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Abstract

While counterfactual fairness of point pre-
dictors is well studied, its extension to
prediction sets—central to fair decision-
making under uncertainty—remains under-
explored. On the other hand, conformal pre-
diction (CP) provides efficient, distribution-
free, finite-sample valid prediction sets, yet
does not ensure counterfactual fairness. We
close this gap by developing Counterfac-
tually Fair Conformal Prediction (CF-CP)
that produces counterfactually fair predic-
tion sets. Through symmetrization of con-
formity scores across protected-attribute in-
terventions, we prove that CF-CP results
in counterfactually fair prediction sets while
maintaining the marginal coverage property.
Furthermore, we empirically demonstrate
that on both synthetic and real datasets,
across regression and classification tasks, CF-
CP achieves the desired counterfactual fair-
ness and meets the target coverage rate with
minimal increase in prediction set size. CF-
CP offers a simple, training-free route to
counterfactually fair uncertainty quantifica-
tion.

1 INTRODUCTION

As machine learning models are being increasingly
used in high-stakes applications like healthcare, crim-
inal justice, test score estimation, etc.; it is crucial
to quantify and mitigate the associated bias (Barocas
and Selbst, 2016; Podesta et al., 2014; Corbett-Davies
et al., 2023). This problem has been extensively ex-
plored in the past for both regression and classifica-
tion problems (Berk et al., 2018; Chouldechova, 2017;
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Agarwal et al., 2019). The general idea is to ensure
that subpopulations are treated equally (group fair-
ness) or focus on individual fairness such as counter-
factual fairness (Kusner et al., 2017). Although these
fairness mitigation techniques are effective, most of
them focus on point predictions and fail to capture the
inherent uncertainty in ML models. Moreover, recent
work (Cresswell et al., 2024) has shown that conformal
prediction sets can improve decision quality in high-
stakes tasks, underscoring the practical importance of
uncertainty-aware prediction sets beyond point predic-
tors.

An appealing methodology that promotes model fair-
ness under uncertainty is the idea of fair prediction sets
(Romano et al., 2020a; Liu et al., 2022). These meth-
ods provide marginal coverage guarantees while en-
forcing a group-level fairness criterion. Typically, they
adapt classical group-fairness metrics for point predic-
tors (e.g., demographic parity) to the set-valued set-
ting via inclusion-based definitions (Vadlamani et al.,
2025). To the best of our knowledge, all these past
works on fair prediction sets have focused on group-
level fairness. Furthermore, recent human-subject
studies (Cresswell et al., 2025) suggest that enforc-
ing certain group-fairness criteria for prediction sets,
such as equalized coverage, may inadvertently increase
disparate impact, highlighting the need for alterna-
tive fairness notions for conformal prediction beyond
group-level criteria. Thus, although group-level fair-
ness is a powerful tool, certain applications demand
individual-level guarantees. Consider healthcare, for
instance, where the intention could be to ensure a pa-
tient’s recommended treatment is not systematically
influenced by protected attributes; such concerns have
been widely discussed in the context of fair machine
learning for laboratory medicine (Azimi and Zaydman,
2023). A method can satisfy group-level parity yet still
produce biased recommendations for particular indi-
viduals, which could be undesirable for such an appli-
cation. Furthermore, as noted by Kusner et al. (2017),
the notion of counterfactual fairness better captures
the causality of bias in ML algorithms.

The above motivates prediction sets with individual-
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level fairness. We extend counterfactual fairness no-
tion to set-valued predictors: for a given individ-
ual, the prediction set should remain unchanged un-
der counterfactual interventions on the protected at-
tribute. For example, consider constructing a predic-
tion set for a particular student’s SAT score; a coun-
terfactually fair prediction set would be identical for
that student whether we intervene to change their pro-
tected attribute (e.g., gender) or not.

We focus on conformal prediction (CP) and develop
a framework called Counterfactually Fair Conformal
Prediction (CF-CP). Concretely, we compute confor-
mity scores under each intervention on the protected
attribute and then aggregate these per-intervention
scores using a symmetric function to obtain a coun-
terfactually fair score. We then use these scores with
the standard split CP procedure. We show that un-
der an invertible structural causal model (SCM) and
the exchangeability assumptions, CF-CP guarantees
both marginal coverage and set-level counterfactual
fairness. We emphasize that the latter holds even when
the underlying point predictor is not counterfactually
fair. Empirically, we evaluate CF-CP on synthetic and
real-world datasets, showing that it significantly re-
duces unfairness in the prediction sets compared to
standard split CP, with only a modest increase in av-
erage set size.

We note that prediction sets generated by CP are not
inherently fair. They can systematically differ between
protected groups or change when we hypothetically al-
ter an individual’s sensitive attributes (Romano et al.,
2020a; Vadlamani et al., 2025). CF-CP alters the scor-
ing function of standard CP such that counterfactual
fairness and coverage is ensured.

Our key contributions are summarized as follows:

• We extend the notion of counterfactual fairness to
set-valued predictors and propose a post-training
conformal prediction procedure (CF-CP) that
symmetrizes conformity scores across protected
attribute interventions.

• We prove that under an invertible SCM and
exchangeability assumptions, CF-CP guarantees
both marginal coverage and set-level counterfac-
tual fairness.

• We empirically demonstrate that CF-CP effec-
tively reduces counterfactual unfairness in pre-
diction sets on synthetic and real-world datasets
while maintaining desired coverage.

1.1 Related Work

Fairness in conformal prediction has primarily focused
on group fairness notions (Romano et al., 2020a). Vad-
lamani et al. (2025) propose a method that adapts
common group fairness notions (e.g., demographic par-
ity, equalized odds) to conformal prediction without
requiring group membership during test time. One line
of work tailors CP-based regression to group-fairness
goals, specifically Demographic Parity and Equal Op-
portunity (Liu et al., 2022; Wang et al., 2023). A sep-
arate line advances CP methods that seek equalized
coverage across groups (Lu et al., 2022). Our work dif-
fers in that we focus on individual-level counterfactual
fairness for set-valued predictors. Moreover, recent
human-subject studies by Cresswell et al. (2025) show
that enforcing equalized coverage across groups can
inadvertently increase disparate impact in decision-
making, further underscoring the need for alternative
fairness notions for prediction sets. There is also a
growing body of work that combines causality with un-
certainty quantification, though not in the context of
fairness. Lei and Candès (2021); Schröder et al. (2024);
Chen et al. (2024) study conformal prediction for po-
tential outcomes in causal inference. However, these
methods do not consider fairness. We next summarize
counterfactual fairness methods for point predictors.

Counterfactual fairness (CF), introduced by Kusner
et al. (2017), is an individual-level fairness notion that
requires a predictor’s output to remain invariant under
counterfactual changes to protected attributes. There
are several strategies to design CF predictors. Kus-
ner et al. (2017) propose to learn a predictor only on
the features that are not descendants of the protected
attribute A in the causal graph. Zuo et al. (2023)
propose a method that achieves CF by mixing repre-
sentations of factual and counterfactual instances be-
fore feeding to a predictor. Zhou et al. (2024b) pro-
pose a method that combines both factual and coun-
terfactual predictions weighted by the probability of
the corresponding protected attribute value. Di Ste-
fano et al. (2020); Garg et al. (2019) study regular-
izers that penalize differences in predictions between
factual and counterfactual instances. These methods
focus on point predictors, while we extend CF to set-
valued predictors and design a conformal prediction
procedure that enforces this property.

Paper organization. The rest of the paper is orga-
nized as follows. In Section 2, we review background
on conformal prediction. Section 3 introduces counter-
factual fairness, first for point predictors and then ex-
tended to prediction sets. In Section 4, we present our
CF-CP method, discuss its computational properties,
and establish theoretical guarantees. Section 5 reports
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empirical results on synthetic and real datasets. We
conclude in Section 6.

2 BACKGROUND: CONFORMAL
PREDICTION

Notation and Setup. We consider observed fea-
tures X ∈ X , a protected attribute A ∈ A, and a
label Y ∈ Y. Throughout the paper, we assume A is
finite (e.g., binary or categorical). We write a (possi-

bly randomized) predictor as f̂ : X × A → S, where
S = R for regression or S = ∆K−1 for K-class classi-
fication. A prediction set procedure maps (X,A) to a
subset C(X,A) ⊆ Y.

