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Abstract

This paper studies the Exponential Weights
(EW) algorithm with an isotropic Gaussian
prior for online logistic regression. We show
that the near-optimal worst-case regret bound
O(d log(Bn)) for EW, established by Kakade
and Ng (2005) against the best linear predic-
tor of norm at most B, can be achieved with
total worst-case computational complexity
Õ(B3n5). This substantially improves on the
O(B18n37) complexity of prior work achieving
the same guarantee (Foster et al., 2018). Be-
yond efficiency, we analyze the large-B regime
under linear separability: after rescaling by
B, the EW posterior converges as B → ∞
to a standard Gaussian truncated to the ver-
sion cone. Accordingly, the predictor con-
verges to a solid-angle vote over separating
directions and, on every fixed-margin slice
of this cone, the mode of the corresponding
truncated Gaussian is aligned with the hard-
margin SVM direction. Using this geometry,
we derive non-asymptotic regret bounds show-
ing that once B exceeds a margin-dependent
threshold, the regret becomes independent of
B and grows only logarithmically with the
inverse margin. Overall, our results show that
EW can be both computationally tractable
and geometrically adaptive in online classifi-
cation.

1 INTRODUCTION

Logistic regression is arguably the most well-known
method for probability estimation and binary classifi-
cation. In this paper, we study the online version of
the problem, where a learner interacts with an environ-
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ment over n rounds and updates its prediction (usually
in the form of a logit score ẑt induced by a linear
predictor) on the fly given the data xt at hand1 (Cesa-
Bianchi and Lugosi, 2006). The true label yt ∈ {±1}
is then revealed and the learner incurs the logistic loss
ℓlog(z, y) = log(1 + exp(−yz)). Performance is mea-
sured by regret, i.e., the excess cumulative loss relative
to the best bounded-norm linear predictor chosen in
hindsight:

Rn =

n∑
t=1

ℓlog(ẑt, yt)− inf
θ∈F

n∑
t=1

ℓlog(⟨θ, xt⟩, yt), (1)

where F = {θ ∈ Rd : ∥θ∥ ≤ B}. In general, the goal
in adversarial online learning is to design sequential
predictors with sublinear regret, namely Rn = o(n).
In online logistic regression, the mixability of the lo-
gistic loss allows one to achieve a regret rate of order
O(log n), and several works have studied how this op-
timal dependence on n can be obtained (Kakade and
Ng, 2005; Vovk, 2001; van Erven et al., 2015).

A deeper question is how the regret scales with the
comparator radius B. A key difficulty is that, when
B = Ω(log n), any proper algorithm — an algorithm
whose predictions correspond to a θ ∈ F — can suffer
Ω(

√
n) regret in the worst case (Hazan et al., 2014). To

overcome this lower bound, Kakade and Ng (2005); Fos-
ter et al. (2018) show the importance of using improper
strategies to achieve the near-minimax worst-case rate
O(d log(Bn)). However, the procedures achieving this
optimal rate are computationally prohibitive, and ex-
isting efficient methods typically lose the logarithmic
dependence on B (see Table 1). This raises a first
question:

Q1. Can we achieve the optimal O(d log(Bn))
regret with a more efficient predictor?

Second, in some relevant scenarios, bounding the com-
parator norm is unnatural or even vacuous. For in-
stance, when the data are linearly separable, the lo-
gistic loss has no finite minimizer: its infimum is zero
and is approached only as ∥θ∥ → ∞ along separating

1Usually assumed to be normalized.
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directions (Albert and Anderson, 1984; Soudry et al.,
2018). In such a regime, it is therefore natural to ask
whether one can allow an unbounded comparator norm.
However, it is unclear how existing estimators behave in
this regime, and whether they still yield non-vacuous
guarantees (cf. Table 1). This leads to our second
question:

Q2. Can a single predictor be used to get
non-vacuous regret bounds for both the case of
bounded and unbounded comparator norm B?

We address the above questions through a mixture-of-
sigmoids predictor arising from the Exponential Weights
(EW) algorithm with an isotropic Gaussian prior. Be-
cause the Gaussian prior makes the posterior potential
globally strongly convex while keeping the parameter
space unconstrained, we can draw on recent results for
unconstrained sampling from strongly log-concave dis-
tributions (Chewi, 2024). This yields an efficient and
computable implementation of EW that still provably
attains the O(d log(Bn)) regret rate.

Moreover, we analyze how this mixture of sigmoids be-
haves beyond the standard bounded-comparator regime.
We show that EW naturally adapts (i.e. there is no need
to modify the prediction rule) to the case of linearly
separable data, when we naturally require unbounded
comparator norm. In this scenario, as B → ∞, the EW
predictor converges to a solid-angle vote over separat-
ing directions. Interestingly, such a limiting estimator
has a clear connection with the hard-margin Support
Vector Machine (SVM) solution and, intuitively, this
motivates the fact that a margin-dependent (and thus
non-vacuous) regret bound when data are linearly sep-
arable and B = ∞ is achievable.

1.1 Summary of key contributions

The contributions of this paper are twofold, and answer
the questions raised above:

• We show that Gaussian-prior EW achieves the
near-optimal regret rate O(d log(Bn)), and we pro-
vide an explicit implementation whose regret is
provably of the same order, with total worst-case
complexity Õ(B3n5). This substantially improves
over the O(B18n37) computational complexity of
(Foster et al., 2018) for the same regret rate. The
key enabling feature is that the Gaussian-prior
EW posterior is unconstrained on Rd, which allows
us to leverage unconstrained sampling machinery
rather than projection-based methods such as the
Projected Langevin Algorithm (Bubeck et al., 2018)
used in (Foster et al., 2018, Appendix B).

• In the separable regime, we characterize the limit

as B → ∞: the EW predictive distribution con-
verges to a solid-angle vote induced by a standard
Gaussian truncated to the version cone. Moreover,
on every fixed-margin slice of this cone, the mode
of the limiting truncated Gaussian is aligned with
the hard-margin SVM direction. We also prove
non-asymptotic regret bounds showing that, once
B exceeds a margin-dependent threshold, the re-
gret becomes independent of B and depends only
logarithmically on the inverse margin.

1.2 RELATED WORK

Logistic regression is a fundamental supervised learn-
ing framework for estimating conditional probabilities.
In the classical batch setting, given data {(xi, yi)}ni=1

with labels yi ∈ {±1}, the probability is modeled as
P(Y = 1 | x; θ) = σ(⟨θ, x⟩), where σ(s) = (1+e−s)−1 is
the sigmoid function. The unknown parameter vector
θ ∈ Rd is typically estimated via the Maximum Likeli-
hood Estimation (MLE) (McCullagh and Nelder, 1989;
Hastie et al., 2009; Murphy, 2012); the MLE selects
θ̂MLE to maximize the likelihood

∏n
i=1 σ(yi⟨θ, xi⟩) or,

equivalently, to minimize the cumulative logistic loss.
A natural extension of MLE to the sequential setup, is
to compute the MLE on the history available at time
t, a strategy known as Follow-The-Leader (FTL) or,
with ℓ2-regularization, Follow-The-Regularized-Leader
(FTRL) (Shalev-Shwartz, 2012; Hazan, 2016). Other
standard methods for online logistic regression are first-
or second-order algorithms from Online Convex Opti-
mization such as Online Gradient Descent (Zinkevich,
2003) and Online Newton Step (Hazan et al., 2007).
All these approaches are proper, meaning they restrict
predictions to correspond to a single parameter θ inside
the comparator class F . However, proper prediction
can be fundamentally suboptimal for online logistic re-
gression, where a logarithmic regret with respect to the
number of rounds n is achievable. Indeed, Hazan et al.
(2014) proved that when B = Ω(log n), any proper
algorithm can incur Ω(

√
n) regret and this motivates

improper strategies that predict with mixtures rather
than a single comparator (Foster et al., 2018).

Efficient algorithms. Foster et al. (2018) proposed
an improper algorithm based on Vovk’s aggregating
strategy (Vovk, 1990) with uniform prior (constrained
on the ℓ2 ball of radius B) that achieves the near-
minimax regret rate O(d log(Bn)). Related Bayesian
approaches for online logistic regression were developed
earlier by Kakade and Ng (2005); more recently, Shamir
(2020) refined upper and lower bounds under differ-
ent norm constraints (ℓ2, ℓ1, ℓ∞) and scaling regimes,
and Wu et al. (2022) derived minimax bounds using
constructive truncated Bayesian predictors with sharp-
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Algorithm Regret Total complexity

OGD (Zinkevich, 2003) B
√
n n

ONS (Hazan et al., 2007) deB logn n
EW with uniform prior on bounded support (Foster et al., 2018) d log(Bn) B18n37

AIOLI (Jézéquel et al., 2020) dB log(n) nB2

EW with Gaussian prior (Ours) d log(Bn) B3n5

Table 1: Regret bounds (in O(·) notation) and total complexity (in Õ(·) notation) on online (binary) logistic
regression.

ened constants. Despite their statistical optimality,
regret-optimal improper predictors are often difficult
to implement efficiently. A key example is the algo-
rithm by Foster et al. (2018), whose prediction requires
approximating a log-concave posterior supported on a
bounded set; implementing this with projection-based
samplers such as the Projected Langevin Algorithm
(Bubeck et al., 2018) leads to a large worst-case com-
plexity of order O(B18n37). This computational barrier
has motivated a parallel line of work seeking algorithms
with practical complexity, always at the expense of the
optimal logarithmic dependence on B. The pioneering
work in this area is by Jézéquel et al. (2020) that pro-
posed AIOLI, an algorithm with complexity of order
O
(
n(d2+B2 log(n))

)
achieving O(dB log(n)) regret on

online (binary) logistic regression. The idea underlying
AIOLI is to use FTRL on a surrogate quadratic loss
function with an additional improper regularization.
While Jézéquel et al. (2020) established a computa-
tionally inexpensive polynomial time algorithm with
log(n) regret, the logarithmic dependence of the regret
with respect to the parameter B is lost, and the regret
is thus exponentially worse compared to the one in
(Foster et al., 2018). While subsequent works focused
on extending this result to K-class logistic regression
(Agarwal et al., 2022; Jézéquel et al., 2021), surprisingly
the algorithm in (Foster et al., 2018) remains the only
one with logarithmic dependence with respect to the
parameter B (cf. Table 1).

Large-B regime & linear separability. The stan-
dard comparator framework imposes the constraint
∥θ∥ ≤ B. However, this can become unnatural in the
linearly separable regime: the infimum of the logistic
loss is zero and is approached only as ∥θ∥ → ∞, while
the unregularized maximum likelihood estimator may
fail to exist (Albert and Anderson, 1984). Moreover,
when the comparator norm is allowed to be arbitrarily
large, the bounds of the algorithms in Table 1 become
vacuous. To the best of our knowledge, existing works
do not analyze how these estimators behave in this
regime. From the optimization perspective, Soudry
et al. (2018) showed that, on separable data, gradient
descent on the logistic loss exhibits an implicit bias:
the parameter norm diverges while its direction con-

verges to the hard-margin SVM separator. While these
results clarify the behavior of classical optimization
dynamics, they do not directly provide an online-regret
perspective on Bayesian aggregation methods in the
B → ∞ regime.

2 PRELIMINARIES

We consider online binary logistic regression in Rd. At
each round t = 1, . . . , n, the learner observes xt ∈
X ⊆ Rd and outputs either a logit score ẑt ∈ R or a
probability distribution p̂t(xt, y) over y ∈ {±1}. Then,
the true yt ∈ {±1} is revealed and the learner incurs
the logistic loss

ℓlog(ẑt, yt) = log
(
1 + exp(−ytẑt)

)
= − log σ(ytẑt),

where σ(·) is again the sigmoid function. Further-
more, a standard boundedness assumption ∥xt∥ ≤ R
is made2 for all t. We first start with the vanilla case
of comparing the learner against the set of linear pre-
dictors fθ(x) = ⟨θ, x⟩ with bounded norm ∥θ∥ ≤ B. If
the learner directly outputs a probability distribution
p̂t(xt, y), we can rewrite the regret as

Rn = −
n∑

t=1

log p̂t(xt, yt)− inf
θ∈Rd

∥θ∥≤B

n∑
t=1

− log σ(yt⟨θ, xt⟩).

