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Abstract

We investigate mathematically the notion
of incoherence: a structural issue with
reinforcement learning policies derived by
naive goal-conditioning of autoregressive
models. We focus on the process of re-
training models on their own actions, that
is, fine-tuning offline-learned policies with
online RL. We prove that it decreases
incoherence and leads to an improvement
in return, and we aim to characterise the
resulting trajectory of policies. By re-framing
standard notions of control-as-inference and
soft Q learning, we establish a three-
way correspondence with two other ways
of understanding the iterative re-training
process: as folding the posterior into the
reward and, in the deterministic case, as
decreasing the temperature parameter ; the
correspondence has computational content
via the training-inference trade-off. Through
soft-conditioning generative models, we
discuss the link between incoherence and the
effective horizon of Laidlaw et al. (2024).

1 INTRODUCTION

Control-as-inference reframes reinforcement learning
as an inference problem: instead of explicitly trying to
search for an optimal policy in a given environment,
one first constructs a generative model over actions
or trajectories, and then conditions it on the goal,
deriving the policy from the posterior. Doing so allows
for more abstract characterisation of the resulting
policies, without reference to the internals of the
particular learning algorithm.

Proceedings of the 29th International Conference on
Artificial Intelligence and Statistics (AISTATS) 2026,
Tangier, Morocco. PMLR: Volume 300. Copyright 2026
by the author(s).

H

1
2

1
2

1
2

1
2

1
2

1
2

P
´

R “ 1|

¯

“ 1

P
´

R “ 1|

¯

“ 0

P
´

R “ 1|

¯

“ 3
4

P
´

R “ 1|

¯

“ 3
4

Figure 1: Tree representation of the MDP defining the
mountain race (Example 1). States are represented
as the tree nodes, we put a uniform prior over actions
(depicted as arrows Õ,Œ). Rewards for each terminal
state (tree leaf) are written on the right.

In this work, we focus on a multi-step environment,
where the derived policy is used autoregressively: in
each time-step, the generative model is conditioned on
both the fixed goal and the current state. In this setup,
we refine and characterize the recently introduced
notion of predictor-policy incoherence (Douglas et al.,
2024), or simply incoherence. This is a structural
problem with such policies, which is not fixed
by improving predictive accuracy of the underlying
model. It stems from the fact that, given a
binary reward R and a prior over actions ppa|sq, the
conditioned policy πpa|sq “ ppa|s,R “ 1q is an answer
to the question:

(1) Which action to take in state s, such
that, if later choices are made according to
the prior p, the outcome will lead to R?

and not the question:

(2) Which action to take in state s, such that,
if later choices are sampled auto-regressively
from π, the outcome will lead to R?

Let us illustrate this problem by looking at a simple
deterministic Markov decision process.
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Example 1 (Mountain race). An agent is racing in
the mountains. Starting in the state H, it is given a
choice between two trails: a slower path down through

the forest , and a faster path up over the ridge .
Both trails fork in the middle: following the path up

on the junction leads quickly to the finish line ,

while the path down ends in a chasm . On the
path, both choices lead, albeit more slowly, to the finish

line . Full game tree is presented in Figure 1;

The agent is given binary reward R with probability 1 if

finished , with probability 3
4 if finished , and with

probability 0 if finished . Below we denote actions
as tÕ,Œu. The game is deterministic w.r.t. player’s
choice, but for the purpose of computing control-as-
inference solution, we assume a uniform prior over
actions.

We might intuitively understand this game in the
following way: an agent is given a choice between

“risky” play of , which gives it a large payoff of 1 –
but only if it chooses the trail correctly later on, and

a “safe” play of , which gives it a smaller but more
certain payoff, with probability 3

4 .

We compute the policy given by conditioning on the
outcome R “ 1 as:

πpa|Hq “ p pa|H, R “ 1q “
p pR “ 1|H, aq p pa|Hq

p pR “ 1|Hq

9 p pR “ 1|H, aq

Since the transition dynamics are deterministic, we
plug this into the formulas for π and get:

πpÕ |Hq 9 p pR “ 1|H,Õq “ p
´

R “ 1|

¯

“
1

2

πpŒ |Hq 9 p pR “ 1|H,Œq “ p
´

R “ 1|

¯

“
3

4

We now observe that the RHS evaluates simply to the
prior probability of attaining R. In other words, it
does not take into account that the policy π is to be
used autoregressively. On the other hand, a coherent
policy π̂ should have conditioned on the fact that

π̂pR “ 1| q “ 1, since, arriving in the state , the
reward-conditioned policy is also used.

As the above example shows, a naive autoregressive
control-as-inference approach might result in
incoherent policies. Intuitively, we understand
the incoherence as the incapacity of the agent to
anticipate its own future actions, in line with the
difference between Questions (1) and (2). This also
suggests a possible, and indeed, widely-used, fix: to
fine-tune the agent on its own actions. Understanding
the dynamics of this process, that is, what kinds

of policies does it produce along the re-training
trajectory, as well as relating it to incoherence, is thus
the second point of this work.

1.1 Contributions and outline

The primary contribution of this paper is to
properly (re-)define incoherence, and then reframe
and unify existing ways of tightening goal-conditioned
autoregressive policies in that framework. We
discuss connections and parallels to many well-
known approaches to soft RL in Section 2. After
preliminaries in Section 3, Section 4 concerns the issues
of incoherence; we refine and generalise the definition
given previously by Douglas et al. (2024) to better
account for the difference between coherence and
optimality, and describe some properties of coherent
policies. In Section 5, we discuss three ways of
updating RL policies to remove incoherence:

• In Definition 5.1, as fine-tuning (re-conditioning)
policies on their own trajectories, implemented
e.g. as collecting trajectories from the model
acting in an environment and re-training the
model based on the augmented dataset.

• In Definition 5.6 as decreasing the temperature
parameter, which can also be understood
as manipulating the strength of the entropy
regularisation in KL-regularised RL, implemented
using e.g. inference-time best-of-n rejection
sampling in practice.

• In Definitions 5.7 and 5.8, as folding the posterior
over actions into the reward, which resembles
the trick of disregarding a prior by folding
it into the reward (Levine, 2018). Since the
posterior depends on the reward, the process
has to be repeated iteratively until convergence.
This technically modifies the MDP, instead of
modifying the policy. Even if the starting reward
was only given sparsely in end-state, this process
distributes it around the MDP.

The connections between those perspectives allow us
to transfer properties between those formulations,
for example, to provide a rate of convergence to
the optimal policy of the re-conditioning. We
discuss some related perspectives, in particular
a connection to effective horizon Laidlaw et al.
(2024), and limitations, in Section 6. All proofs
are given in Appendix A. We also give a code
appendix implementing tabular MDPs experiments
and validating our main results numerically at
https://github.com/jkarwowski/incoherence.

https://github.com/jkarwowski/incoherence


Jacek Karwowski, Raymond Douglas

2 RELATED WORK

Control as Inference view, where optimality is
modeled via a binary variable O with likelihood
ppO|s, aq 9 eαrps,aq, is a central influence on our work.
In that setup, deterministic dynamics allow for exact
inference; in stochastic dynamics the policy solves a
variational problem (Levine, 2018). We emphasize
that coherence requires computing expectations under
the posterior policy, not under a fixed prior; which
forces the iterative posterior-folding we analyse here.
O’Donoghue et al. (2020) focus on a similarly-termed
incoherence in RL-as-inference, having to do with
the fact that posterior probabilities do not reflect
epistemic uncertainty about actions, and the effect
this has on the exploration-exploitation trade-off. The
connection between control and inference has been
originally studied by Todorov (2006), and in the
context of Inverse RL by Ziebart et al. (2008); Gleave
and Toyer (2022).

KL-regularized policy search methods optimise
expected return with a KL trust region to a prior,
yielding E-step that is a Boltzmann distribution over
Q and an M-step that updates the actor (Peters
et al., 2010; Schulman et al., 2017; Abdolmaleki
et al., 2018). Our “temperature” view is the
Lagrange multiplier of the KL constraint; our iterative
posterior-folding viewpoint recovers the same policy
sequence when dynamics are deterministic. We
thus reframe KL-regularized policy improvement as
restoring coherence for goal-conditioned policies, as
well as extend it to the stochastic or multi-step
environment as compared to Korbak et al. (2022).

