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Abstract

We theoretically investigate the phenom-
ena of generalization and memorization in
diffusion models. Empirical studies sug-
gest that these phenomena are influenced by
model complexity and the size of the train-
ing dataset. In our experiments, we fur-
ther observe that the number of noise sam-
ples per data sample (m) used during Denois-
ing Score Matching (DSM) plays a significant
and non-trivial role. We capture these be-
haviors and shed insights into their mecha-
nisms by deriving asymptotically precise ex-
pressions for test and train errors of DSM
under a simple theoretical setting. The score
function is parameterized by random features
neural networks, with the target distribution
being d-dimensional Gaussian. We operate
in a regime where the dimension d, number
of data samples n, and number of features
p tend to infinity while keeping the ratios
Y, = % and ¢, = 5 fixed. By character-
izing the test and train errors, we identify
regimes of generalization and memorization
as a function of ¥, 1, and m. Our theoreti-
cal findings are consistent with the empirical
observations.

1 INTRODUCTION

Generative models are at the heart of the ongoing rev-
olution in artificial intelligence. Formally, they aim
to generate new samples from an unknown probabil-

Proceedings of the 29'" International Conference on Arti-
ficial Intelligence and Statistics (AISTATS) 2026, Tangier,
Morocco. PMLR: Volume 300. Copyright 2026 by the au-
thor(s).

ity distribution, given n i.i.d. samples drawn from it.
Commercial generative models demonstrate remark-
able capabilities across various modalities, including
text, speech, images, and videos, with new advance-
ments being reported regularly. Their impressive ca-
pabilities are mainly driven by two key architectures:
transformers and diffusion models. While transform-
ers excel primarily on text data, diffusion models show
exceptional proficiency in generating natural-looking
images from text prompts. Despite their success, the
scientific community remains divided on whether these
models are truly creative or merely imitate based on
the examples that they have seen during training (Uk-
paka, 2024; Kamb and Ganguli, 2024). An even more
pressing concern is that of memorization, where the
model’s response partially or fully resembles training
data. The memorization phenomenon raises serious
implications, particularly regarding the privacy of data
for training (Carlini et al., 2021, 2023). The limited
theoretical understanding of these models prevents ad-
dressing such questions effectively.

In this study, we focus on the generalization and mem-
orization behaviors of diffusion models. Our work is
motivated by empirical observations of the factors af-
fecting these properties in practical scenarios. Several
prior works investigated the impact of model complex-
ity and size of the training dataset on these behav-
iors (Somepalli et al., 2023, 2024; Carlini et al., 2023;
Zhang et al., 2024; Yoon et al., 2023; Gu et al., 2023;
Ross et al., 2024; Pham et al., 2024). In addition to
this, our experiments also reveal that the number of
noise samples per data sample (m) used in Denoising
Score Matching (DSM) is another key factor impacting
generalization and memorization. Details and results
of our experiments with real and synthetic datasets
can be found in Section 4 and in Appendix F. In a nut-
shell, the experiments suggest the following: 1) Mem-
orization increases as the size of the training dataset
decreases relative to model complexity (equivalently,
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it increases as model complexity increases relative to
the number of data points), 2) Memorization increases
as the number of noise samples per data sample in-
creases in the overparametrized regime. Despite these
observations, a theoretical study of memorization as-
pects of diffusion models has been done only with the
empirical optimal score function (Biroli et al., 2024;
Achilli et al., 2024, 2025; George et al., 2025) (see Sec-
tion 2.2). Moreover, these analyses look at a regime
in which the size of the training dataset scales expo-
nentially with dimension, and do not shed much light
on other regimes, e.g., a proportional one. This gap
in theory and practice raises an important question:
can the phenomenon of memorization be theoretically
shown when using a parametric class of functions for
the score function? This is precisely the context of
our study. By analyzing the learning process of a spe-
cific diffusion model instance, we provide insights into
generalization and memorization in diffusion models.

1.1 Main Contributions

This section provides a brief overview of our key contri-
butions and findings. Our study focuses on the learn-
ing aspect of diffusion models, i.e., learning the score
function of perturbed versions of a target distribution
Py (see Eq. (2)). The task is to minimize a loss func-
tion known as denoising score matching (DSM) objec-
tive (see Eq. (5)) over a parametric class of functions,
for which we consider random features neural networks
(RFNNs). The target distribution is the d-dimensional
Gaussian distribution, with n denoting the number of
samples and p the number of features of the RFENN. We
operate in a regime where d, n, p — oo, while the ratios
tp = 5 and ¢, = & are kept fixed. The DSM objec-
tive involves an additional parameter m: the number
of noise samples per data sample used in forming the
loss function, Eq. (5). In this theoretical setting, we

Generalization Memorization
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Figure 1: Phase diagram showing regimes of general-
ization and memorization. The gradient in color with
m indicates the change in strength of the phenomenon.

make the following contributions, illustrated on the
schematic phase diagram in Fig. 1:

e We analytically compute the test and train errors of
the minimizer of the DSM loss.

e Using the obtained test and train errors, we study
the generalization and memorization behavior in dif-
fusion models.

e We show that a crossover transition between gener-
alization and memorization occurs when p = n.

e We demonstrate that increasing the value of m en-
hances generalization when p < n, while it intensi-
fies memorization when p > n.

The choice of a Gaussian target distribution Py pro-
vides an analytically tractable setting as long as we
assume some simple structure for the covariance. It
allows a precise theoretical analysis and captures phe-
nomena observed in practice. We fully solve the case
where P, is isotropic on a D-dimensional linear sub-
space, with ¢p = % < 1 held fixed as D,d — oc.

1.2 Related Works

Diffusion models Diffusion models (Sohl-Dickstein
et al., 2015; Song and Ermon, 2019; Ho et al., 2020;
Song et al., 2020) rely on the non-equilibrium dynam-
ics of a diffusion process for generative modeling. Since
their introduction, there were several improvements
(Dhariwal and Nichol, 2021; Rombach et al., 2022; Ho
and Salimans, 2021; Nichol et al., 2022) that led them
to become the state-of-the-art in generative modeling
of images. Further, the design aspects of diffusion
models were studied in Karras et al. (2022).

Sampling accuracy, generalization, and mem-
orization Several works have investigated the the-
oretical aspects of diffusion models. Sampling accu-
racy of the generative process in terms of distance
from the target distribution was derived in Chen et al.
(2022); Benton et al. (2023); Chen et al. (2023a); Bor-
toli (2022) for various settings. These works assume
that the score function has been learned a priori with
a certain level of accuracy. The score learning process
was studied in Cui et al. (2023); Shah et al. (2023);
Han et al. (2023); Zeno et al. (2025). The works Kad-
khodaie et al. (2023); Chen et al. (2023b); Li et al.
(2023); Wang et al. (2024); Cui et al. (2025) per-
formed an end-to-end study of diffusion models giving
a better understanding of their generalization proper-
ties. Specifically, Li et al. (2023) and Saha and Tran
(2025) considers the score function parametrized by
RFNNs and provides bounds on the KL divergence
between the learned and target distributions. Further,
the critical nature of feature emergence in diffusion
models was studied in Li and Chen (2024); Sclocchi
et al. (2025); Favero et al. (2025). The manifolds
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learned by diffusion models were theoretically studied
in Pidstrigach (2022). Statistical physics tools were
employed to study memorization in high-dimensions
using the empirical optimal score function in Biroli
et al. (2024); Raya and Ambrogioni (2023); Ambro-
gioni (2024); Achilli et al. (2024, 2025). A geomet-
ric framework to understand memorization was pro-
posed in Ross et al. (2024). More recently, Bonnaire
et al. (2025) investigated how early stopping in train-
ing helps mitigate memorization. In particular, their
theoretical analysis uses the same setting as ours (see
Appendix G for further discussion).

1.3 Our Techniques

In the setting briefly described in Section 1.1 and to be
detailed in Section 3, we analytically compute the test
and train errors of the minimizer of the DSM loss. Our
theoretical results are summarized in Theorems 3.2
and 3.6. Two main ingredients allowing the computa-
tion of exact asymptotic learning curves are the Gaus-
sian equivalence principle (GEP) (Gerace et al., 2020;
Goldt et al., 2022; Hu and Lu, 2023) and the theory of
linear pencils (Far et al., 2006; Helton et al., 2018; Ad-
lam and Pennington, 2020; Bodin, 2024). We briefly
describe them here.

Gaussian Equivalence Principle Suppose W €
RP*4 and X € R¥*™ are random matrices with i.i.d.
Gaussian entries. Let g be a non-linear activation func-

tion and let F' = po (%X ), where ¢ acts element-wise

on a matrix. The GEP states that in the calculation of
test and train errors, it is asymptotically equivalent to
replace F' by the matrix F' = polp1l + g %X —+ v{l,
where ) € RP*" is a random matrix with i.i.d. Gaus-
sian entries, independent of W, X. The coefficients
are given by po = Eglo(9)], m = Eglo(g)gl, v* =
Eq(0(9)?] — pg — 13, where g ~ N (0,1) .

Linear Pencils The theory of linear pencils is a
powerful technique to compute traces of rational func-
tions involving random matrices with Gaussian entries.
It entails constructing an appropriate block matrix
called linear pencil, whose inverse gives the desired ra-
tional functions. We refer the reader to Chapter 3 of
Bodin (2024) for further details on the method.

In our context, the test and train errors can be ex-
pressed as a sum of traces of rational functions of ran-
dom matrices. Some of them have non-Gaussian en-
tries due to p. We circumvent this by using the GEP
and, subsequently, the linear pencils method to com-
pute the traces.

Notations The d-dimensional Gaussian distribution
with mean p and covariance ¥ is denoted by N (i, 32).

The d-dimensional identity matrix is denoted by Iy,
and 1, stands for the d-dimensional all-ones vector.
||-|| denotes the I norm of a vector, while |||, de-
notes the Frobenius norm of a matrix. The operator
V represents the gradient of a scalar function.

