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Abstract

The selection of relevant features in high-
dimensional settings is a central challenge
in modern scientific research and decision-
making. Although many existing methods
offer strong statistical guarantees, they are
often computationally intractable in high-
dimensional problems. To address this is-
sue, we introduce a novel Laplace approxi-
mation method based on Le Cam’s one-step
procedure, termed OLAP. This approach is
specifically designed to alleviate computa-
tional burdens while maintaining statistical
rigor. Under standard high-dimensional as-
sumptions, we establish that OLAP achieves
consistent variable selection. Moreover,
the method yields a posterior distribution
that can be efficiently explored in polyno-
mial time with a Gibbs sampling algorithm.
We demonstrate the effectiveness of OLAP
through applications to logistic and Poisson
regression models, using both simulated and
real data.

1 INTRODUCTION

Feature/variable selection methods are crucial tools
in the advancement of many data-driven problems
(O’Hara and Sillanpaa, [2009; [Fan and Lv, [2010). How-
ever, existing methods that are known to be statisti-
cally consistent in high-dimensional regimes are com-
putationally expensive to deploy. As a result, these
methods are often implemented using greedy searches
or other crude approximations lacking convergence
guarantees (Freedman et al., [1992; |Leng et al.l [20006;
Chen and Chenl [2008; [Luo and Chen, 2011} Barber
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et al., 2016)). We propose a new Laplace approxima-
tion that yields a variable selection procedure that is
both consistent and computationally inexpensive to
implement. Although our methodology applies more
generally, we focus the presentation on a class of gen-
eralized linear regression (GLM) models with known
dispersion parameters. Specifically, we assume that
we have a data set D & {(yi,x;), 1 < i < n}, with
random response y; € R, and non-random explanatory
variable x; € RP collected from n independent units.
We consider a GLM model where, up to an additive
constant that we ignore, the log-likelihood function is
given by

(6;D) =S i (0,x) — v ((0,x:)), 9 E€R?, (1)

i=1

for some known function ¢ : R — R, and where # € RP
is the parameter of interest. We assume throughout
that the model is well-specified, with a true value of
the parameter 6, € RP that satisfies

E (i — ' ((xi,04))) =0,

where 1)’ denotes the derivative of 1. We consider the
classical high-dimensional scenario where p is poten-
tially much larger than the sample size n, but 6, is
believed to be sparse. The variable selection problem
in this context corresponds to finding the support of

0.. We take a Bayesian approach and introduce an

additional variable § € A %' {0, 1} that encodes the

support of 8, with prior distribution

1\ lollo

m(0) x (p“) , 0€A (2)
for some user-defined parameter u > 0. Furthermore,
in our prior specification, we assume that given § the
components of 6 are independent, and 6;|{5; = 1}
follows a Gaussian prior N(0, 1), whereas 6;|{6; = 0}
follows a degenerate point-mass distribution with full
mass at 0. The variable selection problem therefore
boils down to sampling from (or computing the mode
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of) the marginal posterior distribution of § given the
data D given by

I1(5|D) o

l5llo
1 1 1,0 s
el el _Z D
<p” 27r> /Rusno eXp( 2H19H2+€ (® )> v

where  £9(9;D) € 0((9,0)5;D), (3)
and where for w € RlI%llo | the notation (w,0)s denotes
the vector of RP obtained from w by adding 0 at com-
ponents where 0; = 0 (see Sectionbelow for a more
precise definition). When the log-likelihood function ¢
is quadratic, the integrals in (3)) have an explicit form,
and it is possible to sample from using off-the-
shelves MCMC methods on A. This approach, some-
times with slightly different priors, has been a corner-
stone of Bayesian variable selection for several decades
(George and McCullochl, [1993; [O’Hara and Sillanpad),
12009; |Guan and Stephens, 2011} [Yang et al., 2016).

The challenge is that this marginalization strategy
is generally not applicable beyond the quadratic loss
case. One common solution is data augmentation that
samples jointly a model d together with its correspond-
ing parameter, using trans-dimensional MCMC algo-
rithms (Green), 2003; Lamnisos et al) 2009). How-
ever, this strategy is known to scale poorly. A related
idea developed in (Carlin and Chib)|1995} |Atchade and|
Bhattacharyyal, [2019), consists in complementing the
parameter set of each model 6 with additional variables
drawn from the so-called pseudo-prior distribution. In
the same vein, several carefully constructed priors that
are absolutely continuous with respect to the Lebesgue
measure have also been proposed and studied in the
literature (Polson and Scottl 2011} Narisetty and He
2014; Rockova and Georgel 2018); see (Bhadra et al.
2019) for a review. These different approaches cir-
cumvent the intractable integrals in 7 however, their
implementations require more sophisticated and costly
MCMC algorithms.

Another line of work that addresses the intractability
of the integrals in is the Laplace approximation.
Specifically, the idea is to replace the function £°(-; D)
by its second-order Taylor expansion around the MLE
estimatonl]

~s de 1
6° d:fAr%mx —§||w||§+€5(w;D) . (4)
we 0

The addition of a quadratic penalty in is mainly
for improved numerical stability. Our method and anal-
ysis remain valid if 9 is replaced by the actual MLE
Argmax , nislo £°(w; D), provided that the Hessian matri-
ces of £°(-; D) remain always positive definite. For this rea-
son, we will use the term MLE, even though is strictly
speaking a penalized MLE.

The modes of the resulting posterior approximation
are known to be equivalent to BIC (Schwarz, [1978)),
or e-BIC (Chen and Chen| 2008). In (Barber et al.
the authors show that under some regularity
conditions, and for a class of generalized linear mod-
els, replacing the integrals in with their Laplace
approximations still produces consistent variable selec-
tion. The major limitation of this approach is the high
per-iteration cost, as one must compute the estimator
6o (typically using an iterative optimization solver) as
well as the Hessian matrix of £° at °. Since a large
number of MCMC iterations is needed, the overall cost
of this approach is substantial.

In the frequentist realm, the high-dimensional variable
selection problem in a GLM model with likelihood such
as is often framed as the best-subset selection prob-
lem that solves the minimization problem
min —¢(6; D) subject to ||f|lo < s,

or some relaxation thereof, for a specified sparsity
level s (Beck and Eldar, 2013; Hastie et al., |2015]).
These estimators have seen renewed interest due to
recent optimization advances to tackle an otherwise
NP-hard problem (Bertsimas et al.,[2016} [Hazimeh and|
Mazumder} 2020). One drawback of this approach is
the limited understanding of the statistical properties
of the resulting estimators and the lack of effective and
adaptive methods to select the sparsity level s.

1.1 Main Contributions

We revisit the Laplace approximation method. We
develop a variant of the method — based on Le Cam’s
one-step procedure — that circumvents the aforemen-
tioned challenges. The one-step procedure due to L.
Le Cam (Lecam)| 1969; [Vaart| [1998) is a well-known
scheme to improve a given estimator through a one-
step Newton-Raphson update.

Hence, starting from an initial estimator 6 that is
computed once, we propose fast approximations of
the estimators 6° using Le Cam’s one-step procedure.
This leads to a new Laplace approximation that we
call a one-step Laplace approximation (OLAP). Un-
der some basic high-dimension regularity conditions
(basically restricted strong convexity and limited co-
herence of Hessian matrices) we show that the method
achieves the same statistical performance as the stan-
dard Laplace approzimation with knowledge of the es-
timators é‘s, while being an order of magnitude faster
to implement. Furthermore, we analyze the mixing
time of a simple Gibbs sampler to sample from the
posterior distribution of OLAP. Under the same regu-
larity assumptions mentioned above, we show that the
algorithm has a mixing time that scales polynomially
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with (n,p), effectively leading to a polynomial-time
solution to the feature selection problem. We conduct
an extensive numerical comparison that highlights the
effectiveness of OLAP.

Our method is closely related to [Rossell et al.| (2021)),
which was brought to our attention after the release
of an initial version of this paper. |Rossell et al.
(2021) tackled the same intractable marginal likeli-
hood in model/variable selection as us and proposed
a very similar solution, devising a Laplace approxima-
tion from few iterations of the Newton method started
from an initial estimate. However Rossell et al.| (2021))
did not make the connection to Le Cam’s one-step
method, and their initial estimator is actually the zero
vector (null model). This leads to a very different es-
timator and a very different analysis than ours. In-
deed, in Le Cam’s one-step framework the quality of
the initial estimator is crucial, and this rules out the
zero vector. Another key contribution of our work not
addressed by [Rossell et al.| (2021) is the mixing time
analysis of the MCMC algorithm. Our numerical re-
sults include a comparison to |[Rossell et al.| (2021]).

1.2 Outline

We end this introduction with some general notation.
The one-step Laplace approximation of and some
basic statistical and computational properties are de-
rived in Section2l Numerical illustrations of the meth-
ods are presented in Section [3] and all technical proofs
are collected in the Supplement. We close the paper
with a brief discussion in Section [l

1.3 Notations

Throughout our parameter space is RP equipped with
its Euclidean norm || - ||z and inner product (-,-). We
also use || - ||o which counts the number of non-zero

elements, and ||-||oc which returns the largest absolute

value. We set A < {0,1}? for the model space. For

0,0" € A, we define min(d,d’) as the component-wise
minimum of the vectors § and §’. And we write § C §’
if min(d, ") = 0, and we write § D §' if &’ C 4.

Given § € A, and # € RP, we write 65 to denote the

component-wise product of # and J, and §°¢ dfy .

Assuming ||d]jo = s, we will use the notation [f]s to
denote the vector (8;,,...,0;,), where j; is the i-th
component of § that is non-zero. Conversely, for w €
R*, we define (w,0)s as the element of R? such that
[(w,0)5]s = w. At times we will abuse the notation
and use 65 and [f]s interchangeably.