RvS (Brandfonbrener et al., 2023) as well as
Upside-down RL (Srivastava et al., 2021) and Decision
Transformer (Chen et al., 2021) approaches condition
actions on desired returns and act autoregressively.
Theory and experiments show that naive conditioning
yields systematic failures in stochastic environments
(trajectory “luck”), and that separating controllable
from uncontrollable randomness improves behavior
Štrupl et al. (2022); Paster et al. (2022); Yang
et al. (2024). Our notion of incoherence is a
structural account of the same issue: the posterior
used for conditioning assumes futures incompatible
with the deployment policy; our equivalence results
characterize procedures that realign them.

Expert iteration and MCTS are a widely used and
successful method of improving models’ performance.
Well-known applications include AlphaZero (Silver
et al., 2017, 2018) and MuZero (Schrittwieser
et al., 2020), algorithms using Monte Carlo Tree
Search (Browne et al., 2012). One treatment of
those kinds of algorithms combining search and

improvement of the policy was proposed by (Anthony
et al., 2017) under the name of Expert Iteration. We
focus on the abstract properties of the re-training
process, in a situation of soft-conditioning policies, a
combination which prior work did not address. Self-
play in games (Macleod, 2005; OpenAI et al., 2019;
Vinyals et al., 2019) is another related strategy of
improving the performance of a policy, however, it is
distinct from the model learning about its own future
policy in a non-competitive setup we study here.

Large language models are capable of general world
modelling (Radford et al., 2019; Brown et al., 2020; Bai
et al., 2022b; Touvron et al., 2023), and thus capable
of simulating agents (Shanahan et al., 2023; Douglas
et al., 2024). Although our setup here considers
a model trained on a single environment, Andreas
(2022) argues that this perspective applies to LLMs
whose training corpus comes from human actions
in the internet environment. Prior work on
eliciting agents through prompting and scaffolding
methods (Significant Gravitas, 2024; Yang et al., 2023)
conditions the base model in a purely formal sense.
The exact nature of this form of conditioning, as well
as its connection to RL fine-tuning methods (such as
RLHF (Christiano et al., 2017), DPO (Rafailov et al.,
2023), GRPO (Shao et al., 2024)) is an open problem,
such as e.g. RLHF Conditioning Hypothesis Hubinger
et al. (2023). It has been argued that the next token
prediction objective alone encourages local consistency
but not global planning (McCoy et al., 2023). Recent
work on Coconut (Hao et al., 2024, Section 5.1,
Fig. 7) shows that the answer-token distribution
along a latent reasoning tree acts like an implicit
value function, an empirical point of support for our
energy/value interpretation of goal-conditioning.

Residual Energy-Based Models for
text generation add residual energy atop a
base autoregressive model to steer sequence
probabilities (Deng et al., 2020). Our folding-
posterior-into-reward iteration is the control analogue
of adding residual energy log pπpa|sq to the base
reward, with dynamics then re-evaluated under
the new energy. This clarifies when temperature
annealing can substitute for residual terms
(deterministic dynamics) and when it cannot
(stochastic). Energy-based policies of the general
form πpa|sq 9 exppEps, aqq had been studied
by Haarnoja et al. (2017), and in the context of
off-policy RL used to develop Soft Actor-Critic
algorithm Haarnoja et al. (2018). This line of work
is focused on the iterative approach using Bellman
updates and countering distributional shift, while we
look at the re-training as making policy internally
consistent (still requiring computational effort).
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3 PRELIMINARIES

A Markov Decision Process (MDP) with a time
horizon T P N is a tuple xS,A, τ, µ,R, γy, where S is a
set of states, A is a set of actions, τ : SˆA Ñ ∆pSq is a
transition function, µ P ∆pSq is the initial distribution
over states, r : SˆA Ñ r´8, 0s is the reward function
(assumed to be non-positive), and γ P r0, 1s is a time
discount factor. We will assume γ “ 1 without loss
of generality (as one can always convert an MDP
with γ ă 1 to γ “ 1 by introducing an auxiliary
terminal state). A trajectory is a sequence ξ “

ps0, a0, s1, . . . , sT , aT q such that ai P A, si P S for all i.
A policy is a function π : S Ñ ∆pAq. We say that the
policy π is deterministic if for each state s there is some
a P A such that πpsq “ δa. Each policy π on an MDP
induces a probability distribution over trajectories
pπpξq; drawing a trajectory ps0, a0 . . . , sT , aT q from
a policy π means that s0 is drawn from µ, each
ai is drawn from πpai|siq, and si`1 is drawn from
τpsi`1|ai, siq for each i. For a policy πpa|sq and
a reward rps, aq we define the return Jpπq to be

Jpπq “ Est,at„π

”

řT
i“0 rpsi, aiq

ı

. We will sometimes

distinguish a policy πpa|sq and a prior over actions
ppa|sq: even though these have the same type, they
play different conceptual roles, with the policy being
subject to the optimisation process and thus not fixed.

4 THE THEORY OF
INCOHERENCE

To build a quantitative measure of incoherence, we
first need to define soft Q and V functions, which are
better-suited for working in a probabilistic setup than
the standard definitions.

Definition 4.1 (Soft Q and V functions). For a policy
πpat|stq, a reward function rpst, atq and transition
dynamics τpst`1|st, atq, the soft V and Q functions
are defined by mutual recursion as:

Qπpat, stq “ rpst, atq ` logEst`1„τpst,atq rexpV πpst`1qs

V πpstq “ logEat„πpat|stq rexpQπpst, atqs

We note that our definition is parametrised by a
policy π, and thus slightly different from the one given
in (Haarnoja et al., 2017; Levine, 2018): the difference
is in how we compute the expectation in V π. Instead
of drawing the action from a fixed prior, which is then
routinely replaced w.l.o.g. by a uniform distribution
over A, we draw it according to the policy π. The
point of this subtlety will become apparent in the next
section. In any case, above definition gives us the
following alternative characterisation.

Proposition 4.2 (Characterisation of V and Q). For
any prior πpa|sq and any non-positive reward function
rpa, sq, we have simple expressions for the soft Q and
V functions given by:

Qπpat, stq “ log pπpOt:T “ 1|st, atq

V πpstq “ log pπpOt:T “ 1|stq

where we define the auxiliary optimality variables Ot

to have Bernoulli distributions with:

pπpOt “ 1|st, atq “ erpst,atq

The above characterisation, making use of the
auxiliary optimality variables Ot, showcases an
approach that we will be utilizing throughout the rest
of this paper. To put it differently, one might look
at the (non-positive) reward rps, aq as the probability
that taking action a in the state s is correct -
correctness constituting a latent property, as a more
convenient way to cast MDP reward dynamics in a
probabilistic setup.

We also have an alternative characterisation. Having
a probability distribution over trajectories:

ppξq “

T
ź

t“1

ppat|stqτpst`1|at, stq

as in Section 3, we derive the goal-conditioned:

ppξ|O1:T q “
ppO1:T |ξqppξq

ppO1:T q

On the other hand, we have the distribution over
trajectories given by locally goal-conditioning the prior
over actions on the future reward:

p̂pξq “

T
ź

t“1

ppat|st,Ot:T qτpst`1|at, stq

Proposition 4.3. In case of deterministic dynamics,
we have that ppξ|O1:T q “ p̂pξq.

Following Levine (2018), we highlight a potential issue
here. Since the policy derived by control-as-inference
conditions the prior trajectories distribution, (given by
pp, τq jointly) on the goal O, it results in an over-
optimistic estimation of the environment dynamics,
since it also conditions the stochastic dynamics.
This will be the source of various issues separating
deterministic and non-deterministic τ we encounter in
next sections.

4.1 Incoherence

Incoherence is, in a sense, a statement about a policy’s
failure to act according to its future roll-outs, and



Jacek Karwowski, Raymond Douglas

relying on the prior instead, as in the Example 1.
Thus, we judge a policy more coherent the more
its future returns influence the present decision in a
consistent way. If we do not want to a priori prescribe
the exact way of the influence is exerted, we can leave
the function as a parameter in the definition below.

