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Abstract

Generating samples from exponentially tilt-
ing a given distribution of random vectors
when samples from the given distribution are
available finds applications in fields such as fi-
nance and climate science and in the broad
area of rare event simulation. In this article,
we discuss the asymptotic efficiency of an es-
timator obtained by exponentially tilting the
empirical distribution. We provide a sharp
characterization of how much one can accu-
rately tilt distributions given a certain num-
ber of samples. Our findings reveal a surpris-
ing dichotomy: While twisting unbounded
distributions is a fundamentally hard task,
for bounded distributions, one can accurately
tilt by a large amount using much fewer sam-
ples.

1 INTRODUCTION

Exponential tilting of random variables or vectors is a
technique in the field of rare event sampling and Monte
Carlo simulation. It has wide applications ranging
from finance to climate science ((Ragone et al.l [2018)),
(McLeish & Menl 2015)). Excellent reviews of expo-
nential tilting include (Alvol 2022, Chapter 1), (Juneja
& Shahabuddin) 2006) and (Asmussen & Glynn, 2007,
Chapter 6).

Exponentially tilted distributions are central to light-
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tailed large deviations theory. Conditioned on sums of
ii.d. random variables taking a large deviation, the
limiting distribution of individual components (as the
number of variables tends to infinity) is the exponen-
tially tilted version of the original distribution (See
(Dembo & Zeitouni), 2010)).

In mathematical finance, Black and Litterman (Black
& Litterman, 1990, 1992)) pioneered a model for fi-
nancial securities which was motivated by finding a
model in proximity to the physical model which satis-
fies certain expert-suggested views that are expressed
as constraints on the expectations of a linear function
of the underlying random variables. Technically, this
corresponds to finding a probability measure that min-
imizes an entropic divergence with respect to a given
probability measure and satisfies certain moment con-
straints. The optimal solution for the KL divergence
is well known to correspond to a new measure that is
an exponentially twisted version of the original mea-
sure((Buchen & Kelly, (1996)).

Further motivation also arises from sampling litera-
ture. Indeed, the proposed tilting is an example of self-
normalized importance sampling (SNIS) (see (Owen)
2000, Chapter 9)), also known as ratio sampling (see
(Hesterberg) |1995))) and weighted importance sam-
pling (see (Rubinstein) [1981], Section 5.6)). There are
multiple applications of SNIS, such as Bayesian data
problems(Kong} [1997)) and policy selection(Kuzborskij
et all |2021)). The subsphere of exponential tilting is
again motivated by a minimization problem involving
moment constraints(Clark, [1966; [Fuh et al., [2013).

Theoretical results for SNIS are relatively limited (as
remarked in (Cardoso et al., 2022, Section 2.3)). For
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instance, upper bounds on the bias and variance of the
estimator in the L' and L? distance can be found in
(Agapiou et al. [2017). However, these works do not
develop lower bounds as we do. Additionally, they do
not use the KS distance, which is our focus. To the
best of our knowledge, there are no results characteriz-
ing tilting thresholds that demarcates the region where
empirical estimation is accurate and where it is not.

Our question: when is empirical tilting of random
vectors hard? is answered using two heuristics :
large tilts require large number of samples, and tilt-
ing unbounded random vectors is harder than tilting
bounded ones. We develop theoretical versions of these
and demonstrate accuracy through simulations.

Let X be a random vector on R, d > 1, g : R* — R¢
be a suitable site-specific tilt, and # € R? be a vector
such that E[e?” 9(¥)] < co. Then, we denote by Xy the
tilted random vector whose distribution is given by

E[eﬁ‘Tg(X) 1xeal

P[X@ S A] = W (1)

Given independent and identically distributed samples
X1, Xo,..., X, of X, the reweighed empirical estima-
tor IR, ¢ is given by

n 0T g(X;
D e

Plftn € 4] = =S5 (2)

The quantity central to our investigation is given by

E[e207 9(X)
My = %- (3)
E[e g( )]2

Observe that My = 1 + cv(e? 99)2 where cv(Y) =

%ﬁy) is often used to quantify the accuracy of em-

pirical estimation of Y.

In this article, we delineate asymptotic regimes under
which the reweighed empirical estimator R, ¢ accu-
rately estimates Xy as (n,6) jointly vary. In particu-
lar, if KS denotes the Kolmogorov-Smirnov distance,
then we achieve each of the following aims.

(a) Fixing 6 € R, we provide a rate of convergence of
KS(Ry 0, Xg) to zero in 1D and demonstrate that
the scaled limit’s expectation and fluctuations are
controlled by Mjy. (Section

(b) If 6,,m > 1 converges to infinity, we cre-
ate a regime in terms of My, within which
KS(Ry.0,, Xp, ) converges to zero with an a priori
rate of convergence. (Section [3)

(¢) If X is a bounded random variable, we make tail
assumptions on X and comment on the asymp-
totic behavior of R, g, if KS(Xy,,Rne,) 7 0.

In particular, we show that tilting by 6, can
be performed with polynomially many samples in

0,,.(Section

(d) We repeat the above exercise for bounded random
vectors in multiple dimensions and show that the
number of samples required for accurate tilting is
polynomial in 6,,.(Section

(e) For unbounded random variables/vectors, we
prove that accurate tilting requires exponentially
many samples in 6,,, in contrast to the bounded
case. (Section [6])

Experiments are included in Section [7]

2 TILTING FOR FIXED ¢

In this section, we establish asymptotic consistency of
the estimator equation 2] in the KS distance on the
v/n scale. Further, we show that the average maximal
fluctuations of the scaling limit are ©(Mpy).

In this section, let X be a continuous random wvari-
able. Furthermore, let n > 1 be a positive integer,
0 € R be a fized positive real number and g : R — R
be a strictly continuous increasing function on R. We
will let n — oo and assume that E[e?9(X)] < co. For
the sake of clarity, we redefine the one-dimensional ver-
sions of equation [I] and equation [2} That is,

E[eeg(x)lng]

P(Xg € A) = ~Eee0] (4)

and if X1, X5, ..., X, are iid with distribution X, then

P s Pt 5
Z?:l ng(qu) ) ( )

P(Rnﬂ € A) =

Note that F, g(z), the CDF of R, ¢ is a random CDF
since R, ¢ depends upon the random samples X;. Let
Fjy be the CDF of Xy. Define the Kolmogorov-Smirnov
(KS) distance between two random variables U, V with
CDFs F’U7 FV by

KS(U,V) = ilelﬁ |Fu(z) — Fy (). (6)

Our first main result reads as follows. Recall that
a Gaussian field G on R is an R-indexed stochas-
tic process G = {G(x) : © € R} such that for ev-
ery Ti,To,...,Tm € R,m > 1, the random vector

{G(z1),...,G(xm)} is Gaussian.

Theorem 1. There exists a Gaussian random field Gy
on R such that

ViKS(Fyo. Fo) % Z,
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where Z = sup, |Go(x)|. Furthermore, there exist con-
stants C1,Cs > 0 independent of X and 6 such that

Civ/My < E[Z] < Cy/My,
where My is as in equation[3 Furthermore,

P(1Z — E[Z]] > u) < e™*"/M (7)
for all u > 0.

Observe that the expectation and concentration
bounds together imply that Z ~ O(Mp) with high
probability.

A brief explanation follows. The convergence result
is a consequence of standard empirical process theory,
including Donsker’s theorem and the delta method.
In order to establish bounds on E[Z], we make use
of well-established upper and lower bounds on the ex-
pected suprema of Gaussian processes. Finally, the
concentration bound is a standard consequence of the
popular Borell-TIS inequality. For the detailed proof
of Theorem [T} the reader is referred to Appendix [A]

3 ACCURATE TILTING IN ONE
DIMENSION

In this section, let X be any random variable, and
g : R — R be a measurable site-specific tilt function.
Assume that E[e?X)] < oo for all n > 0, which is
certainly true if g(X) is bounded. Let n € N and
# > 0. In this section, # and n will be made to tend
to infinity jointly. Recall equation [] and equation
the distributions of Xy and R,, ¢ respectively, and their
associated CDFs Fp and F;, o.

Our main result for this section reads as follows.

Theorem 2. Let 0,,n > 1 be a sequence. If

. My,
lim —=

n—oo n

:O7

then spKS(Fy 0, (x), Fy, (2)) 4 0, where s, is any se-
quence such that
M
lim s2—%~ = 0. (8)

n
n— oo n

That is, provided that 6, doesn’t grow too fast, it
is possible to asymptotically accurately sample from
Xy with an explicit bound on the KS accuracy. Note
that this includes the previous case where 6 is fixed
and g(z) = x, which implies that s, = o(y/n) works.
However, no scaling limit is provided, hence this result
is weaker than Theorem [1] for this specific case.

An illustrative example of this result is X = Exp(1),
with 6, = 1 — % and site-specific tilt g(x) = 2. One

computes that My = ©(y/n).
0 provided that s, = o (n

illustrative in light of the fact that 6, — +oo is not
necessary.

M
Therefore, s2 =~ —
n

P

This is particularly

Now, let X be uniform on the set {1,2,...,6}. Let
0, = Clogn for some C < £, g(x) = x, and note that

1-6C

M,, = ©(n5), which implies that if s, = o(n™ 2 )
then S%MZ% — 0. This particular application cannot
be replicated by any of the other results, whose tail or
continuity assumptions would debar X.

We shall now provide the following rough idea of the
positive bound. Note that the numerator of equation[d]
is similar to the numerator of equation [5 and likewise
the denominators are expected to be close for large
n. Thus, the two CDFs should also be close to each
other, once we combine these two observations. More
rigorously, we will prove the following result.

Proposition 1. For anyt >0,n>1 and 6, € R, let

T, = LE[e?9]. Then, we have

P |sup |Fp e, () — Fy, (z)] > t}

<P |sup

xT

>T,

i Z eeng(X'i)1Xi<m _ E[697L9(X)1X<x]
n < <
i=1

> T,

+P

1 Z eI 9(Xi) _ [efn9(X)]
n
i=1

While the second term above is rather easily bounded,
the first term requires a specific concentration result
from empirical process theory, which we proceed to
apply in our result. We will prove the following result
using (Lederer & de Geer| 2014, Corollary 3.1).

Theorem 3. Let Y1,...,Y, be iid random variables
with distribution Y such that E[Y?] < co. Let

Zn = sup Zyvilyigz — E[Ylygz] .

T li=1

Then, for every e,z > 0,

P(Z,> (14 eE[Z,)) +z) <

where M = E[Y?].

The proof of Theorem [2| follows by treating the sec-
ond term on the right hand side of Proposition [I| using
Chebyshev’s inequality, and the first term using The-
orem [3] We relegate its proof to Appendix [B]
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4 TILTING IN THE 1D WEIBULL
REGIME

Note that previous sections do not contain negative
results. It turns out that tail assumptions are nec-
essary to obtain negative results, and in this section
we state the one-dimensional assumptions and results,
which motivate, but are strikingly simple compared to
their analogues in high dimensions.

Throughout this section, let X be an upper bounded
random variable, and

M =sup{z:P(X <z) <1}

be the supremum of the support of X. As usual, let
0n,n > 1 be any sequence, and recall My from equa-
tion [3] Our method relies on the idea of scaling lim-
its. In particular, the following result associates scal-
ing limits to asymptotic accuracy in the KS distance.

Lemma 1. Let X ,,, X2, be two sequences of random
variables such that for some sequences a,, and b, > 0,
we have

Xin — Un
,biagzh 9)

for some random variables Z1, Zs.

(a) If Zy £ Zy, then KS(X1p, Xon) — 0 if Zy is
continuous.

d
(b) If Z1(z) # Zo(x) then KS(X1 pn, X2 pn) 7 0 (even
if one of Z1, Zs has atoms).

We will prove the lemma in Appendix [A] As a result,
we can focus our attention on scaling limits for Xy,
and Ry 9, .

Our tail assumptions arise from extreme value the-
ory. The Fisher-Tippett-Gnedenko theorem states
that the maximum of X7, X5, ..., X, possesses a limit
only in three well-known scenarios in one dimension:
the Weibull, Gumbel and Frechet limits. We restrict
our attention to the Weibull regime, since it pertains
specifically to (upper) bounded random variables.

Before we define the Weibull regime, we require the
definition of a regularly varying function (see (Bing-
ham et al) [1987, Page 18, Section 2)). A function
f R — R, is regularly varying at 0 with index o € R
if for all u > 0,

Hm O

An analogous definition holds for f being regularly
varying at (positive) infinity. As a canonical example,
@ is regularly varying of order v at 0 and infinity, for
any a € R.

(10)

Given that exponential twisting biases towards larger
samples, it is expected that regulated behavior of ex-
ponentially tilted samples is possible only when the
underlying random variable is well-behaved at values
near its maximum. This is particularly apt when one
wishes to obtain asymptotic results, as is the case in
our article. Therefore, we shall now make some as-
sumptions on this behavior which are inspired by ex-
treme value theory, that will aid us in obtaining nega-
tive results.

Apart from their natural origin in extreme value the-
ory, tail assumptions have been seen in the context of
rare event estimation for random walks (Blanchet &
Glynn, [2008).

Assumption 1. We assume that the random variable
X with CDF Fx falls in the Weibull regime with pa-
rameter o for some a > 0. That is, the function

= PX>M-z)=1—-Fx(M —1)
is reqularly varying at 0 of order «.

Note that @ = 0 is not allowed: bounded random
variables which satisfy the above assumption but with
a = 0 may not fall into the Weibull regime. For ex-
ample, if P(X = M) > 0 then X does not satisfy
Assumption |I| since for any u > 0,

oy L= Ex(M —tu) _ P(X = M)

t—0 1 — Fx (M — u) _]P(X:M)

=1=1"

However, o = 0 is debarred. Note that we were never-
theless able to obtain results on tilting such a random
variable (fair dice roll) in the previous section using
Theorem 2

Some examples are as follows. If X = UJ[0,1] then
M =1and P(X > 1 —u) = u is regularly varying of
order 1 at 0. Hence, a uniform random variable is in
the Weibull regime with parameter a = 1. We include
some more examples below, whose justifications will
be provided in Appendix

Examples of Weibull Random Variables: Each
of the following random variables lies in the Weibull
regime.

(a) Beta(a,b), for any a,b > 0 are in the Weibull
regime with parameter o = b.

(b) Truncated normal and truncated exponential ran-
dom variables are in the Weibull regime with pa-
rameter o = 1.

(¢) The sum of two (possibly dependent) random
variables X,Y, where X and Y themselves lie in
the Weibull regime.
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Note that F'xy must be continuous at M but not nec-
essarily elsewhere.

We now state the .
Lemma 2 (Fischer-Tippett-Gnedenko). ((Resnick,
1987, Proposition 0.3)) Suppose that X is in the
Weibull regime, and X1, Xs, ..., X, are iid with dis-
tribution X. Then,

M — max{X1, X2, ..., Xpn}

M—Fgt(1-1)

in distribution, where W,, is a Weibull random vari-
able having the distribution Go(x) = exp(—(1 +
ax)~ V) for z < 0.

-W,

We shall now reduce a nicely behaved family g : R — R
of site-specific tilt functions to a single case. Typical
examples of g include g(z) = x (exponential tilting),
g(x) = x* for some a > 0, and g(z) = C'log = for some
C > 0 (polynomial tilting). However, the latter form
of tilt is rather mild and is therefore applied most often
while tilting heavy-tailed random variables, which we
do not consider.

This motivates the assumption :

Assumption 2. g : R — R is strictly increasing and
continuous. Furthermore, g(M)—g(M—z) is regularly
varying at 0 of index B > 0.

The following result shows that if X is in the Weibull
regime, then Y = ¢(X) is in the Weibull regime as
well, allowing us to assume g(z) = z in our analysis.

Lemma 3. If X is in the Weibull regime with index
a > 0 and g satisfies Assumption [3 with parameter
B8 > 0, then g(X) is in the Weibull regime with index

a
E>O'

We are now ready to state our main theorems of this
section. Let X be in the Weibull regime with param-
eter a > 0, maximum value M and CDF Fyx. Since
all the regimes depend upon the asymptotic behavior
of My, , our first result establishes polynomial growth
of Men.

Theorem 4. We have

1 27«
(1_FX (M—en)> Mgn — 7]_—‘(]_4»04)

By Assumption |l| and a combination of (Bingham
et al., 1987, Theorem 1.4.1 and Proposition 1.5.1), it
is clear that My grows at most polynomially. This
theorem is a simple corollary of the following lemma,
which follows from Karamata’s Tauberian theorem for
regularly varying functions.

Lemma 4. The sequence E[e?"X], as 0, — oo satisfies
E[efX]
efn M (1 — FX (M - i))

—T'(1+a).

The appearance of the I'" function above hints at its
appearance in the scaling limit for Xy as well. While
the analysis is subtler than the proof of Lemma [4] our
next result explicitly establishes the scaling limit for
Xy in this regime as a Gamma random variable.

Theorem 5. Let X be in the Weibull regime with pa-
rameter « > 0 and mazimum value M. As 0, — oo,
we have
0(M — Xo,) 5 T(a, 1),
where T'(a,b) is the positive random variable with den-
sity
b(l

I'(a)

a—1_—bx

e ", x>0.

fF(a,b) (I) =

Finally, under the three regimes mentioned at the start
of this section, we state the scaling limits of R, g, . The
behaviour of the estimator depends upon the limiting
fraction of samples whose weights grow disproportion-
ately with respect to the rest of the population, and
thus contribute in the limit. While there are none in
part (1) and one such sample in part (3), the critical
regime posits a random (in fact, Poisson) number of
limiting samples with disproportionately high weights.
The asymptotic contribution of these weights is there-
fore dictated by their limiting position, leading to a
Poisson random measure in the limit. This is related
to extremal processes, see (Resnick, Chapter 4) for fur-
ther details.

Theorem 6. For a sequence 0,, — oo,

(a) If% — 0, then

0,(M —Ry9,) = T'(a,1). (11)

(b) If % — ¢ € (0,00), then
0o (M —Rynp,) = Ze,prRM (12)

for a random wvariable Z. pry # T'(a, 1) which
depends on ¢, and a limiting PRM.