Notation. For a positive integer k, [k] denotes the
set {1, ..., k}. We use log(·) to denote the natural
logarithm. For two distributions ρ, ν defined on the
space (Rd,B(Rd)), where B(Rd) denotes the Borel-
sigma algebra on Rd, we use dTV (ρ, ν) to denote their
total variation distance. While not specified other-
wise, we refer to ∥ · ∥ as the ℓ2 (Euclidean) norm in
Rd. We denote the Euclidean ball of radius R > 0 as
BR(Rd) = {x ∈ Rd : ∥x∥ ≤ R} ⊂ Rd. We adopt the
usual asymptotic notations of O(·), Ω(·), Θ(·), where
their corresponding tilde versions just suppress extra
poly-logarithmic factors. 3

2cf. Jézéquel et al. (2020).
3In this work, both d and R are considered constant, so

most of the times won’t be displayed in the big-O notation.
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2.1 Exponential Weights Algorithm

Exponential Weights (EW, cf. Algorithm 1) (Vovk,
1990) is a fundamental algorithm for sequential predic-
tion that maintains a distribution over a set of experts
and updates it multiplicatively in response to the ob-
served losses. In the context of online logistic regression,
EW with prior π0 on the parameter space and learn-
ing rate η = 1 predicts at round t according to the
probability distribution on y ∈ {±1} given by

p̂t(xt, y) = Eθ∼ρt

[
σ
(
y⟨θ, xt⟩

)]
, (2)

that is a mixture of sigmoids. Here, ρt(θ) ∝
π0(θ)

∏t−1
i=1 σ(yi⟨xi, θ⟩) is the posterior obtained by

reweighting the prior with the past log-loss. For infinite
expert classes, π0 is simply a continuous (probabilistic)
prior on the parameter space. EW is also improper : its
prediction does not, in general, coincide with that of
any bounded-norm linear predictor in the comparator
class F . Conceptually, the EW update can also be
viewed as a Bayesian update over a mixture of experts
(Kakade and Ng, 2005). A common obstacle with such
Bayesian predictors is their computational cost, since
one must approximate the posterior distribution ρt at
each round of the sequential protocol. Accordingly,
prior work on efficient online logistic regression has
largely moved away from Bayesian algorithms because
of this computational burden. Our key observation is
that, with a Gaussian prior, the EW predictor is an
unconstrained mixture on Rd. This makes the posterior
amenable to unconstrained sampling methods, yield-
ing a computationally tractable implementation while
preserving the logarithmic dependence of the regret on
both n and B.

3 REGRET BOUNDS AND
COMPUTATIONAL
COMPLEXITY

In this section, we study the regret guarantee of EW on
logistic loss and evaluate the computational complexity
of its implementation. A standard regret analysis for
EW leads to the regret bound in Theorem 1; the result
is essentially present in (Kakade and Ng, 2005), but we
formulate and prove it for the sake of completeness.

Theorem 1. [Reformulated (Kakade and Ng, 2005)]
The estimator in Equation (2) with an isotropic Gaus-
sian prior π0(θ) ∼ N (0, B2Id) satisfies a regret guar-
antee of order O(d log(Bn)).

Sketch of proof. Using the fact that the log-loss is 1-
mixable, the result follows by combining two standard
identities in the online learning literature. The first one
is a result by Vovk (2001, Lemma 1) and the second

one is a corollary of the Donsker-Varadhan variational
formula (Donsker and Varadhan, 1975).

Computing the EW predictors in 2 is nontrivial. As
with other Bayesian algorithms, one must evaluate an
expectation with respect to a posterior distribution ρt
that is known only up to its normalizing constant. Writ-
ing the posterior as ρt(dθ) ∝ exp{−Vt(θ)} dθ, where Vt
denotes the posterior potential, the key point is that
the Gaussian prior makes Vt globally strongly convex
while keeping the parameter space unconstrained on
Rd. This substantially simplifies posterior approxima-
tion and allows us to leverage recent non-asymptotic
guarantees for unconstrained sampling from strongly
log-concave distributions (Chewi, 2024). Once an ap-
proximate posterior is available, we estimate the pre-
diction by Monte Carlo averaging. Finally, to keep
the resulting probabilities bounded away from zero, we
apply a simple smoothing step. We now describe each
of these ingredients in turn.

1) Sampling. As mentioned before, we cannot directly
access samples from ρt since its normalizing constant
is unknown and difficult to compute. Thus, we show
that one can instead sample from an approximate pos-
terior ρ̃t without changing the regret rate, provided
that dTV (ρt, ρ̃t) ≤ Et, where Et is the cumulative ap-
proximation error at round t, obtained from the fresh
per-round budgets {εi}ti=1 and chosen so that using
EW estimators based on ρ̃t only incurs an additional
additive term in the regret. Now, notice that the pos-
terior distribution

ρt(dθ) ∝ exp
{ t−1∑

i=1

log σ
(
yi⟨xi, θ⟩

)
− 1

2B2
∥θ∥22︸ ︷︷ ︸

−Vt(θ)

}
dθ

is strongly log-concave for every t ∈ [n]. Indeed,
thanks to the Gaussian prior, the potential Vt(θ) is
m-strongly convex with m = 1/B2 and L-smooth with
L = 1

4R
2(t − 1) + 1/B2 (see Appendix B.2.2), so its

condition number is κt := L
m = 1 + 1

4B
2R2(t − 1) =

O
(
B2R2(t − 1)

)
. We therefore approximate ρt by

ρ̃t using the Metropolis-Adjusted Langevin Algorithm
(MALA) (Roberts and Stramer, 2002), which has
been shown (Dwivedi et al., 2019; Chewi et al., 2021;
Altschuler and Chewi, 2024) to mix in a number of
steps that depends only poly-logarithmically on the
target TV accuracy when initialized from a warm start.
To obtain such a warm start, we do not sample ρt from
scratch. Instead, we initialize from the previous-round
approximation and bridge ρt−1 to ρt through a sequence
of intermediate tempered targets (similarly to (Neal,
2001; Del Moral et al., 2006)). The fresh round-t accu-
racy budget εt is split across the intermediate rungs as
per-rung tolerances (εj)

K
j=1 with

∑K
j=1 εj ≤ εt. This
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yields dTV(ρt, ρ̃t) ≤ dTV(ρt−1, ρ̃t−1)+εt, and therefore
dTV(ρt, ρ̃t) ≤

∑t
i=1 εi.

2) Monte Carlo Expectation. Once we have ac-
cess to the approximate distribution ρ̃t, we also need
to approximate the expectation Eθ∼ρ̃t

[
σ
(
y ⟨xt, θ⟩

)]
.

To do so, we simply use a Monte Carlo average
1
st

∑st
i=1 σ(y⟨xt, θi⟩) over st samples θi

iid∼ ρ̃t. To get
those, we run st independent copies of this bridged
warm-start procedure, each initialized from its own
previous-round state and using independent random-
ness; consequently, the resulting samples are i.i.d. with
common law ρ̃t. The number of samples st required at
time t is again chosen so that the regret of EW is only
increased by an additive constant.

3) Smoothing. Finally, we need to make sure that
the Monte Carlo approximation of Eθ∼ρ̃t

[
σ
(
y ⟨xt, θ⟩

)]
is bounded away from zero to control the log-loss per-
turbation via Chernoff’s bound. To do so, we predict
after smoothing the Bernoulli parameter via the func-
tion smoothαt(p) : p 7→ (1 − αt)p +

αt

2 , αt ∈
[
0, 12

]
,

with p being a distribution on the binary outcome
space {−1, 1} and αt chosen such that the smoothing
procedure does not affect the order of the regret.

The resulting predictive estimator of the above de-
scribed three-steps modification of the estimate in
Equation (2) is

p̃αt,st
t (xt, y) = smoothαt

(
1

st

st∑
i=1

σ
(
y⟨xt, θt,i⟩

))
, (3)

where y ∈ {±1} and θt,i
iid∼ ρ̃t with dTV(ρt, ρ̃t) ≤ Et

for i = 1, ..., st. If we denote εt as the fresh accuracy
budget for the sampler at time step t, we can prove
that with a suitable choice of parameters (αt, εt, st)
the regret remains of order O (d log(Bn)) with high
probability. In addition, the total computational cost
only depends on how fast we can get the approximated
posterior ρ̃t and how many samples st we use to ap-
proximate the expectation. We formalize these facts in
the following result.
Theorem 2. Let δ > 0, let (αt, st, εt, δt)

n
t=1 be the

parameters of the estimator in 3, which satisfy
n∑

t=1

δt ≤ δ, αtst ≥ 16 log(1/δt) ∀t = 1, ..., n.

Then, with probability at least 1− δ the regret bound of
that estimator is

Rn ≤ O(d log(Bn)) +

n∑
t=1

2αt

+

n∑
t=1

2
∑t

i=1 εi
αt

+ 4

n∑
t=1

√
log(1/δt)

stαt
,

(4)

with εi being the new fresh accuracy budget at round
i and {θt,j}stj=1 obtained from st independent copies
of the bridged warm-start MALA construction, each
initialized from its own previous-round sample. Then,
the per-round computational cost of computing p̃αt,st

t

is of order Õ(st ·Qt) and MALA sampling strategy is
such that Qt = Õ

(√
d κtRB log 1

εt

)
.

Sketch of proof. Start from the standard EW regret
bound, which is of order O(d log(Bn)). Then show
that replacing the exact EW predictor by p̃αt,st

t only
adds three terms: one from smoothing, one from using
an approximate posterior, and one from Monte Carlo
approximation (cf. Lemmas 11 to 13). For what con-
cerns computational complexity, at round t, we approx-
imate ρt by warm-starting from the previous round and
bridging ρt−1 to ρt through the power-tempered ladder
ρt,v(dθ) ∝ gt−1(θ)

v ρt−1(dθ), v ∈ [0, 1]. By Lemma 14,
adjacent rungs are Rényi-warm when ∆ = Θ((RB)−1),
so MALA mixes on each rung in Õ

(√
d κt log(K/εj)

)
oracle calls when rung j is targeted to TV accuracy
εj . Since the ladder has K = Θ(RB) rungs, the
per-sample cost is Qt = Õ

(√
d κtK log(K/εt)

)
when

the fresh round-t budget εt is split uniformly across
rungs, and Proposition 15 shows that if errt−1 =
dTV(ρt−1, ρ̃t−1) denotes the inherited warm-start error,
then dTV(ρt, ρ̃t) ≤ errt−1 + εt. Iterating this recursion
gives the bound used in the regret term.

Corollary 3. Under the assumptions of Theorem 2,
choose

αt =
1

2n
, εt =

1

20n3
, δt =

δ

n
, st =

⌈
32n3 log

(n
δ

)⌉
.

Then, with probability at least 1− δ, the estimator in
Equation (3) satisfies Rn ≤ O(d log(Bn)) with a total
computational cost of order Õ

(
B3 n5

)
.

Remark. The Õ(B3n5) complexity is a worst-case the-
oretical bound obtained under the choices of (αt, ϵt, st)
needed for the analysis. In practice, as illustrated in
the experiments of Section 5, a single MALA chain
with a constant number of samples per round is both
computationally faster and performs well.

4 GEOMETRIC LIMIT AND
MARGIN-BASED REGRET

Assuming bounded comparator norms is unnatural in
some regimes: on linearly separable data, the optimal
parameter θ⋆ can have arbitrarily large norm (cf. Zhang
et al. (2025)). Yet worst-case regret bounds for online
logistic regression (Table 1) worsen with the prior scale
B, encouraging conservative choices that may exclude
large (or unbounded) ∥θ⋆∥. This raises some natural
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questions: how does EW (with isotropic Gaussian prior
π0(θ) ∼ N (0, B2Id)) behave as B grows and the data
are linearly separable? Can the regret, in such a regime,
become independent of B? We show that, on separable
data, EW admits a well-defined B → ∞ limit and
enjoys non-asymptotic bounds in terms of the margin
γ, paralleling classical margin analyses (Freund and
Schapire, 1998). To make the dependence on the prior
scale B explicit throughout this section, we write in
the following sections ρBt and p̂Bt for the EW posterior
and prediction respectively.

4.1 B → ∞, linear separability, and
max-margin geometry.

Assume the data are linearly separable, and define
Ht := {θ : yi⟨xi, θ⟩ > 0, ∀i < t} as the open version
cone induced by the past data. The next propositions
show that, as B → ∞, the EW predictive distribu-
tion converges to a directional majority vote under a
standard Gaussian truncated to Ht. In addition, on
any fixed-margin slice, the corresponding truncated
Gaussian has a unique mode whose direction coincides
with the hard-margin SVM solution.

Proposition 4. Fix t ≥ 2 and assume the data
{(xi, yi)}i<t are strictly linearly separable, meaning
Ht ̸= ∅. Then, for (x, y) ∈ Rd × {±1} the EW pre-
diction in Equation (2) has a limit as B → ∞ given
by

lim
B→∞

p̂Bt (x, y) = Pθ∼ρ∞
t

(
y⟨x, θ⟩ > 0

)
+

1

2
Pθ∼ρ∞

t

(
y⟨x, θ⟩ = 0

)
=: p̂∞t (x, y),

(5)

where the limiting distribution ρ∞t is the standard Gaus-
sian truncated to Ht:

ρ∞t (dθ) :=
e−∥θ∥2/21{θ ∈ Ht} dθ∫

Rd e−∥u∥2/21{u ∈ Ht} du
.

Sketch of proof. After the rescaling θ̃ = θ/B, the
prior becomes standard Gaussian and the likelihood
terms σ

(
Byi⟨xi, θ̃⟩

)
converge pointwise to 1{yi⟨xi, θ̃⟩ >

0}+ 1
21{yi⟨xi, θ̃⟩ = 0} as B → ∞. Under strict sepa-

rability (Ht ̸= ∅), dominated convergence allows us to
pass the limit inside the integrals, which yields the lim-
iting predictive law p̂∞t and shows that the (rescaled)
posterior converges to the standard Gaussian condi-
tioned on Ht.

Because the standard Gaussian is rotationally invari-
ant and the constraints yi⟨xi, θ⟩ > 0 depend only on
the direction of θ, such a direction under ρ∞t is then
uniform on the spherical polyhedral cone Ht ∩ Sd−1,

independently of its radius. As a consequence, for every
nonzero query x, the limiting predictive probability in
(5) is a solid–angle vote: it is exactly the fraction (with
respect to surface measure) of directions in the version
cone that would label (x, y) correctly. Indeed, when
x ̸= 0, the boundary set {θ : ⟨x, θ⟩ = 0} is a hyper-
plane and therefore has zero ρ∞t -mass, so the additional
tie term vanishes. Thus, while the MLE diverges in
separable logistic regression, the Exponential Weights
predictor remains well defined as B → ∞ and, for non-
degenerate queries, depends only on the solid angle of
Ht and the relative position of x, implying that EW
also adapts to the geometry of data. Furthermore, we
now show how such a limiting predictor connects with
the hard-margin SVM solution, as also highlighted by
the toy 2-D experiment of Figure 1.