2 THE ONE-STEP LAPLACE
APPROXIMATION

With £ as in , we define
_ o 1
2 (w; D) et 0 (w; D) — §||ﬂu)||%7 w e Rl

The Laplace approximation of the posterior distribu-
tion TI(-|D) is formed by replacing £ in the posterior
by its second-order Taylor approximation around
the mode é‘s, where 6° is as defined in . The result-
ing Gaussian integral has an explicit form, which leads
to the approximation of (3] given by

Isle 285 :m)

. 1

T1(5D) o () S
b det (7:[5)

where #H° ~VOP(w;D)|,_gs- (5)

(Barber et al., [2016]) studied the statistical properties
of IT and showed that it is consistent (in the sense that
it puts a high probability on the true model) under
some regularity conditions, such as n,p — oco. How-
ever, as observed above, in general, the estimator 9 is
computationally expensive to obtain, making the ap-
proach difficult to use in large-scale applications.

To derive our method OLAP, we first note that for any
v € RI%llo using a second-order Taylor approximation
of the function £ (-; D) around vy, we can approximate
the integral [ps, e’ D) gy by

151l

(27T) 2 7 . 1 vo\T vo\— 1o
det(;L[UO)e><p<f(vo,7))—|—2(g YI(H* )G > (6)

In the above expression, G e V0 (w; D)|wy=v,, and
o ~V@ 0 (w; D)|=v,- The approximation per-
forms at its best when v is near é‘s, and this is what
the standard Laplace approximation does. Let 0 € R?
be some initial estimator of 6,. The estimator 6 is
computed only once, and for any § € A, we can take

g [0]5 (where [6]s is the sub-vector of § that collects
the components of § for which §; = 1) as an initial ap-
proximation of 6%, which we then improve upon using
the one-step procedure. Hence, our proposed approx-
imation of 6° is

006+ ()G, (7)
where
G E VP (w; D), _gs
H VP (w; D), _gs- 8)
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The estimator #° is obtained from @° by a single
Newton-Raphson (NR) update. In statistical estima-
tion theory, it is well known that a single-step NR up-
date is enough to improve any rate-optimal initial esti-
mator into an efficient rate-optimal estimator (Vaart,
1998; Brouste et all |2021)). Versions of the procedure
have also appeared in the recent statistics literature
to de-bias and otherwise improve upon classical high-
dimensional estimators (van de Geer et al.l 2014} |[Ja-
vanmard and Montanari, |2014; [Xia et al., |2020]).

Using 6° and @ leads to the approximation of II given
by

)

s (1) WD) OG0
P det (H?)
sed, (9)

where G% and H°® are defined as in , but with 67
replaced by 6°. We note that if, instead of a single
update, we iterate a large number of times, then
naturally 6° ~ 6%, and G° ~ 0, and @) becomes .
Hence, we propose to drop the term (G°)T(#°)~1G°,
as well as the log-determinant term in @, leading to
OLAP, our proposed Laplace approximation distribu-
tion over A:

i 18110 o
H(5|D)o<<pu> exp (£°(6°;D)) . (10)

We then solve the variable selection problem by sam-
pling from the OLAP distribution .

Remark 2.1. It is very important to reiterate here
that we have designed OLAP specifically with the high-
dimensional regime (p > n or p &~ n) in mind. In more
classical settings where n is much larger than p, the
log-determinant term logdet(H?)/2 ~ ||§]lo log(n)/2
that we have ignored in becomes the correct
penalty term, and should be included in . In the
high-dimensional regime that is our focus, the penalty
term needed is ul|d||o log(p).

2.1 Initial Estimator 6

Throughout we take the initial estimator 6 € R? as
either lasso, the ridge regression estimator, or more
generally the elastic-net estimator defined as

n

Argmin Z —yi (0, %) + 1 ((0,%;))

oere |1

A
el + 2013

for some well-tuned regularization parameters A; > 0,
A2 > 0. We refer the reader to (Hastie et al., 2015

and the extensive literature on these high-dimensional
estimators.

2.2 Statistical Properties

We recall that we have assumed that our data D =
{(yi,%x:), 1 <1i < n}is generated from a well-specified
GLM model, with the true value of the parameter 6,
with support J,, and we set s, def [10x]lo- In this sec-
tion, we search for conditions under which the OLAP
posterior distribution introduced in concentrates
around d,. We start with the following general defi-
nition. Let {B‘;, 0 € A} be some arbitrary family of
estimators, where for § € A, B‘s e RlISllo. We say that
the family {357 0 € A} is variable selection consistent
if there exist positive constants ci,co < oo such that
the following two properties hold.

1. For all § € A, and 6¢ C 9§, with min(J, d,) = do, it
holds
(3% D) < £(5%; D) + er(|l8]lo — [10llo) log(p),
(11)

2. and for all dg,0 € A such that §o C § C J,, it
holds

U(B°;D) > U(3%; D) + ca(||6]lo — Idollo)n. (12)

Remark 2.2. This definition basically says that
{3°, 6 € A} is model selection consistent if increasing
a model §p by adding a non-relevant variable increases
the log-likelihood Z(B‘SO;D) only by a factor at most
log(p), whereas adding a relevant variable increases
the log-likelihood by a factor n. The behavior depicted
in this definition is generally the expected behavior of
the (maximum) log-likelihood ratio. However, estab-
lishing that this behavior prevails for a given model
can sometimes be very challenging, particularly in the
high-dimensional setting.

Our first result shows that if the one-step family
{6°, 6 € A} is variable selection consistent as defined
above, then the OLAP distribution puts most of
its probability mass on §,. For j > 0, we define

def

A5 e 626, and [6]lo < 5.+ 7).

The following result is proved in the Supplement.

Theorem 2.3. Assume p > 2. Suppose that the fam-
ily of one-step estimators {6°, § € A} introduced in
@ is model selection consistent with constants cy, cs.
Consider the posterior distribution (@), and suppose
that the sparsity parameter u satisfies

u>2(l+¢), (13)
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and the sample size n satisfies
can > 2(u + 1) log(p). (14)

Then for all j > 0, we have

. 1 2
H(Aj|D)212<u(J;1)+eczn/4>. (15)
Proof. See Supplement Section [A] O

Remark 2.4. We note that the result holds true for
7 =0 and yields

. 1 2

The theorem assumes that the family of one-step esti-
mators {6?, § € A} is model selection consistent. We
show below that if the initial estimator 6 is rate opti-
mal (lasso is known to be rate optimal under mild con-
ditions), then the one-step family {#°, § € A} actually
inherits the variable selection consistency property of
the MLE family {6°, § € A}, while being an order of
magnitude faster to compute. This result mirrors the
way in which the one-step estimator inherits the effi-
ciency of the MLE in regular statistical models (Vaart,
1998, Section 5.7).

The fact that the right-hand side of decreases as
p increases does not mean that the statistical problem
becomes easier as one adds more covariates at a fixed
sample size. Rather, the bound reflects two features
of our theoretical regime: (i) we use an informative
sparsity-inducing prior (which turns out to be correct)
and whose strength scales with logp, so increasing p
further downweights large models; and (ii) the the-
orem is stated under high-dimensional scaling condi-
tions (see Eq. , which require n to grow at least on
the order of log p.

2.3 MCMC Sampling and Mixing Time

One of the main advantages of OLAP is that the distri-
bution can be easily explored using a simple Gibbs
sampler in the discrete space A. We note that the con-
ditional distribution of d; given d_; is the Bernoulli
distribution Ber(g;(6)), with the probability of suc-
cess given by

50 (1 +exp(ulog(p) + 2" G5 D)

,g‘é“"’”(@wm;p)))_l. (16)

where 6§09 (resp. 6U:1) is equal to § except for the

component j where 5§j’0) = 0 (resp. 5§j’1) =1). The

resulting Gibbs sampler for OLAP is presented in Al-
gorithm

The cost of computing ¢;(d) is driven by the cost of
forming the matrix H® in @, plus the cost of the
Cholesky factorization needed to perform the Newton-
Raphson update. Hence, the computational cost of
q;(0) is of order n||d||2 +|6]|3. As a result, we see that
the computation cost of the k-th iteration of Algorithm
[ is of order

J X max (n||5(k)||(2), H5(k)||8> :

We analyze the mixing time of OLAP. We focus on
the case J = 1, where the resulting Markov chain is
reversible and positive. In the case J > 1, a simi-
lar analysis can be developed for the lazy version of
the algorithm, but we will not pursue this. Assuming
the data D are fixed, let P(-|§) denote the probabil-
ity measure of the Markov chain generated by OLAP
started from §. The following result is proved in the
supplement Section

Theorem 2.5. Assume p > 2. Let {), k > 0}
be the Markov chain generated by OLAP with J = 1
and initial state (9. Suppose that the one-step fam-
ily {6°, § € A} is variable selection consistent with
constants c1,co such that and hold. Suppose
also that there exists o, 0 < a < u(p — s4)/4 such that
5O satisfies

(s |p) > pia. (17)
Fiz (o € (0,1). Then there exists an absolute constant
C' such that if the number of iterations satisfies

N>C (s* + 45‘) (log (2{)) + alog(p)) p, (18)

then it holds

. 4
IBE™ = - 150) — Iy < max (c ) |

p4

The main conclusion of the theorem is that under
the warm-start condition , if the one-step family
{6, 6 € A} is variable selection consistent, then (o-
approximate sampling from is achieved after at
most N = Cp(s. + 4a/u)(log(1/¢p) + alog(p)) itera-
tions of Algorithm [Il More discussion on the benefits
of a warm start and how to check the condition
is provided in the Supplement Section

Numerical illustrations of Theorem [2.5] and compar-
isons between Algorithm [I] and the exact Metropolis-
within-Gibbs sampler of (Atchade and Bhattacharyyal
2019) (denoted as Exact) using the L-lag coupling
method of (Biswas et al.| [2019; [Jacob et al., 2020) are
given in Supplement Section [B-4]
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Algorithm 1 Gibbs sampler for OLAP

1: Input: linitial estimator é, dimension p, block size J, data D

2: Initialize: pick 6% € A
3: for k=0,1,2,... do
4: Set § + 6(F)

5 Randomly and uniformly select an ordered subset J C {1, ...
6 for . =1to J do

7: Draw V, ~ Ber(qy, (9))

8 Set 9;, +V,

9 end for

10:  Set 0D - §

11: end for

,p} of size J

l>qjasin

2.4 Variable Selection Consistency of the
One-Step Family

Since the cost per iteration of OLAP is polynomial in
(n,p), Theorem and Theorem together show
that in problems where the one-step family {9‘5, 0 €
A} is variable selection consistent, the variable selec-
tion problem can be provably solved with a compu-
tational cost that is polynomial in (n,p) using OLAP.
But what can be said about the variable selection con-
sistency of the one-step family {#°, § € A}? In this
section, we show that if the initial estimator 0 is rate
optimal (lasso is known to be rate optimal under mild
conditions), then the one-step family {§?, § € A} in-
herits the variable selection consistency of the MLE
family {6°, § € A}.