(c) If% — 00, then

(M—Rpp,)
M-Fgt(1-1)

—Wa, (13)

where Wy, is a Weibull random variable of index
a.

Thus, combining Lemma [I] and Theorems [] [f] and
[l we assert that for random variable in the Weibull
domain, one can perform exponential tilting accurately
with polynomially many samples in the amount of tilt.

We include an example, and prove all the results in
this section in Appendix
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5 TILTING IN HIGH DIMENSIONS

In this section, let X be a random vector with bounded
support on R%,d > 1. Let # € R? be a non-zero vector,
g : R — R? be a continuous site-specific tilt weight,
and recall the tilted distributions Xy and R, from
equation [I] and equation [2| respectively. Define the
support of X, supp(X) as the largest closed set outside
which X takes values with probability O.

As in the one-dimensional setup, we wish to study
accuracy of empirical approximation through scaling
limits. However, the KS distance is fundamentally one-
dimensional. The problem with considering an exten-
sion as in (Jacobs et al., 2025)), is that scaling limits
are not respected under this extension.

Instead, we consider a weaker notion of convergence,
and prove its compatibility with scaling limits.

Lemma 5. Let X ,,, X2, be two sequences of random
vectors such that for some sequences a, € R? and b, >

0, we have

Xin_ n
767(1 4 7. (14)

for some random vectors Zy, Zs.

a If 74 4 Zs and Zy s continuous, then
sup,er |Fx, () — Fx,(z)| = 0 for every compact
R C R4,

d
b If Zy(x) # Za(z) then for some compact R C R?
we have sup,cr |Fx, (x) — Fx,(z)| 4 0.

To begin the discussion of exponential tilting in mul-
tiple dimensions, note that we must define a notion of
convergence of 8 to infinity in order to discuss asymp-
totic accuracy. A rather natural choice would be to fix
a unit vector € R9 |02 = 1, and consider a large
parameter ¢ > 0. We can thus look at scaling limits of
Xe¢,0 and Ry, . g as ¢, converges to infinity. This would
correspond to tilting towards samples z € supp(X)
such that 07 g(z) is relatively large i.e. samples which,
after a transformation, point in a direction close to 6.

Note that if ¢, — oo, then we expect X,y to con-
centrate in regions where 7 g(x) is maximized. Sup-
pose there are multiple such points : then the analysis
for the limit can get rather complicated and interest-
ing. We impose the following assumption which en-
sures that a scaling limit is easier to obtain.

Assumption 3. The following assumptions hold.

(a) The functional x — 0% g(z) has a unique maxi-
mizer xg in supp(X).

(b) For every e > 0, P[0T (g(X) — g(zg)) < €] > 0.

The assumption ensures that as ¢, — oo, X, ¢ con-
centrates around zg, and not a multitude of different
values. Part (b) of the assumption ensures that zy is
not an isolated point in supp(X).

This assumption is naturally satisfied in many multi-
dimensional settings with g(x) = x. For instance, any
random vector whose support is a convex polytope sat-
isfies the above assumption for all directions 6. These
include Dirichlet random vectors and uniform random
vectors on any such shape, for instance.

Our first result establishes a "law of large numbers" for
exponential tilting, proved in Appendix [E]

Theorem 7. Let X be bounded and satisfy Assump-
tion[3 in some direction 6. Then,

d
chg — Ty
as ¢, — Q.

We shall now proceed to the scaling limit. For this,
we require a few additional assumptions on g and the
"tail" of X at xp. This, we address through a multivari-
ate regularly-varying framework(see (Resnickl 2007
Section 2.3) and (Resnick], |1987, Chapter 5)).

Assumption 4. We assume that X is reqularly vary-
ing at xg i.e. there exists a non-degenerate Radon
measure v on {y € R : 0Ty > 0} and U(t) reqularly
varying at 0 with index o« > 0 such that

ﬁp (xe ;X € A) S u(A)

for all compact A such that v(0A) = 0.

Furthermore, we assume that

v({y:0< 6Ty <1}) € (0,00). (15)

The latter condition says that with high probability,
empirical samples will approach z¢ along the asymp-
totic direction 6 from the support of X. The following
facts about the limit measure v are useful. While the
first and second establish scaling properties, the third
establishes a key integrability property that will be
used to determine scaling limits.

Lemma 6. Let X satisfy Assumption[], and suppose
0,v and « are as in the assumption. Then,

(a) v satisfies v(cA) = c*v(A) for all compact sets A
such that v(0A) =0, and ¢ > 0.

(b) v is a product measure in the following sense :
there exists a finite measure p on S = {§7y = 1}
such that for every a,b > 0 and Borel B C S,

” ({y 0Ty € [a,b], GTyy e B}) = (5°—a®)u(B).
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(c) We have
/ e_eT”:dy(x) < 0. (16)
{y:0Ty>0}

Assumption [ is rather abstract. This necessitates the
need for examples, which are provided by the following
lemma.

Examples: The following random vectors all satisfy
Assumption [4f except (c).

(a) Random wvariable X in the Weibull regime with
parameter o > 0, CDF Fx and maximum value
M satisfy Assumption [4] with v([0,y]) = y* and
U(t) =1 7Fx(./\/l *t).

(b) Bounded random vectors X having independent
components X;,1 < ¢ < d with maximum values
M;,1 < i < d that lie in the one-dimensional
Weibull regime (see Assumption |1)) are regularly
varying at (M, Ma, ..., My).

(¢) For any fixed » > 0, consider either a uniform
random variable X = U({z < r}), or a truncated
normal random vector X = N(0,I)1y(,</-
Then, X is regularly varying at any point y € R?
with |ly|]| = r. However, the resulting limit mea-
sure v does not satisfy the integrability condition
equation [T6]

(d) A uniform random variable on any polytope is
regularly varying at any extreme point.

We remark that the above assumption does not imply
continuity of X near xy. Furthermore, if equation
is not satisfied, then the results below do not hold; in
particular, example (c) above, X, » does not possess
a scaling limit as ¢,, — oc.

The assumption that we need to make on the site-
specific tilt g motivates itself as a high-dimensional
version of the corresponding one-dimensional Assump-
tion 2] In order to keep our presentation simple, we
restrict ourselves to polynomials.

Assumption 5. We assume that g is of the form

g(1‘17...,1'd) = (‘T?la"'vxgd)a

for some aq,...,aq > 0.

Exactly as in the one-dimensional case, general tilting
preserves the tail assumption.

Lemma 7. If X satisfies Assumption [§] at xg then
9(X) satisfies Assumption at the point g(xp).

The proof of this result is in Appendix [E] From this
point we assume that X satisfies Assumptions [3] and
and that U(t) is regularly varying of order o > 0.

As in the previous section, we begin by considering
the quantity M., ¢ and its asymptotics as ¢, — oo,
followed by the scaling limit of X, 4. We remark that
Assumption [4] makes the proofs rather easy.

Theorem 8. We have
1 _
U () Mcng — 27

Cn

In particular, M. ¢ grows at most polynomially with
¢n. Next, we state a scaling limit for X, g as ¢, — oo.

Theorem 9. As ¢, — 00,

Cn(xg — chg) — 7

where Z is a random variable whose density is propor-
tional to e")Tyl/(dy).

We remark that by the scaling equation [67] one can
prove that Z above has I' marginals, which shows that
it extends the one-dimensional Theorem il However,
these marginals may be dependent on each other based
on the nature of v.

Finally, we can obtain asymptotics for R, ¢, ¢ in the
same three regimes as in the previous section. The
arguments intuitively follow as in the previous section.

Theorem 10. For a sequence c,,n > 1 converging to
nfinity,
(a) If #{‘9 — 0, then
cn(xg — Rmcng) — 7, (17)
where Z is as in Theorem[d
(b) If Meat 5 C € (0,00), then
Cn(xé’ - Rn,cwﬂ) — ZpPRM (18)
for a random variable Zpry # Z.
(c) If % — 00, then
(o — Rn,c.0)
U—l(l)

n

=V, (19)

where V' is a random vector depending on v and
the limiting PRM from the previous result.

We note that the final random variable V' has Weibull
marginals and therefore extends the one-dimensional
result. However, a combination of Lemma [5] and The-
orems [§] [0 and [I0] tells us that for multidimensional
random variables with regularly varying tails, polyno-
mially many samples are sufficient for tilting.

An illustrative example, and the proofs of all results
in this section will be included in Appendix [E]
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6 TILTING IN THE UNBOUNDED
SETTING

In this section, we argue that tilting unbounded ran-
dom variables is likely to be hard. Our discussion fo-
cuses on the role of the quantity My defined by equa-
tion[3] and why it is either the wrong quantity to focus
on, or indicative of requiring too many samples for a
small twist.

6.1 Tilting Exponential Random Variables

Let X = Exp()) for some A > 0, and recall Xy from
equation [I] It is easy to see that Xy exists only till

6 < A, and that Xy < Ezp(A —6). If 3 < 6 < A, then
note that My = +oo.

Therefore, unlike theorems in the previous sections,
My cannot dictate the rate at which the empirical es-
timator R, ¢ given by equation |§| converges to the true
distribution X, in the regime % 2 < 6, < X\. We require
more careful analysis.

6.2 Tilting Normal-Like Random Variables

In the bounded setting, the polynomial growth rate of
My, as 8 — oo (see Theorems |4 and allowed us to
tilt bounded distributions accurately with fewer sam-
ples (see Theorems|6](a) and [L0). We will demonstrate
a similar trichotomy and prove that for unbounded
light tailed random variables, the rate of growth of
My is exponential in #. This verifies our assertion that
twisting unbounded random variables is much harder!

To simplify our assumptions as much as possible, let
X be a continuous random vector with full support on
R? and density f. Suppose that there exist a, K, L > 0
such that

T AC))

o0 e~ Kllz

—_— (20)
in that for every € > 0 there is an R > 0 such that if
llz|| > R then ef;(% € (L — ¢, L+ ¢€). This includes
standard Gaussian random vectors, with @ = 2 and
some K, L > 0, for instance.

As in the previous section, fix a direction # € R? with
1]l = 1, and let ¢ > 0 be arbitrary. In this section,
for ease of presentation we only deal with exponential
tilting i.e. g(z) =

Our results, like the previous sections, are divided into
three parts : the asymptotics of M., g, a scaling limit
for X, 0, and scaling limits for R, ., ¢ in three regimes

M, 0

depending upon Our first result governs the

growth of M.

Theorem 11. There exists constants pa K, qa,Kx,1 de-

pending only upon a, K and L such that as ¢, — o0,

lim Moo
Cn =00 pPa, Kca/(a R 7d(04 2)/(2a—2)

={qo,K-

In particular, observe that M. o grows exponentially
with ¢y, since a/(e—1) > 0. Before stating the scaling
limit for X, g, define ®.(r) = cfTx — K||z||*.

Theorem 12. As ¢, — oo,

_1 d
(_VQcI)cn (Me,,))” 2 (Xeno — me,) = N(0,1).
The scaling limits for R, .9 can also be specified.
Since the expressions are lengthy, we informally state
this result below, and remark that they are motivated
by the discussions preceding Theorems [6l and [10}

Theorem 13. If ’”9 — 0 then X,,, Ry ¢, 9 have the
same scaling limit. If M‘"" — C € (0,00) then Rn nf

scales to a PRM-based functwnal Finally, if °" —
oo then R, ¢, 6 scales like the sample mazimizer of 67y.

These results will be proved in Appendix [F]

7 EXPERIMENTS

In this section, we present a series of experiments. For
simplicity, we get the tilting function to be the identity
function, i.e., g(x) = x. For the sake of notation, 6
will denote the tilting parameter and n will denote
the number of samples, unless otherwise speciﬁedﬂ

7.1 Unbounded Random Variables

In this section we look at unbounded random variables
and how accurately they can be twisted. We start by
considering an exponential random variable.

6=2,n=1,000 9=225,n=5.000 0=24,0=20.000

3 6=2.49,n=250,000
Ratio=1.8x 10~ Ratio 6.1 Ratio = 3.4 Ratio = 2.5 x 10~

Figure 1: Exponential tilting of Exp(5) distribution
with a sequence of (6;,n;) s.t. My/n — 0.

As Figureshows if 9" — 0 then exponential tilting
is asymptotically accurate reflecting Theorem [2}

7.2 Bounded Random Variables

The next figures represent twists of bounded random
variables in the Weibull regime.

I The code is available here


https://github.com/aistats20252404/codebase
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credence to Theorem @(a).

Figure 2: Exponential tilting of Beta(2, 5) distribution
with a sequence of (6;,n;) s.t. Myp/n 4 0.

As Figure [2| shows, if Moy 4 56 then the sample max-

n
imizer receives higher empirical weight than the other

samples, demonstrating Theorem @(c)

Beta(2, 5) tilted with 6 = 50

1 Weighted samples
—— Tilted PDF

Transformed weighted samples
—— Gamma(5, 1) PDF

Density

o7 o8 m 1o 5 s m =
X 6(1-x)

Figure 3: Exponential tilting of Beta(2, 5) distribution
with a sequence of (6;,n;) s.t. My/n — 0.

Conversely, if % — 0, then twisting does take place
accurately in the Weibull regime in Fig[3] demonstrat-
ing Theorem @(a). The next two figures, Fig |4 and
Fig [5] demonstrate the same phenomena for exponen-
tially tilting a uniform random variable.

Figure 4: Exponential tilting of Uniform(0, 1) distri-
bution with a sequence of (6;,n;) s.t. Mg/n /0.

Figure 5: Exponential tilting of Uniform(0, 1) distri-
bution with a sequence of (6;,n;) s.t. My/n — 0.

Finally, we demonstrate the Gamma scaling limit of
the empirical random variable in Fig[6] thereby adding

Figure 6: Exponential tilting of Beta(2, 5) distribu-
tion with # = 50. The PDF of the samples and true
distribution is on the left. The transformed samples,
given in Theorem [5 with the PDF of I'(5, 1), the cor-
responding scaling limit.

8 CONCLUSION

As we observe in the introduction, our work builds
upon the existing literature on SNIS estimators. In
the conclusion, we summarize our work’s relationship
with SNIS literature, highlighting our novel contribu-
tions to the area. In our future work we will also be
testing these estimators in the context of generative
neural networks.

In this work, we discussed the asymptotic efficiency
of a distribution estimator obtained by exponentially
tilting the empirical distribution in different regimes.
We provided scaling limits and characterized the
asymptotic sample complexity needed to accurately
twist distributions in the Weibull regime. We also
showed the fundamental hardness of exponentially
tilting unbounded distributions.

The main limitation of this work is that we did not
address unbounded random variables and vectors,
particularly heavy tailed ones which lie in the Frechet
regime. However, we believe this is a genuinely hard
problem since such distributions can only be subject
to polynomial tilting.
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Supplementary Materials: Proofs and Experiments

A Proofs for Section 2

In this section, we will prove Theorem [I| with the assistance of techniques from empirical process theory and
inequalities for the suprema of Gaussian processes.

We begin by recalling notation from Section[2] Let X be a continuous random variable, n > 1 be a fixed positive
integer, 6 € R a fixed positive real number and g : R — R a strictly increasing, continuous function, which in
particular ensures that e?9(*) is strictly increasing in z.

Throughout this section, we set the following notation. Let X1, ..., X, be independent and identically distributed
as X. Let Y = €%9(%) and Y; = e%9(X0),

In the first part of this section, we will prove the first part of Theorem [I]i.e. the existence of the limiting Gaussian
process Gy with some specified covariance. In the second part, we will prove the bounds on the limiting random
variable.

A.1 Proof of Gaussian limit Gy in Theorem

Recall that the true and empirical distributions Xy and R, ¢ are given by equation @ and equation [5|respectively,
and the KS distance is given by equation @ Let F, ¢(z) be the CDF of R, , and for convenience define
Gn(z),z € (—00, +00] by

1 n
Gn(z) = EZYilxigx- (21)
=1

Note that G, (+00) = 2 37" | V;. By the law of large numbers, the random vector (G, (z), G, (+00)) converges

a.s. to (E[Y1x<,], E[Yq]i) for each fixed = € R. By the continuous mapping theorem, we have

Gn(x) N ]E[Y]-XSI}
Gy (+00) E[Y]
a.s. for each x € R. However, the quantity we are studying is

KS(F.9, Fg) =sup |F, g(x) — Fp(x)|

Fmg(x) = = Fg(fE)

G () EY 1y ceooo)]
=sup — =
e |Gn(+00) E[Y]
Therefore, we require uniform control in the convergence rates of each of these random variables; in particular,
we must look at the entire stochastic process (G (2))ze(—o00,+00] and show that it converges somewhere in some

uniform fashion. However, we have the machinery to demonstrate not just uniform convergence, but the Gaussian
limit as well. To set up the appropriate notation, let

F=A{fe: f2(y) = yly<coar,y € RY, z € (00, +00]} . (23)

(22)

By equation

1 n

Gula) =~ Y foYs) , E[Ga(2)] = E[fo(Y))] = E[Y 1x<,]-
i=1
In order to apply results from empirical process theory, we first quickly verify the equation above (van der Vaart
& Wellnerl, |1996) equation (2.1.1)). Observe that for any y € R,
sup |fo(y) — E[fa(YV)]| < sup [fo(y)| + sup E[f(Y)] <y +E[Y].
F fe€F fz€F

fa€
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The above inequality establishes that if for a class of functions F’ on a normed space, we define

1(F") = {h tF' = R, sup [h(f)] < OO}, bl = sup [A(f)], (24)
feF feF

then G,, can be seen as a random element of [*°(F) by letting f, be the input instead of z i.e. G,(f:) =
LS 1 f2(Y;). However, we abuse notation and let G, () denote the random element itself.

The following lemma shows that the fluctuations G,, — E[G,,] converge weakly to a Gaussian process on [*°(F).
For the definition of weak convergence (which we denote by =), we refer the reader to (van der Vaart & Wellner]
1996, Section 1.3).

