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Abstract

We study a data marketplace where a bro-
ker intermediates between buyers, who seek
to estimate the mean µ of an unknown nor-
mal distribution N (µ, σ2), and contributors,
who can collect data from this distribution
at a cost. The broker delegates data collec-
tion work to contributors, aggregates reported
datasets, sells it to buyers, and redistributes
revenue as payments to contributors. We aim
to maximize welfare or profit under key con-
straints: individual rationality for buyers and
contributors, incentive compatibility (contrib-
utors are incentivized to comply with data
collection instructions and truthfully report
the collected data), and budget balance (total
contributor payments equals total revenue).
We first compute welfare/profit-optimal prices
under truthful reporting; however, to incen-
tivize data collection and truthful data report-
ing, we adjust them based on discrepancies
in contributors’ reported data. This yields a
Nash equilibrium (NE) where the two lowest-
cost contributors collect all data. We com-
plement this with two impossibility results:
(i) no nontrivial dominant-strategy incentive-
compatible mechanism exists in this problem,
and (ii) no mechanism outperforms ours in a
NE.

1 INTRODUCTION

With the ubiquity of AI, data has become a critical
economic resource, driving operations and innovation
across many domains. However, not everyone has the
means to collect data on their own and thus must rely
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on data marketplaces to acquire the data they need. In
recent years, data marketplaces have emerged across
various domains, including materials science cit (2024),
advertising goo (2024), computer systems Microsoft
(2023), insurance dat (2024), freight fre (2024), logis-
tics blo (2024), and others (aws, 2024; ibm, 2024; sno,
2024).

In data marketplaces, strategic data contributors aim to
minimize their data collection costs while maximizing
compensation from buyers. This can lead to behav-
iors such as under-collecting data to reduce costs, or
misreporting their collected datasets to increase pay-
ments. Such actions undermine trust in buyers, who
seek high-quality data for their learning tasks. These
considerations motivate the central goal of this paper:
design data marketplaces that disincentivize strategic
contributor behavior.

Most prior work on data marketplaces assume that
data contributors will always truthfully report data,
and focus on setting prices for buyers and payments
to contributors based on the quantity of data. This
overlooks the fact that buyers ultimately care about
performance on a given learning task, and pricing based
on quantity alone is meaningless when strategic con-
tributors can report data untruthfully. For instance,
naively paying contributors based on the size of the
dataset they contribute, incentivizes them to report
large fabricated (fake) datasets to dishonestly inflate
earnings. Prior work on incentivizing truthful data
reporting do not consider broader market constraints
(e.g. contributor payments must originate from buyers
who derive value from the data they purchase).

1.1 Summary of Contributions

In this work, we study these fundamental challenges in
a normal mean estimation setting.

Problem Formalism. In §2, we formalize the prob-
lem set up. A set of contributors C act as the agents,
each able to collect i.i.d. samples from an unknown nor-
mal distribution N (µ, σ2), each incurring a per-sample
cost ci. We assume these costs are public information.



A set of buyers B seek to estimate µ by purchasing data
from the contributors. A broker serves as the principal,
who facilitates these transactions by delegating data
collection work to contributors (which may not be fol-
lowed), and receiving data submissions (which may be
reported untruthfully). The broker then sells subsets
of the received data to buyers and redistributes the
revenue to contributors.

Mechanism design objectives. We consider two ob-
jectives: welfare and contributors’ profit. Welfare is
defined as the total value that buyers derive from the
allocated data minus contributors’ total data-collection
costs. Revenue is the total payment collected from
buyers. Contributors’ profit is then defined as revenue
minus contributors’ total data-collection costs. The
broker itself is not profit-seeking and only serves as
the mechanism operator, its objective is to maximize
either welfare or profit, while satisfying key market
constraints: (i) Budget balance (BB): total contributor
payments equal total revenue from buyers. (ii) Indi-
vidually rational for contributors (IRC): contributor
payments cover data collection costs. (iii) Incentive-
compatible for contributors (ICC): contributors are in-
centivized to behave well, i.e., follow the broker’s in-
structions on data collection, and report the collected
data truthfully; specifically, being well-behaved consti-
tutes a Nash equilibrium (NE) for all contributors. (iv)
Individually rational for buyers (IRB): buyers’ prices
should not exceed their valuation.

Impossibility Results. In §3, we establish two key
impossibility results. First, there exists no nontrivial
dominant-strategy incentive-compatible (DSIC) mech-
anism for this problem, i.e. collecting the specified
amount and reporting it truthfully is the best strat-
egy regardless of others’ strategies. Second, in any
NE of any mechanism, the maximum achievable profit
is OPT − (c2 − c1) where c1, c2 are the costs of the
cheapest and second cheapest agents, and OPT is a
welfare/profit-optimal baseline in which contributors
are not strategic. Both results stem from a key insight:
when others collect no data, an agent can fabricate
data at no cost from an any normal distribution.

Mechanism Design. Next, we design mechanisms
that satisfy the four requirements outlined above while
maximizing either the welfare (§4) or profit (§5, Ap-
pendix E).

Key algorithmic insights and analysis. To minimize
costs, one might expect the broker to delegate all data
collection to the contributor with the lowest cost. How-
ever, this approach is not ICC, as a sole contributor
could fabricate data, and the broker—having no other
data source—would be unable to detect it. We show,
however, that two agents suffice, as the broker can

assess each agent’s submission by comparing it against
the other’s. Thus, we assign data collection to the two
cheapest contributors, allocating nearly all points to
the cheapest, and just one point to the second-cheapest,
whose primary role is to enable the broker to verify the
submission of the cheapest.

Our mechanisms first determine the total data col-
lection amount, buyers’ dataset sizes and prices, and
contributor payments to maximize welfare/profit, as-
suming well-behaved contributors. However, buyers’
actual prices include an additional term based on the
difference between the means of the two contributors’
reported datasets, and this variation is reflected in the
contributor payments. This design ensures ICC, as
each contributor is incentivized to report truthfully
when the other does, in order to minimize the discrep-
ancy. This mechanism achieves a welfare (profit) which
matches (nearly matches) the OPT− (c2 − c1) upper
bound proved in our impossibility result in §3.

1.2 Related Work

Incentivizing Data Collection. Prior work has
studied methods to incentivize data collection, both
via payments in principal-agent models (Cai et al.,
2015; Cummings et al., 2015; Fallah et al., 2024), and
via reciprocal data sharing in collaborative learning
settings (Karimireddy et al., 2022; Huang et al., 2023;
Sim et al., 2020; Blum et al., 2021). However, they
assume agents will always truthfully report the col-
lected data. Indeed, in many cases, they are able to
design DSIC mechanisms for contributors, which, as we
demonstrate, is impossible in our problem. Moreover,
some methods assume specific forms for the valuation
of the data for the principal. In contrast, our approach
is more general: we only assume that buyers’ valuation
decreases with their estimation error.

Incentivizing Truthful Data Reporting. Previ-
ous work on incentivizing truthful reporting of already
collected data (Zheng et al., 2024; Chen et al., 2020;
Ghosh et al., 2014) do not study many of the market
constraints we study here, such as efficiency, IRB, and
IRC. In some of these models, agents do not incur costs
to collect data. Moreover, they assume that the princi-
pal has access to a large budget for incentivization, but
do not address the source of these funds. In contrast,
our setting requires that payments originate from buy-
ers who derive value from the data contributed by con-
tributors. Other related work Cummings et al. (2015)
assumes that agents submit unbiased data and only
add noise under a variance constraint; however, this
restriction on agents’ strategic behavior is too strong
for practical settings. Chen et al. (2018) investigate
truthful mechanisms for obtaining data from strategic
agents who have different costs; however, these agents



can only misreport their costs and not the actual data.
Miller et al. (2005) introduced peer prediction for elic-
iting truthful reports without ground truth, focusing
purely on report incentives; our mechanism additionally
ensures market feasibility, accounting for contributors’
data collection costs and other key market constraints.

Truthful Contributions in Collaborative Mean Estima-
tion. Recent work has explored collaborative mean
estimation, where a group of strategic agents collab-
orate to estimate the mean of a distribution (Chen
et al., 2023; Clinton et al., 2024; Dorner et al., 2023).
A common technique in our method and these works
is comparing an agent’s reported data mean against
the mean of other agents to incentivize truthful re-
porting. However, our analysis techniques are different
from these methods, in part because we must adhere
to market constraints that do not arise in payment-less
collaborative learning settings, and in part because all
three methods assume specific forms for the agents’
valuation of data.

Moral Hazard. The issue of contributors submit-
ting fabricated data can also be analyzed under the
framework of moral hazard, where agents (contribu-
tors) deviate from agreed-upon tasks (data collection)
with a principal (broker) (Laffont and Martimort, 2009;
Holmström, 1979; Mirrlees, 1999; Helpman and Laffont,
1975). As in classical moral hazard settings, the out-
come of a contributor’s work (the collected dataset) is
stochastic. However, unlike typical models, our broker
lacks knowledge of the signal distribution given contrib-
utors’ effort (the learning problem would be trivial if
the data distribution were known) and cannot directly
observe the outcomes of these efforts, relying instead
on potentially dishonest reports from the contributors
themselves.

Data Pricing. Our approach to profit maximiza-
tion leverages an extensive body of work on data pric-
ing (Agarwal et al., 2020, 2019; Bergemann and Bonatti,
2019; Chen and Hossain, 2023; Bergemann et al., 2018;
Babaioff et al., 2012; Mehta et al., 2021; Pei, 2020).
Of these, pertinent to us, is a line of work on pric-
ing ordered items, where unit-demand buyers share a
common preference ranking over goods (Chawla et al.,
2022; Hartline and Koltun, 2005; Chen et al., 2024).
We will use algorithms from these works when studying
envy-free profit maximization.

2 PROBLEM SET UP

We now present the problem set up. We describe the
marketplace environment in §2.1, followed by outlining
the mechanism design problem in §2.2. A table of
notations is provided in Appendix F.

2.1 Description of the Marketplace

A data marketplace involves three key actors: (i) a
finite set of strategic data contributors C = {1, . . . , |C|},
(ii) a finite set of non-strategic buyers B, and (iii)
a trusted broker who facilitates transactions between
contributors and buyers. Contributors collect samples
from a common normal distribution N (µ, σ2). Here,
σ2 is known. Neither the contributors, buyers, or the
broker know µ, nor do they have any ancillary infor-
mation, such as a prior. Buyers wish to estimate µ by
purchasing data from the contributors, but have differ-
ent valuations based on estimation errors. Contributor
i incurs a cost ci to collect each sample, where ci is
known to the broker.

