D.2 Proofs of Section 4.2

In this paragraph, we prove Proposition 5 and Lemma 6 from the main text (both re-stated below). Recall that
the point of Lemma 6 is only to serve in the proof of Proposition 5.

Lemma 6. Let M = (Z,v,p) be a communicating instance. For every unichain Bellman optimal policy
7w € IB(M) and e > 0, there exists M' = (Z,7',p) with deo(M, M') < & for which

(1) 7 is the unique Bellman optimal policy;

(2) g"(M') = g*(M);

(3) b"(M') = b*(M).

Proof of Lemma 6. Let m € 1I be a Bellman optimal policy of M and € > 0 be a precision parameter. Consider
the Markov decision process M, = (Z,r., p) with mean reward function r.(2) := e+ (1 — 2¢)r(z). Accordingly, we
have € <71.(2) <1—¢ for all z € Z. The policy 7 is still Bellman optimal in M, and we have doo (M, M) < e.

Consider the Markov decision process M. = (Z,r.,p) with mean reward function given by
ri(s,a) :=rc(s,a) — el(a # 7(s)).
Note that g™ (M) = g™ (M.) and b™ (M!) = b™(M.) because the reward and kernel functions of 7 are the same in
M, and M. Now, for a # 7(s), we have
r’(s,a) + p(s,a)b™ (ML) 2 re(s,a) + p(s,a)b™ (M.) — €
< 7 (s Mo) + b7 Mo) — & 2 g7 (ML) + b7 (M) — ¢

where (°1) follows by definition of . and b™ (M) = b™(M.); (°2) holds because = is bias optimal in M,; and (°3)
follows from g™ (M) = g™ (M.) and b™(M.) = b™(M,). Together with sp(g™(M!)) = sp(9™(M.)) = 0, we conclude
that 7 is the unique Bellman optimal policy of M. By triangular inequality, we further have do, (M, M!) < 2¢,
concluding the proof. 0
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Lemma 6 will be combined to the following well-known policy improvement result.

Lemma D.1 (First order policy improvement; Puterman (1994)). Fiz M = (Z,r,p) a Markov decision process.
Let € 11 satisfying sp(¢g™) = 0. If ©’ € 11 is such that A™(s,7’'(s)) <0 for all s € S, then (g™, ") <jex (g™ ,b™ )
where <jex 15 the lexicographic order.

Proof. The proof is essentially the same as the one of Lemma C.3, by changing < to <. O

Now, we can prove Proposition 5.
Proposition 5. Let M be a communicating instance. For every unichain Bellman optimal policy © € TIB(M)

and precision € > 0, there exists M’ € M with doo (M, M') < & for which 7 is the unique gain optimal policy, i.e.,
I (M') = {r}.

Proof of Proposition 5. Let m be a Bellman optimal policy of M and fix a precision € > 0. By Lemma 6,
there exists M’ = (Z,7',p) such that do(M,M’') < e where (1) 7 is the unique Bellman optimal policy,
(2) g*(M') = g*(M) and (3) b*(M') = b™(M). Consider the model M" = (Z,r",p") with reward and kernel
functions given by

TH(S’ a) = 7“/(8, a) + (p”(S, a) - p’(s,a))b”(M),

9

p'(s']s,a) = (1 —e)p(s,a) + JA(s)I"

Note that [p”(z) — p(z)|l1 < |S|e, so that ||[r” —1'||oc < 2sp(b™(M))|S|e by Lemma B.5. Further note that M” is
uniformly ergodic, since all transition probabilities are positive.