We work under the following basic set of assumptions
on the data generating process.

H1. 1. There exists an absolute constant b < oo such
that
max max |x;;| <b. (19)
1<i<n 1<j<p

2. There exists an absolute constant My < oo such
that

< Moy/nlog(p).

o0

D (i v (00 x) x,

3. The function % is strictly convex and there exists
an absolute constant cg > 0 such that for all x €
R,

d*(z)

da3

()

<
“s da?

4. There exists 0 < k < & such that for all §y C dy,
for all w € RP, with ||w|o < s, with |Jw||s =1, it
holds

no . L -
kn < w! <;¢ <<x1,9 >) xlx;r> w < kn

5. There exist constants ¢, and M such that for all

1<j#k<p,
n
sup Zw (9, %)) XXk
ﬁeva HﬁHOSS*H i=1
190, |z <cy/ 2= 128@)

<M+/nlog(p).

Remark 2.6. HI}(2) holds if y; — ¢/ ((6,,x;)) is mean-
zero and sub-Gaussian, which holds for many GLM
models, including linear and logistic regression. In-
deed, if data D def {(y:,%:), 1 < i< n}isasequence of
independent and identically distributed random vari-
ables, and the sub-Gaussian norm of y; — ¢'((0,, %))
is 02, then by Hoeffding’s inequality (Vershynin, 2018|
Theorem 2.6.2), and a union bound inequality, there
exists an absolute constant ¢y such that

]P’( >coax/bnlog(p)>§;.

(o)
Assumption H}(3) is the self-concordance assumption
of (Bach, [2010) that is satisfied by commonly used
functions including in linear, logistic and Poisson re-
gression models. For instance, for logistic regression,
Y(x) = log(1l + %), and

d*y(2)

da3

n

> (wi—(0s, ) xi

i=1

(20)

e*(e® — 1)

e? _ d*(a)
(1+ev)3 '

T (1+er)2  da?

Hence H}(3) holds with ¢ = 1. For Poisson regres-
sion 1(z) = €, hence HI}(3) also holds with c3 = 1.

11} (4) can be shown to follow a restricted eigenvalue
assumption on the sample covariance matrix XX /n,
where X € R™P is the matrix of covariates with i-
th row given by x;. To see this, note that for most
reasonable initial estimators, with high probability, it
holds ||0]]1 < ba for some constant by that can be as-
sumed to be independent of (n,p). Therefore, in that
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x1,950 | < b||f||; < B for some

case, using I—i

constant B. Thus, lettmg T = inf,c_B B V' (x) > 0,
we see that with high probability we have

(Zd} <xz,95°> XT>w (21)
—Zw” ((x000%)) (i)

>rw’ (X X)w. (22)

The restricted eigenvalue assumption on the sample
covariance matrix X*X/n is known to hold in setting
where the matrix X can be viewed as a realization of
a random matrix with i.i.d. rows drawn from a sub-
Gaussian distribution. We refer the reader for instance
to (Wainwright|, 2019) Chapter 9 for more details.

11} (5) imposes a bound on the off-diagonal elements
of the Hessian matrices of the log-likelihood. In the
linear case, this corresponds to the limited coherence
assumption of the design matrix commonly imposed
(Candes and Plan}, [2009). See also (Barber and Drton|
2015|) for a similar assumption in a logistic regression
setting.

The following result is proved in the Supplement Sec-
tion [Cl
Theorem 2.7. Assume with p > 4. Suppose that

the initial estimator and the oracle MLE 6%+ satisfy

Sx 10g(p> , (23)

max (10 = 6.]l2, 10— 6.]1>) < C

for some constant C. If the MLE family {0, § € A} is
model selection consistent, then we can find a constant
C' such that with a sample size

n > C'sylog(p), (24)

the one-step family {0°, § € A} is also model selection
consistent.

Remark 2.8. Theorem establishes that OLAP in-
herits the variable selection consistency of the MLE
family. The variable selection consistency of the MLE
family itself is a more classical problem that has been
considered in the literature. For instance, for a class
of sparse GLM models, it is shown to hold in (Barber
and Drton, 2015)) Theorem 2.2 with a high probabil-
ity over the data D under some additional sparsity
assumptions.

3 NUMERICAL ILLUSTRATION

We evaluate OLAP on simulated logistic/Poisson re-
gressions and two gene expression applications. Unless

stated otherwise, we set u = 1 in the posterior .
For the Gibbs sampler in Algorithm [} we set J = 100,
and take (9 as the support of the lasso estimator un-
less stated otherwise.

All experiments were conducted using MATLAB and
R on Boston University’s Shared Computing Cluster
(SCC) using CPU cores; no GPUs were used.
Simulation design (same for Logistic and Pois-

son). We generate X € R™*? with i.i.d. rows
generated from N,(0,%), where ¥y; = ol *l with
o € {0,0.9} (low vs. high correlation). The true 6,

is sparse: its first 10 non-zero points are drawn uni-
formly from (—3,—2) U (2,3). Logistic responses use
Y; ~ Ber(p;), pi = {1 + exp(—(x;,0))}~*; Poisson
responses use Y; ~ Poi(\;), A; = exp({x;,0s)). Per-
formance metric. For a sampled model ¢ and truth
0%, we use the F1 score to measure the performance of
support recovery

2|| min(dy, )]0
Fl1(§) = ——
©) = 5T + 1510

3.1 Illustration Using Logistic Regression

Effect of the initial estimator 6. We compare dif-
ferent initial estimators, lasso, ridge and elasticNet. We
set p=1000 and vary n € {200,...,1000}. The results
are given in Supplement Figure [f] and show that lasso
initialization is best at small n, and all initializations
lead to similar results as n grows (Supplement Fig-
ure @ For this reason, we focus on the lasso initial-
ization for the remaining experiments.

Comparison in terms of accuracy and running
time. We compare OLAP against the following bench-
marks: the exact Bayesian method Exact (Atchade
and Bhattacharyyay, 2019)), ALA-BB and ALA-Complex
(Rossell et all 2021)), Lasso (Tibshirani, [1996), SCAD
(Fan and Li, 2001), MCP (Zhang, 2010), g, £ + ¢1,
lo + ¢ (Hazimeh et al., |2023), mRMR (Peng et al.|
2005), ABESS (Zhu et all [2020), S-Gibbs (Narisetty:
et al., 2018), and SparseVB (Ray et al., [2020). See
Section [Df for the descriptions of these methods.

We set p = 1000, vary n and the design correlation.
We report both medians and standard errors of F1
scores over 50 replications. Against these benchmarks,
OLAP attains top-tier F1 with markedly lower and
more stable runtimes (Tables .

The evaluation of the computing times require some
care, since some of the methods are MCMC-based
while others are optimization-based with hyper-
parameter tuning. For MCMC-based methods (OLAP,
Exact), we evaluate runtimes using the unbiased
MCMC framework (Biswas et al., [2019; |Jacob et al.|
2020)), and performance are measured at the cou-
pling event. In contrast, methods such as SCAD,
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MCP, ¢y-based selections, and ABESS require dataset-
specific hyper-parameters via cross-validation, so their
reported runtime includes this overhead.

3.2 Illustration with Poisson Regression

Effect of the initial estimator . The initial es-
timators behave similarly as in the logistic regression
setting. We observe that Poisson regression models
require a larger sample size n for comparable F1 (Sup-
plement Figures [7)).

Comparison in terms of accuracy and running
time. We compare the performance of OLAP with
the methods in the benchmarks. We drop £y, ¢y + /1,
Lo + £p, S-Gibbs and SparseVB, as the provided soft-
ware does not handle Poisson models.

The median and standard deviation over 50 replica-
tions are presented in Tables in the supplement.
We observe again that OLAP remains very competi-
tive in terms of F1 score while having a modest run-
ning time; ABESS and Exact can match, or, in many
settings, perform better than OLAP but become com-
putationally expensive for large n (Supplement Ta-

bles [5HS).
3.3 Real-Data Illustrations

Breast cancer. Accurate prediction of distant metas-
tasis development in breast cancer can help guide
treatments and ultimately save life. In (van de Vijver
et all [2002), using gene expression data, the authors
developed a prognostic score based on 70 identified
genes to predict the advent of metastasis of breast can-
cer cells in distant organs within 10 years of diagnosis.
In this illustration, we reanalyze the data and com-
pare their 70-genes algorithm with a high-dimensional
logistic regression model. We compare SparseVB, 70-
genes, OLAP and Exact using a 50-fold cross-validation
procedure. OLAP gives higher mean/median F1 score:
SparseVB (0.362/0.509), 70-genes (0.593/0.609), OLAP
(0.688/0.688) and Exact (0.647/0.655). We refer to
Supplement Section [G] for more details and results.

Mouse PCR (GPAT). As another illustration, fol-
lowing (Lan et al., [2006; Narisetty et al., |2018]), we
analyze a mouse PCR data where the objective is to
predict the level (low or high) of glycerol-3-phosphate
acyltransferase (GPAT) using gene expression data.
The level of GPAT in the body is important, as re-
duced GPAT levels have been linked to decreased hep-
atic steatosis, a disease commonly associated with obe-
sity.  We compare by 30-fold cross-validation Spar-
seVB, S-Gibbs, OLAP and Exact in fitting the result-
ing high-dimensional logistic regression. OLAP gives
a lower median RMSE and a higher median F1 score
(0.308/0.889) compared to SparseVB (0.500/0.536), S-

Gibbs (0.524/0.364) and a comparable RMSE and F1
score to Exact (0.293/0.889). We refer to Section Sup-
plement [H] for more details and results.

