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Abstract

In many statistical problems, the data
distribution is specified through a gen-
erative process for which the likelihood
function is analytically intractable, yet in-
ference on the associated model param-
eters remains of primary interest. We
develop a likelihood-free inference frame-
work that combines score matching with
gradient-based optimization and bootstrap
procedures to facilitate parameter estima-
tion together with uncertainty quantifica-
tion. The proposed methodology intro-
duces tailored score-matching estimators
for approximating likelihood score func-
tions, and incorporates an architectural
regularization scheme that embeds the sta-
tistical structure of log-likelihood scores to
improve both accuracy and scalability. We
provide theoretical guarantees and demon-
strate the practical utility of the method
through numerical experiments, where it
performs favorably compared to existing
approaches.

1 INTRODUCTION

In many scientific domains, including astrophysics
(Mishra-Sharma and Cranmer, 2022), epidemiology
(Ionides et al., 2015; Chatha et al., 2024), ecol-
ogy (Wood, 2010; Beaumont, 2010), and genetics
(Beaumont et al., 2002), researchers model complex
phenomena using forward simulators. These sim-
ulators implicitly define a likelihood function but
rarely provide it in closed form, rendering traditional
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statistical methods that rely on explicit likelihood
evaluation inapplicable. This framework is com-
monly referred to as likelihood-free inference (LFI)
or simulation-based inference (SBI) (Cranmer et al.,
2020).

A large body of work in LFI has focused on the
Bayesian setting, where a prior over the parame-
ter space is specified and the goal is to approxi-
mate the posterior distribution. The most estab-
lished approach is Approximate Bayesian Computa-
tion (ABC, Beaumont et al., 2002), which assigns
weights to parameter draws based on the similar-
ity between simulated and observed datasets. Much
of the research in this area has focused on develop-
ing more effective similarity measures, including dis-
tances on summary statistics (Beaumont et al., 2002;
Fearnhead and Prangle, 2011; Pacchiardi and Dutta,
2022) and discrepancies between empirical distribu-
tions (Jiang et al., 2018; Bernton et al., 2019; Park
et al., 2016; Wang et al., 2022; Chérief-Abdellatif
and Alquier, 2020). Another major direction is
Bayesian synthetic likelihood (Price et al., 2018; Fra-
zier et al., 2025), which constructs a surrogate like-
lihood based on summary statistics that are asymp-
totically normally distributed. More recently, ad-
vances in deep learning have enabled direct approx-
imation of the posterior distribution via generative
models, such as autoregressive flows (Papamakarios
and Murray, 2016; Papamakarios et al., 2017, 2019),
conditional generative adversarial networks (Wang
and Rockova, 2026), and conditional diffusion mod-
els (Sharrock et al., 2024). However, a key limita-
tion of these approaches is that their performance
depends heavily on the choice of training objectives
and simulation budgets. As a result, the learned pos-
teriors may be biased or poorly calibrated, particu-
larly in regions of the parameter space with limited
training coverage (Frazier et al., 2018, 2024).

In the frequentist setting, LFI is often referred to as
“indirect inference” (Gourieroux et al., 1993; Jiang
and Turnbull, 2004) in the econometrics literature,
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with a focus on parameter estimation, confidence
sets and hypothesis testing (Dalmasso et al., 2020,
2024). One major line of work develops estimators
by matching simulated and observed datasets (Mc-
Fadden, 1989; Gallant and Tauchen, 1996; Frazier
and Renault, 2019; Kaji et al., 2023), where the dis-
crepancy functions play a role analogous to the sim-
ilarity measures in ABC. A second line introduces
a tractable auxiliary model and compares simulated
and observed datasets through auxiliary estimates,
with parameters chosen to minimize their difference
(Gourieroux et al., 1993). The more recent direction,
similar to the Bayesian setting, utilizes deep neural
network or deep generative models to directly ap-
proximate the odds ratio (Dalmasso et al., 2024) or
the Fisher score (Khoo et al., 2025) from simulated
datasets.

In this work, we adopt the frequentist perspective
on likelihood-free inference and propose a new score-
based estimator for the model parameter, defined as
the root of an estimated likelihood score obtained
via score matching, together with associated confi-
dence sets. Our approach is motivated by the fact
that the MLE can be characterized as the root of
the likelihood score. To improve the quality of the
score approximation, we use structured score match-
ing, which incorporates key statistical properties of
the true likelihood score — such as additivity across
samples, the Fisher information identity, and the
mean-zero property — directly into the network ar-
chitecture and training objective (c.f. Section 2.1).
This ensures that the estimated score respects the
fundamental structure of the likelihood score and
leads to more accurate inference. In addition, we
develop a computation procedure for this estima-
tor based on an iterative algorithm that mimics the
gradient dynamics of maximizing the log-likelihood
function. For uncertainty quantification, we con-
sider three options for constructing confidence sets:
using the estimated Fisher information matrix, the
Huber sandwich covariance matrix, and multiplier
bootstrap methods. We provide theoretical guar-
antees on the consistency and asymptotic behavior
of our estimators, establish bootstrap consistency,
and show that the algorithm converges locally at an
exponential rate. Empirically, our methods demon-
strate strong performance compared to existing fre-
quentist LFI approaches.

2 SETUP AND METHODS

Let X∗
n = (X∗

1 , . . . , X
∗
n) denote a collection of n

observations drawn from a distribution P(n)
θ∗ in the

parametric model family
{
P(n)
θ : θ ∈ Θ

}
, where each

X∗
i ∈ Rp and θ∗ denotes the true parameter lying

in the parameter space Θ ⊂ Rdθ . For simplicity, we

assume that for every θ ∈ Θ, the distribution P(n)
θ

admits a density p
(n)
θ . In this work, we focus on the

i.i.d. setting where p
(n)
θ (Xn) =

∏n
i=1 pθ(Xi).

In the likelihood-free inference framework, the like-

lihood function log p
(n)
θ (Xn) =

∑n
i=1 log pθ(Xi) may

not be directly available. Instead, P(n)
θ is implic-

itly specified through a data-generating process Gθ
parameterized by θ, in the following sense: for
any θ ∈ Θ, if one draws a random vector Z =
(Z1, . . . , Zn) with i.i.d. components Zi ∼ µ for
some known distribution µ (e.g., N (0, Id)), then(
Gθ(Z1), . . . ,Gθ(Zn)

)
∼ P(n)

θ . In other words, while
the likelihood cannot be directly evaluated, simu-
lation is feasible: for any parameter θ ∈ Θ, one
can readily use the simulator Gθ to generate pseudo-

datasets Xm ∼ P(m)
θ of arbitrary size m.

Example 1 (A toy example). As a simple illustra-
tion, consider data generated as X = exp(Z1) + Z2,
where (

Z1

Z2

)
∼ N

((
θ1
θ2

)
,

(
1 0.2
0.2 1

))
.

Here θ = (θ1, θ2) is the parameter of interest.
Despite the simplicity of this model, its likelihood
p(X| θ) is analytically intractable, even though the
model is regular in the sense that it satisfies classical
asymptotic properties such as consistency, asymp-
totic normality, and efficiency of the maximum like-
lihood estimator (van der Vaart, 1998).

Other problems involving intractable likelihoods,
such as complex or highly nonlinear latent variable
models (Martin et al., 2014; Pavone et al., 2025), can
likewise be addressed using the likelihood-free infer-
ence framework, as they permit efficient sampling
despite the difficulty of direct likelihood evaluation.

One line of work in the likelihood-free inference lit-
erature proposes replacing the intractable likelihood
with a surrogate objective that facilitates parame-
ter estimation (e.g., Gutmann and Corander, 2016;
Beaumont et al., 2002). While these surrogate-based
methods offer computational advantages, they may
lead to a loss in statistical efficiency. In this work,
we aim to directly approximate the maximum like-
lihood estimator θ̂MLE

n , defined as

θ̂MLE
n = arg max

θ∈Rdθ

n∑
i=1

log pθ(Xi).
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The MLE is known to be asymptotically efficient,
in the sense that its asymptotic variance attains
the Cramér–Rao lower bound (van der Vaart, 1998).
Moreover, to enable uncertainty quantification, we
aim to construct a confidence set R(X ∗

n) (centered

around θ̂MLE) for θ
∗ with asymptotic (1−α) nominal

coverage, that is,

P(n)
θ∗

(
θ∗ ∈ R(X∗

n)
)
→ 1− α, as n→ ∞.

Before delving into the technical details, we first
introduce some notation. We use the shorthand
s∗(θ,Xn) = ∇θ log p

(n)
θ (Xn) to denote the true like-

lihood score. We denote the Fisher information
matrix at parameter value θ by I(θ) = EX∼pθ

[
−

∇θs
∗(θ,X)

]
= EX∼pθ

[
−∇2

θ log pθ(X)
]
.

In the remainder of this section, we first introduce a
structured score matching procedure, which tailors
the generic score matching approach (Hyvärinen,
2007) to the estimation of the likelihood score, and
then describe how we construct the score-based es-
timator and confidence sets based on it.

2.1 Structured score matching

Our estimator relies on the likelihood score. Since a
likelihood-free framework does not assume the avail-
ability of a tractable likelihood, we employ the score
matching technique proposed by Hyvärinen (2007),
Song and Ermon (2019) and Meng et al. (2020)

to approximate the likelihood score ∇θ log p
(n)
θ (X∗

n)
with a score model sϕ(θ,Xn) : Rdθ × Rnp → Rdθ ,
parametrized by some parameter ϕ (e.g., a neural
network). When the sample size n is large, learn-
ing or approximating a generic nonlinear function
with input dimension dθ + np may require an enor-
mous number of training samples and parameters
in ϕ. This motivates us to later impose additional
structure to simplify the score network architecture.

Specifically, to estimate the likelihood score, we min-
imize the expected squared distance between the
true score s∗(θ,Xn) and its estimator sϕ(θ,Xn).
This yields the following optimization procedure:

min
ϕ

E
(θ,Xn)∼p(θ)p(n)

θ (Xn)

[∥∥sϕ(θ,Xn)− s∗(θ,Xn)
∥∥2],

where p(θ) is a sampling distribution that controls
the weighting of the score estimation loss across the
parameter space Θ . The sampling distribution p(θ)
is assumed to have full support over Θ. For example,
one may choose it as a uniform distribution over an
expert-specified range or as a Gaussian distribution
centered at a rough estimate θ(0) (Khoo et al., 2025).

Remark 1 (A two-round procedure). The quality
of our estimators depends on how well sϕ̂(θ,Xn) ap-

proximates the true score s∗(θ,Xn) in a neighbor-
hood of θ∗ (see Assumption 1). In high-dimensional
settings where p is large, however, the weighting dis-
tribution p(θ) may place little mass in this neighbor-
hood, yielding a poor estimate of sϕ̂(θ,X

∗
n). To ad-

dress this, one may adopt a two-round procedure: in
the first round, simulations are drawn from the unin-
formative proposal p(θ) to obtain an initial estimator
and its confidence set; in the second round, the sam-
pling distribution is refined to concentrate around
the initial estimate, and θ̂n is re-estimated, leading
to improved score approximation and more accurate
inference. We implement the two-round procedure
in our empirical analysis in Section 4 and include a
comparison with the estimators from the first round
in Appendix.

Under mild conditions (see Hyvärinen (2005); Jiang
et al. (2025) for details), the score matching opti-
mization problem is equivalent to

min
ϕ

E
(θ,Xn)∼p(θ)p

(n)
θ

(Xn)

[
∥sϕ(θ,Xn)∥2

+ 2sϕ(θ,Xn)
⊤∇θ log p(θ) + 2 tr

(
∇θsϕ(θ,Xn)

)]
,
(1)

where tr(A) denotes the matrix trace. We include
a proof in the Appendix, adapted from (Hyvärinen,
2005; Jiang et al., 2025), to keep our presentation
self-contained. This equivalent formulation enables
score matching without explicitly computing s∗, by
instead solving an empirical risk minimization prob-
lem over ϕ.

