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Abstract

Tyler’s M-estimator is a popular method
for robust covariance estimation. Although
Tyler proposed a widely used fixed-point it-
eration to compute the estimator nearly four
decades ago, the theoretical properties of the
fixed-point iteration have remained elusive.
In particular, no deterministic global con-
vergence rate has been established, despite
decades of research. In this paper, we re-
solve this longstanding question by interpret-
ing the fixed-point iteration as an instance
of the convex-concave procedure, and ana-
lyzing it through a novel combination of rel-
ative smoothness and Riemannian optimiza-
tion. Our analysis requires us to navigate two
distinct geometric frameworks: one induced
by the Kullback—Leibler divergence, and the
other one arising from the Riemannian geom-
etry on the manifold of positive definite ma-
trices. This interplay between the two geome-
tries also allows us to prove that a popular
regularized variant of the fixed-point itera-
tion converges linearly. Beyond contributing
to the theoretical understanding of Tyler’s
M-estimator, our analysis demonstrates how
the integration of Euclidean and Riemannian
perspectives can lead to new insights into the
design and analysis of statistical algorithms.

1 INTRODUCTION

Elliptical probability distributions are widely used in
robust statistics and probabilistic machine learning
beacause of their ability to model heavy-tailed and
non-Gaussian data (Delmas et al., 2024). This rich
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family of distributions includes the Gaussian distribu-
tion, the multivariate ¢-distribution, and other heavy-
tailed distributions sometimes used in practice. Ellip-
tical distributions are characterized by their ellipsoidal
level sets, with a so-called shape matriz capturing the
geometry of the distribution, such as the principal di-
rections. When the covariance matrix exists, it is pro-
portional to the shape matrix; however, the shape ma-
trix remains well-defined even when second moments
are infinite. Estimating the shape matrix of an ellip-
tical distribution is a fundamental problem, underpin-
ning many methods in high-dimensional statistics such
as principal component analysis.

Tyler’s M-estimator (Tyler, [1987) is a popular esti-
mator for the shape matrix of an elliptical distribu-
tion. Given m samples z1,...,z,, € R" drawn from
an n-dimensional distribution, it is defined as a posi-
tive definite matrix X* € S™ satisfying the fixed-point
equation

m
n 1
= E — g2l 1

m xiT(E*)*lmim i (1)

i=1

In addition to establishing powerful statistical proper-
ties of the estimator, such as distribution-free strong
consistency, asymptotic normality, and minimax opti-
mality with respect to the asymptotic variance, [Tyler
(1987)) also proposed a widely used fixed-point iter-
ation for computing it. (We describe it in §2|) His
work has inspired decades of research on the estimator
focusing on analyzing its properties and incorporat-
ing prior structure. However, no deterministic global
convergence rate for his fixed-point iteration has been
known so far. In this paper, we propose a simple yet
powerful perspective on Tyler’s M-estimator based on
the convex-concave procedure (CCP) (Yuille and Ran-
garajan, 2001). By combining this perspective with
tools from Riemannian optimization on the manifold
of positive definite matrices (Boumal, [2023) and the
concept of relative smoothness (Lu et al.| 2018) with
respect to the Kullback—Leibler divergence, we estab-
lish the first deterministic global convergence rate for
Tyler’s fixed-point iteration — a result that has long
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been sought in the literature. This perspective also al-
lows us to derive the first linear convergence rate for a
popular regularized variant of the fixed-point iteration
(Ollila and Tyler, |2014) that (unlike a previous result)
holds across all levels of regularization. Finally, we
show that this perspective unifies and extends exist-
ing methods for computing Tyler’s M-estimator under
structural constraints, including sparsity of the shape
matrix (or its inverse) and factor model structure.

1.1 Related work and outline

This work contributes to two main areas of research:
the study of Tyler’s M-estimator, and, more broadly,
the integration of Euclidean and Riemannian perspec-
tives for analyzing optimization algorithms. We dis-
cuss prior work in both areas below.

Tyler’s M-estimator. Tyler’s M-estimator has been
extensively studied in both the statistics and optimiza-
tion communities (Tyler, 1987; Kent and Tyler, 1988
Wiesel and Zhang, 2015} [Zhang and Wiesel, [2016
Danon and Garber} 2022). A popular line of work
seeks to improve Tyler’s M-estimator when the num-
ber of samples is few by incorporating regularization
(Chen et al., 2011; |Ollila and Tyler, [2014; |Sun et al.,
2014; |Ollila et all) 2021), or by imposing structural
constraints such as approximate sparsity (Goes et al.|,
2020), sparsity of the inverse shape matrix (Zhang|
et alf[2013), low-rank structure (Bouchard et al.,[2021}
Cederberg, [2026)), or more general convex constraints
such as Toeplitz structure (Soloveychik and Wiesel,
12014; |Sun et al., 2016). Despite the rich literature on
the topic, including specific efforts to analyze the con-
vergence behavior of Tyler’s fixed-point iteration and
its regularized variant (Franks and Moitra), [2020} |Goes|
, no deterministic global convergence rate
has been obtained so far. (We discuss existing conver-
gence results in §2})

Riemannian optimization and CCP. Rieman-
nian optimization provides a framework for extend-
ing classical optimization algorithms to settings where
the domain is a Riemannian manifold rather than a
Euclidean space. This perspective has led to natu-
ral generalizations of several Euclidean algorithms. In
particular, the classical Euclidean CCP
[Rangarajan, 2001), originally designed for minimiz-
ing the difference of two convex functions, has been
extended to handle differences of geodesically convex
functions (Souza and Oliveiral, |2015; Almeida et al.l
12020; Bergmann et al., [2023)). Closely related work has
analyzed the application of Euclidean CCP to geodesi-
cally convex objectives expressed as differences of con-
vex functions (Weber and Sra), [2023; [Cheng and We-|
2024). However, while Tyler’s M-estimator can be

computed by minimizing a geodesically convex func-
tion that is as a difference of convex functions, those
results do not yield any convergence rate for Tyler’s
fixed-point iteration, for the following three reasons:

1. In this paper, we show that Tyler’s fixed-point
iteration is an instance of CCP applied to a max-
imum likelihood (ML) estimation problem after a
change of variables. While[Weber and Sra| (2023));
|Cheng and Weber| (2024)) identify that the objec-
tive function of the ML estimation problem is a
difference of convex functions and can be opti-
mized using CCP, doing so without the variable
transformation leads to a CCP subproblem that
does not have an analytical solution. In contrast,
after the change of variables, the CCP subprob-
lem has an analytical solution and explicitly yields
Tyler’s fixed-point iteration.

2. The convergence analysis in Weber and Sra (2023)
relies on the assumption that the component of
the objective function that is linearized in each
iteration of CCP is smooth in the classical Eu-
clidean sense. This assumption is violated by the
objective function of Tyler’s ML estimation prob-
lem.

3. The analysis in [Weber and Sra| (2023)) assumes
that the initial sublevel set of the objective func-
tion is bounded. This assumption fails in the case
of Tyler’s ML estimation problem. Specifically,
the radius R > 0 in [Weber and Sra/ (2023 Theo-
rem 3.5) is infinite for Tyler’s ML estimation prob-
lem.

To overcome the second limitation, we rely on the no-
tion of relative smoothness , rather
than classical Euclidean smoothness. As in our anal-
ysis of Tyler’s celebrated fixed-point iteration, rela-
tive smoothness has also recently played a key role in
the analysis of other statistical algorithms, such as the
Sinkhorn iteration and the expectation-maximization
(EM) algorithm (Mishchenko, 2019} [Kunstner et al.|
[2021}; [Aubin-Frankowski et al. [2022)).

Outline. The rest of the paper is organized as
follows. In we present background on Tyler’s

Me-estimator, the convex-concave procedure, relative
smoothness, and Riemannian optimization. In we
show how Tyler’s fixed-point iteration can be inter-
preted as an instance of CCP applied to an ML esti-
mation problem. In §4] we present our main contri-
bution of deriving global convergence rates for Tyler’s
fixed-point iteration and its regularized variant. We
present our conclusions in The supplementary ma-
terial contains omitted proofs and examples of how the
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CCP perspective can be used to derive algorithms for
computing Tyler’s M-estimator under various struc-
tural constraints.

2 BACKGROUND AND
PRELIMINARIES

This paper uses tools and perspectives from several
areas, including Tyler’s M-estimator, convex-concave
programming, relative smoothness, and Riemannian
optimization. In this section, we review the key con-
cepts from each of these domains that are relevant to
our analysis.