2 PRELIMINARIES

2.1 Diffusion Models

Consider a set of n i.i.d. samples § = {x1, 29, - , 2}
from an unknown distribution Py on R?. Diffusion
models address the problem of leveraging the informa-
tion in S to draw new samples from Py by time revers-
ing a stochastic process transporting Py to a known
distribution, such as the isotropic Gaussian. Letting
this forward diffusion be an Ornstein-Uhlenbeck (OU)
process (Gardiner, 2009), we have:

dX, = - X, dt +v2dB,, Xo~PFy, (1)

where B; is a standard Brownian motion in R%. The
distribution of X; given X can be computed in closed
form from Eq. (1) and is simply N (a;Xo, htI4), where
a; = et and hy = 1 — e~ 2" (hence, a? + hy = 1).
As t — oo, the distribution of X; converges to the d-
dimensional standard Gaussian, regardless of X, since
a; — 0 and hy — 1. Let P, denote the probability
distribution of X;:

_llz—ay=g)?

}%(x)::(2wh¢y*U2J/ APy(zo) e~ T (9
Rd

Then, for a fixed T' > 0 and Y7 ~ Pr, we define the
time reversal of the forward process (1) as

—dY; = (Y, + 2V1og P(Y;)) dt +v2dB,,  (3)

where the process runs backward in time starting from
Yr, and B; is a different instance of standard Brown-
ian motion. The term time reversal here means that
the distributions of Y; and X; are identical for every ¢
(Anderson, 1982; Haussmann and Pardoux, 1986). If
the backward process is initiated with Y ~ Pp, the
distribution of Yy will be FPy. However, since Pr is
unknown due to the lack of knowledge of Py, we in-
stead start the reverse process with Yr ~ N (0,1;).
This approximation incurs minimal error due to the
OU process’s exponential convergence to N (0, I).

The implementation of the backward process, Eq. (3),
requires the so-called score function V log P;, which
is unknown as P, is unknown. The learning
task is to estimate the score function using the
dataset S.  We consider minimizing the following
score matching (Hyvérinen, 2005) objective for this:

Lsu(s) = Jy At Eapnr, [Is(t,20) = Vieg Piw)|*] -
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The Lgm loss function is not practical, as V log P;(x)
is unknown. However, it is possible to con-
struct an equivalent objective, the denoising score
matching (DSM) loss (Vincent, 2011): Lpsm(s) =
fOT At w(t)E|s(t, x;) — Vlog Py(x¢]z0)||*, where w is a
weighting function and the expectation is with respect
to zg and x;. In Appendix A.1, we show that Lpgm
is equal to Lgy up to a time-dependent scaling factor
and offset. Following Song et al. (2020), we choose
w(t) = (Eay e, ||V 10g Py(a|z0)[|*) . For OU process,
we can compute V log Py(z|z¢) in closed form. We can
write z; ~ P, as ¢y = a;xo++vhiz, where 2y ~ Py, z ~

N (0,1,) are independent rvs and a; = e %, hy =1 —
e~2t. Consequently, Vlog P;(z¢|x¢) = fw =

z

v/ e The weight function is given by w(t) =

%. Substituting these, we can write Lpgm(s) =

fOT At LE|[vhes(t, agzo + Vhez) —|—zH2, where the ex-
pectation is with respect to zy and z. Since Fp is
unknown and only samples from it are available, we
use an empirical estimate for the expectation with re-
spect to zg. Setting y!(z) = ayx; + Vhiz, we define

Bt (5) = /OTdt dlniE "
- (4)

When s is a complicated function such as a neural
network, which is the typical practical setting, com-
puting the expectation over z might be intractable. In
this case, one consideres m samples for z and uses an
additional empirical estimate, obtaining the following
loss function:

T
m _ / t
DSM( ) /0 dnm H S yu + zlj

i,5=1

(5)
where yj;(2) = a;x; + \/hjzf]

2.2 Empirical Optimal Score and
Memorization

Consider the loss function given in (4). It has an
unique minimizer: s¢(t,z) = Vlog Pf(x), with

llz—arq]?

27rht b \dj2Z Ze ST (6)

The score s is often referred to as the empirical opti-
mal score. A backward process using s¢ converges in
distribution to the empirical distribution of the dataset
S ast — 0. That is, the backward process collapses
to one of the data samples as t — 0. This is re-
lated to the memorization phenomenon as studied in
Biroli et al. (2024), although their study focuses on the
regime where n = O(e@(d)).

Pf(x) =

Inspired by this connection, we define memorization as
occurring when the score function learned using DSM
closely approximates the empirical optimal score func-
tion instead of the exact score.

2.3 Random Features Model

In practice, the score function s is typically chosen
from a parametric class of functions, and the DSM ob-
jective (5) is minimized within this class, with appro-
priate regularization. In this work, we represent the
score function using a random features neural network
(RFNN) (Rahimi and Recht, 2007). A RFNN is a two-
layer neural network in which the first layer weights
are randomly chosen and fixed, while the second layer
weights are learned during training. It is a function

from R? to R? of the form s (x|W) = fg (f ) ,

where W € RP*? is a random matrix with its elements
chosen iid. from N (0,1), ¢ is an activation func-
tion acting element-wise and A € R%*? are the second
layer weights that need to be learned. The RFNN is a
simple neural network amenable to theoretical analy-
sis. It is able to capture attributes frequently observed
in more complex models, such as the double descent
curve related to overparametrized regimes (Mei and
Montanari, 2022; Bodin and Macris, 2021).

3 MAIN RESULTS

We study the DSM loss L, given in (5) when
the score function is modeled using a RFNN and
Py = N(0,C) with %trC tending to a finite limit
as d — o0o. Our results characterize the asymptotic
learning curves (test and train errors) of the mini-
mizer of L, (5) in this setting. We obtain closed
form expressions for learning curves when C has certain
structure. Specifically, we assume that C = MMT,
where M € R9*P has orthonormal columns. This
corresponds to the situation where data lies in a
D-dimensional subspace of R?, inspired by the well
known manifold hypothesis. We consider two values
of m: m =1 and m = oo, which correspond to the ex-
tremes of the number of noise samples per data sample
used during score learning. Based on the derived learn-
ing curves, we discuss the generalization and memo-
rization behaviors in diffusion models. For intermedi-
ate values of m, we obtain the learning curves numer-
ically in Appendix E.

We assume that at each time instant ¢, a different in-
stance of RFNN is used to learn the score function
specific to that time. Although this is a simplifica-
tion compared to the methods employed in practice, it
has been adopted in prior theoretical studies, e.g., Cui
et al. (2023). When using a different instance of RENN
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at each ¢, note that minimizing the DSM loss (5) is
equivalent to minimizing the integrand therein at each
time instant. Henceforth, we focus on minimizing the
DSM loss for a fixed ¢. Introducing a regularization
parameter A > 0, the loss function becomes:

- 1 R A W 2
i,j=1
hi A 9
+ E“At“F ; (7)

with zfj ~ N (0,1;). We emphasize that W; is a differ-
ent and independent random matrix for each ¢, and A;
is learned separately at each t. Denote A, as the out-
put of some algorithm minimizing (7). The respective
performance is evaluated by the test and train errors
defined as follows:

e A (W,
Eim(Ar) = P Ez~p, \/;5@ (ﬁx) — Vlog Pi(z)|| ,
(8)
1 n,m A W 2
57?21111“’4L = 5 h‘it (t f>+z'f
train (A1) dnm igl \/7\/59 \/;iyﬂ J

(9)

The quantities £{L; and &%, are random, due to W4,
{i}py, and {z};}//2;. We expect them to concen-

trate on their expectations as d — oo.

The rationale behind studying the test and train-
ing errors of DSM to assess the performance of dif-
fusion models stems from their direct connection to
the model’s generative accuracy. Specifically, as de-
scribed in Song et al. (2021), the error in diffusion
models can be upper bounded using the test error.
Suppose P, denotes the probability distribution of
the backward process when we use the learned score
function instead of the true score, and assume that
Pp = Pr. Then, the Kullback-Leibler (KL) diver-
gence between Py and Py can be upper bounded as
Dip(Po||Po) < £ foT dt Em (Ay).

3.1 Infinite Noise Samples per Data Sample

For m = oo, the average over z! i; in the DSM loss

becomes an expectation. We write the loss as

ZE N (%yf( )+

2
+ de”At”Fv (10)

2

LP(Ar) =

and characterize the minimizer in the asymptotic
regime d,n,p — oo, with ¢, = 5 and ¢, = & fixed.
We make the following assumption on p.

Assumption 3.1. The activation function p has
a Hermite polynomial expansion given by o(y) =
2o tuHe(y), where He; is the ['" Hermite polyno-
mial. For ease of presentation, assume that pg = 0.
The Lo norm of ¢ with respect to the standard Gaus-
sian measure is denoted by ||g||. The function ¢ is de-
fined as c(y) = Ey popr[o(uw)o(v)], with PY denoting
the bivariate standard Gaussian distribution with cor-
relation coefficient v (see Eq. (14) in the Appendix B).

Theorem B.2 in Appendix B characterizes the test and
train errors when Py is a Gaussian supported on a D-
dimensional subspace in R?. Here, for simplicity, we
present the theorem for C = Iz, which already captures
the main phenomena.

Theorem 3.2. Suppose Py = N(O 1;) and o satisfies
Assumptwn 3.1. Let 52 = ||g|| - c(at) hep?, v3 =
C(a2) - at,ulf and v* = ”Q” *Ml' Let 4, = Z; and
Yy = B. Let (1, (2, (3, (4 e the solution of the following
set of algebraic equations as a function of q and z:

Co(n + 05¥pC1 — arpals) — ¥, =0,

a3 pCiCala + (14 (hepd + @)0pCi)Ca — 1 =0,
Ci(s? = 2+ afpiCala + 03l + (hepid +)) —1=0,
a?udpCiCala + (L4 (hepd + @)1pC1)Ca —1=0.

Define the function IC(q,Z) = *Cz(i’f)- Let e3cy, =

6(;7?(17;71 =1- ,ulht’C(O7 )‘) - :ul)‘ht b (0 /\) Then7
for the minimizer of (10) Ay, as d,n,p — oo:
lim E[&2,(A)] =55,
d,n,p—o0
lim E {Ef:azn(At)} = ggﬁain .
d,n,p—o00
We defer the proof to Appendix B.
Remark 3.3. We expect £, (A,) and £, (Ay) to con-

centrate on their expectations as d — oo, while a rig-
orous proof is beyond the scope of the current work.
Henceforth, we use the term test (train) error for both
EX (Sg';m) and E[EX,] (E[€c%:,]), interchangeably.
Remark 3.4. In Appendix B, Lemma B.1, we first ob-
tain expressions for non-averaged errors when Py =
N(0,C). In order to derive closed-form formulas for
their expected values, one has to assume some struc-
ture for the covariance C. In Theorem B.2 we present
the scenario where Py is a Gaussian distribution sup-
ported on a D-dimensional subspace in Rd, and ana-
lytically obtained curves are illustrated for =0.21in
Appendix D.2

Theorem 3.2 allows the computation of test and train
errors for different values of ¢, 9y, 1,,. Fig. 2 shows the
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Figure 2: Learning curves for m = oo, with ¢, =
20.0, A = 0.001. The activation function is ReLU.

results as a function of ¢ for various v, with fixed ,,.
We can comprehend them by decomposing Eg'r‘;in(At)

into bias and variance components through the follow-
ing Lemma, which is proved in Appendix A.2.