However, as previously noted, the vanilla score
matching strategy may require large training sam-
ples and may fail to capture the statistical structure
of the true score, which is essential for our estima-
tors (for reasons clarified later). To address this,
we adopt the structured score matching approach,
where a similar setting under the Bayesian frame-
work was considered in Jiang et al. (2025). We
incorporate three universal properties of the likeli-
hood score into both the network architecture and
the training objective.

Here we briefly review three key statistical prop-
erties of s∗(θ,Xn) and how they are incor-
porated into sϕ(θ,Xn). From classical sta-
tistical theory, under suitable regularity con-
ditions, the true likelihood score satisfies the
following properties (see, e.g., Chapter 5.5 of
van der Vaart, 1998): 1. (additive structure)
s∗(θ,Xn) =

∑n
i=1 s

∗(θ,Xi). 2. (curvature struc-
ture) EX∼pθ

[
s∗(θ,X)s∗(θ,X)⊤ +∇θs

∗(θ,X)
]
= 0.
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3. (mean-zero structure) EX∼pθ [s
∗(θ,X)] = 0. Ac-

cordingly, the estimated score function sϕ̂(θ,Xn)
should inherit these properties. In particular, the
curvature property implies two equivalent definitions
of the Fisher information matrix: I(θ) = EX∼pθ

[
−

∇θs
∗(θ,X)

]
= EX∼pθ

[
s∗(θ,X) s∗(θ,X)⊤

]
. For

the additive structure, we impose sϕ(θ,Xn) =∑n
i=1 sϕ(θ,Xi). For the curvature structure, we

require EPθ
[sϕ̂(θ,X)sϕ̂(θ,X)⊤ + ∇θsϕ̂(θ,X)] ≈ 0,

which is enforced through a regularization penalty.
For the mean-zero structure, EPθ

[sϕ̂(θ,X)] ≈ 0,
which is achieved via a second-step debiasing regres-
sion. We also include the detailed description of the
algorithm in Appendix. For notational simplicity,
we henceforth denote the estimated score function
as ŝ(θ,Xn) = sϕ̂(θ,Xn).

Remark 2 (Choice of score matching scheme).
While denoising score matching (Vincent, 2011) is
often preferred in diffusion models, we instead adopt
direct score matching in (1). This choice allows
a more transparent incorporation of the underly-
ing statistical structure and is well suited to SBI
settings, which typically involve low- to moderate-
dimensional parameters. In particular, the resulting
additive structure reduces network complexity, while
the mean-zero and curvature conditions enable pre-
cise analysis and control of error accumulation over
n observations (see Section 3). In contrast, although
denoising score matching avoids evaluating the Ja-
cobian trace ∇θsϕ(θ,Xn), the Gaussian convolution
step destroys the conditional i.i.d. structure of Xn

given the perturbed parameter θ̃. As a result, the sta-
tistical structure exploited in our analysis no longer
applies. Recent work (Geffner et al., 2023; Arruda
et al., 2025) incorporates additive structures within
denoising score matching, but the nonzero Gaussian
perturbation introduces bias, and how this bias accu-
mulates with n has not yet been fully analyzed. To
mitigate the computational cost associated with Ja-
cobian evaluation, one may also consider sliced score
matching variants (Song et al., 2020; Pacchiardi and
Dutta, 2022).

2.2 Score-based estimator

Under mild conditions, the likelihood score function
s∗(θ, Xn) =

∑n
i=1 s

∗(θ,X∗
i ), viewed as a function

of the parameter θ, admits a unique solution (see,
e.g., Section 5.6 of van der Vaart, 1998) within a
neighborhood B(θ∗; r0) =

{
θ ∈ Rdθ : ∥θ − θ∗∥ ≤

r0
}
of θ∗, where r0 > 0 is a fixed radius such that

the Fisher information matrix I(θ) is locally positive

definite. The MLE θ̂MLE
n can be characterized as the

root of the score function in this neighborhood, i.e.,

θ̂MLE
n =

{
θ ∈ B(θ∗; r0) :

n∑
i=1

s∗(θ,X∗
i ) = 0

}
. (2)

Motivated by this, we define our score-based esti-
mator θ̂n for approximating θ̂MLE

n as the root of the
estimated score ŝ, that is,

θ̂n =
{
θ ∈ B(θ∗; r0) :

n∑
i=1

ŝ(θ,X∗
i ) = 0

}
. (3)

Our theoretical results in Section 3 establish that
the estimated score ŝ admits at least one root in
B(θ∗; r0), and moreover that this root is unique un-
der suitable assumptions on the quality of the es-
timated score, which ensures the estimator is well-
defined. Showing the existence of such a root is not
trivial (see the discussion after Theorem 1), since
the estimated score ŝ may not be the gradient of a
function; therefore, one cannot simply invoke the ex-
istence of a critical point (or more precisely, a local
minimum) of a continuous function.

In practical implementation, we propose to numeri-
cally compute θ̂n as the limit of the following itera-
tive scheme:

θ(t+1) = θ(t) + αHt ŝ(θ
(t), X∗

n), t ≥ 0, (4)

where α is the step size and Ht is a preconditioning
matrix. In practice, one may either use a random
initialization or apply a computationally inexpensive
method such as the simulated method of moments
(McFadden, 1989; Pakes and Pollard, 1989) to set
θ(0). Our numerical experiments suggest that ran-
dom initialization alone is already sufficient.

Note that procedure (4) coincides with a precondi-
tioned gradient ascent algorithm for maximizing the

log-likelihood log p
(n)
θ (X∗

n) when ŝ is replaced by the
true likelihood score s∗. Moreover, any stationary
point of this recursion is a root of ŝ( · , X∗

n). In Sec-
tion 3, we further show that Algorithm (4) converges

exponentially fast to θ̂n when initialized within the
neighborhood B(θ∗; r0). This is because our score-
matching method enforces curvature matching, en-
suring that the Jacobian∇θ ŝ(θ

(t), X∗
n) remains close

to the true likelihood-score Jacobian ∇θs
∗(θ(t), X∗

n)

(i.e., the Hessian of log p
(n)
θ (X∗

n)). As a result, the it-
erative scheme (4) inherits the (local) strong convex-
ity and smoothness properties and thus effectively
mimics the gradient dynamics of maximizing the log-
likelihood function (c.f. Theorem 5).

Regarding the preconditioning matrix Ht, a sim-
ple choice is to set Ht ≡ Idθ , which corresponds
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to the vanilla gradient ascent algorithm. However,
thanks to the curvature matching property of our
score-matching method, a more algorithmically effi-

cient choice is Ht =
[
∇θ ŝ(θ

(t), X∗
n)
]−1

, which corre-
sponds to the Newton–Raphson algorithm (see, e.g.,
Bickel and Doksum, 2015) for maximizing the log-
likelihood, whose exact counterpart enjoys super-
exponential convergence. In particular, since we ap-
proximate the score function ŝ(θ,Xn) with a neu-
ral network, the derivative of the score network can
be efficiently computed via automatic differentiation
(Baydin et al., 2018).

When the parameter dimension dθ is large, repeat-
edly computing a full matrix inverse at each iteration
may be computationally expensive. In such cases,

one may instead set Ht ≡
[
∇θ ŝ(θ

(0), X∗
n)
]−1

, pro-

vided a good initialization θ(0) is available (possibly
obtained via a short pilot run). This corresponds to
a quasi-Newton–type algorithm (see, e.g., Nocedal
and Wright, 2006) for maximizing the log-likelihood.
In addition, classical statistical theory on one-step
MLE (see, e.g., Section 5.7 of van der Vaart, 1998)
shows that once θ(t) enters an op(1) neighborhood
of θ∗, a single Newton–Raphson update is sufficient
to obtain an estimator that is asymptotically equiv-
alent to the MLE. In our case, although we only
have access to an approximate score curvature ∇θ ŝ,
the curvature-matching penalty ensures that ∇θ ŝ re-
mains close to the true curvature ∇θs

∗ of the log-
likelihood, so only a few iterations are sufficient to
obtain a statistically optimal estimator. See Fig. 1
in Section 4 for a numerical demonstration.

2.3 Confidence interval construction

According to Theorem 2 in Section 3, the score-
based estimator θ̂n is asymptotically indistinguish-
able from the MLE θ̂MLE

n . From classical asymptotic
normality of the MLE, we know

√
n(θ̂MLE

n − θ∗) → N (0, [I(θ∗)]−1), n→ ∞,

where recall that I(θ∗) = EX∼pθ∗ [−∇θs
∗(θ∗, X)] is

the Fisher information matrix evaluated at θ∗. Mo-
tivated by this result, we present three approaches
for constructing confidence intervals based on the es-
timated score ŝ(θ,Xn). The first two rely on plug-in
methods that replace I(θ∗) with a consistent esti-
mator, while the third is based on the (multiplier)
bootstrap.

Option 1: Information matrix. The first ap-
proach is based on directly approximating the infor-
mation matrix I(θ∗) by taking an empirical average

of the negative Jacobian of the estimated score ŝ.
Specifically, we consider the following simple plug-in
estimator:

Î(θ̂n) = − 1

n

n∑
i=1

1

2

(
∇θ ŝ(θ,X

∗
i )+∇θ ŝ(θ,X

∗
i )

⊤
)∣∣∣
θ=θ̂n

,

(5)
where the average of the Jacobian and its transpose
is taken to ensure that Î(θ̂n) is symmetric.

The corresponding confidence set R(X∗
n) for θ

∗ with
significance level 1 − α ∈ (0, 1) is then constructed
as

R(X∗
n) =

{
θ : n(θ − θ̂n)

T Î(θ̂n)(θ − θ̂n) ≤ χ2
dθ,1−α

}
.

where χ2
dθ,1−α is the (1−α)-quantile of the chi-square

distribution with dθ degree of freedom. In addition,
marginal confidence intervals for each coordinate θ∗j
with level 1− α ∈ (0, 1) can be constructed as

Rj(X
∗
n) =

{
θj :

∣∣θj−[θ̂n]j
∣∣ ≤ z1−α/2

√[
[Î(θ̂n)]−1

]
jj

}
,

where [a]j denotes the j-th coordinate of a generic
vector a, [A]ij denotes the (i, j)-th entry of a generic
matrix A, and z1−α is the (1 − α)-quantile of the
standard normal distribution.

Another plug-in estimate for the Fisher information
matrix, based on the curvature property, can be
specified as

Î(θ̂n) =
1

n

n∑
i=1

(
ŝ(θ̂n, X

∗
i ) ŝ(θ̂n, X

∗
i )
T
)

(6)

Our empirical results in Section 4 show that the (5)
consistently outperform (6).

Option 2: Sandwich covariance matrix. Be-
cause our estimator is defined as the root of the es-
timated score rather than that of the true score, it
may be viewed as an M -estimator under a poten-
tially misspecified model, since the curvature con-
straint EX∼pθ

[
s∗(θ,X)s∗(θ,X)⊤ +∇θs

∗(θ,X)
]
= 0

that holds for the true score s∗ may not be satisfied
by ŝ. In this case, a more robust and accurate alter-
native is the Huber sandwich covariance estimator
(Huber, 1967), defined as

Σ̂n =
(
Î(θ̂n)

)−1

[
1

n

n∑
i=1

ŝ(θ̂n, X
∗
i ) ŝ(θ̂n, X

∗
i )

⊤

](
Î(θ̂n)

)−1

with Î(θ̂n) being given in (5). Note that when a
sample version of the curvature constraint holds for

ŝ, then Σ̂n reduces to
(
Î(θ̂n)

)−1
.
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Analogous to Option 1, we construct the confidence
set for θ∗ with level 1−α ∈ (0, 1) using the sandwich
covariance matrix as

R(X∗
n) =

{
θ : n(θ − θ̂n)

⊤Σ̂−1
n (θ − θ̂n) ≤ χ2

dθ,1−α

}
,

together with the corresponding marginal confidence
intervals.