2.1 Tyler’s M-estimator

Computation via fixed-point iterations. Tyler’s
M-estimator, as defined in , can be interpreted as a
solution to the optimization problem

n m
inimize logdet™ + — > log(z!' L'z, 2
minimize logdet 2 + m Z og(w; z;)  (2)

i=1

with variable ¥ € S™. This equivalence follows from
setting the gradient of the objective function of to
zero, which yields an equation that is equivalent to ().
Problem is the maximum likelihood (ML) estima-
tion problem for the shape matrix of a so-called angu-
lar central Gaussian distribution, which is the distribu-
tion obtained by normalizing an elliptically distributed
random vector to have unit length (see [Wiesel and
Zhang| (2015)) for more details). In his seminal paper,
Tyler| (1987)) proposed to solve the fixed-point equa-
tion , or equivalently the ML estimation problem
(2), using the fixed-point iteration

N — 1 T

Ek+1 m ; x?Z;lxz TiZ; . (3)
Tyler originally formulated the iteration in terms of
the inverse matrix E;l and also included a normaliza-
tion step in each iteration. However, in work appear-
ing shortly thereafter, |[Kent and Tyler| (1988) refor-
mulated the iteration in terms of ¥; and showed that
the normalization step is unnecessary. As a result,
the iteration is commonly referred to as Tyler’s
fized-point iteration in the modern literature (see, for
example, [Wiesel and Zhang| (2015, §3)). While Tyler
(1987) originally derived the iterative scheme as
a fixed-point iteration, it can also be interpreted as
a majorization-minimization algorithm (Wiesel and
Zhang), |2015) and as an EM algorithm (Cederberg,
2026]). In contrast to our CCP-based interpretation,
none of these alternative perspectives offer conver-
gence rate results.

A widely used extension of Tyler’s M-estimator, par-
ticularly effective when the number of samples is small,
is to incorporate regularization (Chen et al.l |2011; |Sun
et al.,[2014} |Ollila et al.,2021)). |Ollila and Tyler| (2014)
introduced a regularized version of the objective func-
tion of by scaling the second term and adding
a trace-inverse penalty, leading to the optimization
problem

1 _ m
minimize logdet > + d-ajn Z log(z] £ ;)
meoa (4)
+aTr(21)

with variable ¥ € S™, where « € (0,1) is a regulariza-
tion parameter. Setting the gradient of the objective
function of to zero yields a fixed-point equation,
which the authors propose solving via the iterative
scheme

(1—a)n & 1
Yyl = zixl + al, 5
TS s ?
where I € R"*"™ is the identity matrix. We will refer to
this iterative scheme as Tyler’s regularized fixed-point
iteration.

Existing convergence results. Despite the pop-
ularity of Tyler’s fixed-point iteration, not much is
known about its convergence properties. One of the
first asymptotic convergence results was established by
Kent and Tyler| (1988, Theorem 2), who proved that
a solution to exists and is unique (up to a positive
scaling) under a geometric condition that avoids con-
centration of observed samples on lower-dimensional
subspaces. They also proved that the fixed-point iter-
ation converges to a solution of whenever the
geometric condition is satisfied, but no convergence
rate was established.

In more recent work, |Goes et al.| (2020) proved a
non-asymptotic convergence rate for Tyler’s regular-
ized fixed-point iteration , assuming that the reg-
ularization parameter « is sufficiently large. To state
their result, let R € (0,1) and assume A € R satisfies

n 1 gt
A > max <3+> ol —1,0 (6)
{m R ||§ lall3 ], }

where || - [|2 with a matrix argument denotes the spec-
tral norm. Then for o = A/(1 4+ A) € (0,1), the kth
iterate of Tyler’s regularized fixed-point iteration
satisfies

ISk — S5z < R¥(IZ0 — i Iz,

where X7 is the solution of the regularized ML esti-
mation problem . It is important to note that this



Tyler’s M-estimator Through the Lens of Convex-Concave Programming

result relies on very restrictive assumptions regarding
the level of regularization. For example, in our simula-
tions (see Appendix for details), the condition @
yields a value of o = 0.985, which effectively renders
the influence of the observed samples on the estima-
tion negligible. As a consequence, the solution to the
regularized ML estimation problem is close to the
identity matrix, independent of the observed samples.

In other recent work, Franks and Moitral (2020) es-
tablished a non-deterministic convergence guarantee
for Tyler’s fixed-point iteration under the assumption
that the number of samples is sufficiently large. Their
main result states that there exist constants C' > 0
and ¢ > 0 such that if the number of samples sat-
isfies m > Cnlog?(n), then with probability at least
1—exp(—mc/(nlog®(n))), the kth iterate X, of Tyler’s
fixed-point iteration satisfies

1= ()25 (39 2 )lp < e

after
k= O(logdet ¥ 4+ n + log(1/e))

iterations, where X* is a solution of , > is the
true shape matrix of the underlying elliptical distribu-
tion normalized to have trace one, and | - | denotes
the Frobenius norm. The proof is based on advanced
mathematical concepts such as operator scaling and
quantum expanders, making it highly non-trivial and
non-transparent. For example, it is difficult to gain
any intuition of what affects how large the two con-
stants C' and c are.

2.2 Convex-concave procedure

The convex-concave procedure (Yuille and Rangara-
jan,, |2001)) is a general framework for solving optimiza-
tion problems involving functions that are expressed
as differences of convex functions. For a problem of
the form

minimize f(Y) — g(Y) (7)

where f : 8" — R is convex and g : S" — R is
convex and differentiable, CCP linearizes the second
term around the current iterate Y; € intdomg and
computes the next iterate by solving the convex sub-
problem

Vi1 € arg}l/nin{f(Y) = (9(Ye) + (Vg(Ya), Y — Yi))}.

The function Y — f(Y) — (9(Yr) + (Vg(Yr), Y — Y4))
that is minimized in each iteration is bounded from
below as long as has an optimal solution Y*, since
for any Y € S™ we have

fY) = (g(Ye) +(Vg(Yr),Y = Yi)) > f(Y) — g(Y)
f

> fY
> f(Y") —g(Y?").

Furthermore, CCP is a descent algorithm in the sense
that F(Yg+1) < F(Y%). Recently, it was shown in
Yurtsever and Sral(2022); Faust et al.|(2023) that CCP
for solving converges to a stationary point at a
sublinear rate in the sense that for any K > 1, there
exists 0 < k < K such that

fVe) = F(Y) = (Vg(Va), Vi = Y) < O(1/K)

for all Y € S™. (In particular, this convergence guar-
antee applies to all the methods we present in this
paper.) Note that while problem @ appears to be
unconstrained, any convex constraints can be incorpo-
rated into the domain of f, as f is not assumed to be
differentiable. For more details and variations of CCP,
we refer the reader to [Lipp and Boyd (2016).

2.3 Relative smoothness

Relative smoothness is a generalization of the classi-
cal (Euclidean) smoothness assumption in optimiza-
tion. Instead of requiring the gradient of a function
f :S™ — R to be Lipschitz continuous with respect
to the Frobenius norm, relative smoothness is defined
with respect to a convex and differentiable kernel func-
tion h : S™ — R. We say that a convex function f is
L-smooth relative to h if there exists a constant L > 0
such that for all Y, Z € int dom f,

fY) < f(2)+(Vf(2),Y = Z) + LDn(Y, Z), (8)

where D(Y,Z) = h(Y) — (h(Z) + (Vh(Z),Y — Z)) is
the Bregman divergence induced by h. In this paper,
we will use the kernel h(Y) = —(1/2)logdet Y, whose
Bregman divergence is the Kullback-Leibler (KL) di-
vergence

DxrL(Y||Z) = 5 (Tr(Z7'Y) 4+ logdet(ZY ') — n)..

(9)
For more background on relative smoothness, we refer
the reader to|Lu et al.| (2018]).