Lemma 3.5. Suppose My and Vy are given by

n 2

1
M, =—-> E.

=1
1 n
Vt - % ;Ez

where s°(t,r) = Vlog Pf(z) with Pf given by Eq. (6).
Then, g?;z”n(At) = Vt + ht./\/lt.

é;g (k) = st

Vst (i) + 4|

)

We discuss Fig. 2 by exploring the bias-variance de-
composition above for different values of ¢t. A general
observation is that, since V; is independent of At, any
change in 22, (A;) as the relative number of features
1, varies must be attributed to changes in M;. A
smaller M, indicates that the learned score is closer
to the empirical optimal score. Such closeness can
harm the generalization performance of diffusion mod-
els. This can be understood as follows:

For small ¢, hy ~ 0, so in the neighborhood of a;z;,
Pf is dominated by the i** term in (6). Therefore, in

the vicinity of a;x;, we have s°(t,z) ~ —*51%. In
the backward process, this translates to a component

in the drift pointing towards a;z;. Consequently, the
trajectories will tend to move toward training samples,
causing the output of the backward process to resemble
one of them. This behavior is referred to as memoriza-
tion, occurring when the learned score closely approx-
imates the empirical optimal one. With this in mind,
we now qualitatively discuss the curves in Fig. 2 for
different values of t.

ef = o00: we have a; = O,@t = 1 and

s¢(t,y) = —y, leading to &52;,(4) = M, =
X 2

E, %g (%z) +zH . The train and test errors are

then equal and depend only on how well the RFNN
can approximate a linear function. As 1, increases,
the approximation power of the RFNN increases,
and thus the train and test errors decrease.

e ¢ > 1: again s(t,y) ~ —v, leading to V; ~ a7.
Hence, £, (A;) ~ hyM; + a?. When ¢, is large,
M, is small, and the train error is dominated by the
a? term. Therefore, the train error increases rapidly
as t decreases. However, the test error remains con-

stant, since it is approximately equal to M.

et <« 1: the empirical optimal score satisfies
s(t,ayr; + /hiz) ~ —2/vh; for any data point x;.
Consequently, V; ~ 0. This leads to 5, (A;) ~
hiM;. In this regime, train error depends on how
well the RFNN approximates s°, decreasing as 1,
grows. By contrast, since the actual score signif-
icantly deviates from the empirical one, test error
rises quickly with v,,. In the neighborhood of a;z;,
learning s© instead of the true score makes the drift
in the backward process pull the trajectories towards
azx;, so if a trajectory enters the vicinity of a;x; at
time ¢, the model tends to recover the sample z;.

10°
10%

102

10t

Test error
rain error

1071

T

10°

107!

10! 10? 103

Figure 3: Learning curves for m = oo, with t =
0.01,A = 1073, o =ReLU. Solid (dashed) lines: test
(train) error. Dotted vertical lines indicate ¢, = ¥y,.

The analysis of Fig. 2 hints that the RFNN starts to
show memorization behavior for ¢ < 1 and large .
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To explore this further, we plot in Fig. 3 the learn-
ing curves as a function of v, for different ,,, with ¢
kept fixed and small. We observe: 1) For ¢, < ¢y,
train error remains constant and test error is small,
indicating generalization. 2) For 1, > t,,, train error
is small and test error high, indicating the presence
of memorization. 3) When ¢, = 1, test error rises
rapidly, signaling the onset of memorization.

Therefore, v, = 1, acts as a crossover point at which
the behavior of the score transitions from generaliza-
tion phase to memorization phase. This is depicted in
Fig. 1 as a phase diagram.

More curves illustrating the effects of A and p are found
in Appendices D.3 and D.4. Our theory is consis-
tent with previous findings on the roles of n and p
on generalization and memorization in practical set-
tings (Zhang et al., 2024; Yoon et al., 2023; Gu et al.,
2023).

3.2 Single Noise Sample per Data Sample

For m = 1, the DSM loss (7) reduces to
1 & At Wi
LA = — —y :
0= | Vigpe (Vi) +

2
+ de”At”F : (11)

The train and test errors of its minimizer for C = I are
characterized below by Theorem 3.6. The more gen-
eral case, where Py is supported on a D-dimensional
subspace in R?, is deferred to Appendix C .

Theorem 3.6. Let Py = N (0,1), and let o satisfy

2
Define v* = |lol|” — pi, ¥n = %,

and 1, = 5. Let (1,(2,(3,Cs be the solution to the

following system of algebraic equations in q and z:

Gl=2+ (g4 pi¢)G +v°¢) —1=0,
Co(1+ q¥pCi) + 1ivpCiCela + Yparm =0,
G314 qiopCa) + 13 ¢pCiGsCa — 1 =10,

Ca(hn + pv®G — pae/ay) — n = 0.

Define the function K(q,z) = (1 — ((q,2)(1 +
:ulht<4(qaz)<2(Q7Z)/a’t))' Let E%est = I+
+
)

Assumption 3.1.

(12)

2u142(0 “NG0,-N)/a;  — 5EE0,-))

ht 9K (0,-N), and €},4;, = 1 = K(0,-)) - AZE(0,-N).

Then, for the minimizer of (11) Ay, as d,m,p — 00:
lim E [Eteet(At):| gtest )

d,n,p—o0

lim E {5t1mm<At)} = 6%7uin .

d,n,p—o00

The proof is given in Appendix C, and Remarks 3.3-3.4
apply here as well. Using Theorem 3.6, we compute

test and train errors as functions of ¢,, and v, as
shown in Fig. 5 in Appendix D.1. In Appendix D.2,
we also illustrate the case where Py is supported on
the D dimensional subspace with % =0.2.

Fig. 5a shows learning curves as a function of ¢ for dif-
ferent v, with fixed v,,. Several notable trends emerge.
Test error increases as t decreases but varies non-
monotonically with ,. Train error decreases mono-
tonically with v, for all ¢, indicating the model’s pro-
gressive capacity to interpolate the training data.

Note that for small ¢, the test error remains at least
two orders of magnitude smaller than in the m = oo
case. Further, it decreases as 1, increases beyond ,,.
These observations suggest the model does not dis-
play memorization behavior when m equals 1. This
contrasts the m = oo case, where memorization sig-
nificantly impacts the test error. These findings indi-
cate that larger values of m increase the propensity to
memorize, justifying the illustration in Fig. 1.

The DSM loss (11) shares similarities with the loss
used for RFNN in regression settings. Several works
such as Mei and Montanari (2022); Bodin and Macris
(2021); Hu et al. (2024), have analyzed the learning
curves of RFNN in regression contexts. Notably, they
predict the presence of a double descent phenomenon:
test error peaks at v, = 1, and decreases for ¢, < 1y,
or ¥, > . The point ¢, = 1, is called the inter-
polation threshold. We also observe double descent in
the DSM setting with m = 1, as shown in Fig. 5b.

Intermediate values of m Simulations of learn-
ing curves for intermediate m are presented in Ap-
pendix E. They also confirm the predictions of Theo-
rems 3.2 and 3.6. When 1), > 1),,, the increase in mem-
orization with a larger m can be explained as follows:
For large m and small ¢, the learned score §(x) effec-
tively approximates =+ z in the vicinity of the training
sample ;. During the sampling phase, the drift term
is given by Y; + 23(Y}), implying that whenever the
sampling trajectory is near a training sample, there is
a drift towards it, leading to memorization. However,
for ¢, < 1y, the model’s limited expressibility helps
elude memorization even if m is large.

4 NUMERICAL EXPERIMENTS
ON MEMORIZATION

We now conduct numerical experiments to illustrate
the effects of n,p and m on memorization when a
learned score function s; is used in the backward dif-
fusion (3). Specifically, we simulate N instances of
—dY; = (Yt + ZSé(t,Yt)) dt + 2 dB; . We stop at
to = 1075 and check whether Y, is closer to one of
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Figure 4: Results of experiments on memorization.

the training samples compared to the others (Yoon
et al., 2023). Let NN;(z) denote the i'" nearest neigh-
bor of x in {1,292, -+ ,x,}. We say the backward dif-
fusion retrieves a data sample if |Y;, — NN (Y3,)| <
0]z, — NNo(Yy, )|, with 6 > 0. We measure memo-
rization as the fraction of N backward diffusion in-
stances that retrieves one of the data samples.

Gaussian data and RFNN score First, we mea-
sure memorization when the Py = N (0,1;) and
se(t,y) = %Q (%y) with A; being the minimizer
of (7). We demonstrate that, when 1, > 1, once
the backward diffusion process enters the vicinity of a
data sample, it exhibits a tendency to remain within
that neighborhood. More precisely, with ¢t; = 0.1, we
start the backward diffusion at Y;, = a, 21 + /he, 2,
where [ is selected uniformly at random from the set
{1,2,---,n}, and z ~ N (0,1;). Fig. 4a shows the
measure of memorization described in the previous
paragraph as a function of v, for different values of
¥, and m. We note the following: 1) For m = 50 and
< 1)p, the memorization is high. 2) The memoriza-

tion decreases as m decreases. 3) Memorization is zero
when ¥, > 1.

Real datasets and U-Net score Next, we mea-
sure memorization for Fashion-MNIST and MNIST

datasets when s; is a learned neural network with U-
Net (Ronneberger et al., 2015) based architecture. We
use a subset of MNIST /Fashion-MNIST dataset of size
n for training. For a fixed n, m, and U-Net neural net-
work, we train the U-Net for a large number of epochs
(see Appendix F for more details). During the sam-
pling phase, we use the learned score in the backward
diffusion. In Fig. 4b, we plot the memorization for the
Fashion-MNIST dataset as a function of n for different
m, and for two U-Net neural networks with different
number of parameters (p). Corresponding results for
the MNIST dataset can be found in Fig. 12b in Ap-
pendix F. We draw the following conclusions from this
experiment: 1) Memorization increases as 7 decreases
and 2) Memorization increases as m increases in the
overparametrized regime.