For causal notation, we adopt structural causal models
(SCMs) (Pearl, 2009). An SCM is a tuple (U, V, F ),
where U are exogenous variables, V = {X,A, Y } are
endogenous variables, and F are structural equations
that determine each variable in V as a function of its
parents and some exogenous noise. Counterfactuals
consider the following question: “What would the value
of observed variables be, had we intervened to set A to
a different value?” We denote by XA←a the counter-
factual version of X under the intervention do(A = a),
and similarly for YA←a. For more details on SCMs and
counterfactuals, see Pearl (2009).

2.1 Split Conformal Prediction

Here we briefly describe conformal prediction (CP);
see Angelopoulos et al. (2023) for a recent survey.
Conformal prediction (CP) constructs prediction sets
with a pre-specified probability 1−α of containing the
true label, without distributional assumptions beyond
exchangeability (Vovk et al., 2005; Shafer and Vovk,
2008). For simplicity, we focus on the popular split
(or inductive) CP variant (Papadopoulos et al., 2002).
The protected attribute A is not needed for standard
CP, but we include it in the notation for clarity and
to make explicit the dependence used in later sections.
Suppose we are given a pre-trained predictor f̂ (e.g.,
a neural network) and a calibration dataset of size n,

{(Xi, Ai, Yi)}ni=1, independent of f̂ . The goal is to con-
struct a prediction set Cα(X,A) that covers the true
label Y with probability of at least 1 − α over the
randomness of (X,A, Y ) and the calibration dataset.
To this end, we define a conformity score function
s : X × A × Y → R that measures how well a can-
didate label y conforms with the features (x, a) under

the predictor f̂ . Without loss of generality, we use a
negative-oriented score, where smaller values indicate
better conformity. The score function inherently de-
pends on the predictor f̂ but for ease of notation we
omit this dependence. Then, one computes conformity

scores on the calibration set:

Si = s (Xi, Ai, Yi) , i ∈ Ical, (1)

where Ical denotes the index set of the calibration data.
Let q̂1−α be the (1−α)(1+1/|Ical|)-empirical quantile
of {Si}i∈Ical . For a test point (Xn+1, An+1), the split
conformal prediction set is computed as follows:

Cα(Xn+1, An+1) = {y ∈ Y : s(Xn+1, An+1, y) ≤ q̂1−α}
(2)

If (Xi, Ai, Yi) and (Xn+1, An+1, Yn+1) are exchange-
able, then Cα(Xn+1, An+1) satisfies the marginal cov-
erage guarantee:

Pr
{
Yn+1 ∈ Cα(Xn+1, An+1)

}
≥ 1− α. (3)

If the score values are almost surely distinct, the prob-
ability above is upper bounded by 1 − α + 1/(n + 1).
A detailed proof of this result can be found in Lei
et al. (2018). The coverage guarantee is marginal, and
the randomness is over both the calibration and test
points.

3 COUNTERFACTUAL FAIRNESS

In this section, we formalize counterfactual fairness for
point predictors and extend this definition to predic-
tion set procedures. We also briefly recall past works
that ensure counterfactual fairness for point predic-
tors.

3.1 Point predictors

Building on the causal framework of Pearl (2009), Kus-
ner et al. (2017) introduced the notion of counterfac-
tual fairness (CF) which requires that a predictor’s
output remains invariant under counterfactual inter-
ventions on protected attributes. More formally:

Definition 3.1 (Counterfactual Fairness—point pre-

dictor). A predictor f̂ : X ×A → S is counterfactually
fair (CF) if, for all a, a′ ∈ A and s ∈ S,

Pr
{
f̂(XA←a, a) = s | A = a, U = u

}
=

Pr
{
f̂(XA←a′ , a′) = s | A = a, U = u

}
(4)

That is, after intervening on A while holding the la-
tent U fixed, the distribution of predictions should not
change. Equivalently, f̂(XA←a, a) | (A = a, U = u)

and f̂(XA←a′ , a′) | (A = a, U = u) have the same
conditional distribution.

Several strategies exist to design CF predictors f̂ sat-
isfying (4). Kusner et al. (2017) propose to learn a
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predictor on only on the features that are not descen-
dants of A in the causal graph, then no causal path
exists from A to f̂(X,A), ensuring CF. This approach
may be impractical if all features are descendants of
A. Counterfactually Fair Representations (CFR) (Zuo
et al., 2023) satisfies fairness by learning a latent rep-
resentation Z for factual and counterfactual instances,
then combines them via a permutation-invariant oper-
ation (e.g., mean) before feeding to a predictor. Zhou
et al. (2024b) propose a method that satisfies CF by
combining both factual and counterfactual predictions
weighted by the probability of the corresponding pro-
tected attribute value, called Plug-in Counterfactual
Fairness (PCF).

3.2 Prediction sets

We extend counterfactual fairness notion from point
predictors to prediction sets by requiring that the
set produced for an individual remain invariant un-
der counterfactual interventions on the protected at-
tribute. We call this property set-level counterfactual
fairness.

Definition 3.2 (Counterfactual fairness—prediction
sets). A set-valued procedure Cα is counterfactually
fair if, for all a, a′ ∈ A and y ∈ Y,

Pr {y ∈ Cα(XA←a, a) | A = a, U = u} =
Pr {y ∈ Cα(XA←a′ , a′) | A = a, U = u} . (5)

That is, for any individual with latent attributes U =
u and protected attribute A = a, the probability of
including any label y in the prediction set is invariant
to counterfactual changes in A.

4 COUNTERFACTUALLY FAIR
CONFORMAL PREDICTION

We aim to design a split-CP procedure that preserves
marginal coverage while enforcing set-level counterfac-
tual invariance. Precisely, given a pre-trained (possi-

bly counterfactually unfair) predictor f̂ , a calibration
set Ical, and a target level 1−α, construct a conformal
prediction procedure Cα that (i) preserves the standard
marginal coverage guarantee and (ii) satisfies set-level
counterfactual fairness (Def. 3.2).

In this section, we propose an algorithm that satis-
fies these two properties. Then we compare CF-CP
to baselines and discuss the differences. Finally, we
demonstrate that this procedure results in counterfac-
tually fair prediction sets along with marginal coverage
guarantees.

Algorithm 1 Split CF-CP via score symmetrization

Require: Base predictor f̂ , score s(·), calibration set
{(Xi, Ai, Yi)}i∈Ical , target 1− α, aggregator Agg

1: Define

scf(x, a, y)← Agg {s (xA←a′ , a′, y) : a′ ∈ A}

2: For each i ∈ Ical: compute Scf
i ← scf(Xi, Ai, Yi)

3: Set q̂1−α ← Quantile⌈(|Ical|+1)(1−α)⌉/|Ical|
(
{Scf

i }
)

4: At test time for (x, a), form

CCF
α (x, a)← {y : scf(x, a, y) ≤ q̂1−α}

Ensure: Prediction set CCF
α (x, a)

4.1 Score Symmetrization and CF-CP Sets

Let s : X×A×Y → R be any conformity score used by
split CP with a base predictor f̂ . We define the coun-
terfactual score symmetrization by aggregating scores
over protected-attribute interventions:

scf(x, a, y) = Agg {s (xA←a′ , a′, y) : a′ ∈ A} (6)

where Agg is a symmetric operator that is invariant
to permutations of its inputs and xA←a′ denotes the
counterfactual features obtained by setting A:=a′. Ex-
amples of the operator Agg include mean, max and
min operations—we elaborate more on this below.

We then run split CP with scf : on calibration points
{(Xi, Ai, Yi)}i∈Ical compute Scf

i = scf(Xi, Ai, Yi), take
the usual quantile q̂1−α with finite sample correction.
At test time, for a new point (x, a), the CF-CP set is

CCF
α (x, a) = {y ∈ Y : scf(x, a, y) ≤ q̂1−α} . (7)

This procedure is summarized in Algorithm 1.