Interaction Protocol. The marketplace operates in
the following sequence:

1. Mechanism design (broker): The broker designs
and publishes a mechanism M to delegate data
collection work to contributors, elicit the collected
data, set prices, sell data to buyers, and redistribute
revenue back to contributors.

2. Delegation of work (broker): The broker requests
each contributor i to collect N ′

i = Ni({ci}i∈C) ∈ N
samples, where Ni maps the costs to requested
quantities.

3. Data collection (contributors): Each contributor i
collects n′

i = ni(N
′
i , ci) ∈ N i.i.d. samples at cost

cin
′
i, yielding a dataset Zi = {zi,1, . . . , zi,n′

i
} ∈ Rn′

i .
The function ni maps the broker’s request and the
contributor’s cost to the actual number of samples
she will collect (which may not be the amount re-
quested).

4. Data submission (contributors): Each contribu-
tor submits a dataset X ′

i = {x′
i,1, x

′
i,2, . . . } =

Xi(Zi, N
′
i , ci) ∈

⋃∞
ℓ=0 Rℓ. The submission function

Xi may modify the collected dataset Zi, enabling
strategic behaviors (e.g., fabrication) for personal
gain.

5. Data allocation and purchases (broker): The bro-
ker allocates to each buyer j ∈ B a random
subset of size m′

j = mj({X ′
i}i∈C , {ci}i∈C) ∈ N

drawn from
⋃

i∈C X
′
i, and charges a price p′j =

pj({X ′
i}i∈C , {ci}i∈C) ∈ R. Let Y ′

j be the dataset
received by buyer j, obtained by sampling a random
subset of size m′

j from the union of all contributors’
datasets

⋃
i∈C X

′
i.

6. Revenue redistribution (broker): The broker re-
distributes total revenue

∑
j∈B p′j to contrib-

utors via payments {π′
i}i∈C, where π′

i =
πi({X ′

i}i∈C , {ci}i∈C) ∈ R, and each payment func-
tion πi maps available information to contributor
i’s payment.



Notation. Primed symbols denote realizations of
quantities that are functions of information available
to a contributor or broker, e.g., in step 3, the function
ni maps the requested amount and cost to the actual
amount contributor i will collect, denoted n′

i.

Mechanism. Let X =
⋃∞

ℓ=0 Rℓ denote the
space of datasets. A broker’s mechanism is speci-
fied by the tuple of (possibly randomized) functions
M = ({Ni}i∈C , {mj}j∈B, {pj}j∈B, {πi}i∈C). Here, Ni :

R|C|
+ → N determines the amount of data to re-

quest from contributor i based on their costs. Next,
mj : X |C|×R|C|

+ → N determines the size of the dataset
sold to buyer j; it should satisfy mj({X ′

i}i∈C , ·) ≤∑
i∈C |X ′

i| for all j ∈ B, as the broker cannot sell more
data to any buyer than she has received from contrib-
utors. Next, pj : X |C| × R|C|

+ → R specifies the price
charged to buyer j. Finally, πi : X |C| × R|C|

+ → R
determines the payment to contributor i.

Contributors. Without loss of generality, we assume
contributors are ordered by increasing cost: c1 ≤ c2 ≤
· · · ≤ c|C|. After the mechanism is published, each
contributor i selects a strategy, which is a tuple of
(possibly randomized) functions si = (ni, Xi), where:
ni : N×R+ → N determines how much data to collect,
based on the broker’s request and the cost; and Xi :
X × N× R+ → X determines what dataset to submit,
possibly modifying or fabricating the collected dataset.
This formalism accommodates a wide range of strategic
behavior, including under-collecting data to reduce
data collection costs (i.e., n′

i = ni(N
′
i , ci) < N ′

i), and
fabricating data to appear compliant (i.e., |X ′

i| = Ni >
|Zi| = n′

i, where X ′
i = Xi(Zi, Ni, ci)).

Well-behaved contributor. Our goal will be to design
mechanisms that incentivize contributors to be “well-
behaved”, i.e., truthfully report their costs, collect the
requested amount of data, and submit it without alter-
ation. To formalize this, let I denote the identity func-
tion, which returns its first argument: I(x, y, z, . . . ) = x.
Define the well-behaved strategy for contributor i as
sIi = (I, I). Let sI (sI−i) denote the strategy profile in
which all contributors (all except i) are well-behaved.

Contributor utility. If a contributor samples n′
i points

and receives payment π′
i ∈ R, her ex post utility is

π′
i−cin′

i. As these quantities depend on the mechanism
M and all contributors’ strategies s, her ex ante utility
uC
i can be defined as1,

uC
i (M, s) := inf

µ∈R
E [π′

i − cin
′
i] . (1)

1Making the dependencies on the mechanism and
strategies explicit, we can write this as uC

i (M, s) :=
infµ∈R E

[
πi

(
{Xj(Zj)}j∈C , {cj}j∈C

)
− cini (Ni({cj}j∈C), ci)

]
.

To reduce notational clutter, we will use the primed notation
going forward.

Here, the expectation is over stochasticity in data gen-
eration, and any randomness in the mechanism and
contributor strategies. We consider the infimum (worst-
case) value over µ as µ is unknown, and a process
should yield reliable estimates across all N (µ, σ2). To
illustrate further, suppose the true mean is µ = µ̃.
Suppose a contributor chooses not to collect any data,
n′
i = 0 (incurring zero cost), and reports a large vector

of repeated copies of µ̃, i.e., X ′
i = (µ̃, . . . , µ̃). This ben-

efits buyers, as they may obtain arbitrarily accurate
estimates of µ using the sample mean. As a result,
buyers would be willing to pay more, which increases
the contributor’s payment without incurring any cost.
However, this strategy is viable only if the contributor
knew a priori that µ = µ̃. Taking the infimum over µ
accounts for the fact that µ is unknown and makes uC

i

well-defined2.

Buyers. Buyer j receives a dataset Y ′
j from the

mechanism, pays the specified price p′j to the broker,
and estimates µ via the sample mean µ̂(Y ′

j ). While
prior work on data marketplaces has often modeled
buyer valuation as a function of dataset size (Zhang
et al., 2023), such a model is inadequate when contribu-
tors may misreport data. A more principled approach,
rooted in classical statistics, measures performance by
the estimation error |µ̂(Y ′

j ) − µ| (Stein, 1981). Mo-
tivated by this, we adopt a more appropriate model
where a buyer’s valuation depends on the estimation
error |µ̂(Y ′

j ) − µ|, which directly reflects the buyer’s
ultimate objective. We provide additional background
on normal mean estimation in Appendix A.

Buyer valuations. We will find it useful to define three
related valuation functions for buyers:

1. Error-based valuation vej : Different buyers may
have differing valuations for varying errors, which
we model using buyer-specific valuation functions
vej : R+ → [0, 1]. Here, vej(e) is buyer j’s ex-post
value when her estimation error is e. We adopt gen-
eral error-based valuation functions vej to capture
heterogeneity across buyers. In real-world markets,
buyers often differ in their sensitivity to estimation
errors: some may place high value on small accuracy
improvements, while others may tolerate larger er-
rors. Allowing vej to be buyer-specific better reflects
diverse buyer objectives. The next two definitions
build on vej .

2. Valuation under a mechanism and strategy profile
vBj : Recall that buyer j’s dataset Y ′

j is a random
subset of size m′

j drawn from all contributors’ sub-
missions (step 5 in interaction protocol). It depends
2An alternative approach to address uncertainty about

µ is to place a prior over µ and take an expectation with
respect to that prior. While we do not study this Bayesian
setting, our high-level ideas can be adapted to it.



on the mechanism M , the contributor strategy pro-
file s, and the stochastic datasets {Zi}i∈C collected
by the contributors. Thus, buyer j’s value under
mechanism M and strategy profile s is:

vBj (M, s) := inf
µ∈R

E
[
vej
(∣∣ µ̂(Y ′

j ) − µ
∣∣)] . (2)

3. Valuation under clean data viidj : As a benchmark,
we also define a size-based valuation viidj , where
viidj (m) is buyer j’s expected value upon receiving
m i.i.d. (clean) samples:
viidj (m) = inf

µ∈R
EX∼N (µ,σ2)m

[
vej (| µ̂(X)− µ |)

]
.

(3)
We will assume that vej is such that viidj (m) is increasing
in m, i.e., if a buyer receives more clean data, her value
increases in expectation. As in (1), the infimum in (2)
and (3) ensures vBj and viidj are well-defined as µ is
unknown.

Buyer utility. A buyer’s utility is her valuation minus
her payment. Defining this is somewhat subtle, as
infima and expectations do not commute. We consider
two candidate definitions:

uB
j (M, s) := vBj (M, s)− sup

µ∈R
E
[
p′j
]
. (4)

uB
j (M, s) := inf

µ∈R
E
[
vej
(∣∣µ̂(Y ′

j )− µ
∣∣)− p′j

]
. (5)

Here, (4) measures the gap between the buyer’s worst-
case expected value (2) and her worst-case expected
price, whereas (5) computes the buyer’s ex-post utility
vej(e)− pj for realized error e, and price p′j followed by
a worst-case expectation. Clearly, (4) ≤ (5), so guaran-
tees established for (4) also hold for (5). Accordingly,
we adopt (4) as our measure of buyer utility. That said,
as we will see, in our mechanism, both expressions will
be equal, as the price is independent of µ.

Non-strategic buyers, known buyer valuations. As we
focus on contributor-side challenges, we assume buyers
are non-strategic and that the broker knows buyer
valuations {vej}j∈B. Extensions to unknown valuations—
elicited via bids or learned in repeated markets—is left
for future work.

Public Information. We assume that the set of con-
tributors C, buyers B, buyer valuations {vej}j∈B, and
the variance σ2 are public information known to all
parties. Contributors’ costs {ci}i∈C are known only to
the contributors themselves and the broker. A contribu-
tor’s strategy and the broker’s mechanism may depend
on this information, but we suppress this dependence
for simplicity.

2.2 The Mechanism Design Problem

Market Constraints. We wish to design a mecha-
nism in which buyers and contributors do not lose by

participation, contributors are incentivized to behave
well, and payments to contributors equal the revenue.
We now formalize these desiderata:

1. Budget balance (BB): M satisfies budget balance if
the total payments to contributors is equal to the
total revenue, i.e.,

∑
i∈C π

′
i =

∑
j∈B p′i.

2. Individually rational for contributors (IRC): M is
ex-ante individually rational for the contributors if
uC
i (M, sI) ≥ 0 for all contributors i ∈ C.

