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Abstract

Temporal difference (TD) learning is a cor-
nerstone of reinforcement learning. In the
average-reward setting, standard TD()\) is
highly sensitive to the choice of step-size
and thus requires careful tuning to maintain
numerical stability. We introduce average-
reward implicit TD()A), which employs an
implicit fixed point update to provide data-
adaptive stabilization while preserving the
per iteration computational complexity of
standard average-reward TD(A). In con-
trast to prior finite-time analyses of average-
reward TD(X), which impose restrictive step-
size conditions, we establish finite-time er-
ror bounds for the implicit variant under
substantially weaker step-size requirements.
Empirically, average-reward implicit TD(\)
operates reliably over a much broader range
of step-sizes and exhibits markedly improved
numerical stability. This enables more effi-
cient policy evaluation and policy learning,
highlighting its effectiveness as a robust al-
ternative to average-reward TD(A).

1 INTRODUCTION

Temporal difference (TD) learning (Bartol [2021) is
a core component of modern reinforcement learning
(RL), combining the strengths of Monte Carlo sam-
pling and dynamic programming thereby enabling ef-
ficient value estimation from state-action-reward tra-
jectories exhibiting Markovian dependence. As a foun-
dational method, TD learning underlies many RL al-
gorithms and has been successfully applied across di-
verse domains, including robotics (Kober et al.| 2013),
financial decision-making (Nevmyvaka et al., 2006),
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and games (Tesauro, [1995). While originally devel-
oped in the discounted-reward setting, TD learning
has since been adapted to the average-reward setting
(Tsitsiklis and Van Roy, [1999), which can be more
natural in many applications (Giannoccaro and Pon-
trandolfo, 2002} |Dai and Gluzman| 2022} [Tangamchit
et al., [2002).

Despite its widespread use and practical rele-
vance, standard average-reward TD(X) (Tsitsiklis and
Van Roy, [1999) is sensitive to step-size selection. From
a theoretical standpoint, stability is certified by finite-
time error bounds, and existing analyses establish
such bounds only in small step-size regimes (Zhang
et al., 2021al). In practice, larger step-sizes can ac-
celerate learning but at the risk of numerical insta-
bility; conversely, smaller step sizes are more numeri-
cally stable but can also yield slower learning. This
stability—efficiency trade-off motivates methods that
preserve the simplicity of the average-reward TD(\)
while substantially expanding the range of step-sizes
for which learning remains stable. We address this sen-
sitivity by proposing an average-reward implicit TD(\)
with finite-time error guarantees under substantially
less restrictive step-size conditions. In addition, the
proposed algorithm retains the computational com-
plexity of standard average-reward TD(A).

1.1 Related Literature

Discounted-Reward Setting. Almost sure con-
vergence of TD(A) with linear function approximation
was first established in |Tsitsiklis and Van Roy| (1997)).
Subsequent work derived finite-time error bounds un-
der both ii.d. data streams (Dalal et al [2018) and
Markovian samples, using projection-based mean-path
analysis (Bhandari et al., [2018), Lyapunov-function
arguments (Srikant and Ying, |2019), and induction-
based proofs (Mitra, [2024). In addition, TD-type
methods formulated as two-time scale stochastic ap-
proximation algorithms—used for off-policy evaluation
in the discounted setting—have been analyzed in |Sut-
ton et al.| (2008}, 2009); [Xu et al|(2019).

Despite the aforementioned theoretical developments
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in the discounted-reward setting, classical TD methods
typically require restrictive step-size conditions (Bhan-
dari et al., |2018; |Srikant and Ying} [2019; [Mitra, 2024)
and display marked empirical sensitivity: larger steps
may accelerate progress but risk divergence, whereas
smaller steps improve stability at the cost of substan-
tially slower convergence (Dabney and Bartol [2012;
Tamar et al} |2014)). A principled remedy is to use im-
plicit stochastic updates that recast the recursion as
a fixed-point equation, providing data-adaptive stabi-
lization, as shown in the stochastic optimization litera-
ture (Toulis et al.,2014; Toulis and Airoldi, [2014; |Chee
et al., |2023). Building on this principle in reinforce-
ment learning, recent work establishes asymptotic and
finite-time error bounds for implicit variants of dis-
counted TD in both on- and off-policy tasks without
restrictive step-size requirements (Kim et al., [2025).
Experiments further show improved numerical stabil-
ity in both policy evaluation and control tasks.

