
Semi-Random Noisy and One-Bit Matrix Completion
via Nonconvex Optimization

Xing Gao Binhao Chen Yu Cheng
University of Illinois Chicago Brown University Brown University

Abstract

We study low-rank matrix completion in the
semi-random model, where each entry (i, j)
is observed independently with an unknown
probability pi,j ≥ p, in contrast to the stan-
dard model with a uniform probability p.
While prior work has shown that nonconvex
approach succeeds in the semi-random model
for exact observations (Cheng and Ge, 2018),
it remains unclear whether similar guarantees
extend to more general observation model,
such as noisy or one-bit measurements.

In this paper, we give a unified framework
for semi-random matrix recovery applicable
to a broad family of observation models. Our
approach builds on the preprocessing step of
Cheng and Ge (2018) to restore regularity
conditions that are violated under adversar-
ial sampling, and leverages the primal-dual
framework of Zhang et al. (2018b) to obtain
near-optimal recovery guarantees. As con-
crete corollaries, we show that for both noisy
and one-bit matrix completion in the semi-
random model, after the preprocessing step,
every local minimum of the non-convex ob-
jective yields an approximate recovery of the
ground-truth matrix.

1 INTRODUCTION

We study the problem of recovering a low-rank matrix
M⋆ from incomplete and noisy observations M, where
M⋆ has rank at most r and M is supported on a subset
of indices Ω. Matrix completion has been well-studied
under the uniform observation model, where each en-
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try of M⋆ is revealed independently with some fixed
probability p, known as the sampling rate.

The standard assumption that entries are observed
uniformly at random may fail to capture realistic sce-
narios in which the observation pattern follows mild or
adversarial non-uniformity. In collaborative filtering,
observations might be concentrated on a few blocks of
the matrix because specific groups of users are more
active or certain products are more popular.

We focus on a model mis-specification known as the
semi-random model for matrix recovery, introduced by
Cheng and Ge (2018). In this model, the observation
probabilities are unknown and non-uniform, but are
lower-bounded by some probability p. Alternatively,
the semi-random model can be viewed as a two-stage
process: first, each entry is observed with probability
p; then, additional entries from M⋆ may be revealed
adversarially.

Most existing results on matrix completion under
semi-random observations focus on real-valued or ex-
act observations from the ground-truth matrix. In
practice, observations are often noisy, quantized, or
binary, even though the underlying signal is contin-
uous. User ratings may be restricted to integers be-
tween 1 and 5, or take binary values such as an upvote
or downvote. This motivates the study of more gen-
eral models, specifically noisy matrix completion and
one-bit matrix completion. We define the statistical
observation models and their loss functions F(X) over
Rd1×d2 below.

Noisy Matrix Completion. Each observed entry
is subject to additive independent and identically dis-
tributed (i.i.d.) noise. The observed data matrix takes
the form:

∀(i, j) ∈ Ω : Mij = M⋆
ij +Nij ,

where N is a noise matrix in which each entry is an
i.i.d. sub-exponential random variable, with E[Nij ] =
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0 and Var [Nij ] = ν2

d1d2
1. We consider the least-

squares loss function:

F(X) =
1

2p

∑
(i,j)∈Ω

(Xij −Mij)
2. (1)

One-Bit Matrix Completion. Originally studied
by Davenport et al. (2014), in this setting observations
are quantized to binary values in the following way:

∀(i, j) ∈ Ω : Mij =

{
+1, M⋆

ij +Nij ≥ 0

−1, M⋆
ij +Nij < 0

,

where N is a noise matrix in which each entry is i.i.d.
with mean E[Nij ] = 0 and Var [Nij ] =

ν2

d1d2
. Equiv-

alently, let f be the cumulative distribution function
of −Nij . The observations can be formulated using a
probit model:

Mij =

{
+1, with probability f(M⋆

ij),

−1, with probability 1− f(M⋆
ij)

.

We consider the log-likelihood loss function F :

F(X) = − 1

pd1d2

∑
(i,j)∈Ω

[
1(Mij = 1) · log

(
f(Xij)

)
+ 1(Mij = −1) · log

(
1− f(Xij)

)]
. (2)

These settings have been studied under the uniform
observation model but remain largely unexplored in
the semi-random setting2. Prior techniques from
Cheng and Ge (2018), which rely on the quadratic
structure of the noiseless loss, do not apply directly
to these settings. The noisy and one-bit models intro-
duce non-quadratic losses and non-linear observations.
This leads to the central question of our work:

Can we extend the non-convex optimization
framework for noisy and one-bit matrix completion

with provable guarantees in the semi-random setting?

To avoid the computationally expensive singular value
decomposition steps required by convex relaxation
methods, we project the empirical loss F(X) onto the

1In this paper, for noisy matrix completion problem,
we assume the observation noise Nij is zero-mean sub-
exponential, and ∥Nij∥ψ1

≤ C(E
[
N2
ij

]
)1/2 for some con-

stant C > 0. This includes standard noise models such as
Gaussian, Laplace, and bounded random variables.

2The work of Kelner et al. (2024) also studies semi-
random (noisy) matrix completion, but under a different
observation model than the one considered in this paper.
See the related work section for further discussion.

low-rank manifold using the Burer-Monteiro factoriza-
tion (Burer and Monteiro, 2003), X = UV⊤. This
yields the following non-convex optimization problem:

min
U∈C1,V∈C2

F(UV⊤), (3)

where C1 ⊂ Rd1×r and C2 ⊂ Rd2×r are constraint sets
that control the scaling and incoherence (see Defini-
tion 1) of the factors.

We adopt the primal-dual framework proposed by
Zhang et al. (2018b), which provides a global land-
scape analysis via Lagrangian duality. This frame-
work characterizes the stationary points of the non-
convex objective and supports algorithmic extensions
to various loss functions, including the least-squares
and log-likelihood losses defined above. However, their
analysis requires uniform observation models and can-
not be applied directly to semi-random inputs. Con-
versely, to address semi-random inputs, Cheng and Ge
(2018) establish a connection to spectral graph theory
and design a preprocessing algorithm based on spectral
sparsification. This procedure reweights the observed
entries to achieve spectral similarity to the uniform
observation model, eliminating spurious local minima
for the noiseless quadratic loss.

In this work, we unify these two theoretical threads to
obtain recovery guarantees for noisy and one-bit ma-
trix completion under the semi-random model. We
develop a weighted version of the regularity conditions
required in the primal-dual analysis, specialized to the
reweighted observations. We prove that the approx-
imation error induced by this spectral preprocessing
does not degrade the final recovery guarantee. This
allows us to extend the primal-dual paradigm to semi-
random models in both noisy and one-bit regimes,
solving a problem that remains beyond the scope of
either prior method individually.

1.1 Our Contributions

We provide a unified algorithmic framework for a
broad class of matrix completion problems, including
the noisy and one-bit settings, in the semi-random ob-
servation model. Specifically, we have the following
results.

Theorem 1 (Informal, see Theorem 3). Let M⋆ ∈
Rd×d be a rank-r, β-incoherent ground-truth matrix
with largest singular value σ1. Suppose the observa-
tions follow the semi-random model with reveal prob-
ability p ≥ poly(r,log d)

d , and are subject to indepen-
dent sub-exponential noise with variance ν2. Let ϵ =
O
(√

log d/pd
)
, for a broad class of loss functions (in-

cluding both continuous least-squares and discrete log-
likelihood losses), with high probability, any local min-
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imum of the non-convex objective (4) yields a rank-
r factorization UV⊤ satisfying the following recovery
guarantee:

∥UV⊤ −M⋆∥2F ≤ ϵ · poly(β, σ1, ν, r, log d).