Proposition 5. Fix t ≥ 2 and assume strict separa-
bility, i.e. Ht ̸= ∅. For any margin γ > 0, define the
closed margin slice

St,γ := {θ ∈ Rd : yi⟨xi, θ⟩ ≥ γ, ∀i < t},

and let ρ∞t,γ be the standard Gaussian truncated to St,γ

ρ∞t,γ(dθ) :=
e−∥θ∥2/2 1{θ ∈ St,γ} dθ∫

Rd e−∥u∥2/2 1{u ∈ St,γ} du
.

Then, ρ∞t,γ has a unique mode θt,γ ∈ St,γ. Moreover,
let wt,svm denote the hard-margin SVM solution; then,
the mode θt,γ satisfies θt,γ = γ wt,svm. In particular,
the mode direction θt,γ/∥θt,γ∥ is independent of γ and
equals wt,svm/∥wt,svm∥.

Sketch of proof. The proof follows by noting that θ ∈
St,γ ⇔ θ = γw with w ∈ St,1 and that St,1 is nonempty
(see Lemma 17 in Appendix). Moreover, maximizing
the truncated density of ρ∞t,γ over St,γ is equivalent to
minimizing ∥θ∥2 over St,γ ; after the rescaling θ = γw
this becomes exactly the hard–margin SVM problem.

Corollary 6. Under the assumptions of Proposition 5,
let ρ∞t and ρ∞t,γ be the standard Gaussians truncated
to Ht and St,γ respectively. Then: (i) as γ → 0, ρ∞t,γ
converges to ρ∞t in total variation; (ii) For every γ > 0,
the measure ρ∞t,γ has a unique mode θt,γ = γ wt,svm,
with all modes lying on the ray {λwt,svm : λ > 0}.

These results provide a Bayesian perspective closely
related to the implicit bias of gradient methods for
logistic regression on separable data. Indeed, the op-
timization literature shows that gradient descent on
the logistic loss drives ∥wt∥ → ∞ while its direction
converges to the hard-margin SVM direction, namely
wt

∥wt∥ → wsvm

∥wsvm∥ (see, e.g., Soudry et al. (2018); Ji and
Telgarsky (2018); Wu et al. (2023); Zhang et al. (2025)).
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Figure 1: 2-D example of solid-angle voter’s positive
class probability assignments on a margin slice with
fixed γ.

In contrast, our analysis is probabilistic: as B → ∞
under strict separability, the posterior converges to a
standard Gaussian truncated to the version cone Ht,
and on any fixed-margin slice St,γ its mode is aligned
with the hard-margin SVM direction wt,svm. This sug-
gests a complementary geometric mechanism by which
a Bayesian aggregator recovers the same max-margin
direction in the separable regime.

Remark. In our current setup we incorporate the
bias via the standard dummy-feature augmentation
x̃ = (x, 1) and an isotropic Gaussian prior θ̃ = (w, b) ∼
N (0, B2I). Consequently, the induced regularizer is
∥w∥2 + b2, so both our regret analysis and the large-B
geometric limit correspond to an SVM variant in which
the intercept b is regularized as well, rather than the
classical affine SVM where b is left unpenalized.

4.2 Large-B regret and margin geometry

The geometric convergence of EW predictions to a
max-margin voter leads to the following question: can
the above described geometry of EW in the linearly
separable case be translated into a non-asymptotic regret
guarantee that only depends on the margin γ rather than
on B? We answer this affirmatively; in particular, once
B is sufficiently large, the regret becomes independent
of B and is controlled by margin-related quantities as
shown in the following result.

Theorem 7. Assume the data are linearly separable
with margin γ > 0, ∥xt∥ ≤ R, and d ≥ 2. In addition,
let γ̄ := γ/R and define

LB
n :=

n∑
t=1

− log p̂Bt (xt, yt)

as the cumulative predictive loss of EW with Gaus-
sian prior π0 = N (0, B2Id). Then, for every B >

2(2+
√
2) log(2n)

γ
√
d−1

=: Bcritic, it holds that

LB
n ≤ (d− 1) log

(
2

γ̄

)
+ c1 log d,

with c1 > 0 being an absolute constant.

Sketch of proof. Write the EW cumulative predictive
loss as e−LB

n =
∫ ∏

i≤n σ(yi⟨xi, θ⟩)π0(dθ). Under sep-
arability, fix a unit separator u with margin γ and
consider a cone of good parameters: directions v in
a spherical cap around u and radii λ large enough.
A simple geometry inequality shows that for every
θ = λv in this cone the margin is uniformly large,
mini yi⟨xi, θ⟩ ≳ λα(γ̄), so choosing λ so that this is at
least m := log(2n) makes each likelihood term close
to 1 and hence

∏
i σ(yi⟨xi, θ⟩) ≥ e−1. Restricting the

integral to this cone gives e−LB
n ≥ e−1π0(cone). Fi-

nally, because π0 = N (0, B2I) factorizes into angle
(uniform on Sd−1) and radius (χd), π0(cone) splits into
a cap probability and a radial tail: the cap term yields
(d− 1) log(2/γ̄) +O(log d), while for B ≥ Bcrit the ra-
dial tail is a constant (at least 1/2), making the bound
independent of B beyond this threshold.

Remark. The assumption d ≥ 2 is only used to invoke
the spherical-cap bound and the threshold Bcritic ≍
log(2n)/(γ

√
d− 1). When d = 1, the angular term

disappears since S0 = {−1,+1}, so the proof reduces
to controlling only the radial Gaussian tail. In that case,
the cumulative loss becomes independent of B once
B ≥ k log(2n)/γ for some absolute constant k > 0.

In other words, once the prior scale B exceeds the
margin-dependent threshold Bcritic, the cumulative pre-
dictive loss of EW becomes independent of B: the
large-B regime is governed by the angular geometry
of the separating directions, rather than by the radial
scale of the Gaussian prior. In the separable case, this
immediately yields the same control for the regret, since

RB
n = LB

n − inf
∥θ∥≤B

n∑
t=1

− log σ
(
yt⟨xt, θ⟩

)
≤ LB

n ,

because the comparator loss is nonnegative. Thus,
although the best linear comparator drives its logistic
loss to zero in the separable regime, EW itself remains
uniformly controlled once B ≥ Bcritic.

Consistency with the lower bound of Foster
et al. (2018). More generally, we can prove a margin-
dependent upper bound on the regret that is valid for
all B > 0. In particular, for a generic B,

Rn ≤ (d− 1) log
(

2
γ̄

)
+ 1

2

(
λ0

B

)2
+ c2d log d, (6)
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where λ0 depends on the cap opening t1 (see Theo-
rem 24 in the appendix) and c2 > 0 is an absolute
constant. This is consistent with the lower-bound con-
struction of Foster et al. (2018, Theorem 2), where
the authors consider a separable instance with margin
γ(B) = log(n)/B. Plugging this B-dependent margin
into (6) recovers the same logarithmic dependence on B,
namely through the term log(1/γ(B)) = log(B/ log n),
while the radial term (λ0/B)2 remains bounded. Thus,
for fixed data and sufficiently large B, the rate no longer
exhibits a radial dependence on B; however, when the
adversary changes the geometry by shrinking γ with B,
a logB term necessarily reappears through log(1/γ),
in agreement with the lower-bound construction.

Remark. These results are statistical in nature. Com-
putationally, the complexity still increases with the
prior scale B, since our sampler targets a posterior
whose condition number κt grows with B. In our effi-
cient implementation, the total cost is Õ(

√
dB3R3n5),

up to polylogarithmic factors, so larger B remains more
expensive, as in other methods in the literature. De-
signing an implementation with B-robust complexity
is an interesting direction for future work.

Observe that the result of Theorem 7 holds for arbitrary
data sequences, provided they are linearly separable. In
what follows, we specialize it to a benign i.i.d. setting,
where it yields a regret bound of order O(d log(n)).

Example: well-specified logistic regression with
Gaussian design. Let us consider the following well-
specified logistic model with true parameter θ⋆, where
∥θ⋆∥ = B and d ≥ 2 4. For all t = 1, ..., n, we set
xt

iid∼ N(0, Id) and the labels yt ∈ {±1} are such that

P(yt = 1 | xt) = σ(⟨xt, θ⋆⟩), σ(t) =
1

1 + e−t
.

Proposition 8. Consider the above-defined logistic
model. Fix confidence parameter δ ∈ (0, 1) and assume

B ≥ max

{
6n√
2π δ

,
12(2 +

√
2)n log(2n)

δ
√
d− 1

}
. (7)

Let u := θ⋆/∥θ⋆∥; then, with probability at least 1− δ,
the dataset is linearly separable and

γ := min
1≤t≤n

yt⟨u, xt⟩ ≥
δ

6n
,

R := max
1≤t≤n

∥xt∥ ≤
√
d+

√
2 log

3n

δ
,

In particular, Theorem 7 holds and

Rn ≤ (d− 1) log

(
12nR

δ

)
+ c1 log(d).

4We could treat separately the case of d = 1 as we did
for Theorem 7.

Sketch of proof. With probability at least 1 − δ, we
have (i) noiseless labels aligned with u (event E1), (ii)
empirical margin γ ≥ δ/(6n) (event E2), and (iii) ra-
dius R ≤

√
d +

√
2 log(3n/δ) (event E3). Further-

more, Theorem 7 holds because of (7), so LB
n ≤

(d− 1) log(2/γ̄) +O(log(d)). Substituting the bounds
for γ and R on E1 ∩E2 ∩E3 gives the stated expression;
in particular Rn ≤ LB

n in the separable case.

5 EXPERIMENTS

We use three LIBSVM5 binary classification datasets:
a9a, w8a, and ijcnn1, where we keep the first n = 2000
samples and make them sequential. At each round t,
each method predicts the logit score ẑt for xt using only
history up to t− 1, then receives the true yt, incurs the
logistic loss ℓlog(ẑt, yt), and updates 6.

Experiment 1. First of all, we evaluate the perfor-
mance of our EW with isotropic Gaussian prior by
measuring the average log-loss

L̄t =
1

t

t∑
s=1

ℓlog(ẑs, ys)

together with three baseline algorithms for online (bi-
nary) logistic regression: OGD, ONS, AIOLI (cf. Ta-
ble 1). For both AIOLI and EW we tuned (grid-search)
the parameter λ (namely the regularization parameter
in AIOLI and the variance of the Gaussian prior in EW)
regardless of the tuning suggestions provided by the
worst-case theoretical results for both of them. From
Figure 2 we can observe that these two algorithms have
comparable (and always better compared to OGD and
ONS) performance across the three datasets, with EW
that tends to be slightly preferable. Notice that each
experiment is repeated 5 times. For each repeat, we
draw a fresh random permutation of the train split and
run the full online process.

Experiment 2. We then fix λ to be B-dependent
as the theory suggests for both AIOLI and EW with
isotropic Gaussian prior. Then, we plot again the
average logistic loss but this time only at time n =
1000 and compared against different values of B. As
expected, AIOLI is preferred once B is very low (in
that case EW is constrained too much by the prior)
but, as soon as B starts to increase, EW is preferable.
However, getting the best-of-both-worlds is left as an
open question.

5https://www.csie.ntu.edu.tw/ cjlin/libsvm/
6Data and code available here �.

https://github.com/FedericoDiGennaro/Efficient-LogReg-with-Mixture-of-Sigmoids
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Figure 2: (Top): Median (across 5 repeats in which we modify the sequential order of the data) average log-loss
with shaded interquartile range (25th–75th percentile). (Bottom): Acceptance rate and step size of MALA
(used for EW) which is implemented to get a target acceptance rate of 0.57. Both plots are in log-x scale.

Figure 3: Average log-loss at round n = 1000 versus different values of B for AIOLI (λ = 1/B2) and EW (Gaussian
prior scale B). Curves show the median over 5 random permutations of the sequential data with shaded regions
are interquartile ranges (IQR, 25th–75th percentiles).

Remark on EW computation. Although the pa-
rameter st (number of independent MALA chains) we
set to have a provable computational algorithm which
does not affect the regret rate was t-dependent, in
practice it turns out we can use a fixed (and constant)
number of MALA chains s (slightly adapted as B in-
creases in the case of Figure 3). This makes the im-
plementation of EW of order O(n2), far cheaper than
the worst case complexity we derived for our provably
regret-optimal computable EW in Equation (3).