The sandwich covariance matrix formula was also
considered by Frazier et al. (2025) in the context of
Bayesian synthetic likelihood. We provide a detailed
discussion about our differences in the Appendix.

Option 3: Bootstrap. Our final option for un-
certainty quantification is the bootstrap (Efron,
1979). In particular, we consider the multiplier
bootstrap (see, e.g., Section 2.9 of van der Vaart
and Wellner, 1996), where for each bootstrap repli-

cate b = 1, 2, . . . , B, we obtain θ̂
(b)
n as the root of the

weighted estimated score equation

n∑
i=1

ω
(b)
i ŝ(θ̂(b)n , X∗

i ) = 0, (7)

with {ω(b)
i }ni=1 i.i.d. random multipliers satisfying

E[ω(b)
i ] = 1 and Var(ω

(b)
i ) = 1. A common choice

is ω
(b)
i

iid∼ Exp(1). Following the same argument as
earlier, one can show that the bootstrap estimator

θ̂
(b)
n is well defined (exists and is locally unique).

Under mild conditions, the conditional distribution

of
√
n (θ̂

(b)
n − θ̂n) given X∗

n (with randomness arising
from the multipliers) approximates the distribution

of
√
n (θ̂n − θ∗) (cf. Theorem 4). Consequently, a

confidence set for θ∗ at significance level 1 − α ∈
(0, 1) can be constructed as

R(X∗
n) =

{
θ : (θ − θ̂n)

⊤H(θ − θ̂n) ≤ q̂H,1−α

}
,

for any positive definite matrix H, where q̂H,1−α de-
notes the empirical (1− α)-th quantile of the boot-

strap quantities
{
(θ(b)− θ̂n)⊤H(θ(b)− θ̂n)

}B
b=1

. Fur-
thermore, we can directly construct marginal confi-
dence intervals for each coordinate θj as

Rj(X
∗
n) =

[
[θ̂n]j + ân, [θ̂n]j + b̂n

]
,

where ân and b̂n denote the empirical (α/2)-th and

(1−α/2)-th quantiles of
{
[θ̂

(b)
n ]j− [θ̂n]j

}B
b=1

, respec-
tively.

Remark 3 (Comparison of three options). Our nu-
merical results in Section 4 suggest that the sandwich

covariance plug-in method and the bootstrap method
perform better than the information matrix plug-in
method, with the former two showing very similar
performance. This is consistent with our expecta-
tion that the sandwich method provides a more ro-
bust and accurate approximation to the asymptotic
covariance matrix, while under model misspecifica-
tion, the multiplier bootstrap is known to also ap-
proximate the asymptotic normal limiting distribu-
tion with the correct sandwich covariance structure
(van der Vaart and Wellner, 1996).

3 THEORETICAL RESULTS

Our estimator and its confidence sets are built from
the estimated score function ŝ(θ,Xn), and their ac-
curacy depends on how closely ŝ(·,X∗

n) approxi-
mates the true score s∗(·,X∗

n). We begin by in-
troducing conditions that characterize this approxi-

mation. Let ∥A∥F =
√∑

i,j A
2
ij denote the matrix

Frobenius norm.

Assumption 1 (Uniform score-matching error).
In the neighborhood B(θ∗; r0) for some r0 > 0,
there exist sequences εi,n → 0 as n → ∞ for
i = 1, 2, 3, such that the score-matching error,
curvature-matching error, and mean-matching error
are uniformly bounded as

ε21,n := sup
θ∈B(θ∗;r0)

EX∼pθ∗
[
∥ŝ(θ,X)− s∗(θ,X)∥2

]
ε22,n := sup

θ∈B(θ∗;r0)

∥∥∥EX∼pθ

[
∇θ ŝ(θ,X) + ŝ(θ,X)ŝ(θ,X)T

]∥∥∥2

F

ε23,n := sup
θ∈B(θ∗;r0)

∥∥EX∼pθ

[
ŝ(θ,X)

]∥∥2
.

Since the structured score matching procedure tar-
gets the single-data score s∗(θ,Xi) rather than the
full-data score s∗(θ,Xn), the estimation errors do
not explicitly depend on the sample size n. How-
ever, for the overall estimation error to vanish as
n grows, these errors themselves must decay to
zero. Fortunately, with sufficiently many simulated
datasets, the three errors can be made arbitrarily
small. Specifically, the score-matching error ε1,n
can be characterized using generalization results for
score estimation (Oko et al., 2023). The curvature-
matching error ε2,n can be controlled through an
appropriate choice of regularization. The mean-
matching error ε3,n stems from Monte Carlo ap-
proximation of the expected score and is of order
O(m− 1

2 ), where m is the Monte Carlo sample size.

Theorem 1 (Existence, Uniqueness and Consis-
tency). Under Assumption 1 and other mild regular-
ity assumptions in the Appendix, it holds with prob-
ability converging to 1 as n → ∞ that ŝ(·,X∗

n) has
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a unique root θ̂n within B(θ∗; r0), and θ̂n → θ∗ in
probability as n→ ∞.

It is worth highlighting that our proof of the ex-
istence of a root of ŝ(·,X∗

n) = 0 does not fol-
low the standard approach, because ŝ(·,X∗

n) is not
necessarily the gradient of any function. To this
end, we construct an auxiliary objective function
g(θ) = ∥ŝ(θ,X∗

n)∥2 and show that g(θ) admits at

least one local minimum θ̂n in B(θ∗; r0). The first-
order optimality condition, together with the non-
singularity of ∇θ ŝ(θ,Xn) over B(θ∗; r0), then im-

plies ŝ(θ̂n,X
∗
n) = 0.

Theorem 2 (θ̂n is close to θ̂MLE
n ). Under the same

assumptions as Theorem 1, it holds with probability
converging to 1 as n→ ∞ that the difference between
our estimator θ̂n in (3) and MLE θ̂MLE

n defined in
(2) can be bounded as∥∥ θ̂n − θ̂MLE

n

∥∥ ≤ C (n−1/2ε1,n + n−1/2ε2,n + ε3,n
)
.

Theorem 3 (Asymptotic normality of θ̂n). Under
the assumptions of Theorem 1, if the mean-matching
error satisfies ε3,n = o(n−1/2) as n → ∞, then our

estimator θ̂n satisfies

√
n(θ̂n − θ∗)

d→ N
(
0,
[
I(θ∗)

]−1)
, as n→ ∞.

To characterize bootstrap consistency, we adopt the
standard notion of convergence in distribution in
probability (van der Vaart andWellner, 1996), which

we denote by
d∗→. Concretely, for random probability

measures Q∗
n (e.g., bootstrap laws) and a fixed law

Q, we write Q∗
n
d∗→ Q if dBL(Q

∗
n, Q)

p→ 0, n → ∞,
where dBL is the bounded Lipschitz distance.

Theorem 4 (Bootstrap consistency). Under the
same assumptions as Theorem 3, the multiplier boot-
strap estimator θ̂(b) defined in (7) satisfies

√
n(θ̂(b) − θ̂n)

d∗→ N
(
0,
[
I(θ∗)

]−1)
, as n→ ∞.

Since the limiting distribution of
√
n(θ̂(b)− θ̂n) coin-

cides with that of
√
n(θ̂n − θ∗), this justifies the use

of bootstrap empirical quantiles to construct asymp-
totically valid confidence sets.

Theorem 5 (Algorithmic convergence). Under
the same conditions as Theorem 3, if the ini-
tial value θ(0) is drawn from the neighborhood
B(θ∗; r0) in Assumption 1, and additionally assume
hmin Idθ ⪯ Ht ⪯ hmax Idθ for positive constants
(m,L, hmin, hmax) > 0. Then the iterates of Algo-
rithm in (4) satisfy∥∥θ(t) − θ̂n

∥∥ ≤ c ρt
∥∥θ(0) − θ̂n

∥∥, t ≥ 0,

for some constant c > 0 and ρ = max{|1 −
c1αhmin|, |1−c2αhmax|}, where the constants (c1, c2)
only depend on the condition number of I(θ∗).

According to this theorem, Algorithm (4) mim-
ics the gradient ascent algorithm for maximiz-

ing the log-likelihood function log p
(n)
θ (X∗

n), and
achieves exponential convergence for any stepsize
α ∈

(
0, (c2hmax)

−1
)
.

4 EMPIRICAL RESULTS

In this section, we evaluate the performance of
the proposed method on both simulated and real
datasets. Additional examples are deferred to Sec-
tion B. We compare against two representative LFI
methods, namely Synthetic Likelihood (SL) (Wood,
2010) and the Neural Likelihood Estimator (NLE)
(Papamakarios et al., 2019). Iterative Local Score
Matching (ILSM) (Khoo et al., 2025) was also eval-
uated. Its performance exhibited greater variability
(cf. Section B.1), and it is therefore not included in
the current table. For our method, we compute a
point estimator and four types of confidence sets:
Option 1 based on plug-in estimates in (6) (SS) and
(5) (Curv), Option 2 (Sand), and Option 3 (Boot).
In the simulation studies, we compare all methods
using the average absolute estimation error, and for
our method we additionally report frequentist cover-
age rates and confidence interval widths. All results
are averaged over 100 experiments. Full implemen-
tation details are provided in Section D.

In these experiments, our method achieves more ac-
curate point estimation than competing approaches
at lower simulation cost, while also providing valid
frequentist confidence intervals. Moreover, the cur-
vature matching property of our method enables
the use of second-order optimization, such as quasi-
Newton methods, yielding faster convergence com-
pared to first-order approaches.

4.1 M/G/1-queueing Model

Our first example is the M/G/1 queuing model,
a standard benchmark in LFI. The model is gov-
erned by three parameters θ = (θ1, θ2, θ3) and gen-
erates customer inter-departure times in a single-
server setting. Following the specification in Jiang
et al. (2018), the dataset consists of 500 indepen-
dent sequences, each of length 5, where an obser-
vation takes the form xi = (xi1, . . . , xi5)

T . Ser-
vice times are sampled as uik ∼ U [θ1, θ2] and ar-
rival times as wik ∼ Exp(θ3). The inter-departure
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Table 1: Average estimation errors, and coverage and width of 95% CIs under the M/G/1-queuing model,
with standard deviations. Highlighted coverages are near nominal and with no substantial increase in width.

Estimation error θ∗1 = 1 θ∗2 = 5 θ∗3 = 0.2

|θ̂1 − θ∗1 | |θ̂2 − θ∗2 | |θ̂3 − θ∗3 | Cover Width Cover Width Cover Width
(scale ×10−2)

SS

0.037 (0.030) 0.100 (0.076) 0.390 (0.303)

0.82 0.129 (0.020) 0.90 0.410 (0.048) 0.91 0.015 (0.001)
Curv 0.86 0.144 (0.016) 0.91 0.438 (0.040) 0.92 0.016 (0.001)
Sand 0.92 0.161 (0.017) 0.94 0.471 (0.046) 0.93 0.018 (0.001)
Boot 0.92 0.161 (0.018) 0.94 0.470 (0.046) 0.93 0.018 (0.001)

NLE 0.033 (0.023) 0.133 (0.091) 0.404 (0.313) 0.80 0.091 (0.016) 0.77 0.308 (0.143) 0.90 0.017 (0.001)
SL 0.504 (0.328) 0.626 (0.415) 0.442 (0.364) 0.95 2.098 (0.471) 0.95 2.794 (0.559) 0.96 0.022 (0.003)

times are then determined recursively by xik =
uik + max(0,

∑k
j=1 wij −

∑k−1
j=1 xij). We generate

the observed dataset X∗
n under the ground truth

θ∗ = (1, 5, 0.2). For our method and NLE, we use a
uniform distribution on [0, 10]×[0.01, 10]×[0.01, 0.5]
as the sampling distribution for (θ1, θ2 − θ1, θ3).