Remarkably, our theoretical setting captures the effect
of n,p and m on memorization in practical situations.

5 DISCUSSION AND FUTURE
WORK

We studied the mechanisms underlying generalization
and memorization in diffusion models by analyzing
train and test errors of DSM with random features and
Gaussian data. Memorization is typically observed
in practice when highly overparameterized neural net-
works are trained long enough. Consistent with this,
our findings indicate that model complexity (p) and
the number of noise samples per data sample (m) used
during DSM play a significant role in memorization. In
practical implementations, m increases as the number
of training epochs increases.

As the complexity of the model increases, it can ap-
proximate more complex functions, leading to a better
approximation of the empirical optimal score. Fur-
thermore, as m increases, an optimizer of DSM loss
(5) tends to be close to the empirical optimal score.
These effects that lead to memorization are captured
in our results and are illustrated as a phase diagram
in Fig. 1. As expected, generalization occurs when the
complexity of the model is limited, i.e., p < n.

Although our analysis relies on simplifications for ana-
lytical tractability: RFNNs for the score, unstructured
data and an independent estimator for each time ¢, it
is a first step toward understanding the generalization
and memorization of DSM in diffusion models. In par-
ticular, we provide, to the best of our knowledge, the
first theoretical study of the role of m in memorization.
Furthermore, the behavior predicted by our theory un-
der this simplified setting can indeed be seen on real
data with practical models, as shown in Fig. 4b.

In our analysis, we adopt an Ornstein—Uhlenbeck
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(OU) stochastic differential equation (SDE) as the for-
ward process, corresponding to the so-called variance-
preserving (VP) framework in the diffusion literature.
An alternative and widely used choice is the variance-
exploding (VE) framework, in which the forward pro-
cess is given by a Brownian motion with increasing
variance. Our analysis can be extended to this setting
in a straightforward manner by appropriately choos-
ing a; and hy. We leave a detailed investigation of this
case for future work.

Several additional directions could further refine and
generalize our analysis. For instance, one could incor-
porate explicit time dependence in the score function,
consider richer and more expressive classes of score
models, or relax the Gaussian assumption on the data
distribution. Addressing these challenges would bring
the theoretical framework closer to practical imple-
mentations of diffusion-based generative models and
may shed further light on their empirical success.
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A SCORE MATCHING

A.1 Proof that minimizers of Lpsy and Lsy are the same

From the Lo minimization property of the conditional expectation, the minimizer of Lpgy is given by §(¢, z) =
E[V log P;(z¢|zo) | ¢ = x]. We have

VPi(x: = xz|xo)

Pi(xy = x|z0)

:/deVPt(a:t = x|zg)

E[V log P;(xz¢|zo) | @ = 2] :/dxo Pi(zo|z: = x)
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Pt(x)

_%v/dxoﬂ(xt = x|wo) Po(o)

=V log P;(z) .

Hence, we have shown that the minimizer of Lpgy is same as the minimizer of Lgyr.

A.2 Proof of Lemma 3.5

Let Pf denote the joint probability distribution of (y,2), where y; = a;x + v/hy2, with z ~ %Z?Zl ., and
2z~ N (0,1;). We have

n
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= Epy _<§%@ <%y) = 5°(t,9), Vs (t,y) — VIV log Pf(y)>]

:0’

since B[z | y] = —vh¢V log Pf (y).
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B PROOF OF THEOREM 3.2

In this section, we present a more general version of Theorem 3.2, where P, is supported on a D-dimensional
subspace in R?, and ¢p = % is kept fixed as D,d — oo. First we define generalization along a subspace as
follows: Let M| be a subspace in R?% and M its orthogonal complement. Let II, denote a projection matrix
that project onto M., for a € {||, L}. Then, we define the test error along M,, to be

2

1
gm

A, (W
test, a(At) d wNPt Haitg <t$) - HQVIOgPt(LL') (13)

VP \Vd

Note that the overall test error is given by &m,(A,) = fost, | (A) + fest, L (Ay). Lemma B.1 expresses test and

train errors as traces of rational functions of random matrices. For k > 0, we define the Gaussian expectations:
2 2

po(k) = Eqlo(rg)l, p(r) = Eglo(rg)gl, llo(s -)II” = Eq[o(rg)?], v*(k) = llp(s )" — ui (k) — pi(k), e(v, k) =

Ey v~pv[o(ku)o(kv)] where g ~ N (0,1) and PY denotes the bivariate standard Gaussian distribution with

correlation coefficient . Explicitly,

P,y( ) 1 _ 22+(y2*22“/wy (14)
r,Yy) = ——F— € 2=y,
2my/1 — 2

Lemma B.1. Let M be a subspace in RP. Let Il denote a projection matriz that project onto M and let
Iy =1 -T10. Suppose Py =N (0,C), and let X = [x1,x2,--- ,x,] be the data matriz with columns drawn i.i.d.
from Py. Consider the quantities ag, hy, X, 0, and Wy as defined in (10), with o satisfying Assumption 3.1. Define
Y = a2C + hyly, J?A = Ltr{%}, and 03 = 2 tr{C}. Assume that o, converges to a finite limit as d — co. Then,
for the minimizer Ay of (10), for a € {||, L}, in the limit d,n,p — oo, the test and train errors can be written
as:

4
S%ta< ):an_ 2“1(;7) E oz+ (Ot) E2a
: 7t , o ,
2 2 2
+ pa (o )2( ) E3,a+'u1(0t) IJO(Ut) Bia,
0% t
. h o
(A0 = " ) oy,
t t
where
1
Eoo = gt]r{Hazfl} ,
1 wr W,
Eiq=-trd,—=(U+\[,) ! a}
= g )
1 wr Wy W, Wi
Eyp==tr{ Iy —=(U+\,) ' —=S—(U + I ‘1Ha},
2, d { \/E( ;D) \/a \/>( p) \/E
1 wr W,
Eso=—=tre I,—=(U + A\ _ZHa}v
37 d { d( P) \/a
1 W wr
Eyo=-10(U 4 \[)) ' 211, — (U + A\
4, d p( P) \/E \/&( )
with aor
hy : w, Wf
= Tnvn ot ——+ °I,
W
= 1,17 + 2 “LX 4 0o
G = po(or) 1, ”+atm(gt)\/ﬁ + o2,
h
s? = |lo(ov )|I* = c(afog /o},ov) — ;éu?(cft) :

t

2
at0o
i = ctatad /o) = o - (“Ppn(en))
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Proof. We first find the minimizer of (10). When m = oo, the denoising score matching loss is given by
W
aix; +v/h z )

Frd) = ZE{ T (5

o ) ) )

75 W
—A
Al

where

g<\fam+fz> (\[atxl+f2> 1,

v S o (Y V) ]

and

Thus we get the optimal A; as
= ———=VIU+ ). (15)

We now proceed to the computation of test and train error for Py = N (0,C). In this case, P; is N (0,3;) and
Vlog P;(z) = —E;lx, where Xy = a2C + hyly.

Test Error:

For o € {J|, L}, rewriting Eq. (13) for the particular case, we have:

i N 2
1 A (W,
Eosta (At M) = FEo~p; ‘Ha\/%g (\/éx> — 11,V log P;()
1 : A, (W, ?
= —Eop, | ||Ta—= tm) + 11,3 '
d ot ‘ \/;BQ(\/& k

= étr{ﬂazgl} - %tr LE;ll_IOJ/T(U +A,) ' E, [Q (VVtx> xT]

Vhe Vd
=V
1 W, w, \"
= L)y Wi, v’ )™ ! adl ad
—|—dtr ht(U+>\ p) VIL,V: (U + M) Q( d:C)Q(\/le
=0

Since we focus on a single time instant, we drop the subscript ¢ in the above expressions. However, it is important
to note that @ and h depend on ¢ and the relation a? + h = 1 is valid for all times. Additionally, define 0.72- = ;.

We need to compute V, U, V,U in order to get an expression for £2,. We will first consider V. Explicitly:

V =E, [g <%m) IT] )

2
Let w; denote the i** row of W and let x(j) denote the j** component of x. For large d, Hwé” concentrates

T 2
to 1. Note that, conditioned on W, wi @ is a zero-mean Gaussian random variable with variance E, [%] =
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éwiTEwi. By the concentration property of quadratic forms, the variance concentrates to o2 = étr{E} as
: 1w . 1 (W)
d — oo. Thus we can write (ug,u1) = (Uw\/gz, %) ~ PYi with ~;; = Tq( \/E) =

¥ =5afo (%) «0)
ij — g x
J 0 \/a .]

= E(ug,uy)~pris [0 (ouo) oju1]

(l) hE [Q (o’uo) He,, (Uo)]UjEul [UlHek (ul)]

When considering U , a similar argument allows to write (&g, 41) = ( % w\};, % w\}.a x) P with s = % wiT\/Zij |
leading to
F; wa) wlx
Ui' = El 7 j
’ ¢ ( va )\ Va
- ]E(ﬁo ﬁl)NP:Yij [Q(U’ELO)Q(U’&l)]
— Z Jij " i, [o(otig)Hey (uo) By, [o(o i )Hey, ()]
0 5k
= Z 'LJ E O—UO)Hek(’Z’lo)}Q )
In short:

2 T, '
— o)+ eI L o1/d) i,
e 2 o .
lle(o )l ifi=j.
The O(1/d) contribution cannot give rise to a O(1) change in the asymptotic spectrum. Hence, we neglect it.
We have

5 o v, MW W
U :MO(U)lplp + 0_2 f \/’ +v ( )I )
where v2(k) = ||p(r )||> = p2(k) — 42(k). We now proceed to V. For the I** data sample, we consider the matrix:

VI=E, {g <3fg(azl + x/ﬁz)> ZT] ,

and write for each of its components:

Vi, =E. l@ (w?(az\l/g ﬂz)) zj]

awl z;
=K wij L+ \/ﬁu> v}
(u,v)~P Vi [Q ( Vd

w,] k

72 4 u[ <a“\’/iT;l+\/Eu> Hek(u)}Ev[vHek(v)]
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where 01 (y) = o(y + Vhu)u } Summing over the n data samples:
1 n
Vi = 2.V
1=1

— %Eg[m(aaog)] +0(1/d)

= %Eg,u [g(aaog + \/ﬁu)u} +0(1/d)

Y ()
= Uulg\/a

where we recall that 0§ = a2 tr{C} + h. Neglecting O(1/d) terms, we have V = @ul(o)

+0(1/d)

Es

Going forward to U, we again consider the matrix relative to the I*' data sample:

U =E, lg <\V/Vg(axl + \/Ez)> 0 <%(aml + \/Ez)> T] .