Definition 4.4 (Order-respecting f). We say that a
function f is order-respecting if for all x and i ‰ j we
have that fipxq is non-decreasing in xi holding other
coordinates fixed; fipxq is non-increasing in xj holding
the rest fixed; and if xi ě xj then fipxq ě fjpxq.

Examples of order-respecting f include softmax with
any temperature and the argmax indicator (with
discontinuities at ties).

Definition 4.5 (f -soft Q policy). For an order-
respecting function f and a policy πpa|sq its Q, f -soft
policy πQ,f pa|sq is the probability distribution:

πQ,f p¨|sq 9 fpQπps, ¨qq

We note that because our MDP setup allowed rewards
with zero-probability ppOt “ 1|st, atq “ 0, we allow
the rewards to be ´8. We also note that in Example 1
(as well as in examples down below) for clarity of
presentation, we have used reward R to mean OT“2.

The incoherence is then the KL divergence between
the current policy distribution, and the distribution
prescribed by future returns.

Definition 4.6 (f -incoherence). The incoherence of
a policy πpa|sq with respect to its f -soft Q policy is
defined as the KL divergence over trajectories ξπ:

κf pπq “ KLξpπpξq||πQ,f pξqq

We note that by a well-known correspondence (see
e.g. Haarnoja et al. (2018) or Belousov (2017) for an
informal write up) the KL divergence over trajectories
can be rewritten as the per-state KL averaged over
occupancy measure.

Proposition 4.7. If dtπ is the marginalised occupancy
measure dtπpstq “ pξ„πpSt “ stq, we have:

κf pπq “

T
ÿ

t“1

Est„dt
π
KLpπp¨|stq||πQ,f p¨|stqq

We say that a policy is f -coherent, if κf pπq “ 0. In
particular, coherence does not mean optimality in the
usual sense of maximizing the return. Deterministic
policies are f -coherent for a single functional f .

Proposition 4.8. Given deterministic dynamics τ
and policy πpa|sq and an order-respecting f : R|A| Ñ

∆p|A|q, such that for x having a unique maximum,
fpxq is an argmax indicator, π is f -coherent if and
only if it is greedy w.r.t. its own soft-Q function.
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Figure 2: The fixed point of iterated f -coherence
achieved after T “ 2 iterations.

We also note that from Proposition 4.2 we know that:

Qπpat, stq “ log pπpOt:T “ 1q

so in this case, maximising Jpπq is equivalent to
maximising the probability of optimality O1:T “ 1.

What about the general case of stochastic dynamics?
First, we show that we can construct the coherent
policy iteratively, starting from any prior ppa|sq.

Definition 4.9 (Iterated f -coherence). Given a prior
πpa|sq and a function f , we define a sequence of policies
πB
i recursively by:

πB
0 pa|sq “ πpa|sq πB

i`1pa|sq “ πQ,f pπB
i pa|sqq

This procedure of iterated f -coherence πB converges to
the f -coherent policy after at most T steps. It is the
soft value iteration algorithm using an f -transformed
soft Q-value.

Proposition 4.10. The policy πB
T is f -coherent.

The coherence is defined up to the choice of the
particular function f , which dictates how strongly
future returns influence the behaviour in a particular
step. We will be interested in a special class of coherent
policies, given by Boltzmann distributions.

Definition 4.11 (Boltzmann rationality). Given a
policy π, the Boltzmann-rational policy πδ with the
parameter δ ą 0 is given by:

πδpa|sq9 exp

ˆ

1

δ
Qπpa, sq

˙

It is known that in a single-step MDP setup,
Boltzmann-rational policies are the solution to the
satisficing maximum entropy problem (see, e.g. Jeon
et al. (2020, Appendix A)). We will not need this
perspective here, but we return to it in Section 5.1.

Example 2 (Boltzmann-coherent mountain race).
We revisit the Example 1. We might compute the
Boltzmann-coherent policy for δ “ 1 by iterating the f -
coherence from Definition 4.9. After T “ 2 iterations,
we arrive at the fixpoint in Figure 2.
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Definition 4.12 (Boltzmann incoherence). Given a
policy π and a parameter δ ą 0, denoting gpxq “

exppx{δq, we define the Boltzmann incoherence (or
simply incoherence) as κδpπq “ κgpπq.

Unrolling the definition, we have κδpπq “

KLpπpa|sq||πδpa|sqq. In other words, a policy π
is Boltzmann-coherent with parameter δ, if it is
coherent with respect to its f -soft Q policy for g, i.e.
softmax with the parameter δ.

Proposition 4.13. Given any prior πpa|sq, there
exists a policy π˚pa|sq such that we have convergence
in distribution:

lim
δÑ0

πδ Ñ π˚

where πδ is defined with respect to the soft Q function
induced by the prior π. Moreover, the policy π˚ can
be explicitly characterised as the uniform distribution
over A˚ :“ ta˚ P A : Qπps, a˚q “ maxaPA Qπps, aqu.

We can now tie together the notions of coherence and
optimality.

Corollary 4.14. If the prior p is an optimal
policy for the Markov chain, then limiting policy π˚

from Proposition 4.13 is also optimal, which is not
necessarily true for non-optimal priors.

What about other policies? We can still use the
limiting distance to the Boltzmann-rational policies to
determine the optimality.

Corollary 4.15. A necessary condition for policy
πpa|sq to be optimal is that:

lim
δÑ0

κδpπq ă 8

We note that the above Corollary 4.15 does not extend
to a sufficient condition. To see this, it is enough to
consider a case of T “ 2 MDP, such as e.g. Example 3.
If the prior π puts zero weight on the action Õ in

the state H. Then, even though in state , Qπ is
independent of π and therefore being Qπ

t -greedy is
equivalent to optimality, it does not extend to t “ 0.

We also note that the Boltzmann coherence is a
combination of being soft-conditioned and coherent.
In the case of MDPs with time horizon T “

1, the coherence requirement disappears, and the
condition comes down to simply optimising a
reinforcement learning problem with a KL penalty. We
follow Korbak et al. (2022) in stating the following.

Proposition 4.16 (RL with KL penalties). Given an
MDP with time horizon T “ 1, a reward rps, aq and
a prior ppa|sq, the Boltzmann-coherent policy πpa|sq

can be derived by maximising the KL-regularised return

Jpπq “ E rrps, aqs ´ KLpπpa|sq||ppa|sqq. The resulting
policy is of a form:

π˚pa|sq 9 ppa|sq expprps, aqq

5 REMOVING INCOHERENCE

Having established the notions of incoherence, we now
turn to the topic of removing it through the process
of fine-tuning policies on their own actions. We first
establish the notion of goal-conditioning a prior over
actions.

Definition 5.1 (Goal conditioning). Given transition
dynamics τpst`1|at, stq, a prior ppat|stq and a non-
positive reward rps, aq, we say that a policy π is given
by goal conditioning, if we have that:

πpat|stq “ ppat|st,Ot:T “ 1q

where the right-hand side is defined through the
joint distribution of pτ, pq and the auxiliary optimality
variable Ot has a Bernoulli distribution of:

ppOt “ 1|st, atq “ erpst,atq

Simply conditioning on the optimality does not
guarantee coherence.

Proposition 5.2. A policy given by goal conditioning
is not necessarily coherent for any choice of δ.

Indeed, the counterexample is given by Example 1.
However, we might hope to fix this by iterating the
goal conditioning, that is, retraining a policy on its
own actions. To formalise this process, we give the
following definition.

Definition 5.3 (Control-as-inference). We define
the control-as-inference operator G on the space of
probability distributions ppat|stq as

Gppq “ ppat|st,Ot:T “ 1q

where the left-hand side is given jointly by p, τ,O. This
gives a sequence of policies πG

i defined recursively as:

πG
0 pat|stq “ ppat|stq πG

k`1 “ GpπG
k q

We note that this process does not condition the
dynamics τ of the MDP. In other words, it might
be thought to be implemented as iteratively changing
the joint by collecting rollouts from the conditioned
policy, both those successful and unsuccessful, without
rejection sampling (conditioned on optimality). Even
still, we have the following property:

Proposition 5.4 (Strong return improvement
lemma). The sequence of policies pπG

i qi“0,1,... given
by the control-by-inference improves its return
monotonically, that is:

JpπG
i`1q ě JpπG

i q
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The fact that the policies monotonically improve gives
a reason to suspect that the limiting policy (which
exists by a compactness argument) will be an optimal
policy for the reward r. Indeed, we can show the
following.