We present the absolute errors, the coverage rate and
width of the 95% confidence interval of all the meth-
ods in Table 1. The result shows that our method
and NLE perform the best in terms of point estima-
tion for this example. The result of the confidence
interval indicates that the bootstrap method and
sandwich form covariance perform the best. How-
ever, the CI using the plug-in covariance (5) or (6)
yields inferior performance in this example.

0 5 10
Iteration

θ1

0 5 10
Iteration

θ2

0 5 10
Iteration

θ3

Quasi-Newton
Truth

Gradient descent
Convergence iteration

Figure 1: Comparison of the Quasi-Newton algo-
rithm and vanilla gradient descent

We also compare the convergence of the Quasi-
Newton method with vanilla gradient descent in this
example. Starting from the estimate obtained in the
first round (see Remark 1), we use the estimated
Hessian at the initial iterate as the precondition-
ing matrix. Each algorithm is terminated once the
change of the iterates falls below 10−6 in Euclidean
norm. Over 100 replicates, the average numbers of
iterations to convergence are 3.97 for Quasi-Newton
and 81.13 for gradient descent, with standard de-
viation 0.89 and 19.60 respectively. We present a
typical trace plot in Figure 1, showing that even a

single Quasi-Newton step yields a solution close to
convergence.

4.2 Stock Volatility Estimation

We further apply our method to a stock volatility es-
timation problem (Wang et al., 2022; Magdon-Ismail
and Atiya, 2003). We follow their setup and model
the log price of two stocks X(t) = (X1(t), X2(t))
using a multivariate Brownian motion

dX(t) =

(
µ1

µ2

)
dt+

(
σ2
1 ρσ1σ2

ρσ1σ2 σ2
2

)
dW (t), (8)

and we re-parameterize as

(µ1, µ2, σ1, σ2, ρ) = (θ1, θ2, exp(θ3), exp(θ4), tanh(θ5)).

The observed data only consists of the high, low
and closing log prices of the two stocks. Follow-
ing Wang et al. (2022), we use a true parameter
(θ∗1 , θ

∗
2 , θ

∗
3 , θ

∗
4 , θ

∗
5) = (0, 0, 0, 0, arctanh(0.5)) to gen-

erate i.i.d. observed data of sample size 1000 and
run all the methods, where a uniform proposal dis-
tribution on [−3, 3]2 × [−3, 2]2 × [−3, 3] is adopted
for our method and NLE.

We repeat the experiment 100 times, and present the
results in Tables 2 and 3, showing that our method
has the smallest estimation error for all the param-
eters, and the CIs constructed by plug-in estimates
or by bootstrap all have near-nominal coverage rate
and smaller width than those of NLE or SL.

4.3 The g-and-k Model

The g-and-k model is widely used in robust sta-
tistical modeling because of its ability to flexibly
capture non-normal features such as skewness and
heavy tails while remaining relatively simple to sim-
ulate from. It is commonly applied in fields such
as finance (Drovandi and Pettitt, 2011), insurance
(Peters et al., 2016), and risk modeling, where
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Table 2: Average estimation errors with standard deviation under the Stock Volatility Model

|θ̂1 − θ∗1 | |θ̂2 − θ∗2 | |θ̂3 − θ∗3 | |θ̂4 − θ∗4 | |θ̂5 − θ∗5 |
Ours 0.026 (0.019) 0.023 (0.021) 0.006 (0.005) 0.007 (0.005) 0.018 (0.012)
NLE 0.038 (0.028) 0.068 (0.040) 0.007 (0.006) 0.023 (0.011) 0.031 (0.023)
SL 0.254 (0.213) 0.252 (0.199) 0.205 (0.137) 0.203 (0.139) 0.570 (0.338)

Table 3: Averaged coverage and width with standard deviation of 95% CIs under the Stock Volatility Model.
Highlighted values indicate coverage near nominal with no substantial increase in width.

θ∗1 = 0 θ∗2 = 0 θ∗3 = 0 θ∗4 = 0 θ∗5 = 0.55
Cover Width Cover Width Cover Width Cover Width Cover Width

SS 0.94 0.123 (0.002) 0.90 0.122 (0.003) 0.95 0.031 (0.001) 0.92 0.032 (0.001) 0.95 0.083 (0.003)
Curv 0.94 0.123 (0.001) 0.92 0.123 (0.001) 0.94 0.031 (0.000) 0.92 0.031 (0.000) 0.95 0.083 (0.001)
Sand 0.95 0.124 (0.003) 0.92 0.124 (0.003) 0.93 0.031 (0.001) 0.93 0.031 (0.001) 0.95 0.083 (0.002)
Boot 0.95 0.124 (0.004) 0.91 0.124 (0.004) 0.96 0.031 (0.001) 0.92 0.031 (0.001) 0.95 0.082 (0.003)

NLE 0.91 0.157 (0.022) 0.87 0.251 (0.063) 0.95 0.036 (0.003) 0.34 0.038 (0.003) 0.84 0.103 (0.005)
SL 0.99 3.546 (1.273) 0.99 3.432 (1.316) 0.99 1.097 (0.688) 0.97 1.121 (0.693) 0.97 3.394 (0.792)

data often exhibit asymmetry and extreme values
that violate Gaussian assumptions. It is defined
implicitly through its quantile function P−1

θ (u) =
Q(z(u); θ) where z(·) is the quantile of N (0, 1) and
θ = (A,B, g, k). The Q function is defined as

Q(z;A,B, g, k) = A+B
[
1+c·tanh(gz/2)

]
z(1+z2)k.

where parameters A,B, g, k control location, scale,
skewness, and tail heaviness, respectively. De-
spite its flexibility and interpretability, the likelihood
function of the g-and-k model is intractable. The
simulation study on the g-and-k model is provided
in Section B.2.

Here we illustrate the performance of our method
to the Garch exchange rate dataset from the Ec-
dat package (Croissant and Graves, 2016). It con-
sists of 1967 daily US dollar exchange rates against
other currencies from 1980 to 1987. We focus on
the exchange rate with Canadian Dollars. We use
a g-and-k distribution to model the log return. We
fit the dataset using our two-round score matching
procedure, with more details provided in Section D.
We evaluate the model fit using a Q–Q plot that
compares the observed data with samples generated
from the fitted g-and-k model and from a fitted nor-
mal baseline in Figure 2.

As shown in Figure 2, the g-and-k distribution pro-
vides a much better fit to this heavy-tailed log-return
data than the normal distribution. Furthermore, the
second-round estimates show a noticeable improve-
ment over the first round, confirming the effective-
ness of the two-round procedure.
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Figure 2: Q–Q plot comparing the fitted g-and-
k/normal distribution with the observed data

5 DISCUSSION

This work proposes a new framework for likelihood-
free inference by using the basic fact that the MLE
is the root of the likelihood score. By approximating
the score rather than the likelihood itself, we build
estimators and confidence sets that remain closely
connected to likelihood-based inference. In partic-
ular, by adding statistical structure into the score
network, we improve score estimation and enhance
uncertainty quantification.

For future work, one promising direction is to add
additional structural constraints such as sparsity or
symmetry to the score Jacobian, which could further
improve estimation. We are also interested in ex-
tending the method beyond the i.i.d. setting, for ex-
ample to dependent time-series or spatial data, and
in adapting the approach to regression problems.
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A Proofs

Before presenting the proofs of the theorems in the main paper, we introduce some common notation and
regularity assumptions required for the results.

Notations We use σmin(A) to denote the smallest singular value of a matrix A. In the proofs, we frequently
apply Taylor expansions to each coordinate of ŝ(·,X∗

n) and ∇ŝ(·,X∗
n), that is, to ŝj(·,X∗

n) : Rdθ → R and
∇θ ŝij(·,X∗

n) : Rdθ → R, both viewed as scalar-valued functions of θ. Note that when performing element-
wise Taylor expansions, the remainder term may be evaluated at different intermediate parameter values
for different components of the function. Let θA, θB ∈ Rdθ denote two generic parameter vectors. We will
consider three types of Taylor expansions:

• Scenario 1:
ŝ(θB ,X

∗
n) = ŝ(θA,X

∗
n) +Hn(ŝ, θA, θB)(θB − θA),

where

Hn(ŝ, θA, θB) :=

 ∇(ŝ− s∗)1(θ
′
1,X

∗
n)

...
∇(ŝ− s∗)dθ (θ

′
dθ
,X∗

n)

 ∈ Rdθ×dθ , (9)

and each θ′j = cjθA + (1− cj)θB for some cj ∈ [0, 1].

• Scenario 2:

ŝ(θB ,X
∗
n) = ŝ(θA,X

∗
n) +∇θ ŝ(θA,X

∗
n)(θB − θA) +

1

2
Tn(ŝ, θA, θB)[θB − θA, θB − θA], (10)

where Tn(ŝ, θA, θB) ∈ Rdθ×dθ×dθ , and its i-th slice is the Hessian matrix ∇2
θ ŝi(θ

′
i,X

∗
n) evaluated at

θ′i = ciθA + (1 − ci)θB for some ci ∈ [0, 1]. Here, for z ∈ Rd and a tensor A = [A1, . . . , Ap] ∈ Rp×d×d
with A1, . . . , Ap ∈ Rd×d, we denote

A[z, z] := (z⊤A1z, . . . , z
⊤Apz)

⊤, A[z] := (A⊤
1 z, . . . , A

⊤
p z)

⊤.

• Scenario 3:

∇θ ŝ(θB ,X
∗
n) = ∇θ ŝ(θA,X

∗
n) + Tn(ŝ, θA, θB)[θB − θA], (11)

where Tn(ŝ, θA, θB) ∈ Rdθ×dθ×dθ , and its (i, j)-th element is

∇θ

{
∂ŝj(θ,X

∗
n)

∂θ[i]

}
∈ Rdθ ,

evaluated at θ′i,j = ci,jθA + (1− ci,j)θB for some ci,j ∈ [0, 1]. Here, θ[i] denotes the i-th coordinate of θ.
The operation Tn(ŝ, θA, θB)[θB − θA] computes the inner product between (θB − θA) and each (i, j)-th
element of Tn(ŝ, θA, θB).

Now we impose additional regularity assumptions on the model and the likelihood score functions.
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Assumption 2 (Nonsingular Fisher information). σmin

(
I(θ∗)

)
≥ m for some m > 0.

Since the true Fisher information matrix I(θ∗) is always positive semi-definite, this condition ensures that
I(θ∗) ⪰ mI, i.e.,

(
I(θ∗)−mI

)
is positive semi-definite. Such a condition is commonly imposed to guarantee

that the true model parameter is identifiable.

Assumption 3 (Regularity conditions on Score). For some δ > 0 and any x

sup
θ∈B(θ∗;δ)

∥ŝ(θ, x)∥2 ≤ G(x), sup
θ∈B(θ∗;δ)

∥∇θ ŝ(θ, x)∥2F ≤ G(x), sup
θ∈B(θ∗;δ)

∥∇2
θ ŝj(θ, x)∥F ≤ G(x)

where ŝj(θ,X) denotes the j-th coordinate of ŝ(θ,X) and the function G(·) satisfies EX∼Pθ∗ [G(X)] < C2
3 for

some constant C3 > 0. Additionally, we assume the estimated score is Lipschitz in θ, i.e.,

∥ŝ(θ,X)− ŝ(θ∗, X)∥ ≤ L(X)∥θ − θ∗∥, EX∼Pθ∗ [L(X)2] <∞,∀θ ∈ B(θ∗; δ).

Moreover,
EX∼Pθ∗∥ŝ(θ

∗, X)∥2+γ <∞

for some γ > 0.