3. Incentive-compatible for contributors (ICC): M is
incentive-compatible for contributors if sI is a Nash
equilibrium. That is, for all contributors i ∈ C,
and for every alternative strategy si for i, we have
uC
i (M, sI) ≥ uC

i (M, (si, s
I
−i)). (In §3, we show that

no DSIC mechanisms are possible).
4. Individually rational for buyers (IRB): M is ex ante

individually rational for the buyers if uB
j (M, sI) ≥ 0

for all buyers j ∈ B.

Efficiency. A mechanism should satisfy some notion
of efficiency while meeting the above criteria, where
common objectives include welfare and profit maxi-
mization. Our contributor-side mechanism supports
both. Here, we focus on welfare maximization, which
is simpler to implement on the buyer side. In §5 and
Appendix E, we extend these ideas to profit maximiza-
tion.

First, let us define the welfare W (M, s;µ) of a mecha-
nism M under a strategy profile s:

W (M, s;µ) = E
[∑
j∈B

vBj (M, s)−
∑
i∈C

cin
′
i

]
. (6)

For an arbitrary mechanism, the welfare may depend
on reported data, which itself depends on the actual
distribution N (µ, σ2). However, we will see that for
our mechanism, under sI, the welfare W (M, sI;µ) is
independent of µ.

A baseline for welfare maximization. Our approach is
to define a welfare-optimal benchmark OPT and design
a mechanism that satisfies the four desiderata while
achieving welfare close to OPT. A natural baseline is
the maximum welfare achievable when contributors are
non-strategic and follow sI. In this case, since buyers
receive i.i.d. data, their valuations depend only on the
data amounts {m′

j}j∈B (see (3)). Additionally, the data
allocated to any buyer cannot exceed the total collected:
m′

j ≤
∑

i∈C n
′
i =

∑
i∈C N

′
i . These observations define

the baseline OPT:

OPT = max
M

E

[(∑
j∈B

vj(M, sI) −
∑
i∈C

ciN
′
i

)]

(a)
= max

{N′
i}i,{m

′
j}j

(∑
j∈B

viidj (m′
j)−

∑
i∈C

ciN
′
i

)



= max
{N′

i}i

(
max
{m′

j}j

∑
j∈B

viidj (m′
j) −

∑
i∈C

ciN
′
i

)

(b)
= max

{N′
i}i

(∑
j∈B

viidj

(∑
i∈C

N ′
i

)
−
∑
i∈C

ciN
′
i

)
(c)
=
∑
j∈B

viidj

(
NOPT

)
− c1N

OPT, (7)

where NOPT = argmaxN ′∈N
∑

j∈B viidj (N ′) − c1N
′.

Here, (a) follows from (3), the fact that welfare de-
pends only on the quantities {N ′

i}i, {m′
j}j , not on pay-

ments or prices, and that N ′
i does not depend on the

reported data. As viidj is non-decreasing, step (b) sets
m′

j =
∑

i∈C N
′
i to maximize viidj (m′

j) under the con-
straint mj ≤

∑
i∈C N

′
i , reflecting that welfare is maxi-

mized when all collected data is allocated to all buyers.
Step (c) assigns all data collection to contributor 1, the
lowest-cost contributor, to minimize total cost.

Some Remarks. We conclude this section with
three observations. (1) Buyer valuation for untruthful
data: We do not explicitly model the fact that truth-
ful data maximizes buyer valuations. Doing so would
require additional assumptions on vi and an analysis
of optimal estimators. Instead, we define a baseline
where non-strategic contributors follow the rules, en-
suring buyers receive truthful data. We aim to design
a mechanism that incentivizes strategic contributors to
also follow the rules while approximating the baseline.
(2) Negative prices/payments: Since data is random,
data-dependent prices and payments are also random.
We allow ex post negative prices (broker pays buyers)
and payments (contributors pay broker). Although
unconventional, this enables strong ICC guarantees.
Notably, in our mechanism, the ex-ante (i.e. expected)
prices and payments are always non-negative. (3) On
BB: Payments cannot exceed revenue to ensure market
feasibility. We additionally require equality to ensure
that trade benefits are fully distributed to contributors,
leaving no unallocated excess revenue. Unlike the other
requirements, BB must hold always and not just in
expectation, as the market must be feasible for every
realization of data.

3 IMPOSSIBILITY RESULTS

We first present two impossibility results for this prob-
lem. Theorem 3.1 states that no nontrivial dominant-
strategy incentive-compatible mechanism exists, moti-
vating our focus on NE in the ICC guarantee. Theo-
rem 3.2 establishes an upper bound on the maximum
achievable welfare in any NE of any mechanism that
ensures truthful data reporting. The proofs of both
theorems are given in Appendix D.

Theorem 3.1. For any mechanism M , if s =

{(ni, Xi)}i∈C is a dominant strategy profile, then no
contributor collects any data, i.e., ∀i ∈ C, n′

i =
ni(N

′
i , ci) = 0.

Theorem 3.2. Let OPT be as defined in (7). For any
mechanism M , if strategy profile s = {(ni, I)}i∈C is a
Nash equilibrium, then W (M, s;µ) ≤ OPT− (c2 − c1).

Next, we will design a mechanism that achieves the
welfare upper bound established here, while at the same
time satisfying BB, IRC, ICC, and IRB.

4 METHODS AND ANALYSIS

We have outlined our mechanism in Algorithm 1. For
the purpose of extending this algorithm for profit max-
imization, we use four sets of input parameters: ÕPT

is the optimal baseline welfare or profit, N ÕPT spec-
ifies the total amount of data that needs to be col-
lected, {m̃j}j∈B specifies the amounts of data to sell
to each buyer, and {p̃j}j∈B is the expected price to
charge each buyer. For welfare maximization, we will
set ÕPT = OPT, N ÕPT = NOPT, where OPT and
NOPT are as defined in (7), and set m̃j = NOPT,
p̃j = viidj (NOPT) for all j. We will choose these values
differently for profit maximization in Appendix E.

We will first describe our mechanism and then motivate
our design choices. In line 2, our mechanism instructs
the cheapest contributor to collect N ÕPT − 1 points,
the second cheapest contributor to collect 1 point, and
the remaining to collect no points. It then aggregates
all the received datasets and chooses m′

j = m̃j random
points to sell to buyer j (for welfare maximization, the
broker will sell all the data to all buyers as m̃j = NOPT).
He then charges buyer j p′j as shown below in (8), and
issues payments π′

i to the contributors as shown below
in (9).

To state prices and payments, for i ∈ {1, 2}, let X ′
−i

be the dataset submitted by the other contributor,
N ′

−i = NOPT − N ′
i be the amount of data the other

contributors should collect, and di = ci(N
′
i)

2/σ2. Re-
call that the input p̃j specifies buyer j’s expected price.
We can now express p′j as:

p′j =
∑

i∈{1,2}

I
(∣∣X ′

i

∣∣ = N ′
i

)(
p̃j

N ′
i

N ÕPT
+

di
|B|

σ2

N ′
−i

+
di
|B|

σ2

N ′
i

)

−
∑

i∈{1,2}

di
|B|

(
µ̂(X ′

1)− µ̂(X ′
2)

)2

. (8)

Next, we set payments π′
i = 0 for contributors i ∈

{3, . . . , |C|}. For contributors i ∈ {1, 2} we have,



Algorithm 1 Mechanism

1: Input: Target welfare or profit ÕPT, Total
amount of data to collect N ÕPT ∈ N, Amounts
to sell to buyers {m̃j}j∈B ∈ N|B|, Expected prices
to charge buyers {p̃j}j∈B ∈ R|B|.

2: Instruct contributors to collect {N ′
i}i∈C where,

N ′
1 = N ÕPT − 1, N ′

2 = 1, N ′
j = 0 for all j ≥ 3.

3: Receive datasets {X ′
i}i∈C from contributors.

4: Set m′
j = m̃j . Buyer j receives m′

j randomly chosen
points from

⋃
i∈C X

′
i.

5: Charge p′j from each buyer j ∈ B (see (8)). # p′j
uses p̃j

6: Pay π′
i to each contributor i ∈ C (see (9)).

π′
i = I

(
|X ′

i| = N ′
i

)(
(ÕPT + c1 − c2)

N ′
i

N ÕPT
+ ciN

′
i + di

σ2

N ′
−i

+ di
σ2

N ′
i

)
− di

(
µ̂(X ′

1)− µ̂(X ′
2)
)2
. (9)

Design Choices. As indicated in (7), collecting
NOPT data maximizes welfare. To minimize total cost,
one would expect all the work to be assigned to the
cheapest contributor. However, if only one contributor
were to collect all the data, she could fabricate it; the
broker—having no other data source—will not be able
to detect it. Fortunately, we show that using just one
data point from a second contributor is sufficient to
incentivize contributor 1 to follow the rules. Hence,
we ask the second cheapest contributor to collect one
point, and the rest is collected by contributor 1.

Contributor payments distribute the profit proportional
to contributions, with contributor i’s expected payment
given by ciN

′
i + (OPT+ c1 −c2)N ′

i/N
OPT. Actual pay-

ments are adjusted based on the difference between the
means of contributors’ datasets, with a larger difference
lowering payments. We prove that each contributor
should report truthfully when the other does so, to
minimize this difference, thus achieving ICC. This dif-
ference is reflected in buyer prices to ensure BB and
IRB.

The following theorem summarizes the key properties
of our mechanism. It satisfies all the required con-
straints while achieving a welfare that matches the
upper bound in Theorem 3.2, demonstrating that the
mechanism is essentially unimprovable. The proof is
given in Appendix B.
Theorem 4.1. Let M be the mechanism in Algorithm 1
executed with inputs ÕPT = OPT, N ÕPT = NOPT,
m̃j = NOPT, and p̃j = viidj (NOPT) for all j ∈ B,

where OPT and NOPT are as defined in (7). Then,
M satisfies BB, IRC, ICC, and IRB. Moreover, its ex-
pected welfare at the well-behaved NE is W (M, sI;µ) =
OPT− (c2 − c1).
Discussion. We highlight three observations. 1)
Multiple minimum-Cost Contributors: If multiple con-
tributors share the minimum cost, evenly distributing
data collection among them yields a welfare of OPT
and reduces the variance in the comparison terms of
equations (8) and (9). This lowers the variance of prices
and payments which may be desirable in practice. 2)
Beyond Mean Estimation: Our insights likely general-
ize to learning tasks beyond mean estimation, such as
the Gaussian family, where similar discrepancy-based
incentives may be constructed with minor modifica-
tions. We anticipate the absence of nontrivial DSIC
mechanisms and the sufficiency of two contributors
for an optimal NE. However, the requirement of a sin-
gle sample from the second contributor is specific to
normal mean estimation as it has a single learnable
parameter. Generally, the number of samples needed
from the second contributor may scale with the model’s
degrees of freedom. 3) Envy-free pricing: The pricing
in (8) may seem “unfair” as buyers may pay different
prices for identical datasets. A natural fairness require-
ment in this context is envy-freeness (EF) (Varian,
1973; Guruswami et al., 2005). While EF is not our
primary focus here for simplicity, §5 and Appendix E
show that our mechanism can be adapted for EF profit
maximization.