Proposition 5.5 ((Douglas et al., 2024, Theorem
3.6)). There exists some policy πG that the sequence
πG
i converges to. That is, we have:

lim
iÑ8

KLpπG
i ||πGq “ 0

Moreover, if the prior ppa|sq has full support over all
actions a in all states s, then πG is optimal.

This property is a consequence of the equivalence we
develop in Section 5.1; a direct proof can be found
in (Douglas et al., 2024, Appendix A).

Another formulation of the sequence of increasingly
improving policies is given by increasing the
temperature of the energy distribution of the
optimality variable O.

Definition 5.6 (RL with temperature). Given a
prior ppat|stq, a reward rpst, atq and an (inverse)
temperature function α : N Ñ R`, we define a
sequence of policies:

παpkqpat|stq “ ppat|st,Oαpkq

t:T “ 1q

where:

ppOαpkq

t |st, atq “ exp pαpkq ¨ rpst, atqq

We note that the process of increasing temperature in
this way behaves differently from what taking δ Ñ 0
in we explored in the last section’s Definition 4.12.
There, we took a fixed Q function defined by a
particular policy π, and applied softmax. Here, the
policy itself is changing, so we see progressively more
precise Q functions of a form Qπαpkq , as (inverse)
temperature αpkq increases.

Finally, we talk about folding the posterior into the
reward. Levine (2018) discusses a trick for folding
the prior into the reward. If soft Q and V functions
are computed as in Definition 4.1, one can disregard
a prior over actions ppat|stq by modifying the reward
function rpst, atq (specifying the Bernoulli distribution
of Ot) to be:

r̂pst, atq “ rpst, atq ` log ppat|stq

This defines an equivalent probabilistic model in which
the prior ppat|stq is uniform over actions, simplifying
the calculations. Our point of interest lies in the fact
that the coherent definition of the soft V function uses
the posterior instead of prior:

V πpstq “ logEat„πrexpQπpat, stqs

as we discussed in the introduction, pointing to the
difference between Questions (1) and (2).

Because the expectation is over the policy πpat|stq “

ppat|st,Ot:T q and not the prior ppat|stq, it is no longer
that simple to fold it into the reward. Since the reward
(and therefore, the distributions of Ot’s) changed, it
has a downstream effect of changing the posterior.
Thus, iterative process is needed.

Definition 5.7 (Folded sequence). For a prior ppat|stq
and a reward rpst, atq we define a sequence of policies
πF
k and rewards rk recursively, to be

r0 “ r πF
0 “ p

rk`1pst, atq “ r0pst, atq ` log ppat|st,Opkq

t:T “ 1q

πF
k`1pat|stq “ ppat|st,Opkq

t:T “ 1q

ppOpkq

t “ 1|at, stq “ exp prkpat, stqq

It turns out that this iterative process is an equivalent
way of formulating the re-training the model on its
own output. We can also fold the reward recursively
into the previous reward:

Definition 5.8 (Folded sequence, cumulative). For
a prior ppat|stq and a reward rpst, atq we define a
sequence of policies πH

k , the optimality variables O as
in Definition 5.7, with the only change being rk`1:

rk`1pst, atq “ rkpst, atq ` log ppat|st,Opkq

t:T “ 1q

This version is, however, only equivalent to the
other modes of retraining under the assumption of
deterministic transition dynamics τ , as we prove in
the next Section 5.1.

5.1 Equivalence and corollaries

After introducing the three ways of constructing a
sequence of policies: fine-tuning policies on their
own actions, folding the posterior into the reward,
and conditioning on the reward with an increased
temperature, we are now able to connect those
dynamics. In case of deterministic dynamics, all three
coincide, giving the same policy trajectories. In case
of stochastic dynamics, it is only true for the first two.

Theorem 5.9 (Optimisation pressure, thrice). For
all priors ppa|sq, all non-positive reward functions
rpst, atq and deterministic transition dynamics
τpst`1|st, atq, for all k P N` and for αpkq “ 2k, we
have:

παpkq “ πG
2k

“ πF
2k “ πH

k

Additionally, for stochastic transition dynamics we
have:

πF
k “ πG

k
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Example 3. Transition dynamics such that παpkq ‰

πG
k are simple to construct. For example, take a three-

state, two action Markov decision process with initial
state H and a uniform prior policy, with transition
dynamics depicted on the diagram below:

s1 H s2

3
4

1
2

1
4

1
2

where red dotted lines correspond to action a1, and
solid black lines to action a2. We also assume that:

rps1q “ log
1

3
rps2q “ log

2

3

Computing πG
1 p¨|Hq and παp2qp¨|Hq we get:

25

61
“ πG

1 pa1|Hq ‰ παp2qpa1|Hq “
7

17

From this equivalence, and additional properties of
each of the ways of constructing the sequence, we
can easily derive results that would require laborious
proofs otherwise. For example, we might easily show
that the policies converge to an optimal policy, and
explicitly calculate the rate of convergence, using
the causal entropy regularisation characterisation of
παpkq.

Corollary 5.10 (Return improvement rate). In case
of deterministic dynamics τ , given a sequence of
policies πG

i , for k P N` have that:

JpπG
k q ´ JpπG

k´1q “
1

k
¨

J 1pπG
k q ¨ Ĥ1pπG

k q

J2pπG
k q ` 1

k Ĥ2pπG
k q

` O

ˆ

1

k2

˙

where Ĥpπq denotes the causal entropy of policy π,
and the derivatives are taken with respect to the
temperature α.

Incoherence disappears at the limit of retraining.

Corollary 5.11. We have limpδ,iqÑp0,8q κ
δpπG

i q “ 0.

The significance of the correspondence should be
possible to also be understood through the lenses
of training-inference trade-off. Decreasing the
temperature in the information-bounded RL can
be implemented as top-k rejection-sampling based
methods (such as Speculative Rejection (Sun et al.,
2024)). On the other hand, we might want to
pay the cost of inference once, during training, by
retraining the model on its own outputs. Prior
work has empirically verified that aligning language
models with RLHF produces a similar behavior to
best-of-k rejection sampling with respect to the reward
model (Bai et al., 2022a; Stiennon et al., 2022). Our

results confirm those results, and allow for precise
trade-off estimation in the multi-step environment,
with no difference on the margin with each phase of
re-training equivalent to linearly increasing k.

6 INCOHERENCE AND
EFFECTIVE HORIZON

We have started the discussion in Section 1 by
pointing out the difference between Questions (1) and
(2), with Example 1 showing that the autoregressive
policy derived by conditioning on the reward answers
(1). Concurrently with the development of this
work, Laidlaw et al. (2023, 2024) performed extensive
experiments to find a reason for which deep RL
works in some environments, but not others. They
empirically arrived, and later formalised, the notion
effective horizon (EH): a quantitative measure of the
hardness of a given environment. We quote:

When actions with the highest Q-values under
the random policy also have the highest Q-values
under the optimal policy (i.e. when it is optimal
to be greedy on the random policy’s Q function),
deep RL tends to succeed; when they don’t, deep
RL tends to fail.

We note the striking similarity to the setup studied
here: we rephrase their finding to state that deep RL
tends to succeed when there is no difference between
answers to Questions (1) and (2); it tends to fail
otherwise. This suggests that deep RL algorithms
approximate naive autoregressive control-as-inference
policies, which provides a theoretical justification of
the effective horizon result. EH and incoherence are
nevertheless different on a technical level, making a
direct theoretical comparison difficult. Instead, we opt
to compare them experimentally.