The first part of this assumption consists of standard regularity conditions on the likelihood score for para-
metric models, ensuring that the MLE (or in our context, θ̂n) is consistent and asymptotically normal.
The last bounded (2 + γ) moment condition is used to verify Lindeberg’s condition, which guarantees the
asymptotic normality of the bootstrap estimator.

The following lemma shows that the difference between the estimated Fisher information matrix Î(θ∗) and
the true Fisher information matrix I(θ∗) can be bounded in terms of the score-matching and curvature-
matching errors.

Lemma 1 (Lemma 8 of Jiang et al. (2025)). Under Assumptions 1 and 3, we have∥∥I(θ∗)− Î(θ∗)
∥∥
2
≤ 2C3ε1,n + ε2,n

where C3 > 0 is as defined in Assumption 3.

This bound ensures that Î(θ∗) preserves the invertibility property of I(θ∗), even though it is not necessarily
symmetric, as shown below.

Lemma 2. Under Assumptions 1, 2 and 3, we have that for any y ∈ Rdθ ,

∥Î(θ∗) y∥ ≥ (m− 2C3ε1,n − ε2,n) ∥y∥.

Proof. We have the following inequalities,

∥Î(θ∗)y∥ ≥ ∥I(θ∗)y∥ − ∥[Î(θ∗)− I(θ∗)]y∥
≥ (m− 2C3ε1,n − ε2,n)∥y∥

where the first step is by triangle inequality and the second step is by Assumption 2 and Lemma 1.

A.1 Proof of Theorem 1

We consider any r0 <
m
2C3

(specified in Assumption 1) through out the proof.

Part 1: Existence of the root. We first show the existence of the root within B(θ∗; r0). Since B(θ∗; r0)
is compact and ŝ(·,X∗

n) is continuous, the objective function

F (θ) := ∥ŝ(·,X∗
n)∥2
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has a minimizer θ̄ within the compact set B(θ∗; r0). If θ̄ does not belong to ∂B(θ∗; r0), the boundary of
B(θ∗; r0), then the first order optimal condition gives

∇θF (θ̄) = 2∇θ ŝ(θ̄,X
∗
n)ŝ(θ̄,X

∗
n) = 0,

which further yields ŝ(θ̄,X∗
n) = 0 if ∇θ ŝ(θ̄,X

∗
n) is invertible. Therefore, it suffices to show θ̄ /∈ ∂B(θ∗; r0) and

∇θ ŝ(θ,X
∗
n) is invertible for any θ ∈ B(θ∗; r0). For the first part, we can verify it by showing F (θ̂MLE

n ) < F (θ)

for any θ ∈ ∂B(θ∗; r0) and the fact that θ̂MLE
n is in the interior of B(θ∗; r0). To prove this, notice that by

applying the Taylor expansion for each element of ŝj , we can obtain∥∥∥ 1
n
ŝ
(
θ̂MLE
n ,X∗

n

)∥∥∥
=
∥∥∥ 1
n
ŝ
(
θ̂MLE
n ,X∗

n

)
− 1

n
s∗
(
θ̂MLE
n ,X∗

n

)∥∥∥
=
∥∥∥ 1
n
ŝ(θ∗,X∗

n)−
1

n
s∗(θ∗,X∗

n) +
1

n
Hn(ŝ− s∗, θ∗, θ̂MLE

n )(θ̂MLE
n − θ∗)

∥∥∥
≤
∥∥∥ 1
n
ŝ(θ∗,X∗

n)−
1

n
s∗(θ∗,X∗

n)
∥∥∥+ ∥ 1

n
Hn(ŝ− s∗, θ∗, θ̂MLE

n )∥ ·
∥∥∥θ̂MLE
n − θ∗

∥∥∥
≤
∥∥EX∼Pθ∗

[
ŝ(θ∗, X)

]∥∥+ oPθ∗ (1) + C3

√
logn

n

≤ ε3,n + oPθ∗ (1), (12)

where Hn(ŝ − s∗, θ∗, θ̂MLE
n ) is defined analogously to (9). The second-to-last step follows from the law of

large numbers, Assumption 3, and the classical result on the maximum likelihood estimator θ̂MLE
n that

θ̂MLE
n ∈ B(θ∗;C

√
logn
n ) with probability tending to 1, for some constant C > 0.

Similarly, for any θ ∈ ∂B(θ∗; r0), we have

∥ 1
n
ŝ(θ,X∗

n)−
1

n
s∗(θ∗,X∗

n)∥

= ∥ 1
n
ŝ(θ∗,X∗

n)−
1

n
s∗(θ∗,X∗

n) +
1

n
∇θ ŝ(θ

∗,X∗
n)(θ − θ∗) +

1

2n
Tn(ŝ, θ

∗, θ)[θ − θ∗, θ − θ∗]∥

≥∥ 1
n
∇θ ŝ(θ

∗,X∗
n)(θ − θ∗)∥ − ∥ 1

n
ŝ(θ∗,X∗

n)−
1

n
s∗(θ∗,X∗

n) +
1

2n
Tn(ŝ, θ

∗, θ)[θ − θ∗, θ − θ∗]∥

≥ (m− 2C3ε1,n − ε2,n)r0 − ε3,n − C3r
2
0 + oPθ∗ (1)

⇒ ∥ 1
n
ŝ(θ,X∗

n)∥ ≥ (m− 2C3ε1,n − ε2,n)r0 − ε3,n − C3r
2
0 − ∥ 1

n
s∗(θ∗,X∗

n)∥+ oPθ∗ (1)

∥ 1
n
ŝ(θ,X∗

n)∥ ≥ (m− 2C3ε1,n − ε2,n)r0 − ε3,n − C3r
2
0 + oPθ∗ (1) (13)

where the first step follows from the Taylor expansion, and Tn(ŝ, θ
∗, θ) is defined in (10); the second and

fourth steps follow from the triangle inequality; the third step follows from Lemma 2, the law of large
numbers, Assumption 3, and the triangle inequality; and the last step follows from the law of large numbers.
If 2C3r0ε1,n + r0ε2,n + 2ε3,n < r0(m − C3r0), then combining (12) and (13) yields

∥∥ 1
n ŝ(θ̂

MLE
n ,X∗

n)
∥∥ <∥∥ 1

n ŝ(θ,X
∗
n)
∥∥+ oPθ∗ (1) for any θ ∈ ∂B(θ∗; r0), and thus the proof of the first part is completed.

To prove the second part, i.e. ∇θ ŝ(θ̄,X
∗
n) is invertible, we use Lemma 1 and apply the Taylor expansion to

∇θ ŝ(θ,X
∗
n) for θ around θ∗. Specifically, for any θ ∈ B(θ∗; r0), we have

∥ 1
n
∇θ ŝ(θ,X

∗
n)− I(θ∗)∥

= ∥ 1
n
∇θ ŝ(θ

∗,X∗
n)− I(θ∗) +

1

n
Tn(ŝ, θ

∗, θ)[θ − θ∗]∥

≤ 2C3ε1,n + ε2,n + C3r0 + oPθ∗ (1), (14)

where the notation of Tn(ŝ, θ
∗, θ) follows (11). Consequently, σmin

(
1
n∇θ ŝ(θ,X

∗
n)
)
≥ m − (2C3ε1,n + ε2,n +

C3r0 + oPθ∗ (1)) > 0 with probability tending to 1. Hence, ∇θ ŝ(θ̄,X
∗
n) is invertible with probability tending

to 1, and the proof of the existence is completed.



Haoyu Jiang, Yuexi Wang, Yun Yang

Part 2: Uniqueness of the root. Next, the proof of uniqueness is based on the curvature property of ŝ.
If θ̂n and θ̃n are both zeros of ŝ(·,X∗

n) in ∂B(θ∗; r0), then by the mean value theorem and the fundamental
law of calculus, we have

0 = ŝ(θ̂n,X
∗
n)− ŝ(θ̃n,X

∗
n) =

∫ 1

0

∇θ ŝ
(
θ̃n + t(θ̂n − θ̃n),X

∗
n

)(
θ̂n − θ̃n

)
dt

Then, the inequality below implies θ̃ = θ̂n:

0 =
1

n

(
θ̂n − θ̃n

)T (
ŝ(θ̂n,X

∗
n)− ŝ(θ̃n,X

∗
n)
)

=
1

n

∫ 1

0

(
θ̂n − θ̃n

)T∇θ ŝ
(
θ̃n + t(θ̂n − θ̃n),X

∗
n

)(
θ̂n − θ̃n

)
dt

=

∫ 1

0

(
θ̂n − θ̃n

)T ∇θ ŝ
(
θ̃n + t(θ̂n − θ̃n),X

∗
n

)
+

[
∇θ ŝ

(
θ̃n + t(θ̂n − θ̃n),X

∗
n

)]T
2n

(
θ̂n − θ̃n

)
dt

≥ (m− 2C3ε1,n − ε2,n − C3r0 + oPθ∗ (1))
∥∥θ̂n − θ̃n

∥∥2
where the last step is due to (14).

Part 3: Consistency. Finally, to prove the consistency, it suffices to show that for θ ∈ B(θ∗; r0) with∥∥θ−θ∗∥∥ > 2ε3,n
m +

√
logn
n we always have

∥∥ 1
n ŝ(θ,X

∗
n)
∥∥ > 0. First, by the same derivation as in (13), we have

∥ 1
n
ŝ(θ,X∗

n)−
1

n
s∗(θ∗,X∗

n)∥ ≥ m∥θ − θ∗∥ − ε3,n − C3∥θ − θ∗∥2 +OPθ∗ (
1√
n
)

⇒ ∥ 1
n
ŝ(θ,X∗

n)∥ ≥ ∥ 1
n
ŝ(θ,X∗

n)−
1

n
s∗(θ∗,X∗

n)∥ − ∥ 1
n
s∗(θ∗,X∗

n)∥

≥ m∥θ − θ∗∥ − ε3,n − C3∥θ − θ∗∥2 +OPθ∗ (
1√
n
)

≥ (m− C3r0)∥θ − θ∗∥ − ε3,n +OPθ∗ (
1√
n
).

Since r0 <
m
2C3

, it follows that
∥∥ 1
n ŝ(θ,X

∗
n)
∥∥ > 0 with probability tending to 1, thereby establishing the

conclusion.

A.2 Proof of Theorem 2

We follow the classical proof of the asymptotic normality of the MLE by applying a Taylor expansion to
ŝ(θ̂n,X

∗
n) and s

∗(θ̂MLE
n ,X∗

n) around θ
∗, and analyzing how the score and curvature estimation errors affect√

n(θ̂n − θ̂MLE
n ).