Lemma 8. We have
for a centered Gaussian process Gy on (—oo, +oo] with covariance functional given by
Cov (Gy(2), Go(y)) = E[fa (V) fy (V)] = E[fo(V)]E[f,(Y)] = Cov (Y1x<a, Y1x<y).

Here, the weak convergence takes place on the space [°°(F).

Before we begin the proof of the lemma, some definitions are in order. Given two functions u, [ : (—oo, +00] = R,
define the "bracket" class of functions [u,!] by

[u, 0] ={f: (o0, +00] = R:u < f <} (25)

Given € > 0, an e-bracket is a class of functions [u,!] such that \/E[(I(Y) — u(Y))?] < e. We call a class S of
e-brackets as an e-bracket cover of F, if the union of all e-brackets in S contains F. The smallest size of such a
cover § will be denoted by Nyj(e, F, L*(Y)), the e-bracket covering number of F.

We now begin the proof of Lemma [§]

Proof of Lemma[§ By the discussion at the start of (van der Vaart & Wellner| [1996, Section 2.5.2), it suffices
to prove that

/0 h \/1og Ny(e, F, L2(Y))de < . (26)

For this, we need an upper bound on Ny (e, F, L?(Y)). This is obtained by finding at least one e-bracket cover
for each € > 0, and finding its size.

Instead, we propose a sequence of classes containing brackets, which are naturally inspired by the structure of

F. For each n > 1, let 1 < x5 < ... < x, be real numbers chosen such that if z, 11 = 400 and xg = —oco then
E[Y?
]E[(fxz (Y) - fxi—l (Y))2] = E[Y21X€(Ii—17$i)] = . (27)
n+1
foralli=1,2,...,n+ 1. Note that such a choice requires the continuity of Y and X (and hence X alone).
Let
Sn:{[fmmfl’z+1] z=1,,n}U{[0,fm1]} (28)

Then, S,, covers F by equation 25| and equation Furthermore, by equation S, isa En[ii]—bracket cover
of F. Finally, |S,,| = n + 1 by equation

E[Y?]
n+1"

Thus, let € > 0 be arbitrary. Observe that if ¢ >
definition of Njj(e, F, L*(Y)),

\/W< €< \/@ = \/ngn(@fa L2(Y)) < y/log(n + 1). (29)

then S, is also an e-bracket cover of F. By the
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Finally, if € > \/E[Y?], then § = {[0, f4oo]} is an e-bracket cover of F. Thus, log Nj(e, F, L*(Y)) = 0. We can
now upper bound the left hand side of equation [26] using equation [29] and this observation.

/OO \/log Ny(e, F, L2(Y))de
0
/W/JE[YQ]

-5 () e

<VEY?Y (;ﬁ - M%) Viog(n +1) < C\/E[Y?] < oo,

\/log Ny(e, F, L3(Y'))de

where

:ié(\f \/7> log(n +1) < o0

Thus equation 26 has been proved, and consequently we have

( me i) — E[fa( J]) = G, (30)

for some Gaussian process Gj, on (—oo, +-00]. The covariance functional in the lemma follows from (van der Vaart
& Wellnerl, |1996, equation (2.1.2)). O

An application of the dJ-method should help us interpolate between the process (Gp(%))re(—oo+00] and
(Fnﬁ(x))xe(—oo,-‘roo)'
Proposition 2. We have
Vi(Fpo(x) — Fy(x)) = G
where Gy is a centered Gaussian process on R with covariance functional Cov(Gy(z1),Go(x2)) equal to

1 Y1 Y1y2
- 012—023*—013*4—0337 .
Y3 Y3 Y3 y3

Here, 13 = +00, v;j = Cov (Ylx<y,, Ylx<y,) and y; = E[Y 1x<q,].
(Note : This weak convergence takes place on the space 1°°(F \ {fs}), which we recall from equation [24))

Furthermore, recalling the KS distance from equation [6)]

VNKS(Fy 9, Fy) = sup,|Gs(z)|

in distribution (in the usual sense i.e. as real valued random variables).

Proof. Define a map ¢ : [°°(F) = I*°(F \ {fw}) by

h(fz)
h(foo)

Observe that ¢(G,,) = F, ¢ by equation [21] and equation [5| and similarly ¢(E[G,]) = Fy, where E[G,,] is just
a constant functional on F. We wish to apply (van der Vaart & Wellner| (1996, Theorem 3.9.4), for which it
is sufficient to check that ¢ is Hadamard differentiable (see page 372, (van der Vaart & Wellner, 1996, Section
3.9.1) for the definition of Hadamard differentiability) on h = E[G,,], where we note that E[G,,(+00)] # 0.

[p(W)](f2) =
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This is a rather standard exercise which we include for the sake of completeness. Let j, be a sequence converging
to j in [°°(F), with t,, — 0. For f € F we must assess the limit of the quantity

ki) =o0)] (L[ Ot ) KD |
: (o) () B(J)
1 . 1 1 tn]n(f)
=i [(” *indn)(f) <<h+tnjn><foo> - h(foo>> () }
i) o)) (foc)
(i) . I

S TE T gy~ [ MION). 1)

Thus, ¢ is Hadamard differentiable at h with the above derivative. By (van der Vaart & Wellner, 1996, Theorem
3.9.4),

Vi(Fnp — Fp) = [¢'[1])(Gy) = Go- (32)

Next, we unravel the notation on the right hand side to ascertain the true limit. Indeed, since ¢'[h] is a linear
map, Gy is also a centered Gaussian process. We have, by definition, that h(f;) = E[Y1x<,] and h(fs) = E[Y].
Therefore, by equation [31]

(fau) ]E[YlXSw}gé(fOO)

O =gy T R

All we must do now is find the covariance using the above expression and Lemma [§] For any z,y € R, if we
treat Go(fz) = Go(x) as a stochastic process on R instead of a random element of F \ {foo}, we have

Cov (60(2),Gu) =2 22X (G ) — Cov (601,64 )

_cov(gg(y),%(@)mg[lﬁ;w] COV(QQE;)]Q 6(¥)

:E[legx]E[legy]Var( ) [Y1X<y](Co (Y,Y].XSQC)

E[YlXSy]
E[Y]?

E[Y]* E[Y]?
7E[Y1XS:E](COV (Y,legy) Cov (Ylygm,Y]_ygy)
E[Y]? E[Y]?

which, after observation, is of the form given in the proposition, as desired.

The convergence of \/nKS(F}, ¢, Fy) follows, since

KS(Fn9, Fo) = SUP|Fne — Fy| = || Frn,9 — Folli=(5)

by equation The norm is a continuous functional, therefore by the continuous mapping theorem (van der
Vaart & Wellner}, 1996, Theorem 1.3.6), it follows that

VIKS( n@,Fg)%sup\ge( i

as desired. O

Note that Proposition [2 has completed a part of the proof of Theorem [I} The bounds on the expectation of the
limiting random variable will be shown in the next subsection.

A.2 Proof of bounds in Theorem [I]

We shall first state some notions required to prove the required bounds. Indeed, both the upper and lower bound
can be given in terms of covering numbers; however, the notion of distance and cover will be simpler than that
considered in the previous subsection.
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Let Gy be as in Proposition [2| and define a distance on R by
d(s, 1) = VE[Go(s) — Ga(t) ). (33)

For any x € R,r > 0 let By(z,r) = {y € R : d(z,y) < r}. We can now define, for any € > 0, the covering number

N(e) =inf{n: 3x1,29,...,2, € R,R = U, By(z;,€)}. (34)

That is, N(e) is the smallest size of a set satisfying the property that every real number is at most € away (in
distance d) from some point in this set.

We will also define some constants and set some notation that will make analysis easier in the upcoming sections.
Define

K = sup d(s,t). (35)
s,teR

K is the diameter of the metric space (R, d). We need estimates on K, which are difficult to obtain without
having a simpler formula for d. The following lemma obtains such a formula.

Lemma 9. For any x1 < xo (and symmetrically for xo < x1), if A={X € [x1,22]}, then

1
E[Y]4

d*(zy,10) = (EY?14]E[Y 1] + E[Y?14:]E[Y14]?).
Assuming the above lemma, we can obtain bounds on K. Recall My from equation [3}

Proposition 3. We have

VM > K > %\/Mg.

Finally, the following lemma will be used to control d(z,y) when x,y are (in the usual metric) close to each
other.

Lemma 10. Let A ={X € [s,t]}. If EE;}A] =L <1, then

E[Y?
d*(s,t) < LQE{Y]Q] = L*M,.

The three results above will all be proved in the order they appear in the last subsection. We shall assume these
and now proceed to the proof of the lower bound.

A.2.1 Lower bound

The following theorem will be used as a lower bound for Esup, |Go(z)|. It is (van der Vaart & Wellner} [1996]
Theorem A.2.5).

Theorem 14 (Sudakov-Fernique). For any e > 0,
1
E {sup|gg(x)|} > ge\/logN(e).

The lower bound in Theorem [I] is now an easy consequence of the above theorem.

Proof of lower bound in Theorem [l Let e = K/3. We claim that N(e) > 2. Indeed, if N(e) = 1, then there is a
point y € R such that d(y,z) < % for all z € R. However, by the triangle inequality, for any x, z € R,

2K

contradicting the fact that K is the diameter of the space. By Theorem [[4] and Proposition [3] it follows that
K
E {sup |g9(x)|] > 3\/1og2 > C+/ M.

V1082 ) dependent of Gy. 0

for some constant C = 15
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A.2.2 Upper bound

We shall now derive an upper bound on E[sup,, |G(z)|]. For this, we use the following inequality, which is (van der
Vaart & Wellner, (1996 Corollary 2.2.8), augmented with the relation between covering and packing numbers
under (van der Vaart & Wellner| 1996, Definition 2.2.3, page 98).

Theorem 15. Recall the covering number N(€) from equatzon 5’ There is a universal constant k such that for

any tg € R, we have
[supgg( )] < E|Go(to) |+n/ UlogN fe de

We will now prove the upper bound in Theorem [I} The proof is very similar to the proof of Lemma [§] but they
differ mildly in the manner in which the cover is constructed.

Proof of upper bound in Theorem[I 'We will look to bound the right hand side of Theorem In order to derive
an upper bound for N(e) for any ¢ > 0, we must find at least one set of points S C R such that for every z € R,
By(z,e) NS # (. We can then say that |S| > N(e).

Suppose n € N. By continuity of Y, we can find points x1, o, ..., x, such that if zg = —00,z,,41 = +00 and

A, ={X € [z, Tny1]}, then
E[Y14,] 1

nl — . 36

E[Y] n+1 (36)

We claim that if € > ¥ +1 then U ; Bg(x;,€) = R. Indeed, suppose that y € R. Then, y € A; for some i. Let

x) be any one of the endpoints of A; (or the only real endpoint, if the other endpoint is infinite). The interval

[y, xx] (or [mk, y] depending upon the order between the two) is contained in A;. Therefore, if L = W,

then L < —~. By Lemma |10jand equation

VMg
<€
n—+1

d(y,xk) S L\/ Mg S

This completes the proof of the claim since y € R was arbitrary.

Having obtained this, we are now ready to estimate the integral on the right hand side in Theorem Observe
that NV (%e) >2if K >35> ‘/QT", where K is defined in equation On the other hand, we have shown that
for any n > 3 € N that

- VM,

€
(n+1) 2 n

/,/1ogN de<(2K—W)M+ZW<F F) (37)

n+1

= N<2)<n

Therefore,

It only remains to show that the right hand side is bounded by a constant multiple of /My, completing the
proof. However, K < /My by Proposition |3 Therefore,

- 5 v (i) e

for some C independent of M. Applying this, the right hand side of equation [37]is bounded by

<C+Z\/ﬁ<— ))SC’\/E

n+1

for some constant C’ > 0, since the series within the bracket converges.

Combining Theorem [I5] equation [37] and the above estimate, we obtain for any ¢, € R that

E [sgp ge<x>] < E[Go(t0)]] + Cav/Tp. (38)
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Now, Gy is a mean zero Gaussian random variable with variance specified by Proposition[2] Asty — —oo, observe
that Y1x<; — 0 in L? by the dominated convergence theorem. Therefore, Var (Gy(tg)) — 0 as tyg — —o0.

However, noting that
E[|Gs(to)[] = v/ Var (Ge(to)) v/ 2/7

it follows that this particular term can be made as small as necessary. In particular, let ¢y be chosen so that
E[|Go(to)|] < 4. Then, by equation

1
+Csv/ My < ( +C4> v My

2

M| —

E {sgp Ige(w)l} <

since My > 1. This completes the proof. O

A.2.3 Proof of Lemma [9] Proposition [3] and Lemma

Having completed the proof of the bounds in Theorem [I} we now present the proofs of the lemmas and theorems
which we used to prove them, starting with Lemma [9}

Proof of Lemma[9 Recall the notation used to define the covariance in Proposition 2] We will use this notation
in our proof. That is, let x1,z2 € R, and 23 = +00. We reuse the notation v;; = Cov (Y1x<z,,Y1x<,;) and
Yi = E[Y]'XSM]' With this, if Z; = gg(l‘i), then

Y3 Y3
1 Y3

(COV (ZQ, Zg) = 3 (1}22 — 2’023* + 11332>
Y3 3 3

—2 Y1 Y2 Y1y2
—2Cov (Z1,23) = — (1112 — V3= — V13~ +Usz—5 | .
Y3 Ys Y3

Adding up the following and multiplying by the common factor y3, we obtain

y3d® (1, 22) = (vi1 + va2 — 2012)

— 2(vg3 — v13) <y2 — yl)

Ys

_ 2
+ 33 ((yz 2y1) )
Y3

Now, v11 + vag — 2v12 = Var (Y1 x¢[y, 4,])- Then,

(v23 — v13) (M> = Cov (YlXe[wl,zz},Y (y2 — yl)) .
Y3 Y3

() o o (252).

Combining these three terms and adjusting the y3 term (and using the identity Var (V + W) = Var (V) +
Var (W) — 2Cov (V, W) for any two random variables V, W), we obtain

ElYlxeiz, o
E[Y]QdQ(Z‘l,-TQ) = Var (Y (1X€[zl,zg] _ []]g([exi]’ﬂ>> )

Finally,

Let A ={X € [x1,x2]}. Since the random variable on the right has expectation zero, its variance is equal to the
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square of its expectation i.e.

E[Y)?d?(z1,20) =R

2 (1,4 B E[YIA]>2

E[Y]
Ry E[Y?]E[Y1,]? o E[Y14]
= B[] g~ Ly
- Eplf]z (E[Y?1AJE[Y]? + E[Y?JE[Y 14]* — 2E[Y *14]E[Y 14]E[Y]) . (39)

Note that by writing E[Y] = E[Y14] + E[Y14c] and E[Y?] = E[Y?14] + E[Y214¢], we may break each of the
terms into ones involving A and A°. Doing this for the first term,

E[Y214]E[Y]? = E[Y?14](E[Y14)%2 + E[Y 1 4c]? + 2E[Y 1 4]E[Y 1 4.]). (40)
For the second term, we have
E[YZE[Y14]? = (E[Y?14] + E[Y?14:])E[Y14]%. (41)
Finally, for the third equation we have
2E[Y214]E[Y 14]E[Y] = 2E[Y 21 A]|E[Y 1 4] + 2E[Y?1A|E[Y 1A|E[Y 1 ac]. (42)

The right hand side of equation equals Wil’]Z x (equation +equation equation . After multiple
cancellations in the expanded expressions, we obtain

1
E[Y]?

E[Y]?d?(z1,x5) = (EY?1AIE[Y 1 4c]* + E[Y?14]E[Y14]?) .
Dividing by E[Y]? gives the conclusion. O
This is followed by the proof of Proposition

Proof of Proposition[3 By equation [35] and Lemma [9]

1
K?= sup
z1,22€R E[Y]4

(E[Y?14]E[Y 14c)* + E[Y?14]E[Y14)%), (43)

We will first prove the upper bound. Note that for any set A, we have E[Y'1,4] < E[Y]. Directly applying this
bound in the right hand side of equation

1
K? < sup

oy opeR E[Y]? (E[Y?14] + E[Y?14¢]) = M.

We now obtain a lower bound. Since Y is a continuous random variable, by the intermediate value theorem there
exist points x1, o such that E(Y14) = %E[Y], where we recall that A = {X € [z1,22]}. Then, E(Y14.) = %E[Y]
This implies that

1
4E[Y]?

(BY?14] + EY?15.]) = 27,

dQ(.’L‘l, IQ) =

and by equation
1
K > d(zy,22) = 5\/M9.

Finally, we conclude this section with the proof of Lemma [I0]
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Proof of Lemma[I0 Suppose that E][E}Bl,f] =L <

. Then, L <1 — L. The proof now follows from Lemma|§| :

Y214)E[Y 14:]? + E[Y 214 JE[Y 14]?)
E[Y21 4]
CE[YP?

o (E[Y?14]  E[YZ14]
=t ( EYE T EVE )

=———(1-L)?+ L?

A.3 Proof of the variance bound equation [7]

The key inequality which will be used in the proof of the concentration bound equation [7]is the Borell-Tsirelson-
Ibragimov-Sudakov (Borell-TIS) inequality (cf. (Adler} |2010, Theorem 2.1.1)).

Theorem 16 (Borell-TIS). Let %, be an R¥-valued centered Gaussian process with separable index set T which
is a.s. bounded. Let ||f|| = sup, |%;|. Then, for allu >0,

2 2
P(|f|| = E|f]| > u) < e * /27,
where
o2 = sup]EH,%‘?] = sup Var (4,).
teT reT

We are now ready to complete the proof of the concentration bound.

Proof of concentration bound in Theorem[], We shall now apply this theorem to the process Gy(t), whose co-
variance functional is as in Proposition [2} Recall that 02 = sup,cp Var (Gy(t)). However, observe that if d is the
distance defined in equation [33| then we have

Var (Go(t)) = xh_)IIolo d(t, ).