DN | =

2.4 Riemannian optimization

Riemannian optimization generalizes classical opti-
mization in Euclidean spaces to curved spaces known
as Riemannian manifolds. A particularly important
example in practice is the manifold of positive definite
matrices, denoted by S’ . The key idea is to replace
the standard Euclidean geometry on S}, — such as
the trace inner product and the Frobenius norm —
with a Riemannian geometry that better captures the
structure and invariances of positive definite matrices.
In this paper, we make use of several concepts from
Riemannian optimization on S’ , , which we introduce
below. For a more comprehensive treatment, we refer
the reader to Boumal| (2023)).
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The set of positive definite matrices forms a smooth
Riemannian manifold when equipped with the so-
called affine-invariant metric. Under this metric, the
shortest curve between two matrices X € S’ and
Y € S” . (also called the geodesic) is given by (Bha-
tia, (2007, eq. (6.11))

vt X, Y) = XV XYy XY XY e o,1),

and it remains entirely in S’ . The corresponding
geodesic distance between X and Y is (Bhatiay (2007,

eq. (6.13))
Dyeo(X,Y) = [[log(X 2y X~V2)[lp. (10)

This metric is linear along the geodesic path in the
sense that (Bhatial 2007, eq. (6.12))

Dyeo(7(t: X,Y), X) = tDgeo (X, Y), t€[0,1]. (11)

Two elementary properties of the geodesic distance,
following from and the fact that log(A~!) =
—log(A) for A€ S}, are

Dgeo(X,Y) = Dgeo (X1, Y7H)
Digeo(X,Y) = Dygeo(Y, X).

The concept of a geodesic path allows us to gen-
eralize the notion of standard Euclidean convexity,
which is defined along straight lines, to geodesic con-
vexity, which is defined along geodesics. A function
f 8%, — R is said to be geodesically convez if for
all X,Y €S,

fO(GX,Y)) < (1 =0 f(X) +1f(Y),

Furthermore, f is geodesically p-strongly conver on a
geodesically convex set A C 8", if there exists y > 0
such that for all X,Y € A and ¢ € [0, 1],

fOyXY)) < (1 =) f(X) +tf(Y)
=Dy Xy
9 geo ) .

t €[0,1].

In this paper, we make use of the fact that Tyler’s cost
function, i.e., the objective function in 7 is geodesi-
cally convex (Wiesel and Zhang} 2015, Theorem 5.1).
We also use the result that if f(X) is geodesically con-
vex, then the function X + f(X 1) is also geodesi-
cally convex (Wiesel and Zhang} |2015, Lemma 1.17).

3 TYLER’S FIXED-POINT
ITERATION AS CCP

In this section, we show that both Tyler fixed-point it-
eration and its regularized variant can be interpreted
as instances of CCP. This interpretation forms the ba-
sis of our convergence analysis in §4 Furthermore, in

Appendix [A] we show how the CCP framework can
be used to derive algorithms for computing Tyler’s M-
estimator under various structural constraints such as
sparsity of the shape matrix or its inverse, or factor
model structure.

To show that Tyler’s fixed-point iteration can be
interpreted as an instance of CCP, we apply the change
of variables Y = 7! in (2)), resulting in the equivalent
formulation

minimize — logdetY — (—n/m) Z log(zlVa;) (12)
i=1

with variable Y € S". Here the first term Y
—logdetY is well-known to be convex, and the sec-
ond term Y — —(n/m)>_1" log(z?Yx;) is also con-
vex since the ith term of the sum is the composition
of the concave function u +— logu with the linear func-
tion Y + 2I'Yz;, and is thus concave (Boyd and Van-
denberghel 2004, §3). Hence, the objective function of
is a difference of convex functions and can be min-
imized using CCP. Linearizing the second term around
Y), € S’ | yields the subproblem

minimize — logdetY + Tr(ScY)

where

n 1 T

Sk = - ; Tz, T - (13)
Setting the gradient of the objective function of this
subproblem to zero yields —Y ™! + S, = 0, so the
subproblem has the analytical solution Y311 = S) L
which is equivalent to Tyler’s fixed-point iteration .
This shows that Tyler’s classical fixed-point iteration
is simply CCP applied to the underlying ML estima-
tion problem after a change of variables. In we
use this simple observation to establish a long-sought
deterministic global convergence rate for Tyler’s fixed-
point iteration. A similar argument (see Appendix
for details) also shows that the regularized Tyler’s
fixed-point iteration can be interpreted as CCP
applied to the regularized ML estimation problem
after a change of variables.

4 CONVERGENCE ANALYSIS

In this section, we present our main technical contri-
butions. First, we establish the first known determin-
istic global convergence rate for Tyler’s fixed-point it-
eration . Second, we derive a new linear conver-
gence rate for Tyler’s regularized fixed-point iteration
that, unlike the previous result @, holds for any
level of regularization.

Our analysis combines the CCP perspective and rela-
tive smoothness with tools from Riemannian optimiza-
tion. Combining relative smoothness with Riemannian
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geometry requires us to navigate two distinct geomet-
ric frameworks: the relative smoothness component of
our analysis operates within the geometry induced by
the KL divergence @, while the Riemannian geometry
is based on the geodesic distance . In general, the
KL divergence is neither upper nor lower bounded by
the geodesic distance, which makes the analysis chal-
lenging. The following technical lemma, however, al-
lows us to relate the KL divergence to the geodesic
distance along geodesics between the iterates and op-
timal solutions. This relationship will prove sufficient
for our purposes.

Lemma 1. For anyY,Z € S} and any t € [0, 1],
Drr(v(t:Y, 2)||Y) < Cy zDgeo(v(t; Y, Z2),Y)?,

where
ayz —logayz — 1
2 log2 (ayz)

Cyz =

for any ayz € R satisfying ayz > Amax(Y 1Z).
(For ayz = 1, we define Cyz = lim,—1(a — loga —

1)/(2log*(a)) = 1/4.)

While we defer the proof of Lemma [I| to Appendix
we emphasize that this lemma is a purely geomet-
ric result, independent of Tyler’s M-estimator. The
constant Cyz > 0 in Lemma |I| grows slower than lin-
early with Apax(Y1Z) (see Figure . In our anal-
ysis, Y will correspond to an iterate of Tyler’s fixed-
point iteration, and Z to an optimal solution of the
corresponding ML estimation problem. The explicit
form of the fixed-point iteration will allow us to con-
trol Amax(Y ~1Z), ensuring that it does not exceed its
initial value. Thus, if we interpret Cyyz as a mea-
sure of the discrepancy between the geometry induced
by the KL divergence and the Riemannian geometry,
Tyler’s fixed-point iteration (very roughly speaking)
keeps this discrepancy under control, which is crucial
for our analysis. We believe that Lemma [I] might have
applications beyond the scope of this paper, for analyz-
ing other statistical algorithms acting on positive def-
inite matrices that control the quantity /\max(Y_lZ ).

Our next result hints at how relative smoothness en-
ters our analysis and will be helpful to quantify the
progress made in each CCP iteration.

Lemma 2. The function w(Y) = —log(z7Yx) where
x € R", x # 0 is fixed is 2-smooth relative to the logdet
kernel h(Y) = —(1/2)logdet Y.

The proof of Lemma [2] is based on matrix calculus
and the Cauchy-Schwarz inequality, and is given in

Appendix [B]

104,
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Figure 1: The function a — (a —loga — 1)/(2log*(a))
(in blue) versus the linear function a — a (in orange).

4.1 Analysis of Tyler’s fixed-point iteration

Throughout our analysis we assume that Tyler’s M-
estimator exists, i.e., that the ML estimation prob-
lem has a solution. This is the case if the ob-
served samples x1,...,x,, are not concentrated on a
lower-dimensional subspace in the sense that (Kent
and Tyler} 1988

N(L)
dim L'

for any linear subspace L C R", where N(L) is the
number of points of x1,...,x,, lying in L. If the sam-
ples are drawn from a continuous distribution, this
condition is satisfied with probability one when m > n.

Preliminaries. We let G(X) and F(Y) be the ob-
jective functions of before and after the variable
change Y = X1,

nm
G(X) =logdet S + — ) log(zf>1a;
(2) = log de +m;0g(ﬂcz i)

F(Y)=—logdetY + % Zlog(xiTYxi).

i=1

We can write F/(Y) as a difference of convex functions
as F(Y) = f(Y) — g(Y), where

n m
Y) = —logdet?, V)=—2"Y log(zTYux).
fY) ogdetY,  g(Y) m; og(a]Ya;)

From Lemma [2[it follows that g(Y') is L-smooth rela-
tive to A(Y) = —(1/2)log det Y with L = 2n.