4 CONCLUDING REMARKS

Variable selection is an NP-hard problem (Welch|
1982)), and algorithms that can solve all versions in
polynomial times are unlikely to exist. Therefore,
identifying instances of the problem (and correspond-
ing algorithms) that can be solved in polynomial time
is of practical importance. Our work in this paper con-
tributes to this literature. We develop a novel Laplace
approximation algorithm that is applicable to a large
class of generalized linear models (GLMs) and beyond.
The resulting algorithm is fast and performs well in
practice. Furthermore, we established that whether
our algorithm provably solves the variable selection
problem reduces to the variable selection consistency
of the underlying class of MLE estimators, a more clas-
sical problem. The numerical experiments illustrate
the competitiveness of OLAP against several existing
methods.

One limitation of OLAP is the computational cost
of the Newton update. In the current implementa-
tion, each component update in the Gibbs sampler is
performed at the cost of a complete re-forming and
Cholesky re-factorization of the matrix #°. Finding
a recursive update to these calculations will signifi-
cantly improve the speed of the algorithm. Another
useful direction for further research is the extension of
the theory of OLAP beyond GLM models.
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[Yes| See Sections to
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(time, space, sample size) of any algorithm.

[Yes] See Theorems [2.3] 2.5] and [2.7]
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reproduce the main experimental results (ei-
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(b) All the training details (e.g., data splits, hy-
perparameters, how they were chosen). [Yes]
See Section [3] and the data generation de-
scription therein. Hyperparameters are fixed
across experiments (u = 0.8, J = 100, lasso
initialization).
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statistics and error bars (e.g., with respect to
the random seed after running experiments
multiple times). [Yes] F1 scores are reported
as medians and standard deviations over 50
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ter, or cloud provider). [Yes] All experiments
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Boston University’s Shared Computing Clus-
ter (SCC) using CPU cores; no GPUs were
used.
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tions [3.3] and Appendix Sections

(b) The license information of the assets, if ap-
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(b) Descriptions of potential participant risks,
with links to Institutional Review Board
(IRB) approvals if applicable. [Not Appli-
cable]

(¢) The estimated hourly wage paid to partici-
pants and the total amount spent on partic-
ipant compensation. [Not Applicable]
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A PROOF OF THEOREM (2.3)

Proof. We partition the model space A as

A={J A@),

dpeC

where

CE{5en:6Cs,}, and A(G) {5 eA: 6 Cd, and min(8,5,) =d}.

We claim that under the conditions of the theorem the following holds true. For all g € C, and all M > 1,

1 >M. (25)

pu/2

> 1100[D) <2 and II(||6]lo > s, + M|D) <2 <
SEA(S0) II(3[D)

We give a proof below. To use the claim in to prove the theorem we observe that § ¢ A; means that either
I6]lo > s« + 7, or min(4, d,) is strictly a sub-model of d,. We can rewrite this statement as

As={5eA: [lo>s.+53 0 | {0€A0): [I0llo <s.+5}
6066’\{6*}

Therefore, using ,

o 2 § (50| D) 11(5|D)
TAID) < e +IGID) D Foms 2 Tam)
S0€C\{5.,} “12) 5en(s0) 0
2 (6| D
<—gmEt? D ﬁg(;ouj;'
p So€C\{8.} O

Take 0y € C, with ||dp|lo = $x — k, for some k > 0. Then from (10) of the main document, we have

11(60|D)

- = puF 0% (@s,; D) — 0% (05.; D)) .
Uy =% exp (I (35, D) = P (35 )

Since the family {05, 6 € A} is variable selection consistent, £% (6%: D) — £%+(0;,; D) < —cokn. Tt follows that
NI 2 > (s,
H(Aj|D) < D2 + 2]; (k) exp (uklog(p) — cokn) .

Hence for con > 2(u + 1) log(p) as assumed in (14) of the main document, we obtain

. 2 o 2
c —conk/2 —con/2
H<'A]|D) < G2 + 2]} 1@ < G072 + 4de ,

which yields the stated inequality.
It remains to prove (28)). Given &y € C, § € A(dy), and setting ||6]|o — ||0o]lo = j, we have

@) _ (1N oo oo,
(50/D) _( ) p (£°(6°;D) — 0% (6°; D)).

The variable selection consistency of {fs, 6 € A} yields (0%, D) — £%(%; D) < ¢;jlog(p), so that,

< exp (—ujlog(p) + c1jlog(p)), (26)
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and we conclude that
ORI U S (i)
seatso) WOIP) 555 s ngaoy: fala=tsollors 1L00D)

<3 ( ) (meniloa(e) < §° o= (umer=DiloB) < o

7>0 7=>0

provided that u > 2+ ¢, and p > 2, which is satisfied by taking u as in (13) of the main document. The second
part of follows a similar argument. Since A = Us,ecA(dg), for any M > 1, we get

§ . I1(8|D
(oo > 5+ MID) = Y TD) > 0P (1)
s0€C SEA(S0): ||8]lo>s.+M (9|D)

Fix §p € C, and set ||dp|lo = so. For k > s,, we have
y o oD s 3 11(é1D)
11(do| D) 11(d0| D)

SEA(80): ||8]lo=>k Jj2k—so €A (d0): |I6llo=s0+i

<> <ij0) exp (—ujlog(p) + 17 log(p))

Jj2k—so

< Z exp (— (u—cy — 1) jlog(p)).

jzk—so
Hence for u/2 > (¢; + 1) as assumed in (13) of the main document we obtain for k > sq, that

I AR CORL CO N

8€A(d0): [18]lo>k i>k—so

Hence, the last display together with implies that for any M > 1, we have

1 \M 1 \M
(5||o>s*+MD<ZZH50|D)( /2) §2<pu/2> |

do€eC

B PROOF OF THEOREM [2.5]

We organize this section in four parts. To make the proofs self-contained, we first recall some basic facts on
the mixing times of Markov chains. The second part contains the actual proof of the theorem. In the third,
we further explore the warm-start condition and its implications on the mixing of Algorithm [I] connecting the
theorem with the practical performance of the algorithm. In the last part, we present some numerical comparison
between the mixing time of Algorithm [1|and the exact algorithm of (Atchade and Bhattacharyyal, 2019).

B.1 Preliminary on Markov Chains Mixing Times

Let m be a density on some measure space X equipped with a sigma-algebra B and a reference sigma-finite
measure dz. We will also write 7 to denote the induced probability measure: m(dz) = 7(z)dz. For a function
f: X = R, we write f € B to say that f is B-measurable. We also define

1£]lo0 sup |f(@)], and osc(f) © sup [£(y) - F(2)]-

y,z€X

We let L?(7) denote the Hilbert space of all real-valued square-integrable functions (wrt ) on X, equipped with
the inner product (f, g) e S f(x)g(x)m(dz) with associated norm || - ||o. We will also make use of the essential
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supremum (resp. essential infimum) of f with respect to 7 defined as ess-sup(f) def inf{fM >0: n({z € X:
()] > MY) = 0} (resp. ess-ing(f) L sup{M > 0: n({x € X+ ()] < M}) = 0}).

If K is a Markov kernel on X, and n > 1 an integer, K™ denotes the n-th iterate of K, defined recursively
as K(z,A) & Jo K" Y2,d2)K (2, A), * € X, A measurable. For f € B, we define Kf : X — R as
Kf(x) def v K v K(2,d2)f(2), x € X, whenever the integral is well defined. And if x is a probability measure on

X, then pK is the probability on X defined as puK (A def Jy 1(dz)K(z, A), A € B. The total variation distance
between two probability measures u, v is defined as

o= vl & 2 sup (4(A) — v(4))

= e (foreuan - [ ).

If the Markov kernel K has invariant distribution 7, without changing the notation, we will also view K as
the linear operator on L?(7) that transforms f to K f as defined above. We write K* to denote the adjoint of
K, that is, the linear operator on L?(r) such that (K f,g) = (f, K*g) for all f,g € L?(r). We say that K is
reversible with respect to 7 (m-reversible for short) if K* = K, and we say that K is positive if it is 7w-reversible

and (f, Kf) >0 for all f € L?(rx). For f € L*(r), we set 7(f) def S f(x)m(dz), Var(f) o Ilf —=(f)||3, and
K(f.) / / v) - £(@)) w(da) K (,dy)
(fLKf). (28)

For ¢ € [0,1), the (-spectral gap of K is

A (K) & inf{\m, feLm) st ||flloe <1,Vars(f) > g}.

We recover the classical spectral gap (denoted A(K)) by taking ¢ = 0, and replacing the infinity norm by the
L2—n0rrrﬂ We note that when K is positive, then 0 < A\¢(K) < 2. This quantity can be used to quantify the
convergence rate of K toward a total variation ball of radius O(y/¢) around 7. Specifically, the following is a
slight modification of Lemma 2.1 of (Atchadé, [2021)). We provide a proof for completeness.

Lemma B.1. Suppose that K is w-reversible and positive, and let ¢ € [0,1). Let mo(dz) = fo(z)m(dz), for some
bounded function fy. For all integer N > 1, we have

Imo k™ — 12, < max (¢l folle, [1= 259N x Vare (fo) ). (29)

Proof. By reversibility, for all j > 1, the density of mo K7 with respect to 7 is f; = K7 fo. Therefore,

Imok? =l = [ 1f5(0) = 1) < Vara (7).