For the components with i # j, we have:

(wiT(axl + \/Ez)> <ij(axl + \/Ez)>
4 4

UL =E,
Y Vd Vd

w-Txl > ngcl
=E wlw, a—* h a—* h
(u,v)~P T [Q< \/& ¢ \/a
> (e [ < w] 'z > } w] 'z,
=y 4 'R, — =L 4 Vhu ) Heg(u) |E, | 0 | a—2 hv | Hey (v
2 e\ k(u) e\ k(v)

wlz wTiUz wlw; wlz U}Tifl
o (o) (o) S (5 (o5 o

where go(y) = E, {g(y + \/ﬁu)} and 01(y) =E, [g(y + \/Eu)u} Summing over the n data samples:

Uij—*

|
3|
M-
=

Zil_ilQo(awjgl)Qo(aw\JT/;l)+wdewjil_ilQ1 <a \f < %)‘FO 1/d)
= ii@o (aw\ijgl> Qo <aw5§l> + wg;leEm [91 < wT < \;}Fg > +O(1/d)

_ jégo (“jgt) o (w;;l> + VI (o1 (amag)]? + O(1/d)

- ié@o (wjgl) 2 <w5§1> L) o).
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Ul — 5. (g<w?<a% M)f |

For ¢ = 7, we have:

and

S\H

aler\fz)))
7R 2
( < (ax + hz))) +O(1/\/&)

= Jlo(o )| + O 1/\f

The O(l / \/E) term in the above equation can be neglected, since there are only O(d) terms on the diagonal.
Let X = [z1,29, -+ ,2,] € RX", We can write U as:

o (05 o (a5%)"

V== T O
where
2= llo(o )P ~ Eq[oo(ang)?] — 51s3(o)
= oo )1F ~ B, [Buotaoug + Vi) | - Lo

= llo(o I ~ clo3 /o 0) ~ Lepi(o)
with ¢(v, k) = Ey v pr [0(Fu) 0(K0)].

We can use the Gaussian equivalence principle to replace the nonlinear term in U. A Gaussian equivalent for
go(a%X) is given by

W X

G = Eyloo(acog)]1,1] + Eg[@o(aaog)g]ﬁafo

* (Eg [20(a009)?] — Egleo(acog)]” — Eq [90(“009)9}2)1/2 9)
1/2
_,UO( )1p1 —|—a“ O(—U) %X—F c(a a’o/a' o') ,UO(O')2 . (%ul(o’)>2 Q.

=02
where ) € RP*™ is a random matrix with standard Gaussian entries. Hence we have

GGT+h
= ——+ —ujlo
Jnvn 2

with
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We now have expressions for all terms terms contributing to the test error:

oo 1
gtebta(At *tr{H D 1}— tr{\/ﬁE il VT(U_|_)\[) }

1 N
+ dtr{h (U + A~ 1VHaVT(U+)\Ip)_1U}
t

1 -1 2#()1 wr W
= S tr{lla 27} — ; dt{H 7 U+ \/E}

+'ui(20)clltr{(U+)\I) 1?; V\ZT(U—F)\I)
2 T Nl() w W
(valo2,17 + 2 T o, )

We can then write

o N 2u3 (o Ho 2(g)v(o)? o
Stesta(At):EQa— Még )Elaa MIU(AL)E#N"'M( 0)2( ) E3a+m( )02 Bt

)

with
1 -1
an—gtr{naz },
1 wT W
E a:ftr Hai U+AI 1]:[04}7
b d { ViUt G
1 wT w _wT W
Eyp=—=tr{y—=(U+ \,) ' —=S—(U + I Ha},
o= { (U M) R (U M)
1 wT W
E o — Hai I 7271_[0( 9
o= gL a2 o
1 r W wT _
E47Q_E1P(U+>\]p) 1ﬁHQW(U+AIp) 11p,

Next, we look at the train error.

Train error:

train

Erai (At):‘C(At)_? 2F
h | AT A, 2vh A, _ha JAT A
dt{\f\f(U + AL )}+dt{\fv} t{f\f}

= étr{(U +AL)TVVTY - gur{vT(U ALV 41— Etr{VT(U +\,) 7V}

i

hyii (o)  Wwr hp (o)A L WwT
— t Al 1—————t AL ——
d2 r (U+ ) \f\f d0'2 r (U+ p) \/g\/g
_h
= /1‘01-( )(El I + F J_) h)\ul( )(Eg I +E3 J_)
This completes the proof of lemma B.1. O

We have the following theorem characterizing test and train errors in the m = oo case:

Theorem B.2. Let M be a D-dimensional subspace in RP, 11} a projection matriz onto it, and Py = N (0, HH)
with o satisfying Assumption 5.1. Define o8 = étr{HH}, o = a?od + hy, and pay = pa(oy)/oy. Set s? =
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lo(oi)II” = cla?od/o},00) — hupd,, v = c(afod/o?, o) — aiodpl, and v = |o(ov)|* — m(ov)?. Let vp =
%,d)n =5, %= g and (1, C2,(3,(4, (5 be the solution of the following system of algebraic equations in q and z:
Gi(s® =2+ (L —¥p)he(ul , + q)Co + Yo (hepd ; + q)Cs3 + Ypagpf (sl +v5¢) —1 =0,
G+ vphi(piy +9)6) —1=0,
G(1+ ¢p(htﬂit +q)C1) + ¢pa§/i%,t<1§3<4 -1=0,
G5 (1 + p(hepr o + @)C1) + (1 + apn,eGals)pagin,eCL =0

G4 ( zﬁp vg¢1 — Qf/}D GtMl,tCE)) —-1=0.
Let ey = ¢¥p and eg 1 = I_h’fD. Define functions Ky(q,z) = 771112?;(111;2) and K1(q,2) = —(1—11}1?();%:5_2()(1@)).
For a € {|l, L}, let €0 = €00 — 205 Ka(0,-A) — pi, % (0, =A) + pi 0> %= (0, =N), and €55,y = 1~
3 he (K (0, =) + K1(0,=X)) — pf t)\ht(alc” (0,=X) + Z51(0,—X)). Then, for the minimizer of (10) A, as
d,n,p — o0:
d. lim E |:gtest Il (At)] = €;E)ci,)st,ﬂ ) lim E |:€test J_(At):| = €?§st,J_ s lim E |:gto7?azn( ):| = 6(t);)ain :
,N,P— 00 d,n,p—o00 d,n,p—o0

Remark B.3. Theorem 3.2 can be recovered by substituting ¥p = 1.

Proof. First, for Py = N (0,C), we use the following Lemma B.1 to express the test and train errors for m = oo as
sums of traces of rational functions of random matrices. This will facilitate the use of linear pencils to compute
the asymptotic test and train errors.

To prove Theorem 3.2, we begin by noting that, that without loss of generality, we may assume that C = II}| is
a diagonal matrix with its first D diagonal entries equal to 1 and the remaining entries equal to 0. That is,
C =11 = diag([1,1,--- ,1,0,0--- ,0]) . (16)
D

This simplification follows from the rotational invariance of the problem. We now invoke Lemma B.1 for this
value of C. As in the proof of the Lemma, since we focus on a single time instant, we drop the subscript t in
the above expressions. For the C used here, note that 02 = a*yp + h,0% = ¥p. Also, let pg = po(o), u1 =

(o) /o, lle(a )l = llell-
Let the first D columns of W be denoted by W) and W, the remaining columns, i.e., W = [W),W.]. For
simplicity in presentation, we assume pg = 0 and write:
gtest a(At) Eoo — 2M%E1 ot MAILEZQ + M%U2E3,a )
Ein(A) = —hp(By 4+ Ev 1) — h\i (Esy + B 1) + 1
with

1—9p
h )

Eo=vp, EoL=

1 wr W,
o= e W sy ﬂ},
1 (wl wt Wa
E2,o¢—dt{\/g(U+)\I) IET(UJFAI) \/;i},
1

wr W,
Esq = =tr{ —2(U + A, 2“},
3, d {\/&( P) \/a

for o € {||, L}. We now define the matrix:
G GT 2 WWT W
ff mava e f

+ (hp? + hq)

U(q) :== + s,

+ (hy? +)WW WLWT+21
77 Vd Vd Vd Vd
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and consider its resolvent:
R(q,z) = (U(q) — zL,) "

Note that for our special choice of C, the matrix G takes the form:

— a1
X + 08 = apr —= X + 0o,

Vd

G=au—
H Vd
where X I denotes the first D rows of X. Define

wr Wa }

Kola2) = gor{ S Rl )

Using the matrix derivative identities %}; —R(q,2)9¢ R(q, z) and dR = R(q, )%, we observe that

El,a = Ka(07 7)‘) )

Ey = _2"%0. —

2, aq (07 )\)7
0K,

B3y = ER (0, -N) .

Therefore, assuming we can take limit of the expectation inside the derivative, it suffices to consider the function
Kalq, z) == limg 00 E[K4(q, z)] to have an expression for limg_, o E [&;est a(Af)] We then have

lim E{etebta(}lt)} = oo — 2 im E[B1o] +pid lim E[Epa] +d0? lim E[E; ]
d— o0 d— o0 — 00

oK Ko
= EO,(X - 2M%ICOL (07 7)\) + 4 8 (O )\) 2 2 8 (O )‘)
= EO,a - 2#%61,(1 + ,U'LlleQ,a + /le €3.a 5 (17)

where e1 4 = Ko (0, =), €24 = _az’—)% (0,=X), e3q = a{’f;‘ (0, —X). The above computations can also be carried
out without interchanging derivatives and expectations. This can be done by first differentiating K, (g, z) (instead
of Ku(g,2)), and then constructing a linear pencil matrix that is nearly twice the size of the one used here. Since
this approach is more tedious, we opt to work with the smaller linear pencil below.