6 CONCLUSIONS

We studied Exponential Weights (EW) for online lo-
gistic regression, proved a worst-case regret bound of

O
(
d log(Bn)

)
, and analyzed a practical MALA-based

implementation that makes the method computation-
ally viable. In the linearly separable regime, we showed
that EW adapts to data geometry and that, in the large-
B limit, its predictions admit a solid-angle interpre-
tation connected to the hard-margin SVM. Promising
future directions include: (i) removing or substantially
reducing the dependence on B in the sampling step, for
instance via preconditioning or geometry-aware propos-
als; (ii) extending the approach to the multiclass setting
with K > 2, in the spirit of Foster et al. (2018); and (iii)
deriving high-probability guarantees using techniques
such as those in (van der Hoeven et al., 2023).
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pant compensation. [Not Applicable]



Federico Di Gennaro, Saptarshi Chakraborty, Nikita Zhivotovskiy

Appendix

A Exponential Weights Algorithm

The Exponential Weights (EW) Algorithm (Vovk, 1990), also known as the multiplicative weights or Hedge
algorithm, is a fundamental online learning method for sequential decision problems. It maintains a weight
distribution over a set of actions or experts and updates these weights multiplicatively in response to observed
losses. Concretely, at each time step t, the weight of expert i is scaled by a factor exp{−ηℓt,i} (ℓt,i is the loss
incurred by the ith expert at time t) and then the weights are re-normalized to form a probability distribution.
Intuitively, this exponentially down-weights experts with higher loss (or error), and slightly up-weights those
with lower loss, concentrating more probability on better-performing predictors over time. Exponential Weights
inspired many algorithms in the Online Learning literature, particularly in the adversarial bandits problem Auer
et al. (1995); Bubeck et al. (2012), in the prediction with expert advice problem Auer et al. (2002); McMahan
and Streeter (2009) and in adversarial partial monitoring Lattimore and Szepesvári (2019); Di Gennaro et al.
(2025). In the context of logistic loss, EW is summarized in Algorithm 1 below.

Algorithm 1: EW for Logistic Loss
Input: Learning rate η, prior π0(θ).
for t = 1, . . . , n do

The learner receives a new observation xt ∈ X .
The learner predicts according to a distribution

p̂t(xt, y) = Eθ∼ρt

[
σ
(
y ⟨xt, θ⟩

)]
=

∫
Rd

ρt(θ)σ
(
y ⟨xt, θ⟩

)
dθ,

with y ∈ {−1,+1} and

ρt(θ) =
exp

{∑t−1
i=1 −ηℓθ(xi, yi)

}
π0(θ)∫

Rd exp
{∑t−1

i=1 −ηℓθ′(xi, yi)
}
π0(θ′) dθ′

(posterior).

Nature reveals the true label yt ∈ {−1, 1} and the learner suffers the logistic loss − log(p̂t(xt, yt)).
Finally, the learner updates the distribution ρt(θ) into ρt+1(θ).
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B Proofs of Section 3

B.1 Proof of Theorem 1

First of all, we introduce the following two well-known lemmas in the context of logistic regression and Exponential
Weights algorithm.

Lemma 9 (Vovk (2001), Lemma 1). Exponential Weights with a logistic loss ℓθ and a prior distribution π0(θ)
satisfies the following identity:

T∑
t=1

−1

η
log (Eθ∼ρt

exp(−ηℓθ(xt, yt))) = −1

η
log

(
Eθ∼π0

exp

(
−

T∑
t=1

ηℓθ(xt, yt)

))
. (8)

Lemma 10 (Donsker and Varadhan (1975)). In the setup of Lemma 9, let φ be a distribution over Rd. Then,
the following identity holds:

−1

η
log

(
Eθ∼π0

exp

(
−

T∑
t=1

ηℓθ(xt, yt)

))
= inf

φ

(
Eθ∼φ

T∑
t=1

ℓθ(xt, yt) +
KL(φ∥π0)

η

)
. (9)

Theorem 1. [Reformulated (Kakade and Ng, 2005)] The estimator in Equation (2) with an isotropic Gaussian
prior π0(θ) ∼ N (0, B2Id) satisfies a regret guarantee of order O(d log(Bn)).

Proof. Let us define

θ∗ ∈ argmin
θ∈Rd

∥θ∥≤B

n∑
t=1

− log (σ(yt⟨xt, θ⟩)) .

Then, by definition of regret Rn and by 1-mixability of the logistic loss, we can write

Rn = −
n∑

t=1

log (p̂t(xt, yt)) +

n∑
t=1

log (σ(yt⟨xt, θ∗⟩))

=

n∑
t=1

− log (Eθ∼ρt
[exp {log(σ(yt⟨xt, θ⟩))}])−

n∑
t=1

− log (σ(yt⟨xt, θ∗⟩)) .

Then, by Lemma 9 and Lemma 10,

Rn =

n∑
t=1

− log (Eθ∼ρt [exp {log(σ(yt⟨xt, θ⟩))}])−
n∑

t=1

− log (σ(yt⟨xt, θ∗⟩))

= − log

(
Eθ∼π0

[
exp

{
n∑

t=1

log(σ(yt⟨xt, θ⟩))

}])
−

n∑
t=1

− log (σ(yt⟨xt, θ∗⟩))

= inf
φ

(
Eθ∼φ

[
−

n∑
t=1

log(σ(yt⟨xt, θ⟩))

]
+KL(φ∥π0)

)
−

n∑
t=1

− log (σ(yt⟨xt, θ∗⟩)) .

The infimum is upper bounded by the particular choice of φ ∼ N (θ∗, µ2Id), with µ to be determined later.
Further, let us set the prior as an isotropic Gaussian π0 = N (0, λ2Id), with λ to be determined too. By computing
the KL divergence between two Gaussian distributions, we can upper bound the regret Rn as

Rn ≤ inf
φ

(
Eθ∼φ

[
−

n∑
t=1

log(σ(yt⟨xt, θ⟩))

]
+KL(φ∥π0)

)
−

n∑
t=1

− log (σ(yt⟨xt, θ∗⟩))

≤ Eθ∼N (θ∗,µ2Id)

[
−

n∑
t=1

log(σ(yt⟨xt, θ⟩))

]
+KL

(
N (θ∗, µ2Id)∥N (0, λ2Id)

)
−

n∑
t=1

− log (σ(yt⟨xt, θ∗⟩)) .
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Using the fact that the function u 7→ − log(σ(u)) has second derivative bounded by 1/4, we obtain

Eθ∼N (θ∗,µ2Id)

[
−

n∑
t=1

log(σ(yt⟨xt, θ⟩))

]
≤

n∑
t=1

− log (σ(yt⟨xt, θ∗⟩)) + µ2
n∑

t=1

∥xt∥2

8
.

Therefore,

Rn ≤ µ2
n∑

t=1

∥xt∥2

8
+KL

(
N (θ∗, µ2Id)∥N (0, λ2Id)

)
= µ2

n∑
t=1

∥xt∥2

8
+

1

2

(
d log

(
λ2

µ2

)
− d+

dµ2

λ2
+

∥θ∗∥2

λ2

)
.

Under the assumptions that ∥xt∥ ≤ R for all t = 1, . . . , n and ∥θ∗∥ ≤ B,

Rn ≤ µ2
n∑

t=1

∥xt∥2

8
+

1

2

(
d log

(
λ2

µ2

)
− d+

dµ2

λ2
+

∥θ∗∥2

λ2

)
≤ µ2n

R2

8
+

1

2

(
d log

(
λ2

µ2

)
− d+

dµ2

λ2
+
B2

λ2

)
= µ2n

R2

8
+

1

2

(
d log

(
B2

µ2

)
− d+

dµ2

B2
+ 1

)
,

where the last equality follows from the choice λ = B. Finally, if we optimize the last expression with respect to
µ we get

Rn ≤ d

2
log

(
1 +

R2B2n

4d

)
+

1

2
.

B.2 Proof of Theorem 2

B.2.1 Regret of the computable EW implementation

We first prove (in separate lemmas) that each of the steps in the EW implementation — TV-shift, Monte Carlo
approximation, smoothing — only introduce additive terms to the regret.

Lemma 11. Suppose that a strategy p̂t(xt, yt) = Eθ∼ρt
[σ(yt⟨xt, θ⟩)] for t = 1, . . . , n satisfies a regret inequality

n∑
t=1

− log (p̂t(xt, yt))− inf
∥θ∥≤B

n∑
t=1

− log (σ(yt⟨xt, θ⟩)) ≤ R ({p̂t}nt=1) .

Then, for 0 ≤ αt ≤ 1
2 , the strategy p̂αt

t (xt, yt) = (1− αt)p̂t(xt, yt) +
αt

2 , t = 1, . . . , n satisfies

n∑
t=1

− log (p̂αt
t (xt, yt))− inf

∥θ∥≤B

n∑
t=1

− log (σ(yt⟨xt, θ⟩)) ≤ R ({p̂t}nt=1) + 2

n∑
t=1

αt. (10)
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Proof. For αt ∈ [0, 12 ] it holds that

Rn =

n∑
t=1

− log (p̂αt
t (xt, yt))− inf

θ∈Rd

∥θ∥≤B

n∑
t=1

− log (σ(yt⟨xt, θ⟩))

=

n∑
t=1

− log (p̂t(xt, yt))− inf
θ∈Rd

∥θ∥≤B

n∑
t=1

− log (σ(yt⟨xt, θ⟩))

+

n∑
t=1

− log (p̂αt
t (xt, yt))−

n∑
t=1

− log (p̂t(xt, yt))

≤ R ({p̂t}nt=1) +

n∑
t=1

− log

(
p̂t(xt, yt)

(1− αt)p̂t(xt, yt) +
αt

2

)

≤ R ({p̂t}nt=1) +

n∑
t=1

log

(
1

1− αt

)

≤ R ({p̂t}nt=1) + 2
n∑

t=1

αt.

Lemma 12. Suppose that a strategy

p̂αt
t (xt, yt) = (1− αt)Eθ∼ρt [σ(yt⟨xt, θ⟩)] +

αt

2
, t = 1, . . . , n

satisfies a regret inequality

n∑
t=1

− log (p̂αt
t (xt, yt))− inf

θ∈Rd

∥θ∥≤B

n∑
t=1

− log (σ(yt⟨xt, θ⟩)) ≤ R ({p̂αt
t }nt=1) .

Then, given an Et-TV approximation ρ̃t of ρt, i.e.

dTV(ρt, ρ̃t) ≤ Et for all t = 1, . . . , n,

the strategy

p̃αt
t = (1− αt)Eθ∼ρ̃t

[σ(yt⟨xt, θ⟩)] +
αt

2
, t = 1, . . . , n

satisfies
n∑

t=1

− log (p̃αt
t (xt, yt))− inf

θ∈Rd

∥θ∥≤B

n∑
t=1

− log (σ(yt⟨xt, θ⟩)) ≤ R ({p̂αt
t }nt=1) +

n∑
t=1

2Et

αt
.

Proof. Since dTV(ρt, ρ̃t) ≤ Et and the function

θ 7→ σ(yt⟨xt, θ⟩)

takes values in [0, 1], we have

|Eθ∼ρt
[σ(yt⟨xt, θ⟩)]− Eθ∼ρ̃t

[σ(yt⟨xt, θ⟩)]| ≤ dTV(ρt, ρ̃t) ≤ Et.

Hence,
|p̂αt

t (xt, yt)− p̃αt
t (xt, yt)| ≤ Et.
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Thus,

Rn =

n∑
t=1

− log (p̃αt
t (xt, yt))− inf

θ∈Rd

∥θ∥≤B

n∑
t=1

− log (σ(yt⟨xt, θ⟩))

=

n∑
t=1

− log (p̂αt
t (xt, yt))− inf

θ∈Rd

∥θ∥≤B

n∑
t=1

− log (σ(yt⟨xt, θ⟩))

+

n∑
t=1

− log (p̃αt
t (xt, yt))−

n∑
t=1

− log (p̂αt
t (xt, yt))

≤ R({p̂αt
t }nt=1) +

n∑
t=1

log

(
p̂αt
t (xt, yt)

p̃αt
t (xt, yt)

)
.

Moreover, since
|p̂αt

t (xt, yt)− p̃αt
t (xt, yt)| ≤ Et and p̃αt

t (xt, yt) ≥
αt

2
,

we have
p̂αt
t (xt, yt)

p̃αt
t (xt, yt)

≤ 1 +
Et

p̃αt
t (xt, yt)

≤ 1 +
2Et

αt
.

Therefore,

log

(
p̂αt
t (xt, yt)

p̃αt
t (xt, yt)

)
≤ log

(
1 +

2Et

αt

)
≤ 2Et

αt
,

and thus

Rn ≤ R({p̂αt
t }nt=1) +

n∑
t=1

2Et

αt
.

Lemma 13. Suppose that a strategy

p̃αt
t = (1− αt)Eθ∼ρ̃t

[σ(yt⟨xt, θ⟩)] +
αt

2
, t = 1, . . . , n

satisfies a regret inequality
n∑

t=1

− log (p̃αt
t (xt, yt))− inf

θ∈Rd

∥θ∥≤B

n∑
t=1

− log (σ(yt⟨xt, θ⟩)) ≤ R ({p̃αt
t }nt=1) .

Then, the strategy

p̃αt,st
t = (1− αt)

1

st

st∑
i=1

σ(yt⟨xt, θt,i⟩) +
αt

2
, t = 1, . . . , n

with θt,i
iid∼ ρ̃t for i = 1, . . . , st, satisfies with probability at least 1−

∑n
t=1 δt

n∑
t=1

− log (p̃αt,st
t (xt, yt))− inf

θ∈Rd

∥θ∥≤B

n∑
t=1

− log (σ(yt⟨xt, θ⟩)) ≤ R ({p̃αt
t }nt=1) + 4

n∑
t=1

√
log(1/δt)

αtst
.

Proof. Let us define the following variables

Zt,i := (1− αt)σ
(
yt⟨θt,i, xt⟩

)
+ αt

2 ∈
[
αt

2 , 1−
αt

2

]
, p̃αt,st

t =
1

st

st∑
i=1

Zt,i, µt := E[Zt,1] = p̃αt
t ≥ αt/2.