This recovers prior guarantees for the noiseless
quadratic loss and provides a provable, general-
purpose algorithmic framework for matrix completion
in the semi-random setting with general observations
model.

We outline our main technical contributions below:

• Spectral similarity-based preprocessing for
general losses. We observe that the spectral
sparsification-based reweighting method of Cheng
and Ge (2018), originally developed for quadratic
loss in the noiseless setting, extends to a much
broader family of observation models. By scaling
the entries to achieve ϵ-spectral similarity to the
uniform distribution, we show this preprocessing
remains compatible with non-linear loss functions
and robust to random noise.

• Weighted regularity conditions To bridge
the theoretical gap between the reweighted ob-
servations and standard non-convex optimization
theory, we introduce weighted versions of the
Restricted Strong Convexity (RSC), Restricted
Strong Smoothness (RSS) (3), and Deviation con-
ditions (4). We show that these vital regularity
conditions hold with high probability after the
preprocessing (cf. Lemma 1, Lemma 2), incurring
only a polylogarithmic overhead in the error rate
compared to the uniform model.

• Primal-dual landscape under semi-random
model. We revisit the primal-dual framework
of Zhang et al. (2018b), which was inherently re-
liant on the uniform observation assumption. Our
analysis synthesizes the global landscape proper-
ties of this framework with our newly introduced
weighted regularity conditions, proving that the
absence of spurious local minima even under semi-
random inputs.

• Provable guarantees for noisy and one-bit
matrix completion. As concrete applications of
our unified framework, we explicitly derive the re-
covery bounds for semi-random noisy matrix com-
pletion and one-bit matrix completion (Corollary
1 and 2), which to our knowledge has not previ-
ously been studied in the semi-random setting.

1.2 Technical Overview

At a high level, our approach combines two previously
disjoint components, global reweighting and primal-

dual landscape analysis, into a unified framework for
matrix completion under the semi-random observation
model. We begin by applying the preprocessing algo-
rithm of Cheng and Ge (2018), which rescales the ob-
served entries to produce a weighted sampling opera-
tor that is spectrally similar to the uniform observation
model. This allows us to recover key structural proper-
ties that typically fail under semi-random inputs. We
then incorporate the resulting weights into the empir-
ical loss function to form a weighted objective, prov-
ing that it satisfies the necessary regularity conditions.
Finally, we apply the primal-dual framework of Zhang
et al. (2018b) to analyze the global landscape of the
resulting constrained non-convex problem. The result-
ing algorithmic pipeline applies broadly to continuous
and discrete observation models. We elaborate on each
component below.

Preprocessing. The primal-dual analysis of Zhang
et al. (2018b) requires that the loss function satis-
fies the Restricted Strong Convexity (RSC), Restricted
Strong Smoothness (RSS), and Deviation Conditions.
These conditions are no longer guaranteed to hold un-
der the semi-random observation model. To restore
them, we apply the preprocessing algorithm of Cheng
and Ge (2018). The key insight of Cheng and Ge
(2018) is to map matrix indices to edges in a bipar-
tite graph. Given a matrix X ∈ Rd1×d2 , we define a
complete bipartite graph G = (V1, V2, E) where the
vertex sets |V1| = d1 and |V2| = d2 correspond to
the row and column indices of X, respectively. Let
H denote the semi-random subgraph of G generated
by first sampling each edge independently with prob-
ability p, followed by an adversarial addition of arbi-
trary edges. The preprocessing algorithm assigns non-
negative weights to the edges of H such that the re-
sulting weighted graph is ϵ-spectrally similar to the
complete graph G. We represent these weights as a
sparse matrix W ∈ Rd1×d2 , where Wij = we for the
corresponding edge e = (i, j) ∈ E(H), and zero other-
wise. The algorithm in Cheng and Ge (2018) outputs a
weight matrix W achieving ϵ-spectral similarity with
ϵ = O

(√
log d
pd

)
. We include technical preliminaries

on this preprocessing procedure in Appendix A, and
prove additional properties of W necessary for our uni-
fied analysis, formally stated as Lemmas 6 and 7.

Primal-Dual Framework. Following the frame-
work of Zhang et al. (2018b), the non-convex objective
is reformulated by stacking the Burer-Monteiro factors
U ∈ Rd1×r and V ∈ Rd2×r into an augmented vari-

able Z =

(
U
V

)
∈ R(d1+d2)×r. To enforce the incoher-

ence conditions on the low-rank factors, inequality con-
straints hi(Z) ≤ 0 are introduced for all i ∈ [d1 + d2],
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where:

hi(Z) = ∥Zi,:∥22 − αi, with αi =

{
α1, if i ≤ d1,

α2, if i > d1.

Furthermore, a regularization term γ
4 ∥U

⊤U−V⊤V∥2F
is added to eliminate the scaling ambiguity between U
and V, yielding the constrained primal objective:

min

Z=

U
V

,
U∈Rd1×r,V∈Rd2×r

F(UV⊤) +
γ

4

∥∥U⊤U−V⊤V
∥∥2

F ,

subject to hi(Z) ≤ 0 ∀ i ∈ [d1 + d2], (4)

where F is the problem-specific empirical loss function.
Zhang et al. (2018b) utilize Lagrangian duality and the
KKT conditions to characterize the stationary points,
establishing that when F satisfies the aforementioned
regularity conditions, the primal objective (4) exhibits
no spurious local minima. We formally restate this
landscape property as Theorem 2 in the Preliminaries.

Weighted Loss and Regularity Conditions.
Consider a general loss function F that satisfies the
requisite regularity conditions under the uniform ob-
servation model. To solve the corresponding matrix
completion problem under the semi-random model, we
incorporate the pre-processing step generated weight
matrix W directly into the empirical risk formulation.
Assuming the unweighted loss decomposes entry-wise
as F(X) =

∑
(i,j)∈Ω

1
pFij(Xij), we define the weighted

loss as:

FW(X) =
∑

(i,j)∈Ω

WijFij(Xij). (5)

The challenge is to prove that substituting F with
FW in the objective (4) preserves the required geom-
etry. We establish the weighted versions of the RSC,
RSS, and Deviation Conditions for FW in Section 3,
thereby formally unlocking the primal-dual framework
for semi-random matrix completion.

1.3 Related Work

Matrix Completion. Matrix completion is a fun-
damental low-rank matrix recovery problem with ap-
plications in collaborative filtering and image restora-
tion (Rennie and Srebro, 2005; Zhang et al., 2013).
Early theoretical guarantees established that convex
relaxation via nuclear norm minimization achieves a
sample complexity of Ω(dr) (Candes and Recht, 2008;
Candès and Tao, 2010; Recht, 2011), solvable via
semidefinite programming in time Õ(md2.5) (Jiang
et al., 2020; Huang et al., 2022). To improve computa-
tional efficiency, extensive research has analyzed non-
convex formulations, demonstrating the convergence

of gradient descent under careful or random initial-
ization (Keshavan et al., 2010; Jain et al., 2013; Hardt
and Wootters, 2014; Chen and Wainwright, 2015; Zhao
et al., 2015; Sun and Luo, 2016; Zheng and Lafferty,
2016; Gu et al., 2016; Tu et al., 2016; Wang et al., 2017;
Xu et al., 2017; Zhang et al., 2018a; Chen et al., 2020;
Gu et al., 2023; Xu et al., 2023). A complementary
line of non-convex research characterizes the global op-
timization landscape, proving the absence of spurious
local minima (De Sa et al., 2015; Ge et al., 2016, 2017;
Park et al., 2017; Chen and Li, 2019; Zhu et al., 2018,
2021), with Lagrangian-based frameworks providing a
unified landscape analysis (Zhang et al., 2018b; Nie
et al., 2018). Recently, Kelner et al. (2023b) achieved
near-optimal sample complexity and runtime for the
non-convex approach.