We now derive an expression for I, using the Linear Pencils method. To begin, we construct the following 5 x 5
block matrix:

[((s* = 2)Lp | (il + ha) 2 (hpd + @)% w0l a2 ]
T
—% Ii_p 0 0 0
L= _wl 0 I 0 0 _[Lu le}.
v DxT Lo Lo
—Uogﬁ 0 —aulﬁ I, 0
.0 0 0 -3 Ip |

First, we can invert L and verify that K, can be obtained from the trace of one of the blocks in L~'. In

T

particular, we observe that (L71)%2 = I — (huj + hq) R(q,z )% and (L71)35 = —auy W—\/%R(q,z)%, which
yield the desired terms. We use the linear pencil formahsm to derive the traces of the square blocks in L™1.
Let g be the matrix of traces of square blocks in L~! divided by the block size. For example, if L*7 is a square
matrix of dimension IV, then g;; = % tr{(L‘l)i’j}. If L*J is not a square matrix, we set gi; = 0. In our setting,

this gives:

g1 O 0 0 0
0 g O 0 0

g=1 0 0 g3 0 g3
0 0 0 gaq 0

0 0 g3 0 gs5
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Notice that all constant matrices appearing in L are multiples of identity. We can therefore encode their
coefficients in a matrix B, given by

s2—2 0 0 0 0

0 1 0 0 O

B = 0 01 00
0 00 10

0 00 0 1

If L* and L7% are square matrices, let afjl denote the covariance between an element of L% and an element of
LF! multiplied by the block size of L. Let L¥ be of dimension N; x N; and M denote the non-constant part
of L. Then,

olj = N;E[M;, My,] -

Let S = {(¢,7) : N; = N,} be the set of indices corresponding to square blocks in L. Then, a mapping 7y, is
defined such that

m(Gi= > g,

(Jk)ES
for (il) in S. In our case, this yields:
013922 + 033933 + o3 gss + 0194 0 0 0 0
0 o911 0 0 0
n(g) = 0 0 oi3g11 0 aidgn
0 0 0 oitg1n + 035935 0
0 0 051944 0 0

The block dimensions are Ny = p, No =d — D, N3 = D, Ny = n, N5 = D, and the non-zero covariances are

oty = —(1—vp)(hui +hq), 037 = —¢(huf + hq) (18)
oty = —vp(hif +4q) o3t = —p(hpi +q) (19)
oth = —of ol = =224, (20
ot5 = —vpau , o3 = —Ypap (21)
(5)
= P ot = am. @)
Finally, the matrix g satisfies the fixed point equation
(B—=mnw(9))g =1,
which explicitly reads:
_ 32_22+ -
(1=9p)(hpi+hq)gz2+
Y (hpi4+q)gss+yYpapi gss+ 0 0 0 0
Uggu
0 1+ (b} + hq)gn1 0 0 0
0 0 1+, (hud + @)gn . 0 Ypapigi
1+¢,p Ur2)911*
" 0
0 0 0 :{Z,g ap19s3s
L 0 0 —apt1944 0 1 |
g1 O 0 0 0
0 g2 O 0 0
x| 0 0 g3 0 g3 |=1
0 0 0 gy O
0 0 g3 0 gs5
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This leads to the following set of equations:

911(5” — 2+ (1 = ¥p) (hu? + hq) g2z + Yo (bl + q)gss + Ypapagss + vggaa) = 1,
922 (1 + ¢p(hpf + hq)gnr) = 1,

933 (1 + Y (hud + q)g11) + gssthpapigrn = 1,

935(1 + p (b + @)g11) + gss¥papiigin =0,

D
gaa(1+ %U(Z)gn - wfaulg?,s) =1,

n Un
—g33apigaa + gs3 =0,
—g35ait19aa + gss = 1.

This system of seven equations can be reduced to the following five equations:

G(s? =z 4+ (1 = ¥p)h(pf + @) + ¥p(huf + @) + ¥pa®piCaCe +15¢) —1 =0,
Ca(L+ Yp(hpi + q)C1) + pa’ui¢iale —1=0,
G3(1 4+ ¥p(hp? + @)G1) + (1 + apnGals)vpaps G =0,

G(1+ zﬁz WG — ﬁjaulcs)—lzo,

Gs(1+ ph(pf +q)G) —1=0,

where (1 = g11, (2 = gaa, (3 = g35, C4 = g33, (5 = g22. We solve this system numerically to obtain (1, (2, (3, (4,
and (5. We compute K, = limgo E[K,] by using the expressions K(q,2) = SCLICICEIRPN| Ki(q,2) =

ap
% Finally, we use (17) to obtain limg_, o, E [Stest a(At)]

Next, we compute the train error. From the above:

Ein(A) = —hy3(Ey ) + B1 1) — h\d (By ) + Es 1) + 1,

= BB (R0, ) + KL (0,-N) — A <%<o N+ a1

Thus,
oK oK
lim E (€325, (A0)| = =R (€1 (0,=3) + KL(0, =) = b3 (510, =0) + 2 (0,-3)) + 1
d—ro0 0z 0z
=1—hpi(er, +e1,1) — hApi(es +es1), (23)
where €1 o = Ko (0,—=)), €34 = ng‘* (0, —XA). This concludes the proof of Theorem 3.2. O

C PROOF OF THEOREM 3.6

We use Lemma, C.1 to express the test and train errors for m = 1 case as sums of traces of rational functions of ran-
dom matrices when Py = N (0,C). We recall the definition of the following entities: po(k) = Eg[o(kg)], p1(k) =

Eylo(kg)g], llo(x )II* = Eq[o(rg)?], v*(k) = llp(x )|* = ug(k) = pi(K), e(v, %) = Euunpn[o(ru)o(rv)], where
g ~ N (0,1) and P? denote the bivariate standard Gaussian distribution with correlation coefficient . Explicitly,

P'Y( ) 1 _ 2?4y —2qay
T,y) = ——=—¢ 2(1-~2)
Y 2m/1 — 2
Lemma C.1. Let M be a subspace in RP. Let I} denote a projection matriz onto M, and let 11, = I —1II;.
Suppose Py = N (0,C). Let ag, hi, N, 0, Wy be as in (11), and define ¥y = aiC + hily, o = étr{Et}, and
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ot = Ltr{C}. Assume that o, converges to a finite limit as d — co. Let Z = [z1, 20, , 2n] with z; ~ N (0,14)

i.i.d., and let Y = [y1,y2,"* , Yn] for Yi = arx; + hyzi, with x; ~ Py i.i.d. Assume o satisfies Assumption 3.1.

Then, for the minimizer of (11) Az, for a € {||, L}, as d,n,p — oo, the test and train errors can be represented
as:

2 (o) p1(o)? (o) pio (o)
&l =Fyo— —YFE, Eo o Es o Eio,
test, a( t) 0, Ut\/> 1, + O—tzht 2, + ht 3, + ht 4,
5tlmm(At) =—E5 — A(E?),H + E37l> +1,
where
1 -1
Eoo = ftr{HaE 1,
1 FT W
Ela—tr{ — (U + A\, —=, a},
“Vn/n Vd
L, 7z FT W, T \F 27
- H——U—&-)\I) V2L (U + ] ) }
T d { Vd Vd f\f
1 Z T 9 F ZT
=ty —=— U+)\I) }
d { “Vnn NN
1 F ZT Z FT
Eyo==15(U+ M, (U+ A,) 7t
1 Z FT F Z
Es=—trd —=—=(U+\,) ' —="= ¢,
a r{\/ﬁ\/ﬁ( ) wwa}
with
F FT
U=——,
Vn/n
and ()
W,
F= 1,17 ¢ BRI Tty )
po(ve) 11, + p— + v(ot)
Proof. When m = 1, the loss function reduces to:
1< W, 2 A
Li(A) = o Zl (\/Zf)(atxi + \/htz,»)) +zll + de”At”i“ ) (24)
Let X = [x1,22, -+ ,%n], Z = [21, 22, -+ , Zn], and let Y be the matrix whose i*" column is y; = a;z; + vVhs 2.

Also let F = g(%Y). We then write:

2

A W hi A
Vi (Beaa+ Vs ) 45|+ Mg

el ) 2 e )

where

and
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Thus, the optimal A; is written as

Ay

= ——VIU A =~
7p ( »)

5 —_
-
S
I3
N
S~
BlE
+

z

-
B

Test error:

~ 2
. 1 A
Eqest,a(Ar) = 7B~ P Ha—;g <W;x> — 1,V log P;(z)
1 : FZT A (W I
— 7E1N 771_[&7)5 e Haz—l
d P, ~ = pg<\/gx)+ ;X

We have already derived expressions for V and U in Section B. Namely, V = %‘:”%Et, U= uo(ot)21p1;"; +
pa(or)® W;Et w,r

TaSt g +v(0y)?1,. Since we focus on a single time instant, we drop the subscript ¢ henceforth. However,

of  Vd
it is important to keep the time-dependence of a and h, and the relation a + h = 1. Thus:

~ 1 2 A FT
gtlest,a(At) = E tI‘{HaZ_l} - ,Ul(U) tI‘{Ha (
+

To handle the non-linearity in F', we apply the Gaussian equivalence principle. In particular:

pi(o) W

Vd

F= UO(U)lplz +

Y +v(o).
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Let

Epo = étr{nazfl},

1 z FT ( F FT 1w
Erog=-trdll, = (=2 4 A~ o, b
B d{ ﬁﬁ(ﬁ\/ﬁ ) Vd }

1\ (F 27  Z FT (F FT -
Bao=-trd 2 1,27 (-7 _ 4 :
% dr{\/ﬁ\/ﬁ n n<\/ﬁ nJr P
1 F FT S FZT 7 FT [ F FT -
Bio=-1T(-2_ 1) 2 m, 27 (- 1,) 1,,
. d’”(nnJr p) n\/n n\/ﬁ<nn+ p) P
\ JF 2"z FT(FFT -
By =~ 2l ( —= AL
With the above definitions, we can write £l , as
2n(0) .m0, o)
1 — _
gtest oz(At) - EOJX \/EO’ El,Oé + ho2 EQ,a + h ES,a + h E4,a .