This is a direct consequence of the dominated convergence theorem and the formula for the covariance functional.
By Lemma EI it follows that o2 < M.

Therefore, by Theorem (16} if Z = sup, |Gy(t)], then for any u > 0,
P(|Z —E[Z]| > u) < e /7" < e~ /M3,

This is the statement we wanted to prove. U

B Proofs for Section 3

In this section, we shall prove Theorem [2| Recall that X is any random variable and g : R — R is a measurable
function such that E[e?9(X)] < oo for all > 0. For a sequence 6,,, n > 1 let Fy, be the distribution of X, given
by equation @l Recall Ry, 4, from equation 5| and its CDF Fyp, .

We will begin with the proof of Proposition [I} which is a standard exercise in unwrapping the definitions of Fp,
and F, 4, .

Proof of Proposition[]l Note that for any ¢ > p > 0 and a,b > 0 we have the inequality

p_a|l_lp—g+la-b
q b b



Fundamental Limits for Weighted Empirical Approximations of Exponentially Tilted Distributions

This follows from routine algebra :

p_a|l_|pM—ag| p%—a B pg—p+p—a

g b | @ || v |T b
PM—-q)+p—a — - — -
Mz +p=al _pM-g| |p—al |M-gl+lp—af

b =q b b= b

For any sequence 6,,,n > 1, ¢ > 0 and = € R, applying this to |Fy, g, (x) — Fp, (z)| gives
{sup 10, (@) = Fo, (@) = 1]
1 Se en9(Xi)1 . <z E[G%Q(X)lxgm]

{Sgp IS ehnaX) T E[efne()] Zt}

LS~ efno(Xi1 o) — Blef9(X)1 1N o0ng(Xs) _ R[efng(X)
C{wJ e xizo Bl 1y ][+ |1 T8 e )

E[egng(X)]

x

We must now separate the above set into two parts, one of which involves only the numerator comparison, and
the other the denominator comparison. To do this, we note that if a + b > ¢ then either a > ¢/2 or b > t/2.
Using this fact,

{ } LS X1y o, — E[ee"g(x)lxgz]’ 4 ‘% S efna(Xo) E[eOng(X)H }
sup >t

xT E[eang(x)]
. } L5~ " eng(Xi)lxiSm _ E[ee"g(x)lxgr]’ S | L5~ "e efng(Xi) _ E[eeng(x
b E[ef9(X)] = E[ef9(X)]

~~

Ze ng(Xi )1X <z E[e%g(X)lXSm]

Ze ng(Xi) _ ng(X)]

\]

{sup > %E[ ng(X)} {

Combining the above two set containments and using the union bound,

—E[e’ ,g(X)]}

1< t
P {sup |Fn,, (x) = Fo, (2)] = t] <P [sup - D e X1y o — Ry, ]| > QE[e"n!ﬂX)]]
1 zn: (In9(X0) _ Refn9(X)]| > Lp[ef g<X>]]
n 4 2
1=1
This is precisely the statement of the proposition with T,, = %E[eeng(x )]. O

Next, we prove Theorem [3]

Proof of Theorem[3 By the remark straddled between pages 3 and 4 of [Lederer & de Geer| (2014)), it is sufficient
to prove that if Y7, ...,Y,, are iid random variables with distribution Y such that E[Y?] < oo, 21, 22, ...,Zm € R
are arbitrary points, and

1
Zm,n = Ssup E Z Yélyi,gzj - E[YIYSIJ'] ) (44)
j=1,....m .7

then for every €,z > 0,
c

zy/n

E

P(Zmn> 1+ eE[Z, ] +2) < (45)

where M = E[Y?)].
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Our attempt, for the rest of this proof, is to match our notation to [Lederer & de Geer| (2014) and use (Lederer|
|& de Geer] [2014] Corollary 3.1). Let

Z(j) = (Zi())i=1.m = YVilyi<a, —EVIv<a)]), .y, (46)
be an n-dimensional vector depending upon j. Let
= max, Var (Yly<g;). (47)
Note that o is independent of n. Furthermore, by equation [#4] and equation [46]
I~ .

is in line with (Lederer & de Geer] [2014, (c)). Define & = Y; + E[Y] for 1 < ¢ < n, and observe that by
equation [46] and equation [48]

1Z:(j)| < &, E[E?] <E[Y?] 4 3E[Y]? < M2,
where My = 24/E[Y2]. Thus, & and M together satisfy (Lederer & de Geer, 2014, (4)) with p = 2.

We have everything in place to apply (Lederer & de Geer| 2014, Corollary 3.1) with I = 1 and p = 2 on the right
hand side. Doing so, we have for every €,z > 0 that

64 M, 4
?+7+6 70_’_%
P (Zyn > (14 )E[Zpn] + 2) < ( x) v

ote a asn—)oo,7—>+oo. erelore, ere exists a constant c¢,, > suc at —= =~ — IOr a
Note that i Therefore, th ist tant 0 such that 22 > C'L for all

n > 1, which implies along with My = 2+/E[Y?] that

E[Y?]
P (Zn 2 (14 OBl Zna] +2) < e 2,

which matches equation [45] that was to be proved. U
Finally, we conclude the proof of Theorem [2]

Proof of Theorem[3 By definition of convergence in probability and the KS distance equation [6, we must prove
that for every t > 0,

s, P {sup |Fno, () — Fo(z)| > t} -0 (49)

as n — oo, if 5%% — 0. Ignoring the s,, for now, we directly apply Proposition [1| to the rest of the left hand
side :

P |sup|Fy, (z) — Fp, (2)] > t] (50)
1 t
<P - 0n9(Xi)y o _  _ R[efn9(X) > JTR[pfn9(X)
< Slip ~ E e 1x,<, —Ele 1x<s]| > 2]E[e ]
L =1
1 & t
Pll= 0n9(Xs) _ R[efna(X)| > ZR[efn9(X) 1
4 |Fpx (909]| > Lpfetnot0) 61)

At this point we just need to estimate the two terms on the right hand side above. The second one is much
easier and can be bounded by Chebyshev’s inequality :

|

> < Var (% Z?:l ee"g(Xi)) < 4Ms,,
= 2 = 2 -
P R[efno(X)]2 nt

t
> 5IE[egnq()()]

1 3 o) _ g[efna(X)]
n
i=1
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For the first term on the right hand side of Proposition (1} note that E[Z,,] — 0 since Z, 40 by the Glivenko
Cantelli lemma. Thus, we may apply Theorem [3{ with Y = %29(X) ¢ = 1 and = = LE[Y] — 2E[Z,,] (which is
positive for n large enough), where Z,, is as in the theorem. This gives

Cc

t 2
P <Zn > 2]E[Y]> < (%E[Y] _ QE[ZH]) NG Y f\/ % — 2E Z ])2

for some constant ¢,, > 0 independent of X, and n.

Now, let s, be a sequence satisfying equation Combining the above inequality with equation and equa-
tion and multiplying by s, on both sides,

e 4M9 Y2
P[Slrlp|Fn(m) Fy, ( )|Zt} <s ts ”\f\/ LE[Y —QE[Z })2

The first term above converges to 0 by equation [8] since % — 0. Consequently,

E[Y? 1
7] 5 X 3 - 1 = s,— 5 X 5 vn - 1
(LE[Y] - 2E[Z,)) 2/ My, f —QEZ]) 2sncy/ Mo,

as n — oo. Now, since s,, satisfies equation

which implies that the other term must converge to 0 if the product is to converge to 1.

Thus, equation [49] has been proved for arbitrary ¢ > 0, completing the proof. O

C Auxiliary material for the proofs in Section [4}, [5] and [6]

In this section, we will collect results that apply to all the upcoming sections. We divide these into three parts.
The first part will be used to prove Lemma[I]and Lemma 5] The second will be used to prove the positive results
in each regime i.e. when MT" — 0. In the final part we will define Poisson random measures and prove some

key lemmas which will allow us to isolate the common aspects of the proofs in the regimes where % 4 0.

Throughout this section, let X be a random vector in R?,d > 1 (note : we include the case d = 1 where X is
just a random variable).

C.1 Strengthening convergence of random vectors

We begin with the following lemma which is key to establishing the proofs of Lemma [I| and Lemma [} Recall
the KS distance from equation [f] and the notion of uniform convergence on compacts from Lemma [5] The first
lemma strengthens convergence in distribution to convergence in these distances, under the assumption that the
limiting distribution is continuous. The second asserts that two random variables are different if and only if their
CDFs differ at a common point of continuity.

Lemma 11. (a) Suppose that Y, is a sequence of random vectors which converge, in distribution, to a continu-
ous random vector Z. Then, if Z is continuous, we have KS(Y,,, Z) — 0 (if d = 1), and uniform convergence
over compacts of Fy, to Fz (ifd>1).

(b) If Zy1, Zy are random vectors and if Fz, (c) = Fz,(c) at every c € R? at which both Fz,, Fz, are continuous,
then Zl Z2

Proof. We begin with the proof of part (a). For the KS distance, the argument is as in (Resnick} 1987, page 3).
We can adapt this argument to uniform convergence on compacts as well.
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Let R C R? be any axis-aligned compact hypercube. Since Z is continuous, we have Fy, (¢) — Fz(c) for every
c € R. We claim that, in fact, the convergence above is uniform over all ¢ € R.

To prove this, note that R is compact, hence F is uniformly continuous over R. Given € > 0, we can divide R
into finitely many axis-aligned hypercubes R;,1 < i < M such that if z,y € R; then |Fz(x) — Fz(y)| < €. Let
Zi,Y; € R; be the lower left and upper right endpoints of R;.

Let N be chosen large enough so that if n > N, then |Fx, (z) — Fz(z)| < e for all z = z;,y;,1 < i < M. Now, if
t € R, then t € R; for some i¢. If n > N then

1Fx,, (i) = Fx,, (@)l < |1 Fx,, (y:) = Fz(a)ll + 1Fz(yi) = Fz (@)l + [|1Fz (i) — Fx,, (23)]] < 3e.
Observe that Fx, (t;) € [Fx, (z:), Fx, (y;)] and Fz(t;) € [Fz(x;), Fz(y;)]. Therefore,

[ Fx, (ti) = Fx, (@)l < 1 Fx,, (y:) — Fx, ()| <3¢, |[Fz(t:) — Fz(@)l| < [Fz(yi) — Fz(x)| <€

Therefore we have

1Fx, (ti) = Fz(t)|| < [|Fx, (t:) — Fx, (@)l + [ Fx,, (xi) = Fz(@i)|| + [|1Fz(2:) — Fz(t:)]| < 5e
whenever n > N. Thus, Fx, — Fz uniformly over R. Since any compact set is contained in a large enough
compact axis-aligned hypercube, the proof is complete.

Part (b) directly follows from a particular kind of right-continuity that multivariate CDFs possess. Indeed, if
r, € R? converges to x and x,, is coordinatewise bigger than x for all n, then F(x,) — F(x) for any multivariate
CDF F (see (Kallenberg, 2002, Theorem 4.25)). It follows from right-continuity and monotonicity of CDFs that
their discontinuities form a set of measure zero. That is, given any two random vectors Zi, Zy, their CDFs
Fy., Fz, are simultaneously continuous outside a set of measure zero.

Thus, for any ¢ € R? we can find points ¢, — ¢ such that Fy,, Fz, are both continuous at ¢, for all n, and ¢,
is coordinatewise greater than c. If we assume that F, (¢) = Fz,(c) at all points of continuity, then we have
Fz, (cn) = Fz,(c,) and hence by right continuity we get Fz, (¢) = Fz,(c), as desired. O

C.2 A key lemma in establishing accuracy in the regime % —0

In this section we will outline the key proposition which will be used to prove part(a) of Theorems @ and
As explained prior to the statement of Theorem [0} the idea is that for 6,, small, the numerators of equation
and equation [2] are asymptotically equivalent, likewise the denominators.

We make this precise in the following proposition. Recall My from equation We assume that g(z) = «
throughout this section, since Lemmas |3[ and m allow us to replace X with ¢g(X) in all arguments that follow.

Proposition 4. Let X be a random vector, and suppose 0, be a sequence of vectors such that % — 0. Let B,
be a sequence of measurable sets such that
E Hg:X
lim sup 7] < 00. (52)

n—oo Ele’nX1xep,]

Then,
P(Rn,an € Bn)

P(Xy, € Bn)

in probability, as n — oo. In particular, if

(a) There exist scalars/vectors a, and scalars by, such that @ 4 Z, and

(b) For every continuity point x of Fz, the sets B, = {X < b,x+a,} satisfy the hypothesis equation[53 (Here,
< is component-wise for vectors)

Rug,—an 4
Then, ftn=tn 5 7.
n
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Proof. Observe that by equation [I] and equation

P(Rnyg, € Bn) D eeinlxieB” E[eezx]
P(Xy, € By) Elef"X1xep,] L1307  efnXi’

(53)

We will prove that each ratio converges to 1 in probability, following which their product will also do so. Fix
€ > 0and n > 1. In the following argument, let A,, = B,, for all n > 1 or A,, = R? for all n > 1. By Chebyshev’s

inequality ,
P [ > e]

1o~ 47 T
E 0 X, 0. X
:]P E en ]‘XiEAn — E[e i ]_XeAn]
=1

D " Xilyea,
E[QGTT‘XlxeAn]

-1

> €E[€9§X1XeAn]1

A

- ne?E [eGTTLX1X6An]2
1 E[e*nX]  E[e%X]2 1M, E[e™X]?

_?nE[eggx]Q Elef" X1xea,|? T e on Elef" X1xea,]?

By our assumptions, it follows that this quantity converges to 0 as n — oo for all € > 0, which implies that

1 0T x;
n Zi:l e 1X7‘,€A71

—1
E[69§X1X€An]

in probability. Applying this result for A, = B,, and then A4,, = R% and multiplying the resulting statements

together proves that the terms in equation [53| converge to 1 in probability, as desired.

That @ % 7 in distribution is tantamount to saying that Fx,-a, (x) = Fz(z) at all continuity points x of
n bn

Fz, which is true by assumption (a). Observe that

Xn_ n

However, assumption (b) guarantees along with the previous part that

P(X,, <bpx+ ay)
P(Rnﬂn < bnx + an)

in probability. The conclusion follows easily from here. O

. . . M,
C.3 Point Processes, Poisson random measures and the regimes == / 0

Next, we introduce point processes and the Poisson random measure, which will be used to explicitly find the
limiting random variables in part (b) in each of Theorems [6] [L0] and It turns out that they will be essential
to the proofs in part (c) of these theorems as well. We will establish some key lemmas which will be used to
prove these results together, but the proofs of the theorems themselves will be relegated to future sections. We
take our material from (Resnickl 1987, Chapter 3).

Let 6, denote the Dirac measure 0,(A) = 1,c4. A point measure M on E C R% d > 1 is a measure of the form
M =", 0,, where {z;} C E is an at-most countable collection of points (which can also be finite e.g. the Dirac
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measure, and can also contain the same point multiple times e.g. twice the Dirac measure). Let M, (E) denote
the set of all point measures on E. It is equipped with the coarsest topology such that for all Borel sets A C F,
the evaluation map eq : M,(E) — [0, 00] given by e4 (M) = M(A) is measurable. It turns out that this topology
coincides with vague convergence of measures, restricted to M, (E), which we recall from the discussion before
Assumption [4]

Any random element taking values in M, (E) is called a point process on E. It can thus be thought of as a
random collection of points on F.

Definition 1. Let E C R? and v be a Radon measure on E. A point process M taking values on E is called a
Poisson random measure, or PRM with intensity measure i if

(a) For all AC E, M(A) is distributed as a Poisson random variable with parameter v(A). (Note : If v(A) =0
then M(A) =0 and if v(A) = co then M(A) = o0 a.s.)

(b) For Ay, As, ..., A, C E mutually disjoint, {M(A;)}i=1,2,..n forms an independent collection of random
variables.

By (Resnick, 1987, Proposition 3.6), a PRM on any Borel subset of R? with any intensity measure v that is
Radon, always exists and is unique up to distribution. We denote a PRM with intensity measure v by PRM (v),
and integration with respect to PRM (v) will be denoted by dPRM (v) with the integration variable being
omitted (e.g. [ f(z)dPRM(v)).

The convergence of a sequence of point processes M,, € My(E) to a point process M € M, (E) will be considered
in the weak sense here, see (Resnick] (1987, Section 3.5) for more details. We use = to denote this convergence.
Note that this is not an abuse of notation; the same notion of convergence was used for Gaussian process limits
as well earlier.

The following results will now be used in the proofs of various point-process related convergences in our work.
We begin with the following vague convergence result.

Lemma 12. Let X; be iid random vectors taking values in a Borel E C R% d > 1 with the same distribution X .
Suppose that for some sequence of vectors a,, and scalars b, we have

n]P’(Xb_a" e-) ()

n

vaguely (see Assumptionfor the definition of vague convergence) for some Radon measure v on E. Then,

> 0(xy-an)/bn = PRM(v)

n

k=1
on M, (E).
Proof. This is a simple application of the "warm-up" exercise in the proof of (Resnick, |1987, Proposition 3.21)
. Xi—an .
with X, ; = =4—,n,j > L. O

We will now setup a common lemma which converts point process convergence to convergence in distribution.
Since this may require case-by-case analysis, we set the tone.

Lemma 13. Let X be a random vector in R?,d > 1 and § € R? be a unit vector. Let ¢, be a sequence of positive
real numbers and 6,, = c,0. Suppose that, for some positive real sequence a, and vectors x,,, bounded Borel set
D € R? and Radon measure v on R?, all the following conditions hold.
(a) cpnan, — C € (0,00), and ¢, — co. (Hence, anb, — CO)

an

(b) nP (M € ) — v(-) vaguely.