One-Bit Matrix Completion. Inspired by one-bit
compressive sensing (Boufounos and Baraniuk, 2008),
Davenport et al. (2014) formulated the one-bit ma-
trix completion problem and established a minimax er-
ror bound of O(

√
rd
m ). Subsequent work explored this

problem through convex relaxations (Cai and Zhou,
2013; Eamaz et al., 2023, 2024). For non-convex
formulations, Ni and Gu (2016) and Zhang et al.
(2018b) developed algorithms converging at a linear
rate that match the minimax statistical error bound
up to logarithmic factors. Other extensions include
quantized matrix completion with arbitrary corruption
(Lan et al., 2014; Shen et al., 2019) and parameter esti-
mation from quantized heavy-tailed data (Chen et al.,
2023).

Non-Uniform Model. Beyond the standard uni-
form observation assumption, existing literature exam-
ines matrix completion under non-uniform observation
models. This includes deterministic sampling where
the sampling probabilities follow problem-specific dis-
tributions (Lee and Shraibman, 2013; Heiman et al.,
2014; Bhojanapalli and Jain, 2014; Li et al., 2016; Fou-
cart et al., 2020; Ashraphijuo et al., 2017; Bhojanapalli
et al., 2014; Pimentel-Alarcón et al., 2016; Meka et al.,
2009; Liu et al., 2019). For non-uniform sampling
models where each entry is observed with an indepen-
dent probability pij strictly bounded from above and
below, Chen and Li (2022, 2024) established recovery
guarantees under both Frobenius and entry-wise error
metrics.

Semi-Random Model. The semi-random model
generalizes non-uniform models by dropping strict dis-
tribution assumptions, requiring only that each en-
try is observed with a probability of at least p, fol-
lowed by adversarial additions. Originally introduced
for combinatorial optimization problems such as graph
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coloring, planted clique, and clustering (Blum and
Spencer, 1995; Feige and Kilian, 2001; Perry and Wein,
2017; Mathieu and Schudy, 2010; Makarychev et al.,
2012), it has been extended to low-rank matrix re-
covery (Cheng and Ge, 2018), sparse linear regres-
sion (Kelner et al., 2023a), and matrix sensing (Gao
and Cheng, 2024). Closely related to our setting,
Kelner et al. (2024) analyzed semi-random noisy ma-
trix completion under a non-adaptive adversary. In
contrast to our global spectral reweighting approach,
they employ projected gradient descent with iterative
reweighting based on a short-flat decomposition. Their
method yields an element-wise ℓ∞-norm error bound.
Our results are complementary: we establish optimal
Frobenius-norm recovery guarantees, allow for fully
adaptive adversaries, and construct a unified analyt-
ical framework that supports non-linear observations
such as one-bit matrix completion.

2 PRELIMINARIES

2.1 Notation

We write [n] for the set of integers {1, ..., n}. We use ei
to denote the ith standard basis vector. For a matrix
A, we use ∥A∥2, ∥A∥F, and ∥A∥max for the spectral
norm, Frobenius norm, and the maximum absolute en-
try of A, respectively. We write ∥A∥∞ and ∥A∥1 for
the maximum ℓ1 norms of the rows and columns of A,
respectively. We write Ai,: for the ith row of A, and
∥A∥2→∞ for the 2 → ∞ induced norm of A (i.e., the
maximum ℓ2 norm of the rows of A).

For matrices A,B ∈ Rd1×d2 , we denote their in-
ner product as ⟨A,B⟩ = tr(A⊤B) =

∑
i,jAijBij .

Given a set of entries Ω ⊆ [d1] × [d2], we define
⟨A,B⟩Ω =

∑
(i,j)∈Ω AijBij ; given a weight matrix

W ∈ Rd1×d2 , we define ⟨A,B⟩W =
∑
i,jWijAijBij .

We write ∥A∥2Ω for ⟨A,A⟩Ω, and ∥A∥2W for ⟨A,A⟩W.

For a scalar random variable X, we denote its sub-
exponential norm (the ψ1-Orlicz norm) as ∥X∥ψ1

=
inf{t > 0 : E[exp(|X|/t)] ≤ 2}. For a random matrix
X, denote ∥X∥ψ1

= inf{t > 0 : E[exp(∥X∥2 /t)] ≤ 2}.

2.2 Low-Rank Matrix Completion

Throughout the paper, we denote the unknown
ground-truth matrix as M⋆ ∈ Rd1×d2 and let d =
max(d1, d2). We assume M⋆ has rank r ≪ d. Let
σ1 ≥ σ2 ≥ · · · ≥ σr > 0 be the positive singular
values of M⋆. The compact Singular Value Decompo-
sition (SVD) of M⋆ is given by M⋆ = ŨΣṼ⊤, where
Ũ ∈ Rd1×r and Ṽ ∈ Rd2×r are orthogonal matrices,
and Σ = diag (σ1, . . . , σr). Based on this SVD, we can
factorize the ground-truth matrix as M⋆ = U⋆V∗⊤,

where the low-rank factors are U⋆ = ŨΣ1/2 ∈ Rd1×r
and V⋆ = ṼΣ1/2 ∈ Rd2×r.

Recovering a low-rank matrix from randomly sampled
observations is impossible if its information is highly
concentrated in a few entries (e.g., a matrix that is zero
everywhere except for a single entry). To avoid this,
it is standard in the literature to assume the ground-
truth matrix satisfies the incoherence condition.

Definition 1 (Incoherence). A rank-r matrix M⋆ ∈
Rd1×d2 with compact SVD M⋆ = ŨΣṼ⊤ is said to be
β-incoherent if∥∥∥Ũ∥∥∥

2→∞
≤
√
βr

d1
and

∥∥∥Ṽ∥∥∥
2→∞

≤
√
βr

d2
.

That is, the maximum row norms of Ũ ∈ Rd1×r and
Ṽ ∈ Rd2×r are upper bounded by these quantities.

In the paper, we assume M⋆ is β-incoherent, which
implies the maximum row norms of U⋆ and V⋆ are
bounded by α1 =

√
βrσ1

d1
and α2 =

√
βrσ1

d2
, respec-

tively. We define the following constraint sets for the
Burer-Monteiro factorization:

C1 =:
{
U ∈ Rd1×r

∣∣∣ ∥U∥2→∞ ≤ α1

}
,

C2 =:
{
V ∈ Rd2×r

∣∣∣ ∥V∥2→∞ ≤ α2

}
,

C =:

{(
U
V

)
∈ R(d1+d2)×r

∣∣∣∣∣ U ∈ C1,V ∈ C2

}
.

By definition, the stacked ground-truth factor Z⋆ :=(
U⋆

V⋆

)
belongs to the feasible region C. Furthermore,

β-incoherence implies the maximum absolute entry of
M⋆ is at most α := α1α2, i.e., ∥M⋆∥max ≤ α.

2.3 Semi-Random Matrix Completion

We formally define the semi-random model (Cheng
and Ge, 2018) considered in this paper.

Definition 2 (Semi-Random Matrix Completion).
Given a ground-truth matrix M⋆ ∈ Rd1×d2 and a sam-
pling probability p ∈ (0, 1], the observed index set Ω is
generated via the following two-stage process:

1. (Initial uniform sampling) An initial set Ω0 ⊆
[d1] × [d2] is generated by including each entry
(i, j) independently with probability p.

2. (Adversarial addition) An adversary, with full
knowledge of the Ω0 and M⋆, selects an arbitrary
set of additional entries Ωadv. The final observed
index set is Ω = Ω0 ∪ Ωadv.
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The algorithm is then provided with the (noisy or one-
bit) observations M⋆

ij for all (i, j) ∈ Ω, but does not
know which entries belong to Ω0 and which to Ωadv. 3

2.4 Regularity Conditions on Loss Functions

The quadratic loss function is popular due to the iso-
metric property of its Hessian, which a general loss
function is no longer guaranteed to satisfy. A common
alternative is to enforce a pair of regularity conditions
known as the Restricted Strong Convexity (RSC) and
Restricted Strong Smoothness (RSS) Conditions.