Take f € L?(m). Since n(f) = n(K f), and Var.(f) = (f, f),, — 7(f)?, we have
Varr (K f) = Varc(f) = (Kf, Kf) . = {f, [)r = ([, K. K[) o = (f, ) = =€k (£, ])-

If K is positive (it is therefore 7- reversible), then K* K = K?, and K admits a square root: there exists a bounded
m-reversible operator S such that S? = K, and S commutes with K. Furthermore, with I denoting the identity
operator, [— K is also a positive operator: [— K is clearly m-reversible, and (f, (I— K)f), = | fI3—(f. Kf), >0
using the fact that the operator norm of K is smaller than or equal to one. Hence

(fEf) = (L KKf) = (f(K-K*)f) ={f ST~ K)Sf), =(Sf ([~ K)Sf), >0

2In the definition of A¢(K) one can replace the infinity norm || - | by any other norm that satisfies | K f|| < ||| for
all f € L*(w). We use the infinity norm here mainly for convenience.
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Therefore when K is positive we can have

Val’ﬂ—(Kf) < Varﬂ‘(f) - gK(f»f)

In particular, for all j > 1,
Varr(f;) < Varr(fi-1) = Ex (fi-1, fi-1)- (30)

First, we observe that the last display implies that {Var;(f%), k¥ > 0} is non-increasing. Fix j > 1, and suppose
now that Var.(f;) > ([/fol|%. Since the sequence {Var(fi), k& > 0} is non-increasing, for all 0 < i < j,
Var.(f;) > | foll%- Note also that || fx|leo < || folleo for all & > 0. Therefore, for all 1 <i < j,

Var(f) < Varﬂ<fi_1>sK< L )|fo||io

[l folloo ™ Il foll oo
< Vo (fioa) = Lllc() (Vers (P50 ) = £
< Varg(fi-1) — @Varﬂ(ﬂ_l)
< (1 — AC(QK))ZVarw(fo)-

We conclude that for all j > 1,

Var,(f;) < max [cfonzo, (1-24) Varvr(fo)] .

This ends the proof. O

When X is a discrete set, one can easily adapt the canonical path arguments of (Sinclair, [1992) (see also (Diaconis
and Stroockl, [1991))) to obtain lower bounds on A (K'). Toward that, we recall some basic definitions from graph
theory. A graph (V, &) with the vertex set V and the edge set £ is a set V together with a subset £ of V x V.
We say that (V,€) is undirected if for all (z,y) € V x V, (z,y) € € if and only if (y,z) € £. We write an edge as
(e—,ey), where e_, e denote its two incident nodes. We say that the graph is connected if for all (z,y) € V x V,
x # y, we can find a sequence of edges (zo,21),...,(z¢—1,2¢) such that zg = x, z; = y, and (zx_1,2) € & for
k=1,...,£. The integer ¢ is the length of the path. There may exist many paths linking any two points. For
each pair (z,y) € V, x # y, we assume, given a special path denoted ~,, linking (z,y) that we call a canonical
path. We impose the additional restriction that an edge can appear only once along a given canonical path. We

write |v,y| to denote the length of the canonical path 7, and I’ def {Vzy, @,y € V} for the set of all canonical
paths.

We make the following assumption.

H2. There exists a subset Xy C X such that 7(Xp) > 0, and a connected undirected graph (Xy, £y) with canonical
paths T’ def {Vay, ©,y € X} such that for all (z,y) € &, m(z)K(z,y) > 0.

We define

def 3 aylm(@)7(y) (31)

Yoyt Yoy De 7T(ef)[((ei7 @+)

When Xy = X, m(Xp) is the geometric measure of bottleneck of (Sinclair, [1992) (see also (Diaconis and Stroockl,
1991))). In many cases, by carefully choosing Xy, m(Xy) scales better than m(X’). The next result is analogous
to Proposition 1 of (Diaconis and Stroock, [1991)).

Proposition B.2. Assume ]—@ Given € € [0,1/2), if m(Xp) > 1 — €/8, then A (K) > m(Xy)~L.
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Proof. Take a function f: X — R such that ||f|l« < 1, and Var,(f) > ¢. We have

Var(f) =D D (fy) — f@)m(@)m(y) +2 D> > (fly) - f@) n(2)r(y)

rEXy y€Xo TEXD yeX\ Xy

+ 3 Y () - f@) r@)n(y)

TEX\ Xy z€X\Xp

<D D (Fly) = f@) a(a)mly) + 8m(X \ Xp).

r€Xy yEXp
Using w(Xp) > 1 — (¢/8), we get
2 <Var7T - ) Z Z N2 (z)m(y).
x€Xp yEXp

Hence

EUL L) o Laex 2yer, W) — f(@))’m(2)K (2, y)
Varn(f)—% T Yex 2yen, (FY) = f(@))Pr(@)m(y)

For x # y in Ap, let v,y be a canonical path linking z,y so that we can write, using the Cauchy-Schwarz

inequality:
(F(y) = f(2))* = ( > fleo) - f(e+)>

PG’YTU 6_,€+)
It follows that
5" () — F@) w(a)(y) < TR e K (e e o) - fen))
zty £y €%y ’
_ m@)TWeyl \ 0 VKo e e ) — flei))2
PPy { il b fne ) Klemen(fle-) - e}
<m(F) x 3 (e )K (e es)(fe) — f(es))?
e€éy
X< Y (f) — f@) (@)K (2, y).
z€Xy yEXo

As a result we conclude that for all f: X — R, with || f|lcc <1, and Var,(f) > ¢

) 1
Var(f) —§ ~ m(Xo)

B.2 Proof of Theorem [2.5]

The theorem is proved by applying Proposition and Lemma to the Gibbs sampler chain produced by
OLAP. Indeed, when J = 1, Algorithm [I]is also known as a random scan Gibbs sampler. It generates a reversible
and positive Markov chain with invariant distribution IT that fits the framework presented in Section We
denote K its transition kernel. We prove the result by applying Lemma [B.1] and Proposition The initial
distribution of Algorithm I has a density fy with respect to IT given by: fo(8) = 1/I1(6|D), if § = 69, and
zero everywhere else. Hence,

[ folloo = <p%

1
f1(5©)|D)
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Fix Ag C A to be determined later such that TI(Ag|D) > 15/16, and set ¢ = 8(1 — II(Ag|D)). If we can build
canonical paths on A( such that holds, then by Proposition we get Ac(K) > 1/m(Ap). And since
log(1 — z) < —z for all z € (0,1], it follows that for N > 1 large enough such that

N > 2m(4Ay) log <||f2|2|§°) ,
0

(1-252) = o (1-259)) <om (-55055) < i

Therefore, by Lemma

we have

5§ A N
IKN (6@, ) — ||, < max (Cllfollio, (1 - <(2K)> ||fo||§o> < max (¢l foll%, ) -

We apply this result with the choice Ag = {5 € A: [|6]|o < s, + Jo}. By (25),

- 16]].fol |3 16 [ foll2, _ 16
2 2 00 [e%)
C”fO”oo - 8||f0||oo(1 - H(A0|D) < pu(J0+1)/2 < pu/2 puJO/2 < pu/2’

by taking Jo = 4 /u Hence, for
N > 4m(Ao) (log(1/Co) + arlog(p)) ,

. 4
IEN (@, ) = ey < max ( ——7.¢o ) - (32)
pu/4

We now use the canonical path argument to upper bound the term m(Ag). First, we build a graph on Aq by
putting an edge between § and ¢’ if ||§ — 6’]|o = 1. Clearly, holds. We build the canonical paths by removing
or adding variables as follows. For any 4, we first build a path between ¢ and d,. First, we set to zero (1 term
at the time and in their decreasing index order) the components j of ¢ for which §; = 1 and d,; = 0. We then

reach & def min(d, 4, ). This corresponds to removing nonrelevant variables one by one from the model 6. Then
we set to one (one at the time, and in their increasing index order) the component j of § for which §; = 0, and
d.j = 1. We then reach §,. This corresponds to adding one-by-one relevant variables not already contained in .

Given two arbitrary points § and ¢, we build the canonical path between them as follows. Let 9 denote the
point where the canonical path from 0 to ¢, and the canonical path from ¢’ to §, meet for the first time. The
canonical path from § to §’ is obtained by following the canonical path from § to d, until 9 is reached, then we
follow the canonical path from ¢’ to d, in reverse direction starting from ¢ until §’. We have

s.s] <2 (s + o) - (33)

Let z,y denote the generic elements of Ay. Fix an edge e = (§',d). Let A(e) be the set of all elements of Ay
whose path to d, goes through e. If v,, 3 e then € A(e) or y € A(e) (but not both). Therefore,

|'7Iu|H(x|D) (y|D |7zy|H x‘D (y‘D)
2 11(6'D)K (8", 6) <2 2 Z 11(6' D) K (8", )

Yoy: YoyDe€ z€A(e) yEXD

Yy [T1(z|D)
<22 (6| D)K (6,6)

z€A(e)

Using the last display with , we conclude that

1 11(|D)
Ag) < 4 (84 .
8a) < 4o ) s s 3 o)
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Case 1: § =609 and § = ¢, for some j such that 04 = 0. In this case,

K(',9) =}0 (1— ;8"

1 — (1 —<(5,0 -1
= (1+ exp(~ulog(p) + 2" (B D) = 7" (503 D))

1 1+1 ‘1>11 1), !
p pU/? ) pi/2) ~ 2p’

where we use (11) of the main document to claim that " (85;.1);:D) — 227" (f56.00; D) < 1 log(p), and for
u > 2¢;, and p*/? > 2. Furthermore, in this case, note that &’ O 4, and differs from § only at some j such
that d,; = 0. Therefore, A(e) = A(¢'), that is the elements ¥ € Ag, 4, contains ¢’ and differs from ¢’ only at
components at which d,; = 0. Therefore, as seen in the proof of Theorem 2.2,

3 (D) _
zEA(e) H<6/|D> -

and it follows that

1 II(z|D)
< dp.
K(5.9) 2%) D) =

Case 2: o C 6,0 =600 and § = 60D, for some j such that 0.; = 1. In this case, using (12) of the main
document,

7,0)

Gro0: D))

(5 —(j,1) = _
k(6.0 =2 = 1 (14 exp(utogn) - 6 (G50 D) +
p

p
1 1 1 1

>—(1 1 — >—(1+—F | > —

—p( =+ exp (U Og(p) ch)) ~p ( + eczn/2> - 2p’
for con > 2ulog(p). In this configuration, we see that

AMe) = |J Aa@),
9Co

therefore,

s~ i) g~ H0D) g~ TD) 5~ 101D)

vonie WD) 525 WD) 7, NWD) — 5=, 1(3'|D)

We proceed similarly as in the proof of Theorem 2.2 to show that

(9D
S JOD) <1y geemnrz <
&, (D)

for can > 2(u+ 1) log(p). We conclude that for some absolute constant C.
m(Ag) < C(sx + Jo)p.