(c) T=An 5 D as sets, as n — oc.
an ’
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Then,
(Z e—"f(%—XihXieAn,26—95(%—&)> LA </ e—ceTylyeDdPRM(y),/e—ceTylyeDdPRM(y)> :
=1 =1

Proof. We will show that this convergence holds using the Laplace transform (see (Kallenbergl 2002, Theorem
6.3)). In order to do this, let s1, s2 < 0 be arbitrary and consider the quantity

n n
exp (sl Ze_erj;(xn_xi)lA” + SQZe_eg(xn_Xi)>‘|
i=1 i=1

E

Begin from the left hand side :

B n n
O S I |

i=1 i=1
— - _eg(in_xz) _az;(xn_Xi)
=E |exp Z sie 1a, + s2e
L i=1

=E _exp (Sle_gg(zn_xl)lAn + 826_9:(%—){1))}”
! n
= (1 -E [1 — exXp (816795(76"7)(1)1/1”, + 526795(%7)(1))})
The term inside the expectation goes to zero as n — oo, since ||0,|| = ¢, — 0o by assumption (a). Therefore,

(1 —E [1 — €xp (316_95(%_){1)1,4” + Sze‘GZ(In—Xl)ﬂ)
lim

n—00 exp (—n]E [1 — exp (816705(w7L7X1)1An + 326*95(%*)(1))])

=1. (54)

It suffices, therefore, to focus on the limit of
nk {1 — exp (sle_evTL(””"_Xl)lAn + 526_95(’”_)(1))] .

Let R > 0 be arbitrary, and

Yn — (.’,Cn — Xl)

an

for notational convenience. By assumption (b), we have nP(Y,, € -) — v(-) vaguely. Now,
nlk {1 — exp (sle_gz(x"'_xl)l,q“ + Sge_eg(x"_xl))}

=nE {1 — exp (sle_a"‘g’TLylyE on—An + 826_“"951’)] (55)

Let R > 0 be an arbitrary real number. Note that

nk [1 — exp (sle_anezyl en—An + SQe—anefyﬂ

ye

an

Zn/ [1 — exp (sle_a’”"ggyly€ ep—Ap + 526_‘“‘9;?’)] dPy, (y) (56)
C10Ty<R,|lylI<R an
For R fixed, this term converges due to vague convergence of Y,,, and the fact that we are restricted to a compact

set (a small approximation argument is required, whose basic idea is derived from the end of the proof of (Resnick|
1987, Proposition 3.21).)

n/ {1 — exp (sle_a"‘gvTLylyE en—An + 526_‘1"953’)} dPy. (y)
C10Ty<R an

- /c OTy<R ||y <R [1 —ep (SleicleTylyeD + 5267019%)] dv(y). (57)
10T YS G| Y >
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Combining this statement and equation [56| we have as R — oo that

hnrglgf nk [1 — exp (sle anfyyq yezn=an + 8267“"959)} > / [1 — exp (slefclaTylyeD + 3267016Ty>:| dv(y).
(58)

On the other hand, suppose that R,, is any sequence of real numbers increasing to +o0o. We have

T T
nk [1 — exp (sle_“"g"ylye en—An + sze_a“‘gny)}
an
T T T T
:/ {1 — exp (sle_a”‘gnylye on—An + 826_“"97Ly)] dv(y) + / {1 —exp (sle_a"e"ylye on—An + 826_“”9"1’” dv(y)
0T y<Rn an 0T y>R,, an

§/ [1 —exp (sle*“"ezylye en—an + S2€ “"ezy)} dv(y) + nP(0Ty > R,)(—s1 — sg)e nfin

an

where we used the inequality

T T T T T
1—exp (5167“"9"?’1 zu=dn + sq€ a"eny) < - (slefanenyl An + S2€ a"ony) < —(s1+ 52)67‘1"9"3/

ye yeTnTme

Let R, be a sequence chosen so large that nP(67Y > R,,) — 0. Then, it follows by letting n — oo above that
lim sup nE [1 — exp (sle anfy] yen—an + 826_“"953’)} > / [1 — exp (sle_cleTylyeD + sze_cloTy)} dv(y).
n—oo an

Combining this with the lower bound equation [5§| we have

T}LII;O nlE [1 — exp (sle anbyyq yeznzan + 8267‘1"9:‘7!)] = / [1 — exp (slefcleTylyeD + szefcleTy)} dv(y).
(59)

It now suffices to look at the Laplace transform at (—sy, —s2) of the left hand side of the lemma. That is,
E [exp <51 /efclaTylyeDdPRM(V) + sz/ecloTydPRM(y))] =FE [exp </(816019Ty1yep + $2€C16Ty)dPRM(l/)):| .

However, this is precisely the Laplace functional of PRM (v) evaluated at the function f(s) = —(sle_clylye D+
52e~C1Y) (see (Resnick, 1987, Section 3.2) for the definition). This admits an explicit formula for PRM (v) by
(Resnickl, 1987, Proposition 3.6(ii)). Applying that formula,

E [exp <—/f(s)dPRM(u))} = exp (— /000(1 — e_f(s))du(s)>

which matches exactly with the right hand side of equation once we use equation Thus, the proof is
complete. 0

Having proved this important lemma, we shall now prove a result that will help us with part (¢) of Theorems |§|
and We proceed to motivate the lemma, state it and then prove it. Suppose for ease of clarity that out of
the iid samples X1, Xo,..., X, of X, that X; is the sample maximizer of the quantity 87z, for some fixed unit
vector §. Consider the quantity

n
P e Z AT (X X1)

9X1

Suppose that a particular functional of X converges to a PRM, for instance let 2 € R? and a,, be a sequence such
that Z?:l 0s-x; = PRM (v) for some Radon measure v, and 6,, be a sequence of vectors such that a, 60, — 6

for some vector 6. Observe that

n
ZGGT()@ X1) Ze“”ez(mzfl) 0,67 E=X0)
i=1
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The term on the exponential is a random measure we have already studied, minus its very first term. Since
anb, — 0, we expect that the rest will converge to a PRM minus its first term, which is a phenomena general
enough to warrant its own lemma. This is the lemma that we will now proceed to prove. A simple point process
is one which, when evaluated at a singleton {a} for any a € R, results in either 0 or 1.

Lemma 14. Let n,, be a sequence of simple point processes on R® such that n,, has n points. Suppose 10, = 1.
For any simple point process 1 on RY with finitely many points, let s,, = argmin 07y be the sample minimizer of
0Ty in p. Suppose s, 1s unique and isolated a.s. in p. then, n, — s,, = 1N — Sy.

Proof. We will show that the map ¢+ — u — s, is continuous on the subspace of simple point processes. Then,
this result follows directly from the continuous mapping theorem. In order to do this, we must first prove that
@ — 8, is a continuous real-valued function on the space of all 4 with a unique minimizer of 67y.

Let 1, converge to u vaguely. We will prove that s, converges to s,. Let Ry = 07s, and Ry = ||s,||. Note
that for any rq,72 > 0, we have

pn({07y <71, Iyl < r2}) = n({07y <, flyll < 72})
Let € > 0 be chosen small enough so that §7's,, < inf\, 6Ty — €. Then, for any ¢ > 0,
p({07y <R—e|lyll < R —€}) = 0,u({07y < R+ely| < Ra+e'}) =1.
Thus, for large enough n we have by vague convergence that
{07y < R—e |lyll < Ra}) = 0, i ({07y < R+ ¢, yll < Ra}) — 1,

which implies that 67s,, € (R; — €, Ry + €) and ||s,,
Su, = s, for n large enough.

€ (Ry — €, R2 + €). By the choice of ¢, it follows that

Now, suppose that A is a set such that 4 = 0. We must prove that (, — s,,)(4) = (¢ — s,)(A). This is
equivalent to

pn(A+5u,) — (A +s,).

For any € > 0, consider the open set
A ={zecA+s,:|lz—y| <eforally € 0(A+s,)}

and the compact set
At ={x e A+s,:||lz—y| <eforsomey e A+s,}

Then, A= C A+ s, C AT, and since s, — s,, we have that lays,, — lays, pointwise as functions on R,
In particular, this implies that for some N € N, A=< C A+ s,, C AT for all n > N. Thus,

pn (A7) < pin(A+sp,) < pn(AT)

for all n > N.
However, by Proposition 3.12, Resnick, limsup,, pin (A1) < u(A1€) and liminf,, g, (A7¢) > p(A™¢). Thus, we
have

w(A™€) < liminf g, (A™) < lminf g, (A + s,,,) < imsup p, (A + s,,,) < limsup g, (A7) < p(AT).

This is true for any € > 0. The result now follows by letting ¢ — 0.

Having shown that ;1 — p—s,, is continuous on the space of simple point processes, we conclude by the continuous
mapping theorem (see (Billingsley}, 1999, Theorem 5.1)) since 7 is a simple point process a.s. O

We shall now proceed to prove the theorems in each of the remaining sections in their order of appearance. It
will be apparent that the results in the forthcoming sections will utilize the preceding results heavily.
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D Proofs for Section [4]

In this section, we will prove all the results in Section |4} Let X be a random variable in the Weibull regime (see
Assumption , with maximum value M > 0 and tail index a > 0.

D.1 Proof of Lemma (1| and Weibull regime examples

We begin by proving Lemma [I] and the examples of random variables in the Weibull regime.

Proof of Lemma[dl Recalling that b, > 0, note that for any n > 1,

Xin—a, _T—ay Xop—an, _T—ap
P : < - P : <
( bn ~ ba ) < bn ~ bn >‘

P(W§y>_ﬂb(w§y>’ (60)

is a bijective mapping on R. Now recalling the definition equation |§| of KS we have

sup UP(XLn S J}) - ]P(XQ,VL S l‘)| =sup
zeR rcR

= sup
yeR

since the map x — y =

T—an
bW

X1 — g Xom — an X1 —an Xon—an
(X Xa) =sup (K050 <o) <P (22 ) s (T e, B

For part (a), since Z; = Zs = Z is continuous, by Lemma we have KS (@,Z) — 0. The result now

follows from the above equality and the triangle inequality for the KS distance.

For part (b), since Z; # Zs in distribution, by Lemma [11] there is a point ¢ at which both the CDF of Z; and

the CDF of Z5 are continuous, such that Fyz, (¢) # Fz,(c). But P (Xlgin_a" < c) — Fyz,(c) by convergence in

distribution. That the KS distance between the scaled random variables doesn’t go to zero, now follows directly
from this observation and equation O

Next, we will sketch the correctness of the three examples provided for the Weibull regime assumption. (See
for details on these examples)

Proof of Weibull examples. Let X = Beta(a,b) for some a.b > 0. Then, X has the density cx®~1(1 — z)™~! for
x € [0, 1] and a normalizing constant c. Clearly its maximum value is M = 1, and by the chain rule, the function
1 — Fx (1 — z) has the derivative ¢(1 — )¢~ 1zM~1.

Note that ¢(1 — )¢~ ! is a function which is continuous and non-zero at 0, hence regularly varying with index 0
at 0. On the other hand ™~ is regularly varying of order M — 1. By the product rule (Bingham et al. [1987,
Proposition 1.5.7(iv)) it is readily seen that c¢(1 — )2~ taM~1 is regularly varying of order M — 1 at 0.

By (Bingham et all (1987, Proposition 1.5.8), its integral i.e. 1 — Fx(1 — z) is regularly varying at 0 of index
b > 0. Hence, it lies in the Weibull regime with parameter b, completing the proof of the first example.

Coming to the second example, suppose that X is either a normal or exponential random variable, and let
M > 0. It is easily checked that if f is the density of the truncated random variable Xp; = X1x<u, then
lim,_, - f(z) = f(M) is a positive number. Therefore, it is clear that f is regularly varying at M or order
0. By an argument similar to the one made for Beta(a,b), it follows that X is in the Weibull regime with
1 — Fx (M — z) regularly varying at 0 with index 1.

We shall now address the third example in detail. Let XY be in the Weibull regime with parameters «,
respectively and maximum values Mx, My. Then, X 4+ Y has maximum value Mx + My. Let Fx be the
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CDF of X and Fy the CDF of Y. Note that for any u > 0,
Mx
IP’(X+Y>(MX—|—My—u)):/ (1— Fy(Mx + My — u—2))dFx (z)
Mx—u

:/ (1- Fy(My —u+2))d(1 — Fx(Mx — )
0
:/ (1= Fyx(Mx — 2))d(1 — Fy(My —u+ 1)) (61)
0
where we used integration by parts and noted that lim, .o+ 1 — Fx(Mx — ) = 0 and lim,_,,- 1 — Fy(My —

u+x)=0.

Similarly, for any ¢,u > 0,
tu
P(X +Y > (Mx + My — tu) :/ (1= Fy (My — tu+2))d(1 — Fx(Mx —2)))
0
:t/ (1—-FyMy —tu+tz))d(l — Fx(Mx — tx)))
0
:t/ (1= Fx(M — t2))d(1 — Fy (My — tu+ 12)), (62)
0
where we used integration by parts and noted that lim, o+ 1 — Fx (Mx —tz) = 0 and lim,_,,- 1 — Fx(Mx —

tu + tx) = 0.

The representations so far clearly hint at the appearance of regularly varying terms in the integrand and integrator
of equation [6I] and equation [62} Thus, we expect the ratio of these two terms to behave regularly, which is what
will be proved now. We shall now fix £ > 1 and study the ratio of the left hand sides of equation and
equation [62| as u — 0. An analogous argument will apply for ¢ < 1.

Let A > 1,6 > 0 be arbitrary. By the definition in equation [I] of the Weibull regime and Potter’s theorem
(Bingham et al., {1987, Theorem 1.5.6(iii)), there exists X > 0 such that for p,q < X,

) a+6
T (1-FyMy —p) < A0 (95)

)
1 s _ (1= Fx(Mx —qp)) B+6
AT = (1 - Fx(Mx —p)) < Ad (4

A*lqafﬁ <

Now, applying equation to every u < X/t and integrating these inequalities from 0 to u with respect to
1-— FX (MX - :L'),

A-Lpe—d < fO“(l —Fy(My —tu+ tx))d(l — Fx(M _ x))

a+d
= 71— Fy(My —u+2))d(1 - Fx(M - z)) < At (65)

Similarly, applying equation [64] to every v < X/t and integrating these inequalities from 0 to u with respect to
1—Fy My — tu+ tx),

A1 < Jo (1= Fx(M — ta))d(1 — Fy(My — tu + tz))

B+
= (1= Fx(M —2))d(1 — Fy (My — tu+ tz)) < AT (66)

Multiplying equation [65] and equation [66, while also noting the equalities in equation [61] and equation

~2B+a—28 P(X+Y > (Mx + My —tu)) < A2pB+at2s
T PX4+Y > Mx+ My —u)) T

for all u,t > 0 such that tu < X. Now, fixing ¢ and letting v — 0 above gives that

_ _ L PX+Y > Mx + My —tu)) P(X+Y > (Mx + My —tu))
A72P+e=20 < im inf <1 < A%Ptat2s
SRV PX 1Y > My + My —u) — a0l P(X+Y > (Mx + My —u) —

A
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Since this is true for all § > 0 and A > 1, letting A | 1 and ¢ | 0 gives

- P(X 4+Y > (Mx + My — tu)) _ jotp
u—)OP(X+Y>(MX+MY—’U/>) N ’

The same argument as here can be repeated with ¢t < 1, showing that the above statement holds for any ¢ > 0
(for t =1 it is immediate). Consequently, the result has been proved. O

We will next prove Lemma [3|i.e. that the site-specific tilt g retains the Weibull assumption.

Proof of Lemma[3 Since g is strictly increasing, the maximum value of g(X) is g(M). Let Fx be the CDF of
X, and Fyx) be the CDF of g(X). Consider the quantity
1= Fyx)(gM) —z) = P(9(X) > g(M) — z)
=P(X > g (g(M) —x))
=1-Fx(9 ' (g(M) —z)).

1 is the set theoretic inverse of g. Note that since g is strictly increasing, ¢g~!(y) < « if and only if

Here, g~
y < g(x).
We must prove that 1 — Fy(x)(g(M) — ) is regularly varying at 0. However, we have written this function as a
composition of two functions
1= Fyx)(g(M) — z) = h(j(x))

where h(z) =1 — Fx(M — 2) and j(y) = M — g~ (g(M) — y).

Observe that j(y) — 0 as y — 0 by the continuity of f. Furthermore, h is regularly varying at 0 with index «.
If we can show that j is regularly varying at 0 with index %, then by (Bingham et all 1987, Proposition 1.5.7),

6

x> 1= Fyx)(9(M) — ) is regularly varying at 0 of order %, completing the proof.

However, observe that the definition of j(y) implies that g(M) — g(M — j(y)) = y. In other words, j is the
set theoretic inverse of the function x — g(M) — g(M — z). By (Bingham et al.l 1987, Theorem 1.5.12), j is
regularly varying at 0 of order % O

Thus, general twists are absorbed into our setup. We will therefore continue to assume that X is in the Weibull
regime with index o > 0 and maximum value B. Let 6,,,n > 1 be a sequence, and recall My from equation
Also recall Xy, from equation [4]

We will now prove Lemma [6]
Proof of Lemmal[@ For part (a), suppose that A C R? is compact and satisfies v(A) = 0. Then, by Assumption

v(cA) = lim L (:vg ;X € cA>

(
t;O%P (mectX € A)

= lim — P(xe_X€A>

To prove part (b), let v{0 < 8Ty <1} = C € (0,00), and define the measure g on S = {#7y = 1} by
T Y
u(B)u{O<0 y<1,9TyEB}.

Observe that p(S) = C. Now, observe that for any ¢,z > 0 and B C S, by part (a) we have

v ({eTy € (0,4, % € B}) = ({eTy € (0,1], % c B}) = u(B). (68)
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Since sets of the form

T Y

generate {#7y > 0}, it follows that v is uniquely determined by the scaling property, and if a,b > 0 and B C S
are arbitrary then

v <{0Ty e (a,b), % € B}) —v ({0Ty € (0,b], % € B}) v ({9Ty € (0,4, % € B}) = (° — a®)u(B)

by equation

To prove part(c), observe that

/ e_gTde(y) < Z e"v({n-1<0Ty<n})<C Z e "(n*—(n—1)) < oo,
0Ty>0 n=1 n=1
where we used part (b). O

We will now dedicate a section to the asymptotic behavior of My, and the proof of Theorem [

D.2 Proof of Theorem [l

We first prove Lemma [4] about the growth of E[e?»X] as 6,, — oo. Throughout this section let Fx denote the
CDF of X.