Definition 3 (RSC and RSS Conditions (Agarwal
et al., 2012)). The loss function F satisfies the Re-
stricted Strong Convexity Condition with parameter µ,
and the Restricted Strong Smoothness Condition with
parameter L, if for all matrices X1,X2 ∈ Rd1×d2 with
rank at most 6r:

F(X1) ≥ F(X2) + ⟨∇F(X2),X1 −X2⟩

+
µ

2
∥X1 −X2∥2F ,

F(X1) ≤ F(X2) + ⟨∇F(X2),X1 −X2⟩

+
L

2
∥X1 −X2∥2F .

To bound the statistical error introduced by observa-
tion noise, we require a condition on the gradient of the
loss function evaluated at the ground-truth M⋆. Orig-
inally introduced for high-dimensional regression (Loh
and Wainwright, 2012), Zhang et al. (2018b) adapted
the following Deviation Condition for the problem of
matrix completion.

Definition 4 (Deviation Condition (Zhang et al.,
2018b)). The loss function F satisfies the Deviation
Condition if ∥∇F(M⋆)∥2 ≤ δ with high probability.
The deviation bound δ depends on the sampling rate p
and the observation noise ν.

For the one-bit matrix completion problem, we assume
the negative noise −Nij follows a distribution with
cumulative distribution function (CDF) f . Let τ =
ν√
d1d2

denote the entry-wise standard deviation. We
replace f with its standardized CDF g(x), i.e., f(x) =
g(x/τ). For example, if the noise is Gaussian, g(z) =
Φ(z) is the standard normal CDF.

We define the dimension-free signal-to-noise ratio ρ =
α
τ = βrσ1

ν . Because we assume ∥M⋆∥max ≤ α, the ar-
guments evaluated by g are bounded by |x| ≤ ρ. To
ensure the negative log-likelihood has sufficient curva-
ture, we adopt the steepness assumption (Davenport

3We assume the noise is generated after fixing Ω, i.e.,
the adversary is oblivious to the noise in each entry.

et al., 2014) on the standardized distribution function.
We control this steepness via the quantity sρ:

sρ = sup
|x|≤ρ

|g′(x)|
g(x)(1− g(x))

, (6)

which is a fixed constant given ρ and the noise distri-
bution g.

2.5 Error Guarantees of the Primal-Dual
Framework

We restate the main error bound of the primal-dual
framework, which bounds the global reconstruction er-
ror under the aforementioned regularity conditions.

Theorem 2 (Theorem 3.8 of Zhang et al. (2018b)).
Assume the loss function F satisfies the RSC and
RSS (Definition 3) with parameters µ and L such that
L/µ ∈ (1, 18/17), and the Deviation Condition (Defi-

nition 4) with bound δ. For all local minima Z =

(
U
V

)
of the objective function in Equation (4), with high
probability, the reconstruction error satisfies∥∥UV⊤ −M⋆

∥∥2
F ≤ Γrδ2,

where Γ is a constant depending on L/µ. Specifically,
Γ = 10

(10µ−9L−γ−3c)c where c = 18µ−17L
12 , and the regu-

larization parameter γ in Equation (4) is chosen such
that µ−L/2 ≤ γ < min{(22µ− 19L)/4, (3L− 2µ)/2}.

3 OUR RESULTS

3.1 Weighted Regularity Conditions

We first analyze the consequence of spectral prepro-
cessing on the structural conditions required by the
primal-dual optimization framework. Consider a ma-
trix completion problem that is well-behaved under
the uniform observation model. Specifically, suppose
its objective function (4) employs a loss function F
that satisfies both the RSC and RSS Conditions (3)
with parameters µ and L, as well as the Deviation
Condition (4) with bound ∆.

For the semi-random model with sampling probability
at least p, we first run the preprocessing algorithm to
obtain a weight matrix W achieving ϵ-spectral similar-
ity with ϵ = O

(√
log d
pd

)
. We then apply these weights

to the empirical risk to construct the weighted objec-
tive FW.

To prove that the weighted loss FW inherits the nec-
essary regularity properties, we isolate two structural
conditions on the base uniform loss F . We state them
below, and will subsequently show in Appendix C.1
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and C.2 that both the noisy least-squares and one-bit
log-likelihood losses satisfy them.

First, to establish the RSC and RSS conditions for
the weighted loss, it is sufficient to bound the second-
order Taylor expansion of the unweighted loss. We re-
quire the uniform loss to admit an entry-wise quadratic
bound on its approximation residual, allowing us to ab-
sorb the reweighting factors into the curvature bounds.

Condition 1 (Entry-wise Taylor Decomposition).
Suppose the uniform loss function decomposes as
F(X) =

∑
(i,j)∈Ω

1
pFij(Xij) and satisfies the RSC and

RSS conditions with parameters µ and L. For all fea-
sible matrices X1,X2 ∈ C, the second-order Taylor ex-
pansion residual satisfies:

F(X1)−F(X2)− ⟨∇F(X2),X1 −X2⟩

=
1

2

∑
(i,j)∈Ω

1

p
Kij(X1,ij −X2,ij)

2,

for some data-dependent scalars Kij such that µ ≤
Kij ≤ L for all (i, j) ∈ Ω.

Second, to establish the Deviation Condition for FW,
we must control the statistical noise evaluated at the
ground truth. Because the preprocessing algorithm al-
ters the observation distribution via W, we require the
gradient of the unweighted loss to decouple into inde-
pendent components. This allows us to apply matrix
concentration inequalities to the weighted gradient.

Condition 2 (Gradient Sub-exponentiality). For the
uniform loss function F(X) =

∑
(i,j)∈Ω

1
pFij(Xij), its

gradient evaluated at the ground-truth matrix M⋆ takes
the form:

∇F(M⋆) =
∑

(i,j)∈Ω

1

p
bij(M

⋆)eie
⊤
j ,

where, conditioned on M⋆, each bij(M
⋆) is an inde-

pendent, zero-mean sub-exponential random variable
with variance bounded by O(ν2/d2), that depends on
the distribution of the observation noise Nij.

We now present the core technical lemmas of our uni-
fied framework. These lemmas bridge between the pre-
processing and the optimization landscape. The first
lemma shows that Condition 1 is sufficient to estab-
lish the weighted RSC and RSS conditions, with only
a slight perturbation to the condition number.

Lemma 1 (Weighted RSC and RSS Conditions). Sup-
pose the unweighted loss F satisfies Condition 1 with
parameters µ and L. Let W be the weight matrix
produced by the preprocessing algorithm achieving ϵ-
spectral similarity. For any sufficiently small con-
stant c ∈ (0, 1) and all matrices X1,X2 ∈ C, if

∥X1 −X2∥2F ≥ O(β2r2σ2
1ϵ), then the weighted loss

FW satisfies the RSC and RSS conditions with param-
eters µW = (1− c)µ and LW = (1 + c)L.

Proof. Let X1,X2 ∈ C and denote the difference as
∆ = X1 −X2. By Condition 1, applying the weights
Wij to the empirical loss yields the following second-
order expansion for FW:

FW(X1)−FW(X2)− ⟨∇FW(X2),∆⟩

=
1

2

∑
(i,j)∈Ω

KijWij∆
2
ij .