We combine this bound with and Jy = 4a/u, to conclude that
KNGO, )~ ||y < 1 for N>C 19 (1og(1 1
[ £ (07, ) = [t < max W7<O , for N> O s+ — | (log(1/Go) + arlog(p)) p;

for some absolute constant C'. This concludes the proof.
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B.3 Further Discussions on the Warm-Start in Algorithm

Suppose that we slightly strengthen the definition of model selection consistency of {#°, § € A} by replacing

and respectively by
(6% D) < U(6°; D) < U(6°:D) + 1 (|16l — [1dollo) Log(p), (34)

and

U6°:D) + (6.l — llollo)n > €(85,:D) = €(6° D) + ex(||d.llo — [|8]l0) - (35)

for some constant c3 > co. Now, suppose that we run Algorithm 1 from some initial state 50 > 0y, with
6@]p = ko. In other words, the initial state has no false-negative, but ky — s, false-positives. Then, noting
that II(0,|D) > 1/2, for n and p large enough as a consequence of Theorem we have:

. . T(5(0)
(50 |D) :H(&D)m 0
o012 .

By the first inequality of , Z(é‘s(o);’D) — 0(6%;D) > 0. Hence, we conclude that

. 1

(0) > -
(0™D) = 2pu(ko—s.)
This inequality means that we can apply Theorem [2.5( with o = u(kg — sx)/2, and it follows that OLAP has a
mixing time that is at most k3log(p) x p. Crucially, in this case, the mixing time of the algorithm does not
directly depend on the sample size n.

Consider now the case where the initial state 6(°) contains some false negatives. Specifically, suppose that we start

OLAP from 6(®) such that ||6(?)||q = ko, but 5 def min(6(?), 6, ) is a strict sub-model of d,, say ||(5£0) llo=s0 < Sx.

In that case, using the definition of IT in , and TI(,|D) > 1/2,
1" | D) 1E | D)
(s, | D) 115" | D)

1 TS 70 - TR TS
Zmexp(ﬁw . D) — (6% D) + 1(6°"; D) — (B ,D)). (39)

[(5® | D) =11(5, | D)

(38)

By the first inequality of , Z(é‘s(o);D) - Z(é5<*0);D) > 0, and the first inequality of yields Z(é‘sio);D) -
£(0% ;D) > —c3(s, — sg)n. Hence, it follows that

exp (—c3(sx — so)n)

(500
HEWIP) > == 505

1
> YR
= 2pa

with o = u(ko — 8,) + £E=50" T that case, it follows from Theorem [2.5 that OLAP has a mixing time that

. log(p)
1s at most
(k + 7(8* — so)n>2 log(p) x p
* log(p) '

Here, the mixing time is still polynomial in (n, p), however, the result suggests that the mixing time is negatively
impacted by the sample size n. This is similar to the worst-case mixing time bound of ns2plog(p) obtained by
(Yang et al.,|2016|) for sampling from a version of for variable selection in a high-dimensional linear regression
model, where, using their notation, sy denotes an upper-bound on s,. Although we have a worst dependence
on n, our work improves on (Yang et al., |2016) in two ways. Firstly, instead of a worst-case analysis, our result
describes more precisely the effect of initializations. Secondly, our analysis does not require an a priori bound on
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S«. We stress however that our results (as well as (Yang et al., 2016])) only provide upper bounds on the mixing
times. It is possible that OLAP actually converges faster than what is described in Theorem [2.5

We illustrate these findings with an example of Poisson regression simulation. The data generation process is
described in Section Here we set p = 1000 and we vary n € {1000, 1500, 2000}. The true model has 10 relevant
variables. For each (n,p) we generate 50 datasets, leading to 50 OLAP distributions II(:|D).

For each posterior, we estimate the mixing time of OLAP using the L-lag coupling method of (Biswas et al., [2019)
(see Section for more details), employing 50 coupled chains. We compare the mixing times of OLAP when
started from the null model, and a version started from 6(?) that contains the true model plus 10 false-positives.
The boxplots of the distributions of the mixing times are given in Figure The results are consistent with
our theory and show that with an initialization without false-negatives, the mixing times is independent of the
sample size. These findings highlight the importance of good MCMC initialization (warm-start).

initialized without false negatives initialized with false negatives
N - N e
| . | 10000 - !
4000 - i ! ! '
1
: ! ! 8000 — |
@ 3000 ® ! :
S S 6000- |
Y Y - L
© 2000 [0)
= = 4000 !
. [ |
1000 } X ! 2000 - ] -
1 I ! -
_|_ . ! T
1 1
0- ‘ ‘ ] 0 ‘ ‘
n=1000 n=1500 n=2000 n=1000 n=1500 n=2000

Figure 1: Estimated mixing times of OLAP under different initialization §(°) and for different data size n. Left:
5 contains all relevant variables and 10 false-positive. Right: 6(9) is null model.

B.4 Further Mixing Times Comparison Between Algorithm [1] and the Exact Sampler of
(Atchade and Bhattacharyya, 2019))

To further illustrate the advantage of OLAP we compare the mixing times of Algorithm [I| with the Metropolis-
within-Gibbs sampler targeting the augmented posterior of (Atchade and Bhattacharyya, [2019) described in
Section We estimate mixing times using the L-lag coupling method (Biswas et al., |2019} [Jacob et al.,
2020). We run coupled versions of the samplers until a coupling event and relate mixing to a moment of the
coupling time. In OLAP we use maximal coupling of the Bernoulli draws. For the Metropolis-within-Gibbs
sampler targeting the augmented posterior of (Atchade and Bhattacharyyal [2019), we construct the coupling as
in (Jacob et al., [2020).

For logistic regression, the results are shown in Figure 2| (low correlation setting) and [3| (high correlation setting).
In this logistic regression setting, n = p = 1000. The results show that OLAP is an order of magnitude faster
than the exact algorithm, both in terms of number of iterations and real time.

For Poisson regression, the results are shown in Figure [ and [f] Here we set n = p = 1000 in the low correlation
case, and n = 2000, p = 1000 in the high correlation case. The results are similar, except in the high-correlation
setting where the convergence of OLAP is slower.
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p=1000, low correlation p =1000, low correlation
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Figure 2: Iterations and mixing time (seconds), logistic regression, low correlation.

p=1000, high correlation p =1000, high correlation
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0 0t
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Figure 3: Tterations and mixing time (seconds), logistic regression, high correlation.

C PROOF OF THEOREM

Proof. Let ¢°(-; D) denote the quadratic approximation of £°(-; D) around 6°. Specifically, for u € Rl%lo,

¢ (w;D) & (6%, D) + <Q~5, u— §6> — %(u — 0% Hs(u—6°),

and ot -
1’ (u; D) = £ (w; D) — ¢° (u; D).

An important step in the argument is to upper bound the remainder |1’ (u;D)| for u close to 6,. This can be
easily done in the setting where the third derivative of v is uniformly bounded. However, this will leave out
the Poisson model. Following (Bachl [2010]), we use the self-concordance assumption in H1-(3) to handle a larger
class of link functions . Specifically, under assumption H1, the following holds. We can find a constant C' that
depends only on c3, & and b in H1 such that for all § C é,,

|7’ (s D)| < Ol =0l 5 Jlu — 00|y x [lu—6°))3, u e RIle. (40)
This claim is proved below. For the time being, assume that holds and fix 8,8y € A. Since 6% maximizes

2%(+; D), we have
(0% D) < 1°(6°; D). (41)

But since §° maximizes ¢°(-; D), we have

P@°:D) = ¢@D) + n°(6%D) > ¢P0°%D) + °@%:D) = P@°:D) + °(6%D) — n°(6°,D). (42)
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p=1000, low correlation p =1000, low correlation
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Figure 4: Iterations and mixing time (seconds), Poisson regression, low correlation.
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Figure 5: Iterations and mixing time (seconds), Poisson regression, high correlation.

We combine and to conclude that
(0% D) — (0% D) < [©°(0% D) — £ (673 D) + ™ (6% )| + [n™ (9°; D). (43)
Hence, proving the theorem boils down to showing that there exists a constant C' < oo such that for all g C J,
7% (6% D)| + [n™ (6°;D)| < Clog(p). (44)
Indeed, if the MLE family {é‘s, d € A} is variable selection consistent with constant ¢y, c2, say, then for dy C 0,
and min(d, d,) = dp, we can conclude from the above argument that
£2(6°;D) — (6% D) < 1 (|I6]lo — [|0llo) log(p) + Clog(p) < (e1 +C) (I16]l0 — lIdollo) log(p).

Similarly, for §y C d,, applying again with dg < d4, and 0 < dg, we get

C2
2
for con > 2Clog(p). This establishes the theorem. It remains to prove and .

02 (6°;D) — (6%, D) > e2 ([18clo = 10 llo) n — Clog(p) = = ([16x]lo — [1dollo) m,

Proof of (40D Given, u,h € R, with h # 0, define

g(t) =Y (u+th), tel0,1].
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H1-(3) implies that |¢" ()| < es|h|g” (), which in turn implies that for all ¢ € [0, 1],

dlog g” (t)
dt

—63|h‘ S S C3|h|.