Misalignment and incoherence In the first
approach, we compare incoherence to the policy
misalignment, which is one operationalisation of the
difference between Questions (1) and (2) aligned
with the EH perspective above. Given an MDP,
we define the misalignment m P r0, 1s to be the
proportion of actions being different between πrand

and π˚, where πrand selects the greedy action under
the random policy’s Q-function Qπrand , averaged over
the random policy occupancy measure, motivated
by Laidlaw et al. (2024), and π˚ is a deterministic
optimal policy (in our experiments, both are a.s.
unique). For a set of 140 randomly chosen small MDP,
we computed m and Boltzmann incoherence κδpπGq

for the goal-conditioned uniform prior πG “ Gpπrandq,
for temperature δ “ 1 (for a discussion on other
temperatures, please see Appendix E). We present this
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(a) (b)

Figure 3: Empirically observed significant positive correlations between incoherence and (a) misalignment score,
and (b) estimated effective horizon, in a dataset of 140 randomly chosen small MDPs, between 4 and 122 states.

in Figure 3a. The correlation between m and κ is then
0.395 (95% CI r0.245, 0.526s), and isn’t sensitive to
outliers. In other words, environments where being
greedy on Qπrand is suboptimal (large misalignment)
also tend to be those where naive goal-conditioning
produces larger incoherence. This is qualitatively
aligned with the hypothesis put forward above.

Effective horizon vs incoherence In the second
approach, for a more direct comparison, we
implemented a simple Monte Carlo-based effective
horizon estimator Ĥ for small deterministic-transition
MDPs (for details on Ĥ, please see Appendix E.2). We
reused the same dataset of 140 small random MDPs
from the first experiment, and we measured κδpπq for
the naively goal-conditioned policy πG “ Gpπunifq on
a uniform prior. We obtained the correlation between
Ĥ and κδpπGq “ 0.244 (95% CI r0.082, 0.394s), plotted
on Figure 3b. We again checked that the result is
not sensitive to outliers. In other words, environments
with large effective horizon (where being greedy on
Qπrand is misleading) often coincide with those where
the conditioned policy is highly incoherent, which is
again consistent with the picture put forward at the
start of this section.

7 DISCUSSION

Incoherence as a diagnostic metric Incoherence,
as a metric of the mismatch between the policy’s
own Q function and its behavior, could be used as
an additional diagnostic for monitoring RL training
progress. To test this, we ran an experiment
to measure the correlation between return and
incoherence. We note that a priori, a policy can be
coherent but not optimal and vice versa, but we expect

the increase of coherence to lead to better performance
on average. Reusing the same dataset of 140 MDPs,
starting from uniformly random policy, we applied the
operator G 4 times. Each iteration, we computed the
expected return J and incoherence κδ, setting δ “ 1.
The average correlation between J and negative-κ for
each experiment (then averaged across experiments)
was 0.978. On all trajectories flattened, the average
correlation remained high at 0.863, providing some
evidence for its validity.

Limitations and future work We have only
conducted experiments in small tabular MDP
environments, and relied on the already established
experimental results from the prior work. Synthetic
data experiments with Decision Transformers or other
sequence models are a natural next step; by training
a model on a game such as chess and controlling
the training dataset, it should be possible to verify
to what extent do models such as DTs suffer from
incoherence, as answers to Questions (1) and (2) can
be computed exactly. On the theory side, extending
our treatment to the case of infinite time horizon
requires handling discount factor which is known to
be more involved (Haarnoja et al., 2017; Levine,
2018). We did not propose any methods of regularising
models towards coherence during training, without
the expensive re-training procedure, for example by
including an auxiliary term in the loss, which would be
an interesting direction for future work. Finally, our
understanding of stochastic environments is currently
limited to negative results, but it seems that in
practice, RL still behaves well (both from our limited
experiments and in Laidlaw et al. (2023)), which
points towards understanding this as an important
theoretical direction.
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A PROOFS

A.1 Proofs for Section 4

Proposition A.1 (Characterisation of V and Q). For any prior πpa|sq and any non-positive reward function
rpa, sq, we have simple expressions for the soft Q and V functions given by:

Qπpat, stq “ log pπpOt:T “ 1|st, atq

V πpstq “ log pπpOt:T “ 1|stq

where we define the auxiliary optimality variables Ot to have Bernoulli distributions with:

pπpOt “ 1|st, atq “ erpst,atq

Proof. We prove this by backward induction. Base case t “ T , we have:

QπpsT , aT q “ rpsT , aT q “ logpexp rpsT , aT qq

“ log pπpOT “ 1|sT , aT q

and:

V πpsT q “ logEat„πpaT |sT q rexpQπpst, aT qs

“ logEat„πpaT |sT q rpπpOT “ 1|sT , aT sq

“ log pπpOT “ 1|sT q

Now, assuming that the hypothesis holds for t ă t1 ď T , we compute for t:

Qπpst, atq “ rpst, atq ` logEst`1
rexppV πpst`1qsq

“ logppπpOt “ 1|st, atq ¨ Est`1
rpπpOt`1:T |st`1qsq

“ log ppπpOt “ 1|st, atq ¨ pπpOt`1:T |st`1, at`1qq

“ log pπpOt:T “ 1|st, atq

and the proof of the inductive step for V πpst, atq is the same as the base case shown above.

Proposition A.2. In case of deterministic dynamics, we have that ppξ|O1:T q “ p̂pξq.

Proof. We compute the policy for time steps t and t ` 1:

ppat|st,Ot:T q “
ppOt:T |at, stqppat|stq

ppOt:T |stq

“
ppOt:T |st`1qppat|stq

ppOt:T |stq

and

ppat`1|st`1,Ot`1:T q “
ppOt`1:T |at`1, st`1qppat`1|st`1q

ppOt`1:T |st`1q

where τpst`1|st, atq “ 1. Thus, considering log p̂pξq we have telescoping series:

log p̂pξq “

T
ÿ

t“1

log ppOt:T |st, atq ´ log ppOt:T |stq ` log ppat|stq

“ logpOT :T |aT , sT q ´ log ppO1:T |s1q `

T
ÿ

t“1

log ppat|stq

which is exactly:
log ppξ|O1:T q “ log ppO1:T |ξq ´ logpO1:T q ` log ppξq
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Proposition A.3. Given deterministic dynamics τ and policy πpa|sq and an order-respecting f : R|A| Ñ ∆p|A|q,
such that for x having a unique maximum, fpxq is an argmax indicator, π is f -coherent if and only if it is greedy
w.r.t. its own soft-Q function.

Proof. We first show argmax necessity under order-respecting f : let x P R|A| have a unique maximizer m “

argmaxi xi. If f is order-respecting and outputs a point mass at x, then fpxq “ δm. Indeed, suppose fpxq “ δi
with i ‰ m. Then xm ą xi, but the last condition in the order-preservation definition demands fmpxq ě fipxq “

1, a contradiction.

Now, the forward direction. Assume π is f -coherent, and fix the state s. If Qπps, ¨q has a unique maximizer,
from what we proved above we know that fpQπps, ¨qq “ δargmax, i.e. πpsq must be an argmax. If there are
ties, coherence still forces πpsq to be one of the maximizers, which is consistent with the selector’s tie-break, as
otherwise the per-state KL contributes 8. So πpsq P argmaxQπps, ¨q.

For the reverse direction, if πpsq P argmaxa Q
πps, aqq for all s, we pick f to be the argmax selector fpQπps, ¨qq “

δπpsq for all s. Hence KLpπ||πQ,f q “ 0 by Proposition 4.7, i.e., π is f -coherent.

Proposition A.4. The policy πB
T is f -coherent.

Proof. We prove by backwards induction that πpst|atq is fixed in iteration t and does not change afterwards.
In the base case t “ T , the Q function QπpsT , ¨q does not depend on π, so it is fixed in the first iteration and
remains unchanged. The inductive case follows because πpst|atq only depends on future times t1 ą t.

Proposition A.5. Given any prior πpa|sq, there exists a policy π˚pa|sq such that we have convergence in
distribution:

lim
δÑ0

πδ Ñ π˚

where πδ is defined with respect to the soft Q function induced by the prior π. Moreover, the policy π˚ can be
explicitly characterised as the uniform distribution over A˚ :“ ta˚ P A : Qπps, a˚q “ maxaPA Qπps, aqu.

Proof. Let us denote A˚
t :“ ta˚ P A : Qπpst, a

˚q “ maxaPA Qπpst, aqu and a˚
t P A˚ arbitrarily chosen.