By the assumption that Kij ≤ L for all (i, j) ∈ Ω:

1

2

∑
(i,j)∈Ω

KijWij∆
2
ij ≤

L

2

∑
(i,j)∈Ω

Wij∆
2
ij =

L

2
∥∆∥2W

≤ L

2
(1 + c) ∥∆∥2F .

The last inequality follows directly from Lemma 6.
Specifically, because ∥∆∥2F ≥ O(β2r2σ2

1ϵ), we have the
spectral approximation guarantee | ∥∆∥2W −∥∆∥2F | ≤
c ∥∆∥2F for a small constant c. The lower bound for
the RSC condition follows symmetrically.

The second key lemma bounds the deviation of the
weighted gradient. We show that after applying pre-
processing, this overhead is controlled.

Lemma 2 (Weighted Deviation Condition). Suppose
the unweighted loss F satisfies Condition 2. Let FW

be the weighted loss weighted by the preprocessing al-
gorithm achieving ϵ-spectral similarity. The weighted
deviation bound satisfies ∆2

W = ∥∇FW(M⋆)∥22 ≤
O(ν2ϵ log d) with high probability.

Proof. By Condition 2, we can write the weighted gra-
dient at the ground truth as a sum of independent
random matrices,

∇FW(M⋆) =
∑

(i,j)∈Ω

Wijbij(M
⋆)eie

⊤
j =:

∑
(i,j)∈Ω

Yij .

We bound its operator norm using the Matrix Bern-
stein inequality (Fact 2). Let d = max(d1, d2), we first
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compute the required parameter variance σ2,∥∥∥∥∥∥
∑

(i,j)∈Ω

E
[
YijY

⊤
ij

]∥∥∥∥∥∥
2

≤

∥∥∥∥∥∥
∑

(i,j)∈Ω

O

(
ν2

d2

)
W2

ijeie
⊤
i

∥∥∥∥∥∥
2

= O

(
ν2

d2

)
max
i

∑
j

W2
ij

≤ O

(
ν2

d2

)
∥W∥max ∥W∥∞

= O

(
ν2

d2
ϵ
√
d1d2d2

)
≤ O(ν2ϵ).

The last equality is due to Lemmas 3 and 7. A sym-
metric calculation yields an almost identical upper
bound,∥∥∥∥∥∥
∑

(i,j)∈Ω

E
[
Y⊤
ijYij

]∥∥∥∥∥∥
2

≤ O

(
ν2

d2
ϵ
√
d1d2d1

)
≤ O(ν2ϵ).

We next bound the sub-exponential norm parameter
R. Note that each summand can be written as

Yij = bij(M
⋆)(Wijeie

⊤
j ).

The randomness is from the sub-exponential scalar
bij(M

⋆) while the matrix direction is deterministic.
The sub-exponential parameter is therefore bounded
by the product of the scalar ψ1-norm and the operator
norm of deterministic matrix,

R = ∥Yij∥ψ1
= ∥bij(M⋆)∥ψ1

·
∥∥Wijeie

⊤
j

∥∥
2

≤ O
(ν
d

)
· ∥W∥max = O(νϵ).

We now apply Fact 2 by choosing t = cσ
√
log d for

a sufficiently large constant c. To obtain a high-
probability bound of d−Ω(1), we verify the condition
that the sub-Gaussian tail (t2/σ2) dominates the sub-
exponential tail (t/R), we require Rt ≤ O(σ2),

Rt

σ2
= O

(
νϵ · ν

√
ϵ log d

ν2ϵ

)
= O(

√
ϵ log d).

Recall that ϵ = O(
√
log d/(pd)). The domination con-

dition requires ϵ log d ≤ O(1), which is equivalent to
pd ≥ Ω(log3 d). This is satisfied by our base sam-
pling assumption p ≥ poly(r, log d)/d. The probability
of deviation exceeding t is bounded by 2d · d−c2/2 ≤
d−Ω(1). Plugging in t2 = O(σ2 log d) yields the desired
bound ∆2

W ≤ O(ν2ϵ log d).

3.2 Error Bounds for Semi-Random Matrix
Completion

With the weighted RSC, RSS, and deviation condi-
tions established, we now combine them to prove the

global optimality of the primal-dual framework against
semi-random adversaries.

Theorem 3 (Semi-Random Error Bound). Consider
a matrix completion problem where the loss F satisfies
the assumptions of Theorem 2, as well as Conditions 1
and 2. Suppose the observation set Ω is generated from
the semi-random model with base sampling probabil-
ity p ≥ poly(r, log d)/d. Let FW denote the weighted
objective (4) obtained via ϵ-spectral reweighting with
ϵ = O(

√
log d/(pd)). Then, with high probability, any

local minimum Z =

(
U
V

)
of the constrained optimiza-

tion problem (4) with objective function FW satisfies
the error bound∥∥UV⊤ −M⋆

∥∥2
F ≤ ϵ ·max

{
O(β2r2σ2

1), O(Γrν2 log d)
}
,

where Γ > 0 is a constant depending only on LW/µW.

Proof. If
∥∥UV⊤ −M⋆

∥∥2
F ≤ O(β2r2σ2

1ϵ), the bound
holds trivially. Suppose instead

∥∥UV⊤ −M⋆
∥∥2

F >

O(β2r2σ2
1ϵ). Because the local minimum Z ∈ C

and the ground truth Z⋆ ∈ C, the prerequisite for
Lemma 1 is satisfied. This implies that FW satisfies
the RSC and RSS conditions with condition number
LW/µW ≤ 1+c

1−c (L/µ). By Lemma 2, the deviation
bound satisfies ∆2

W ≤ O(ν2ϵ log d) with high proba-
bility. Applying Theorem 2 gives∥∥UV⊤ −M⋆

∥∥2
F ≤ Γr∆2

W ≤ O(Γrν2ϵ log d).

The final bound follows by taking the maximum over
the two mutually exclusive conditions.

Remark 1. The maximum in Theorem 3 separates
two sources of error. The first term, O(β2r2σ2

1ϵ), is
the error introduced by the spectral preprocessing. This
term dominates the recovery error when the observa-
tion noise is small. The second term, O(Γrν2ϵ log d),
is the statistical error by the observation noise. When
the noise is large enough, the bound depends on the
noise variance ν2 and is independent of the matrix pa-
rameters σ1 and β.

4 APPLICATIONS TO NOISY AND
1-BIT MATRIX COMPLETION

We now apply the semi-random error bound (Theorem
3) for two specific observation models: noisy matrix
completion and one-bit matrix completion. The uni-
form observation variants of these problems were an-
alyzed via the primal-dual framework in Zhang et al.
(2018b). Here, we state the robust recovery guaran-
tees under the semi-random model as corollaries. Full
proofs are deferred to Appendices C.1 and C.2.
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Corollary 1 (Semi-Random Noisy Matrix Comple-
tion). Suppose the ground truth matrix M⋆ ∈ Rd1×d2
has rank r and is β-incoherent. Consider the semi-
random observation model with sampling probability
at least p = Ω

(
r4 log3 d

d

)
. Assume the observation

noise Nij is independent and identically distributed
with zero mean and variance ν2

d1d2
, and satisfies the

sub-exponential tail condition. Let FW be the weighted
objective constructed via the preprocessing algorithm.
Then, with high probability, any local minimum Z =(
U
V

)
of the constrained optimization problem satisfies

∥∥UV⊤ −M⋆
∥∥2

F ≤ max

{
O

(
β2σ2

1

√
r4 log d

pd

)
,

O

ν2
√
r2 log3 d

pd

}.
Corollary 2 (Semi-Random One-Bit Matrix Comple-
tion). Suppose the ground truth matrix M⋆ ∈ Rd1×d2
has rank r and is β-incoherent. Consider the one-
bit matrix completion problem under the semi-random
observation model with sampling probability at least
p = Ω