4.1 Proof Sketch of ICC in Theorem 4.1

We now, outline a proof sketch for incentive-
compatibility. To prove ICC, we must show that sI is a
Nash equilibrium of M . That is, we will show, ∀i ∈ C,
∀ (ni, Xi),

uC
i

(
M,
(
(ni, Xi), s

I
−i

))
≤ uC

i

(
M,
(
sIi, s

I
−i

))
.

Note that because we are only asking the two contrib-
utors with the lowest collection costs to collect data,
we can focus on {1, 2} ∈ C as the above inequality is
immediately satisfied for all other contributors. We
now prove the inequality for these contributors in three
steps, each with a corresponding lemma.

Step 1. Let (ni, Xi) be given. First we show that a
contributor can improve her utility by switching their
strategy from (ni, Xi) to (ni, Xa), where Xa is a func-
tion that always submits exactly the requested amount
of points N ′

i , while maintaining the same sample mean
as Xi. This is true as our mechanism determines a
contributors penalty based on the sample mean of their
submitted data and whether or not they submitted ex-
actly N ′

i points. This is stated formally in the lemma
below.



(Lemma 1): Fix any (ni, Xi). Let Xa : X → RN ′
i be

a function such that ∀Zi ∈ X , µ̂ (Xa(Zi)) = µ̂ (Xi(Zi)).
Then,

uC
i

(
M,
(
(ni, Xi), s

I
−i

))
≤ uC

i

(
M,
(
(ni, Xa), s

I
−i

))
.

Step 2. The second step is showing that a contributor
can improve their utility by switching their strategy
from (ni, Xa) to (ni, Xb), where Xb is a function that al-
ways submits exactly N ′

i points and whose sample mean
agrees with the sample mean of the original dataset
she collected Zi. This step uses the term in (9) which
penalizes contributors according to the difference in re-
ported means. Its proof uses techniques from minimax
optimality for normal mean estimation (Lehmann and
Casella, 2006). This is stated formally in the lemma
below.

(Lemma 2): Fix any ni. Consider any Xa : X → RN ′
i

and let Xb : X → RN ′
i be a function such that ∀Zi ∈ X ,

µ̂ (Xb(Zi)) = µ̂ (Zi). Then,

uC
i

(
M,
(
(ni, Xa), s

I
−i

))
≤ uC

i

(
M,
(
(ni, Xb), s

I
−i

))
.

Step 3. Finally, we show a contributor can improve
their utility by switching their strategy from (ni, Xb)
to (I, Xb). We prove that when a contributor is using
Xb their utility is concave in n′

i, which is maximized
when n′

i = N ′
i . We then show the utility under (I, Xb)

is the same as under sI.

(Lemma 3): Fix any ni. Let Xb : X → RNi be
a function such that ∀Zi ∈ X , µ̂ (Xb(Zi)) = µ̂ (Zi).
Then,

uC
i

(
M,
(
(ni, Xb), s

I
−i

))
≤ uC

i

(
M,
(
sIi, s

I
−i

))
.

These three steps now combine to prove ICC. For any
(ni, Xi), we then have that

uC
i

(
M,
(
(ni, Xi), s

I
−i

))
≤ uC

i

(
M, sI

)
.

5 ENVY-FREE PROFIT
MAXIMIZATION

Our mechanism in Algorithm 1 naturally extends to
other buyer-side objectives. We illustrate this with
a profit-maximization use case in Appendix E. We
summarize the key ideas here.

For this, let us first define the profit of a mechanism
M under a strategy profile s: the total revenue—i.e.,
the sum of all payments received from buyers—minus
the total cost incurred for data collection:

∑
j∈B p′j −∑

i∈C cin
′
i. Hence, the expected profit is given by,

profit(M, s;µ) = E

[∑
j∈B

p′j −
∑
i∈C

cin
′
i

]
. (10)

A Baseline for Envy-free Profit Maximization.
Similar to (7), we first establish a baseline for profit
maximization when contributors are non-strategic.
Here, the broker seeks to maximize profit subject to two
buyer-side incentive constraints: individual rationality
for the buyer (IRB) and envy-freeness (EF). Intuitively,
EF requires that no buyer prefers another’s dataset
and price over their own (Varian, 1973; Guruswami
et al., 2005). In this baseline, as in (7), the lowest-cost
contributor collects all the data. Unfortunately, unlike
in (7), no closed-form expressions for the realizations
of {N ′

i}i∈C, {m′
j}j∈B, or {p′j}j∈B are available in the

envy-free profit-maximization problem.

However, to apply Algorithm 1, we must specify its four
inputs. We can approximate the required quantities
algorithmically using the following methods.

Algorithms for Envy-free Profit Maximization.
A key technical insight, proved in Lemma 6, is that
envy-free revenue maximization reduces to the pricing
ordered items (POI) problem introduced by Chawla
et al. (2007). Although POI is NP-hard, prior work
provides methods for obtaining O(ϵ)-additive approx-
imations (Chawla et al., 2007; Hartline and Karlin,
2007; Chen et al., 2024). Algorithm 2 builds on these
methods to compute a profit-optimal solution under
truthful contributors. It searches over data collection
amounts; for each, it uses POI techniques to compute
an approximately optimal revenue, and the correspond-
ing dataset sizes and prices for buyers. By selecting the
data collection amount that maximizes revenue minus
cost (assuming only the cheapest contributor collects
data), we obtain N ÕPT.

Envy-free Profit Maximization with Strategic
Contributors. Finally, we invoke Algorithm 1, set-
ting N ÕPT as the data collection amount from the
above step, and ÕPT, {m̃j}j∈B, {p̃j}j∈B as the corre-
sponding profit, dataset sizes, and prices. This yields
a mechanism with profit OPT− c2 + c1 −O(ϵ), where
OPT denotes the optimal baseline profit, while satisfy-
ing IRB, IRC, BB, ICC and EF.

6 CONCLUSION AND DISCUSSION

We design a data marketplace where a broker mediates
transactions between buyers who aim to estimate the
mean of an unknown normal distribution, and strategic
data contributors, who collect data at a cost. Our
mechanism admits a Nash equilibrium (NE) in which
the two lowest-cost contributors collect and truthfully
report all the data. This equilibrium maximizes welfare
or profit subject to key market constraints. Matching
impossibility results establish that our mechanism is
unimprovable.



Future directions include extending the framework be-
yond mean estimation to other learning tasks. A limi-
tation of our current model is that contributors’ costs
are assumed to be known. Relaxing this assumption to
unknown costs, where contributors may strategically
report both costs and data, introduces substantial ad-
ditional challenges and is left to future work. It would
also be interesting to allow buyers to behave strategi-
cally, for example by misreporting their valuations to
obtain more favorable allocations, which would lead
to a different mechanism-design problem beyond our
current scope.
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Appendix

A REVIEW OF NORMAL MEAN ESTIMATION

We first briefly review normal mean estimation (Stein, 1981; James and Stein, 1992). A process3 M collects a
finite dataset Z = {zℓ}ℓ of i.i.d. points from a normal distribution N (µ, σ2), and reports a finite dataset Y = {yℓ}ℓ
to a learner. The learner knows the variance σ2, but not the mean µ. She estimates µ via the sample mean
µ̂(Y ) = 1

|Y |
∑

y∈Y y. Conventionally, one studies the loss as a function of the estimation error |µ̂(Y )− µ| (Stein,
1981). Here, we instead model the learner’s value via a decreasing function ve : R+ → [0, 1], where ve(e) is her
value for achieving error e. The learner’s valuation v for a process M , which depends on her error-based valuation
ve, is:

v(M) = inf
µ∈R

E [ve (| µ̂(Y )− µ |)] . (11)

The expectation is over any randomness in M and in generating the original dataset Z. The infimum over µ
captures the worst-case performance, ensuring reliability across all possible N (µ, σ2) since µ is unknown. To
illustrate, let µ̃ ∈ R be arbitrary. A (pathological) process which always reports repeated µ̃ values (µ̃, . . . , µ̃)
regardless of the collected dataset, achieves maximal value when µ = µ̃ but fails elsewhere. The infimum ensures
v(M) is well-defined, despite µ being unknown.

B PROOF OF THEOREM 4.1

(BB): We will first show that the mechanism satisfies the budget balance property, that is the total contributor
payments is equal to the total revenue.

Proof. From the definition of the payment rule in M and a sequence of algebraic manipulations we have∑
i∈C

π′
i =

∑
i∈C

((
(OPT+c1−c2)

N ′
i

NOPT
+ ciN

′
i +

diσ
2

N ′
i

+
diσ

2

N ′
−i

)
− di (µ̂(Zi)− µ̂(Z−i))

2

)
=

(OPT+c1−c2)
NOPT

∑
i∈C

N ′
i +

∑
i∈C

ciN
′
i +

∑
i∈C

(
diσ

2

N ′
−i

+
diσ

2

N ′
i

− di (µ̂(Zi)− µ̂(Z−i))
2

)
= (OPT+c1−c2) +

∑
i∈C

ciN
′
i +

∑
j∈B

∑
i∈C

(
diσ

2

|B|N ′
−i

+
diσ

2

|B|N ′
i

− di
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2
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p̃j +
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diσ
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diσ

2
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− di
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2
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NOPT
+

diσ
2

|B|N ′
−i

+
diσ

2

|B|N ′
i

− di
|B|

(µ̂(Zi)− µ̂(Z−i))
2

))
=
∑
j∈B

p′j .

Therefore, M satisfies the budget balance property.

(IRC): Next, we will show that under M , sI is ex-ante individually rational for contributors.
3Typically, one need not model such a process explicitly: often, the learner receives Z as is, or a random subset, keeping

Y i.i.d. In a marketplace, although data is sampled i.i.d., strategic contributors may misreport data to maximize personal
gain, in which case Y is no longer an i.i.d. dataset from N (µ, σ2). In what follows, we will find it useful to explicitly model
such a process induced by a mechanism and contributor strategies.