Tyler’'s M-estimator is scale-invariant in the sense that
if ¥* is a solution to , then tX* is also a solution
to for any ¢ > 0. (The underlying reason is that
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G(tY) = G(X) for any ¢ > 0.) To obtain a unique
estimator, it is common to normalize it to have trace n
(Wiesel and Zhang, [2015)). In the rest of the paper, we
let ¥* € 8" | be the unique solution to with trace
n,and welet Y* = (*)~1. Fork > 0, welet Y}, = &, !
be the inverse of the kth iterate of Tyler’s fixed-point
iteration (3). While we assume that we initialize the
fixed-point iteration at Yo = I, our analysis easily
extends to any initialization. Finally, we introduce
the following variant of the initial sublevel set:

§={2 eSS, b =T <ayX*, G(2) < G(Xo)}

where ag = Amax((X*)71), bo = Amin((X*)71), and
= denotes the Loewner order on symmetric matrices.
The corresponding set in the variable Y = X1

LE={v es”, |(1/a)Y* =Y =< (1/by)Y*
F(Y) < F(Yo)}

Convergence result. We begin with a lemma that
establishes the monotonicity of the largest and small-
est eigenvalue of the matrix Yk_lY* along the iterates
(Yx) of Tyler’s fixed-point iteration. This lemma (with
proof given in Appendix|C)) is crucial for our analysis,
as it allows us to prove that the iterates remain in £7".

Lemma 3. For any k > 0, we have )\maX(YkHY*)
Amax (Y 'Y*) and Apin(YZhY*) = Amin(Yy 'Y7).
Furthermore, Yy, € L} .

Next, we specialize Lemma [I] to upper bound the KL
divergence along the geodesic between Y; and Y* in
terms of the geodesic distance. This provides the es-
sential bridge connecting the KL geometry of relative
smoothness to the Riemannian geometry.

Lemma 4. For any k > 0 and t € [0,1], we have
DKL(’Y@; Yk:a Y*)”Yk) S CDgeo(’)/(t; Yka Y*)a Yk)27

where | )
C = %_ (14)
2log?(ao)

Proof. The result follows from combining Lemma [3]
which implies Amax (Y, 1Y*) < ag, with Lemma I us-
ingY =Y, and Z=Y"*. O

We point out that the case ag = 1 only happens if ¥* =
I, since ag = 1/Amin(X*) and Tr(X*) = n. In this case
Tyler’s fixed-point iteration terminates immediately,
since ¥y = [ is already optimal and satisfies .

Now we are ready to derive the first known determin-
istic convergence rate for Tyler’s fixed-point iteration.
The proof borrows ideas from an argument by |Nes-
terov| (2013 Theorem 4) that was also used by Mairal
(2013, Proposition 2.2).

Theorem 1. Let R > 0 be such that Dgeo(X,5*) < R
for all ¥ € L§. Tyler’s fized point-iteration for
solving satisfies

4LCR?

G(Ek)_ k+2 3

G2 <

E>1.  (15)

Here L = 2n is the smoothness constant of g(Y') rela-
tive to the logdet kernel, and C is defined in .

Proof. For any Y € S}, we have

F(Yig1) = f(Yes1) = 9(Yes1)
< f(Yet1) = (9(Ye) +(Vg(Yr), Vi1 — Y))
< fY) = (9(Ye) + (Vg(Yr), Y — Vi)
=FY)+g(Y)— (9(Y) + (Vg(Ya), Y — Y))
< F(Y)+ LDy (Y||Yk)-

Here, the first inequality is a consequence of the con-
vexity of g, the second follows from the definition of
Yi+1 as a minimizer of the CCP subproblem, and
the last inequality uses the relative smoothness of g.
Since this inequality holds for any Y € S’ ,, it par-
ticularly holds on the geodesic ~(t; Yy, Y*). Writing
v = Y(t; Yy, Y*) for brevity, we have

F(Yiq1) < tg[lén {F(ve) + LDxr(vel|Yx) }

< min {F ’Yt +LCDgeo(’7t7Yk) }

te[0,1]
:tgltl)n] {F V) —|—LCt Digeo (Y™, Yk) }
< 1—t F(Y; tF (Y™
—tgléri]{ VF(Yy) +tF(Y™)

+ LOt? Dygeo(Y*, Yi)? }.

Here, the second inequality is Lemma [4] the equality
follows from , and the last inequality uses geodesic
convexity of F. Note that
Dgeo(Y*7Yk) = Dgeo(Yka Y*) = Dgeo(Yk_
= Dyeo(V; 1, 2%).

LT

Since Y, € £ it holds that Y, ! € L§
Dgeo(Y; 1, 2%) < R. Thus,

, implying that

F(¥ien) < i {(1= OF(Ye) + (F(V*)
telo,
+ LOR*#*}.
Subtracting F(Y™*) from both sides shows that
Aps1 < min {(1—t)A, + LCR*t?
b1 < min {(1= A, + LORE},
where A, = F(Yy)—F(Y*) = G(Z;)—G(Z*). Turning

this inequality into a convergence rate requires some
algebra.
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If A, > 2LCR?, then the minimum is attained at ¢ = 1
and we have A, < LCR?. If A}, < 2LCR?, then the
minimum is attained at t = Ay /(2LCR?) and we have

Ay
4LCR2 )~
Hence, A;}

rh = AL - Ap/ALCR?)™ > AN+
1/(4LCR?), where we have used the fact that (1 —
)"t > 1+ for z € (0,1).
To summarize, if Ag > 2LCR?, then A; < LCR?, and
thus A}, > A7+ k/(4LCR?) > (k +4)/(ALCR?).
Otherwise, we have A, L, > Ag'+ (k+1)/(ALCR?) >
(k +3)/(4LCR?). The desired result now follows. [

Apg1 < Ag <1 -

4.2 Analysis of Tyler’s regularized
fixed-point iteration

We now turn to the regularized version of Tyler’s
fixed-point iteration. While the overall analysis paral-
lels that of the unregularized case, there is one impor-
tant distinction: in the unregularized case, we showed
that the iterates remain within the bounded set LF.
In contrast, for the regularized case, we are not able
to establish a similar result. However, we are able to
prove that the iterates remain within a geodesically
convex set on which the regularized objective function
is strongly geodesically convex. This enables us to de-
rive a linear convergence rate.

Throughout our analysis we assume that Tyler’s reg-
ularized M-estimator exists, i.e., that the regularized
ML estimation problem has a solution. This is the
case if the observed samples 1, ..., z,, satisfy (Ollila
and Tyler} 2014)

N(L)

m > (1— a)dian

for any linear subspace L C R". When this condition
is satisfied, the solution of (4 is unique.

Preliminaries. We let G, (X) and F,,(Y") be the ob-
jective functions of before and after the variable
change Y = 271,

G.(2) = logdetE—i—

Zlog TE x;)
+aTr(2™)
F,(Y)=—logdetY —1—

Zlog x; Tyay)

+aTr(Y).

We can write F,,(Y) as a difference of convex functions

as Fo(Y) = fo(Y) — go(Y), where
faY)=—logdetY + aTr(Y)
9o (Y) = —% Zlog(xiTYxi).

i=1

From Lemma [2| it follows that g,(Y) is L,-smooth
relative to h(Y) = —(1/2)logdet Y with L, = 2n(1 —
).

Convergence result. Our first result is similar to
Lemma[3|and establishes that the largest eigenvalue of
the matrix Y, 'Y is bounded from above. However,
the proof is different from that of Lemma[3]and is given
in Appendix[D} In the rest of §£.2] we let X, be the kth
iterate of Tyler’s regularized fixed-point iteration ([5)),
where the dependence on a given « € (0, 1) is omitted.
We use the initialization ¥y = I and we let X% be
the unique solution to the regularized ML estimation
problem , Yr=(25)"! and Yy, = E,;l for k& > 0.

Lemma 5. For any k > 0, we have

Amax (Vi Ya) < Amax((55) 7).

Our next result is similar to Lemmafd and has an iden-
tical proof.

Lemma 6. For k >0 and t € [0,1], we have
DKL(’y(takayg)HYk:) S CaDgeo( (t Yk7Y ) Yk) 5

where

)\max((zg)fl) B 10g /\InaX((EZ)il) B 1.

Co = 2
2log (/\max((zz)il))

(16)

The next results (with proofs given in Appendix @
show that the regularized objective function is geodesi-
cally strongly convex on a geodesically convex set that
contains the iterates. Let k* = Apax(Z%)/Amin(Z5)
be the condition number of the optimal solution and
define the set

A={Y eSh, | Aun(Y) > 1/x*}.
Lemma 7. It holds that Y} € A, and Y, € A for
k>0.