Consider another policy 7’ € TI. Since 7’ is ergodic in M", there exists ¢(n’) > 0 such that every state is visited
at least ¢(n’) in average in M”. For s € S, we have

’I“”(Zt)

!
1
8
:
-

7'r, 'MN — 1 7E7r,
g™ (s; ) im - E

I
—

t

T
L Jim BT 2((2) + 0/ () - p"<zt>>bﬂ<M'>>]
. 1 7' M & e / " T / T /
= jim ZET _;(g (Si; M') + (es, —p"(Z))b" (M) — A (Zt;M))]
N T
ég”(s;M’)+qll_r>r<l>o —gr M [b“(s M) = b"(Spa1; M Z (Zy; M ]

o
INg

< g (s;M') —c(r') maécA*(smr'(s); M)
se
where (°1) unfolds the definition of " and uses that b™ (M) = b™(M'); (°2) follows by definition of the gaps of ,
ie., A™(s,a) = ¢g™(s) +b"(s) — r(s,a) — p(s,a)b™; (°3) rewrites the telescopic sum E[ZtT:1(€St —p"(Z)b" (M")];
and (°4) follows by definition of ¢(m) and uses that A™(M’) = A*(M') that holds because 7 is Bellman optimal
in M’.
From (°3), note that for 7 = 7/, we obtain
g"(M") = g™(M')

since pairs played by 7 satisfy A™(z; M') = 0 by construction of M’.

Let dmin(A*(M')) := min{A*(z; M') : z € Z and A*(z; M') > 0} the minimum positive gap of M'. Because 7 is
the unique Bellman optimal policy in M’, for every 7’ # 7, there is s € S such that A™(s, 7/(s); M') > 0—Indeed,
if, ad absurdum A™(s,7’(s); M’) = 0 for all s € S, then because 7 is the unique Bellman optimal policy, it is
bias optimal. So, by Lemma D.1, we see that 7’ is bias optimal as well, so is Bellman optimal in particular; A
contraction.
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Continuing, for every policy 7’ # m, we get
g™ (M") < g (M) — min o(x")dmin(A%) < g"(M") = g" (M").

Accordingly, 7 is the unique gain optimal policy of M”'. Furthermore, the distance between M and M is O(e).
This concludes the proof. O

E STOPPING OF HOPE AND PROOFS OF SECTION 5

E.1 Proof of Lemma 9

In this paragraph, we prove Lemma 9, restated below for convenience.

Lemma 9. Let M be a communicating instance. Then

(1) If M has a unique Bellman optimal policy, then this policy is unichain.
(2) Conversely, if there exists a unichain policy m € II such that g™ (s) + b (s) > r(s,a) +p(s,a)b™ for all a # 7(s)
and s € S, then 7 is the unique Bellman optimal policy of M.

Proof of Lemma 9. We prove both directions separately.

The first assertion (1) is proved by contradiction. Assume that M has a unique Bellman optimal policy 7 that is
multi-chain. Let S; and Sz be two disjoint recurrent classes of states of w. For i € {1,2} and € > 0, consider the
Markov decision processes M = (Z,p,rt) with reward functions given by 75(s,a) = r(s,a) —el(s ¢ S;). Then,
for M< for instance, we see that 7 does not satisfy sp(¢g™(M<)) = 0—Yet M§ is communicating, so sp(g*(M$)) = 0.
So 7 is sub-optimal in Mj. Therefore, Mi must admit a Bellman optimal policy #{ that is not 7. Because II is
finite, we see that there exists ¢, — 0 and 7’ # 7 such that 7' € II5(M;") for all n > 0. Accordingly, for all
n>1land seS,

g7 (s M) + 57 (5 M) = max {75 (s, 0) + p(s, a)b™ (MF7) } (E.1)

a€A(s)

with sp(g™ (M$")) = 0. Because the gain g™ and bias functions b™ of 7’ are linear functions of the mean reward
vector, so by making n — oo, we see that (E.1) and Sp(g”/) = 0 are satisfied for M as well. In other words, 7’ is
Bellman optimal in M; A contradiction.

The second assertion (2) follows from a standard argument that is reminiscent of the analysis of Policy Iteration.
Let 7 € II be a unichain policy such that A™(s,a) := ¢™(s) + b (s) — r(s,a) — p(s,a)b™ > 0 for all a # 7w(s).
Because it is unichain, we have sp(¢™) = 0 so 7 is Bellman optimal in M.