Proof. Under the recommended strategy, we have n′
i = N ′

i and X ′
i = Zi, the utility for contributor i is

uC
i (M, sI) = inf

µ∈R
E

[
I (|X ′

i| = N ′
i)

(
(OPT+c1−c2)

N ′
i

NOPT
+ ciN

′
i +

diσ
2

N ′
−i

+
diσ

2

N ′
i

)
− di (µ̂(Zi)− µ̂(Z−i))

2 − ciN
′
i

]

=

(
(OPT+c1−c2)

N ′
i

NOPT
+ ciN

′
i +

diσ
2

N ′
−i

+
diσ

2

N ′
i

)
− ciN

′
i − di sup

µ∈R
E

[
(µ̂(Zi)− µ̂(Z−i))

2

]

=

(
(OPT+c1−c2)

N ′
i

NOPT
+ ciN

′
i +

diσ
2

N ′
−i

+
diσ

2

N ′
i

)
− ciN

′
i −

(
diσ

2

N ′
−i

+
diσ

2

N ′
i

)
= (OPT+c1−c2)

N ′
i

NOPT
≥ 0.

Remark 1. Our mechanism, as presented in Algorithm 1, charges each buyer their ex-ante value for the data
(under truthful reporting), which is why the buyer’s ex-ante utility is zero. However, it is straightforward to
see that by slightly reducing the price and proportionally decreasing contributor payments, one can also satisfy
individual rationality for the contributors (IRC) while ensuring that buyers receive strictly positive utility.

(ICC): We defer the proof of the ICC property to Appendix C.

(IRB): Finally, we will show that under M , sI is individually rational for buyers.

Proof. Under the recommended strategy, the expected payment for buyer i is

E
[
p′j
]
=

∑
i∈{1,2}

I (|X ′
i| = N ′

i)

(
p̃j

N ′
i

NOPT
+

di
|B|

σ2

N ′
−i

+
di
|B|

σ2

N ′
i

)
−

∑
i∈{1,2}

di
|B|

E

[(
µ̂(X ′

i)− µ̂(X ′
−i)

)2
]

=

(
p̃j +

∑
i∈{1,2}

di
|B|

σ2

N ′
−i

+
∑
i∈C

di
|B|

σ2

N ′
i

)
−

∑
i∈{1,2}

di
|B|

(
σ2

N ′
i

+
σ2

N ′
−i

)
= p̃j . (12)

Therefore, combing with definition of buyer’s utility (4), and buyers’s value for i.i.d. data (3), buyer j’s utility
under recommended strategy is

uB
j (M, sI) := vBj (M, sI)− sup

µ∈R
E
[
p′j
]
= viidj (NOPT)− sup

µ∈R
E
[
p′j
]
= viidj (NOPT)− p̃j = 0,

where the third step is by (12) and the last step is by definition p̃j = viidj (NOPT).

Efficiency: Finally, we will show that under M , when the contributors follow sI, the expected welfare achieves
the optimal welfare upper bound in Theorem 3.2.

Proof. Recall that contributor 1 collects N ′
1 = NOPT − 1 points, and contributor 2 collects N ′

2 = 1 point. Under
truthful reporting, as contributors have i.i.d data (3), the expected welfare (6) is

W (M, sI;µ) =
∑
j∈B

viidj
(
NOPT

)
− c1(N

OPT − 1)− c2 = OPT+ c1 − c2,

the last step is by definition of welfare-optimal benchmark OPT =
∑

j∈B viidj
(
NOPT

)
− c1N

OPT in (7).

Extension to Capacity Constraints. Our framework can also accommodate contributor-side capacity
constraints. In particular, each contributor may have an upper limit on how much data she can collect. In this
case, the broker simply needs to respect these limits when assigning data-collection tasks. The mechanism itself
remains unchanged; only the feasible set of allocations is restricted accordingly. Under this modification, the
same reasoning and proof continue to apply, so our main guarantees still hold.



C PROOF OF ICC

We will now show the ICC property. We recommend that the readers review the proof sketch in §4.1.

We need to show that sI is a Nash equilibrium of M . That is, we will show, ∀i ∈ C, ∀ (ni, Xi),

uC
i

(
M,
(
(ni, Xi), s

I
−i

))
≤ uC

i

(
M,
(
sIi, s

I
−i

))
.

This result is proved via key three steps, formalized by the lemmas below. Fix any (ni, Xi). Let Xa : X → RN ′
i

be a function such that ∀Zi ∈ X , µ̂ (Xa(Zi)) = µ̂ (Xi(Zi)). Let Xb : X → RN ′
i be a function such that ∀Zi ∈ X ,

µ̂ (Xb(Zi)) = µ̂ (Zi). We then have that

uC
i

(
M,
(
(ni, Xi), s

I
−i

))
≤ uC

i

(
M,
(
(ni, Xa), s

I
−i

))
(Lemma 1)

≤ uC
i

(
M,
(
(ni, Xb), s

I
−i

))
(Lemma 2)

≤ uC
i

(
M,
(
sIi, s

I
−i

))
. (Lemma 3)

Lemma 1. Fix any (ni, Xi). Let Xa : X → RN ′
i be a function such that ∀Zi ∈ X , µ̂ (Xa(Zi)) = µ̂ (Xi(Zi)).

Then,

uC
i

(
M,
(
(ni, Xi), s

I
−i

))
≤ uC

i

(
M,
(
(ni, Xa), s

I
−i

))
.

Proof. Under M we have that

uC
i

(
M,
(
(ni, Xi), s

I
−i

))
= inf

µ∈R
E

[
I (|Yi| = N ′

i)

(
(OPT+c1−c2)

N ′
i

NOPT
+ ciN

′
i +

diσ
2

N ′
−i

+
diσ

2

N ′
i

)
− di (µ̂(Xi(Zi))− µ̂(Z−i))

2 − cin
′
i

]

≤ inf
µ∈R

E

[(
(OPT+c1−c2)

N ′
i

NOPT
+ ciN

′
i +

diσ
2

N ′
−i

+
diσ

2

N ′
i

)
− di (µ̂(Xa(Zi))− µ̂(Z−i))

2 − cin
′
i

]
= uC

i

(
M,
(
(ni, Xa), s

I
−i

))
.

The inequality follows from the definition of Xa.

Lemma 2. Fix any ni. Consider any Xa : X → RN ′
i and let Xb : X → RN ′

i be a function such that ∀Zi ∈ X ,
µ̂ (Xb(Zi)) = µ̂ (Zi). Then,

uC
i

(
M,
(
(ni, Xa), s

I
−i

))
≤ uC

i

(
M,
(
(ni, Xb), s

I
−i

))
.

Proof. From the definition of Xa we have

uC
i

(
M,
(
(ni, Xa), s

I
−i

))
= inf

µ∈R
E

[(
(OPT+c1−c2)

N ′
i

NOPT
+ ciN

′
i +

diσ
2

N ′
−i

+
diσ

2

N ′
i

)
− di (µ̂(Xa(Zi))− µ̂(Z−i))

2 − cin
′
i

]

=

(
(OPT+c1−c2)

N ′
i

NOPT
+ ciN

′
i +

diσ
2

N ′
−i

+
diσ

2

N ′
i

)
− cin

′
i + di inf

µ∈R
E
[
− (µ̂(Xa(Zi))− µ̂(Z−i))

2
]

=

(
(OPT+c1−c2)

N ′
i

NOPT
+ ciN

′
i +

diσ
2

N ′
−i

+
diσ

2

N ′
i

)
− cin

′
i − di sup

µ∈R
E
[
(µ̂(Xa(Zi))− µ̂(Z−i))

2
]
. (13)

Now notice that because the other agents truthfully submit a combined N ′
−i points under sI−i, we have that

sup
µ∈R

E
[
(µ̂(Xa(Zi))− µ̂(Z−i))

2
]
= sup

µ∈R

(
E
[
(µ̂(Xa(Zi))− µ)

2
]
+ E

[
(µ̂(Z−i)− µ)

2
])

= sup
µ∈R

(
E
[
(µ̂(Xa(Zi))− µ)

2
])

+
σ2

N ′
−i

.



Therefore, we can rewrite (13), using the fact that the sample mean is minimax optimal (Lehmann and Casella,
2006) and the definition of Xb, to get(

(OPT+c1−c2)
N ′

i

NOPT
+ ciN

′
i +

diσ
2

N ′
−i

+
diσ

2

N ′
i

)
− cin

′
i −

diσ
2

N ′
−i

− di sup
µ∈R

E
[
(µ̂(Xa(Zi))− µ)

2
]

≤
(
(OPT+c1−c2)

N ′
i

NOPT
+ ciN

′
i +

diσ
2

N ′
−i

+
diσ

2

N ′
i

)
− cin

′
i −

diσ
2

N ′
−i

− di sup
µ∈R

E
[
(µ̂(Zi)− µ)

2
]

=

(
(OPT+c1−c2)

N ′
i

NOPT
+ ciN

′
i +

diσ
2

N ′
−i

+
diσ

2

N ′
i

)
− cin

′
i − di sup

µ∈R
E
[
(µ̂(Zi)− µ̂(Z−i))

2
]

= uC
i

(
M,
(
(ni, Xb), s

I
−i

))
.

Lemma 3. Fix any ni. Let Xb : X → RN ′
i be a function such that ∀Zi ∈ X , µ̂ (Xb(Zi)) = µ̂ (Zi). Then,

uC
i

(
M,
(
(ni, Xb), s

I
−i

))
≤ uC

i

(
M,
(
sIi, s

I
−i

))
.

Proof. From the definition of Xb we have that

uC
i

(
M,
(
(ni, Xb), s

I
−i

))
= inf

µ∈R
E

[(
(OPT+c1−c2)

N ′
i

NOPT
+ ciN

′
i +

diσ
2

N ′
−i

+
diσ

2

N ′
i

)
− di (µ̂(Xb(Zi))− µ̂(Z−i))

2 − cin
′
i

]

=

(
(OPT+c1−c2)

N ′
i

NOPT
+ ciN

′
i +

diσ
2

N ′
−i

+
diσ

2

N ′
i

)
− cin

′
i − di sup

µ∈R
E
[
(µ̂(Zi)− µ̂(Z−i))

2
]

=

(
(OPT+c1−c2)

N ′
i

NOPT
+ ciN

′
i +

diσ
2

N ′
−i

+
diσ

2

N ′
i

)
− cin

′
i −

diσ
2

n′
i

− diσ
2

N ′
−i

.