Lemma 8. The set A is geodesically convex.

Lemma 9. The function r(Y) = Tr(Y), domr =
S’ |, is geodesically p-strongly convex on A with p =
1/k*.

We are now ready to prove that Tyler’s regularized
fixed-point iteration converges linearly.
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Theorem 2. Tyler’s regularized fized-point iteration

for solving satisfies that for any k > 1,
Ga(Zx) = Ga(B4) < B5(Ga(So) — Gal(Y)),
where

5= 1/2 if a > 4k* Lo Cly,

|1 - a/(8k*LoCl)  otherwise.
Here, L, = 2n(1 — «) is the smoothness constant of
9a(Y) relative to the logdet kernel, and Cy is defined

m .

Proof. By mimicking the start of the proof of Theorem
we obtain

Fo(Yit1) < min {(1 — t)F, (Vi) + tFo (YY)
telo,1] (17)
+ LaCuat? Dgeo (Y, Yi)?Y.

From Lemma[J]it follows that F, is geodesically (ovy)-
strongly convex on the geodesically convex set A that
contains both Yy and Y. Hence, (Boumal, 2023, The-
orem 11.21)

Do (Y, V)2 < —(Fa(Vi) — Fal(Y2)).

= o @

By combining this inequality with and subtracting
F,(Y}) from both sides, we obtain

2L
{1 —t4+ “O‘Xt?}Ak
ap

where Ap = Fo (Vi) — Fo (YY) = Go(Zk) — Go (). If
ap > 4L,C,, then the minimum is attained at t = 1
and we have

Ak 1 < mi
+ telo,1]

2L,C,

1
Apy1 < A < §Ak-

Otherwise, the minimum is attained for the value ¢ =
ap/(4L,Cy) € (0,1], and we have

ap
< — .
Apg1 < (1 8La0a> Ay

This concludes the proof. O

5 CONCLUSIONS

We have established the first deterministic global con-
vergence rate for Tyler’s renowned fixed-point itera-
tion, thereby closing a significant gap in the literature.
We have also derived the first linear convergence rate
for its regularized variant that holds uniformly across
all levels of regularization (assuming Tyler’s regular-
ized M-estimator exists). Our analysis leverages an

interpretation of these algorithms as instances of the
convex-concave procedure, combined with tools from
relative smoothness and Riemannian optimization. To
the best of our knowledge, this work is the first to an-
alyze a Euclidean algorithm, the convex-concave pro-
cedure, using concepts based on relative smoothness
and Riemannian optimization. We expect that this
approach will find broader applicability, such as in
the analysis of algorithms for computing Brascamp—
Lieb constants (Garg et al.| 2017) through the lens of
geodesic convexity (Sra et al., |2018]).
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Checklist

1. For all models and algorithms presented, check if
you include:

(a) A clear description of the mathematical set-
ting, assumptions, algorithm, and/or model.
Yes.

(b) An analysis of the properties and complexity
(time, space, sample size) of any algorithm.
Yes.

(¢) (Optional) Anonymized source code, with
specification of all dependencies, including
external libraries. Not Applicable.

2. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of
all theoretical results. Yes.

(b) Complete proofs of all theoretical results.
Yes.

(c) Clear explanations of any assumptions. Yes.

3. For all figures and tables that present empirical
results, check if you include:

(a) The code, data, and instructions needed
to reproduce the main experimental results.
Not Applicable.

(b) All the training details (e.g., data splits, hy-
perparameters, how they were chosen). Not
Applicable.

(¢) A clear definition of the specific measure or
statistics and error bars (e.g., with respect to
the random seed after running experiments
multiple times). Not Applicable.

(d) A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster, or
cloud provider). Not Applicable.

4. If you are using existing assets (e.g., code, data,
models) or curating/releasing new assets, check if
you include:

(a) Citations of the creator If your work uses ex-
isting assets. Not Applicable.

(b) The license information of the assets, if ap-
plicable. Not Applicable.

(c) New assets either in the supplemental mate-
rial or as a URL, if applicable. Not Applica-
ble.

(d) Information about consent from data
providers/curators. Not Applicable.

(e) Discussion of sensible content if applicable,
e.g., personally identifiable information or of-
fensive content. Not Applicable.

5. If you used crowdsourcing or conducted research
with human subjects, check if you include:

(a) The full text of instructions given to partici-
pants and screenshots. Not Applicable.

(b) Descriptions of potential participant risks,
with links to Institutional Review Board
(IRB) approvals if applicable. Not Applica-
ble.

(¢) The estimated hourly wage paid to partici-
pants and the total amount spent on partic-
ipant compensation. Not Applicable.
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ORGANIZATION OF THE SUPPLEMENTARY MATERIAL

e Section [A} Structured Tyler’s M-estimator
e Section [Bl Omitted proofs - General
e Section [C} Omitted proofs - Tyler’s fixed-point iteration

e Section [Df Omitted proofs - Tyler’s regularized fixed-point iteration

A STRUCTURED TYLER’S M-ESTIMATOR

A.1 Regularization parameter simulations

To better understand how restrictive condition @ is for the choice of regularization parameter in Tyler’s regu-
larized fixed-point iteration, we conduct an experiment where we fix R = 0.99 and n = 50, and then vary the
number of samples m € {25,50,75,...,500}. As ground truth, we use the sample covariance matrix computed
from the returns of n assets in the S&P 500 index over a two-year period. Using this covariance matrix, we
generate Gaussian data with zero mean and compute the regularization parameter as a = A/(1 + A) where we
pick X according to (@ For each value of m, we repeat the experiment 50 times and report the average value of
«. The result, shown in Figure [2} indicates that condition @ leads to the value of the regularization parameter
being very close to one, effectively making the shape matrix estimate almost entirely independent of the observed
data. The code for the simulation is available at https://github.com/dance858/Tyler-CCP-analysis!

1.05

1.00

0.95 1

0.90 4

0.85 1

0.80 T T T T T
100 200 300 400 500

Figure 2: The average value of the regularization parameter a as a function of the number of samples m.

A.2 Regularized Tyler’s fixed-point iteration as CCP

To show that Tyler’s regularized fixed-point iteration can be interpreted as an instance of CCP, we make the
variable change Y = ¥~ ! in . The objective function after the variable change is of the form f,(Y) — go(Y),
where

fa(Y) = —logdetY + aTr(Y), 9o (Y) = —% ilog(xiTYxi).
i=1

Both fo(Y) and ¢,(Y) are convex, so the objective function is a difference of convex functions and CCP-
compatible. Linearizing the concave term g,(Y’) around Y, € S | yields the subproblem

minimize —logdetY + aTr(((1 — @)Sx + al)Y)

with variable Y € S, where S = (n/m) > ", (1/2] Yyx;)z;a]. This subproblem has the analytical solution
Yit+1 = (1 — @)Sg + oI, which is the update step in Tyler’s regularized fixed-point iteration .
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A.3 Tyler’s M-estimator with known inverse sparsity pattern

The sparsity pattern of the inverse covariance matrix of a Gaussian random vector determines the conditional
independence structure between its components, with a zero in position (7, 7) indicating that components i
and j are conditionally independent given the rest (Dempster, [1972). This property forms the foundation of
Gaussian graphical models (Lauritzen, |1996, Chapter 7), and the Gaussian ML estimate of the covariance matrix
conforming to a known conditional independence structure can be obtained by solving

minimize logdet X + Tr(SL71) (18)
subject to  (X71);; =0, (i,7) € V,
where ¥ € S" is the variable, and the problem data are the sample covariance matrix S € S and the set V' of
components that are allowed to be conditionally dependent given the rest. This problem is convex in ¥~! and
specialized algorithms for solving it have been proposed (Dahl et al.; |2008]).

When the observed data is either more heavy-tailed than the Gaussian distribution or contains outliers, we can
obtain a more robust estimator by incorporating the known inverse sparsity pattern into Tyler’s M-estimator. If
the data is not Gaussian, a zero in position (4, j) of the inverse covariance matrix does not mean that components
1 and j are conditionally independent given the rest. Nevertheless, it remains popular to impose sparsity in the
inverse covariance matrix as a proxy for conditional independence (Finegold and Drton| 2011). Furthermore,
incorporating sparsity in the inverse covariance matrix reduces the effective number of parameters to be estimated.