Then, for any γt ∈ (0, 1],

P
(
− log

p̃αt,st
t

p̃αt
t

> γt

)
= P

(
p̃αt,st
t < e−γtµt

)
≤ P

(
p̃αt,st
t < (1− γt

2 )µt

)
≤ exp

(
− γ2

t

8 st µt

)
≤ exp

(
− γ2

t

16 st αt

)
,
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using e−γt ≤ 1− γt/2 and the standard multiplicative Chernoff bound for [0, 1] averages. Choose

γt = 4

√
log(1/δt)

αtst
,

so that, assuming γt ≤ 1,

P
(
− log

p̃αt,st
t

p̃αt
t

> γt

)
≤ δt.

A union bound over t = 1, . . . , n yields (with probability at least 1−
∑n

t=1 δt)

n∑
t=1

(
− log p̃αt,st

t + log p̃αt
t

)
≤

n∑
t=1

γt ≤ 4

n∑
t=1

√
log(1/δt)

αtst
.

Thus,

Rn =

n∑
t=1

− log(p̃αt,st
t (xt, yt))− inf

θ∈Rd

∥θ∥≤B

n∑
t=1

− log (σ(yt⟨xt, θ⟩))

≤ R ({p̃αt
t }nt=1) +

n∑
t=1

(
− log p̃αt,st

t (xt, yt) + log p̃αt
t (xt, yt)

)

≤ R ({p̃αt
t }nt=1) + 4

n∑
t=1

√
log(1/δt)

αtst
.

B.2.2 The cost of sampling

In this section, we discuss in details how (and what is the worst-case complexity) of approximating the posterior
ρt with a distribution ρ̃t such that

dTV(ρt, ρ̃t) ≤
t∑

i=1

εi,

with εi being the fresh budget accuracy of the sampler at time step i. First of all, Consider the posterior

ρt(dθ) ∝ exp
{
− Vt(θ)

}
dθ, Vt(θ) :=

t−1∑
i=1

− log σ
(
yi⟨xi, θ⟩

)︸ ︷︷ ︸
logistic loss

+
1

2B2
∥θ∥22,

whose Hessian is

∇2Vt(θ) =

t−1∑
i=1

σ
(
yi⟨xi, θ⟩

)(
1− σ

(
yi⟨xi, θ⟩

))
xix

⊤
i +

1

B2
Id.

Assuming ∥xi∥ ≤ R for all i ∈ [n], the potential Vt is L–smooth and m–strongly convex with

m =
1

B2
, L ≤ R2

4
(t− 1) +

1

B2
, κt :=

L

m
= 1 +

R2B2

4
(t− 1).

Then, in order to sample from such a log-concave posterior distribution ρt, we use the Metropolis Adjusted
Langevin Algorithm (MALA).

Warm-start MALA. For rounds t ≥ 2, the target at time t is a one-point multiplicative tilt of ρt−1:

ρt(dθ) ∝ gt−1(θ) ρt−1(dθ), gt−1(θ) = σ
(
yt−1⟨xt−1, θ⟩

)
∈ (0, 1].

The base case t = 1 is exact since ρ1 = π0. Rather than jumping directly from ρt−1 to ρt, we use a power-tempered
ladder

ρt,v(dθ) ∝ gt−1(θ)
v ρt−1(dθ), v ∈ [0, 1],
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discretized on the grid 0 = v0 < v1 < · · · < vK = 1 with uniform step ∆ := vj − vj−1. We choose ∆ = c∆
RB

(small absolute c∆ ∈ (0, 1)), so K = ⌈1/∆⌉ = Θ(RB) and consecutive rungs are Rényi-warm. In particular, for
probability measures P ≪ Q,

D2(P∥Q) := log

∫ (dP
dQ

)2
dQ = log EQ

[(dP
dQ

)2]
.

If P ≪ M and Q ≪ M for a common dominating measure M , then dP
dQ = dP/dM

dQ/dM , and the identity above still
holds. In addition, we will repeatedly use the following change-of-measure formula: for any integrable f ,

Eρt,v+∆ [f ] =

∫
f(θ)e(v+∆)Y (θ) ρt−1(dθ)∫
e(v+∆)Y (θ) ρt−1(dθ)

=
Zv

Zv+∆
Eρt,v

[
f(θ) e∆Y (θ)

]
,

where Y (θ) := log gt−1(θ) and Zv :=
∫
evY dρt−1 is the normalizer.

Lemma 14. Let t ≥ 2, let Y (θ) = log σ
(
yt−1⟨xt−1, θ⟩

)
and ρt,v(dθ) ∝ evY (θ) ρt−1(dθ), v ∈ [0, 1]. Assume

∥xt−1∥ ≤ R and ρt−1 is m–strongly log–concave with m = 1/B2. Then for any ∆ > 0 with v +∆ ≤ 1,

D2

(
ρt,v ∥ ρt,v+∆

)
≤ ∆2R2B2.

Proof. Write ρt,v(dθ) = Z−1
v evY (θ) ρt−1(dθ). Then

dρt,v
dρt,v+∆

(θ) =
Zv+∆

Zv
e−∆Y (θ).

Therefore

D2(ρt,v∥ρt,v+∆) = log Eρt,v+∆

[(
dρt,v

dρt,v+∆

)2]
= log

(
Z2
v+∆

Z2
v

Eρt,v+∆

[
e−2∆Y

])
.

Apply the change-of-measure identity with f = e−2∆Y :

Eρt,v+∆

[
e−2∆Y

]
=

Zv

Zv+∆
Eρt,v

[
e−∆Y

]
.

Hence
D2(ρt,v∥ρt,v+∆) = log

(
Zv+∆

Zv︸ ︷︷ ︸
=Mv(∆)

·Eρt,v

[
e−∆Y

]︸ ︷︷ ︸
=Mv(−∆)

)
= log

(
Mv(∆)Mv(−∆)

)
,

where Mv(λ) := Eρt,v [e
λY ] is the mgf of Y under ρt,v.

Now, observe that Y is R–Lipschitz; indeed, for z := yt−1⟨xt−1, θ⟩,

∇θY (θ) = (1− σ(z)) yt−1 xt−1 ⇒ ∥∇Y (θ)∥ ≤ ∥xt−1∥ ≤ R.

Each rung ρt,v is m–strongly log–concave: its potential is Vt−1 − vY , and Y is concave (since (log σ)′′(z) =

−σ(z)(1− σ(z)) ≤ 0), so −vY is convex and ∇2(Vt−1 − vY ) ⪰ mI. Thus, the centered variable Ỹ := Y − Eρt,vY
is sub-Gaussian with proxy

logEρt,v
eλỸ ≤ λ2

2
· R

2

m
=

λ2

2
R2B2, ∀λ ∈ R.

Finally, decompose Mv(±∆) = e±∆Eρt,vY Eρt,v
e±∆Ỹ and apply the previous bound to get

logMv(±∆) ≤ ±∆Eρt,v
Y +

∆2

2
R2B2.

Summing the +∆ and −∆ inequalities cancels the linear terms and gives

log
(
Mv(∆)Mv(−∆)

)
≤ ∆2R2B2,

which is exactly D2(ρt,v∥ρt,v+∆) by the identity above.

Choosing ∆ = c∆/(RB) makes the right-hand side a fixed constant, i.e., each rung is a constant Rényi warm start.
Warm-start MALA on m–strongly log–concave targets (step size h ≍ 1/(L

√
d)) then mixes to εt-TV accuracy in

Õ(
√
d κt log(1/εt)) oracle calls.
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Accuracy budgeting across rungs (with approximate warm start). Let Qj be the Markov kernel of
Nrung MALA steps at rung j (target ρt,vj ). Instead of initializing from the exact ρt,v0 = ρt−1, we start from its
approximate counterpart from the previous round, i.e.

ν̃0 = ρ̃t−1.

Define the iterates
ν̃j := ν̃j−1Qj , j = 1, . . . ,K,

and let the initial mismatch be

errt−1 := dTV(ν̃0, ρt,v0) = dTV(ρ̃t−1, ρt−1).

If for each rung we ensure
dTV(ρt,vj−1

Qj , ρt,vj ) ≤ εj , (11)

then by TV contraction under Markov kernels and the triangle inequality,

dTV(ν̃j , ρt,vj ) ≤ dTV(ν̃j−1Qj , ρt,vj−1Qj) + dTV(ρt,vj−1Qj , ρt,vj ) ≤ dTV(ν̃j−1, ρt,vj−1) + εj .

Iterating over j = 1, . . . ,K yields

dTV(ν̃K , ρt,vK ) ≤ errt−1 +

K∑
j=1

εj .

Since ρt,vK = ρt, this gives

errt := dTV(ρ̃t, ρt) ≤ errt−1 +

K∑
j=1

εj .

In particular, if we allocate a fresh round-t budget εt across the rungs so that
∑K

j=1 εj ≤ εt, then errt ≤ errt−1+εt.
Proposition 15. With ∆ = c∆/(RB) and K = ⌈1/∆⌉, let ν̃0 = ρ̃t−1 be the approximate distribution carried over
from the previous round, and set ν̃j := ν̃j−1Qj , j = 1, . . . ,K, where Qj is the Markov kernel of Nrung MALA
steps at rung j (target ρt,vj ). Denote the initialization mismatch by errt−1 := dTV(ν̃0, ρt,v0) = dTV(ρ̃t−1, ρt−1). If
we ensure the per-rung guarantee (11) with εj = εt/K, then

dTV(ν̃K , ρt) ≤ errt−1 + εt.

In particular, one approximate draw from a distribution within TV distance errt−1 + εt of ρt costs

Qt = K ·Nrung = Õ
(√

d κt K log K
εt

)
, κt = 1 +

R2B2

4
(t− 1).

Proof. By Lemma 14, D2(ρt,vj−1
∥ρt,vj ) ≤ O(1) for each rung, so the warm-start term in the MALA complexity

(when initialized from ρt,vj−1
) is a constant. Thus, ensuring TV error εt/K at rung j takes

Nrung = Õ
(√

d κt log
(
K
εt

))
oracle calls. Summing over K rungs gives the stated Qt.

For the total error, apply the approximate warm-start budgeting argument: by TV contraction under Markov
kernels and the triangle inequality,

dTV(ν̃j , ρt,vj ) ≤ dTV(ν̃j−1, ρt,vj−1
) + εj ,

and iterating yields

dTV(ν̃K , ρt,vK ) ≤ errt−1 +

K∑
j=1

εj = errt−1 + εt.

Since ρt,vK = ρt, this proves
dTV(ν̃K , ρt) ≤ errt−1 + εt.
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Consequently, if we denote err0 = 0, Proposition 15 yields the recursion

errt ≤ errt−1 + εt.

Iterating over t = 1, . . . , n gives

errt ≤
t∑

i=1

εi.

Proposition 15 is a per-chain, per-output-sample guarantee: one independent execution of the bridged warm-start
MALA construction produces one draw whose law is within TV distance errt−1 + εt of ρt, at cost Qt. Hence,
by running st independent copies of this construction independently at round t, each initialized from its own
previous-round state and using independent randomness, we obtain st i.i.d. samples from the same approximate
law ρ̃t, with total round-t cost Õ(stQt).

B.3 Proof of Theorem 2

For completeness, we state here the multiplicative Chernoff bound used in the proof of Theorem 2.

Theorem 16 (Multiplicative Chernoff Bound). Let X1, . . . , Xs be independent random variables taking values in
[0, 1], and let

X =

s∑
i=1

Xi, µ = E[X].

Then, for any 0 < γ < 1,

P
(
X ≤ (1− γ)µ

)
≤ exp

(
− γ2

2
µ
)
.

Theorem 2. Let δ > 0, let (αt, st, εt, δt)
n
t=1 be the parameters of the estimator in 3, which satisfy

n∑
t=1

δt ≤ δ, αtst ≥ 16 log(1/δt) ∀t = 1, ..., n.

Then, with probability at least 1− δ the regret bound of that estimator is

Rn ≤ O(d log(Bn)) +

n∑
t=1

2αt

+

n∑
t=1

2
∑t

i=1 εi
αt

+ 4

n∑
t=1

√
log(1/δt)

stαt
,

(4)

with εi being the new fresh accuracy budget at round i and {θt,j}stj=1 obtained from st independent copies of
the bridged warm-start MALA construction, each initialized from its own previous-round sample. Then, the
per-round computational cost of computing p̃αt,st

t is of order Õ(st ·Qt) and MALA sampling strategy is such that
Qt = Õ

(√
d κtRB log 1

εt

)
.

Proof. Recall that EW (Algorithm 1) achieves a regret bound of order O(d log(Bn)) by predicting according to
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p̂t (see Theorem 1). Furthermore, we can decompose the regret as follows:

Rn =

n∑
t=1

− log p̃αt,st
t (yt)− inf

∥θ∥≤B

n∑
t=1

− log σ(yt⟨θ, xt⟩)

=

n∑
t=1

− log p̂t(yt)− inf
∥θ∥≤B

n∑
t=1

− log σ(yt⟨θ, xt⟩)︸ ︷︷ ︸
≤ O(d log(Bn))

+

n∑
t=1

(
− log p̂αt

t (yt) + log p̂t(yt)
)

︸ ︷︷ ︸
(A) smoothing

+

n∑
t=1

(
− log p̃αt

t (yt) + log p̂αt
t (yt)

)
︸ ︷︷ ︸

(B) TV shift

+

n∑
t=1

(
− log p̃αt,st

t (yt) + log p̃αt
t (yt)

)
︸ ︷︷ ︸

(C) sampling

.