Aggregator choices. The only requirement on Agg
is to be permutation-invariant–i.e., the output of the
aggregator should not change with the order of the in-
puts. In this paper, we consider three simple choices:
(i) mean, (ii) max, and (iii) min. During the calibra-
tion threshold learning (step 3 of Algorithm 1), max
leads to larger thresholds q̂1−α, because it takes the
maximum score across interventions for each sample
in calibration dataset. However, at test time (step 4
of Algorithm 1), the max aggregator leads to intersec-
tion of the per-intervention sets, which balances out
the effect of a larger threshold. Conversely, min leads
to smaller thresholds at the calibration phase, but the
test-time sets are unions of per-intervention sets, which
can lead to larger prediction sets. The mean aggregator
is a compromise between these cases in both calibra-
tion and test phases. While we focus on these simple
aggregators, more complex choices are possible as long
as they are permutation-invariant.
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Computational overhead. Compared to standard
split-CP, CF-CP introduces two sources of additional
overhead: (i) generating counterfactual interventions,
and (ii) computing conformity scores for each inter-
vention a ∈ A. Overall, CF-CP incurs an additional
O(|A|) factor compared to split-CP. Thus, when the
protected attribute has small cardinality, the computa-
tional cost of CF-CP remains close to that of split-CP.

4.2 Baselines and Comparisons

We compare CF-CP to two types of baselines that ei-
ther retrain a fair point predictor or apply post-hoc
set manipulations, and we note their limitations.

Retraining-based approaches. One option is to
first obtain a point predictor that is counterfactually
fair—e.g., by excluding descendants of A in the SCM
or via counterfactually fair representations (CFR) /
plug-in counterfactual fairness (PCF)—and then apply
standard split-CP on its score. This can yield set-level
invariance by construction, but it typically trades pre-
dictive accuracy for fairness and thus inflates set sizes
to maintain coverage; it also requires retraining, which
may be infeasible. In addition, PCF variant relies on
access to the probability distribution of the protected
attribute, Pr(A), for post-training adjustments.

Post-hoc union over interventions. A second
baseline constructs separate CP sets under each
protected-attribute intervention and unions them:

C∪α (x) :=
⋃

a′∈A
Cα(xA←a′ , a′) (8)

This is again counterfactually fair by construction, but
the union systematically enlarges sets and pushes ef-
fective coverage above the nominal 1− α.

How CF-CP differs. CF-CP calibrates a single,
symmetrized conformity score that aggregates per-
intervention scores at the instance level. In contrast to
the post-hoc union, CF-CP avoids the union-induced
overcoverage while still ensuring set-level counterfac-
tual invariance. Compared to retraining-based ap-
proaches (CFR/PCF or descendants-exclusion), CF-
CP is training-free, does not require modifying fea-
tures or imposing invariance penalties, and does not
need access to Pr(A); all aggregation occurs on scores,
not on model parameters or population distributions.

4.3 Theoretical Guarantees

In this section we show that CF-CP satisfies the set-
level counterfactual fairness of Definition 3.2 while pre-
serving the marginal coverage guarantee of split CP.

First, we state the main assumption needed for our
theoretical analysis.

Assumption 4.1. The structural mapping between
X and U is invertible for given A. Also, U and A are
independent.

The independence assumption is standard in the coun-
terfactual fairness literature. Even though the in-
vertibility assumption may seem strong, it is com-
monly used in the counterfactual estimation and fair-
ness literature (Nasr-Esfahany et al., 2023; Zhou et al.,
2024a,b). We also note that after relaxing the assump-
tion, one can still achieve approximate counterfactual
fairness, as we show empirically in Section 5.

Assumption 4.1 asserts that there exists a mapping
g : U × A → X such that X = g(U,A) and, for each
a ∈ A, the mapping ga(u) := g(u, a) is invertible with
inverse g−1a : X → U . For any target a′ ∈ A, the
corresponding counterfactual features are therefore

xA←a′ = ga′(U) = ga′
(
g−1a (x)

)
. (9)

Also, the symmetrized score can be written as:

scf(x, a, y) = Agg
{
s
(
ga′(g−1a (x)), a′, y

)
: a′ ∈ A

}
(10)

This invertibility makes precise that the multiset
{xA←a′}a′ depends only on the shared latent U , not
on the factual a. This results in invariance of the sym-
metrized score. We formalize this observation in the
following lemma.

Lemma 4.1 (Invariance of the symmetrized score).
Let Assumption 4.1 hold. Fix any y ∈ Y. Then for all
a, a′ ∈ A,

scf (XA←a, a, y) = scf (XA←a′ , a′, y) . (11)

The proof is given in the Appendix A.1. The key idea
is that, under Assumption 4.1, the latent U can be
uniquely recovered from the factual features X and
protected attribute A = a via the inverse function
g−1a . This allows us to express all counterfactual fea-
tures XA←a′ as functions of XA←a and A = a, and
vice versa. The symmetry of scf then follows from the
permutation-invariance of Agg.

This score-level invariance leads to the desired set-level
counterfactual fairness. Since the score value is the
same across counterfactuals, the prediction sets formed
by thresholding the score at q̂1−α must also coincide.

Corollary 4.1 (Set-level counterfactual invariance).
Under the conditions of Lemma 4.1, for all a, a′ ∈ A,

CCF
α

(
XA←a, a

)
= CCF

α

(
XA←a′ , a′

)
. (12)

The proof is immediate from Lemma 4.1 and the def-
inition of CF-CP sets in (7).
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The previous lemma and corollary establish that CF-
CP enforces set-level counterfactual invariance. We
now argue that replacing s with scf does not disturb
the exchangeability required by split CP, so the stan-
dard marginal coverage guarantee continues to hold.

Theorem 4.1 (Exchangeability preservation). As-
sume that Assumption 4.1 holds and that the cali-
bration points {(Xi, Ai, Yi)}i∈Ical and the test point
(Xn+1, An+1, Yn+1) are exchangeable. Suppose the
score function s and the aggregator Agg are measur-
able, and Agg is permutation-invariant. Define the
counterfactual symmetrization

scf(x, a, y) = Agg {s (xA←a′ , a′, y) : a′ ∈ A} .

Then, the scores

{Scf
i = scf(Xi, Ai, Yi) : i ∈ Ical ∪ {n+ 1}} (13)

are exchangeable.

The proof is given in the Appendix A.2. The main idea
is that scf is a coordinate-wise measurable transforma-
tion of the exchangeable tuples (Xi, Ai, Yi), hence the
resulting scores remain exchangeable.

Theorem 4.1 shows that the exchangeability structure
required by split CP is preserved when using the sym-
metrized score scf . This leads to the following coverage
guarantee for CF-CP.

Corollary 4.2 (Marginal coverage for CF-CP). Un-
der the conditions of Theorem 4.1, the split conformal
set constructed with scf satisfies the standard marginal
coverage guarantee:

Pr
{
Yn+1 ∈ CCF

α (Xn+1, An+1)
}
≥ 1− α. (14)

The proof directly follows the standard split CP cov-
erage proof (Vovk et al., 2005; Lei et al., 2018) applied
to the exchangeable scores Scf

i .

Combining Corollaries 4.1 and 4.2, we conclude that
CF-CP achieves both marginal coverage and set-level
counterfactual invariance, as desired.

5 EXPERIMENTS

In this section, we empirically evaluate CF-CP on syn-
thetic and real datasets, spanning regression and clas-
sification tasks and show that it achieves the desired
counterfactual fairness while meeting the target cover-
age rate with minimal increase in the size of the pre-
diction sets is available in the following repository.1

1https://github.com/guldoganozgur/cf_cp

Methods. We compare the following methods: (i)
Split CP: standard split conformal prediction using
the original conformity score with the base predic-
tor; (ii) Post-hoc Union: computes CP sets un-
der each intervention and takes their union, specifi-
cally, C∪α (x) :=

⋃
a′∈A Cα(xA←a′ , a′); (iii) Counter-

factual Fairness with U (Kusner et al., 2017): train
a counterfactually fair predictor by excluding descen-
dants of A in the SCM, to simplify this we train base
model only on U similar to the approach in Zhou
et al. (2024b) followed by split CP; (iv) Counter-
factual Fair Representations (CFR) (Zuo et al.,
2023): trains a predictor on the augmented features
as the mean of factual and counterfactual features,
specifically, X̃ = 1

|A|
∑

a′∈AXA←a′ and then ap-

plies split CP; (v) Plug-in Counterfactual Fair-
ness (PCF) (Zhou et al., 2024b): uses a weighted
combination of the predictions for each intervention,
specifically, f̂(X,A) =

∑
a′∈A Pr(A = a′)f̂(XA←a′ , a′)

where f̂ is the base predictor and then follows with
split CP; and lastly our method (vi) CF-CP: our
proposed method that uses the counterfactual sym-
metrized score in split CP, and we consider three ag-
gregation functions: mean, max, and min. Following
common practice, in the classification tasks if the pre-
diction set is empty, we include the label with the
highest predicted probability. The base predictor f̂
is a linear model for both regression and classification
tasks. More details on hyperparameters and training
are in the Appendix B.1.