(
r4 log3 d

d

)
. Assume the observation CDF sat-

isfies the steepness condition (6) with parameter sρ.
Let FW be the weighted objective constructed via the
preprocessing algorithm. Then, with high probability,

any local minimum Z =

(
U
V

)
of the constrained opti-

mization problem satisfies

∥∥UV⊤ −M⋆
∥∥2

F ≤ max

{
O

(
β2σ2

1

√
r4 log d

pd

)
,

O

s2ρ
√
r2 log3 d

pd

}.
Remark 2. Under the uniform observation model,
Zhang et al. (2018b) requires sampling probability p =
Ω
(
r2 log d
d

)
for both problems, yielding error terms

that scale as O
(
r2 log d
pd

)
and O

(
r log d
pd

)
. By com-

parison, extending these recovery guarantees to the
semi-random model incurs an additional factor of
O(r2 log2 d) in both the sample complexity and the er-
ror bounds.
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ther in the supplemental material or as a
URL). [Not Applicable]

(b) All the training details (e.g., data splits, hy-
perparameters, how they were chosen). [Not
Applicable]

(c) A clear definition of the specific measure or
statistics and error bars (e.g., with respect to
the random seed after running experiments
multiple times). [Not Applicable]

(d) A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster, or
cloud provider). [Not Applicable]

4. If you are using existing assets (e.g., code, data,
models) or curating/releasing new assets, check if
you include:

(a) Citations of the creator If your work uses ex-
isting assets. [Not Applicable]

(b) The license information of the assets, if ap-
plicable. [Not Applicable]
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(c) New assets either in the supplemental mate-
rial or as a URL, if applicable. [Not Applica-
ble]

(d) Information about consent from data
providers/curators. [Not Applicable]

(e) Discussion of sensible content if applicable,
e.g., personally identifiable information or of-
fensive content. [Not Applicable]

5. If you used crowdsourcing or conducted research
with human subjects, check if you include:

(a) The full text of instructions given to partici-
pants and screenshots. [Not Applicable]

(b) Descriptions of potential participant risks,
with links to Institutional Review Board
(IRB) approvals if applicable. [Not Appli-
cable]

(c) The estimated hourly wage paid to partici-
pants and the total amount spent on partici-
pant compensation. [Not Applicable]
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Supplementary Materials

A Prior Results on Spectral Pre-processing

We include some relevant results from Cheng and Ge (2018) here. First we need to introduce some additional
notation.

For a weighted undirected graph G = (V,E,w) with n vertices and weights we ≥ 0 for each edge e = (i, j),
let D ∈ Rn×n be a diagonal matrix containing the weighted degree of each vertex, i.e. Dii =

∑
(i,j)∈E

w(i,j). Let

A ∈ Rn×n be the adjacency matrix of G, i.e. Aij = Aji = w(i,j). The Laplacian matrix of G is defined as
L =: D−A. Fix some arbitrary orientation for each edge e = (i, j) ∈ E, we can represent it with vector be ∈ Rn
where be[i] = 1 and be[j] = −1, and L =

∑
e∈E

webeb
⊤
e . Symmetric matrix A ∈ Rd×d is called positive semidefinite

(PSD) if x⊤Ax ≥ 0∀x ∈ Rd, and we write A ≼ B if A and B have the same dimension and B −A is PSD.

The preprocessing algorithm assigns weights to the edges of the semi-random graph H so that the resulting
weighted graph is ϵ-spectrally-similar to a complete graph G. For sufficiently large p, Cheng and Ge (2018)
proves the existence of weights w∗

e with spectral similarity parameter ϵ0 = O
(√

log d
pd

)
, so that we can Theorem 4

with L as the Laplacian of G, E as the edge set of H, and ϵ = ϵ0.

Theorem 4 (Semi-Random Preprocessing, Theorem 3.1 (Cheng and Ge, 2018)). Fix ϵ ≥ 0, ϵ0 ≤ 1/10, and let
L be the Laplacian of a d1 × d2 bipartite graph. Given a set of m edges E, let vector be ∈ Rd1+d2 represent an
edge e ∈ E, where e = (i, j) for some i ∈ [d1], j ∈ [d2], and be[i] = 1, be[j] = −1. Assume there exists weights
w∗
e ≥ 0 such that

(1− ϵ0)L ≼
∑
e∈E

w∗
ebeb

⊤
e ≼ (1 + ϵ0)L.

We can find a set of weights we ≥ 0 in time Õ(m/ϵO(1)), such that with high probability,

(1−O(ϵ0)− ϵ)L ≼
∑
e∈E

webeb
⊤
e ≼ L.

Lemma 3 (Spectral properties of the weight matrix, Corollary 3.4 (Cheng and Ge, 2018)). For a matrix
completion problem under the semi-random setup, given ϵ > 0, there exist p = O

(
log d
dϵ2

)
such that if each

entry of M⋆ is observed with probability at least p, then with high probability we can compute a weight ma-
trix W ∈ Rd1×d2 in time Õ(m/ϵO(1)) that achieves ϵ-spectral-similarity, such that W is supported on Ω and
∥W∥1 ≤ d1, ∥W∥∞ ≤ d2, ∥W − J∥2 = O(ϵ

√
d1d2) where J is the all-ones matrix.

Lemma 4 (Closeness of Laplacian and adjacency matrix, Lemma 3.6 (Cheng and Ge, 2018)). Let L = D − A

and L̃ = D̃−Ã be two graph Laplacians, where D, D̃ are the degree matrices and A, Ã are the adjacency matrices
of the graphs. If (1− ϵ)L ≼ L̃ ≼ L, then we have (1− ϵ)Dii ≼ D̃ii ≼ Dii and

∥∥∥D−1/2(Ã−A)D−1/2
∥∥∥
2
≤ 3ϵ.

Lemma 5 (Preserving the norm via spectral properties, Lemma 4.3 (Cheng and Ge, 2018)). For any matrices
X ∈ Rd1×r, Y ∈ Rd2×r and W ∈ Rd1×d2 , we have∣∣∣∥∥XY ⊤∥∥2

W
−
∥∥XY ⊤∥∥2

F

∣∣∣ ≤ ∥W − J∥2 · ∥X∥F · ∥Y ∥F · ∥X∥2→∞ · ∥Y ∥2→∞,

where J is the all-ones matrix.
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B Properties of the Preprocessing Weight Matrix

This section bounds the deviation of the weighted Frobenius norm and the maximum entry of the weight matrix
W generated by the preprocessing procedure. These bounds are required to determine the parameters for the
weighted RSC, RSS, and deviation conditions in Section 3. The proofs rely on prior results from Cheng and Ge
(2018), which are reproduced in Appendix A.

Lemma 6 bounds the difference between the weighted and unweighted Frobenius norms for matrices in the
constraint set C.

Lemma 6. Suppose the preprocessing step produces weight matrix W that achieves ϵ-spectral-similarity. For
all M1,M2 from the constraint set C, either

∣∣∣∥M1 −M2∥2W − ∥M1 −M2∥2F
∣∣∣ ≤ c · ∥M1 −M2∥2F for some small

constant c, or ∥M1 −M2∥2F ≤ O(β2r2σ2
1ϵ).

Proof. Based on the definition for constraint set C, we can write M1 = U1V
⊤
1 and M2 = U2V

⊤
2 for some

U1, U2 ∈ C1 and V1, V2 ∈ C2, where C1 = {U ∈ Rd1×r | ∥U∥2→∞ ≤ α1}, and C2 = {V ∈ Rd2×r | ∥V ∥2→∞ ≤ α2}.
let X = [U1, U2] ∈ Rd1×2r and Y = [V1,−V2] ∈ Rd2×2r, so that M1 −M2 = XY ⊤.