Now, in order to bound (A), (B), (C), we use Lemma 11, Lemma 12 and Proposition 15, and Lemma 13,
respectively. Since

∑n
t=1 δt ≤ δ, the union bound implies that, with probability at least 1− δ, we have

Rn ≤ O(d log(Bn)) +

n∑
t=1

2αt +

n∑
t=1

2
∑t

i=1 εi
αt

+ 4

n∑
t=1

√
log(1/δt)

stαt
.

Given that we need st i.i.d. samples at every time step, the total computational complexity of the algorithm is

Ntotal = O

(
n∑

t=1

stQt

)
,

where Qt is the sampling complexity (measured as number of first-order oracle queries). By Proposition 15, the
per-sample cost is

Qt = Õ
(√

d κtK log K
εt

)
,

where K = Θ(RB), and κt = 1 + R2B2

4 (t− 1).

Corollary 3. Under the assumptions of Theorem 2, choose

αt =
1

2n
, εt =

1

20n3
, δt =

δ

n
, st =

⌈
32n3 log

(n
δ

)⌉
.

Then, with probability at least 1 − δ, the estimator in Equation (3) satisfies Rn ≤ O(d log(Bn)) with a total
computational cost of order Õ

(
B3 n5

)
.

Proof. First, by the choice δt = δ
n ,
∑n

t=1 δt = δ. We now bound the three approximation terms one by one.

• Smoothing: since αt =
1
2n we have that 2αt =

1
n .

• TV-shift: by the choice of εt,
∑t

i=1 εi =
t

20n3 . Therefore, summing over t = 1, . . . , n, we obtain

n∑
t=1

2
∑t

i=1 εi
αt

=
1

5n2

n∑
t=1

t ≤ 1

5
.

In particular, the TV-shift contribution is O(1).
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• Sampling: by the choice of st,

αtst ≥ 16 log

(
1

δt

)
.

Hence,

4

√
log(1/δt)

αtst
≤ 1

n
.

Hence, Theorem 2 applies with probability at least 1− δ.

Plugging these bounds (and summing over n) into Equation (4), we obtain

Rn ≤ O(d log(Bn)) +O(1).

Regarding the complexity, by Theorem 2, the per-sample cost is

Qt = Õ

(√
d κtK log

K

εt

)
, κt = 1 +

R2B2

4
(t− 1),

where K is the number of rungs. The fact that εt = 1
20n3 and K = Θ(RB) yields

Ntotal = Õ

(
n∑

t=1

stQt

)
= Õ

(√
dR3B3 n5

)
.

B.4 Online-to-batch conversion

Online-to-batch conversion provides a principled way to transform guarantees from sequential prediction into
statistical guarantees for batch learning. Early results established that online learnability can imply PAC
learnability: in particular, Littlestone and Warmuth (1994) showed that algorithms with finite mistake bounds
can be converted into batch learners with provable generalization guarantees. Related ideas also appeared in
algorithmic developments such as the voted perceptron of Freund and Schapire (1998), where averaging or
voting over online iterates yields a batch classifier with strong empirical performance and theoretical guarantees.
More broadly, classical online methods such as Weighted Majority and Hedge (Littlestone and Warmuth, 1994;
Freund and Schapire, 1997) provided some of the conceptual foundations for later batch ensemble procedures.
A general framework for online-to-batch conversion was formalized by Cesa-Bianchi et al. (2004), who showed
that a sequence of hypotheses generated by an online learner with small regret can be converted into a predictor
with low expected risk in the stochastic setting. This result yields a generic reduction from online regret bounds
to batch generalization guarantees. Subsequent work refined this principle in several directions. For example,
Zhang (2004) derived sharper, data-dependent concentration guarantees for online-to-batch conversion. More
recent contributions have focused on obtaining high-probability guarantees for the last iterate, rather than
averaged predictors, and on adapting the conversion to structured optimization settings. In particular, Cutkosky
(2019) developed an anytime reduction that transforms an arbitrary online learner into a stochastic optimization
procedure whose last iterate achieves optimal rates without requiring prior knowledge of smoothness or noise
parameters. It is therefore straightforward to adapt these results to logistic regression.

Finally, while EW has shown to be robust in the regime where the MLE does not exist (linearly separable data),
we acknowledge here that an online-to-batch conversion brings into the excess risk bound a log(n) that Mourtada
and Gaïffas (2022) prove to be suboptimal. Indeed, the authors propose Sample Minimax Predictor (SMP) that
is still well defined when MLE is not and aggregates the results of only two Logistic Regressions, achieving a
bound of order O

(
d
n

)
. However, this bound is polynomial with respect to the other parameters such as B and R,

leaving open if one can achieve optimal batch bound also for the other parameters of the problem.
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C Exponential Weights for B → ∞

Proposition 4. Fix t ≥ 2 and assume the data {(xi, yi)}i<t are strictly linearly separable, meaning Ht ̸= ∅.
Then, for (x, y) ∈ Rd × {±1} the EW prediction in Equation (2) has a limit as B → ∞ given by

lim
B→∞

p̂Bt (x, y) = Pθ∼ρ∞
t

(
y⟨x, θ⟩ > 0

)
+

1

2
Pθ∼ρ∞

t

(
y⟨x, θ⟩ = 0

)
=: p̂∞t (x, y),

(5)

where the limiting distribution ρ∞t is the standard Gaussian truncated to Ht:

ρ∞t (dθ) :=
e−∥θ∥2/21{θ ∈ Ht} dθ∫

Rd e−∥u∥2/21{u ∈ Ht} du
.

Proof. Write p̂Bt as a ratio:

p̂Bt (x, y) =

∫
Rd σ(y⟨x, θ⟩)

∏
i<t σ(yi⟨xi, θ⟩) e−∥θ∥2/(2B2) dθ∫

Rd

∏
i<t σ(yi⟨xi, θ⟩) e−∥θ∥2/(2B2) dθ

.

Change variables θ = Bθ̃ (so dθ = Bd dθ̃). The Jacobian cancels between numerator and denominator, and
e−∥Bθ̃∥2/(2B2) = e−∥θ̃∥2/2, hence

p̂Bt (x, y) =

∫
Rd σ(B y⟨x, θ̃⟩)

∏
i<t σ(B yi⟨xi, θ̃⟩) e−∥θ̃∥2/2 dθ̃∫

Rd

∏
i<t σ(B yi⟨xi, θ̃⟩) e−∥θ̃∥2/2 dθ̃

.

For any a ∈ R,

σ(Ba) → 1{a > 0}+ 1

2
1{a = 0} as B → ∞.

Thus, for Lebesgue-a.e. θ̃, ∏
i<t

σ(B yi⟨xi, θ̃⟩) → 1{θ̃ ∈ Ht},

and
σ(B y⟨x, θ̃⟩) → 1{y⟨x, θ̃⟩ > 0}+ 1

2
1{y⟨x, θ̃⟩ = 0},

since the exceptional set for the first convergence is contained in a finite union of hyperplanes, hence has measure
zero. Moreover, both integrands are dominated by e−∥θ̃∥2/2 because σ(·) ∈ [0, 1]. By dominated convergence, the
numerator and denominator converge to the corresponding integrals with 1{θ̃ ∈ Ht} inserted.

Let Z∞ :=
∫
Rd e

−∥u∥2/21{u ∈ Ht} du. Then 0 < Z∞ < (2π)d/2 because Ht is nonempty and open under strict
separability. Taking the limit in the ratio yields

lim
B→∞

p̂Bt (x, y) =
1

Z∞

∫
Rd

e−∥θ∥2/21{θ ∈ Ht}
(
1{y⟨x, θ⟩ > 0}+ 1

2
1{y⟨x, θ⟩ = 0}

)
dθ

= Pθ∼ρ∞
t
(y⟨x, θ⟩ > 0) +

1

2
Pθ∼ρ∞

t
(y⟨x, θ⟩ = 0),

as claimed.

Let us recall the definition of the (open) version cone

Ht :=
{
θ ∈ Rd : yi⟨xi, θ⟩ > 0 ∀i < t

}
.

Then, for any γ > 0, we denote the (closed) margin slice as

St,γ :=
{
θ ∈ Rd : yi⟨xi, θ⟩ ≥ γ ∀i < t

}
.

Note that Ht =
⋃

γ>0 St,γ and each St,γ is a nonempty closed convex polyhedron whenever Ht ̸= ∅.
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Lemma 17. Assume strict separability up to time t− 1, i.e., Ht ̸= ∅. Then:

1. St,1 ̸= ∅.

2. For every γ > 0, St,γ = γ St,1 :=
{
γw : w ∈ St,1

}
.

Proof. (1) Since Ht ̸= ∅, pick u ∈ Ht. Then all margins are strictly positive: yi⟨xi, u⟩ > 0 for i < t. Let

γmin := min
i<t

yi⟨xi, u⟩ > 0, v :=
u

γmin
.

For every i < t, yi⟨xi, v⟩ = 1
γmin

yi⟨xi, u⟩ ≥ 1, so v ∈ St,1 and St,1 ̸= ∅.

(2) We prove both inclusions.

• (⊆) Let θ ∈ St,γ and set w = θ/γ. Then for all i < t, yi⟨xi, w⟩ = 1
γ yi⟨xi, θ⟩ ≥ 1, hence w ∈ St,1 and

θ = γw ∈ γSt,1.

• (⊇) Let w ∈ St,1 and set θ = γw. Then for all i < t, yi⟨xi, θ⟩ = γ yi⟨xi, w⟩ ≥ γ, so θ ∈ St,γ .

Combining the two inclusions gives St,γ = γSt,1.

In particular, the map ψγ : St,1 → St,γ , ψγ(w) = γw, is a bijection. Therefore any optimization over St,γ can be
equivalently reparameterized over St,1 via θ = γw.
Proposition 5. Fix t ≥ 2 and assume strict separability, i.e. Ht ̸= ∅. For any margin γ > 0, define the closed
margin slice

St,γ := {θ ∈ Rd : yi⟨xi, θ⟩ ≥ γ, ∀i < t},

and let ρ∞t,γ be the standard Gaussian truncated to St,γ

ρ∞t,γ(dθ) :=
e−∥θ∥2/2 1{θ ∈ St,γ} dθ∫

Rd e−∥u∥2/2 1{u ∈ St,γ} du
.

Then, ρ∞t,γ has a unique mode θt,γ ∈ St,γ . Moreover, let wt,svm denote the hard-margin SVM solution; then, the
mode θt,γ satisfies θt,γ = γ wt,svm. In particular, the mode direction θt,γ/∥θt,γ∥ is independent of γ and equals
wt,svm/∥wt,svm∥.

Proof. By strict separability up to time t− 1, the version cone Ht is nonempty. For any margin γ > 0, define the
(closed) margin slice

St,γ := {θ ∈ Rd : yi⟨xi, θ⟩ ≥ γ, ∀i < t}.

By Lemma 17, St,1 is nonempty and St,γ = γ St,1 for every γ > 0.

Now consider the truncated Gaussian

ρ∞t,γ(dθ) ∝ e−∥θ∥2/2 1{θ ∈ St,γ} dθ.

Its (unnormalized) log–density is

log ft,γ(θ) =

{
− 1

2∥θ∥
2 + const, θ ∈ St,γ ,

−∞, otherwise.

Maximizing log ft,γ over St,γ is thus equivalent to minimizing 1
2∥θ∥

2 over the nonempty closed convex set St,γ .
Since the objective is strictly convex, there exists a unique minimizer, which we denote by θt,γ . Equivalently, θt,γ
is the Euclidean projection of 0 onto St,γ .

Moreover, since St,γ = γSt,1, the map ψγ : St,1 → St,γ defined by ψγ(w) = γw is a bijection. Reparameterizing
via θ = γw yields

arg min
θ∈St,γ

1
2∥θ∥

2 = arg min
w∈St,1

1
2∥γw∥

2 = arg min
w∈St,1

1
2∥w∥

2.
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Hence the minimizer in w–space is

wt,svm := arg min
w∈Rd

1
2∥w∥

2 s.t. yi⟨xi, w⟩ ≥ 1, ∀i < t,

i.e., the (unique) hard–margin SVM solution at time t− 1. Mapping back via θ = ψγ(w) gives

θt,γ = γ wt,svm.

In particular, the direction of the mode, θt,γ/∥θt,γ∥ = wt,svm/∥wt,svm∥, is independent of γ and coincides with
the hard–margin SVM direction.

Corollary 6. Under the assumptions of Proposition 5, let ρ∞t and ρ∞t,γ be the standard Gaussians truncated to
Ht and St,γ respectively. Then: (i) as γ → 0, ρ∞t,γ converges to ρ∞t in total variation; (ii) For every γ > 0, the
measure ρ∞t,γ has a unique mode θt,γ = γ wt,svm, with all modes lying on the ray {λwt,svm : λ > 0}.

Proof. First of all, if 0 < γ′ < γ, then St,γ ⊆ St,γ′ . Moreover, we have⋃
γ>0

St,γ = Ht. (12)

Indeed, if θ ∈ Ht then m(θ) := mini<t yi⟨xi, θ⟩ > 0, hence θ ∈ St,γ for all γ ∈ (0,m(θ)], proving Ht ⊆ ∪γ>0St,γ .
The reverse inclusion is immediate since St,γ ⊆ Ht for every γ > 0.