Define the concave function l : R+ → R, given by l(n′
i) = −cin′

i − diσ
2

n′
i

. Observe that l′(n′
i) = −ci + diσ

2

n′
i
2 so

l′(n′
i) = 0 ⇐⇒ n′

i = σ
√

di

ci
= N ′

i . Therefore the choice of n′
i which maximizes uC

i

(
M,
(
(ni, Xb), s

I
−i

))
is N ′

i .
Together with the fact that µ̂(Xb(Zi)) = µ̂(Zi) = µ̂(I(Zi)) we conclude

uC
i

(
M,
(
(ni, Xb), s

I
−i

))
≤ uC

i

(
M,
(
(I, Xb), s

I
−i

))
= uC

i

(
M,
(
(I, I), sI−i

))
= uC

i

(
M,
(
sIi, s

I
−i

))
.

D PROOF OF IMPOSSIBILITY RESULT IN SECTION §3

We will now prove our impossibility results in Section §3. In this section, with a slight abuse of notation, we will
use 0 to denote both the scalar zero, and the zero function.

The following lemma is the key technical ingredient in proving both Theorem 3.1 and Theorem 3.2. It states that
when other agents are not collecting any data, then, regardless of their submission functions, the best response for
an agent is to also not collect any data. Note that even when an agent has not collected any data, an untruthful
submission function may actually report some data.

Lemma 4. Let M be any mechanism and let s−i = {(0, Xj)}j ̸=i be a strategy profile for all agents except i, where
{Xj}j ̸=i are arbitrary submission functions. If si = (ni, Xi) is the best response of agent i to s−i, then ni = 0
(i.e., n′

i = ni(N
′
i , ci) = 0 for all N ′

i , ci).

We will prove Lemma 4 in §D.1. We first prove Theorem 3.1 and Theorem 3.2 using Lemma 4.

Theorem 3.1. For any mechanism M , if s = {(ni, Xi)}i∈C is a dominant strategy profile, then no contributor
collects any data, i.e., ∀i ∈ C, n′

i = ni(N
′
i , ci) = 0.



Proof of Theorem 3.1. Let s−i = {(0, Xj)}j ̸=i be a strategy profile for all agents except i, where {Xj}j ̸=i are
arbitrary submission functions. Since s is a dominant strategy profile we know that ∀s′i

uC
i (M, (si, s−i)) ≥ uC

i (M, (s′i, s−i))

i.e. si is the best response to s−i. By Lemma 4 we conclude that n′
i = 0.

Theorem 3.2. Let OPT be as defined in (7). For any mechanism M , if strategy profile s = {(ni, I)}i∈C is a
Nash equilibrium, then W (M, s;µ) ≤ OPT− (c2 − c1).

We will first present a technical result, which follows as a corollary of Lemma 4. We will then use this result to
prove Theorem 3.2.
Corollary 5 (Corollary of Lemma 4). If s = {(ni, Xi)}i∈C is a NE under M and ∀j ̸= i, nj = 0, then ni = 0.

Proof. Since s is a NE under M , ∀s′i we have that uC
i (M, (si, s−i)) ≥ uC

i (M, (s′i, s−i)), i.e. si is the best response
to s−i. By the hypothesis of the corollary, we also know that s−i = {(0, Xj)}j ̸=i. Therefore, we can apply
Lemma 4 to conclude ni = 0.

Proof of Theorem 3.2. As defined in (6), the welfare W (M, s;µ) of a mechanism M under a strategy profile s is

W (M, s;µ) = E
[∑
j∈B

vBj (M, s)−
∑
i∈C

cin
′
i

]
.

Under strategy s, the contributors are submitting a total of N tot :=
∑

i n
′
i truthful points to the broker. By

buyers’s value for i.i.d. data (3) and (2), we have vBj (M, s) = viidj (m′
j). Since m′

j ≤ N tot, it follows that
viidj (m′

j) ≤ viidj (N tot). Therefore,

W (M, s;µ) = E
[∑
j∈B

viidj (m′
j)−

∑
i∈C

cin
′
i

]
≤ E

[∑
j∈B

viidj (N tot)−
∑
i∈C

cin
′
i

]

Corollary 5 tells us that under the Nash equilibrium s = {(ni, I)}i∈C , at least two contributors must collect data.
Assuming that c1 ≤ c2 ≤ · · · ≤ c|B|, we have that the cheapest way for at least two contributors to collect a total
of N tot :=

∑
i n

′
i points is to have agent 1 collect N tot − 1 points and agent 2 collect 1 point. Combining this

with the fact that OPT is the best welfare achievable when contributors are non-strategic, we get

W (M, s;µ) ≤ E
[∑
j∈B

viidi
(
N tot

)
−
∑
i∈C

cin
′
i

]
≤ E

[∑
j∈B

viidi
(
N tot

)
− c1

(
N tot − 1

)
− c2

]

≤ max
N

{∑
i∈C

vi (N)− c1N

}
− (c2 − c1) = OPT− (c2 − c1).

The last step follows from equation (7), the definition of OPT.

D.1 Proof of Lemma 4

At a high level, Lemma 4 claims that when the other agents do not collect data, it is best for agent i to not collect
data. This is because the mechanism has no knowledge of the true value of µ ∈ R and thus cannot penalize agent
i for submitting fabricated data since the others to do not provide data to validate against. Therefore, agent i
has the ability to forgo the cost of data collection without decreasing the payment they receive. Hence, agents i’s
best response involves collecting no data. The following proof formalizes this intuition.

Proof. Suppose for a contradiction that n′
i = ni(N

′
i , ci) > 0. Define the strategy si,µ′ = (ni, Xi,µ′) where Xi,µ′ is

the submission function which disregards Zi and instead samples and submits n′
i points from N(µ′, σ2) using Xi,

i.e. Xi,µ′(·) := Xi(Zi), Zi ∼ N(µ′, σ2)n
′
i . Applying the definition of contributor i’s utility we see that

inf
µ∈R

E
Zi∼N(µ,σ2)n

′
i

[
πi

(
Xi(Zi), (Xj(∅))j ̸=i

)]
− cin

′
i ≥ inf

µ∈R
E

Zi∼N(µ′,σ2)n
′
i

[
πi

(
Xi(Zi), (Xj(∅))j ̸=i

)]
− cin

′
i



⇒ inf
µ∈R

E
Zi∼N(µ,σ2)n

′
i

[
πi

(
Xi(Zi), (Xj(∅))j ̸=i

)]
≥ inf

µ∈R
E

Zi∼N(µ′,σ2)n
′
i

[
πi

(
Xi(Zi), (Xj(∅))j ̸=i

)]
.

For clarity we omit writing the dependence on M and s−i under the expectation as it is not relevant to the proof.
Now notice that since all of the other agents are not collecting data we have

inf
µ∈R

E
Zi∼N(µ′,σ2)n

′
i

[
πi

(
Xi(Zi), (Xj(∅))j ̸=i

)]
= E

Zi∼N(µ′,σ2)n
′
i

[
πi

(
Xi(Zi), (Xj(∅))j ̸=i

)]
≥ inf

µ′∈R
E

Zi∼N(µ′,σ2)n
′
i

[
πi

(
Xi(Zi), (Xj(∅))j ̸=i

)]
= inf

µ∈R
E

Zi∼N(µ,σ2)n
′
i

[
πi

(
Xi(Zi), (Xj(∅))j ̸=i

)]
.

Because we have both matching upper and lower bounds, we conclude that ∀µ′ ∈ R

inf
µ∈R

E
Zi∼N(µ,σ2)n

′
i

[
πi

(
Xi(Zi), (Xj(∅))j ̸=i

)]
= E

Zi∼N(µ′,σ2)n
′
i

[
πi

(
Xi(Zi), (Xj(∅))j ̸=i

)]
.

Intuitively this says that the expected payment an agent receives is independent of which normal distribution
they submit data from. But this means that agent i can avoid the cost of data collection by submitting fabricated
data with no reduction in payment. More formally, for any µ′ ∈ R, consider the strategy s̃i := (0, Xi,µ′) . Under
this strategy agent i’s utility is

uC
i (M, (s̃i, s−i)) = inf

µ∈R
E

Zi∼N(µ′,σ2)n
′
i

[
πi

(
Xi(Zi), (Xj(∅))j ̸=i

)]
= inf

µ∈R
E

Zi∼N(µ,σ2)n
′
i

[
πi

(
Xi(Zi), (Xj(∅))j ̸=i

)]
> inf

µ∈R
E

Zi∼N(µ,σ2)n
′
i

[
πi

(
Xi(Zi), (Xj(∅))j ̸=i

)]
− cin

′
i = uC

i (M, (si, s−i)) .

But this contradicts that si is the best response to s−i. Therefore, n′
i = 0.

E ENVY-FREE PROFIT MAXIMIZATION

In this section, we will demonstrate how our mechanism can also be applied for envy-free profit maximization.
For this, let us define the profit of a mechanism M under a strategy profile s: the total revenue—i.e., the sum
of all payments received from buyers—minus the total cost incurred for data collection:

∑
j∈B p′j −

∑
i∈C cin

′
i.

Hence, the expected profit is given by,

profit(M, s;µ) = E

[∑
j∈B

p′j −
∑
i∈C

cin
′
i

]
. (14)

Envy-freeness. First, note that it is not very hard to see our mechanism in Algorithm 1 already maximizes
profit without additional constraints – it maximizes the total welfare, while ensuring that the buyer’s utility
is 0. However, as noted in §4, this pricing scheme may be “unfair” to some buyers, as all buyers pay different
amounts for the same dataset. A natural fairness requirement in this context is envy-freeness (EF) (Varian, 1973;
Guruswami et al., 2005), which states that no buyer should prefer another’s data allocation and price to theirs.
We have formalized it as a fifth desideratum, in addition to the four given in §2.2:

5. Envy-free for the buyers (EFB): M is envy-free for the buyers if no buyer prefers another buyer’s dataset size
selection rule and pricing rule to her own, when contributors follow sI. To state this formally, note that we
can write a buyer’s utility as a function of her own dataset size selection rule and pricing rule (with a slight
abuse of notation):

uB
j (M, s) = inf

µ∈R
E
[
vej
(∣∣ µ̂(Y ′

j ) − µ
∣∣)]︸ ︷︷ ︸

:=f(mj ,s)

− sup
µ∈R

E
[
p′j
]

︸ ︷︷ ︸
:=g(pj ,s)

= uB
j (mj , pj , s). (15)



With this definition, the envy-freeness requirement can be stated as: uB
j (mj , pj , s

I) ≥ uB
j (mk, pk, s

I) for all
buyers j, k ∈ B.

We will show how Algorithm 1 can also be used for envy-free profit maximization (Our ideas can also be adapted
for envy-free welfare maximization). First, in §E.1, we establish a profit-maximization baseline similar to (7)
which assumes non-strategic contributors. Unfortunately, unlike in (7), there are no closed form solutions for this
baseline; hence, in §E.2, we design algorithms for envy-free profit maximization with non-strategic contributors.
Then, in §E.3, we will combine the algorithm in §E.2 with Algorithm 1 to derive mechanisms in the presence of
strategic contributors.