To incorporate a known inverse sparsity pattern into Tyler’s M-estimator, we solve

minimize logdet ¥ + (n/m) > 1" log(zI' X 1a;)
subject to Ei_jl =0, (i,5) € V.

After the variable change Y = X! we obtain the equivalent formulation

minimize —logdetY — (—n/m)>""" log(z!Yx;)
subject to  Y;; =0, (1,7) € V.

In this formulation the constraints are linear, and the objective function is a difference of convex functions and
hence CCP-compatible. Linearizing the second term of the objective around Yj € S’} yields the subproblem

minimize  —logdetY + Tr(S,Y) (19)
subject to Y;; =0, (i,5) €V,

where Sy is defined in . This is the same as the Gaussian covariance selection problem , but with the
sample covariance matrix S replaced by the weighted sample covariance matrix Sy.

A.4 Tyler’s M-estimator with known sparsity pattern

The sparsity pattern of the covariance matrix itself of a Gaussian random vector determines the marginal
independence structure between its components, with a zero in position (4, j) indicating that components i and
j are marginally independent. This structure naturally gives rise to a covariance graph (Kauermann, 1996), a
type of graphical model in which nodes represent variables and edges represent marginal dependencies. Imposing
sparsity in the covariance matrix not only facilitates interpretability through graph structure but also reduces
the number of parameters to estimate. Early contributions to sparse covariance estimation include [Chaudhuri
et al.| (2007); Bien and Tibshirani| (2011)), while more recent references are |[Xu and Lange, (2022); [Fatima et al.
(2024).

To incorporate a known sparsity pattern into Tyler’s M-estimator, we solve

minimize logdet ¥ + (n/m) > 1" log(zI X 1a;)
subject to  3;; =0, (i,7) €V,

with variable ¥ € S", and where V is the set of indices that are allowed to be nonzero. The first term is
well-known to be concave (Boyd and Vandenberghe, [2004, Chapter 3) and the second term can be shown to be
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convex (see Lemma below). Hence, the objective function is a difference of convex functions and the problem
is CCP-compatible. By linearizing the concave term we get the subproblem

minimize  Tr(S %) + (n/m) YL, log(a] £~'a,) (20)
subject to  X;; =0, (i,5) €V,

with variable ¥ € S™.

An important practical feature of CCP is that the subproblem is convex and can typically be specified easily and
solved using domain-specific languages (DSLs) for convex optimization, such as CVXPY (Diamond and Boyd)
2016]). DSLs parse the high-level description of a convex optimization problem and transform it into a standard
form suitable for numerical solvers that handle generic problem classes, such as second-order cone programs
or semidefinite programs (ApS| |2025). To specify a problem in a DSL, the objective and constraints must be
constructed by combining a set of atomic functions according to a set of composition rules. Although the second
term in the objective function of is convex, it is not immediately clear how to express it in a way that
complies with the disciplined convex programming (DCP) rules required by such DSLs. To formulate it in a
DCP-compliant manner, we use the fact that for fixed ¥ € S’} | and fixed € R", the value of log(z" X7 z) is
equal to the optimal value of the convex problem

minimize ¢

. 1 wvaT
—
subject to vr % } =0
v > e—t/27

with variables ¢ € R and v € R (see Lemma[11] below.) This allows us to write the subproblem as

minimize  Tr(X;'S) + (n/m) S0, t;

subject to  ¥;; =0, (4,5) €V,
1 vl .
- =1,...
|:Uimi y =0 P L
v; > e ti/2, i=1,...,m,

with variables ¥ € S", ¢t € R™, and v € R™. This problem is convex and DCP-compliant, so it can be easily
specified and solved using CVXPY.

Lemma 10. Let z # 0 be fized. The function q(X) = log(z? £~ z) with domain domq = S, , is convez.

Proof. We prove convexity by restricting the function ¢(X) = log(z7X~1x) to an arbitrary line, given by ¥ =
Z +tV, where Z,V € S". We define f(t) = q(Z 4+ tV) and restrict f to the interval of values of ¢ for which
Z +tV = 0. Without loss of generality we assume that Z > 0. We have

ft) =log(zT(Z +tV)'a) =log(xT 2= V2 (I +tz V2V Zz=V2) "1 z71/2y),

Consider the eigenvalue decomposition QAQT = Z=1/2VZ~1/2 where A = diag(A1,...,A\n), and let z =
QT Z~1/2x. Then
22

f@) = log(zT(I +tA)"12) = log (Z 1 +it/\i)'

Hence, f(t) = logg(t) where g(t) = >"1" | 22/(1 + t)\;). The second derivative is

e _ 909" (1) —g'(t)

As we show below, it follows from the Cauchy-Schwarz inequality that the nominator is nonnegative, thus
implying that f is convex. To see that the nominator is nonnegative, let a; = 22 > 0 and write it as

-0t = (3 ) (23 ) - (3 )

i=1 i=1
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Applying the Cauchy-Schwarz inequality

(£ (5)

i=1 i=1 i=1
with
b — a; 1/2 o Yai
E S W A C IS WETP
concludes the proof. O

Lemma 11. For fized ¥ € S' | and fized non-zero x € R", the value of log(x" X~ x) is equal to the optimal
value of the convexr problem
minimize t

. 1 vzt
—
subject to vr % ] =0
v Z eft/Q7

with variables t € R and v € R.

Proof. The value of log(z7¥71z) is equal to the optimal value of

minimize ¢
subject to log(xT¥12) < t,

with variable ¢ € R. By applying the exponential function to both sides of the constraint, we conclude that this
is equivalent to the problem

minimize ¢

subject to 1 —e~taT¥ 12z >0,

with variable ¢ € R. This is in turn equivalent to

minimize ¢
subject to 1 — 2Tyl >0
v=e"t?,
with variables t € R and v € R. By relaxing the equality constraint to an inequality constraint, we obtain the
problem
minimize ¢
subject to 1 — 2Tyl >0
v>et/2,

There always exists an optimal solution (v*,¢*) to this problem such that v* = e~t"/2. Hence, the relaxation
is tight. Furthermore, using the Schur complement (Boyd and Vandenberghe, 2004, §A.5), the constraint 1 —

22Tyl > 01s equivalent to

1 waT
vr X

-0

which concludes the proof. O

A.5 Tyler’s M-estimator with factor model

Another popular structural assumption in covariance estimation is the statistical factor model, which assumes
that the covariance matrix can be decomposed as the sum of a low-rank positive semidefinite matrix and a
diagonal matrix (Bartholomew et al.,2011]). Specifically, we assume that the covariance matrix ¥ € S™ is of the
form

»=FFT 4+ D, (21)

where D € R™™" is diagonal with positive diagonal entries, and F € R™*" with r < n. Note that the covariance
structure (21)) only has n(r + 1) parameters to estimate, which typically is much fewer than the n(n + 1)/2
parameters that must be estimated for an unstructured covariance matrix.
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To incorporate the covariance structure (21f) into Tyler’s M-estimator, we solve
n m
minimize logdet(FF? 4 D)4 — E log(z?(FFT 4+ D)™ 'ay), (22)
m
i=1

where the variables are the diagonal matrix D € R"*" and F' € R™*".

An equivalent problem formulation. From the matrix inversion lemma (Boyd and Vandenberghe, 2004}
§C.4) we know that the inverse of a low-rank plus diagonal matrix has a similar low-rank structure. More
precisely,

(FF' + D) '=D '~ D 'FI+F'D'F)'F'D' = F - GG"
where E € R™*" and G € R™™" are given by
E=D"' G=D'FUI+F'D'F)~1/2 (23)

This suggests that problem is equivalent to
minimize h(G, E) = —logdet(E — GGT) + o Zlog(m?(E - GGay), (24)
m
i=1

where the variables are G € R™*" and the diagonal matrix £ € R"*". This intuition is formally verified by the
following theorem.

Theorem 3. Let (G*,e*) be a solution of (24), and set E* = diag(e*). Then the matriz I — (G*)T(E*)~1G*
is positive definite and a solution (F*, D*) of (22)) is given by

d~=1/e* (element-wise division) (25)
F* = (E*)—lG*(I _ (G*)T(E*)_lG*)_l/Z.
Proof. Tt holds that E* — G*(G*)T = 0, since if a solution exists it must belong to the domain of the objective

function. This further implies that E* = 0. From results on Schur complements (see, for example, (Boyd and
Vandenberghe, [2004, Appendix A.5.5)), it follows that E* — G*(G*)T = 0 if and only if I — (G*)T(E*)~1G* - 0.