Proof of Lemmal[j Write
M
E[e?"X] = / ! YdFx (y)
— 00
M
— e‘gnM/ een(y_M)dFX(y)
— 00
= —eenM/ efenudFX(M —u)
0

oM / =04 (u), (69)
0

where Gx(u) = 1 — Fx(M —u). Now, Gx(u) is regularly varying at 0 of order & > 0. By the Karamata
Tauberian theorem (see (Feller, [1971, Theorem 3, Section XIIL.5)) it follows that
fooo e Ot dG x (u)

T(a+1) (1—FX (M—e%))

Our result directly follows from the above equation, equation |69 and algebraic rearrangements. O

— 1.

The proof of Theorem [4]is a corollary of this.

Proof of Theorem[j) If M is the maximum value of X, then we have by the previous lemma that

E[S%"X]

Y (1 s (M - i)) —-T(1+a)
M (1— Fy (M- %))2 .
E[co-X]? T T+ a)y

_ 1
Multiplying these together and noting that % — 2% by Assumption we obtain the result. O
XM T aey,

In the next section, we will prove the scaling limit of Xy i.e. Theorem [f]
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D.3 Proof of Theorem [5l

The following lemma covers the asymptotics of rare event probabilities under large twists. We will use it to prove
Theorem [Bl

Lemma 15. Let 0,, be any sequence converging to infinity, and r, be any sequence increasing to a real number
M. Suppose 0, (M —r,) = C € (0,00). Then, for any random variable X belonging to the Weibull regime with
parameter o > 0 and mazimum value M, we have

Elef X1y, ] . focto"le’tdt
E[ef»X] ()

€ (0,1).
Proof. As usual, let F'x be the CDF of X. We begin by noting that

M
E[BGW'X1X>T7L] :/ 60"’dex(y).

n

We perform the following manipulations, taking Gx(u) = 1 — Fx (M — u). Since this is regularly varying at 0
by Assumption [l by (Bingham et al.| 1987, Theorem 1.4.1) we have Gx(u) = L(u)u® for some slowly varying
function L (i.e. regularly varying with index 0) at zero.

M M
/ eImYdFx (y) =ePM / WM gFy (y)
! ’ M—r,
:—ee"M/ e O tdFx (M — u)
0
M—ry
ze‘g”M/ e I dG x (u)
0

M—ry,
18P 6. M l[e_e"”GX(u)]éMT" —I—/ GX(u)Hne_e"“du]
0

9n,(M—Tn) t t o
0 n n

:eG"MGgO‘L <) 676"(M7T")L(M — 7)) (M =)Lt <> o —|—/ n’_t%etdt
0

Oy,

We used the fact that Gx (M) = 0 above. We will now consider the limit of both quantities inside the bracket
on the last line.

Clearly, the first term is easy to handle :

e O M=) LM — 1) (M — 1)* L (;) 0% — e CC, (71)

since 0,,(M —r,,) = C and L is slowly varying.

For the second term in equation note that 6,(M —r,) — C. Thus, it is bounded, and we assume that

t
0, (M —r,) < M for all N > 0. Pointwise, on [0, M] we have fé 9{‘) — 1. Thus, we have

i
v

n

L(z.)

L ()
as n converges to infinity, pointwise on [0, M]. To apply the dominated convergence theorem, we note that L is
slowly varying at 0, and therefore L(s)s®/* — 0 as s — 0, and L(s)s~*/* — 400 as s — 0 ((Bingham et al.|

to‘e_tl[o’gn(M,rn)] — tae_tl[()’(j]
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1987, Proposition 1.5.1)). Therefore, there is a constant K such that Ks*/* < L(s) < Ks~*/* for s € [0, M],
which implies that
L(z:)

L ()

which is integrable. By the dominated convergence theorem,

On (M—ry) L(g%)
LR

Combining the above with equation equation [70] and Lemma [4]

1™ Lo g, (M) < K222 10 2

C
t%etdt — / tYe~tdt.
0

Bl *1y,,] | e7CC" + Jo toeTtdt [ e le Tt
E[efnX] Fa+1) () ’

where the numerator simplifies by integration-by-parts, and the denominator satisfies I'(aw + 1) = oI'(«). This
completes the proof. O

With this, one can complete the proof of Theorem [5}

Proof of Theorem[5 Let C > 0 be arbitrary. For a sequence 6,, increasing to infinity, let s, = OQ. We have
following some algebraic rearrangement,

{Gn(/\/l —Xgn) < C} = {X@n > M — 90} = {Xen >M— Sn}

n

Now, by the definition of exponential tilting,

Ele?*1x>m-s,]  E[e*1x>a—s,]
P(Xy, = M —s,) = E[ef-X] - E[efnX]

By Lemma [T5] applied with X and r, = M — s,

c
Jo e teTtdt
P(Xy >M—s,)—20"_ <% _pr1)<c).
(X, 2 M= 5,) > 2 L P @) <)

It follows that
PO, (M — X,p,) <C) - P(T(a,1) <C)
as n — oo. This is sufficient to show the theorem, since we only need to consider C' € (0, 00) for non-negative

random variables to converge in distribution. O

Finally, recall the estimator random variable R,, ¢ defined by

_ Z?:l egf(Xj)lxieA
P(Rnp € 4) = S eI

We are now ready to start proving Theorem [f] We will prove its parts in the order in which they were stated.

D.4 Proof of Theorem

We begin with the proof of part (a). Note that the rough idea was already discussed above the statement of the
theorem.

Proof of Theorem[6l(a). Let an,b, be such that Xl:“" — I(«, 1) as in Theorem [5} Note that for any = € R,

that B, = {y < a,, + byx} satisfies equation [52| follows from Lemma E Furthermore, 222 — ( by assumption.

n

Thus, by Proposition @ and Theorem |§|, X, and R, ¢, have the same scaling limit, completing the proof. O
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Next, we prove Theorem [G[b).
In this section, we explicitly find the limiting random variable in Theorem @(b) using Lemma

Proof of Theorem[6. (b) Suppose that 9" — C € (0,00). Then, by Theoremwe know that 6,,(M — Fx'(1—
1)) — € for some Cl > 0, and hence 6, —> 00. Let Cy € (0,00) and A, = [M — Co(M — F'(1 — E))7M]-

Consider P(R,, 9 € A,,), and divide the top and bottom by e to obtain
i ¢ Xilxiea,
D e

i T My en,
T, VM)

<zn: —0p (M—X)) An,iee"L(MX”),
i=1

]P’(Rn’g S An) =

where

o(y,2) = L.

At this point, we verify the hypotheses of Lemma We take 0 =1, C,, = 0,,. Then, Xy, — M in probability.
Let

1
T, = M, a, = M — Fg? <1 - ) C, = Cy,v(dy) = ay*'dy and D = [0, C5].
Hypotheses (a) and (c) of the lemma are easily verified, while hypothesis (b) follows from the Weibull regime
being an instance of multivariate regular variation (see the examples in Section .

Since @ is a continuous mapping, and [ e~“YdPRM (v) # 0 with probability 1 by the definition of a PRM, by
Lemma, [[3] it would follow that

€191, dPRM (v)
P(Rg € Ay) 00 (M—=Xi)1 On (M—X;) fe y<Cs —P(Z <
(B € (Ze A Ze Je=CivdPRM (v) (Z<C)

for some random variable Z. Finally, note that

P(R,p€ Ay) =P <0n(/\/l — Rpp) < Cab, <M —Fy! (1 — ;))) —P(Z < Cy)

Combining the two statements above,
PO, (M — R, 0) < C1Cs) = P(Z < Cy) =P(C1Z < C1Ch).

Thus, the random variable Z¢, pry = C1Z is the desired limit. Note that this random variable depends upon
the Poisson random measure, while the other scaling limit I'(«, 1) does not. It follows that these two random
variables are not the same, which concludes the proof.

We remark that the limiting random variable Zpgjs is continuous, but do not prove this here. O
Now we will prove the last part i.e. Theorem [6fc).

Proof of Theorem @( ¢). We claim that in probability,
Sy e

een max; X; — 1

if 0,,(B — F'(1 — 1)) — +oo (which, by Theoremis implied by Ms — +00). In particular, this implies that

n 0n X
D€ L, #max; X;
een max; X;

— 0. (72)
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By Lemma[12] > |6 wm-x, = PRM(v) where dv(y) = ay®~'. Now, note that the smallest point of the

M—F— 1(1—l)
former point process is attained “when X; = max; X, which without loss of generality we assume is attained at
X1. Therefore, we get by Lemma [14] (with 8 = 1) that

Zé X1-X; :>PRM(V)—SPRM(,,).

MF1(1

Let M > 0 be an arbitrary but fixed parameter. Let f(z) = e ™%1,.,;. Note that f is continuous and
compactly supported on [0, 00). Thus, by the continuous mapping theorem (see (Resnick, 1987, Section 3.5)) we

have

n _1\4)(17}.{1
Ze M=Fx (o) _>/ MLycrr [PRM(v) = spru(w)] - (73)
i=1

Now, it is clear that for any ¢ > 0,

. —0,(X1—X;
lim ]P’lg e n (X1 )1X17Xi<(M7F;1(17%)M)>1+6
i=1

M —o0 £
=1

For any € > 0 and M > 0, employing equation [73] gives
| —rta-) (525
hmnsuPP Ze X xicmeFgt -ty > 1 E €

_]\/( XllXi )
. e ¢
<limsupP E € Pt L xicm-rgta-tyay > 1€

n—oo

_p [ / M1, (PRM(V) — sprar) > 1 —i—e] . (74)

Note that e="*1, s is dominated by e~® for M > 1. Furthermore, as M — oo, we have e =M1, _p; — T{0y

pointwise. In order to use the dominated convergence theorem, we need to prove that e~” is integrable under
PRM(v) — spru(v) a-s. : we will prove the stronger statement that e™* is integrable under PRM (v) a.s.

In order to prove this, observe that (1 — e™*) < x for all x > 0. Thus,

/00(1 —e ™ Ndv(z) < /OO e dv(x) = a/oo e T2 ldx < .

0 0 0

_fo e’zdPRM(u)}. It

However, by (Resnick} 1987, Proposition 3.6(ii)), the left hand side is equal to —InE[e
follows that [~ e~*dPRM(v) is finite a.s.

Therefore, by the dominated convergence theorem, [e=M*1,_\/(PRM (v) — sprM(v)) — 1 a.s., which implies
that the probability in equation [74] converges to 0. In particular, it follows that

X1—-X;

N )<—f7 )
hmsupIF’lZe x o= =) S 14¢| =0,

which instantly proves the claim, since the sum must always exceed 1 (by taking the term ¢ = 1), therefore it
was sufficient to check only exceedance by € to confirm convergence in probability.

Having proved the claim, recall that

7,1; eenXil )
P(R,, € A,) = 2iz1 Xi€A,

n 0, X;
Z'L 1 €
n X efn i X
_ i e Mlxea, M
- e0n max; X; Z?:l efn Xi
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The second term converges in probability to 1 by our claim, while the first term can be written as

n 0. X,
i€ lxea,
69” max; X;

n
Bn Xifmax.; Xi
= lhnax; xic4, + E efn( )1X¢€An,Xi;£max_7' X,
i—1

Again, by the claim, the second term converges to 0 in probability. It now follows that
P(R, g, € Ay) —P(max X; € A,) = 0
in probability. In particular, for any fixed positive C take A, = B — C(M — F~1(1 — %)) Then, clearly

M — max; X;
M-F(1-12

P(max X; € A,)) =P ( ) > C) —P(—W, > C).

Therefore, we have P(R,, 0, € An) — P(=W, > C'), which rearranges itself to

M—Ry, 0
P = >C P(—W, >C
(M—Fxlu—;) )ﬁ ( )

as desired. This completes the proof. O

D.5 An illustrative example

We illustrate the results in this section with an example. Let X = UJ0, 1] and g(z) = z, for which we know that

a=1and M = 1. Furthermore,
1 1
1-Fx(1-—)=—

for any 6,, > 1. By Theorem [4] if §,, — co we have

By Theorem

0,(1— Xp,) -5 T(1,1) = Exp(1),
where Exp(1) is the exponential random variable with parameter 1 and density Ae™® for > 0. Note that
% — 0 if and only if % — 0. In this case, by Theorem @(a) it follows that

d

0,(1 - Ryp,) > T'(1,1) = Exp(1).

Thus, by Lemma
KS(Xgn,ngn) —0

provided that n = (6,,). This shows that a substantial twist can be achieved with very few samples. If, on the
other hand, % — ¢ for some ¢ € (0, 00), then Mrf" — 5, and we have by Theorem @(b) that

d
Qn(l — angn) — Z%pRM.

This random variable will not be equal to Exzp(l), demonstrating that n = ©(6,,) samples are not enough.
Furthermore, if very few samples are considered and %" — 400, then % — +0o0 as well. Note that

1 1 1
1 - Fyt (1—):1—(1—):.
n n n

n(l — ngn) — —Wl,

Therefore,

which implies that the scaling limits are totally different for X = UJ0, 1].
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E Proofs for Section [5G

In this section, we prove the results from Section |5l Recall that X is now a vector, # € R? a fixed unit vector,
cn, > 0 a sequence tending to infinity, and the distributions of X, and R, . are given by equation [l| and
equation [2]

We begin with the proof of Lemma [5] which is essentially the same as the proof of Lemma [T}

Proof. Let a, be a sequence of vectors and b, > 0. Then, for any axis-aligned hypercube R, observe that
{5%= . r € R} is still an axis-aligned rectangle. Furthermore, this map is invertible, and thus is a 1 —1 mapping
on R, the set of all axis-aligned hypercubes on R. Therefore, for any n > 1,

Xn* X -
P(WeR)—P(WGR)‘. (75)

For part(a), if Z; = Zy = Z is continuous, then by Lemmapwe know that the distribution of % converges
uniformly on compacts to F. Given this, part(a) is clear by equation

On the other hand, for part (b) we note that if Z; # Zs then one can find a continuity point ¢ of Z;, Zs at which
their CDFs differ, by Lemma However, if R. = {x: 2; < ¢;,1 <14 < d} then the difference between the CDFs
at c equals |P(Z; € R.) —P(Z2 € R.)| = € > 0, which is non-negative. Let ¢’ be such that Fz, (), Fz,(¢') < €/2.
Then, it follows that

sup [P(X1, € R) —P(X3,, € R)| =sup
R R

[P(Z1 € Re\Re) —P(Zo € Re\Re)| > e—€/2 —€/2 > 0.

Since X;, — Z; in distribution, it follows that their CDFs cannot uniformly converge to the same limit on
R\ Re, completing the proof. O

Next, we sketch proofs for the examples of random vectors satisfying Assumption [4]

Proof of Ezamples of vectors satisfying Assumption[f] We begin with the one-dimensional example. Let X be a
random variable with maximum value B which is in the Weibull regime with parameter o > 0. Let Fx be the
CDF of X.

We will take g = M. Let 6 > 0 be arbitrary and A = [0, ¢] for some arbitrary ¢ > 0. Let U(t) = 1 — Fx (M —1t),
which is regularly varying with index o > 0 by Assumption [I| Then,

1 M- X 1 _1-FxM—te)
U(t)P<t€A)_U(t)P(X2M—tC)—1FX(M—c.

Thus, it follows that v ([0, ¢]) = ¢* for all ¢ > 0, which uniquely determines v. It is sufficient to consider intervals
to prove vague convergence, hence v is the vague limit under consideration.

For the integrability condition, note that 67y = 0y is uniquely maximized at y = M. Then, v({0 < fy < 1}) < oo
holds since

v({0 < By <1}) = /0 e~ Ydu(y) < T(a) < oo.

We have completed the proof.

For the second example, let (X7, Xa,...,X4) be a bounded random vector with independent components, and
let © = (Mj,..., My) be the vector of maximal values of the X;. Suppose X; is in the Weibull regime with
index p;. We let 6 be any vector with positive entries so that 7y is uniquely maximized at z.

By an approximation argument, it is sufficient to find a function U(t) and a measure v such that

1
TPe— X €t4) 5 vd)

for all hypercubes A of the form A = xI_;[a;, b;] where a; < b; for 1 <4 < d. However, in this case,

x € x —tA if and ounly if X; € [M; — ta;, M; — tb;] for all 1 < < d.
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Therefore,
d
P(z — X € tA) = [[P(X; € [M; — ta;, M; — tby)).
i=1
Let U;(t) = m Then,
1 1 _(M-X;
Ui(t)P(Xi € M; —ta;, M; —tb;]) = Ui(t)IP( ; € [az,bl]> — vi([ai, b;])

by Assumption |1, where v;([0,y]) = y?i. Thus, taking the product of the above convergence over all i € 1,...,d,

Ll pu—xetd) =)

[T, Ui(t)

where v = ®!'_,v; is the product measure. Since the product of regularly varying functions is still regularly
varying, the result follows as long as we can demonstrate the integrability condition.

However, recall thatd; > 0 for all 1 <7 < d. We now have

v({0< 0Ty <1}) <wv <><§’l_1 {0, ;ZD = f[l/o;i e Ydu(y) < ﬁl“ <912> < 00

i=1
by the definition of v;. This proves the integrability result.

For the third example, suppose that X is a truncated normal X = N(0,1)1x <, for some r > 0. Fix
y € R |lyl| = r and let § = Ly. Note that 67z is maximized at z = y within the support of X. Furthermore,
note that N (0, 1) possesses a density f which is continuous at y, and f(y) > 0. Thus, for any ¢ > 0 and compact
set A with measure-zero boundary,

P(y_tX eA) =P(X €y —tA)

= / f(z)dz
(y=tA)n{|lz]<r}

= td/ fly —tz)dz.
An{lly—tz[|<r}

Ast— 0 we have AN {|ly —tz|| <7} - AN {072 > 0}, and f(y —tz) — f(y). By the dominated convergence
theorem,

1 y—X ) T
——P(=——€cA) = |ANn{6 z> 0}
g (7 < 4) 2 n o
Thus, v(A) = |[AN {072 > 0}| is the Lebesgue measure restricted to {672 > 0}. In this case, the integrability
condition equation [L6| does not hold, however, since v{{0 < 0'y < 1}} = +oc.