By Taylor’s theorem, we obtain

0 = ŝ(θ̂n,X
∗
n)

= ŝ(θ∗,X∗
n) +∇θ ŝ(θ

∗,X∗
n)(θ̂n − θ∗) +

1

2
Tn(ŝ, θ

∗, θ̂n)[θ̂n − θ∗, θ̂n − θ∗]

⇒
√
n(θ̂n − θ∗) = −

{ 1

n
∇θ ŝ(θ

∗,X∗
n) +

1

2n
Tn(ŝ, θ

∗, θ̂n)[θ̂n − θ∗]
}−1 1√

n
ŝ(θ∗,X∗

n)

=
{[
Î(θ∗)

]−1
+ oPθ∗ (1)

} 1√
n
ŝ(θ∗,X∗

n), (15)

where the last step follows from the consistency of θ̂n and Assumption 3, and the notation Tn(ŝ, θ
∗, θ̂MLE

n )
is as defined in (10).
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Similarly, for the MLE θ̂MLE
n , we have a similar expansion:

√
n(θ̂MLE

n − θ∗) = −
{ 1

n
∇θs

∗(θ∗,X∗
n) +

1

2n
Tn(s

∗, θ∗, θ̂MLE
n )[θ̂MLE

n − θ∗]
}−1 1√

n
s∗(θ∗,X∗

n)

=
{[
I(θ∗)

]−1
+ oPθ∗ (1)

} 1√
n
s∗(θ∗,X∗

n). (16)

Combining (15) and (16), we have

√
n(θ̂n − θ̂MLE

n )

=
{[
Î(θ∗)

]−1
+ oPθ∗ (1)

} 1√
n
ŝ(θ∗,X∗

n)−
{[
I(θ∗)

]−1
+ oPθ∗ (1)

} 1√
n
s∗(θ∗,X∗

n)

=
{[
Î(θ∗)

]−1
+ oPθ∗ (1)

}[ 1√
n
ŝ(θ∗,X∗

n)−
1√
n
s∗(θ∗,X∗

n)

]
︸ ︷︷ ︸

(I)

−
{[
I(θ∗)

]−1 −
[
Î(θ∗)

]−1
+ oPθ∗ (1)

} 1√
n
s∗(θ∗,X∗

n)︸ ︷︷ ︸
(II)

For term (I), we have ∥∥∥∥{[Î(θ∗)]−1
+ oPθ∗ (1)

}[ 1√
n
ŝ(θ∗,X∗

n)−
1√
n
s∗(θ∗,X∗

n)

]∥∥∥∥
≤
∥∥∥∥{[Î(θ∗)]−1

+ oPθ∗ (1)
}∥∥∥∥

2

·
∥∥∥∥ 1√

n
ŝ(θ∗,X∗

n)−
1√
n
s∗(θ∗,X∗

n)

∥∥∥∥
2

,

where we can further bound

EP(n)

θ∗

[∥∥∥∥ 1√
n
ŝ(θ∗,X∗

n)−
1√
n
s∗(θ∗,X∗

n)

∥∥∥∥
2

]

≤

√
EP(n)

θ∗

[∥∥∥∥ 1√
n
ŝ(θ∗,X∗

n)−
1√
n
s∗(θ∗,X∗

n)

∥∥∥∥2
2

]
(by Jensen’s inequality)

=
√
EPθ∗

[
∥ŝ(θ∗, X∗)− s∗(θ∗, X∗)∥2

]
+ (n− 1)∥EPθ∗ [ŝ(θ

∗, X∗)]∥2

≤ ε1,n +
√
nε3,n.

Therefore, using Lemma 2, we get

(I) = OPθ∗

( ε1,n +
√
nε3,n

m− 2C3ε1,n − ε2,n

)
For term (II), we notice that the difference between the inverse of the true and estimated fisher information
matrices can be bounded as ∥∥∥[I(θ∗)]−1 −

[
Î(θ∗)

]−1
∥∥∥
2

=
∥∥∥[I(θ∗)]−1

[
Î(θ∗)− I(θ∗)

][
Î(θ∗)

]−1
∥∥∥
2

≤
∥∥∥[I(θ∗)]−1

∥∥∥
2
·
∥∥∥[Î(θ∗)]−1

∥∥∥
2
·
∥∥∥Î(θ∗)− I(θ∗)

∥∥∥
2

≤ 2C3ε1,n + ε2,n
m(m− 2C3ε1,n − ε2,n)

,

where the last step is by Assumption 2, Lemma 1 and 2. Also, since s∗(θ∗, X∗) has zero mean and finite
variance under Pθ∗ , an application of the central limit theorem gives

1√
n
s∗(θ∗,X∗

n) = OPθ∗ (1)
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Therefore, we have the bound of

(II) = OPθ∗

( 2C3ε1,n + ε2,n
m(m− 2C3ε1,n − ε2,n)

)
Finally, combining (I) and (II), we obtain

√
n(θ̂n − θ̂MLE

n ) = OPθ∗

(
ε1,n + ε2,n +

√
nε3,n

)
A.3 Proof of Theorem 3

By classical theory of the MLE estimator, we have
√
n(θ̂MLE

n − θ∗)
d→ N (0,

[
I(θ∗)

]−1
). By Theorem 2 and

the conditions that ε3,n = o(n− 1
2 ), ε1,n, ε2,n = o(1), we have

√
n(θ̂n − θ̂MLE

n ) → 0 in probability. Then, the
result follows by invoking the Slutsky’s lemma.

A.4 Proof of Theorem 4

First, using arguments similar to those in Theorem 1, it can be shown that the bootstrap estimator θ̂(b)

exists and is uniquely defined in a constant neighborhood around θ̂n; moreover, it is also close to θ̂n or to the
MLE θ̂MLE

n (which can be viewed as the population-level true parameter for the bootstrap sample). That is,

∥θ̂(b) − θ̂n∥ = oPω
(1) in Pθ∗ -probability, as n→ ∞. (17)

Here, Pω stands for the distribution of the bootstrap random multipliers ωi’s conditioning on data X∗
n. For

bootstrapping using the true likelihood, such bootstrap estimator consistency is standard; see, for example,
Cheng and Huang (2010); van der Vaart and Wellner (1996).

Next, by definition, the bootstrap estimator θ̂(b) satisfies

0 =

n∑
i=1

ωiŝ(θ̂
(b), X∗

i ),

where recall that ωi are i.i.d. and independent from X∗
n, with E[ωi] = Var(ωi) = 1. Applying a Taylor’s

expansion of ŝ at θ = θ̂n yields that

0 =

n∑
i=1

ωiŝ(θ̂n, X
∗
i ) +

{ n∑
i=1

ωi∇θ ŝ(θ̂n, X
∗
i )

}
(θ̂(b) − θ̂n) +

{ n∑
i=1

ωiTi(ŝ, θ̂n, θ̂
(b))

}
[θ̂(b) − θ̂n, θ̂

(b) − θ̂n],

where we recall that the notation Ti(ŝ, θ̂n, θ̂
(b)) follows (10). Rearranging the terms, we can get

√
n(θ̂(b) − θ̂n) = −

{
1

n

n∑
i=1

ωi∇θ ŝ(θ̂n, X
∗
i ) +

1

n

n∑
i=1

ωiTi(ŝ, θ̂n, θ̂
(b))[θ̂(b) − θ̂n]

}−1{
1√
n

n∑
i=1

ωiŝ(θ̂n, X
∗
i )

}

=

{
− 1

n

n∑
i=1

ωi∇θ ŝ(θ̂n, X
∗
i )︸ ︷︷ ︸

(III)

− 1

n

n∑
i=1

ωiTi(ŝ, θ̂n, θ̂
(b))[θ̂(b) − θ̂n]︸ ︷︷ ︸

(IV)

}−1{
1√
n

n∑
i=1

(ωi − 1)ŝ(θ̂n, X
∗
i )︸ ︷︷ ︸

(V)

}
,

where we applied the identity
∑n
i=1 ŝ(θ̂n, X

∗
i ) = 0 in the second step.

For term (III), we have

(III) = − 1

n

n∑
i=1

(ωi − 1)∇θ ŝ(θ̂n, X
∗
i )︸ ︷︷ ︸

(III.1)

− 1

n

n∑
i=1

∇θ ŝ(θ̂n, X
∗
i )︸ ︷︷ ︸

(III.2)
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For term (III.1), we have EPω [(III.1) | X∗
n] = 0 and

CovPω
[(III.1) | X∗

n] =
1

n2

n∑
i=1

ŝ(θ̂n, X
∗
i )ŝ(θ̂n, X

∗
i )
T

⇒ EPω
[∥(III.1)∥2 | X∗

n] =
1

n2

n∑
i=1

∥ŝ(θ̂n, X∗
i )∥2 ≤ 1

n2

n∑
i=1

G2(X
∗
i )

Pθ∗−→ 0,

as n → ∞, where the last step follows from Assumption 3. We then invoke Markov’s inequality to obtain
that (III.1) = oPω

(1) in Pθ∗ -probability. Moreover, by Assumption 3 and the uniform law of large numbers,

we have (III.2) = Î(θ∗) + oPθ∗ (1). Therefore, it follows that (III) = Î(θ∗) + oPω (1) in Pθ∗ -probability.

For term (IV), we have ∥θ̂(b) − θ̂n∥ = oPω
(1) in Pθ∗ -probability by Equation (17). Moreover, since

Ti(ŝ, θ̂n, θ̂
(b)) is bounded using Assumption 3, we have that (IV)= oPω (1) in Pθ∗ -probability.

For term (V), we define

∆ :=
1√
n

n∑
i=1

(ωi − 1)ŝ(θ̂n, X
∗
i )−

1√
n

n∑
i=1

(ωi − 1)ŝ(θ∗, X∗
i )

=
1√
n

n∑
i=1

(ωi − 1)
[
ŝ(θ̂n, X

∗
i )− ŝ(θ∗, X∗

i )
]
.

Then we have EPω
[∆ | X∗

n] = 0, and

Cov(∆ | X∗
n) =

1

n

n∑
i=1

[
ŝ(θ̂n, X

∗
i )− ŝ(θ∗, X∗

i )
][
ŝ(θ̂n, X

∗
i )− ŝ(θ∗, X∗

i )
]T

⇒ E[∥∆∥2 | X∗
n] =

1

n

n∑
i=1

∥ŝ(θ̂n, X∗
i )− ŝ(θ∗, X∗

i )∥2 ≤ ∥θ̂n − θ∗∥2 1
n

n∑
i=1

L(X∗
i )

2 Pθ∗−→ 0,

as n → ∞, where the second line is by Assumption 3 and the consistency of θ̂n. Then, invoking Markov’s
inequality yields that ∆ = oPω

(1) in Pθ∗ -probability.

Combining the bounds for terms (III), (IV) and (V), we can finally conclude

√
n(θ̂(b) − θ̂n) =

{[
Î(θ∗)

]−1
+ oPω

(1)
}{ 1√

n

n∑
i=1

(ωi − 1)ŝ(θ∗, X∗
i ) + oPω

(1)

}
, (18)

with Pθ∗ -probability going to 1. Then, by the last bounded (2 + γ) moment condition in Assumption
Assumption 3, Lindeberg’s condition holds for the triangular array 1√

n
(ωi − 1)ŝ(θ∗, X∗

i ) in Pθ∗ -probability.

Therefore, we apply Lindeberg’s central limit theorem conditional on X∗
n and obtain

dBL

(
L
([ 1
n

n∑
i=1

ŝ(θ∗, X∗
i )ŝ(θ

∗, X∗
i )
T
]−1 1√

n

n∑
i=1

(ωi − 1)ŝ(θ∗, X∗
i )
∣∣∣X∗

n

)
, N (0, I)

)
Pθ∗−→ 0 (19)

where recall that dBL denotes the bounded Lipschitz distance, and L(X|Y ) denotes the conditional law of X
given Y , for two generic random variables X and Y . Moreover, by the law of large numbers and the assumed

convergence rates of ε1,n, ε2,n, and ε3,n, we have 1
n

∑n
i=1 ŝ(θ

∗, X∗
i )ŝ(θ

∗, X∗
i )
T Pθ∗−→ I(θ∗) and Î(θ∗)

Pθ∗−→ I(θ∗)
as n→ ∞. Combining (18) and (19) and applying Slutsky’s lemma then yields the conclusion.

A.5 Proof of Theorem 5

Write g(θ) =
∑n
i=1 ŝ(θ,X

∗
i ) and recall that θ̂n is the (locally unique) root of g in B(θ∗; r0), whose existence

and uniqueness follow from Theorem 1. Define the error et = θ(t) − θ̂n. A single iteration of (4) yields

et+1 = et + αHt

(
g(θ(t))− g(θ̂n)

)
. (20)
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By the mean value theorem,

g(θ(t))− g(θ̂n) = Jg(θ̃t) (θ
(t) − θ̂n) = Jg(θ̃t) et,

for some θ̃t on the segment joining θ̂n and θ(t), where Jg(θ) = ∇θg(θ). Combining above displays gives

et+1 =
(
I + αHtJg(θ̃t)

)
et.