For any (F,d) that belongs to the domain of the objective function f(F,d) of (22), we can use to construct
(G, e) satisfying h(G,e) = f(F,d). Hence, the optimal value of is a lower bound on the optimal value
of (22). Furthermore, (F*, D*) given by satisfies f(F™*,d*) = h(G*,e*), which is the lower bound on the
optimal value of , and (F*, D*) given by must therefore be optimal. O

The practical consequence of this result is that we can solve by solving , and then recover the solution
to (22)) using . The objective function of is as a difference of convex functions, and we can therefore
solve (24) using CCP. Specifically, we can write the objective function of as

E' m
h(G,e) = —log det [GT ﬂ + 3 log(a By — G 3).
i=1

The first term is convex in (G, e), since A — —logdet A is convex and

@ | ]
is linear in (G,e). The second term is concave in (G,e). To see this, note that x7 Ez; is linear in e, and
G — ||GTz;|3 is convex, since | - ||3 is convex and G — GTz; is linear. Hence, (G,e) — zl Ex; — ||GT ;|3 is
concave, and since the logarithm preserves concavity see (Boyd and Vandenberghel 2004] §3) it follows that the
second term of h(G, e) is concave. The objective function h(G, e) is therefore the sum of a convex and a concave
term, and hence CCP-compatible. The subproblem obtained by linearizing the concave term is easy to specify

and solve using CVXPY.
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B OMITTED PROOFS - GENERAL

Lemma 12. The function w(Y) = —log(a’Ya), domw = S ,, where a € R" is fized is 2-smooth relative to
h(Y)=—(1/2)logdet Y.

Proof. The Euclidean second directional derivatives at Y € S’ | in the direction U € 8™ are given by

V2h(Y)[U,U] = 1Tr(y—lUY—lU), Viw(Y)[U,U] = M.
2 (aTYa)?
To show that w(Y") is 2-smooth relative to h(Y"), we need to show that (Lu et al. 2018 Proposition 1.1)
V2w (Y)[U,U] < 2V2h(Y)[U, U].
With Z =Y ~Y20Y 12 and = = Y24, we have
a’Ua = oYYy 12Uy =12y 120 = o7 7.

Furthermore,
0 <a'Zx =Tr(Zax") < || Z||pllza’||r = |Z] rll2l3

where we have used the Cauchy-Schwarz inequality. Thus, we have

(a™Ua)* < |1 Z|%2]l3

where
lz]l3 = Y'/%all3 = (a"Ya)?
12|57 = Iy V2Uy 2|5 = Te(y 12Uy 2y Py T2 = Te(Y Ol UY ).
The desired result follows. O

Lemma 13. For anyY,Z € S, | and any t € [0,1],
DKL(')/(t? Y, Z)”Y) < CYZDg@O('Y(ﬁ Y, Z)a Y)27
where
ayz —logayyz — 1
2log?(ay z)

Cyz =

for any ayz € R satisfying ayz > Amax(Y 1Z). (For ayz = 1, we define Cyz = lim, .1(a — loga —

1)/(2log*(a)) = 1/4.)

Proof. Fix Y,Z € S}, and let A = log(Y =122y ~1/2). Using , we have
Dgeo(V(1; Y, Z),Y) = tDgeo(Z,Y) = t||A| .

Furthermore, y(t;Y, Z) = Y1/2etAY1/2 50

Tr(Y~'5(tY, Z)) = Tr(e")
log det(Y ~14(t; Y, Z)) = log det(e'?) = t Tr(A),

implying that

NN~ DN -

Di(v(t:Y, Z)||Y) = 5 (Te(Y "'y (1; Y, Z)) + log det (Y~ (£ Y, Z) 1) — n)
(Te(Y ™y (t:Y, Z)) — logdet (Y~ y(1;Y, Z)) — n)

(rﬂ'(em) —tTr(A) —n).
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Let \;, i=1,...,n, be the eigenvalues of A. Then

1, o,
Dx(v(6Y, 2)[[Y) = 5 D (™ —tAi = 1)
i=1

Deeo(V(;Y, Z), _tZZ)\z

Hence, we want find a constant Cyz > 0 such that

1 n . n
3 D —th —1) < Cyzt? > N, te(0,1],
i=1 i=1
whenever \;, i = 1,...,n, are the eigenvalues of A = log(Y ~/2ZY ~1/2). (The inequality clearly holds for t = 0.)
If A\p = 0 for some k € {1,...,n}, then the corresponding terms in the left and right hand sides are zero, and we
can simply remove them. Thus, assume that \; £ 0 for alli=1,...,n.

For fixed ¢ € (0, 1], consider the function f;(\) = (e!* —tA — 1)/(t?A2) for A # 0 and extended by continuity to
f:(0) =1/2. Then

Z?l(t’\'—t)\—1)_iet’\i—t)\i—1 \2
- : .
230 A7 P 12\ i A

—th Z =

j=17"7
<nl1axft()

3oy

The function A — f;()\) is increasing for fixed ¢t € (0, 1], (see Lemma [14| below), and ¢ — f;()) is also increasing
(see Lemma [15| below), which together with the above inequality implies that for any ¢ € (0, 1],

Z?:1(€t>\' —tA — 1)
tQZ] 1)\3

< fr(Amax(4)) < fi(Amax(A)).
Note that

FiOmax(log (Y 22Y 712))) = fi(Amax(log(Y 7 2))) = fi(log(Amax (Y 7 2))) < f1(log(ay 2)),
where ay z > Amax(Y ~1Z). Hence, it suffices to choose

o filloglayz)) _ ayz —loglayz) —1
va- 2 a 2log(ayz)?

which concludes the proof. O

Lemma 14. For fized t € (0,1], the function fi(\) = (e —t\ —1)/(t2)\?) for A # 0 and extended by continuity
to f1(0) = 1/2, is increasing.

Proof. The function f; is continuous, so it suffices to show that the derivative is nonnegative for all A # 0. The

first derivative is
Ofr(\) A (tA(e™ —1) —2(e™ —tA — 1))
o (t222)2 '
The sign of the derivative is determined by the sign of the numerator. With z = t\, we can write the numerator
(excluding a positive factor t) as
z(z(eF=1)—=2(e* —2z—-1))=z(e*(z —2)+ 2+ 2).
This expression is positive for all z # 0. O
Lemma 15. For fized A\ # 0, the function t — fi(A\) = (e —t\ — 1)/(t?\2) with domain dom f = (0,1] is
imncreasing.

Proof. The proof is identical to the proof of Lemma[T4] but with ¢ and A swapped. O
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C OMITTED PROOFS - TYLER’S FIXED-POINT ITERATION

For the definition of Y, Y*, and £ in the following result, see of the main text.
Lemma 16. For any k > 0, we have )\max(Yk+1Y*) < )\maX(Yk_lY*) and )\min(Yk-‘rIY*) > )\min(Yk_lY*).
Furthermore, Yy, € L} .

Proof. Note that Y7 'Y* = $,(*)~L. We first prove that Amax(Ss1(Z*) ™) < Amax(Sk(2%)71). With y; =
(X*)~Y2z;, i =1,...,m, we have

w7+ 1/2y e\ -1/2 —1/2 —-1/2
(£ /28 () Zszl =)

m T

— (x*)-1/2 TiZy v —1/2
) (m;yﬂz*)lﬂz;l(z*)w &

Forany:=1,...,m,
1
T /vx\1/2v—1 *\1/2 *\1/2v1—1 *\1/2\, T . _ —1vw*y, T, T
y; (X%) / (2 / Yi = Amin((X%) 4 X (E9) / Wi Yi = Amin (B XNy, vi = )\max(zk(z*)_l)yi Yi-
Hence,
*\—1/2 *\—1/2 < =1y yxy—1/2 [ T = zix] *\—1/2
(5972 8a ()72 2 Aa(B(2)7HE) T2 (30T ) ()
i=1 71 7
=\ (E (E*)fl)(z*)fl/Q Ezm: xlzzT (E*)71/2
= Amax\ &k m vt $Z(E*)71$i

= )\max(zk(z*)_l)l—a
where the last equality follows from the fact that ¥* satisfies . We therefore have
Anax(8) 728041 (29)7Y2) < Anax (B (E9) 7).