Integrating these two inequalities thrice we obtain for all ¢ € [0, 1],

g (0)e Mt < g" (1) < g" (0)es M, (45)
’ 1 _ e—C3|h|t , , ” ng‘hlt _ 1
)X ————<g(t)—g(0)<g (0) X ——————, 46
g0 x o <d 0 -g 0 < 0 x (46)
" At — el M — e
" 1—c3lh|t —e ¢ ' " ecs —cs3lhlt —1
—g (0 <g(t)—g(0) —tg (0) < 0
g (0) x Nz <g(t) —g(0) —tg (0) < g (0) x anz
Subtracting ¢ (0)/t* from all sides we get
" 1—C ht+c ht22—€_c3‘h|t ’ t2 "
—g'(0) x Ll el <g(t) — 9(0) ~ t9'(0) ~ L4 (0
czh 2
" €c3|h‘t — (03|h‘t)2/2 - C3|h|t —1
<g (0 .
We apply this with ¢ = 1, and we use a Taylor of e” and e™* to the third order to conclude that
’ h2 " 63 3 ¢ ‘hl "
Y(ut+h) =(u) =P (wh = 59 (w)| < LA =My (u). (47)

Since for all u € Rdllo,
D) = 32 [t = () (P ) (P~ 3" (P (-]
i=1
We conclude with that
M%mDnsifw—ﬁww%WL““éévWK@JO)@“ﬁi&>

2

<SR ey — ) o~ 8,
which is the claim .
Proof of Fix &y C &,. Since §% — g% —= g% — 6% + 9% — 6% and &y C 4,, we get, using (23) of main
document,
0% — 0%l < 0% — 0,1+ 1 > < €y 125D

Hence
s log(p)

6% — 3%, < ©
n

<,

for n > s21og(p). As a result, using , we conclude that

silog(p) ., s«log(p)

7% (6%;D)| < Cn
n n

< C'log(p),

under the sample size condition (24) of the main document. By the definition of % in (7) of main document,

é(;(] _ é(go — (7:[50)71@507
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and under H1-(4), the smallest eigenvalue of H% is at least kn. Therefore, and using the expression of the
gradient G°, we have

where we define G, Vﬁ‘s(u D)|y=p, . According to H1-(2), ||Gs|lcc < Mo+/nlog(p). Hence,

|| g* 50”2 <C H(SOHOlOg <C | 5x 108(P) 10g

On the other hand, a comparison between the j-th component of G% and [G,] 5, gives

. ~ 1 ~
6% — %) < = (H[g*],;oﬂ2 +]|6% 19,

(G, = 160, == 3 (W3 )~ v/ (0., Bl

== > (O —0uk) D", x:))xi5 ik,
k: (5*‘)6:1 =1

for some ¥ on the segment between 6% and 6,. We can then appeal to H1-(4-5) to conclude that
|(G%); = 16.1,] < #nld; = 041 + M1 = 0.1 /nlog(p) < &nld; — 0.1 + Cs. log(p).

‘We deduce that 3/2
o On [sxlog(p) L O log(p) _ (v, [ 5+ 1l08(p)

L a6
KN Hg [g*]‘SU KN n n n

Therefore, , and a similar argument yields

52 log(p) . 5+ 1log(p)
n n

In®(6%;D)| < Cn < C'log(p),

which concludes the proof of .

D NUMERICAL EXPERIMENTS: DESCRIPTION OF THE BENCHMARK
METHODS

D.1 An exact full posterior distribution-sampling method: Exact

We consider the data-augmentation strategy proposed in (Atchade and Bhattacharyyay, [2019). The method,
denoted Exact, consists in sampling jointly (d,6) from the distribution

16110
1 /1 1
H(5J9ID)<><<u ) eXp<—|9<s||§ p°||9 0515 + £(05; )), (48)

PV po 2

for some hyper-parameter pg. One can sample from this distribution by Metropolis-within-Gibbs, alternating
between a Gibbs update on ¢ given 0, and a Metropolis-Hastings update on 6 given & (here we use MaLA).
We note that the marginal distribution of § under is precisely in the main document. We use our own
implementation of this algorithm with hyper-prameters u = 1.5, pg = p, p1 = 1.

D.2 Approximate Laplace Approximations for Scalable Model Selection for Scalable Model
Selection: ALA-BB and ALA-Complex

(Rossell et al.l |2021) propose the Approximate Laplace approximations method, denoted ALA, which targets
the same intractable marginal likelihood arising in Bayesian model/variable selection. Instead of centering the
Laplace approximation at the model-specific MLE, ALA performs a second-order Taylor expansion of the log-
likelihood (or log-posterior) around a fixed baseline parameter, typically corresponding to the null model, and
applies a Newton-type update to obtain a closed-form quadratic surrogate. In our empirical comparisons, we
consider two ALA variants differing only in the prior distribution on § € {0,1}?, with ALA-BB using a beta-
binomial prior and ALA-Complex using a complexity prior.
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D.3 Penalized Likelihood Methods: Lasso, SCAD, MCP,¢y, ¢y + (1, {o + £>

These methods solve the feature selection problem as the support of the solution of the minimization problem
R P
B = argmin{6(:D) + Y R(3))}.
j=1

for some penalty function R. The different methods correspond to different penalty functions. With lasso (Hastie
et al 2015) Ry(z) = A|z|, with a tuning parameter A > 0. SCAD (Smoothly Clipped Absolute Deviation) (Fan
and Li, 2001)) and MCP (Minimax Concave Penalty) (Zhang), 2010)) replace the convex £! penalty of the Lasso with
piecewise quadratic, non-convex penalties that remain flat beyond a data-adaptive threshold, thereby shrinking
small coefficients to ezxact zero while leaving large ones essentially unbiased. Formally,

)\|B|’ |B| < Aa 62
2a)|B| — 5% — N? MBI =520 1Bl <A,
Ri,%AD(ﬁ) = 2(a—1) s A< Bl < a, Rl)\fsp(ﬁ) = 2 2y
2 [
@’ |,8|>a/\, 9 |5|>”y)\,

for tuning parameters A,y. The best sub-selection methods are denoted {g, ¢y + ¢1, o + ¢ (Hazimeh and
Mazumder, 2020; |Hazimeh et al., 2023) and corresponds respectively to R(z) = 1{,—o}, R(7) = 1{z—0} + |7
and R(z) = 11,—0) + A2 /2.

Cross-validation is used to select the optimal regularization parameters or the optimal sparsity level for these
methods. We compute Lasso with the R package glmnet, SCAD and MCP with R package ncvreg, and the best
sub-selection methods with R package LOLearn.

D.4 ABESS: Adaptive Best Subset Selection

ABESS (Zhu et al., [2020)) is a polynomial-time, provably consistent algorithm that incrementally grows the active
set. Starting from the null model, ABESS adds (and occasionally swaps) variables via sure-screening, solves the
restricted least-squares at each subset size, and uses warm starts to approximate the global best-subset path.
Cross-validation is used to select the optimal regularization parameter of ABESS. We compute ABESS using the
R package abess.

D.5 mRMR: Minimum Redundancy-Maximum Relevance
mRMR (Peng et al., |2005]) is an information-theoretic filter. For a candidate subset S, it maximizes

WRMR(S) = 55 S I(X:Y) — 1 3 104X,

JES j,keS

where I(-;-) denotes mutual information, thus favoring features that are individually informative about Y yet
minimally redundant with each other; a greedy forward search is typically used. We compute mRMR using the
R package mRMRe.

We manually choose the sparsity level |S| = 5, |S| = 10 and |S| = 20, namely mRMR-5, mRMR-10 and mRMR-20.

D.6 Sparse VB: Variational Bayes

SparseVB (Ray et all [2020) assumes a spike-and-slab prior to the coefficients and uses a family of factorized
variational Bayes distributions (“mean field ) to approximate the posterior distribution; the Coordinated ascend
variational inference (CAVI) returns posterior inclusion probabilities that can be used to obtain a sparse estimate
of coefficients. We compute SparseVB using the R package svb.
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Figure 6: Comparison of F1 scores for different initial estimators for logistic models.

D.7 Skinny Gibbs

This method (Narisetty et al., 2018]) accelerates classic spike-and-slab MCMC by updating only a shrinking or
“skinny” set of promising variables at each sweep; its per iteration cost is O(np), but it retains strong consistency
of model selection even when p > n. We compute S-Gibbs using the R package skinnybasad.

E NUMERICAL EXPERIMENTS: LOGISTIC REGRESSION RESULTS

E.1 Effect of the Initial Estimator 0

We compare lasso, ridge and elasticNet. We set p=1000 and vary n € {200,...,1000}. The results are given on
Figure [6] and show that lasso initialization is best at small n, and all initializers become similar as n grows.

We compare three different initializations: lasso, ridge, and elasticNet, utilizing R package glmnet. We focus on
the case where p = 1000 and increase the sample size n from 200 to 1000, in both the low and high correlation
settings. In each simulation set up, we again run Algorithm [I] 50 times and report the median F1 scores of the

50 chains after mixing.
We observe in Figure [6] that the F1 score is an increasing function of the sample size, and in all scenarios, the
lasso initialization produces the highest F1 scores. We also observe that, given enough sample size, all three
initializations perform well, which is consistent with our theoretical findings.

E.2 Comparison in Terms of Accuracy and Running Time

The results are presented in the main body Tables which shows when ¢ = 0, OLAP, Exact, and SparseVB
achieve comparable F1 scores, outperforming most methods, while ¢y and its variants perform slightly better at
n = 200. However, OLAP maintains consistently low runtime, unlike Exact, £p-based methods, and SparseVB,
whose costs grow with n. Under high correlation, OLAP matches Exact in accuracy but retains stable runtime,
whereas the mixing time of Exact increases sharply with sample size. In general, these findings highlight OLAP’s
advantage in achieving competitive accuracy while substantially reducing computational cost, making it superior

in terms of the accuracy-cost trade-off.

F NUMERICAL EXPERIMENTS: POISSON REGRESSION RESULTS

F.1 Effect of the Initial Estimator §

The results is reported on Figure[7] We observe that the Poisson regression requires comparatively larger sample
size for comparable F1 scores to the logistic regression. The effect of initial estimators is similar to that in the

logistic regression setting, with lasso outperforming the others.
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Figure 7: F1 vs. initial estimator for Poisson models, low (left) and high (right) correlation.
n=200 n=300 n=400 n=500 n=1000
Method Median Std. Error Median Std. Error Median Std. Error Median Std. Error Median Std. Error
OLAP 0.429 0.135 0.789 0.133 0.900 0.107 0.952 0.057 1.000 0.007
Exact 0.533 0.170 0.833 0.131 0.947 0.197 1.000 0.144 1.000 0.016
ALA BB 0.000 0.000 0.333 0.044 0.462 0.075 0.667 0.127 1.000 0.092
ALA Complex 0.000 0.104 0.000 0.177 0.000 0.151 0.182 0.144 0.824 0.035
Lasso 0.462 0.241 0.606 0.114 0.597 0.136 0.714 0.138 0.817 0.145
SCAD 0.321 0.090 0.297 0.061 0.292 0.060 0.317 0.062 0.500 0.153
MCP 0.509 0.129 0.563 0.084 0.563 0.095 0.606 0.126 0.833 0.144
mMRM-5 0.533 0.136 0.667 0.075 0.667 0.026 0.667 0.000 0.667 0.000
mMRM-10 0.500 0.128 0.700 0.125 0.800 0.095 0.900 0.090 1.000 0.044
mMRM-20 0.400 0.096 0.533 0.076 0.600 0.062 0.667 0.035 0.667 0.009
ABESS 0.625 0.149 0.889 0.115 0.952 0.065 1.000 0.032 1.000 0.027

Table 5: F1 scores for Poisson feature selection. p = 1000, low correlation.