Score functions. For regression tasks, we use the
absolute residual score s(x, a, y) = |f̂(x, a) − y|. So,
the less the absolute error, the better the conformity.
For classification tasks, we use Least Ambiguous Clas-
sifier (LAC) (Sadinle et al., 2019) score s(x, a, y) =

1− f̂y(x, a), where f̂y(x, a) is the predicted probability
of class y. The more probable the class, the better the
conformity. We also provide additional results with
different base score functions in Appendix C.

Evaluation metrics. For each dataset and method,
we report the following metrics—↑ and ↓ indicate that
a larger and smaller value is desirable, respectively: (i)
MSE (↓)/Accuracy (↑): the mean squared error for
regression and accuracy for classification on the test
set; (ii) Total Effect(TE) (↓): measures the coun-

terfactual fairness of the base predictor f̂ , for each
test point, we compute the change in the model’s out-
put when A is counterfactually flipped, and then av-
erage over the test set; (iii) Coverage: the empir-
ical coverage of the prediction sets on the test set,

1
|Itest|

∑
i∈Itest I[Yi ∈ Cα(Xi, Ai)]; (iv) Avg. Set Size

(↓): the average size of the prediction sets on the test
set, for regression it is the average length of the inter-

https://github.com/guldoganozgur/cf_cp
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Table 1: Synthetic results at α = 0.1 (mean ± std over 10 runs). Left block: regression; right block: classification.
(↓) and (↑) indicates that a smaller and larger value is desirable, respectively. Highlighting follows the convention
described in the evaluation metrics paragraph.

Regression Classification

Method MSE (↓) TE (↓) Coverage Avg. Set Size (↓) CSD (↓) Accuracy (↑) TE (↓) Coverage Avg. Set Size (↓) CSD (↓)

SplitCP 0.377 ± 0.012 1.219 ± 0.014 0.901 ± 0.008 2.032 ± 0.038 0.713 ± 0.009 0.730 ± 0.011 0.543 ± 0.037 0.905 ± 0.011 2.025 ± 0.209 0.642 ± 0.043

Post-hoc Union 0.377 ± 0.012 1.219 ± 0.014 0.944 ± 0.005 3.251 ± 0.043 0.000 ± 0.000 0.730 ± 0.011 0.543 ± 0.037 0.936 ± 0.010 3.123 ± 0.255 0.000 ± 0.000

CFU 1.112 ± 0.017 0.000 ± 0.000 0.901 ± 0.008 3.447 ± 0.088 0.000 ± 0.000 0.589 ± 0.017 0.000 ± 0.000 0.907 ± 0.009 2.700 ± 0.125 0.000 ± 0.000

CFR 0.832 ± 0.014 0.000 ± 0.000 0.899 ± 0.010 2.964 ± 0.055 0.000 ± 0.000 0.589 ± 0.017 0.000 ± 0.000 0.908 ± 0.009 2.700 ± 0.125 0.000 ± 0.000

PCF 0.826 ± 0.013 0.000 ± 0.000 0.898 ± 0.008 2.951 ± 0.046 0.000 ± 0.000 0.571 ± 0.017 0.000 ± 0.000 0.905 ± 0.012 2.526 ± 0.166 0.000 ± 0.000

CF-CP-mean 0.377 ± 0.012 1.219 ± 0.014 0.899 ± 0.010 2.971 ± 0.050 0.000 ± 0.000 0.730 ± 0.011 0.543 ± 0.037 0.904 ± 0.014 2.542 ± 0.185 0.000 ± 0.000

CF-CP-max 0.377 ± 0.012 1.219 ± 0.014 0.900 ± 0.009 3.275 ± 0.053 0.000 ± 0.000 0.730 ± 0.011 0.543 ± 0.037 0.935 ± 0.006 3.696 ± 0.168 0.038 ± 0.008

CF-CP-min 0.377 ± 0.012 1.219 ± 0.014 0.900 ± 0.010 2.897 ± 0.058 0.000 ± 0.000 0.730 ± 0.011 0.543 ± 0.037 0.906 ± 0.013 2.581 ± 0.180 0.000 ± 0.000

vals, and for classification it is the average cardinal-
ity of the sets, specifically, 1

|Itest|
∑

i∈Itest |Cα(Xi, Ai)|;
and (v) Counterfactual Set Disparity (CSD) (↓):
quantifies how much the set changes across protected-
attribute interventions for each test point. The details
of CSD are as follows: For binary A, we use the Jac-
card distance between the factual and counterfactual
sets:

CSD(x) = 1− |Cα(xA←a, a) ∩ Cα(xA←a′ , a′)|
|Cα(xA←a, a) ∪ Cα(xA←a′ , a′)|

. (15)

For multi-valued A, it can be extended by averaging
pairwise Jaccard distances across interventions rela-
tive to the factual value. A lower CSD indicates more
similar sets across counterfactuals, with 0 indicating
identical sets and 1 indicating non-overlapping sets.
We report the average counterfactual set disparity on
the test set, specifically, 1

|Itest|
∑

i∈Itest CSD(Xi). The

metrics for each method are computed over 10 ran-
dom splits of the data into training, calibration, and
test sets, and we report the mean and standard de-
viation in the tables and figures. For all tables in
this paper, we use a common highlighting conven-
tion. For the tables that use oracle counterfactuals,
bold (underlined) values mark the best (second-best)
MSE/Accuracy and Avg. Set Size among the methods
that achieve the target coverage and perfect counter-
factual fairness for prediction sets (CSD=0). For the
tables with noisy counterfactuals, bold (underlined)
values mark the best (second-best) CSD, since in this
setting we are primarily interested in how fairness be-
haves under imperfect counterfactuals.

Datasets. We evaluate on synthetic and real
datasets spanning regression and multiclass classifica-
tion. Throughout our experiments, we assume access
to an underlying structural causal model that gener-
ates the data; for the synthetic datasets, the SCM is
specified by construction, and for the real datasets, the
SCMs are obtained by fitting structural equations to
the observed data; full details on data generation, pre-
processing, SCM specification and fitting, and coun-
terfactual construction are in Appendix B.2.

Synthetic Regression. A nonlinear SCM with bi-
nary protected attribute A generates (X,Y ); the task
is to predict Y from (X,A) adopted from Zuo et al.
(2023). Counterfactuals are formed by flipping A in
the X-equation while holding exogenous noise fixed.

Synthetic Classification. A multi-class (K=10)
SCM extends prior binary settings; the task is to pre-
dict Y from (X,A). It is inspired by Zhou et al.
(2024b) but extended to multi-class targets. Coun-
terfactuals replace A only in the structural equation
for X (latent noise held fixed).

Law School. Predict first-year average (FYA) from
LSAT, UGPA, race, and gender (Wightman, 1998); we
take race as A (binary: white vs non-white). Coun-
terfactuals are obtained by fitting a LiNGAM-based
SCM to the observed data and intervening on A.

Bias in Bios. Predict profession (28 classes) from bi-
ography text; A is gender (binary) (De-Arteaga et al.,
2019). Counterfactuals for this dataset are constructed
by the method proposed in Lemberger and Saillen-
fest (2024), which involves first obtaining text embed-
dings via a pre-trained BERT model (Devlin et al.,
2019), then decomposing the embedding into compo-
nents aligned with and independent of A; counterfac-
tuals flip the A component while keeping the indepen-
dent component fixed.

Except for Bios dataset, we use α = 0.1; for Bios we
use α = 0.025 since α = 0.1 leads to near-singletons
due to high accuracy of the base predictor.