Let Mt = −H1/2
t Jg(θ̃t)H

1/2
t .

From Assumption 1, the estimated score Jacobian Jg(θ) is uniformly close to the true likelihood-score Jaco-
bian ∇θs

∗
n(θ) over B(θ∗; r0), and hence inherits its local spectral bounds made in Assumption 2. Concretely,

there exists constants 0 < m′ < L <∞ such that

m′ Idθ ⪯ − Jg(θ) ⪯ L Idθ , for all θ ∈ B(θ∗; r0). (21)

Moreover, recall from the conditions of the theorem that we have 0 < hmin Idθ ⪯ Ht ⪯ hmax Idθ . Therefore,
we have the bound

m′ hmin Idθ ⪯ Mt ⪯ Lhmax Idθ ,

and the spectrum of I − αMt is contained in
{
1− αλ : λ ∈ [m′hmin, Lhmax]

}
. It then follows that

∥et+1∥H−1
t

= ∥
(
I − αMt

)
H

1/2
t et∥2 ≤ ρ ∥et∥H−1

t
,

where ρ = max{ |1 − αm′hmin|, |1 − αLhmax| } and for a generic matrix H, the ∥ · ∥H is defined through
∥x∥2H = xTH−1x. Since the norms ∥ · ∥ and ∥ · ∥H−1

t
are equivalent under our condition on Ht, there is a

constant c ≥ 1 (independent of t) such that

∥et+1∥ ≤ c ρ ∥et∥ .

Finally, we obtain by induction that

∥et∥ ≤ ρt ∥e0∥, t ≥ 0,

which is the claimed bound.

A.6 Proof of the score matching objective

We include the proof from Hyvärinen (2005, 2007); Jiang et al. (2025) to keep the presentation self-contained.
For notational simplicity, we use the shorthand X to denote the data X∗

n, and follow the notations in Jiang
et al. (2025). We first introduce two additional regularity conditions required to analyze the score-matching
objective.

Assumption 4 (Boundary Condition). For any X ∈ X and score network parameter ϕ, it holds that
p(θ) pθ(X) sϕ(θ,X) → 0 as θ approaches the boundary of the support ∂Ωθ|X of the conditional distribution
p(X|θ) (as a function with respect to θ).

Assumption 5 (Finite Moments). For any ϕ, E(θ,X)∼p(θ) pθ(X)

[
∥∇θ log pθ(X)∥2

]
and

E(θ,X)∼p(θ) pθ(X)

[
∥sϕ(θ,X)∥2

]
are both finite.

We first rewrite the score-matching objective as

E(θ,X)∼p(θ)p(X|θ) ∥sϕ(θ,X)−∇θ log p(X | θ)∥2

=Ep(θ,X) ∥sϕ(θ,X)∥2 + Ep(θ,X) ∥∇θ log p(X | θ)∥2 − 2Ep(θ,X)

[
sϕ(θ,X)T∇θ log p(X | θ)

]
.

Here the first two terms are finite under Assumption 5 and the last term is also finite due to the Cauchy-
Schwarz inequality. Additionally, the second term Ep(θ,X) ∥∇θ log pθ(X)∥2 is a constant in ϕ can thus can
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be ignored in the optimization program. The first term does not depend on unknown quantity p(X | θ), so
we only need to address the last term.

Denote the joint support of (θ,X) as Ω := {(θ,X) ∈ Θ × X : p(θ)p(X | θ) > 0}. We de-
note θ−j = (θ1, . . . , θj−1, θj+1, θdθ )

T and the marginal support of (θ−j , X) as Ω(θ−j ,X) := {(θ−j , X) :
(θ,X) ∈ Ω for some θj}. We denote the boundary segments orthogonal to the j-th axis at (θ−j , X) as
Sec(Ω; θ−j , X) := {θj ∈ R : (θ,X) ∈ Ω}.

Ep(θ,X)

[
sϕ(θ,X)T∇θ log p(X | θ)

]
=

∫
X
dX

∫
Ω(X)

p(θ)p(X | θ)sϕ(θ,X)T∇θ log p(X | θ)dθ

=

∫
X
dX

∫
Ω(X)

p(θ)

dθ∑
j=1

sϕ,j(θ,X)∇θjp(X | θ)dθ

=

dθ∑
j=1

∫
Ω(θj,X)

dXdθ−j

∫
Sec(Ω;θ−j ,X)

p(θ)sϕ,j(θ,X)
∂p(X | θ)

∂θj
dθj .

For each coordinate j and the inside integral, assuming Sec(Ω;X, θ−j) is an interval and denote it as (aj , bj),
we have ∫

Sec(Ω;θ−j ,X)

p(θ)sϕ,j(θ,X)
∂p(X | θ)

∂θj
dθj

=p(θ)sϕ,j(θ,X)p(X | θ)
∣∣bj
aj

−
∫
Sec(Ω;θ−j ,X)

∂p(θ)sϕ,j(θ,X)

∂θj
p(X | θ)dθj

=−
∫
Sec(Ω;θ−j ,X)

[∂p(θ)
∂θj

sϕ,j(θ,X) + p(θ)
∂sϕ,j(θ,X)

∂θj

]
p(X | θ)dθj (Assumption 4)

=−
∫
Sec(Ω;θ−j ,X)

[∂p(θ)
∂θj

sϕ,j(θ,X) +
∂sϕ,j(θ,X)

∂θj

]
p(θ)p(X | θ)dθj ,

which concludes our proof.

B More Simulation Results

B.1 The toy example in Example 1

We generate the observed dataset X∗
n with n = 500 under the ground truth θ∗ = (1,−2). For our method

and NLE, we use a uniform distribution on [−5, 5]2 as the sampling distribution for θ. In this example,
we also consider a recent score-matching–based approach (Khoo et al., 2025), which we refer to as Iterative
Local Score Matching (ILSM). We present the absolute errors of all methods in Table 4. The results show
that our method has the smallest estimation error for both parameters. We also present the coverage rate
and width of the 95% confidence interval in Table 5. We observe that the bootstrap method and sandwich
covariance estimator perform the best, with a coverage rate close to the nominal level. We also find the
ILSM method does not perform well in this setting, likely due to the substantial deviation of the true score
from its linearity assumption. For this reason, we exclude it from the other examples.

B.2 Synthetic data results in the g-and-k model

We generate the observed dataset X∗
n with n = 2000 under the ground truth (A∗, B∗, g∗, k∗) =

(0, 0.7,−0.5, 0.3). For our method and NLE, we use a uniform distribution on [−1, 1]× [−2, 1]× [−5,−5]×
[0, 0.5] as the proposal distribution for (A, logB, g, k). We repeat the experiment 100 times, and present
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Table 4: Averaged estimation errors with standard deviation under the Toy Model

|θ̂1 − θ∗1 | |θ̂2 − θ∗2 |
Ours 0.052 (0.040) 0.097 (0.071)
SL 0.076 (0.141) 0.126 (0.098)
NLE 0.131 (0.126) 0.561 (0.399)
ILSM 0.655 (0.109) 2.175 (0.069)

Table 5: Averaged coverage and width with standard deviation of 95% CIs under the Toy Model. Highlighted
values indicate coverage near nominal with no substantial increase in width.

θ∗1 = 1 θ∗2 = −2
Cover Width Cover Width

SS 0.91 0.222 (0.022) 0.90 0.411 (0.044)
Curv 0.92 0.244 (0.013) 0.94 0.459 (0.028)
Sand 0.94 0.268 (0.018) 0.96 0.516 (0.036)
Boot 0.93 0.267 (0.018) 0.96 0.514 (0.035)

NLE 0.75 0.486 (0.173) 0.58 1.339 (0.695)
SL 0.93 0.312 (0.069) 0.95 0.660 (0.217)

the results in Tables 6 and 7 in the Appendix. The results show that our method has the smallest esti-
mation error for all the parameters, and the CIs constructed by plug-in estimates or by bootstrap all have
near-nominal coverage rate and smaller width than those of NLE or SL.

Table 6: Average absolute errors in the g-and-k example

|Â−A∗| |B̂ −B∗| |ĝ − g∗| |k̂ − k∗|
Ours 0.015 (0.011) 0.018 (0.013) 0.028 (0.019) 0.021 (0.016)
NLE 0.187 (0.021) 0.043 (0.007) 0.427 (0.009) 0.073 (0.014)
SL 0.021 (0.026) 0.040 (0.075) 0.120 (0.249) 0.054 (0.052)

Table 7: Coverage and width of the 95% CI across methods and parameters in the g-and-k example

A B g k
Cover Width Cover Width Cover Width Cover Width

SS 0.95 0.074 (0.003) 0.96 0.095 (0.003) 0.97 0.134 (0.006) 0.94 0.105 (0.005)
Curv 0.96 0.073 (0.002) 0.94 0.090 (0.003) 0.98 0.136 (0.005) 0.93 0.102 (0.004)
Sand 0.95 0.072 (0.002) 0.93 0.086 (0.005) 0.97 0.138 (0.009) 0.94 0.101 (0.007)
Boot 0.94 0.072 (0.003) 0.98 0.088 (0.005) 0.96 0.137 (0.009) 0.98 0.101 (0.007)

NLE 0.53 0.365 (0.018) 1.00 0.481 (0.003) 0.03 0.804 (0.007) 1.00 0.510 (0.005)
SL 0.89 0.090 (0.066) 0.88 0.172 (0.273) 0.94 0.449 (0.425) 0.90 0.215 (0.044)

C Details on Structured Score Matching

Here we provide algorithmic details on how we enforcing the three statistical properties, additive structure,
curvature structure and mean-zero structure, on our score networks. A similar procedure under the Bayesian
setting was considered in Jiang et al. (2025).

We begin with the additive structure, which allows us to simplify the score network to sϕ(θ,X), so that
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the estimated full-data score becomes
∑n
i=1 sϕ(θ,Xi). This structure enables estimation of the com-

mon individual-level score function s∗(θ,X) via single-data score matching, rathar than directly learn-
ing the full-data score s∗(θ,Xn). Consequently, we train the network sϕ(θ,X) on a reference table

DS = {(θ(k), X(k))}Nk=1
iid∼ p(θ) pθ(X), which reduces the overall simulation cost from O(Nn) to O(N).

To further enhance estimation accuracy, we incorporate the curvature structure by introducing a curvature-
matching regularization term into the training objective:

min
ϕ

Ep(θ)
[
Epθ

[
∥sϕ(θ,X)− s∗(θ,X)∥2︸ ︷︷ ︸

score-matching loss on a single X

]
+ λ1

∥∥∥Epθ[sϕ(θ,X)sϕ(θ,X)T +∇θsϕ(θ,X)
]∥∥∥2
F︸ ︷︷ ︸

curvature-matching loss

]
, (22)

where the hyperparameter λ1 > 0 controls the curvature penalty and ∥·∥F denotes the Frobenius norm.
In practice, the expectation are replaced by empirical averages. As shown in our theoretical analysis in
Section 3, the curvature structure ensures that the distribution of our estimator preserves the local geometry
of the true MLE.

Finally, we impose the mean-zero structure through a post-processing debiasing step. Specifically, we center
the estimated score network by subtracting its mean under the model ĥ(θ) := EX1∼pθ [sϕ̂(θ,X1)] from

sϕ̂(θ, x). To estimate ĥ(θ), we fit a regression model hψ(θ) : Rdθ → Rdθ parameterized by ϕ, minimizing the
mean-matching loss

ψ̂ =argmin
ψ

Eq(θ)
[∥∥hψ(θ)− Epθ

[
sϕ̂(θ,X)

]∥∥2
+ λ2

∥∥hψ(θ)hψ(θ)T −∇θhψ(θ)− Epθ
[
sϕ̂(θ,X)

]
hψ(θ)

T − hψ(θ)Epθ
[
sϕ̂(θ,X)T

]∥∥2
F

] (23)

where λ2 controls the curvature penalty. This second penalty guarantees that the debiased score, s̃(θ,X) =
sϕ̂(θ,X)− hψ̂(θ), continues to satisfy the curvature structure.