E.1 A Baseline for Profit Maximization

We construct the profit maximization baseline similar to (7), assuming that contributors are non-strategic and
follow sI. In this case, since buyers receive i.i.d. data, their valuations depend only on the data amounts {m′

j}j∈B
(see (3)). Therefore, buyer j’s utility can be written as,

uB
j (M, sI) = uB

j (mj , pj , s
I) = uB

j (m
′
j , p

′
j , s

I) = viidj (m′
j)− p′j .

Let us refer to all {m′
j , p

′
j}j∈B ∈ (R × N)|B| values which satisfy IRB and EFB under sI as envy-free pricing

schemes. Let EF(N) denote all envy-free pricing schemes where the maximum amount of data sold is at most N ,
i.e., maxj m

′
j ≤ N , and let EF =

⋃
N≥0 EF(N).

Optimal baseline profit. The optimal baseline profit OPT, subject to the IRB and EFB constraints, can therefore
be written as shown in (16). We have,

OPT = max
M ;M is envy-free

profit(M, sI;µ) = max
{m′

j ,p
′
j}j∈EF, {N ′

i}i∈N|C|

( ∑
j∈B

p′j −
∑
i∈C

ciN
′
i

)
. (16)

Above, the second step follows from the fact that since contributors will collect the requested amount and
submit it truthfully, the broker’s task reduces to finding scalar values for dataset sizes and prices for buyers, and
data collection amounts for contributors so as to maximize profit. (Note that OPT in (16) for envy-free profit
maximization is different to OPT in (7) for welfare maximization.)

Revenue-optimal envy-free pricing schemes. To better understand OPT, we first note that as buyer valuations
only depend on the amount of data they receive (and not which contributors collected the data), the broker’s
decisions for buyers’ dataset sizes {m′

j}j∈C and prices {p′j}j∈C need to depend on {N ′
i}i∈C only through their

sum N tot =
∑

i∈C N
′
i , i.e. the total amount of data collected. The optimal revenue revOPT under IRB, EFB

constraints when the broker has received N tot total data points can be written as shown below:

revOPT(N tot) = max
{m′

j ,p
′
j}j∈B∈EF(Ntot)

∑
j∈B

p′j

 . (17)

From optimal revenue to optimal profit. The following straightforward calculations lead to the following expression
for the optimal envy-free profit OPT (16):

OPT = max
{m′

j ,p
′
j}j∈B∈EF,{N ′

i}i

∑
j∈B

p′j −
∑
i∈C

ciN
′
i


= max

{N ′
i}i

 max
{m′

j ,p
′
j}j∈B∈EF(

∑
i N

′
i)

∑
j∈B

p′j

 − ∑
i∈C

ciN
′
i


= max

{N ′
i}i

(
revOPT

(∑
i∈C

N ′
i

)
−
∑
i∈C

ciN
′
i

)
= revOPT

(
NOPT

1

)
− c1N

OPT
1 . (18)



where NOPT
1 = argmaxN∈N revOPT(N)− c1N . The last step uses the observation that agent 1 has the smallest

cost. Intuitively, the broker should ask the cheapest agent to collect all the data.

Unfortunately, unlike in (7), there is no closed-form expressions for OPT, NOPT
1 , which can be used as inputs for

Algorithm 1. Next, we will show how these quantities can be approximated algorithmically.

E.2 Designing Profit-optimal Envy-free Pricing Schemes with Non-strategic Contributors

Our first key insight here is that designing an optimal envy-free pricing scheme {(m′
j , p

′
j)}j∈B reduces to

constructing a revenue-optimal pricing curve (Lemma 6). Specifically, the seller posts a pricing curve q :
{0, . . . , N} → [0, 1] with q(0) = 0, and buyers choose their purchase quantities to maximize utility (in contrast, in
our setting, the broker directly determines dataset sizes and prices for each buyer). When buyers have monotonic
valuations, revenue-optimal pricing aligns with the ordered item pricing problem (Chawla et al., 2022), allowing
us to leverage existing algorithms. We first define the ordered item pricing problem below. To simplify the
exposition, we do so in the context of data pricing4.
Definition 1. (Ordered item pricing (Chawla et al., 2022)) Suppose the broker has N tot ∈ N data points and
posts a pricing curve q. Buyers then decide how much to purchase based on q. A utility-maximizing buyer j
selects m ∈ {0, . . . , N tot} to maximize utility, vj(m)− q(m). If multiple values of m yield the same maximum
utility, the buyer chooses the largest dataset. Thus, buyer j purchases mj(N

tot, q) data points, where

mj(N
tot, q) := max

{
argmax
m≤Ntot

(
vj(m)− q(m)

)}
. (19)

It follows that the revenue from buyer j is q(mj(N
tot, q)). Hence, the total revenue rev(N tot, q) of a pricing curve

q is as defined below. The broker wishes to find a pricing function qOPT which maximizes the cumulative revenue.
The optimal revenue revOPT can be defined as:

rev(N tot, q) :=
∑

j∈B q (mj(N
tot, q)) , revOPT(N tot) := maxq rev(N tot, q). (20)

From ordered item pricing to revenue-optimal envy-free mechanisms. Given a pricing curve q with N tot points,
it is straightforward to construct an envy-free pricing scheme {m′

j , p
′
j}j∈B ∈ EF(N tot) while achieving the same

revenue as q, i.e. rev(N tot, q) =
∑

j∈B p′j .

To do so, we can set m′
j = mj(N

tot, q) and p′j = q(m′
j) (see (19)). Since each buyer selects data to maximize her

utility (19), it follows that uB
j (m

′
j , p

′
j) ≥ uB

j (m, q(m)) for every other m ∈ [N ], and in particular, for all other
buyers’ dataset sizes {mk}k ̸=j . This ensures EFB. Moreover, as buying no data (m′

j = 0 at p′j = 0) yields zero
utility, IRB is also satisfied.

This also implies that the revenue of the optimal envy-free pricing scheme is at least as large as the revenue of
the optimal pricing curve, i.e. revOPT(N tot) ≥ revOPT(N tot) (see (17) and (20)).

Our next lemma shows the converse, thus establishing an equivalence between optimizing ordered item pricing
curves and envy-free pricing schemes. Thus, we have revOPT(N tot) = revOPT(N tot). The proof is provided
in §E.2.1.
Lemma 6. Given the set of buyers B, along with their valuations {vi}i∈B. Let N tot be the amount of data
available to the broker. For every envy-free pricing scheme ({m′

j}j∈B, {p′j}j∈B) ∈ EF(N tot), there exists a pricing
curve q which achieves a higher revenue, i.e., rev(N tot, q) ≥

∑
j∈B p′j.

Algorithms for ordered item pricing. The ordered item pricing problem is known to be NP-hard (Chawla
et al., 2007; Hartline and Koltun, 2005). As a result, prior work has developed approximation algorithms. An
ordered item pricing algorithm, denoted by A, takes as input the buyer valuations {vj}j∈B, the total amount of
data N tot, and an approximation parameter ϵ. It outputs a pricing curve q such that the cumulative revenue
satisfies rev(N tot, q) ≥ revOPT(N tot)− |B|O(ϵ). Table 1 summarizes algorithms from prior work under various
assumptions on buyer valuations.

4In Chawla et al. (2022), the seller has N tot ∈ N items, and a set of unit-demand buyers, i.e. wish to purchase only a
single item, with non-decreasing valuations vi : [N

tot] → [0, 1]. While buyers may have different valuations for the same
good, their preference ranking is the same. The seller should choose a pricing function q : [N tot] → R+ to maximize
revenue.



Table 1: Algorithms from Prior Work

Algorithm Assumptions on buyer valuations Time complexity

Hartline and Koltun (2005) – Õ(2N ϵ−N )

Chawla et al. (2022) Monotonicity NO(ϵ−2 log ϵ−1)

Chen et al. (2024)

Monotonicity, K types Õ(NKϵ−K)

Monotonicity, K types, smoothness Õ
(
ϵ−2K

)
Monotonicity, K types, diminishing return Õ(ϵ−3K logK(N))

Table 1: Algorithms from prior work applicable for pricing ordered items, along with their assumptions on buyer valuations
and time complexities to obtain an |B|O(ϵ)-optimal solution when there are N total points. Chawla et al. (2022) were
the first to study this problem, assuming monotonic buyer valuations. Chen et al. (2024) studied this problem in the
context of data pricing, introducing additional assumptions on buyer valuations, such as finite buyer types, smoothness,
and diminishing returns.

Algorithm 2

1: Input: Buyer valuations {vj}j∈B, contributor costs {ci}i∈C, an algorithm for ordered item pricing A,
approximation parameter ϵ.

2: for N ∈ {1, 2, . . . |B|
c1
}:

3: qN ← A({vj}j∈B, N, ϵ). # Execute A to obtain an |B|O(ϵ)-optimal pricing curve.
4: mN,j ← mj(N, qN ) for all j ∈ B. # Compute buyer dataset sizes. See (19).
5: profitN ←

∑
i∈B qN (mN,i)− c1N . # Compute the profit if collecting N data.

6: N+ ← argmax
N∈{1,2,... |B|

Ntot } profitN . # Find the optimal data collection amount.

7: m+
j ← mN+,j , q+j ← qN+(m+

j ). # Optimal prices and dataset sizes for buyer.

8: Return: N+, {m+
j }j∈B, {q+j }j∈B

Designing Profit-optimal Envy-free Mechanisms. The above observations suggest the following procedure
to design an approximately profit-optimal mechanism, by leveraging an algorithm for ordered item pricing. For
any given N tot ∈ N, we apply A to determine an approximately optimal pricing curve. To maximize profit, we
assign all data collection to contributor 1 and optimize over N tot to maximize revenue minus c1N

tot.

Algorithm 2 outlines this procedure. It takes as input buyer valuations {vj}j∈B, contributor costs {ci}i∈C, an
ordered item pricing algorithm A, and an approximation parameter ϵ. It returns a data quantity N+, the
corresponding pricing curve qN+ , and dataset allocations {m+

j }j∈B, all of which together guarantee an O(|B|ϵ)-
optimal revenue. Since buyer valuations are bounded in [0, 1], the maximum total buyer value is |B|; thus, it
suffices to search for N ≤ |B|/c1. While our brute-force approach is admittedly inefficient; we leave it to future
work to develop more computationally efficient procedures to find the optimal N+. The following lemma lower
bounds the profit of Algorithm 2, with the proof given in Appendix C.