Following Lemma 3, suppose ∥W − J∥2 ≤ Cϵ
√
d1d2 for some constant C. We have the following inequality:∣∣∣∥∥XY ⊤∥∥2

W
−
∥∥XY ⊤∥∥2

F

∣∣∣ ≤ ∥W − J∥2 · ∥X∥F · ∥Y ∥F · ∥X∥2→∞ · ∥Y ∥2→∞

≤ ∥W − J∥2 ·
√
d1∥X∥2→∞ ·

√
d2∥Y ∥2→∞ · ∥X∥2→∞ · ∥Y ∥2→∞

=
√
d1d2 · ∥W − J∥2 · ∥X∥22→∞ · ∥Y ∥22→∞

≤ Cϵd1d2α
2
1α

2
2

≤ Cϵd2α2.

The first inequality is an application of Lemma 5, the second inequality comes the shape of X and Y , the
third inequality is due to the bound on ∥W − J∥2, and the last inequality comes from d = max (d1, d2) and the
definition of C1 and C2.

We consider two separate cases:

Case 1: if
∥∥XY ⊤

∥∥2
F ≥ C

c ϵd
2α2, then:∣∣∣∥∥XY ⊤∥∥2

W
−
∥∥XY ⊤∥∥2

F

∣∣∣ ≤ Cϵd2α2 ≤ c ·
∥∥XY ⊤∥∥2

F .

Case 2: otherwise
∥∥XY ⊤

∥∥2
F ≤ C

c ϵd
2α2, then:

∥∥XY ⊤∥∥2
F ≤ C

c
ϵd2

β2r2σ2
1

d1d2
= O

(
β2r2σ2

1ϵ
)
.

Lemma 7. Suppose the preprocessing step produces weight matrix W that achieves ϵ-spectral-similarity. Then
we have ∥W∥max = O(ϵ

√
d1d2).

Proof. Let G denote a d1 × d2 complete bipartite graph (corresponding to the full matrix), and H denote the
semi-random graph generated by including each edge of G with probability at least p, i.e., edges in H correspond
to the the observed indices in Ω. Apply weights W on H to get weighted graph H̃. Let L = D − A be the
Laplacian of G, where D is the degree matrix and A is the adjacency matrix. Similarly write L̃ = D̃ − Ã for
H̃. Let J ∈ Rd1×d2 be the all ones matrix, I1 ∈ Rd1×d1 , I2 ∈ Rd2×d2 be identity matrices of corresponding
dimensions, we have:

L =

(
d2I1 −J
−J⊤ d1I2

)
L̃ =

(
D̃1 −W

−W⊤ D̃2

)
assuming D̃ =

(
D̃1 0

0 D̃2

)



Semi-Random Noisy and One-Bit Matrix Completion via Nonconvex Optimization

Following Theorem 4, (1− ϵ)L ≼ L̃ ≼ L. For all x ∈ R(d1+d2):

(1− ϵ)x⊤Lx ≤ x⊤L̃x (7)

Consider x = [
√
d1ei;

√
d2ej ] where ei ∈ Rd1 , ej ∈ Rd2 are standard basis vectors. We have the following quadratic

forms:

x⊤Lx = d1d2I1,jj + d2d1I2,kk − 2
√
d1d2Jij

x⊤L̃x = d1D̃1jj + d2D̃2kk − 2
√
d1d2Wij

By Lemma 4, D̃1jj ≤ d2 and D̃2kk ≤ d1, so the quadratic forms simplify to:

x⊤Lx = 2d1d2 − 2
√
d1d2 (8)

x⊤L̃x ≤ 2d1d2 − 2
√
d1d2Wij (9)

Combining (7) (8) and (9), we have:

2d1d2 − 2ϵd1d2 − 2
√
d1d2 + 2ϵ

√
d1d2 ≤ 2d1d2 − 2

√
d1d2Wij

=⇒ Wij ≤ ϵ
√
d1d2 + 1− ϵ

= O(ϵ
√
d1d2) since ϵd = ω(1)

C Omitted Proofs From Section 4

C.1 Proof of Corollary 1

Corollary 1 (Semi-Random Noisy Matrix Completion). Suppose the ground truth matrix M⋆ ∈ Rd1×d2 has
rank r and is β-incoherent. Consider the semi-random observation model with sampling probability at least
p = Ω

(
r4 log3 d

d

)
. Assume the observation noise Nij is independent and identically distributed with zero mean

and variance ν2

d1d2
, and satisfies the sub-exponential tail condition. Let FW be the weighted objective constructed

via the preprocessing algorithm. Then, with high probability, any local minimum Z =

(
U
V

)
of the constrained

optimization problem satisfies

∥∥UV⊤ −M⋆
∥∥2

F ≤ max

O
(
β2σ2

1

√
r4 log d

pd

)
, O

ν2
√
r2 log3 d

pd

 .

Proof of Corollary 1. To apply the semi-random error bound in Theorem 3, it suffices to verify that the uniform
loss function F given in (1) satisfies Condition 1 and Condition 2.

Recall the uniform loss function (1) and its gradient

∇F(X) =
∑

(i,j)∈Ω

1

p
(Xij −Mij)eie

⊤
j

=
∑

(i,j)∈Ω

1

p
bij(X)eie

⊤
j .

Evaluating at the ground truth M⋆, we have bij(M⋆) = Nij . By assumption, the noise entries Nij are indepen-
dent, zero-mean, and sub-exponential with variance ν2

d1d2
, which satisfies Condition 2 with variance parameter

O(ν2/d2).
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The second-order Taylor expansion residual of F is:

F(X1)−F(X2)− ⟨∇F(X2),X1 −X2⟩

=
1

2

∑
(i,j)∈Ω

1

p

[
(X1,ij −Mij)

2 − (X2,ij −Mij)
2
]
−

∑
(i,j)∈Ω

1

p
(X2,ij −Mij)(X1,ij −X2,ij)

=
1

2

∑
(i,j)∈Ω

1

p
(X1,ij −X2,ij)

2.

This matches the form required by Condition 1 with Kij = 1 for all (i, j) ∈ Ω. Following Zhang et al. (2018b),
the uniform RSC and RSS parameters for this loss are bounded by constants, specifically µ = 42

43 and L = 44
43 .

Since both conditions hold, we invoke Theorem 3. By Lemma 3, the preprocessing algorithm achieves ϵ-spectral
similarity with ϵ = O

(√
log d
pd

)
. Substituting this ϵ into the error bound yields

∥∥UV⊤ −M⋆
∥∥2

F ≤ max

O
(
β2σ2

1

√
r4 log d

pd

)
, O

ν2
√
r2 log3 d

pd

 ,

completing the proof.

C.2 Proof of Corollary 2

Corollary 2 (Semi-Random One-Bit Matrix Completion). Suppose the ground truth matrix M⋆ ∈ Rd1×d2 has
rank r and is β-incoherent. Consider the one-bit matrix completion problem under the semi-random observation
model with sampling probability at least p = Ω

(
r4 log3 d

d

)
. Assume the observation CDF satisfies the steepness

condition (6) with parameter sρ. Let FW be the weighted objective constructed via the preprocessing algorithm.

Then, with high probability, any local minimum Z =

(
U
V

)
of the constrained optimization problem satisfies

∥∥UV⊤ −M⋆
∥∥2

F ≤ max

O
(
β2σ2

1

√
r4 log d

pd

)
, O

s2ρ
√
r2 log3 d

pd

 .

Proof of Corollary 2. By Corollary 4.3 in Zhang et al. (2018b), the uniform 1-bit loss function satisfies the global
regularity conditions required in Theorem 2. Therefore, it suffices to verify Condition 1 and Condition 2 to apply
the general semi-random error bound.