Let 7’ a Bellman optimal policy. We show that 7 = 7/. We have

T

EY [Ry+ ...+ Rr] = Tg™(s) + EJ [ (s) — 0" (Sr1)] — ET | D A™(Z)

(E.2)

and since ¢™(s) = g™ (s), we conclude that every state s € S such that A™(s,7’(s)) > 0 must be transient under
7’. So, ®’ must coincide with 7 on its recurrent states. In particular, every recurrent class of 7’ is a recurrent class
of . Because 7 is unichain, we conclude that 7’ is unichain as well as both policies have the unique recurrent
class of states Sy. In particular, b™ = b™ in Sp. Now,

E™[Ry + ...+ Ry] = Tg™(s) + E¥ [bﬂ' (s) — b~ (sTH)] . (E.3)

Combining Equations (E.2) and (E.3), we find that for all s € S, we have

T
b () ~ BT [ (Sr41)] = b7 () ~ BT 7 (Sr40)] — BT lz A" (2:)
t=1

=7 (s) — BT [ (Sr41)] + EX b7 (Sr41) = 07 (Sr0)| — B

> AT(Z)
t=1
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°1 / ’ ’
< b7(s) — B [b7' (Sp4)] + o = o7

P™ (Sr41 ¢ So) — ET

T
> AT(Z)

T
> AT(Z)

t=1

= b7(s) — BT [ (Sr41)| — B +o(1)

where (°1) follows from b™ = b™ (s). We conclude that b™ (s) < b™(s) with strict inequality if 7(s) # 7'(s). Yet,
symmetrically, we find that 5™ < 6™ . So b™ = b™ and m = 7’ necessarily. O

E.2 Proof of Section 5.2

In this paragraph, we prove Lemma 10 and Proposition 11 from the main text.

Lemma 10. Let M = (Z,v,p) be a communicating instance with unique Bellman optimal policy w*. For every
M'=(2,V',p") such that supp(p’) 2 supp(p), if

doo (M, M) < B(M)
then 7* is the unique Bellman optimal policy of M'.

*

Proof of Lemma 10. Since supp(p’) 2 supp(p), 7 is unichain in M’ as well. So, by Lemma 9, we see that
5 (M') = {z*} if, and only if supp(A™ (M")) = supp(A™ (M)). Because A™ (s,a; M) > 0 for all a # 7*(s), we
deduce that II¥(M’) = {7*} holds in particular when

HN*(M') — AT (M)H < dmin(A*(M)).

o0

We conclude with the explicit bound on the variations of the gap function of Lemma B.10. O

Proposition 11. Upon running with the stopping rule
T = inf{t >1:&((t) < ﬁ(Mt) and HB(Mt) = {ﬁ't}}

where Es(t) and B(t) are respectively given by Equations (3) and (4), HOPE is 6-PC for 11, whatever n > 1.

n’
Moreover, for every instance M with unique Bellman optimal policy, we have PMHPE(15 < 00) = 1.

Proof of Proposition 11. By Corollary B.4, we know that PMA(3t > 1,do (M;, M) > £5(t)) < 6. Combined with

Lemma 10, we know that if 73 = #; is the unique Bellman optimal policy of M;, then every model M > M,
that satisfies doo (My, M') < &5(t) further satisfies IT5 (M) = {n}. We deduce that

PMA (75 < 0o and TT* (M) # {#,,}) < 6.

In particular, the algorithm is §-PC.

To conclude, we show that PMA (75 < co) = 1. Pick M a model with a unique Bellman optimal policy 7*. By
consistency, we have

PMA (7, = 7%) =1+ 0(1) (E.4)
when ¢ — co. As actions are played uniformly, we have Ny(z) — oo a.s. So M; — M a.s. and together with the
deviations results of Lemmas B.7 to B.10, we see that B(M;) — (M) a.s. Combined with Equation (E.4), we
obtain in particular

pPMA (th = =" and B(M;) > ;ﬁ(M)> =1+0(1) (E.5)

when ¢ — co. Moreover, we know that there exists & > 0 such that P(limy—o +N;(2) > a) = 1. It follows that
&5(t) — 0 a.s. In tandem with Equation (E.5), we conclude that PMA (7, = nf = 7*, B(M,) > $B(M) and &5(t) <
$B(M)) =1+ o(1). Hence PM (75 < 00) = 1. O
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