Finally, if X is a uniform random vector on any polytope P, then we may argue, similarly to the previous case,
that U(t) = t¢ and v(A) is the Lebesgue measure on A, not restricted to R? but rather to the conical hull of
finitely many "extreme" vectors vy, ..., vq originating from 0. In this case, note that the intersection of this cone
with {0 < Ty < 1} has finite measure, which is tantamount to v({0 < 67y < 1}) < oo, as desired. O

We now prove Lemma

Proof of Lemma[] Let X satisfy Assumption [] at z¢y with function U(t) and vague limit v. For the sake of
clarity, we assume (z9); # 0 for all 1 < i < d : the proof is easily modified if one of these doesn’t hold. This
implies that for every bounded rectangle A we have

ﬁp (“ ;X € A) S u(A).
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Let A = x%_,[a;, b;] with a; < b; and suppose g(z) = (z

oo a0
t

2
i

/)1§i§d~ NOW, we have

} — (4(X) € glrg) — 1A} =(X € g~ (glzp) — t4)}
_ {x—X ¢ To =9 '(g(wo) —tA)}

t t

Expanding out the definition of ¢ and ¢!,

zg— g '(g(ze) —tA) _ it ll’ei — (((we)i)™ — ta)™ @, — (((£0))™ — tbi)"’li‘|
t =

Observe that as t — 0, the above set converges :

., [e — ((@0)i) — ta)) ™ o, = ((@o)i) ~ tm)*] Ly et lanbil

i= t ’ t

Thus, it follows that

1 (9(ze) — g(X)
U(t)]P’< 0 - €A>%M(B)

where if B = x%_,[a;,b;] with a; < b; then u(B) = v (xf_l[aab_]l> That is, p is just a rescaling of v. This

;T
Ty,

completes the proof. O
Next, we include the proof of Theorem [7}

E.1 Proof of Theorem

We present the proof of the law-of-large-numbers result Theorem [7] in this section.

Proof. Proof of Theorem [7]It is enough to prove that if A is a subset of the support of X such that the closure
of A doesn’t contain xg, then P(X,, g € A) — 0. Without loss of generality, we assume that A is closed (or we
can replace it by its closure below).

Since A is closed and doesn’t contain zg, by the continuity of the function #7g, there exists § > 0 such that
0Tg(y) < 0T g(xg) — 6 for all z € A. We write

Elec?" 901y 4]
]E[ecn@Tg(X)]
E[ecnaT(—g(w9)+g(X))+cn5/21X€A]

B E[ecntT (m9(ze)+9(X))+end/2] - (76)

P(chg S A) =

Then,
E[echT(_9(19)+g(X))+Cn5/21X€A} S €_C"’5/2]E[1A] -0

as ¢, converges to infinity. It now remains to confirm that the denominator of equation is non-zero in the
limit. Let

B = {z € supp(X) : 0" (g(x) — g(wg)) < §/4}.
We know that P(X € B) > 0. However,

E[ecn?" (—9(@e)+9(X)+end/2] > /41 5] > 0

regardless of ¢,. Thus, it follows that P(X,, ¢ € A) — 0. This completes the proof. O

Unlike the previous appendix section, we prove Theorems [§] and Theorem [J] in the same subsection, since their
proofs are extremely similar. The three parts of Theorem [I0] will then be covered later.
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E.2 Proof of Theorem [8 and Theorem [

The following lemma will be extremely helpful in this subsection. Let X satisfy Assumption [d]at z¢ with limiting
measure v and regularly varying function U(t).

Lemma 16. Let B C R? be such that v(0B) = 0, where OB is the topological boundary of B. We have

cnbT X

E[ 1X€’E9—LB _0

= — Ydv(y
ecnt wo( =

as cp — 00.

Proof. We have
T
E[emﬂ XlXeme—%nB]
:eC"QT“/e_c”'gT(m_X)1X6xe—inP(X)
:eCnQTZEO /e_eTy]-yEBdHD (Cn(l‘e - X))

_entangy () fe-eTylyechzE;()cm - X))

Cn

Observe that e‘GTylyeg is discontinuous only on 0B, but v(0B) = 0. Thus, as ¢, — oo, the latter term
converges to fB e“gTde(y) by Assumption [4) completing the proof. O

The proof of the theorem follows from the above lemma rather easily.

Proof of Theorem[§ By Lemma

E QCWGT
e = —>/ nd Ydv(y
U(1/2¢c,) 62“w9 To

U2(1/c ) 2¢,0T 20 N
DEESE fe*‘”ydv(y)

Multiplying these together,
E[6207L9TX]
E[ecneTX]z

1.
(1 /ea)U(1/26n)

Note that

U(1/2¢cy,) _

Z\/etm) g-a

Ulfcn)
as ¢, — oo. Hence,

]E[e2cn9TX]

U(l/Cn)W — 2_0“’
which was to be proved. O

The above lemma is also enough to provide a simple proof for the scaling limit of X, ¢.

Proof of Theorem[9 Tt suffices to prove that for every set B C R? such that v(0B) = 0, we have

P(cy(xg — Xc0) € B) = P(Z € B).
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However, observe that
P(cn(zo — Xe,0) € B)

1
=P (che Exg— —B

Cn

[ cnfT X1
&

E[ec”eTxlxew}
fB 67 Ydv(y
fe*" Ydv(y )

where we applied Lemma [16{ once for the numerator and once for the denominator with B replaced by R%. This
completes the proof. O

XgmefﬁB]

In the next subsection, we will prove Theorem [I0]

E.3 Proof of Theorem [10]

The below proof of Theorem [I0fa) is extremely similar to the proof of Theorem [6{a).

Proof of Theorem ( a). We will use Proposition 4. Observe that % — 0. Let B be any Borel set such that

v(B) > 0 and v(0B) = 0, and let B,, = xg — ,ﬁ. By Theorem @ it is clear that lim, . % < o0.
Cn X€eBn
Therefore, applying Proposition [] together with Theorem [J] furnishes the proof immediately. O
Next, we will prove Theorem [L0|(b).
Proof of Theorem .(b) Suppose that Ment 5 O ¢ (0,00). Then, by Theoremwe know that ¢, U~ 1(%) — Ch

for some C; > 0, and hence 6,, — oco. Let D be a Borel set, and let A, = xg — U1 (1)D.

n

Consider P(R,, .0 € A,), and divide the top and bottom by e? 70 o obtain

n o c0TX;
D1 € 1x.ea,
n C-,LeTXi
D€

n 0T (Xx. —
_Zi:l een? (X we)lxiGAn
- n 0T (X, —
Ei:leC/ (Xi—z0)

n n
T X _ T _X.
*(Dn (E efc,,LGH(a:(;le)lAn,E e cnb, (z¢ X/L)) ,
i=1 =1

]P(Rn’cne S An) =

where Y
[ ==,
(y,2) =~

At this point, we verify the hypotheses of Lemma We take ¢, = ||0,]| and € as in the lemma itself. Then,
Xy, — g in probability. Let x,, = xg, a,, = U71(+), C; be as above, v be as in equation 4 and D as chosen.
All the hypotheses of Lemma [T3 are easily verified.

Since ® is a continuous mapping, and fefcleTydPRM(l/) # 0 with probability 1 by the definition of a PRM,
by Lemma [I3] it follows that

- B €191, pdPRM (v)
P - A cn0” (zg—X;) 1 cn 0T (xo—Xi) d fe yeD )
(B0 € (Z@ sze [ e CwdPRM (v)

Finally, note that
P(Rp .0 € An) =P(cnb(z9 — Rucn0) € cn(zo — Ap))
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Combining the two statements above, if Z is a random vector such that

[ e Wl,epdPRM (v)
P(Z € D) =
(2 € D)= —F —CwipRM(y)

then
P(Cn(l‘g - Rn,ch) € D) — ]P’(ClZ € D)

Thus, the random variable Z¢, pry = C1Z is the desired limit. Note that this random variable depends upon
the Poisson random measure, while the scaling limit Z from part(a) of the theorem does not. It follows that
these two random variables are not the same, which concludes the proof.

We remark that, as in the one-dimensional case, the limiting random variable Z¢, pras is continuous, but do
not prove this here. O

The only non-trivial part of the proof of Theorem ¢) is finding the scaling limit for the sample maximizer
of T X (i) Once this is done, our proof will follow exactly as in the one-dimensional case, and we can omit the
proofs of these parts. The next lemma explains the origin of the random variable V' in Theorem (c) as ths
aforementioned scaling limit.

Lemma 17. Let X1, X, ..., X, be @id X and let X(,) = arg max; 0T X; be the sample maximizer of 67 X;. Then,

T — X(n)
U—l(l)

n

-V

for some random variable V' depending upon v.
Proof. Let 8 = {w : §Tw = 1}, and define T : {y : 6Ty > 0} — (0,0) x S by

76) = (0 - ).

z—X

s contained in the domain of T for all ¢ > 0.

Clearly T is continuous on this space, and the support of

We claim, furthermore, that T—!(K) is compact for every K C (0,00) x 8 which is compact. This is easy to see
: indeed, if K is compact then K is contained in a set of the form [a,b] X J where J C S is compact. However,
it’s easy to see that T~1([a,b] x J) is a closed and bounded rectangle, hence compact (this is particularly easy
to see if 6 is a multiple of one of the standard basis vectors, for instance). Hence, T71(K) is a closed subset of
a compact set, hence compact.

By (Resnick, 1987, Proposition 3.18), we have that if ﬁ}?(“”tx € -) — v(-) vaguely, then

el (("T“t M) €) et

vaguely. But by Lemma |§|(b)7 voT~!is a product measure, of the form

voT ' =dr xds.

Now, by (Resnickl [1987, Proposition 3.21) and a restriction argument similar to the proofs in (Resnick, 1987
Section 3.3.2) we obtain

n

D S e_xy,a—xi_y = PRM(voT™") = PRM(dr x ds),

i—1 0T (z—X;)

where we use dr x ds to denote the spherical and angular parts of dvoT 1. By the continuous mapping theorem
and L, it follows that %1(%) converges to the atom V of the PRM on which #7y is minimized.
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It is not difficult to see the distribution of V. Note that the point V is located at a point (a,s) € [0,00) x S, if
and only if the PRM has no point in the set {w : 0 < 67w < a}, which occurs with probability e~veT 7 (0,a]x8),
Thus, it follows that

P(V € B) = / e ol (01X PRI (dr x ds).
B

We now complete the proof of Theorem [I0]c).

Proof of Theorem ( ¢). Suppose, without loss of generality that X; is the sample maximizer of #7z. We claim
that in probability,
Zn ) ecneTX,‘,
=

ecneTXI - 17

if ¢,U~!(+) — o0, which is implied by Theorem 8| and

T
Zn: ecne X;

My‘;’" — oo. In particular, this implies that

To prove this claim, we have by Lemma [12|that > | 6 zp-x; = PRM (v) where v is as in Assumption |4l Now,
v-i(hH

note that the smallest point of the former point process is attained when X; = max; X;, which without loss of

generality we assume is attained at X;. Therefore, we get by Lemma [T4] that

Let M > 0 be an arbitrary but fixed parameter. Let f(x) = e_M’“”leH<M. Note that f is continuous and
compactly supported. Thus, by the continuous mapping theorem (see (Resnick}, 1987, Section 3.5)) we have

0T (x1-Xy)

"oy Xy d -~ T,
Ze UG Ly, —x<v-12)ym — /e MO aenr [PRM(v) = sprur)] - (78)
1=1

Now, it is clear that for any € > 0,

=P [Z e_CnQT(Xi_Xl) >14¢
=1

. - — T — .
P [Ze B P Y I R ks
i=1

For any € > 0 and M > 0, employing equation |[78| gives

o fcnU*(i)eT(%)
limsupP Ze " vTG) ].HXI_XiH<MU—1(%) > 1+6
n

i=1

n 7M<9T(xlfxi))
— 1
<limsupP g e TG

Lixi-xi<mu-r(d) > 1+e
n—oo :

i=1

=P |:/ e_M0T$1”x||<M(PRM(U) — SPRM(V)) >1+4 6] . (79)

Note that e’MGTIIMKM is dominated by e for M > 1, since the support of v is contained in {7y >

0}. Furthermore, as M — oo, we have e’MeT"”1H£||<M — lgry—o pointwise. In order to use the dominated
T

convergence theorem, we need to prove that e~ * is integrable under PRM (V) — spp M(v) a.s. : we will prove

the stronger statement that e=? @ is integrable under PRM (v) a.s.
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In order to prove this, observe that (1 — e*OT””) < 072 whenever 87z > 0. Thus,

0T,
/ (I1—e* ’ Ydv(z) < / e_eTxdu(m) < 00,
0T2>0 0T 2>0

by Lemma [6](c).

. .. .. S -/ e T2 dPRM(v)
However, by (Resnick} (1987, Proposition 3.6(ii)), the left hand side is equal to —InE[e JeTv>o

follows that [yr, e~ *dPRM (v) is finite a.s.

. It

By the dominated convergence theorem, the probability in equation [T9] converges to 0. In particular, it follows
that

n —cnUfl(l)eT(ixl_)ii )
limsup P e " VTG ) > 1 4¢
sz |3

i=1

:O’

which instantly proves the claim, since the sum must always exceed 1 (by taking the term ¢ = 1), therefore it
was sufficient to check only exceedance by € to confirm convergence in probability.

Having proved the claim, recall that

n 0T x.
2ici e Vlxea,

Z?—l eCnGTXi

Ty, T
2 :?:1 ecne X"l eA, ecnf) X1
cn 0T X E :” cn0T X,
ecn 1 i=1 ecn i

]P(Rn,ch S An) =

The second term converges in probability to 1 by our claim, while the first term can be written as

n C LQTXL n
D g € 1x,ca, 1 " e (Xi=X1)q
ecn 0T X, T enlTX1€A, € Xi€An-

=2

Again, by the claim, the second term converges to 0 in probability. It now follows that

P(Ry.c0 € Ap) —P(X1 € 4,) =0

in probability. In particular, for any Borel set B take A,, = x9 — BU _1(%). Then, clearly
Ty — X1

n

]P’(XleAn):]P’( eB)—HP’(VeB).

Therefore, we have P(R,, .0 € A,) — P(V € B), which rearranges itself to

29 — R0
P(l————eB|—~>PVeB
(st es) »rven)

n

as desired. This completes the proof. O

E.4 An illustrative example

Finally, we illustrate the results that were just proved using a simple example. As an example, let X = (X7, X5)
where X7 ~ U[0,1] and X3 ~ U|0,1]? are independent. Let § = (1,1). In this case, g = (1,1) is the maximizer
of Tz for = € supp(X) = [0,1)2.

We claim that X is multivariate regularly varying at xy. To prove this, observe that if A = [0, 2] x [0, z2] for
some x1, 2 > 0 then for any ¢t > 0,

P (”JG;X € A) =P(X € (1,1) — tA)

=P(X; € [1 — tzy, 1))P(X2 € [1 — tzs,1])
Ztiﬂl(l — \/1 — t(L‘Q)
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since X1, Xo are independent. Now, we have

IP(QE@X eA) :xl—“*m?

t2 t 4

T1x2

ast — 0, we get in the limit. Therefore, the limit measure v is uniquely defined by its values on rectangles,
which is given by v([0,21] % [0, z2]) = 2, and U(t) = t?, which gives a = 2.

We can now apply the theorems. In particular, Theorem [§ implies that as ¢, — oo,

M, o

2
Ch

_%

DN =

In particular, M, o grows at the same rate as ¢2. By Theorem |§| we have
en((1,1) = Xe0) = Z
where Z has density proportional to e‘gTyV(dy)7 which in particular implies that

]P)(Z S [0,:61] X [071'2])
oc/ efeTde(y)
[O,Il]X[O,IQ]

1 T T2
ocf/ e_yldyl/ e Y2 dys
2 Jo 0

ocP('(1,1) € [0, z:)P(I(1,1) € [0, 22])

In particular, Z is a product of two independent I'(1,1) = Exzp(1l) random variables in this case. By Theo-
rem a), if % — 0 then n = Q(c2), and

cn((1,1) = Ry 9) = Z

2
where Z has independent Exp(1) random variables as its components, as before. On the other hand, if %L —
C € (0,00) then % — %2, in which case Theorem (b) implies that

cn((1,1) = Rnc,0) = Z¢ pruy
for some random variable Z¢ ppgy, which is not equal to Z in distribution. Finally, if n = o(c2) then Mo — 1o

n
and

\/ﬁ((lv 1) - Rn,cna) =V

where V is the scaling limit of arg max;(X;); + (X;)2. It is possible to prove that V has —W;-marginals, however
these marginals will be correlated.

F Proofs for Section

In this section we will prove results from Section [6] Recall, in this section, that X is a continuous random vector
with full support on R?, and density f. Also recall that there are o > 1, K, L > 0 such that equation [20] holds.
Fix 6 € R4, ||0]| = 1 and ¢,, > 0 which will tend to infinity.

The following lemma, capturing the properties of the function ®.(z) = cf72 — ||z||* used in the statement of
Theorem [I2] is key to its proof.

Lemma 18. For each ¢ > 0, the function ®.(z)

1
(a) attains its unique mazimum at a point m. = (ﬁ) “=10, and

(Dc(mc) _ (a _ l)afa/(ozfl)Coz/(afl)Kfl/(afl).
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(b) is thrice continuously differentiable in R%\ {0}, and
V20.(m.) = —Ka|me|*2(I + (a — 2)067).

(Note : in the second term, the product of vectors is the outer product, not the inner product. Hence it leads
to a rank-one matriz).