F.2 Comparison in Terms of Accuracy and Running Time

We again consider different sample sizes n with low and high correlations. We show the F1 results in Table
and [6] and the runtime results in Table [7] and [§] We observe that the Poisson problems are more difficult than
logistic problems.

In the low-correlation setting, we see that, generally, OLAP only underperformed Exact and ABESS, but Exact
takes much longer to mix, and the cost of ABESS also increases much faster than OLAP along with n. The
observation is similar under the high-correlation setting, again reaffirming our claim that OLAP has an advantage
in terms of the trade-off between accuracy and costs.

G A BREAST CANCER DATA EXAMPLE

We illustrate the method with a high-profile breast cancer data example taken from (van de Vijver et al., 2002).
Accurate prediction of distant metastasis development in breast cancer can help guide treatments and ultimately
save life while preserving quality of life. In (van de Vijver et al.l 2002)), using gene expression data, the authors
developed a prognostic score based on 70 identified genes to predict the advent of breast cancer cell metastasis
in distant organs within 10 years of diagnostics. In this illustration, we re-analyzed the data collected by the
same research group in (van de Vijver et al., 2002) and we compare their 70-genes profile rule with a logistic
regression model for predicting the advent of distant metastasis within 5 years.

The data contains 295 women, all younger than 53 years old, with stage I or II breast cancer. Gene intensity
measurements of 24496 genes along with 13 clinical variables were collected from the patients. Of the 295 patients,
151 had lymph-node-negative disease, and 144 had lymph-node-positive disease. 10 of the lymph-node-negative,
and 120 of the lymph-node-positive had received more aggressive therapy, including chemotherapy, or hormonal
therapy, or both. Clearly, the advent of distant metastasis depends on the stage of the cancer when detected, and
on initial treatment received. However, despite the cases of lymph-node diseases, most of the cancer cases appear
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Method n=200 n=300 n=400 n=500 n=1000
OLAP 0.43 0.37 0.37 0.36 0.88
Exact 0.45 4.03 6.6 8.46 14.35
ALA BB 2.06 2.94 3.89 4.69 4.85
ALA Complex 0.88 0.97 1.09 1.14 1.68
Lasso 0.41 0.63 0.89 1.21 5.45
SCAD 4.16 9.81 17.07 24.8 39.11
MCP 2.7 8.04 16.41 23.85 73.06
mMRM-5 0.01 0.01 0.01 0.01 0.01
mMRM-10 0.01 0.01 0.01 0.01 0.02
mMRM-20 0.02 0.02 0.02 0.03 0.04
ABESS 0.05 0.12 0.23 0.41 2.51

Table 6: Running time (seconds) for Poisson feature selection. p = 1000, low correlation.

n=200 n=300 n=400 n=>500 n=1000 n=1500 n=2000

Method Median Std. Error Median Std. Error Median Std. Error Median Std. Error Median Std. Error Median Std. Error Median Std. Error
OLAP 0.222 0.132 0.293 0.16 0.44 0.168 0.596 0.189 0.783 0.089 0.952 0.062 1 0.057
Exact 0.286 0.164 0.556 0.189 0.594 0.198 0.778 0.13 0.894 0.115 1 0.076 1 0.07
ALA BB 0.000 0.000 0.182 0.065 0.182 0.077 0.462 0.102 0.743 0.118 1 0.155 1 0.155
ALA Complex 0.000 0.083 0.000 0.139 0.000 0.124 0.000 0.152 0.571 0.099 0.778 0.076 0.800 0.052
Lasso 0.229 0.064 0.265 0.07 0.281 0.076 0.314 0.057 0.31 0.052 0.286 0.046 0.299 0.066
SCAD 0.268 0.076 0.312 0.085 0.277 0.12 0.415 0.091 0.508 0.169 0.769 0.181 0.851 0.153
MCP 0.325 0.12 0.464 0.121 0.4 0.156 0.5 0.156 0.64 0.166 0.857 0.151 0.909 0.162
mMRM-5 0.267 0.16 0.4 0.14 0.267 0.185 0.533 0.141 0.533 0.123 0.667 0.058 0.667 0.037
mMRM-10 0.3 0.162 0.4 0.166 0.4 0.21 0.6 0.178 0.8 0.131 0.8 0.122 0.9 0.116
mMRM-20 0.267 0.111 0.333 0.124 0.333 0.157 0.433 0.11 0.533 0.088 0.6 0.083 0.6 0.078
ABESS 0.375 0.153 0.556 0.187 0.6 0.182 0.7 0.154 0.857 0.087 1 0.08 1 0.086

Table 7: F1 scores for Poisson feature selection. p = 1000, high correlation.

to be at similar stages, and following (van de Vijver et al., |2002)), we will not account for these interactions in
the analysis. As response variable y, we consider the advent of distant metastasis within five years, as a binary
response {0, 1}.

To reduce the size of the covariates, we adopted the pre-processing method implemented by (Guo, [2018)), with
one-at-the-time initial logistic regressions that keeps only genes with p-value less than 0.01. To this initial set of
genes, we then add the 70 genes identified by (van de Vijver et al.| [2002), if they are not already selected by the
individual T-tests. This pruning process generates a dataset with 295 patients and 1083 genes.

We compare the performance of SparseVB, OLAP, and 70-genes, the predictive model of (van de Vijver et al.,
2002|) based on the 70 genes they have identified. For the comparison, we use a 50-fold cross-validation procedure.
In each cross-validation replication, the test sample size is 30, and the remaining 265 samples are used for training.
To avoid distortion, when sampling the test set, we require that the number of 1 and 0 be approximately equal.
As a performance metric, we compute the F1 score in correctly predicting the outcome variable on the test set.
Table [0]shows the mean, median and standard deviation of the F1 score from the 50 cross-validation replications.
The results clearly show a better performance of OLAP both in terms of accuracy and stability.

H A MOUSE PCR DATA EXAMPLE

As another illustration, we analyze the mouse PCR data also previously analyzed in (Lan et al.| |2006; [Narisetty
et al., 2018). The dataset comprises expression levels of 22575 genes obtained from 31 female and 29 male mice,
totaling 60 arrays. In addition, the physiological phenotype glycerol-3-phosphate acyltransferase (GPAT) was
measured using quantitative real-time PCR. These gene expression and phenotypic data are publicly accessible
in the GEO database (http://www.ncbi.nlm.nih.gov/geo; accession number GSE3330).

We want to predict whether a mouse has low GPAT levels given its genetic expression. The level of GPAT in the
body is important, as reduced levels of GPAT have been associated with a decrease in liver steatosis, a disease
commonly associated with obesity.

Similarly to (Narisetty et al., 2018), we derive the binary response variable based on GPAT levels, defined as
y = I(GPAT < Q(0.4)), where Q(0.4) represents the quantile of 40% of GPAT. And, given the extensive number
of genes, we also did a similar gene pruning as in the previous example, by conducting marginal simple logistic
regression of the response y against individual genes. But unlike (Narisetty et al., [2018), and in order to make
our experiment more challenging, we select 500 genes that have the most marginally significant p-values, instead
of 99 in the original work. Together with the gender variable, this results in p = 501 covariates.
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Method n=200 n=300 n=400 n=500 n=1000 n=1500 n=2000
OLAP 2.27 4.41 6.00 5.39 4.34 10.02 25.51
Exact 4.39 9.62 16.28 11.27 12.56 13.69 46.83
ALA BB 3.22 5.15 6.84 9.61 7.07 5.74 5.31
ALA Complex 0.91 1.03 1.14 1.33 2.37 2.22 2.07
Lasso 0.68 1.10 1.66 2.16 7.67 57.80 33.33
SCAD 4.44 6.60 9.42 12.51 15.02 150.73 214.133
MCP 3.94 7.09 10.91 15.62 22.30 107.90 150.493
mMRM-5 0.01 0.01 0.01 0.01 0.01 0.02 0.026
mMRM-10 0.01 0.01 0.01 0.01 0.03 0.04 0.0475
mMRM-20 0.02 0.02 0.03 0.03 0.05 0.07 0.0885
ABESS 0.06 0.15 0.29 0.50 3.42 12.82 33.0305

Table 8: Running time (seconds) for Poisson feature selection. p = 1000, high correlation.

Sparse VB  70-identifiers OLAP Exact

Mean 0.362 0.593 0.688 0.647
Median 0.509 0.609 0.688 0.655
Std. Error 0.294 0.109 0.076 0.1013

Table 9: F1 for the breast cancer data.

Sparse VB Skinny Gibbs OLAP Exact

Mean 0.4825 0.5751 0.3172  0.2926
Median 0.5000 0.5236 0.3080  0.2754
Std. Error 0.0903 0.1279 0.0561  0.1227

Table 10: RMSE for the mouse PCR example.

Sparse VB Skinny Gibbs OLAP Exact

Mean 0.4724 0.3786 0.8430  0.8542
Median 0.5357 0.3636 0.8889  0.8889
Std. Error 0.3223 0.1993 0.1806  0.1487

Table 11: F1 scores for the mouse PCR example.

For comparison, we apply SparseVB, S-Gibbs and OLAP. Similarly to the breast cancer data experiment, we
randomly select 30 different pairs of training and test data sets. To have results comparable to (Narisetty et al.|
2018)), we report in Table[10| the square root of the mean squared error (RMSE) as a performance measure, which

is RMSE = (/£ > "(y; — #;)2, where #; is the probability predicted by the logistic model. We also report in
Table [L1] the F1 score in correctly predicting the outcome variable on the test set. The results here again show

that OLAP works better than S-Gibbs and SparseVB, in terms of both the performance and stability in these
measures.