To implement (23), we generate an additional regression reference table DR = {(θ(l),X(l)
mR)}NR

l=1, where each

dataset X
(l)
mR of size mR is simulated from p

(mR)

θ(l)
. The expectations in (23) are also approximated by an

empirical averages. A complete algorithmic summary of the structure score matching procedure is provided
below.

Algorithm 1 Structured Score Matching

Input: Sampling distribution p(θ), observed dataset X∗
n, networks sϕ(θ,X) and hψ(θ).

1. Reference Table: Generate DS = {(θ(k), X(k))}Nk=1
iid∼ p(θ)pθ(·) and DR = {θ(l),X(l)

mR}NR

l=1
iid∼

q(θ)p
(mR)
θ (·).

2. Network Training: Train sϕ(θ,X) on DS and DR using loss in (22) and obtain ϕ̂.

3. Mean Regression: Estimate the mean of sϕ̂(θ,X) on DR using (23) and obtain ψ̂.

Return Debiased structured score function s̃(θ,X) = sϕ̂(θ,X)− hψ̂(θ)

D More Implementation Details and Results

We begin by outlining the general configurations of our method and the competing approaches, with example-
specific details presented later. For our method, we generate a reference table of size N for the score matching
procedure, and a reference table with size (NR,mR) for the debiasing regression and curvature penalty. For
each of the two reference tables, 5

6 of the data is used as the training set and the rest 1
6 is used as the

validation set. We use an ELU neural network with nh hidden layers and nu units in each hidden layer,
where (nh, nu) = (2, 32), (2, 64) and (3, 64) in the toy model, M/G/1-queuing model and the g-and-k model,
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respectively. The network is trained with batch size b and learning rate gradually decreasing from 1× 10−3

to 1× 10−5 until the loss on the validation set stops decreasing.

For the NLE model, we implement it using the “sbi” Python package from (Tejero-Cantero et al., 2020).
The likelihood density model is a Masked Autoregressive Flow network (Papamakarios et al., 2017) with 5
autoregressive transforms, each of which has 2 hidden layers of 50 units each. We generate nNLE single data
points, where nNLE matches the simulation cost of our method, to train the likelihood density network. We
have batch size bNLE and learning rate 5 × 10−4 to train the network until convergence. With the trained
likelihood density network, we use autograd in Pytorch to obtain the gradient and Hessian of the estimated
log-likelihood. We use the obtained gradient to do gradient ascent to get the point estimate, and then use
the sandwich formula to get the confidence intervals.

For the SL method, summary statistics are constructed for each example. Using the summary statistic,
we follow (Wood, 2010) to implement the Metropolis–Hastings algorithm to search the maximizer of the
synthetic likelihood. After the markov chain converges, we follow (Wood, 2010) to fit a quadratic regression
to get the point estimate. The confidence intervals are simply obtained by taking sample quantiles of the
converged markov chain.

The code for our experiments is available at https://github.com/Haoyu-
Jiang/Structured Score Matching/tree/main/MLE.

D.1 Toy model

Implementation details For our method, we have reference table sizes (N,NR,mR) = (6000, 1200, 500),
and the batch size for score matching is 5. For the NLE model, we generate 1, 212, 000 single data points
and use batch size 200 to train the likelihood density network. For the SL method, we choose the 5 quantiles
(min, 0.25, 0.5, 0.75, max) of Xn as the summary statistics. We draw a markov chain of length 1000 and
discard the initial 300 points. At each iteration of the markov chain, we generate 100 datasets (Xn) to
estimate the mean and covariance of the synthetic gaussian likelihood.

First-round results of our method We present the first-round results of our method in Table 9. Com-
paring it with the results in the second round, we can see that the second round has noticeable improvements
on both the estimation errors and the widths of the confidence intervals.

Table 8: Results in round 1 for the toy model

|θi − θ∗i | Width Coverage
ss curv sand boot ss curv sand boot

θ1
0.056
(0.042)

0.205
(0.005)

0.244
(0.004)

0.291
(0.014)

0.290
(0.016)

0.86 0.89 0.94 0.93

θ2
0.106
(0.077)

0.442
(0.025)

0.490
(0.016)

0.547
(0.040)

0.543
(0.042)

0.91 0.93 0.96 0.96

D.2 M/G/1-queuing model

Implementation details For our method, we have reference table sizes (N,NR,mR) = (12000, 1200, 500),
and the batch size for score matching is 10. For the NLE model, we generate 1, 224, 000 single data points
and use batch size 500 to train the likelihood density network. For the SL method, we choose the sample
mean and coordinate-wise standard deviation of Xn as the summary statistics. We draw a markov chain
of length 5000 and discard the initial 1000 points. At each iteration of the markov chain, we generate 100
datasets (Xn) to estimate the mean and covariance of the synthetic gaussian likelihood.

First-round results of our method We report the first-round results of our method in Table 9. Com-
paring the two rounds, we observe that the coverage of all parameters improved significantly in the second

https://github.com/Haoyu-Jiang/Structured_Score_Matching/tree/main/MLE
https://github.com/Haoyu-Jiang/Structured_Score_Matching/tree/main/MLE
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round, with no substantial increase of the CI width.

Table 9: Results in round 1 for the M/G/1-queuing model, the absolute error for θ3 has the same 10−2 scale
as in Table 1

|θi − θ∗i | Width Coverage
ss curv sand boot ss curv sand boot

θ1
0.033
(0.028)

0.116
(0.006)

0.134
(0.004)

0.157
(0.012)

0.156
(0.011)

0.83 0.86 0.89 0.89

θ2
0.115
(0.082)

0.312
(0.013)

0.382
(0.030)

0.477
(0.077)

0.482
(0.077)

0.76 0.83 0.92 0.91

θ3
0.387
(0.309)

0.013
(0.001)

0.015
(0.000)

0.018
(0.001)

0.017
(0.001)

0.82 0.87 0.92 0.92

D.3 Stock volatility estimation

Implementation details For our method, we have reference table sizes (N,NR,mR) = (1 × 107, 1 ×
105, 1× 103), and the batch size for score matching is 200. For the NLE model, we generate 2.2× 108 single
data points and use batch size 500 to train the likelihood density network. For the SL method, we choose the
sample mean and coordinate-wise standard deviation of Xn as the summary statistics. We draw 10 Markov
chains, each of length 2000 and discard the initial 1000 points. At each iteration of the Markov chain, we
generate 150 datasets (Xn) to estimate the mean and covariance of the synthetic gaussian likelihood.

First-round results of our method We report the first-round results of our method in Table 10. Com-
paring the two rounds, we observe that both the estimation error and coverage improved in the second
round.

Table 10: Results in round 1 for the stock volatility model

|θi − θ∗i | Width Coverage
ss curv sand boot ss curv sand boot

θ1
0.039
(0.028)

0.075
(0.004)

0.108
(0.003)

0.163
(0.026)

0.149
(0.016)

0.52 0.73 0.91 0.87

θ2
0.033
(0.025)

0.093
(0.004)

0.125
(0.004)

0.171
(0.012)

0.160
(0.010)

0.68 0.89 0.97 0.96

θ3
0.010
(0.006)

0.035
(0.001)

0.033
(0.000)

0.032
(0.001)

0.032
(0.001)

0.87 0.83 0.82 0.82

θ4
0.007
(0.005)

0.035
(0.001)

0.034
(0.000)

0.033
(0.001)

0.033
(0.001)

0.95 0.94 0.94 0.94

θ5
0.034
(0.023)

0.117
(0.005)

0.117
(0.002)

0.117
(0.005)

0.117
(0.006)

0.87 0.84 0.83 0.83

D.4 g-and-k Model

D.4.1 Synthetic data

Implementation details For our method, we have reference table sizes (N,NR,mR) = (1 × 106, 1 ×
104, 2× 103), and the batch size for score matching is 200. For the NLE model, we generate 4.2× 107 single
data points and use batch size 500 to train the likelihood density network. For the SL method, we choose
the (0, 0.25, 0.5, 0.75, 1)-quantiles of Xn as the summary statistics. We draw a markov chain of length 5000
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and discard the initial 1000 points. At each iteration of the markov chain, we generate 50 datasets (Xn) to
estimate the mean and covariance of the synthetic gaussian likelihood.

First-round results of our method We report the first-round results of our method in Table 11. Com-
paring the two rounds, we observe that both the estimation error and coverage improved in the second
round.

Table 11: Results in round 1 for the g-and-k model

|θi − θ∗i | Width Coverage
ss curv sand boot ss curv sand boot

θ1 = A
0.023
(0.019)

0.033
(0.003)

0.081
(0.085)

0.172
(0.131)

0.121
(0.020)

0.46 0.69 0.93 0.89

θ2 = B
0.028
(0.023)

0.083
(0.005)

0.106
(0.007)

0.156
(0.038)

0.141
(0.014)

0.77 0.86 0.98 0.92

θ3 = g
0.028
(0.020)

0.122
(0.006)

0.134
(0.019)

0.181
(0.081)

0.129
(0.010)

0.94 0.95 0.98 0.95

θ4 = k
0.023
(0.020)

0.092
(0.004)

0.093
(0.006)

0.116
(0.036)

0.112
(0.015)

0.88 0.88 0.96 0.96

D.4.2 Real data

Implementation details We note that the log-return data has a very small magnitude, indicating a
small scale parameter and potential numerical instability during the network training. To address this, we
standardized the data by dividing by its standard deviation. This transformation is valid because the g-and-k
family is closed under linear transformations, allowing the parameters on the original scale to be recovered by
rescaling afterward. For the network training, we adopt a uniform proposal distribution over [−1, 1]×[−2, 1]×
[−5, 5]× [0, 0.5] for (A, logB, g, k). We have reference table sizes (N,NR,mR) = (120 000, 6 000, 2 000), and
the batch size for score matching is 500.

More results The empirical distribution of the observed log return data is shown in Figure 3. In our two-
round procedure, the estimated parameters are (A,B, g, k) = (4.13× 10−9, 1.94× 10−3, 4.55× 10−2, 3.07×
10−1) in round 1 and (A,B, g, k) = (−2.39× 10−7, 1.66× 10−3, 1.77× 10−2, 3.44× 10−1) in round 2.
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Figure 3: Histogram of the log-return data
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D.5 Runtime comparison

We summarize the simulation cost and runtime of all methods and examples considered in this paper in
Tables 12 and 13. In Table 12, each entry reports the total number of X generated for the corresponding
setting. Across all examples, our method and NLE have the same simulator calls and fewer than the SL
method. For computation, our method and NLE use a single NVIDIA H100 NVL GPU to train the neural
networks, while SL is run using a single Intel Xeon Platinum 8568Y+ CPU (96 cores). Each entry in Table 13
is the average runtime over 5 repeated runs. We observe that our method and NLE have comparable runtime
overall. SL is much faster than our method or NLE in most examples, since it does not require neural network
training. However, its runtime depends critically on the cost of data generation. This explains why its run
time exceeds the other two methods in the volatility estimation example, where the simulator is expensive
and SL requires more simulator calls.

Table 12: Simulation cost (number of X generated) across methods and examples.

Toy example Queuing model g-and-k model Volatility Estimation
Ours 1.212× 106 1.224× 106 4.2× 107 2.2× 108

NLE 1.212× 106 1.224× 106 4.2× 107 2.2× 108

SL 5× 107 2.5× 108 5× 108 3× 109

Table 13: Runtime comparison (in seconds) across methods and examples.

Toy example Queuing model g-and-k model Volatility Estimation
Ours 598.27 2208.62 8884.38 23481.73
NLE 929.24 2037.23 5041.24 25125.29
SL 28.62 89.27 145.13 28291.34
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