(c) is uniformly second-order Taylor approzimable for large c i.e. for every e > 0, there exists ¢y such that

c>co and ||z —me|| < M implies

(I)C(x) - (I)C(mC) - %(73 - mC)T(VQ(I)c(mC))(x - mC) < (m - mC)T(VQ(I)C(mC))(x - m0)~

N

Proof. Note that as ||z|| — oo, since #7x < |6|||z|| by the Cauchy Schwarz inequality, it follows that
lim ;| —o0 Pe(x) = —o0. Furthermore, @, is differentiable everywhere except possibly at 0, where ®.(0) = 0.
Therefore, the maximum of &, must be attained at one of its critical points provided we show that the value at

this point is positive. Write ||z||* = (||:c\|2)a/2, which is easier to differentiate since the derivative of ||z||? equals
2z.

Differentiating,
[VO.(x)](h) = cdTh — %Hxnw2 x 227 h. (80)
Since we are searching for critical points, this must be set to 0 for all h, whence it follows that
cf = Kalz||* 2.
This tells us that x is a multiple of 6, say x = L. But then
a1 ¢ \aT
c=Kal*™ — L= (-2)".
It follows that ®. possesses a unique critical point at m. = (&) T f. A quick computation now reveals that
®o(me) = cL — KL* = (o — 1)o@/ (=D e/ (a1) gr=1/(a=1)
which is a positive constant, completing the proof of part (a).
To compute the Hessian V2®,, it suffices to differentiate equation [80| once more, leading to
V2. (r) = —Ka ((a— 2)||z||* *azT + HJSHO‘*QI) )
Substituting x = m, gives
V2. (m.) = —Ka|m|* (I + (a — 2)067), (81)
completing the proof of part(b).

The third derivative of ®. can be obtained by differentiating the above expression once more. We do not include
Vi®o(z) _ 1

Dlafa=? (This is rather easy

the calculations, but it suffices to see that for some constant D > 0, lim;| o0

to observe in the one-dimensional case, for instance).

Therefore, by the Taylor Theorem with remainder applied to ®.(x) in the ball B, = {x : ||z — m.|| < ||m.||/2},
1
D.(z) = P.(me) + 5(30 —me) V2. (m.)(x — m.) + Rs(x), (82)

where

[1Rs(2)] < sup IV2®c(a)] < Mljme]*~
lo—mell<llmell/2

for some constant M and all ¢ large enough. In particular, this along with equation [81] implies that

i sup | Rs(2)]

=0.
en =00 2eB, 5 (x = me) V2R (me) (z — me)|
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For any € > 0, we may use the above limit to see that for ¢,, > 0 large enough,
€
1Rs(@)]| < S lI(x = me) V2 Pe(me) (x — me)|
for all z € B,... Part (c) follows directly from equation |82 and the triangle inequality. O

We will now prove Theorem [T1] and Theorem [12]

F.1 Proof of Theorem [11] and Theorem [12]

The following lemma, which we proceed to state, does all the heavy lifting and begets the scaling limit of X, g
and the growth of M, g as corollaries.

Lemma 19. Let B C R? be any Borel set. Define
Be = me + (=V?®,(m.)) 2B,
where m., ®. are as in Lemmal|l8 Then,

cn0T X
lim Ele Ixen,, ]
Cp—00 eq)cn (m,c,” )

\/det(_v2q>cn (mey,))

— LP(N(0,1) € B).

Proof. For notational convenience, let B., = \/det(—V2®,, (m.,)). The proof will be furnished in two parts.
We will prove that
o Ele” Xixep, ]
lim inf n

Cp—00 eécn (meyp,)
B

> LP(N(0,1) € B), (83)

and subsequently we will prove that

T
Ele*? ¥1xen,, |
e®en (mey)

B

lim sup
Cp—>00

< LP(N(0,I) € B), (84)
completing the proof.
To start the proof of equation [83| we let ¢, ¢’ > 0 be arbitrary. By equation 20| there exists R, > 0 such that

f(@) = (L= el (85)
for all ||z|| > Re . By definition of the expectation and equation [85| we have

20T X
]E[ec lXeB

cn ]

:/ eC"GTmf(x)dx
B

>(L — e')/ ePen @y,
Be, {llzl|> R}

>(L—¢ / . ePen (Men )+ 155 (@me, ) V20, (me, ) (@=me,) g, (86)
Ben{llall 2R} llz—me, || < Ignly

where in the last step we used Lemma [18|(c). We shall now perform a two-step substitution merely for the sake
of clarity : this calculation will not be repeated in the lower bound. To begin with, we perform the substitution
Yy =x —m,,. This gives

=) / ePen (e ) +15 (@=me, ) V28, (mey) (T=mcy) g0
Be, 0{||2||>Ro 30 {|lo—me, ||< Imenly

cn

— eq:.“n (mC7L)+1;€yTv2q>Cn (mcn)ydy. (87)

-
(Bey —men ) {lly+me, 2R 3n{ |yl < Tenly
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Subsequently, we let z = (=V2®,, (m,,)) 2y. Effecting this change,

(L—EI)/ e Cn(mcn)+ 5 yTv ‘I’Cn(an)ydy
(Bep —men ) {Ily+me, > Ro 30 {[lyll< Ienly

D, (me,,) .
:(L—e’)ei/ ez I= Pz, (88)
BCn J,

cn

where

_1 _1 me,,
Jo. = BO{|(-V?®,, (m,,)) zz+mcn||zRa}m{|<—v2<I>cn<mcn>> 2z|s”2}. (89)

Combining equation equation equation [87] and equation

E C"GTxl l1—c
le XeBol (L—e/)/ ez =P gz (90)
J,

P (Mep)

B

cn
cn

The behavior of J., as Cp = 00 will now be analyzed. As a consequence of Lemma u(b note that the matrix
me, = (=V2®, (m,,))" 2 exhibits three kinds of behaviours as ¢, — 0o : if 1 < @ < 2 then m,, — 0. If @ = 2
then m., — Kad. Finally, if > 2 then HmC z|| = oo for every z # 0. Since ||m,, || = oo by Lemma [18(a), it
follows that as ¢, — oo, {||(=V2®,, (me,)) "2z +me, || > Re} eventually converges to either R? or R%\ {0}.
Similarly, by Lemmal[L§(b) it follows that the biggest eigenvalue of V2®,, (m,, ) grows at the rate of |[m,., ||>~*/2 <
”m‘" I for any o > 1 and large enough c,. Thus, {||(V2<I>cn (me,)) 2z < M} converges to R? as ¢,, — 00.
It follows from these observations and the definition equation [89| of J., that either J. — B or J., — B\ {0}
as ¢, — 00.

Finally, letting ¢, — oo in equation [00}

. E[ end” XlXGB ] ’ — L=z
lim inf oo >(L—€) | e 2 dz.
Cp—00 nB n B

cn

This equation holds for arbitrary €,e¢ > 0. Thus, letting these parameters tend to zero, the lower bound
equation [83] follows.

We will now prove the upper bound equation Once again, let €, ¢’ > 0 be arbitrary constants. By equation
there exists R, > 0 such that

fla) < (L+€)e Kl (91)
for all ||z|| > Re. Thus,
Ele? ¥1xep,, ]
:/ ecneTX
Be,
< / eC"GTXf(m)dm +(L+¢€) / e®en @)y, (92)
Be, {llzl|[<R./} Be,,{llz[| >R}

By a discussion similar to that following equation 90| it follows that B., N {|z|| < Re} converges to either the
empty set or {0} as ¢, — 00, which is a set of measure zero. Thus, this term in equation [92| doesn’t contribute
on the right hand side i.e.

cnTX P, (x
po JBentioizny €0 M F@)A L4 ) Jp ngragsr,y €
Gn 700 (L+¢€) chnﬂ{HIH>R€/} een (D dz

~1. (93)
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Owing to this realization, we now switch our focus to the second term of equation and for ¢, > 0 large
enough apply Lemma [I§|(b) to get

(L+¢) / e®en @y
Bep M{llzll >R}
1+e

< (L—|—€/)/ _ eq:'Cn(an)"' : (m—mcn)TV2<I>Cn(an)(m—mcn)dx. (94)
Be,, {llz||>R n{|lz—me,, [|<—52—}

Cn

Just as in the proof of equation B3] all we must do now is effect the change of variables and ensure consistency
1
in the limit. = m,, + (=V2®., (m,,))?2. Then,

lde . T2 _
eécn(mcn)"" ) (z Mme, )"V @Cn,(an)(m mcn)dx

(L+¢ /
Be, N{llzl|>Ro }n{[le—me.,, | < 1Zenly

ey (Mey,) 14e
= (L+6’)67/ e % ”‘Z”zdz, (95)
Bcn J

cn

where J;, is as in equation As in the discussion there, it follows that J., — R% or R%\ {0} as ¢, — oo.
From here, taking the limit superior on both sides of equation [95| and noting the arbitrariness of ¢, €/, the proof
is immediate. O

The proofs of the two main theorems are now immediate.

Proof of Theorem [I1 We proceed exactly as in the proof of Theorem |4} Taking B = R¢ in Lemma we obtain
the following results.

]E[eQCnGTX]
lim = =L
Cp—>00 eP2en (M2cp)
\/det(—v2¢'2cn (m2e,,))
_ e*Penlmen)
lim det(—=V2®., (m.,)) L2
Cp—+00 E[SC"GTXP B .
Multiplying the two of them,
2Pcp (mey)
lim M, g x -3 nlmen))
cnb

Cr— 00 e®2c(mac)

\/det(—szI)zc(mZC))

Observe that by Lemma [I§|(b), we have
det(=V?®, (m.,)) = Kdadmgio‘_Q) det(I + (o —2)007) = Kdadmfgo‘_m(a -1

since I + (o — 2)007 has the simple eigenvalue o — 1 and the eigenvalue 1 with multiplicity d — 1. Now, using
Lemma [18|(a),(b), following some algebra we have

M, o

lim =d4o,K,L,d-
Cn—00 exp(pa,KCz/(afl))C:Ld(aﬁ)/(a*l)

where

Gor.L.a = L(a — 1)1/22-d(@=2)/(2a=2) (o [0}/ (2a=2)
and

Pa, K = (OZ — 1)Oéia/(a71)K*1/(0‘*1)(204/(0171) i 2)

This completes the proof. O
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Proof of Theorem [ Let B C R? be an arbitrary Borel set. Then, if we apply Lemma with B and R?
separately,
E[echTX 1X€Bcn]

P(Xeoo € Boy) = = oo — BIVO.1) € B) (96)

as ¢, — 00, where B., = m,, + (—V2®,, (m.,))" 2 B. However,
P(Xe,0 € Be,) = P((~=V?®., (me, )% (Xe,0 — me,) € B).
. . . . . 2 1 d .
Therefore, equation % is equivalent to saying that (=V2®,_ (m.,))? (Xc,0 —m.,) = N(0,I), as desired. O
Now, we will prove Theorem

F.2 Proof of Theorem [13|

We begin with the proof of Theorem [13[a). Unsurprisingly, this is along the lines of the proof of Theorem @(a)
and Theorem [10[a).

Proof of Theorem ( a). We will use Proposition 4| again. Let B be any Borel set of non-zero measure and let
B, = me, + (=V?®,, (m,,))"B.

]E[CCnQTX] Mcne

n

By Lemma it is clear that lim,,_,~o = < 00. Furthermore, — 0 by assumption. Therefore,

[een®" X1ycp, |
applying Proposition [
P(Ry .0 € Be,)
P(X.,0 € Be,)
in probability. Now, the denominator converges to a known quantity P(N(0,I) € B) by Theorem Hence the
numerator must also converge to the same quantity. The proof is immediate. O

—1

For the proof of Theorem (b), we require the following vague convergence result. Following this, the PRM
machinery makes everything go through as usual.

Theorem 17. Let a., = m.,0 and b., = a~'ml~*. Then
L_lean admgflo‘_l)[? (ban S ) — Z/()

vaguely( where we recall vague convergence from Assumption , where v has density e=0"Y over RY,

Proof. Let A be any compact set, and consider P (Xb_ﬂ € A). Suppose that €, ¢’ > 0 are arbitrary. Let R > 0

cn

be large enough such that if ||z|| > R then

(1 —e)Le K=" < f(z) < (1 4 €)Le K217, (97)

Since A is compact and ||m., || — oo, we have that b., — 0, and therefore a., + b., A C {||z|| > R} for large
enough ¢, > 0.

By the remainder version of Taylor’s theorem applied to f(y) = ||y||* at the point a., , for any vector h € A we
have
lac, +be, k% = llac, |* + ab, |lac, |*"*aZ, h+ Ra (98)

where
1
Ry = §hT (2 allac, + Abe, hl|* 72T + b2 a(a — 2)|lac, + Abe, hl|**(ac, + Abe, h)(ac, + Abe, h)") h (99)

for some A € (0,1). We will now show that this remainder term goes to 0 uniformly over h € A and A € [0,1] as
Cp — 00.
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Since A is compact, ||Ah| is bounded for all A € [0,1],h € A. Since ||ac, | — oo and b., — 0, it follows that
||acTL+)‘anh”
llac, I

that

— 1 uniformly over h € A and A € [0, 1]. Furthermore, by the definition of b., and a., it is clear

|4 0.

H—Ba

bgnHa'ana_2 = ||acn||_a — 0’ b§7l|‘ac7l| = Hacn

Therefore, both terms inside the bracket in equation [99] goes to zero as ¢, — oo, implying that Ry in equation [99]
goes to 0.

So, by equation [98 we can pick N large enough so that

lac, + be, hl® = [lac, |* — abe, [lac, [|*~2al A| < €. (100)

Cn —

for all » > N and h € A. We can now begin manipulating the original expression for ¢, large enough, first
demonstrating a lower bound, followed by an upper one.

P (Xb_“ € A) =P (X € a,, + b, A)

equation «
! > I-g_VI(le)L/ e Kll® gg

enFben A

_ o
—pt / e~ Kllac, +0e, 1 gy
A

equationm , «
0 - e Lol I / o= 0ben lacy |
A

|a72 T

e ¥y, (101)

Therefore,
X —ac,

Cn

L tellacn ”ab%fiIP’< € A> > (1 76)676// e ben llac, 17?0z, y gy, (102)
A

By taking the limit inferior on both sides as ¢, — oo, and recalling that ab, ||ac, ||*"2al y — 67y from the
definitions of b., and a.,, we obtain

« X —ac o B
lim inf L~ telloenll b;ndIF’ <b Gen €A> >(l—¢ee ¢ / e 9Tydy_
A

Cp—>00 Cn

Since this is true for all €, ¢ > 0 it follows that

. X - a, _
lim inf L~ elloenll"p 4P (““ € A) > / e vy, (103)
A

Cp—00 Cn

The other side of this equation i.e.

o X —ac
lim sup L~ tell@en bgndIP <ba" € A) < / e*QTydy. (104)
A

Cp—>00 Cn

is derived exactly in the same way as equation [I03] using the other sides of the inequalities equation [07] and
equation [I00] This is exactly the definition of vague convergence, whence the result follows. O

Once this is true, if f(c,) = L™ 'e™en admgia_l), then

iy — X
P (afl() c ) = ()
by-1(n)

where v has density —e="Y with respect to the Lebesgue measure.

From here, the proof of Theorem b) follows exactly as the proof of the previous two theorems of this kind.
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Proof of Theorem[13(b). Suppose that % — C € (0,00). Then, by Theorem We see that % — C for
some C; > 0. Let D be a Borel set, and A,, = aj-1(n) — by-1(,)D-

T
Consider P(R,,c,.0 € A,), and divide the top and bottom by ¢’ %=1t to obtain

n 20T X
Zi=1 o ]‘XiEAn
Dy e X

n (& ,OT(X‘,—O, —1(pn )
D e T Ixea,

T .
Z?:l ecna (X af—l(n))

n n
T ) _ T _ X
—, (E et ey TN, N e iy X1)>,
i=1 i=1

P(Rmcng S An) =

where y

At this point, we verify the hypotheses of Lemma We take [|0,] = ¢, and 0 as in the lemma itself. Let
an = ag-1(y), C1 be as above, v be as in equation E| and D as chosen. All the hypotheses of Lemma are easily
verified.

Since ® is a continuous mapping, and fefcleTydPRM(l/) # 0 with probability 1 by the definition of a PRM,
by Lemma [13] it follows that

- " ~Cw1,cpdPRM (v)
o =0T (a1 —Xi) =0T (a1, —Xi) d f@ yeD
P(R,g € A,) =D, <z;6 F=tm) 1An»§e T > - fefclydPRM(V) )

Finally, note that
P(Rn,cng S An) = ]P’(Cne(af—l(n) — Rn,cng) S Cn(af—l(n) — An)) ~ P(Cna(af—l(n) — Rn’cne) c ClD)
if n is large enough. Combining the two statements above, if Z is a random vector such that

[ e ©Y1,epdPRM (v)
P(Ze D)=
(2 €D) = =ciprai)

then
]P’(c”(afq(n) — Rn,cnﬂ) S D) — }P’(OlZ S D)

Thus, the random variable Z¢ pry = C1Z is the desired limit. Note that this random variable depends upon
the Poisson random measure, while the scaling limit Z from part (a) of the theorem does not. It follows that
these two random variables are not the same, which concludes the proof.

We remark that, as in the one-dimensional case, the limiting random variable Z¢ pras is continuous, but do not
prove this here. O

Note that part (c) of the theorem, unlike the previous two parts, is slightly different in the following way. Let
X(n) denote the sample maximizer of 6Ty as in the previous sections. It turns out that while 87X (n) scales to a
Gumbel random variable, the component X,y — 0T X (n) Orthogonal to 0 requires no scaling at all, to converge to
a standard normal random vector. We omit the details since they are superfluous, but remark that the estimator
R, 0, , therefore, doesn’t admit a scaling limit in the traditional sense.

All we can show, is that
Rpg, — Xy 20,

which follows exactly as in the proof of Theorem [10{c).
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