For any 1 ď t ď T we have:

lim
δÑ0

πδpa˚
t |stq “ lim

δÑ0

exp
`

1
δQ

πpst, a
˚
t q

˘

ř

aPA exp
`

1
δQ

πpst, aq
˘

“ lim
δÑ0

exp
`

1
δQ

πpst, a
˚q ´ Qπpst, a

˚q
˘

ř

aPA exp
`

1
δQ

πpst, aq ´ Qπpst, a˚q
˘

“ lim
δÑ0

1
ř

aPA exp
`

1
δQ

πpst, aq ´ Qπpst, a˚q
˘

where the denominator now splits into:

lim
δÑ0

ÿ

aPA˚
t

exp

ˆ

1

δ
Qπpst, aq ´ Qπpst, a

˚q

˙

“ |A˚
t |

lim
δÑ0

ÿ

aPAzA˚
t

exp

ˆ

1

δ
Qπpst, aq ´ Qπpst, a

˚q

˙

“ 0

giving πδpa|stq uniform on A˚
t .

Corollary A.6. A necessary condition for policy πpa|sq to be optimal is that:

lim
δÑ0

κδpπq ă 8
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Proof. From Definition 4.12, Proposition 4.7 and Proposition 4.13, we write:

lim
δÑ0

κδpπq “ lim
δÑ0

KLτ pπpτq|πδpτqq

“ lim
δÑ0

T
ÿ

t“1

Est„dt
π
KLpπp¨|stq||πδp¨|stqq

“

T
ÿ

t“1

Est„dt
π
KLpπp¨|stq|| lim

δÑ0
πδp¨|stqq

“

T
ÿ

t“1

Est„dt
π
KLpπp¨|stq||π˚p¨|stqq

Thus, for any st „ dtπ, the KLpπ||π˚q is finite if and only supppπ˚q Ď supppπq. Meaning that π must assign
positive mass to every action in A˚

t for each t. But this is a necessary condition for optimality (by backwards
induction on t).

A.2 Proofs for Section 5

Proposition A.7 (Strong return improvement lemma). The sequence of policies pπG
i qi“0,1,... given by the control-

by-inference improves its return monotonically, that is:

JpπG
i`1q ě JpπG

i q

Proof. We prove this by backwards induction on T . First, fix some index i and denote for brevity:

π “ πG
i π1 “ πG

i`1

We also define the future probability of success in a state st as in Definition 4.1:

V πpstq “ log pπpOt:T “ 1|stq

Qπpst, atq “ log pπpOt:T “ 1|st, atq

Now, we proceed by induction to show that:

V π1

pstq ě V πpstq

The policy π1 “ Gpπq can be written from Bayes theorem as:

π1pat|stq “
πpat|stq expQ

πpat|stq

Eat„πp¨|stqrexpQπpa|stqs
(1)

Now:

Eat„π1p¨|stqrexpQπpa|stqs “
Eat„πp¨|stq

”

pexpQπpa|stqq
2
ı

Eat„πp¨|stqrexpQπpa|stqs

ě Eat„πp¨|stqrexpQπpa|stqs

(2)

where the first line follows from Equation (1), and the second line follows from Cauchy–Schwarz inequality.

First, assume t “ T . Then, QπpaT |sT q does not depend on π and is simply given by rpst, atq. We then
immediately have from Equation (2) that:

V π1

pOT :T |stq ě V πpOT :T |stq

establishing the base of the induction. For the inductive case t ă T , assume that the above holds for all t ă t1 ď T
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and write:

expV π1

pstq “ pπ1 pOt:T “ 1|stq

“ Eat„π1p¨|stq

”

erpst,atqEst`1 expV
π1

pst`1q

ı

ě Eat„π1p¨|stq

”

erpst,atqEst`1 expV
πpst`1q

ı

“ Eat„π1p¨|stq rexpQπpst, atqs

ě Eat„πp¨|stq rexpQπpst, atqs

“ expV πpstq

where the first inequality comes from the inductive hypothesis, and the second from Equation (2). From the
Cauchy–Schwarz, inequalities are strict unless Qπpst, ¨q is πp¨|stq-almost-surely constant. Intuitively, the update
is non-trivial exactly when the old policy is not already proportional to the frozen-future success factors.

A.3 Proof of Section 5.1

We split the proof of Theorem 5.9 into several lemmas.

Lemma A.8. For any prior ppa|sq, non-positive reward function rpst, atq, deterministic dynamics τpst`1|st, atq,
and k P N` we have παpkq “ πH

k , for αpkq “ 2k.

Proof. Throughout the proof, we will assume that the prior is uniform; otherwise the prior is folded into the
reward. Let us first consider the case of T “ 1. We have that:

log ppa|s,Opkqq “ log

ˆ

ppOpkq|a, sqppa|sq

ppOpkq|sq

˙

“ rkps, aq ` C

where the constant

C “ log |A| ´ log

ř

a exp rkps, aq

|A|

does not depend on a. We also observe that shifting reward by any additive constant does not change the policy
(a soft version of the reward shaping lemma): for r1ps, aq “ rps, aq ` C we have

ppa|s,O1q “
ppa|sqerps,aq`C

ř

a1 ppa1|sqerps,aq`C

“
ppa|sqerps,aq

ř

a1 ppa1|sqerps,aq

To ignore the constants, we write r ” r1 when r “ r1 ` C. Thus, the iterative process of adding the posterior to
the reward results in a sequence:

r0ps, aq ” rps, aq

r1ps, aq ” r0ps, aq ` log ppa|s,O0q

” 2rps, aq ` C1 ” 2rps, aq

. . .

rkps, aq ” rk´1ps, aq ` log ppa|s,Opk´1qq

” 2rk´1ps, aq ` Ck ” 2krps, aq

This proves, by induction on k, that πH
k “ παpkq.

The case of T ą 1 is then done by backwards induction over the time horizon. We are given 1 ď t ă T and we
assume that the following inductive hypothesis holds for all t ă t1 and for all k:

rkps, aq “ 2kr0ps, aq ppOαpkq

t1:T |st1 q “ ppOpkq

t1:T |st1 q
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In case of the policy obtained by decreasing the temperature, we have:

παpk`1qpat|stq “ log ppat|st,Oαpk`1q

t:T q

” log ppOαpk`1q

t:T |at, stq ` log ppat|stq ´ log ppOt:T |stq

” log ppOαpk`1q

t |at, stq ` log ppOαpk`1q

t`1:T |at, stq

“ 2k`1r0pat, stq ` log ppOαpk`1q

t`1:T |st`1q

where the first line follows from the definition, the next one from the Bayes’ law, the next one from the assumption

that the prior is uniform, and the next one from the definition of the Oαpk`1q

1 and using the fact that there is a
unique st`1 which follows τpat, stq.

We look at the policy obtained by folding the posterior into the reward:

πH
pk`1qpat|stq “ log ppat|st,Opk`1q

t:T q

” log ppOpk`1q

t |at, stq ` log ppOpk`1q

t`1:T |at, stq

“ rk`1pat, stq ` log ppOpk`1q

t`1:T |st`1q

“ 2k`1r0pat, stq ` log ppOαpk`1q

t`1:T |st`1q

where the last line follows from the inductive hypothesis.

Lemma A.9. For any prior ppa|sq, non-positive reward function rpst, atq, arbitrary dynamics τpst`1|st, atq,
and k P N` we have πG

k “ πF
k .