Train error: To compute the train error, we proceed as follows:

VP VP VP VP VP
1 2
=S te{(U+ ML) Vv T — Etr{VT(U +AL) V41— 3tr{(U + ML) VYT
VFZT z FT _QFZTZFT}

1 _ A
=—F5— /\(E?’aH +E37l) +1.

h JAT A 2wh | A hx [ AT A
Etlraln(At)i E r{t(U + AL )}4’\;7‘51'{ tV}+1dtr{tt}

This completes the proof of lemma C.1.

The following theorem derives the test and train errors when P, is a Gaussian supported on a D-dimensional

subspace in R¢.

Theorem C.2. Let M| be a D-dimensional subspace in RP, HH a projection matriz onto it, and Py = N (O
1 tr{HH} o2 = alo? + hy, and w1 = pa(og)/og. Set v
B and (1, (2, (3,4, (5, s be the solution of the following system

with o satisfying Assumption 3.1. Define o3 =
2' Let ’(/}D = %7’(/}77, = %} z/}p

2
lo(o-)I” = pa(o)
of algebraic equations in q and z:

G(=z4 (1= vp)(q+ p3 Ca)heCs + Up(q + 13 1Ca)Cs +v7C) =1 =0,

C(1+ qvpr) + 13 1pCiCala + Ypagpn 4G =0,

G5 (1 + qhybpCr) + ,Ul,ﬂ/}p\/hitCl(l + 1143/ 7CaCs) = 0,

Ca(Pn + ¢y —

G(1+ qpCr) + pi ¥pCiGsCa — 1 =0,
(1= ¥p)p iV IiGs = YppaiGa/ar) = hn =0,
Co(1 + qhetpCi) + i 1¥pheCiGeCa — 1 =0
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Let ep, = ¢p and eg 1 = lfth. Define the functions
'(/JD\/> _
€10 = <4<2 ) a _” , (26)
-(1- 7JJD)Q;CE) ,oa=l
Yp(1 = Ca(1 4 p1,thiCaCa/ar)) , a=|
Ko(q,2) = .
@ = 1 - e+ (v VRGG) =L 27

For a € {H7L} let E%esta = €0,a — ZM% La ™ #}itt O (0 _/\) + Zt dfl)cz (07_)‘) and E%rain =1- UCH(O?_)‘) +

K1(0,-X)) — )\([m” (0,=X) + %&L(0,—\)). Then, for the minimizer of (10) Ay, as d,n,p — co:
_ _ 1 1 _ 1
d nhprgoo E |:gtest Il (At)] - €test,|| Ty nhprgoo E |:€test L(At):| = Etest, L » d,nhprgoo E |:Etrmn( ):| = Etrain -

Remark C.3. Theorem 3.6 can be obtained by substituting ¥p = 1.

Proof. To prove Theorem 3.6, we specialize Lemma C.1 to C = II};. As in the proof of Lemma C.1, since we
focus on a single time instant, we drop the subscript ¢ in the above expressions. For the C used here, we note
that o> = a®¢p + h,0f = ¢p. Also, let o = (o), = pi(o)/ollo(o )|l = |lof. Let W = [W), W],
Z = [Z{,ZT] X = [X{,XT} and Y = [YHT,YT]

For simplicity in presentation, we assume that pg = 0 and write

2

2 2 v
gtlest a( ) = EO,Oé - \;%El a /;; E2,oz + ZE&a 5

gtlram( ) = _E5 - )‘(ES,H + E3,J_) +1.

Letting
FFT  w_wT -t
R(q, IR 20 ,
(q,2) ( = TG p)
-1
B S L W L L
Vn/no T N/d Vd vdva 7 ’
and
1 (Z, FT F ZT
K, Cprd Ze T —_Za
s0.2) = gl om0
we have
dK,,
E a — — 7_)‘ 5
2, a0 (0,=A)
dK,,
Bia= 1" 2(0,-N) ,

E5 - KH (07 _)‘) + KJ_(07 _)‘) :

Therefore, assuming we can interchange limit, derivatives and expectations, it suffices to have
el,o = limg,cE[E; 4] and the function K,(g,z) = limg,. E[K.(g,2)] to have an expression for

limg o0 E {gtest Q(At)] . We have

2

. v .
Jin B [Euna(A0)] = Jim B — 22t B{E )+ 5 i {2+ i B{Ea
2 2 2
=e€0,0 — ﬂe , as} v , (28)
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where e o = —%Cq‘* (0,=X), e34 = a{’)c; (0, —X). As in the previous theorem, one could avoid interchanging limit
of expectation and derivatives by differentiating first K, (g, z) and using a larger linear pencil.

As in Theorem 3.2, proved in Appendix B, we use linear pencils to obtain the desired terms. Explicitly, the
following 6 x 6 linear pencil matrix:

_ w W W, 1
—=, qgh"7% ¢y v mVAYE uvhod ah 0
- T I, 0 0 0 0 0 0
W 0 I 0 0 0 0o 0
Vd . dYT
T
I —v ful\/ﬁ% ~me I, 0 0 0 0
0 0 0 —Z—gﬁ I 0 0 0
0 0 0 —\/—% 0 1 0 0
T
0 0 o -k 0 0 I, 0
ZT
_ZL
. 0 0 0 0 0 NG 0 I, |
By computing L™, we obtain:
T T
(L*1)8’4(q z) = Ziﬂ _ Ziﬂﬁ (q Z)i (29)
b ff fff ) \/ﬁ )
Z W,
L*l 6,7 - _ 7“7 I 30
( ) (QVZ) 'ula\/ﬁf ( )\/a ) ( )
_ ZLZ ZLFT F ZT Z, FT wT
L7Y2(q,2) = uvVh== pmvVh== == — b= —=R(0,2) =, 31
(L5, 2) = 1 thL T >Wf (32)
' z)=1-— — z)—= .
q, M1 \/ﬁ\/ﬁ q, \/a
Hence,
1 (2, FT W, )%7(0, A)} a=|,
Ei,=-tr{ ——=R(0,—A\ , 33
L dr{wwﬁ ( )\/Zz} {u\f(l_tr{ DP5(0,-N)}), a=L, %)
Kalars) =y 22 Epg o 22 ) SR
o Vvn/n vn/n 1*¢D*M\f(th1L+ltr{ D220,-N)}), a=L1,
(34)
The traces of blocks in L~! are computed as in the Appendix B. We then have:
g1 0 0 0 0 0 0 0] [ —2 0 0 0 0 0 0 0]
0 g O 0 g5 O 0 0 0O 1.0 0 0 O0O0O
0 0 gs3 0 0 936 937 0 0 01 0 0 0 0 O
1 0 0 0 gaa O 0 0 0 B_ 0 001 O0O0O0TGO0
971 0 g2 0 0 g5 0 0 0> "] 0o 000100 0]/"
O 0 gdes 0 0 gee g6t O O 0 0 O 0 1 0 O
0 0 g O 0 gmw g O 0 00 O0OO0OO0OT1TFO
| 0 0 0 gs4a O 0 0 1| L 0 00 0000 1]
[ 035g22+0i2gs2+ossgss+ ]
;§éges+;§;g73+ﬂl§ig44 0 0 0 0 0 0 0
O 0%%911 O O U%?gll 0 O O
0 0 o391 L 054 0 o3g11 oilgn 0
ne(g) = 0 0 0 04‘%5;;:5 4$4g;§7+ 0 0 0 0
O43 O43 )
0 03392a 0 0 0 0 0 0
O O 0%2944 0 0 0'(852‘948 O 0
0 0 0‘71;1’944 0 0 0 0 0
i 0 0 0 agg‘g% 0 0 0 0 |
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and
oty = —(1 = ¢p)ah o3 = —Upgh,  ois=—(1—¢p)mVh, o =—pmVh  (35)
oty = —¥pq o3 = —pq ois = —vpmVh, o35 = =P Vh (36)
oty = —pap , 031 = —vpapy ol = —v?, out = —pv? /U (37)
obs = (1= ¢p)mVh/vn ,  off =mVh, 053 = Yo Vh/ty oy = mVh (38)
i3 = Ypap [P , o7t = au gg =1, 088 = ¥n/Vn- (39)

Finally, the matrix g satisfies the fixed point equation:

(B=nr(g9)g=1.

This leads, after simplification, the following set of algebraic equations:

G(=2+ (1= ¢p) (g + piC)hs + ¥p(g + piCa)Cs +v%¢) — 1 =0,
G(L+ q¥pCr) + pipCilala + Ypapn s =0,

(14 qhayCr) + pabpVRG (1 + 1 Vh(aGs) = 0,

G3(1+ q¥pCr) + p3pCiCaCa — 1 =0,

Ca(Wn + pv*C — (1 = ¥p) i VhGs — ppila/a) — by =0,

Co(1 4 qhtppCr) + pitphidea —1=0.

where (1 = g11, (o = g37, (3 = ¢33, C4 = gaa, (5 = go5, (6 = goo. As before, we solve the system numerically to
obtain (1, (2, (3, (s, (5, and (g. We then obtain e; , and K, through the expressions:

YvpvVh B
€l,a = B a C4C2 ’ « _” P (40)
—(1-vp)Ql, a=L
¥Yp(1 = Gl + p1hCaa/a)) o=
K.(q,2) = 1 . 41
(@2) 1—9¢p— (gher 1 + (1 — ¥p)u1VhiaGs) a=1 (41)
Ml\/ﬁ
Finally, we use (28) to compute limg_,o E [Stlestﬁa(flt)}.
Train error: To compute the train error, we proceed as follows:
gtlrain(At) = _E5 - )‘(EJ,H + E3,J-) +1 ’
K| 0K,
=—(K;(0,-AN)+ K =) = AM(——(0, =X\ -2 1.
Thus,
. oK oK
. 1 1 _ ) Fn L _
Jim B[l (A0)] = 1= (6)(0.=0) + KL(0,-3) = M1 (0,-0) + (0, -)).
=1- (ICH(O, —)\) + ICL(O, —/\)) - /\(63# + 63,L). , (42)
where e3 o, = écz“ (0, —A). This concludes the proof of Theorem 3.6.
O

D ILLUSTRATIONS OF ANALYTICALLY COMPUTED TEST AND TRAIN
ERRORS

In this section, we provide additional plots to further illustrate the analytical predictions of test and train errors
derived from Theorems B.2 and C.2. First, we present the learning curves for the case of m = 1, which were
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omitted from the main text due to space constraints. Next we show the learning curves when the data lies on a D-
dimensional subspace in R?. Thereafter, we include plots demonstrating the impact of the regularization strength
A on the learning curves. Finally, we provide learning curves for cases where different activation functions are
employed, highlighting their influence on the model’s performance.