Note that
Amax (ZF) 728541 (2)72) = Anax (S (Z9) 1)

due to a similarity transformation. Hence,
Amax(Zk41(Z) ™) < Amnax (B (Z5) 7).
Next, we prove that Amin (Y HY*) > Amin (Y 1Y*) As above, we have

T
*\—1/2 1/2 _ yey—1/2 [ Lily *\—1/2
(B R ()77 = (29 <m 2 yf<z*>1/2z;1<z*>1/2yi> =

=1

Foranyt=1,...,m

)

S O
Amin(zk(z*)il)yz Yi-

( i m;x ) s
(:1 ) 2T 2* ) (z)~12

1=1

yl (E)Y2EHEDY 2y < Mnax (B V2E (S )yl ys = Amax (2 154y v =

Hence,

S\:

(Z*)71/22k+1(2*)71/2 - /\min(zk(z*)i ) —-1/2
—1/2

= Amin (S (X)) TH(Z

= /\min(Zk(E*)’ )I
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From eigenvalue similarity it follows that Amin(Zr11(Z%)71) > Ain (Zk(2*) 7). This concludes the proof of the
first part of the lemma.

To see that Yj, € L}, note that above we have shown (X*)~Y2%,, 1 (%)~ Y2 = A\uin(Ze(Z*) "I, or equiv-
alently, Ypy1 > )\mm(Ek(E*)’l)E*. Using that Apin(Xx(X*)71) is increasing in k, we conclude that ¥y, =
Amin((2*)1)E*. A similar argument, based on the inequality (X*)~1/2%,,1(5%) 72 < Apax(Sk ()71 that
we showed above, shows that Y11 =< Apax((X*)71)X*. Hence, for any & > 0,

)\min((z*)il)z* j Z)k j Amax((z*)71)2*7

or equivalently

(1/ Amin(Z) 7Y™ = Yie = (1 Amax(Z5) 1) Y™
The statement that Y € LL now follows from combining this inequality with the fact that CCP is a descent
algorithm (see of the main text) so F(Yy) < F(Yp) for k > 0. O

D OMITTED PROOFS - TYLER’S REGULARIZED FIXED-POINT
ITERATION

For the definition of Y, and Y used in the following results, see of the main text.
Lemma 17. For any k > 0, we have

Amax (Y Y5) < Amax((55) 7).

Proof. The result clearly holds for & = 0 since we initialize at 3y = Yy = I. Assume the result holds for some
k > 0. We prove that )\maX(YkHY*) = Amax(Zrg1(Z5) 7Y < Amax ((Z5)71). With y; = (%) /22, we have

T
*x\—1/2 *x\—1/2 _ —1/2 *\—1/2
(Ea) Zk+1(2a) - (Eg) ( Z T Z* 1/22 (Eg)l/QyZ + OéI) (Ea)
=< (22)_1/2 (1 — O‘)n)‘max(zk(zg)_ ) L .Z' +al (22)—1/2
m =1 szyz
. (1- a)n)\max (Zr(Z o N
= (Za) 1/2 ( Z Z‘T _1 ] + O[I (E(x) 1/2

m

— Ama(Er(55) ) (55) 72 ( - >

7

—1/2
B od) (£2)

+a(l = Anax(Tr(Z5) ") (B0
= Amax (Zk(Z8) 7T + a1 = Amax (Sr(35) 7)) (Z3) ™

where we have used the fact that ¥} satisfies

This can be shown by setting the gradient of the objective function of Tyler’s regularized maximum likelihood
estimation problem to zero. Next, we consider two cases.

o If Mpax(Zx(2%)71) > 1, then we can drop the last term to conclude that
(Zg)_1/22k+1(22)_1/2 = )‘maX(Ek(ZZ)_l)Iv

implying that the maximum eigenvalue of the left-hand side is upper bounded by the maximum eigenvalue
of the right-hand side. Note that

Amax((Z8) 72 Zk41(28) 7%) = Amax (T2 (25) 7).

Thus, it follows that
/\maX(Zk+1(EZ)71) < AmaX(Ek(Zg)il) < AmaX((E;)il)-
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e Suppose ar = Amax(Zk(Z%)71) < 1. Then we have

ar1 < ag + ol — ag) Amax((55) 7).

Note that
sup {ar + a(l — ap)Amax((Z5) 7} = sup {@Amax((Z5) ™) + (1 — @dmax((55) 7)) ar }
ake[O,l] akE[O 1]

= max {a)\max )T 1}
< max {/\max ((=5)~ 1}

Now we use the fact that Tr((X%)~!) = n (Pascal et al) 2014, Propostion 3.1) to conclude that
Amax((X%)71) > 1. Hence, it follows that

Ogy1 < AmaX((E;)71)~
This concludes the proof. O

For the next results we recall that A ={Y € 8" | | \min(Y') > 1/6*} where £* = Apax(25%)/Amin (X})-
Lemma 18. It holds that Y} € A, and Y, € A for k > 0.

Proof. Verifying that Y € A is straightforward since

i )\mln( ) _ Amin(YJ)
R Amax(Z5)  Amax(YZ)'
and Apax (YY) > 1 since Tr(Y}) = n (Pascal et al.l [2014] Proposition 3.1).

From Lemma we have /\max(Yk_lYa* ) < Amax(Y). Combining this together with the fact that Apax(Y), IY*)
Amax(}/k;_l))‘min (Y;), we have

_ )\max(Y*)
Amax(¥ 1) < Sl
( k ) — )\mln(Yof)
Hence,
Amin(Y*)
min Y, 70¢'
A ( k) - )\maX(Ya*)

Lemma 19. The set A is geodesically convex.

Proof. We need to show that for any Y1,Y> € A, the geodesic v(t;Y1,Ya), ¢t € [0,1], connecting Y7 and Y is
contained in A.

Let Y7 € A and Y3 € A. A property of the geodesic ¥(t;-,-) is that for any A, B € S’ , it holds that (Wiesel
and Zhang) 2015, Theorem 1.6)

v(t;A,B) = (1-t)A+1tB, t € [0,1].
Hence, with A =Y, ! and B =Y, ', we have
YL ) -y ey, teo,1].

Hence, for any ¢ € [0, 1],

/\max(’Y(t; Yl_lv }/é_l)) S /\Inax(( t)le_l + t)/Q_l)
< (1= D Amax(Y7 1) + Amax (Y5 )
1-t t
= +

Amin(i/l) Amin(i/Z)
(1 —t)k* + tk* = K*.

IN
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We now use that v(¢; Y, Y5 1) = (Y1, Y2) 1 (Wiesel and Zhang} 2015, Lemma 1.8), so

*

1
< K7,
)\min('y(t; Y17Yv2)) B

which implies the desired result. O

Lemma 20. The function r(Y') = Tr(Y'), domr = S |, is geodesically p-strongly convex on A with = 1/k*.

Proof. The function r(Y") is geodesically p-strongly convex on A if for all Y € A (Boumal, [2023, Theorem 11.23),
Vir(Y)[U, U] = pllU|},  UeS™,

where ||U||3 = Tr(Y 'UTY ~'U) is the Riemannian metric on S}, and V?r(Y)[U, U] is the Riemannian second

directional derivative of r at Y in the direction U. The Euclidean gradient and Hessian of 7(Y) is I and 0,
respectively. Thus, using (Boumal, [2023|, Chapter 11.7), we have

V2 (Y)[U] = %(YU +UY), UeSs",

where V2r(Y)[U] is the Riemannian directional derivative of the Riemannian gradient at Y in the direction U.
Furthermore, if we denote the Riemannian inner product at Y by (A, B)y = Tr(Y 'AY "'B) for A,B € S’}
then the Riemannian second directional derivative of r at Y in the direction U € S™ is given by

V2r(Y)[U,U] = %(YU +UY,U)y = % Tr(Y Y (YU +UY)Y'U)
=Tr(UY'U).
To lower bound V27(Y)[U,U] in terms of the Riemannian metric [|U||2. = Tr(Y 1UY ~1U), we write
Tr(UY 'U) = Te(YY'UY 7'U) > Ao (V) Te(Y'UY HU) = Aot (V) [U15-

Hence, for any Y € A, we have
Vi (YV)[U,U] > (1/x%)|U]3-

Thus, 7(Y) is geodesically u-strongly convex on A with u = 1/k*. O