Recall the uniform negative log-likelihood loss function (2) in its standardized form:

F(X) = − 1

pd1d2

∑
(i,j)∈Ω

[
1(Mij = 1) log f(Xij) + 1(Mij = −1) log

(
1− f(Xij)

)]
= − 1

d1d2

∑
(i,j)∈Ω

1

p

[
1(Mij = 1) log g(Xij/τ) + 1(Mij = −1) log

(
1− g(Xij/τ)

)]
.

And its gradient:

∇F(X) =
1

d1d2τ

∑
(i,j)∈Ω

1

p
bij(X)eie

⊤
j ,

where
bij(X) = −1(Mij = 1)

g′(Xij/τ)

g(Xij/τ)
+ 1(Mij = −1)

g′(Xij/τ)

1− g(Xij/τ)
.

Evaluating at the ground truth M⋆, the scalar bij(M⋆) takes the value − g′(M⋆
ij/τ)

g(M⋆
ij/τ)

with probability g(M⋆
ij/τ),

and g′(M⋆
ij/τ)

1−g(M⋆
ij/τ)

with probability 1− g(M⋆
ij/τ). Thus, E[bij(M⋆)] = 0. The variance is bounded by the steepness
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parameter sρ:

Var [bij(M⋆)] = E
[
b2ij(M

⋆)
]

=

[
g′(M⋆

ij/τ)

g(M⋆
ij/τ)

]2
g(M⋆

ij/τ) +

[
g′(M⋆

ij/τ)

1− g(M⋆
ij/τ)

]2 (
1− g(M⋆

ij/τ)
)

=
g′2(M⋆

ij/τ)

g(M⋆
ij/τ)

(
1− g(M⋆

ij/τ)
)

=

(
|g′(M⋆

ij/τ)|
g(M⋆

ij/τ)
(
1− g(M⋆

ij/τ)
))2

g(M⋆
ij/τ)

(
1− g(M⋆

ij/τ)
)

≤ s2ρ.

The final inequality uses the definition of sρ and the fact that g ∈ [0, 1]. Consequently, each scaled gradient

component bij(M
⋆)

d1d2τ
is a zero-mean sub-exponential random variable with variance bounded by s2ρ

d4τ2 =
s2ρ
d2ν2

(assuming d1d2 ≈ d2), which satisfies Condition 2.

To verify Condition 1, we apply the Mean Value Theorem. For any X1,X2 ∈ C, there exists a matrix M =
tX1 + (1− t)X2 for some t ∈ [0, 1] such that the second-order Taylor residual is

F(X1)−F(X2)− ⟨∇F(X2),X1 −X2⟩ =
1

2
vec(X1 −X2)

⊤∇2F(M) vec(X1 −X2).

Using 1
d1d2τ2 = 1

ν2 , the Hessian of the loss function is:

∇2F(X) =
1

ν2

∑
(i,j)∈Ω

1

p
Bij(X) vec(eie

⊤
j ) vec(eie

⊤
j )

⊤,

where

Bij(X) = 1(Mij = 1)

(
g′2(Xij/τ)

g2(Xij/τ)
− g′′(Xij/τ)

g(Xij/τ)

)
+ 1(Mij = −1)

(
g′′(Xij/τ)

1− g(Xij/τ)
+

g′2(Xij/τ)(
1− g(Xij/τ)

)2
)
.

Following Ni and Gu (2016), we define constants bounding the curvature over the domain |x| ≤ ρ:

µρ = min

{
inf

|x|≤ρ

(
g′2(x)

g2(x)
− g′′(x)

g(x)

)
, inf
|x|≤ρ

(
g′2(x)

(1− g(x))2
+

g′′(x)

1− g(x)

)}
,

Lρ = max

{
sup
|x|≤ρ

(
g′2(x)

g2(x)
− g′′(x)

g(x)

)
, sup
|x|≤ρ

(
g′2(x)

(1− g(x))2
+

g′′(x)

1− g(x)

)}
.

Because X1,X2 ∈ C, their entries are bounded by α. Thus, |Mij/τ | ≤ α/τ = ρ. This implies µρ ≤ Bij(M) ≤ Lρ
for all (i, j) ∈ Ω. The residual simplifies to:

1

2ν2

∑
(i,j)∈Ω

1

p
Bij(M)⟨eie⊤j ,X1 −X2⟩2 =

1

2

∑
(i,j)∈Ω

1

p
Kij(X1,ij −X2,ij)

2,

where Kij = Bij(M)/ν2, satisfying µρ

ν2 ≤ Kij ≤ Lρ

ν2 . By Zhang et al. (2018b), the uniform parameters are
µ = 42

43
µρ

ν2 and L = 44
43
Lρ

ν2 . Therefore, Condition 1 holds with µ ≤ Kij ≤ L.

Finally, we apply Theorem 3. The condition number parameter Γ = O(1/µ) scales as O(ν2/µρ) = O(ν2). The
deviation bound squared δ2 scales with the variance O(s2ρ/ν

2), effectively cancelling the ν2 factor. Substituting

the preprocessing bound ϵ = O
(√

log d
pd

)
yields∥∥UV⊤ −M⋆
∥∥2

F ≤ max
{
O(β2r2σ2

1ϵ), O(rs2ρϵ log d)
}
,

completing the proof.
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D Matrix Concentration Bounds

For completeness we include a lemma in contrast to Lemma 2, on the operator norm of the gradient (deviation
bound) in the uniform case.

Lemma 8 (Lemma B.2 (Zhang et al., 2018b; Negahban and Wainwright, 2012)). Consider noisy matrix comple-
tion with the uniform observation model. Suppose the noise entry Nij follows i.i.d zero mean distribution with
variance O(ν2/d2). Then with probability at least 1− c1/d, we have∥∥∥∥∥∥1p

∑
(i,j)∈Ω

Nijeie
⊤
j

∥∥∥∥∥∥
2

2

≤ c2O(ν2/d2)
d log d

p
,

where c1, c2 are universal constants and p = |Ω|
d1d2

.

The following theorem provides a tail bound on the operator norm of a sum of random matrices.

Fact 1 (Matrix Berstein, Theorem 1.6 (Tropp, 2012)). Consider a finite sequence {Xk} ⊂ Rd1×d2 of independent
random matrices. Assume that each random matrix satisfies E[Xk] = 0 and ∥Xk∥2 ≤ R almost surely, define
the variance parameter

σ2 =: max

{∥∥∥∥∥∑
k

E
[
XkX

⊤
k

]∥∥∥∥∥
2

,

∥∥∥∥∥∑
k

E
[
X⊤
kXk

]∥∥∥∥∥
2

}
.

Then for all t ≥ 0,

P

[∥∥∥∥∥∑
k

Xk

∥∥∥∥∥
2

≥ t

]
≤ (d1 + d2) · exp

(
−t2

2σ2 + 2Rt/3

)
.

The boundedness assumption can be relaxed to a sub-exponential tail condition via a standard reduction.

Fact 2 (A sub-exponential extension of Matrix Bernstein (cf. Tropp (2012))). Consider a finite sequence
{Xk} ⊂ Rd1×d2 of independent, zero-mean random matrices. Suppose there exists a constant R such that the
sub-exponential norm satisfies ∥Xk∥ψ1

≤ R for all k. Define the variance parameter

σ2 =: max

{∥∥∥∥∥∑
k

E
[
XkX

⊤
k

]∥∥∥∥∥
2

,

∥∥∥∥∥∑
k

E
[
X⊤
kXk

]∥∥∥∥∥
2

}
.

Then there exist absolute constants c1, c2 > 0 such that for all t ≥ 0,

P

[∥∥∥∥∥∑
k

Xk

∥∥∥∥∥
2

≥ t

]
≤ (d1 + d2) exp

(
−t2

c1σ2 + c2Rt

)
.
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