5.1 Oracle Counterfactuals

We first present results when the counterfactuals are
generated from the true SCM (oracle counterfactuals)–
later, we consider the case where noise is added to
the exogenous variables. Table 1 shows the results on
synthetic regression and classification datasets. Ta-
ble 2 shows the results on real datasets, Law School
for regression and Bios for classification. First, we ob-
serve that vanilla split CP achieves the target cover-
age but has high counterfactual set disparity (CSD)
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Table 2: Real data results. Left block: regression on Law School dataset with α = 0.1; right block: classification
on Bios dataset with α = 0.025 (mean ± std over 10 runs). Highlighting follows the convention described in the
evaluation metrics paragraph.

Law School Regression Bios Classification

Method MSE (↓) TE (↓) Coverage Avg. Set Size (↓) CSD (↓) Accuracy (↑) TE (↓) Coverage Avg. Set Size (↓) CSD (↓)

SplitCP 0.758 ± 0.005 0.723 ± 0.019 0.898 ± 0.009 2.847 ± 0.070 0.405 ± 0.010 0.801 ± 0.001 0.094 ± 0.003 0.975 ± 0.003 3.311 ± 0.199 0.199 ± 0.005

Post-hoc Union 0.758 ± 0.005 0.723 ± 0.019 0.944 ± 0.007 3.570 ± 0.078 0.000 ± 0.000 0.801 ± 0.001 0.094 ± 0.002 0.978 ± 0.002 3.884 ± 0.227 0.000 ± 0.000

CFU 0.829 ± 0.007 0.000 ± 0.000 0.898 ± 0.011 2.968 ± 0.078 0.000 ± 0.000 - - - - -

CFR 0.827 ± 0.007 0.000 ± 0.000 0.897 ± 0.012 2.967 ± 0.084 0.000 ± 0.000 0.799 ± 0.000 0.000 ± 0.000 0.974 ± 0.003 3.379 ± 0.183 0.000 ± 0.000

PCF 0.828 ± 0.007 0.000 ± 0.000 0.897 ± 0.011 2.958 ± 0.072 0.000 ± 0.000 0.795 ± 0.001 0.000 ± 0.000 0.974 ± 0.003 3.471 ± 0.208 0.000 ± 0.000

CF-CP-mean 0.758 ± 0.005 0.723 ± 0.019 0.900 ± 0.013 3.106 ± 0.100 0.000 ± 0.000 0.801 ± 0.001 0.093 ± 0.003 0.974 ± 0.003 3.486 ± 0.191 0.000 ± 0.000

CF-CP-max 0.758 ± 0.005 0.723 ± 0.019 0.900 ± 0.013 3.106 ± 0.100 0.000 ± 0.000 0.801 ± 0.001 0.094 ± 0.003 0.975 ± 0.003 3.700 ± 0.208 0.000 ± 0.000

CF-CP-min 0.758 ± 0.005 0.723 ± 0.019 0.900 ± 0.013 3.106 ± 0.100 0.000 ± 0.000 0.801 ± 0.001 0.093 ± 0.003 0.974 ± 0.003 3.508 ± 0.199 0.000 ± 0.000

Table 3: Results with noisy estimations of counterfactuals (mean ± std over 10 runs). Highlighting follows the
convention described in the evaluation metrics paragraph.

Method Synth. Regression Synth. Classification Law School Regression Bios Classification

Avg. Set Size (↓) CSD (↓) Avg. Set Size (↓) CSD (↓) Avg. Set Size (↓) CSD (↓) Avg. Set Size (↓) CSD (↓)

SplitCP 2.032 ± 0.038 0.713 ± 0.009 2.025 ± 0.209 0.642 ± 0.043 2.847 ± 0.070 0.405 ± 0.010 3.311 ± 0.199 0.199 ± 0.005

Post-hoc Union 3.259 ± 0.044 0.152 ± 0.001 3.115 ± 0.254 0.260 ± 0.006 3.571 ± 0.078 0.036 ± 0.001 3.991 ± 0.231 0.130 ± 0.002

CFU 3.551 ± 0.088 0.135 ± 0.004 3.462 ± 0.239 0.345 ± 0.008 2.998 ± 0.063 0.055 ± 0.002 - -

CFR 3.013 ± 0.078 0.115 ± 0.003 2.913 ± 0.209 0.209 ± 0.004 2.984 ± 0.064 0.029 ± 0.001 3.450 ± 0.226 0.099 ± 0.003

PCF 2.983 ± 0.061 0.115 ± 0.003 2.600 ± 0.210 0.263 ± 0.006 2.961 ± 0.071 0.037 ± 0.001 3.560 ± 0.197 0.109 ± 0.002

CF-CP-mean 3.016 ± 0.054 0.118 ± 0.002 2.609 ± 0.203 0.259 ± 0.006 3.108 ± 0.108 0.029 ± 0.001 3.581 ± 0.204 0.109 ± 0.002

CF-CP-max 3.374 ± 0.057 0.145 ± 0.003 4.271 ± 0.185 0.230 ± 0.004 3.114 ± 0.112 0.041 ± 0.001 3.813 ± 0.210 0.123 ± 0.002

CF-CP-min 2.935 ± 0.050 0.168 ± 0.003 2.657 ± 0.205 0.271 ± 0.005 3.107 ± 0.093 0.041 ± 0.001 3.599 ± 0.165 0.128 ± 0.003

ranging from 0.19 to 0.71. As expected, Post-hoc
Union achieves counterfactual invariance for predic-
tion sets (CSD=0), but at the cost of a significant
increase in the size of the prediction sets and over-
coverage due to inflation of the prediction sets. Meth-
ods that train counterfactually fair predictors (CFU,
CFR, PCF) achieve counterfactual fairness for both
point predictions and prediction sets (CSD=0) but at
the cost of lower accuracy/MSE and prediction sets
that are moderately larger than split CP. Our pro-
posed CF-CP method achieves counterfactual fairness
for prediction sets (CSD=0) while maintaining the ac-
curacy/MSE of the base predictor, and it produces
prediction sets that are similar in size to counterfactu-
ally fair baselines and moderately larger than split CP.
Only max aggregation leads to a nonzero CSD in syn-
thetic classification, because of non-empty prediction
set rule. Also, CF-CP achieves comparable or bet-
ter average set size compared to other counterfactual
fairness methods (CFU, CFR, PCF) without requiring
retraining or access to the probability distribution of
A. Among the three aggregation functions, the results
are quite similar, with mean achieving the smallest av-
erage set size in most cases.

5.2 Noisy Counterfactuals

In this section, we examine the robustness of CF-CP
to the quality of the available counterfactuals, since
its performance necessarily depends on how accurate
these counterfactuals are. Specifically, we study how

fairness and performance change as we introduce noise
into the counterfactuals. For the datasets where we
have access to the exogenous variables U (synthetic
datasets and Law School), we add Gaussian noise to
the true exogenous variables before generating coun-
terfactuals. For the Bios dataset, we add Gaussian
noise to the counterfactual embeddings. The results
are shown in Table 3. Here we only report aver-
age set size and CSD due to space constraints and
the other metrics and noise variances can be found
in Appendix C. The noisy counterfactuals lead to a
slight increase in CSD for all methods, but CF-CP still
achieves a significant reduction in CSD compared to
split CP, with only a modest increase in the size of the
prediction sets. CF-CP achieves comparable average
set size and CSD trade-off compared to other counter-
factual fairness methods (CFU, CFR, PCF) even with
noisy counterfactuals.

To further illustrate the robustness of CF-CP to noisy
counterfactuals, we plot CSD against different noise
levels in Figure 1. We vary the noise level from 0
(oracle counterfactuals) to 1 for synthetic datasets and
Law School, and from 0 to 0.16 for Bios, as higher
noise levels lead to poor performance. We observe that
as the noise level increases, CSD also increases for all
methods as expected. However, CF-CP methods show
similar robustness to noise as other counterfactual fair
models (CFU, CFR, PCF) and post-hoc union, and
they consistently achieve lower CSD compared to split
CP across all noise levels. This shows that CF-CP
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Figure 1: Counterfactual Set Disparity (CSD) vs noise level in counterfactual generation. It shows that CF-CP
methods show similar robustness to noise as other counterfactual fair models.

is effective in reducing counterfactual unfairness even
when counterfactuals are noisy.