D.1 Test and train errors for m =1

Test error

Train error

10709 — 40— ,~1280
y=256.0
5120
10240

10-12 4

»
— ¥,=320
— =640 —— 1, =2048.0

107 . . . 1071 b . . .
10 102 10! 10° 10 102 10! 100
t t

(a) Test and train error as a function of ¢ for different values of ¢, and a fixed 1, = 20.0.

10% 4

Test error
=
Train error

T
I
i
I
i
i
0
I
i
i
i
i
I
i
i
i
i
I
!
1077 4 1
i
I
i

— ,=160 07— =160

— $,=64.0 — 4, =640
— ,=256.0 — $,=256.0

10" 10% 10% 10! 10% 10%

(b) Test and train error as a function of v, for different values of ¢, and a fixed ¢ = 0.01. The
dashed vertical lines indicate 1, = 9.

Figure 5: Learning curves for m = 1.We used A = 0.001 and the activation function used is ReLU.

Fig. 5 shows test and train errors for m = 1 case. Fig. ba presents the learning curves as a function of ¢ for
various 1, with 1, fixed. In Fig. 5b we plot the learning curves as a function of 1, for different values of 1,
and keeping ¢ fixed and small.

As already discussed in the main text, the curves reveal several trends. The train error decreases monotonically
with increasing 1, for all ¢, reflecting the model’s capacity to interpolate the training data. However, the test
error shows a non-monotonic behavior with 1,. The dependence of test error on ¢ is also evident. The test
error increases as t decreases, but for small ¢, it remains at least two orders of magnitude lower than in the
m = oo case. Furthermore, the test error decreases as 1, increases beyond 1,,, suggesting the model does not
display memorization behavior under these conditions. It contrasts with the m = co case, where memorization
significantly impacts the test error. These findings indicate that larger m increases the tendency of diffusion
models to memorize the initial dataset.

Lastly, as observed in earlier works such as Mei and Montanari (2022); Bodin and Macris (2021); Hu et al.
(2024), we also detect the double descent phenomenon, characterized by a peak in the test error at ¥, = v, (see
Fig. 5b).
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D.2 Plots when D <d

In this section, we present the learning curves for the case ¥ p = % = 0.2. When the data lies on a subspace, we

need to investigate separately the components of the score function that are parallel and orthogonal to subspace,
since they exhibit different behavior. As ¢ decreases, the magnitude of the score in the orthogonal direction
becomes large. This would dominate the test error and we would not be able to observe the memorization-
to-generalization transition along the subspace. This is the reason why we define directional generalization
in (13). Our Theorems B.2 and C.2 compute the parallel and orthogonal contributions to the generalization
separately. Figure 6 shows the resulting learning curves for m = oo and m = 1. It is important to note that,
as 1, increases, the parallel and orthogonal test errors behave differently for small ¢. This happens because the
memorization-to-generalization transition occurs only in the parallel component of the score.

D.3 Plots for different values of )\

In this section, we illustrate the behavior of the test and train errors for different values of A. Fig. 7 shows the
learning errors for m = oo. Note that for small ¢, the train error increases and the test error decreases as A

increases. This can be explained as follows: In this regime, we have s°(¢, a;x; + Vhz) = — \/% However, as

. . . 2 1 . o AN
regularization increases, A; cannot take very large values. Therefore, M; scales as ;-, making £, (4:) ~ 1 for

very small values of t. This leads to lower memorization as well, as evidenced by the small test error.

Fig. 8 displays the m = 1 case. The peak at i, = 1, is attenuated as A increases, which is expected as
regularization helps reducing overfitting.

D.4 Plots for different activation functions

We now exemplify the behavior of the learning curves for different activation functions: ReLLU, tanh, and sigmoid.
To make them have the same Ly norm and pg = 0, we introduce proper shiftings and rescalings. Concretely:
1

ReLU(z) = z1{z > 0} — — ,
(@) = wl{e > 0} = =
tanh(z) = 0.93 <H> :
et +e*
2.8
i idz) =———-14.
sigmoid(z) g
Fig. 9 displays the results for m = oo. The activation function enters the analysis through the coeflicients
1,v, 09, and s.

Fig. 10 presents the case m = 1.
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(a) Test and train error for m = oo as a function of ¢ (b) Test and train error for m = 1 as a function of ¢
for different values of ¢, and a fixed 1, = 20.0. for different values of ¢, and a fixed 1, = 20.0.

Figure 6: Learning curves for ¢¥p = % =0.2. We used A = 0.001 and the activation function used is ReLU.
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(a) Test and train error as a function of ¢ for different values of A for a fixed
¥n = 20.0 and 1, = 1024.0.
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(b) Test and train error as a function of v, for different values of A for a fixed
¥n = 64.0 and ¢ = 0.01. The dashed vertical line indicates ¥, = ¥n.

Figure 7: Learning curves for different values of A for m = oo and with ReLU activation.
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(b) Test and train error as a function of v, for different values of A for a fixed
Yn = 64.0 and t = 0.01. The dashed vertical line indicates ¢, = ¥n.

Figure 8: Learning curves for different values of A for m = 1. The activation function used is ReL.U.
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Figure

Figure 10: Learning curves for different activation functions for m = 1. We used A = 0.001.
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(b) Test and train error as a function of v, for different activation functions for a
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9: Learning curves for different activation functions for m = oco. We used A = 0.001.

Test error

Test error

10!

10°

1072

10°%

104

10°°

EE———

—— tanh

sigmoid

Train error

10794

10-104

—_—relu

—— tanh

sigmoid

N

107!
t

10°% 102

100

10
t

0% 1072

(a) Test and train error as a function of ¢ for different activation functions for a
fixed ¢, = 20.0 and v, = 1024.0.

10?4

10" 4

— relu 10" 4

—— tanh

sigmoid
& 107y

1072
107°

Train error

1074

1077

10°°

1077

R

—— tanh

sigmoid

T

10!

Uy

10%

10°

10t 10% 10*

),
Up

(b) Test and train error as a function of v, for different activation functions for a
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Figure 11: Simulation results (d = 100) for different values of m and fixed 1, = 20; with 4,, = 2 (upper plots)
and 1, = 50 (lower plots). Theoretical results for m = 1 and m = co are depicted as continuous lines.

E COMPARISON WITH NUMERICALLY OBTAINED LEARNING CURVES

In this section, we discuss the learning curves obtained numerically for different values of m in 1, > 1, and
¥p < ¥p regimes. Fig. 11 presents the plots of test and train errors thus obtained. The upper plot displays
the learning errors for the case 1, > 1, while the lower plot corresponds to 1, < 1,. Based on the previous
discussions, memorization is expected when 1, > 1, and this behavior is evident in Fig. 11 when ¢ is small.
Additionally, the extent of memorization increases with m, indicating that large m is detrimental to generalization
(small test error) in this regime. This is in contrast to the behavior of test and train errors in the ¢, < ¢y,
regime, where the generalization improves as m increases, evidenced by a decrease in the test error.

The solid lines in Fig. 11 plots the analytical predictions derived in Section 3 for m = 1 and m = co. These
predictions align closely with the numerical results for m = 1 and m = 100 respectively, validating its consistency
with the observed data. Minor mismatches between theoretical and numerical curves in the small ¢ and large ¢
regimes can be attributed to finite size effects.

F DETAILS OF REAL DATA EXPERIMENT

In this section, we provide details of the experiments with MNIST and Fashion-MNIST datasets and a U-Net
based score function. This setting is used to obtain the results in Figures 4b, 12 and 13. The U-Net based neural
network implementation was adapted from the one by Yang Song available here. We used ADAM Kingma and
Ba (2017) for optimizing the U-Net parameters. The hyperparameters used during training are: Epochs = 4000,
Batch size = min{64,n}, and Learning rate = 0.001. For a fixed m, we draw noise samples {z1,z2, -, 2m}
apriori, and randomly sample from this set to do training step for one batch.


https://colab.research.google.com/drive/1SeXMpILhkJPjXUaesvzEhc3Ke6Zl_zxJ?usp=sharing

DSM with Random Features: Insights on Diffusion Models from Precise Learning Curves

In Fig. 12, we plot the measure of memorization for MNIST and Fashion-MNIST datasets as a function of n
for different m, and for two U-Net neural networks with different number of parameters (p). As mentioned in
Section 4, we draw the following conclusions from this experiment: 1) Memorization increases as % decreases and
2) Memorization increases as m increases in the overparametrized regime. Fig. 13 exhibits samples generated by
the U-Net based diffusion model trained on Fashion-MNIST dataset in the above experiment. For each pair n
and m, we display samples generated by the diffusion model (top row) alongside their first nearest neighbors in
the training dataset (bottom row).

We emphasize that Fig. 13 is presented as an illustration, as the phenomenology is not obvious directly from the
images.

G DISCUSSION ON Bonnaire et al. (2025)

Here, we briefly discuss the related work Bonnaire et al. (2025). The authors study how early stopping during
training affects memorization. In their theoretical analysis, the score is also parameterized by a random features
model that minimizes the loss (10) under an isotropic Gaussian data distribution. Memorization and general-
ization performances are defined as we do here, with an infinite number of noise samples (m = +o00). Unlike
our setting, which seeks the least square estimator, Bonnaire et al. (2025) focuses on gradient flow optimiza-
tion and analyze generalization and memorization as a function of training time. Their approach is based on
studying the spectrum of the same feature covariance matrix (U in Lemma B.1). In particular, two spectral
bulks are identified, that control two different time scales, leading to a training window where generalization
occurs instead of memorization. Moreover, the width of this window grows with the number of data samples.
Our present work corresponds to the regime of infinite training time and is consistent with their findings. From
a technical perspective, they use the replica method to derive spectral properties of U whereas we use linear
pencil techniques, and a sanity check shows that both methods lead to equivalent sets of algebraic equations
determining the resolvent of U.
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(a) Results for Fashion-MNIST dataset. (b) Results for MNIST dataset.

Figure 12: Results of real data experiment on memorization with U-Net score function. We use N = 2000 and
0=1/2.

Figure 13: Images generated and their nearest neighbors in the training data set for different values of n, m. For
each pair n and m, we display the samples generated by diffusion model (top row) alongside their first nearest
neighbors in the training dataset (bottom row).