Proof. Proof by induction on k. Assume without loss of generality uniform prior p, otherwise fold it into the
reward. For k “ 0 they coincide by definition. Now, assume that πG

k “ πF
k , and we show the inductive step for

k`1. Let us denote the correspondingQ functions byQG
k andQF

k . First, exactly as in the proof of Proposition 5.4,
we know that:

πG
k`1pat|stq “

πG
k pat|stq expQ

G
k pat|stq

Eat„πp¨|stqrexpQG
k pa|stqs

9 πG
k pat|stq expQ

Gpat|stq

and on the other hand, we also know from the definition that:

πF
k`1pat|stq 9 ppst|atq expQ

F
k pat|stq

Thus, we aim to show that:

ppst|atq expQ
F
k pat|stq “ Ctπ

G
k pat|stq expQ

G
k pat|stq

up to some multiplicative constant Ct. We do this again by induction, this time on a time horizon t.
Using Definition 4.1, we have:

expQF
k psT , aT q “ exp rkpsT , aT q “ πG

k paT |sT q exp r0psT , aT q “ πG
k paT |sT q expQG

k psT , aT q

which proves this in case t “ T . Inductive step: assume that the hypothesis holds for t ` 1, and write:

expV F pst`1q “ Eat`1„prexpQF
k pst`1pat`1qs “

Ct

|A|
Eat`1„πG

k
rexpQG

k pst`1pat`1qs

Taking log and bringing the factor outside the expectation shows that:

Est`1
rexpV F

k pst`1qs “
Ct

|A|
Est`1

rexpV G
k pst`1qs

which means:

expQF
k pst, atq “ exp rkpst, atq ¨

Ct

|A|
Est`1

rexpV G
k pst`1qs

proving the lemma.
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Lemma A.10. For any prior ppa|sq, non-positive reward function rpst, atq, deterministic dynamics
τpst`1|st, atq, and k P N` we have πF

k “ παpkq for schedule αpkq “ k.

Proof. The proof follows almost exactly like the one in Lemma A.8. The base case is identical. In the inductive
case, we write analogously:

r0ps, aq ” rps, aq

r1ps, aq ” r0ps, aq ` log ppa|s,O0q

” 2rps, aq ` C1 ” 2rps, aq

. . .

rkps, aq ” r0ps, aq ` log ppa|s,Opk´1qq

” krps, aq ` Ck ” krps, aq

and the rest of the proof follows as before.

A.4 Proof of Corollary 5.10

Lemma A.11. Given a function hpxq “ fpargmaxtpfptq ` xgptqqq for some differentiable functions f, g, the
derivative of hpxq is:

dh

dx
“ ´

f 1pt˚pxqqg1pt˚pxqq

f2pt˚pxqq ` xg2pt˚pxqq

where t˚pxq “ argmaxt fptq ` xgptq.

Proof. Let t˚pxq “ argmaxtpfptq ` xgptqq. Therefore, we have:

d

dt
pfptq ` xgptqq

ˇ

ˇ

ˇ

ˇ

t“t˚pxq

“ 0 “ f 1pt˚pxqq ` xg1pt˚pxqq

Thus:

x “ ´
f 1pt˚pxqq

g1pt˚pxqq

To differentiate hpxq, we use the fact that hpxq “ fpt˚pxqq. This gives us:

dh

dx
“

d

dx
fpt˚pxqq

By the chain rule:
dh

dx
“ f 1pt˚pxqq ¨

dt˚pxq

dx

To find dt˚
pxq

dx , we differentiate the first-order condition f 1pt˚pxqq ` xg1pt˚pxqq “ 0 with respect to x:

d

dx

`

f 1pt˚pxqq ` xg1pt˚pxqq
˘

“ 0

Applying the chain rule:

f2pt˚pxqq ¨
dt˚pxq

dx
` g1pt˚pxqq ` xg2pt˚pxqq ¨

dt˚pxq

dx
“ 0

Rearrange to solve for dt˚
pxq

dx :

`

f2pt˚pxqq ` xg2pt˚pxqq
˘ dt˚pxq

dx
“ ´g1pt˚pxqq
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dt˚pxq

dx
“ ´

g1pt˚pxqq

f2pt˚pxqq ` xg2pt˚pxqq

Finally, substituting this back into the expression for dh
dx :

dh

dx
“ f 1pt˚pxqq ¨

ˆ

´
g1pt˚pxqq

f2pt˚pxqq ` xg2pt˚pxqq

˙

Corollary A.12 (Return improvement rate). In case of deterministic dynamics τ , given a sequence of policies
πG
i , for k P N` have that:

JpπG
k q ´ JpπG

k´1q “
1

k
¨

J 1pπG
k q ¨ Ĥ1pπG

k q

J2pπG
k q ` 1

k Ĥ2pπG
k q

` O

ˆ

1

k2

˙

where Ĥpπq denotes the causal entropy of policy π, and the derivatives are taken with respect to the temperature
α.

Proof. To prove this, we use an alternative characterization of the maximum entropy policies (Haarnoja et al.,
2017; Levine, 2018). For a fixed temperature α P R`, the policy πα maximizes the functional:

Jαpπq “ Est,at
rrpst, atq `

1

α
Hpπp¨|stqqs “ Jpπq `

1

α
Ĥpπq

where the expectation is taken over the trajectory induced by the policy π, Hpπp¨|sqq denotes the Shannon
entropy of the policy in state s, and Ĥ denotes the causal entropy of the policy π. By Lemma A.10 we know
that πG

j “ παpjq for αpjq “ j.

From the Taylor expansion, for any twice-differentiable upαq we have:

upα ` ηq ´ upαq “ ηu1pαq ` Opη2q

Substituting upαq “ Jpargmaxπ J 1
α

pπqq, we obtain:

JpπG
k´1q ´ JpπG

k q “ Jpπαpk´1qq ´ Jpπαpkqq

“ u

ˆ

1

k
` η

˙

´ u

ˆ

1

k

˙

“ ηu1

ˆ

1

k

˙

` O
`

η2
˘

for η “ 1
kpk´1q

. Now, using Lemma A.11, we derive:

u1pxq “ ´
J 1pπ˚pxqqĤ1pπ˚pxqq

J2pπ˚pxqq ` xĤ2pπ˚pxqq

and substituting x “ 1
k , and therefore π˚pxq “ παpkq “ πG

k , we get:

u1pxq “ ´
J 1pπαpkqqĤ1pπαpkqq

J2pπG
k q ` 1

k Ĥ2pπαpkqq

which gives us the final equation:

JpπG
k q ´ JpπG

k´1q “
1

k

J 1pπG
k qĤ1pπG

k q

J2pπG
k qq ` 1

k Ĥ2pπG
k q

` O

ˆ

1

k

2˙
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B EXAMPLE 3 EXPLICIT CALCULATION

Calculation for the Example 3 in detail.
We take a three-state, two action Markov decision process with initial state H and a uniform prior policy:

πpa1|Hq “ πpa2|Hq “
1

2

with transition dynamics depicted on the diagram below:

s1 H s2

3
4

1
2

1
4

1
2

where red dotted lines correspond to action a1, and solid black lines to action a2. We also assume that:

rps0, ¨q “ log 1 rps1, ¨q “ log
1

3
rps2, ¨q “ log

2

3

B.1 Control-as-inference operator

The first iteration of πG
1 p¨|Hq computes the probability of getting reward for action a1:

πG
1 pa1|Hq “ Ppa1|O2

1:2,Hq “
PpO2

1:2|a1,HqPpa1|Hq

PpO2
1:2q

“

ˆ

1

2
¨
3

4
¨
1

3
`

1

2
¨
1

4
¨
2

3

˙

{PpO2
1:2q “

5

24
{PpO2

1:2q

and for a2:

πG
1 pa2|Hq “ Ppa2|O2

1:2,Hq “
PpO2

1:2|a2,HqPpa2|Hq

PpO2
1:2q

“

ˆ

1

2
¨
1

2
¨
1

3
`

1

2
¨
1

2
¨
2

3

˙

{PpO2
1:2q “

6

24
{PpO2

1:2q

After normalisation, we get:

πG
1 pa1|Hq “

5

11
πG
1 pa2|Hq “

6

11
Now, applying the same computation second time - for a1:

πG
2 pa1|Hq “ Ppa1|O2

1:2,Hq “
PpO2

1:2|a1,HqπG
1 pa1|Hq

PpO2
1:2q

“

ˆ

5

11
¨
3

4
¨
1

3
`

5

11
¨
1

4
¨
2

3

˙

{PpO2
1:2q “

25

11 ¨ 12
{PpO2

1:2q

and for a2:

πG
2 pa2|Hq “ Ppa1|O2

1:2,Hq “
PpO2

1:2|a2,HqπG
1 pa2|Hq

PpO2
1:2q

“

ˆ

6

11
¨
3

4
¨
1

3
`

6

11
¨
1

4
¨
2

3

˙

{PpO2
1:2q “

36

11 ¨ 12
{PpO2

1:2q

Again applying normalisation:

πG
2 pa1|Hq “

25

61
πG
2 pa2|Hq “

36

61

B.2 Raising temperature

Raising temperature policy παp2qp¨|Hq first modifies the MDP by setting the rewards:

r2ps1q “ log
1

9
r2ps2q “ log

4

9

and then recomputes the posterior for a1:

παp2qpa1|Hq “ Ppa1|O2
1:2,Hq “

PpO2
1:2|a1,HqPpa1|Hq

PpO2
1:2q

“

ˆ

1

2
¨
3

4
¨
1

9
`

1

2
¨
1

4
¨
4

9

˙

{PpO2
1:2q “

7

72
{PpO2

1:2q

and a2:

παp2qpa2|Hq “ Ppa1|O2
1:2,Hq “

PpO2
1:2|a2,HqPpa2|Hq

PpO2
1:2q

“

ˆ

1

2
¨
1

2
¨
1

9
`

1

2
¨
1

2
¨
4

9

˙

{PpO2
1:2q “

10

72
{PpO2

1:2q

Again applying normalisation:

παp2qpa1|Hq “
7

17
παp2qpa2|Hq “

10

17
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C ITERATED BOLTZMANN CONVERGENCE

Example 4 (Boltzmann-coherent mountain race). Let us revisit the Example 1. We might compute the
Boltzmann-coherent policy by using the construction from Definition 4.9.

H

1
2

1
2

1
2

1
2

1
2

1
2

P pRq “ 1
4

P pRq “ 3
4

P pRq “ 3
4

P pRq “ 3
4

H

2
5

3
5

1

0

1
2

1
2

P pRq “ 1
4

P pRq “ 3
4

P pRq “ 3
4

P pRq “ 3
4

H

4
7

3
7

1

0

1
2

1
2

P pRq “ 1
4

P pRq “ 3
4

P pRq “ 3
4

P pRq “ 3
4

Figure 4: The fixed point of iterated f -coherence achieved after t “ 2 “ T iterations.
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s0

s1

s1
1

s2

s1
2

s3

s1
3

s2
3

πps1|s0q

πps1
1|s0q

1

1

1

2
3

1
3

P pRq “ 1
2

P pRq “ 1

P pRq “ 0

Figure 5: π cannot satisfy both 2-policy-stability and 1-policy-stability.

D POLICY STABILITY

In search of the sufficient conditions for the autoregressive goal-conditioned policy to be optimal, one point of
focus might be the question of how to extend trajectories: we might hope to stitch the optimal trajectory from
actions that are optimal at a k-step-lookahead; optimal policies should then be those that behave consistently,
in the sense that it would make the same decisions as if it were allowed to take actions looking k steps into the
future. Formally, we have the following definition.

Definition D.1 (Policy-stable reasoning). Given deterministic dynamics τ and a prior ppat|stq, we say
that a policy πpat|stq9ppOt:T |st, atq is (1-)policy-stable, if for any actions a1t , a

1
t`1, a

2
t , a

2
t`1, with ait`1 “

argmaxai
t`1

ppOt:T |a1t,t`1, stq (where sit`1 “ τpst, a
i
tq), we have that:

ppOt:T |a1t,t`1, stq ą ppOt:T |a2t,t`1, stq ùñ ppOt:T |a1t , stq ą ppOt:T |a2t , stq

In other words: given that that ait`1 best continues ait, if pa1t , a
1
t`1q is preferred to pa2t , a

2
t`1q, then a1t should be

preferred to a2t .

Unfortunately, not only this is not a sufficient condition - in some instances, it is even contradicting optimality.
This is because it is impossible to properly extend the the policy-stability over an arbitrary number of actions.
To show that, we can introduce a notion of n-policy-stable predictor, which says that for any sequences a1:k, a

1
1:k

and actions a, a1, such that the sequence a1:k best continues a and sequence a1
1:k best continues a1, we have that

pa, a1:kq being preferred over pa1, a1
1:kq implies that a is preferred to a1.

From direct calculation, it can be seen that, if a policy derived by control-as-inference from a prior over the
MDP shown in the Figure 5 is to be 1-policy-stable, then it must be the case that πps1|s0q ě πps1

1|s0q, while
considering two actions into the future and then following the prior, moving into s2 is a better choice. However,
to be 2-policy-stable, it has to satisfy πps1|s0q ă πps1

1|s0q, since after considering three moves in the future,
moving to s1

1 becomes the better choice. Since 1-policy-stable and 2-policy-stable are mutually exclusive for a
policy derived by control-as-inference from this prior, one has to make a choice as to which n-policy-stability to
require, which, in practice, requires the knowledge of the time horizon (and for it to be fixed and finite).
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Figure 6: (a) An aggregated version of the graph in Figure 3a, each point corresponding to a particular choice of
temperature. Correlation between misalignment and incoherence is only meaningful in moderate temperatures
near δ “ 1. (b) Experimental illustration of Corollary 5.11, only in the simultaneous limit of pδ, iq Ñ p0,8q

incoherence vanishes.

E EXPERIMENTAL DETAILS

E.1 MDP environments

We perform all experiments on a suite of 140 small randomly generated tree MDPs of varying sizes. We set
the number of actions |A| between 2 and 4, and time horizon T between 3 and 6, resulting in environments
ranging in state space sizes between 4 and 122, and total state-action sizes between 8 and 366. For
the misalignment experiment, we used both deterministic and stochastic environments in equal proportions,
with transition probabilities and rewards sampled uniformly from relevant distributions. For the estimated
effective horizon experiment, we used only deterministic environments, because otherwise the estimator was
difficult to compute. Full details of the environments are available in the released code repository available
at https://github.com/jkarwowski/incoherence, in the config file for each experiment.

E.2 Estimating effective horizon

Effective horizon is a metric that is difficult to compute exactly even for small environments. We approximate Ĥ
using Monte Carlo simulation and , to output mink Hk, where Hk “ k ` logA m for which GORPpk,mq recovers
the optimal policy with probability at least 1/2, as in Laidlaw et al. (2024, Definition 5.2). We note this is a
different estimator from the one used by the original paper - see Appendix C and their codebase. This is because
they work on much larger environments such as Atari games, for which our approach would be impractical.
On the other hand, their upper bounds such as those using Laidlaw et al. (2024, Theorem 5.4) turned to be
insufficiently tight for our purposes.

E.3 Misalignment versus incoherence

The correlation between incoherence and misalignment depends on the specific value of temperature δ. We
present the graph of correlations in Figure 6a. For small values of δ, the policy is converges to deterministic,
making incoherence very large variance and correlations disappear. On the other hand, in the limit of δ Ñ 8,
the policy tends to uniform distribution and again rendering incoherence useless. We note that this is only a
heuristic explanation, note and we do not have a satisfactory theoretical explanation for the exact shape of the
graph.

E.4 Experimental validation of Corollary 5.11 and Proposition 5.4

Corollary 5.11 states that in the limit of both pδ, iq Ñ p0,8q, incoherence κδpπiq vanishes. We note that taking
both limits simultaneously is essential: indeed, holding one coordinate fixed, we do not get convergence to 0. We

https://github.com/jkarwowski/incoherence
https://github.com/cassidylaidlaw/effective-horizon
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Figure 7: Experimental validation of Corollary 5.11, (a) on 5 randomly chosen deterministic MDPs, and (b) on
5 randomly chosen stochastic environments.

illustrate this point experimentally in Figure 6b. Each line shows incoherence for a different choice of temperature
δ. Holding δ fixed and increasing iteration i, the incoherence of πi initially decreases, such that at a certain time
it dips below every higher temperature, but later starts to increase. This is because Proposition 5.4 guarantees
the improvement in return, which is not equal to the KL-regularised return optimised for by the soft-conditioned
policies.

Proposition 5.4 states that regardless of the environment, we should see a consistent improvement in return. We
validate this empirically for 5 randomly chosen deterministic-dynamics MDPs and 5 randomly chosen stochastic-
dynamics MDPs, |A| “ 2, |T | “ 4, both with i “ 5 iteration steps, with results conforming to the theory.

E.5 Confidence intervals

All confidence intervals in the paper are constructed with the bootstrap method, using B “ 2000 samples.
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