We emphasize two key takeaways: (i) CF-CP does not
require retraining the model or access to the probabil-
ity distribution of A, making it a more practical choice
in real-world scenarios where counterfactuals may be
noisy or imperfect; and (ii) as stated earlier, CF-CP
does not reduce the accuracy of the baseline predictor.
Compared to CFU, CFR and PCF, the baseline pre-
dictor for CF-CP is more accurate–see Appendix C.

6 CONCLUSION

In this paper, we extended the notion of counterfactual
fairness to set-valued predictors and then proposed
a novel post-training conformal prediction method
that enforces set-level counterfactual fairness by sym-
metrizing the conformity scores across protected at-
tribute interventions. Under an invertible SCM, we
showed that our method guarantees both marginal
coverage and counterfactual invariance for prediction
sets. Empirically, across synthetic and real-world
datasets, including Law School and Bios, CF-CP sub-
stantially reduces counterfactual set disparity com-
pared to standard split CP, with only a modest in-
crease in average set size, and without requiring re-
training or access to the probability distribution of
the protected attribute. Our results suggest that en-
forcing counterfactual fairness at the set level is both
feasible and effective. Two promising directions for
future work are: (i) extending this fairness notion
to path-dependent counterfactual fairness (Chiappa,
2019), where only certain causal pathways from the
protected attribute to the outcome are considered un-
fair; (ii) generalizing CF-CP to dynamic settings where
covariates and protected attributes evolve over time.
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A PROOFS

A.1 Proof of Lemma 4.1

Here we restate Lemma 4.1 for convenience.

Lemma A.1 (Invariance of the symmetrized score). Let Assumption 4.1 hold. Fix any y ∈ Y. Then for all
a, a′ ∈ A,

scf (XA←a, a, y) = scf (XA←a′ , a′, y) . (16)

Proof. Fix y ∈ Y and a, a′ ∈ A. Under Assumption 4.1, for the factual pair (XA←a, a) there exists a unique
latent

U = g−1a (XA←a) , (17)

where g−1a is the inverse of the forward map ga in the SCM that generates X from U under intervention A← a.
Likewise for (XA←a′ , a′) we have the same U = g−1a′ (XA←a′) because both arise from the same structural model
applied to the same exogenous noise.

For any target intervention a′′ ∈ A, the corresponding counterfactual features are

XA←a′′ = ga′′(U), (18)

independently of whether we start from (XA←a, a) or (XA←a′ , a′). Hence the multiset of per-intervention scores

{s (ga′′(U), a′′, y) : a′′ ∈ A} (19)

is identical in both cases (up to permutation). Since Agg in (6) is permutation-invariant, applying it to these
equal multisets yields the same value:

scf (XA←a, a, y) = scf (XA←a′ , a′, y) . (20)

This proves (16).

A.2 Proof of Theorem 4.1

Here we restate Theorem 4.1 for convenience.

Theorem A.1 (Exchangeability preservation). Assume that Assumption 4.1 holds and that the calibration points
{(Xi, Ai, Yi)}i∈Ical and the test point (Xn+1, An+1, Yn+1) are exchangeable. Suppose the score function s and the
aggregator Agg are measurable, and Agg is permutation-invariant. Define the counterfactual symmetrization

scf(x, a, y) = Agg {s (xA←a′ , a′, y) : a′ ∈ A} .

Then, the scores
{Scf

i = scf(Xi, Ai, Yi) : i ∈ Ical ∪ {n+ 1}} (21)

are exchangeable.

Proof. Let π be any permutation of Ical ∪ {n + 1}. By assumption, {(Xπ(i), Aπ(i), Yπ(i))}i is distributionally
identical to {(Xi, Ai, Yi)}i.

Define the coordinate-wise transformation

T (x, a, y) := Agg
{
s
(
ga′

(
g−1a (x)

)
, a′, y

)
: a′ ∈ A

}
. (22)
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Under Assumption 4.1, g−1a and ga′ are deterministic and measurable for all a, a′, and s and Agg are measurable.
Hence, T is measurable, and it is applied identically to each coordinate.

Set

Scf
i := T (Xi, Ai, Yi). (23)

Exchangeability is preserved under identical measurable coordinate-wise transformations by Proposition 4 of
Kuchibhotla (2020), it follows that

{Scf
i }i

d
= {scf(Xπ(i), Aπ(i), Yπ(i))}i. (24)

Therefore, {Scf
i }i∈Ical∪{n+1} are exchangeable, as claimed.

B EXPERIMENT DETAILS

B.1 Implementation Details

Here we provide additional implementation details. All GPU related experiments were run on GTX 1080 Ti.
Remaining experiments were run on Apple M1 CPU.

Base predictor. For all datasets, the base predictor f̂ is a linear model for both regression and clas-
sification tasks. For synthetic and Law School datasets, we use scikit-learn’s LinearRegression and
LogisticRegression implementations (Pedregosa et al., 2011). The default hyperparameters are used except
for the maximum number of iterations which is set to 1000 for LogisticRegression. For Bias in Bios dataset,
we use PyTorch (Paszke et al., 2019) to implement the logistic regression model and utilize GPU to speed up
optimization. We use LBFGS optimizer with a learning rate of 1 and a maximum of 100 iterations.

Conformal prediction sets. When constructing conformal prediction sets, we include at least one label in
the prediction set for classification tasks if the score of the most likely label is above the threshold. This is to
avoid empty prediction sets which can happen when the model is very uncertain about the prediction. It is a
common practice in conformal prediction to ensure non-empty prediction sets.

B.2 Datasets

Here we introduce the datasets used in our experiments.

Synthetic Regression. We follow the data generation process in Zuo et al. (2023) to generate a synthetic
regression dataset with a binary protected attribute A. The data is generated according to the following structural
equations:

Ui ∼ N (0, 1) i ∈ 1, 2, A ∼ Bernoulli(0.4),

X ← sin(U1) + cos(AU2) +A+ 0.1,

Y ← 0.2X2 + 1.2X + 0.2 + ϵY , ϵY ∼ N (0, 0.6).

The causal graph is shown in Figure 2a. Counterfactuals change only A in the X-equation (holding U1, U2, ϵY
fixed). For noisy experiments, we add i.i.d. Gaussian noise to U when constructing counterfactuals, i.e., we use
Ũ = U + ϵU where ϵU ∼ N (0, σ2

UI) and σU = 0.4 for the results in Table 3. We use α = 0.1 and the split of the
data is as follows: 5000 samples for training, 1000 samples for calibration, and 5000 samples for testing.

Synthetic Classification. We extend the binary classification setting in Zhou et al. (2024b) to a multi-class
classification setting with K = 10 classes. The SCM is

U ∼ N (0, Id), A ∼ Bernoulli(0.5),

X ← (A− 0.5)wA + UDU ,

Y ∼ Categorical
(
softmax(X⊙3WX + UWU + E)

)
, E ∼ N (0, σ2IK).
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Figure 2: Causal Graphs of the Datasets Used in Experiments

The causal graph is shown in Figure 2b. Here d = 10 is the feature dimension and K = 10 the number of
classes; wA ∈ R1×d encodes the linear effect of A on X; DU ∈ Rd×d mixes the latent U into X (assumed full
rank); WX ,WU ∈ Rd×K map the (nonlinear) features and latent into class logits; E is i.i.d. Gaussian logit noise
with variance σ = 0.2 and X⊙3 denotes elementwise cubing of X. All the matrices are generated as identity
matrix plus small uniform noise between [0, 0.2] added to each entry, wA has first r = 3 entries sampled from
Uniform([2, 2.2]) and the rest are zeros. Counterfactuals change only A in the X-equation (holding U and E
fixed). Similarly, for noisy experiments, we add i.i.d. Gaussian noise to U when constructing counterfactuals,
i.e., we use Ũ = U + ϵU where ϵU ∼ N (0, σ2

UI) and σU = 0.4 for the results in Table 3. We use α = 0.1 and
the split of the data is as follows: 5000 samples for training, 1000 samples for calibration, and 5000 samples for
testing.