Lemma 7. Suppose we execute Algorithm 2 with an algorithm A for ordered item pricing. Let N+, {m+
j }j∈B,

{q+j }j∈B be the returned values of Algorithm 2. Consider a mechanism M where we let the contributors collectively
collect N+ amount of data (i.e., N ′

1 = N+, and N ′
i = 0 for all i ≠ 1). The broker then sell m+

j data to each buyer
at price q+j , and issues payment π′

1 =
∑

j q
+
j to contributor 1 (π′

i = 0, for all i ≠ 1). Assume that the contributors
follow sI, we then have profit(M, sI;µ) ≥ OPT− |B|O(ϵ).

E.2.1 Proof of Lemma 6

Proof. We need to show that for any envy-free pricing scheme
{
(m′

j , p
′
j)
}
j∈B, there exists a non-decreasing price

curve q : {0, 1, . . . , N tot} → [0, 1] that yields a revenue of at least
∑

j∈B p′j . Without lose of generality, we assume



m′
1 ≤ m′

2 ≤ · · · ≤ m′
|B|. We define q as follows:

q(m) :=


p′1, if m ≤ m′

1

p′2, if m′
1 < m ≤ m′

2

...
p′|B|, if m′

|B|−1 < m ≤ N tot

This price function q is non-decreasing and has at most |B| steps. By the purchase model of ordered item pricing
(19), each buyer j would purchase mj(N

tot, q) data points under price curve q, where

mj(N
tot, q) := max

{
argmax
m≤Ntot

(
vj(m)− q(m)

)}

It is sufficient to show that mj(N
tot, q) ≥ m′

j holds for every buyer j. Then, as the price curve is non-decreasing,
the revenue from each buyer when using the pricing curve q would be larger than her price in the envy-free pricing
scheme. Therefore,

rev(N tot, q) =
∑
j∈B

q(mj(N
tot, q)) ≥

∑
j∈B

q(m′
j) =

∑
j∈B

p′j .

which will complete the proof.

To show that mj(N
tot, q) ≥ m′

j , let us first consider an arbitrary m ≤ m′
|B|. For any m ≤ m′

|B|, let k ∈ [|B|] be
such that m′

k−1 < m ≤ m′
k. As valuations are non-decreasing we have,

vj(m)− q(m) ≤ vj(m
′
k)− q(m) = vj(m

′
k)− q(m′

k) ≤ vj(m
′
j)− q(m′

j).

This implies that m′
j ∈ argmax

m≤m′
|B|

(vj(m)− q(m)). Finally, as m′
|B| ≤ N tot, we have

m′
j ≤ max

(
argmax
m≤m′

|B|

(vj(m)− q(m))
)
≤ max

(
argmax
m≤Ntot

(vj(m)− q(m))
)
= mj(N

tot, q).

E.2.2 Proof of Lemma 7

Proof. First, let q′ = A
(
{vj}j∈B , NOPT

1 , ϵ
)

denote the price curve obtained by applying A to the buyers’

valuations {vj}j∈B, total amount of data NOPT
1 , and the approximation parameter ϵ. Using the definition of

OPT in equation (18) and the equivalence between envy-free pricing schemes and ordered item pricing curves
(see Lemma 6 and the discussion above it), we have

OPT = revOPT
(
NOPT

1

)
− c1N

OPT
1 = revOPT(NOPT

1 )− c1N
OPT
1 .

Since algorithm A returns a |B|O(ϵ) solution we get

revOPT(NOPT
1 )− c1N

OPT
1 ≤ rev(NOPT

1 , q′) + |B|O(ϵ)− c1N
OPT
1 .

Finally, from the definition of N+: N+ = argmax
N∈{1,2,..., |B|

Ntot } profitN , since N+ ≤ |B|
Ntot , we have profitN+ =

rev(N+, qN+)− c1N
+ ≥ rev(NOPT

1 , q′)− c1N
OPT
1 . Therefore,

rev(NOPT
1 , q′) + |B|O(ϵ)− c1N

OPT
1 ≤ rev(N+, qN+)− c1N

+ + |B|O(ϵ)
= profit(M, sI;µ) + |B|O(ϵ)

so we conclude that
profit(M, sI;µ) ≥ OPT− |B|O(ϵ).



E.3 Designing Profit-optimal Envy-free Mechanisms with Strategic Contributors

Our mechanism with strategic contributors will execute Algorithm 1 with inputs obtained from the results of
Algorithm 2. The following theorem describes the mechanism formally and states its theoretical properties.
Theorem E.1. Let N+, {m+

j }j∈B, {q+j }j∈B be the output of Algorithm 2. Denote OPT+ =
∑

j∈B q+j − c1N
+

be the profit of this envy-free pricing scheme. Let M be the mechanism in Algorithm 1 executed with inputs
ÕPT = OPT+, N ÕPT = N+, m̃j = m+

j , and p̃j = q+j for all j ∈ B. Then, M satisfies BB, IRC, ICC, IRB, and
EFB. Moreover, its expected profit at the well-behaved NE satisfies

profit(M, sI;µ) ≥ OPT− (c2 − c1)− |B|O(ϵ),

Proof. The proofs of the BB, ICC, and IRC properties are identical to Theorem 4.1—we only change the input of
Algorithm1 while maintaining the same payment format in equations (8) and (9). We will prove IRB, and EFB
and then prove the lower bound on the profit.

(IRB): As shown in (12), E
[
p′j
]
= p̃j , since we let p̃j = q+j be the output of Algorithm 2, we have E

[
p′j
]
= q+j .

Then, combing with definition of buyer’s utility (4), and buyers’s value for i.i.d. data (3), buyer j’s utility under
recommended strategy is

uB
j (M, sI) := uB

j (mj , pj , s
I) := vBj (M, sI)− sup

µ∈R
EM,sI

[
p′j
]

= viidj (m+
j )− sup

µ∈R
EM,sI

[
p′j
]
= viidj (m+

j )− q+j ≥ 0. (21)

In the last step, recall that (m+
j , q

+
j )j∈B are generated by Algorithm 2, combing with the buyer’s purchase model

in (19), we have viidj (m+
j )− q+j ≥ 0 .

(EFB): Under M , following sI is envy-free for buyers.

Proof. To show that when contributors follow sI, M is envy-free for buyers, we must prove that uB
j (mj , pj , s

I) ≥
uB
j (mk, pk, s

I), ∀j, k ∈ B. As demonstrated in (21), we know uB
j (M, sI) := uB

j (mj , pj , s
I) = viidj (m+

j )− q+j ≥ 0.
Similarly, by the definition of buyers utility (4) and buyer’s valuation for i.i.d. data (3), we have

uB
j (mk, pk, s

I) := viidj (m+
k )− sup

µ∈R
EM,sI {p′k} = viidj (m+

k )− q+k ≤ viidj (m+
j )− q+j .

The last step is by the definition of {q+j }j∈B in Algorithm 2, and buyer’s purchase model (19).

Approximately Optimal Profit: Under M , when the contributors follow following sI, the expected profit of
buyers approximates the optimal profit upper bound (defined in Theorem 3.2) with additive error |B|O(ϵ).

Proof. By definition of contributors’ cumulative profit (14),

profit(M, sI;µ) = EM,sI

[∑
j∈B

p′j −
∑
i∈C

ciN
′
i

]
= EM,sI

[∑
j∈B

p′j

]
−
∑
i∈C

ciN
′
i

=
∑
j∈B

p̃j −
∑
i∈C

ciN
′
i =

∑
j∈B

q+j −
∑
i∈C

ciN
′
i (By proof of IRB, equation (12))

Recall that rev(N+, qN+) =
∑

j∈B q+j and that N+ =
∑

i N
′
i , N ′

1 = N+ − 1, N ′
2 = 1, we have

profit(M, sI;µ) = rev(N+, qN+)− c1
(
N+
)
− (c2 − c1) ≥ rev(NOPT

1 , qNOPT
1

)− c1
(
NOPT

1

)
− (c2 − c1)

≥ revOPT
(
NOPT

1

)
− c1

(
NOPT

1

)
− |B|O(ϵ)− (c2 − c1) = OPT− (c2 − c1)− |B|O(ϵ),

where the first inequality is by the optimality of N+ in Algorithm 2, the second inequality is because algorithm A
returns a |B|O(ϵ) approximation, and the last step is by definition of OPT (18) and the fact that revOPT(NOPT

1 ) =
revOPT(NOPT

1 ).



F Notations

The following table contains the notations used in this paper.

Table 2: Table of Notations.

Notation Meaning

B The set of buyers.

C The set of contributors.

ci The cost for each contributor to collect one data point.

N ′
i Amount of data the broker asks each contributor to collect.

Ni : {ci}i∈C → N ′
i The function mapping the cost to N ′

i .

n′
i The amount of data each contributor actually collects.

ni : (N
′
i , ci)→ n′

i The contributor i’s strategy function to decide amount of data to collect.

Zi The set of data contributor i actually collects, containing n′
i i.i.d. points.

X ′
i The set of data each contributor reports.

Xi The contributors’ data reporting function, may enable strategic behaviors (e.g., fabrication).

si = (ni, Xi) Contributor i’s strategy profile.

sIi = (I, I) Contributor is well-behaved: follow the instruction to collect N ′
i data and submit truthfully.

m′
j The amount of data points the broker allocates to each buyer j ∈ B.

mj The broker’s data allocation function to decide m′
j .

p′j The broker charges buyer j a price p′j for m′
j data points.

pj The broker’s price function to decide p′j .

π′
i Payment that the broker assigns to each contributor.

πi The broker’s payment function to decide how to reward contributor i for data collection.

M Mechanism, M = ({Ni}i∈C , {mj}j∈B, {pj}j∈B, {πi}i∈C).

ve Error-based buyer valuation (11).

vB Buyer valuation under a mechanism and a strategy profile (2).

viid Buyer valuation under clean data (3).

uB
j (M, sI) Buyer utility under mechanism M and strategy s (4).

W (M, s) Welfare of a mechanism M under a strategy profile s (6).

OPT Welfare (7) or profit (16) maximization baseline.

NOPT The amount of data to be collected to achieve welfare/profit-optimal welfare baseline OPT.

ÕPT Input parameter in Algorithm 1, denoting the welfare/profit-optimal baseline.

N ÕPT Input parameter in Algorithm 1, denoting the total amount of data to be collected.

m̃j Input parameter in Algorithm 1, denoting the amount of data to sell to buyers.

p̃j Input parameter in Algorithm 1, denoting the expected price to charge buyers.

profit(M, s) Profit of a mechanism M under a strategy profile s (14).

A Ordered item pricing algorithm, introduced in Section E.2.
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