Now, define
fγ(θ) := e−∥θ∥2/21{θ ∈ St,γ}, f∞(θ) := e−∥θ∥2/21{θ ∈ Ht}.

By the nesting of the slices and (12), we have fγ(θ) ↑ f∞(θ) pointwise as γ ↓ 0. Since f∞ ∈ L1(Rd), the monotone
convergence theorem yields

Zt,γ :=

∫
Rd

fγ(θ) dθ ↑
∫
Rd

f∞(θ) dθ =: Z∞
t ∈ (0,∞).

Let pγ := fγ/Zt,γ and p∞ := f∞/Z
∞
t be the corresponding normalized densities. Then for every θ,

pγ(θ) −→ p∞(θ) (γ ↓ 0),

and, since 0 ≤ pγ(θ) ≤ f∞(θ)/Zt,γ and Zt,γ ≥ Zt,γ0
> 0 for all γ ≤ γ0, we can apply dominated convergence to

obtain ∫
Rd

|pγ(θ)− p∞(θ)| dθ −→ 0.

Recalling that ∥ρ∞t,γ − ρ∞t ∥TV = 1
2

∫
|pγ − p∞|, this proves the first part of the claim.

On Ht, the (unnormalized) log-density of ρ∞t is − 1
2∥θ∥

2 + const. Since Ht is a cone, for any θ ∈ Ht and any
r ∈ (0, 1) we have rθ ∈ Ht, and thus

sup
θ∈Ht

(
− 1

2∥θ∥
2
)
= 0,

but this supremum is not attained because θ = 0 /∈ Ht (strict inequalities). Hence ρ∞t has no mode. Finally, for
each γ > 0, Proposition 5 gives that ρ∞t,γ has a unique mode θt,γ = γwt,svm, completing the second claim.

C.1 Linear Separability

Lemma 18. Assume the data are linearly separable, i.e. there exists a unit vector u ∈ Sd−1 and γ > 0 such
that yt⟨u, xt⟩ ≥ γ for all t = 1, . . . , n. Let R := maxt ∥xt∥ and γ̄ := γ/R. For any unit vector v ∈ Sd−1 write
v = au+ bw with a = ⟨v, u⟩ ∈ [−1, 1], b =

√
1− a2 ≥ 0, and w ∈ Sd−1 satisfying ⟨w, u⟩ = 0. Then, for all t,

yt⟨v, xt⟩ ≥ a γ − bR.

In particular, if t0 := 1√
1+γ̄2

∈ (0, 1), the spherical cap

Cap(u, t0) := {v ∈ Sd−1 : ⟨v, u⟩ ≥ t0}

is contained in the version cone intersected with the sphere, Cap(u, t0) ⊆ H ∩ Sd−1, where H := {θ ∈ Rd :
yt⟨θ, xt⟩ ≥ 0, ∀t}.
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Proof. For any v = au+ bw with u,w orthonormal, we have

yt⟨v, xt⟩ = a yt⟨u, xt⟩+ b yt⟨w, xt⟩ ≥ a γ − b ∥xt∥ ≥ a γ − bR,

using the margin condition and Cauchy–Schwarz. If moreover a ≥ t0 then b ≤
√

1− t20 = γ̄/
√
1 + γ̄2, hence

yt⟨v, xt⟩ ≥ γt0 −R
√
1− t20 =

γ −Rγ̄√
1 + γ̄2

= 0,

so v ∈ H. Therefore Cap(u, t0) ⊆ H ∩ Sd−1.

Lemma 19. Let d ≥ 2, let U ∼ Unif(Sd−1), and fix a unit vector u ∈ Sd−1. Then, for any t ∈ [0, 1],

P
(
⟨U, u⟩ ≥ t

)
≥

Γ
(
d
2

)
(d− 1)

√
π Γ

(
d−1
2

) (1− t2)
d−1
2 ≥ cd (1− t2)

d−1
2 ,

for a constant cd > 0 depending only on d.

Proof. By rotational invariance, the marginal T := ⟨U, u⟩ has density

fd(s) =
Γ(d2 )√
π Γ(d−1

2 )
(1− s2)

d−3
2 , −1 < s < 1,

since
∫ 1

−1
(1− s2)

d−3
2 ds =

√
π Γ( d−1

2 )

Γ( d
2 )

. Therefore

P{⟨U, u⟩ ≥ t} =

∫ 1

t

fd(s) ds =
Γ(d2 )√
π Γ(d−1

2 )

∫ 1

t

(1− s2)
d−3
2 ds.

Set r = 1− s2 so ds = −dr
2s and s =

√
1− r. Then∫ 1

t

(1− s2)
d−3
2 ds =

1

2

∫ 1−t2

0

r
d−3
2

s
dr ≥ 1

2

∫ 1−t2

0

r
d−3
2 dr =

1

d− 1
(1− t2)

d−1
2 ,

where we used that s ∈ [t, 1] ⊂ (0, 1] so 1/s ≥ 1. Multiplying by the prefactor yields the first inequality, and the
second follows by defining cd := Γ(d2 )/

(
(d− 1)

√
π Γ(d−1

2 )
)
.

Lemma 20. For z ≥ 0, σ(z) = 1
1+e−z ≥ 1− e−z. Hence, if mint=1,...,n yt⟨θ, xt⟩ ≥ m ≥ 0

n∏
t=1

σ(yt⟨θ, xt⟩) ≥ (1− e−m)n.

Proof. For a ≥ 0, (1 + a)−1 ≥ 1− a. With a = e−z and z ≥ 0 this gives σ(z) ≥ 1− e−z. If each term satisfies
yt⟨θ, xt⟩ ≥ m, then σ(yt⟨θ, xt⟩) ≥ 1− e−m for all t, and the product bound follows.

Lemma 21. Assume separability: there exists a unit vector u ∈ Sd−1 with yi⟨u, xi⟩ ≥ γ > 0 for all i = 1, . . . , n,
and let R := maxi ∥xi∥ and γ̄ := γ/R. For any t1 ∈ (t0, 1), where t0 := 1/

√
1 + γ̄2, define

α(t1) := γt1 −R
√
1− t21 > 0, Cap(u, t1) := {v ∈ Sd−1 : ⟨v, u⟩ ≥ t1},

and for λ0 > 0 the cone–ray set

Ct1,λ0
:= {θ = λv : v ∈ Cap(u, t1), λ ≥ λ0}.

Then, for every θ = λv ∈ Ct1,λ0 ,
min

1≤i≤n
yi⟨θ, xi⟩ ≥ λα(t1).

In particular, if λ0 ≥ m/α(t1) for some m > 0, then for all θ ∈ Ct1,λ0
,

n∏
i=1

σ
(
yi⟨θ, xi⟩

)
≥ σ(m)n ≥

(
1− e−m

)n
.
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Proof. Fix v ∈ Cap(u, t1) ⊂ Sd−1 and write v = a u + bw with a = ⟨v, u⟩ ≥ t1, b =
√
1− a2 ≤

√
1− t21, and

w ∈ Sd−1, ⟨w, u⟩ = 0. For each i,

yi⟨v, xi⟩ = a yi⟨u, xi⟩+ b yi⟨w, xi⟩ ≥ a γ − b ∥xi∥ ≥ γt1 −R
√

1− t21 = α(t1).

By homogeneity, for θ = λv we get yi⟨θ, xi⟩ = λ yi⟨v, xi⟩ ≥ λα(t1), hence the margin bound. If λ ≥ λ0 ≥ m/α(t1)
then mini yi⟨θ, xi⟩ ≥ m, so σ

(
yi⟨θ, xi⟩

)
≥ σ(m) ≥ 1− e−m for all i, and the product bound follows.

Lemma 22. Let Z ∼ N (0, B2Id) and define U := Z/∥Z∥ ∈ Sd−1 and S := ∥Z∥/B ∈ (0,∞). Then U and S are
independent with

U ∼ Unif(Sd−1), S ∼ χd with density pS(s) =
1

2
d
2−1Γ(d2 )

sd−1e−s2/2, s > 0.

Moreover, for any t1 ∈ (0, 1) and λ0 > 0,

P
(
Z ∈ Ct1,λ0

)
= P

(
U ∈ Cap(u, t1)

)
· P
(
S ≥ λ0

B

)
,

where Ct1,λ0
= {θ = λv : v ∈ Cap(u, t1), λ ≥ λ0}.

Proof. Let N ∼ N (0, Id). Then Z = BN and N admits the polar decomposition N = SU with U ∼ Unif(Sd−1),
S = ∥N∥ ∼ χd, and U ⊥ S (spherical symmetry). Thus Z = (BS)U with U ⊥ S and S = ∥Z∥/B. By definition,

{Z ∈ Ct1,λ0} = {∃λ ≥ λ0, v ∈ Cap(u, t1) : Z = λv} = {U ∈ Cap(u, t1), ∥Z∥ ≥ λ0 }

because U = Z/∥Z∥ is the direction and ∥Z∥ the radius. Since ∥Z∥ ≥ λ0 is the event {BS ≥ λ0} = {S ≥ λ0/B}
and U ⊥ S, we obtain

P(Z ∈ Ct1,λ0
) = P

(
U ∈ Cap(u, t1)

)
P
(
S ≥ λ0

B

)
.

The stated marginal laws of U and S are standard (chi/chi-square radius and uniform angle) and follow from the
Gaussian polar change of variables; the density of S is pS(s) = 1

2
d
2
−1Γ( d

2 )
sd−1e−s2/2 for s > 0.

Lemma 23. For all γ̄ ∈ (0, 1], α(t1) ≥ γ

2(2+
√
2)
.

Proof. Let h(t) := γ̄t−
√
1− t2 so that α(t) = Rh(t). Since

√
1− t2 is concave on [0, 1], for t ≥ t0 we have√

1− t2 ≤
√
1− t20 +

( d
dt

√
1− t2

)∣∣∣
t=t0

(t− t0) = γ̄t0 −
1

γ̄
(t− t0).

Thus h(t) ≥ (γ̄ + γ̄−1)(t− t0). Evaluating at t1 = (1 + t0)/2 gives

h(t1) ≥ (γ̄ + γ̄−1)
1− t0

2
.

Since 1− t0 = 1− 1√
1+γ̄2

= γ̄2

√
1+γ̄2

(
1+

√
1+γ̄2

) ≥ γ̄2

2+
√
2
, we obtain h(t1) ≥ γ̄

2(2+
√
2)
, and multiplying by R yields

the claim.

Theorem 24 (Full version of Theorem 7). Assume that d ≥ 2 and that data are linearly separable with margin
γ > 0. Furthermore, let ∥xt∥ ≤ R, and write γ̄ := γ/R ∈ (0, 1]. Now, fix the following quantities

t0 :=
1√

1 + γ̄2
, t1 :=

1 + t0
2

∈ (0, 1), α(t) := γt−R
√

1− t2.

Finally, define λ0 := log(2n)/α(t1) and let π0 = N (0, B2Id). Then, for every B > 0, the EW cumulative predictive
loss satisfies

e−LB
n ≥ e−1 P

(
U ∈ Cap(u, t1)

)
· P
(
S ≥ λ0

B

)
,
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where Z ∼ π0 has polar decomposition Z = (BS)U with U ∼ Unif(Sd−1), S ∼ χd, U ⊥ S.
Equivalently, with cd > 0 depending only on d, and with the particular choice of t1

LB
n ≤ (d− 1) log

( 2
γ̄

)
+ Rad(B, λ0) + O

(
log(d)

)
, Rad(B, λ0) :=


1
2

(
λ0

B

)2
+O

(
d log(d)

)
, if B ≤ λ0√

d−1
,

log(2), if B ≥ λ0√
d−1

.

In particular, define the margin–based threshold

Bcritic :=
κ log(2n)

γ
√
d− 1

, κ ≥ 2(2 +
√
2).

Hence B ≥ Bcritic ⇒ B ≥ λ0/
√
d− 1 and

LB
n ≤ (d− 1) log

( 2
γ̄

)
+ O(log(d)).

Proof. Let Z ∼ N (0, B2Id) and write its polar decomposition Z = (BS)U with U := Z/∥Z∥ ∼ Unif(Sd−1),
S := ∥Z∥/B ∼ χd, and U ⊥ S (Lemma 22). By Lemma 21, for any θ = λv ∈ Ct1,λ0 we have mini yi⟨θ, xi⟩ ≥
λα(t1) ≥ λ0 α(t1) = log(2n). Hence, by Lemma 20,

n∏
i=1

σ
(
yi⟨θ, xi⟩

)
≥ σ(log(2n))n ≥ e−1 .

Using the EW telescoping identity e−LB
n =

∫ ∏n
i=1 σ(yi⟨θ, xi⟩)π0(dθ) (with π0 = N (0, B2Id)) and restricting to

Ct1,λ0
,

e−LB
n ≥ e−1 π0

(
Ct1,λ0

)
= e−1 P

(
U ∈ Cap(u, t1)

)
P
(
S ≥ λ0

B

)
,

by the factorization in Lemma 22. Further, by Lemma 19,

P
(
U ∈ Cap(u, t1)

)
≥ cd

(
1− t21

) d−1
2 .

For the radial term, set r := λ0/B > 0 and split two cases.