Law School. We use the Law School dataset from Wightman (1998), which has been used in prior work on
counterfactual fairness (Kusner et al., 2017; Zuo et al., 2023). The task is to predict the first-year average
grade (FYA) of law students based on their LSAT score, undergraduate GPA, race and gender. We consider
race as the protected attribute A (binary: white vs non-white). We preprocess the LSAT and GPA features by
standardizing them to have zero mean and unit variance. To construct counterfactuals, we fit a LiNGAM model
to the data using the causal-learn package (Zheng et al., 2024). The fitted causal graph is shown in Figure 2c.
We assume that race and gender are root nodes in the causal graph and there are no children of FYA node. For
noisy experiments, we add i.i.d. Gaussian noise to U when constructing counterfactuals, and we assume U only
effects LSAT and GPA, i.e., we use Ũ = U + ϵU where ϵU ∼ N (0, σ2

UI) and σU = 0.4 for the results in Table 3.
We use α = 0.1 and the total number of samples is 21791, with a split of 1000 for calibration, 10000 for testing,
and the rest for training.

Bias in Bios. We use the Bios dataset from De-Arteaga et al. (2019) which contains biographies of individuals
in various professions. The task is to predict the profession of an individual based on their biography text,
it has gender labels which we consider as the protected attribute A (binary: male vs female), there are 28
professions (classes) in total. We get the embeddings of the factual and counterfactual biographies via the
method proposed by (Lemberger and Saillenfest, 2024), using their code is publicly available.2 They assume a
causal graph similar to Figure 2a where X is the text embedding and Y is the profession, and U is some latent
variable that is not observed. We use the version of the dataset introduced in Ravfogel et al. (2020). First we
obtain text embeddings using a pre-trained BERT model (Devlin et al., 2019), then we split this embedding into
two orthogonal components, one that is aligned with the protected attribute A and one that is independent of
A. To create counterfactual embeddings, we flip the component aligned with A while keeping the independent
component fixed. In this dataset, we do not have access to U , so we cannot apply CFU method. For noisy
experiments, we add i.i.d. Gaussian noise to the embedding when constructing counterfactuals, i.e., we use
X̃A←a′ = XA←a′ + ϵX where ϵX ∼ N (0, σ2

XI) and σX = 0.1 for the results in Table 3. We use α = 0.025 since
the task is fairly easy, if we use α = 0.1 all methods return singletons as the prediction sets most of the time.
The total number of samples is 393423. We use 5000 samples for calibration, half of the dataset for testing, and
the rest for training.

2https://github.com/ToineSayan/counterfactual-representations-for-explanation

https://github.com/ToineSayan/counterfactual-representations-for-explanation
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Table 4: Synthetic results at α = 0.1 (mean ± std over 10 runs) with noisy counterfactuals. Left block: regression;
right block: classification. Highlighting follows the convention described in the evaluation metrics paragraph.

Regression Classification

Method MSE (↓) TE (↓) Coverage Avg. Set Size (↓) CSD (↓) Accuracy (↑) TE (↓) Coverage Avg. Set Size (↓) CSD (↓)

SplitCP 0.377 ± 0.012 1.219 ± 0.014 0.901 ± 0.008 2.032 ± 0.038 0.713 ± 0.009 0.730 ± 0.011 0.543 ± 0.037 0.905 ± 0.011 2.025 ± 0.209 0.642 ± 0.043

Post-hoc Union 0.377 ± 0.012 1.219 ± 0.014 0.944 ± 0.006 3.259 ± 0.044 0.152 ± 0.001 0.730 ± 0.011 0.543 ± 0.037 0.935 ± 0.009 3.115 ± 0.254 0.260 ± 0.006

CFU 1.170 ± 0.020 0.267 ± 0.007 0.902 ± 0.008 3.551 ± 0.088 0.135 ± 0.004 0.512 ± 0.011 0.235 ± 0.004 0.908 ± 0.014 3.462 ± 0.239 0.345 ± 0.008

CFR 0.852 ± 0.014 0.191 ± 0.002 0.900 ± 0.012 3.013 ± 0.078 0.115 ± 0.003 0.563 ± 0.012 0.140 ± 0.002 0.907 ± 0.014 2.913 ± 0.209 0.209 ± 0.004

PCF 0.847 ± 0.014 0.189 ± 0.002 0.897 ± 0.010 2.983 ± 0.061 0.115 ± 0.003 0.550 ± 0.015 0.165 ± 0.004 0.908 ± 0.012 2.600 ± 0.210 0.263 ± 0.006

CF-CP-mean 0.377 ± 0.012 1.219 ± 0.014 0.900 ± 0.008 3.016 ± 0.054 0.118 ± 0.002 0.730 ± 0.011 0.543 ± 0.037 0.908 ± 0.013 2.609 ± 0.203 0.259 ± 0.006

CF-CP-max 0.377 ± 0.012 1.219 ± 0.014 0.895 ± 0.009 3.374 ± 0.057 0.145 ± 0.003 0.730 ± 0.011 0.543 ± 0.037 0.945 ± 0.004 4.271 ± 0.185 0.230 ± 0.004

CF-CP-min 0.377 ± 0.012 1.219 ± 0.014 0.905 ± 0.008 2.935 ± 0.050 0.168 ± 0.003 0.730 ± 0.011 0.543 ± 0.037 0.910 ± 0.012 2.657 ± 0.205 0.271 ± 0.005

Table 5: Real data results with noisy counterfactuals. Left block: regression on Law School dataset with α = 0.1;
right block: classification on Bios dataset with α = 0.025 (mean ± std over 10 runs). Highlighting follows the
convention described in the evaluation metrics paragraph.

Law School Regression Bios Classification

Method MSE (↓) TE (↓) Coverage Avg. Set Size (↓) CSD (↓) Accuracy (↑) TE (↓) Coverage Avg. Set Size (↓) CSD (↓)

SplitCP 0.758 ± 0.005 0.723 ± 0.019 0.898 ± 0.009 2.847 ± 0.070 0.405 ± 0.010 0.801 ± 0.001 0.094 ± 0.003 0.975 ± 0.003 3.311 ± 0.199 0.199 ± 0.005

Post-hoc Union 0.758 ± 0.005 0.723 ± 0.019 0.943 ± 0.007 3.571 ± 0.078 0.036 ± 0.001 0.801 ± 0.001 0.094 ± 0.002 0.979 ± 0.002 3.991 ± 0.231 0.130 ± 0.002

CFU 0.835 ± 0.007 0.087 ± 0.003 0.900 ± 0.009 2.998 ± 0.063 0.055 ± 0.002 - - - - -

CFR 0.829 ± 0.007 0.045 ± 0.001 0.899 ± 0.009 2.984 ± 0.064 0.029 ± 0.001 0.796 ± 0.001 0.045 ± 0.001 0.974 ± 0.003 3.450 ± 0.226 0.099 ± 0.003

PCF 0.829 ± 0.007 0.056 ± 0.001 0.897 ± 0.010 2.961 ± 0.071 0.037 ± 0.001 0.792 ± 0.001 0.049 ± 0.001 0.975 ± 0.002 3.560 ± 0.197 0.109 ± 0.002

CF-CP-mean 0.758 ± 0.005 0.723 ± 0.019 0.899 ± 0.014 3.108 ± 0.108 0.029 ± 0.001 0.801 ± 0.001 0.093 ± 0.003 0.975 ± 0.003 3.581 ± 0.204 0.109 ± 0.002

CF-CP-max 0.758 ± 0.005 0.723 ± 0.019 0.900 ± 0.014 3.114 ± 0.112 0.041 ± 0.001 0.801 ± 0.000 0.094 ± 0.003 0.975 ± 0.003 3.813 ± 0.210 0.123 ± 0.002

CF-CP-min 0.758 ± 0.005 0.723 ± 0.019 0.899 ± 0.012 3.107 ± 0.093 0.041 ± 0.001 0.801 ± 0.001 0.093 ± 0.003 0.975 ± 0.002 3.599 ± 0.165 0.128 ± 0.003

C ADDITIONAL RESULTS

In this section, we provide additional experimental results that could not fit in the main text due to space
constraints.