Case (i): B ≤ λ0/
√
d− 1, i.e., r ≥

√
d− 1. For S ∼ χd, a one–slice lower bound on the tail of the chi density

pS(s) =
1

2
d
2
−1Γ( d

2 )
sd−1e−s2/2 gives

P(S ≥ r) ≥
∫ r+1/r

r

pS(s)ds ≥ e−3/2

2d/2−1Γ(d2 )︸ ︷︷ ︸
cχd

rd−2e−r2/2 ,

for all r ≥
√
d− 1. Consequently,

− logP
(
S ≥ λ0

B

)
≤ 1

2

(λ0
B

)2
− log(cχd )

=
1

2

(λ0
B

)2
+

3

2
+
(d
2
− 1
)
log 2 + log Γ

(
d

2

)
=

1

2

(λ0
B

)2
+
(d
2
− 1

2

)
log d− d

2
+
(3
2
+

1

2
log π

)
+ o(1),

after dropping the favorable −(d− 2) log r term and applying Stirling’s formula.

Case (ii): B ≥ λ0/
√
d− 1, i.e., r ≤

√
d− 1. By monotonicity of the tail,

P(S ≥ r) ≥ P
(
S ≥

√
d− 1

)
= P(χ2

d ≥ d− 1).
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Now let Md denote the median of χ2
d. Since χ2

d
d
= 2Γ(d/2, 1) and the median ν(k) of Γ(k, 1) satisfies the classical

bound ν(k) > k − 1
3 (Doodson, 1917), we obtain

Md = 2 ν(d/2) > 2
(d
2
− 1

3

)
= d− 2

3
> d− 1 (d ≥ 2).

Because χ2
d is continuous, P(χ2

d ≥Md) ≥ 1
2 . Therefore,

P(χ2
d ≥ d− 1) ≥ P(χ2

d ≥Md) ≥
1

2
,

and hence
− logP(S ≥ r) ≤ log 2.

Combining the two above cases and taking − log we get,

LB
n ≤ − log

(
cd(1− t21)

d−1
2

)
− logP

(
S ≥ λ0

B

)
+ 1

=
d− 1

2
log

(
1

1− t21

)
+ Rad(B, λ0)− log(cd)

=
d− 1

2
log

(
1

1− t21

)
+ Rad(B, λ0) +

1

2
log
(
2π(d− 1)

)
+ o(1),

with Rad(B, λ0) as stated.

Finally, with t1 = 1+t0
2 and t0 = 1/

√
1 + γ̄2 we have 1− t21 ≥ 1

2 (1− t20) =
γ̄2

2(1+γ̄2) ≥
γ̄2

4 , hence the angular term
is at most (d− 1) log( 2γ̄ ). Moreover, by Lemma 23, for such a t1 we have

α(t1) ≥ γ

2(2 +
√
2)
,

uniformly in γ̄ ∈ (0, 1]. Therefore,

B ≥ Bcritic :=
κ log(2n)

γ
√
d− 1

with κ ≥ 2(2 +
√
2),

implies that B ≥ λ0/
√
d− 1. Thus, we are in Case (ii), which yields

LB
n ≤ (d− 1) log

( 2
γ̄

)
+O

(
log(d)

)
.

Lemma 25. Assume xt
iid∼ N (0, Id) for t = 1, . . . , n. Then, for any δ ∈ (0, 1), with probability at least 1− δ,

R := max
t≤n

∥xt∥ ≤
√
d +

√
2 log

n

δ
.

Proof. For X ∼ N (0, Id) the map x 7→ ∥x∥ is 1-Lipschitz, hence for any u > 0, P(∥X∥ ≥ E∥X∥+ u) ≤ e−u2/2.

Since E∥X∥ ≤
√
d, for each t we have P(∥xt∥ ≥

√
d + u) ≤ e−u2/2. By a union bound over t = 1, . . . , n,

P(R ≥
√
d+ u) ≤ n e−u2/2. Choose u =

√
2 log(n/δ) to get P(R ≥

√
d+ u) ≤ δ.

Lemma 26. Let xt
iid∼ N (0, Id) for t = 1, . . . , n and suppose the labels follow the logistic model

P(yt = 1 | xt) = σ(⟨xt, θ∗⟩), σ(t) =
1

1 + e−t
,

with ∥θ∗∥ = B and yt ∈ {±1} for all t. Define u := θ∗/∥θ∗∥. Fix δ1, δ2 ∈ (0, 1) and assume

B ≥ 2n√
2π δ1

.
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Then, with probability at least 1− δ1 − δ2, the dataset is linearly separable by the hyperplane normal to u, and its
(unnormalized) margin satisfies

γ := min
1≤t≤n

yt ⟨u, xt⟩ ≥ δ2
2n

.

Proof. Write zt := ⟨xt, θ∗⟩ and Z ∼ N (0, 1). Conditional on xt, the flip event {yt ̸= sign(zt)} has probability
P(yt ̸= sign(zt) | xt) = σ(−|zt|) ≤ e−|zt|. Unconditionally,

pflip = P(yt ̸= sign(zt)) ≤ E[e−|zt|] = E[e−B|Z|] =
2√
2π

∫ ∞

0

e−Bze−z2/2 dz =
2√
2π

eB
2/2

∫ ∞

B

e−t2/2 dt.

Using
∫∞
a
e−t2/2 dt ≤ a−1e−a2/2 for a > 0 gives pflip ≤ 2√

2π
· 1
B . A union bound over t = 1, . . . , n yields

P
(
∃ t : yt ̸= sign⟨xt, θ∗⟩

)
≤ n pflip ≤ 2n√

2π B
≤ δ1,

by the assumed lower bound on B. Denote this “no flip” event by E1.

On E1 we have yt = sign⟨xt, θ∗⟩ for all t, hence the sample is separated by u with margin γ = mint |⟨u, xt⟩|. Since
⟨u, xt⟩ ∼ N (0, 1), for any ε ∈ (0, 1), P(|⟨u, xt⟩| ≤ ε) ≤ 2ε. By a union bound over t,

P
(

min
1≤t≤n

|⟨u, xt⟩| ≤ ε
)

≤ 2nε.

Choosing ε = δ2
2n gives P(γ ≤ δ2/(2n)) ≤ δ2. Let E2 be the complementary event, so that on E2 we have γ ≥ δ2

2n .

Finally, P(E1 ∩ E2) ≥ 1− δ1 − δ2, and on E1 ∩ E2 the claims hold.

Proposition 8. Consider the above-defined logistic model. Fix confidence parameter δ ∈ (0, 1) and assume

B ≥ max

{
6n√
2π δ

,
12(2 +

√
2)n log(2n)

δ
√
d− 1

}
. (7)

Let u := θ⋆/∥θ⋆∥; then, with probability at least 1− δ, the dataset is linearly separable and

γ := min
1≤t≤n

yt⟨u, xt⟩ ≥
δ

6n
,

R := max
1≤t≤n

∥xt∥ ≤
√
d+

√
2 log

3n

δ
,

In particular, Theorem 7 holds and

Rn ≤ (d− 1) log

(
12nR

δ

)
+ c1 log(d).

Proof. Define the events

E1 :=
{
∀t, yt = sign⟨xt, θ∗⟩

}
, E2 :=

{
min
t≤n

|⟨u, xt⟩| ≥ δ2
2n

}
, E3 :=

{
max
t≤n

∥xt∥ ≤
√
d+

√
2 log n

δ3

}
,

with u := θ∗/∥θ∗∥. By Lemma 26 and the first term in (7), P(E1) ≥ 1− δ1. On E1 the sample is separated by u
and γ = mint yt⟨u, xt⟩ = mint |⟨u, xt⟩|. Again by Lemma 26, P(E2) ≥ 1− δ2. By Lemma 25, P(E3) ≥ 1− δ3. A
union bound yields

P(E1 ∩ E2 ∩ E3) ≥ 1− δ1 − δ2 − δ3.

On E := E1 ∩ E2 ∩ E3 we have γ ≥ δ2/(2n) and R ≤
√
d+

√
2 log(n/δ3). To activate the B-independent branch

of Theorem 24 it suffices to verify B ≥ λ0/
√
d− 1 , where λ0 = log(2n)

α(t1)
and α(t) = γt − R

√
1− t2, t1 = 1+t0

2 ,

t0 = 1/
√
1 + γ̄2, γ̄ = γ/R. By Lemma 23, α(t1) ≥ γ/[2(2 +

√
2)], hence on E

λ0√
d− 1

=
log(2n)

α(t1)
√
d− 1

≤ 2(2 +
√
2) log(2n)

γ
√
d− 1

≤ 4(2 +
√
2)n log(2n)

δ2
√
d− 1

.
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By the second term in (7), B exceeds this quantity, so the B-independent branch applies and yields

LB
n ≤ (d− 1) log

( 2
γ̄

)
+O

(
log(d)

)
, γ̄ = γ/R.

Finally, using γ ≥ δ2/(2n) and R ≤
√
d +

√
2 log(n/δ3), a simple algebra gives (8). Since Rn ≤ LB

n in the
separable case, the same upper bound holds for Rn. Fixing δ1 = δ2 = δ3 = δ

3 completes the proof.
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D Additional experiments

We now validate the theoretical results on a simple synthetic dataset. Similarly to Jézéquel et al. (2020), we
evaluate the performance of EW on the adversarial 1-D dataset presented by Hazan et al. (2014). In particular,
the data {(xt, yt)}nt=1 are generated in an i.i.d. fashion as follows

(xt, yt) =

{
(1−

√
ε

2B , 1), w.p.
√
ε

2B + χ ε
B

(
√
ε

2B , −1), otherwise
.

We set n ∈ {75, 100, 150, 200, 300, 400}, B = log(n), ε = 0.01 and χ ∈ {±1}. The experiment is averaged over 70
simulations for χ = 1 and another 70 for χ = −1.

Figure 4: Worst-of-χ average regret with ± s.e. bars over 70 runs on the adversarial data generating process
presented in Hazan et al. (2014).

We then plot in Figure 4 the worst of these two average regrets obtained by our EW (orange) and AIOLI (blue)
(Jézéquel et al., 2020) according to the value of n (log-scale) and together with the corresponding standard
errors. We observe that EW is slightly better than AIOLI; furthermore, the implementation of EW we adopted is
computationally less expensive than the worst-case implementation proposed in the paper as we discuss in the
next subsection.

D.1 EW (cheaper) implementation

To obtain a performance comparable to AIOLI (see Figure 4), we relax the worst-case sampling prescription used
in the theory. In particular, instead of running the theoretically prescribed number of independent chains, we
approximate the EW predictive distribution with a single adaptive MALA chain targeting

ρt(θ) ∝ exp
(
− θ2

2B2

)∏
i<t

σ(yi θxi).

Accordingly, the samples used in this subsection are Markov-dependent, so the i.i.d. concentration argument
underlying the theorem does not apply. At round t, we warm-start the chain at the last state from round t− 1
(or from N (0, B2) at t = 1), and initialize the step size as

ht =
(
10−3 +

1

4
R2(t− 1) +B−2

)−1

.

We then run a short pilot phase (typically 4–6 proposals) and adapt ht multiplicatively until the acceptance
rate falls in [0.55, 0.80]. After that, we use a small constant burn-in (e.g., 8–12 MALA steps) and retain S = 24
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samples by continuing the same chain, optionally with thinning τ ∈ {1, 2}. The predictive probability is estimated
by

p̂t =
1

S

S∑
k=1

σ
(
yt θ

(k)xt
)
,

and the incurred loss is − log p̂t.

This implementation should be viewed purely as a practical heuristic. It is distinct from the worst-case construction
analyzed in Theorem 2: there, the quantity st denotes the number of independent output samples required at
round t, and the corresponding complexity bound is stated in terms of the number of first-order oracle queries.
Here, by contrast, we run one adaptive chain and retain several dependent samples; accordingly, we discuss its
arithmetic runtime separately.

Let Mt denote the total number of MALA transitions performed at round t, including pilot adaptation, burn-in,
thinning, and the transitions needed to produce the retained samples used in the Monte Carlo average. In our
one-dimensional strongly log-concave setting, the posterior changes only mildly from one round to the next, so a
warm-started chain typically mixes rapidly in practice. This motivates using fixed values of S, τ , and burn-in,
together with a constant transition budget Mt.
At round t, evaluating ∇ log ρt(θ) and log ρt(θ) requires one pass over the prefix {(xi, yi)}t−1

i=1; in d dimensions this
costs Θ((t− 1)d) arithmetic operations, and in the one-dimensional setting considered here it is simply Θ(t− 1).
Since one MALA transition requires a constant number of such evaluations, each transition costs Θ((t− 1)d).
Therefore, if we perform Mt transitions at round t, the arithmetic cost of round t is

Θ
(
Mt(t− 1)d

)
,

and the total arithmetic cost up to time n is

TEW(n) = Θ

(
d

n∑
t=1

Mt(t− 1)

)
.

With a fixed practical budget Mt ≤M independent of t, this yields

TEW(n) = Θ(dM n2) = Θ(dn2),

where the last equality hides only the constant M . In particular, in one dimension we obtain Θ(n2). More
generally, if Mt = Θ(tα), then

TEW(n) = Θ
(
dn2+α

)
.

We stress that this arithmetic-runtime estimate is not directly comparable to the worst-case Õ(B3n5) guarantee
in Theorem 2, since the latter is a bound on total first-order oracle complexity for the independent-sample
implementation analyzed in the theory. Rather, the point of this subsection is that a warm-started single-chain
heuristic can be implemented much more cheaply in practice while preserving similar predictive behavior in our
experiments.
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