C.1 Results on Noisy Counterfactuals

Here we present additional results on the experiments with noisy counterfactuals. In Table 3, we report the results
on all datasets with noisy counterfactuals. We only report average set size and CSD due to space constraints, the
other metrics are reported here in Table 4 and Table 5. It can be seen that due to noisy counterfactuals, MSE
or accuracy of counterfactually fair methods (CFU, CFR, PCF) are slightly worse than oracle counterfactuals.
This also leads to a slight increase in average set size for these methods. However, counterfactually fair methods
and CF-CP still achieve a significant reduction in CSD compared to split CP, with only a modest increase in
the size of the prediction sets. The noise level for synthetic and Law School datasets is σU = 0.4, and for Bias
in Bios dataset it is σX = 0.1.

C.2 Results on Synthetic Classification with Different Base Score Functions

Here we provide additional results on synthetic classification with different base score functions. In addition to
LAC (used in the main text), we also consider the following two base score functions. The first one is Adaptive
Prediction Sets (APS) score (Romano et al., 2020b):

sAPS(x, a, y) =
∑

y′∈Y,f̂y′ (x,a)>f̂y(x,a)

f̂y′(x, a). (25)

We use APS score without additional randomness for simplicity. The second one is the regularized APS (RAPS)
score, which adds a regularization term to the APS score to penalize large prediction sets (Angelopoulos et al.,
2021):

sRAPS(x, a, y) = sAPS(x, a, y) + λ(rank(f̂y(x, a))− kreg)+, (26)

where λ > 0 is the regularization parameter, kreg is a threshold parameter, and rank(f̂(x, a, y)) is the rank of
the true label y in the sorted list of predicted probabilities. We set λ = 0.5 and kreg = 2 in our experiments.
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Table 6: Synthetic classification results at α = 0.1 (mean ± std over 10 runs) with APS and RAPS base scores
with noiseless counterfactuals. Highlighting follows the convention described in the evaluation metrics paragraph.
Since we do not use random sets for APS and RAPS, we relax the condition of achieving target coverage.

APS RAPS

Method Accuracy (↑) TE (↓) Coverage Avg. Set Size (↓) CSD (↓) Accuracy (↑) TE (↓) Coverage Avg. Set Size (↓) CSD (↓)

SplitCP 0.730 ± 0.011 0.543 ± 0.037 0.962 ± 0.006 3.517 ± 0.169 0.583 ± 0.032 0.730 ± 0.011 0.543 ± 0.037 0.905 ± 0.011 2.393 ± 0.280 0.604 ± 0.048

Post-hoc Union 0.730 ± 0.011 0.543 ± 0.037 0.979 ± 0.004 5.021 ± 0.238 0.000 ± 0.000 0.730 ± 0.011 0.543 ± 0.037 0.940 ± 0.010 3.559 ± 0.316 0.000 ± 0.000

CFU 0.589 ± 0.017 0.000 ± 0.000 0.932 ± 0.006 3.695 ± 0.126 0.000 ± 0.000 0.589 ± 0.017 0.000 ± 0.000 0.907 ± 0.014 2.973 ± 0.183 0.000 ± 0.000

CFR 0.589 ± 0.017 0.000 ± 0.000 0.931 ± 0.006 3.685 ± 0.134 0.000 ± 0.000 0.589 ± 0.017 0.000 ± 0.000 0.907 ± 0.014 2.973 ± 0.182 0.000 ± 0.000

PCF 0.571 ± 0.017 0.000 ± 0.000 0.928 ± 0.008 3.487 ± 0.145 0.000 ± 0.000 0.571 ± 0.017 0.000 ± 0.000 0.906 ± 0.014 2.859 ± 0.241 0.000 ± 0.000

CF-CP-mean 0.730 ± 0.011 0.543 ± 0.037 0.941 ± 0.004 3.540 ± 0.119 0.017 ± 0.005 0.730 ± 0.011 0.543 ± 0.037 0.927 ± 0.009 3.298 ± 0.160 0.025 ± 0.006

CF-CP-max 0.730 ± 0.011 0.543 ± 0.037 0.947 ± 0.005 4.130 ± 0.127 0.028 ± 0.005 0.730 ± 0.011 0.543 ± 0.037 0.942 ± 0.008 3.986 ± 0.147 0.034 ± 0.007

CF-CP-min 0.730 ± 0.011 0.543 ± 0.037 0.944 ± 0.004 3.690 ± 0.139 0.018 ± 0.004 0.730 ± 0.011 0.543 ± 0.037 0.912 ± 0.009 2.948 ± 0.126 0.003 ± 0.004

Table 7: Synthetic classification results at α = 0.1 (mean ± std over 10 runs) with APS and RAPS base scores
with noisy counterfactuals, where the noise level is σU = 0.4. Highlighting follows the convention described in
the evaluation metrics paragraph.

APS RAPS

Method Accuracy (↑) TE (↓) Coverage Avg. Set Size (↓) CSD (↓) Accuracy (↑) TE (↓) Coverage Avg. Set Size (↓) CSD (↓)

SplitCP 0.730 ± 0.011 0.543 ± 0.037 0.962 ± 0.006 3.517 ± 0.169 0.583 ± 0.032 0.730 ± 0.011 0.543 ± 0.037 0.905 ± 0.011 2.393 ± 0.280 0.604 ± 0.048

Post-hoc Union 0.730 ± 0.011 0.543 ± 0.037 0.979 ± 0.004 4.945 ± 0.232 0.247 ± 0.008 0.730 ± 0.011 0.543 ± 0.037 0.938 ± 0.011 3.580 ± 0.322 0.258 ± 0.009

CFU 0.512 ± 0.011 0.235 ± 0.004 0.916 ± 0.012 4.007 ± 0.207 0.363 ± 0.010 0.512 ± 0.011 0.235 ± 0.004 0.904 ± 0.011 3.635 ± 0.239 0.343 ± 0.012

CFR 0.563 ± 0.012 0.140 ± 0.002 0.928 ± 0.008 3.790 ± 0.153 0.238 ± 0.005 0.563 ± 0.012 0.140 ± 0.002 0.909 ± 0.012 3.219 ± 0.173 0.212 ± 0.004

PCF 0.550 ± 0.015 0.165 ± 0.004 0.923 ± 0.010 3.484 ± 0.154 0.298 ± 0.008 0.550 ± 0.015 0.165 ± 0.004 0.907 ± 0.014 2.913 ± 0.244 0.278 ± 0.012

CF-CP-mean 0.730 ± 0.011 0.543 ± 0.037 0.945 ± 0.005 3.634 ± 0.118 0.303 ± 0.011 0.730 ± 0.011 0.543 ± 0.037 0.932 ± 0.007 3.511 ± 0.112 0.228 ± 0.006

CF-CP-max 0.730 ± 0.011 0.543 ± 0.037 0.952 ± 0.005 4.661 ± 0.203 0.254 ± 0.007 0.730 ± 0.011 0.543 ± 0.037 0.948 ± 0.006 4.410 ± 0.174 0.231 ± 0.008

CF-CP-min 0.730 ± 0.011 0.543 ± 0.037 0.947 ± 0.005 3.751 ± 0.126 0.313 ± 0.011 0.730 ± 0.011 0.543 ± 0.037 0.911 ± 0.010 2.991 ± 0.151 0.285 ± 0.017

The results are shown in Table 6 for oracle counterfactuals and Table 7 for noisy counterfactuals. The results
are consistent with those using LAC score in the main text. APS score tends to produce larger prediction sets
compared to LAC score, while RAPS score produces smaller prediction sets thanks to the regularization. Since
we use deterministic version of APS, the average coverage is slightly larger than the target coverage value for
all the methods. Here again counterfactually fair methods (CFU, CFR, PCF) and CF-CP methods achieve a
significant reduction in CSD compared to split CP, with only a modest increase in the size of the prediction sets.
In the noiseless case, CF-CP methods has CSD slightly larger than 0, which is due to the constraint that the
prediction sets must include at least one label. For completeness, we also report how CSD changes with different
noise levels in Figure 3 for APS and RAPS scores. The results are consistent with those using LAC score in the
main text. When the noise level is higher, all methods have higher CSD, but counterfactually fair methods and
CF-CP methods still achieve a significant reduction in CSD compared to split CP.
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Figure 3: Counterfactual Set Disparity (CSD) vs noise level in counterfactual generation for APS(left) and RAPS
(right) base scores on synthetic classification dataset (mean over 10 runs).
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