Average-Reward Setting. For foundations, back-
ground, and developments in average-reward policy
evaluation, we refer to Puterman| (2014); [Singh| (1994);
Mahadevan| (1996); |Abounadi et al.| (2001); |Tsitsiklis
and Van Roy| (2002); [Dewanto et al.[(2020). The first
convergence analysis specific to average-reward TD())
with linear feature approximation is due to [Tsitsiklis
and Van Roy| (1999), under the assumption that the
span of the feature vector does not include the con-
stant vector of all ones (see Section | for additional
discussion). Under the same assumption, Yu and Bert-
sekas| (2009)) established asymptotic convergence of the
average-reward LSPE()\), a least-squares based alter-
native to the average-reward TD(A). Relaxing the
aforementioned feature space restriction, [Zhang et al.
(2021b)) derived finite-time bounds for average-reward
TD(A) with both constant and linearly decaying step-
sizes (i.e., t™ step-size o< 1/t), while imposing a re-
strictive condition on the initial step-size. More re-
cent progress on average-reward off-policy evaluation
with function approximation includes an asymptoti-
cally convergent tabular off-policy TD algorithm (Wan
et all [2021) and extensions of gradient TD meth-
ods (Sutton et al.l |2008,2009)) for average-reward off-
policy evaluation tasks with linear function approxi-
mation (Zhang et al., [2021bf). Furthermore, TD-style
methods for estimating a policy’s asymptotic variance
of the cumulative reward in average-reward setting are
developed in |Agrawal et al.| (2024).

1.2 Contributions

We show that the step-size sensitivity of TD(\), which
has been well documented in the discounted setting
also arises in the average-reward setting. To mitigate
this sensitivity, we adopt the implicit stochastic up-

date framework to construct average-reward implicit
TD(A). We establish finite-time error bounds under
markedly weaker step-size conditions than those in
Zhang et al.|(2021b), and we demonstrate that this re-
laxation enables computationally efficient policy eval-
uation and learning across a range of examples. The
primary contributions of our work are summarized as
follows.

e We propose average-reward implicit TD(A), which
is more robust to step-size choice than the stan-
dard average-reward TD(\).

e We provide finite-time error bounds under both
constant and diminishing step-sizes, substantially
relaxing the step-size conditions required by ex-
isting bounds for standard average-reward TD(\)
(Zhang et al.l 2021b)), thereby explaining the im-
proved numerical stability of the implicit variant.

e In the case of a diminishing step-size, we establish
the first finite-time error bounds in the average-
reward setting for step-size sequences of the form
ap < t7% with s € (0,1), covering both square-
summable (s > 1/2) and non-square-summable
(0 < s < 1/2) regimes, thereby further broaden-
ing the admissible family of step-sizes.

e We empirically demonstrate the robustness and
efficiency of the proposed method through com-
prehensive experiments in both policy evaluation
and control tasks.

2 POLICY EVALUATION IN THE
AVERAGE-REWARD SETTING

Problem Formulation. Consider an infinite-
horizon Markov decision process (MDP) defined by
a finite state space S, a finite action space A, a
bounded reward function r : § x A — [0,1], and a
transition function p : § x A x § — [0,1]. Under a
deterministic stationary policy p : § — A, at time
t with a current state SI', the agent will take an
action A} = u(S), receive a reward R} = r(S}', A}),
and transition to next state Sy, according to the
probability distribution p(-|St', AY). The resulting
state sequence {Sf'},.y induced by the policy u forms
a Markov chain with one-step transition probabili-
ties pi (SE[SE) = p{Si ISt Al = (S]] To
simplify notation, let S = {1,2,---,|S|} and define
time-homogeneous transition probability matrix
Pro= [P with Pl = pr {8ty = j | St =i}

!Since any Markov reward process arises from an MDP
under a fixed policy, the general MDP setting covers the
Markov reward process case.
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Likewise, let v# = [r{1, u(1)}, -~ 7T{‘S|=N(|S|)}]T be

the reward vector.

One way to characterize the long-term performance of
a given policy p is via its average-reward, defined for
each initial state s € S as

1 T-1
wh(s) = TlgnOo TE“ ( RY ‘ Sy = 3) ,
=0

where the expectation is taken over the randomness
associated with the Markov chain {S}'},  induced by
the policy u. Although the average-reward provides
a natural evaluation criterion for u, the limit need
not exist in general (see, e.g., Chapter 8 of [Puterman
(2014))). To guarantee the existence and uniqueness of
the average-reward, it is common to make the follow-
ing assumption.

Assumption 2.1. The Markov chain {S}'},_ is irre-
ducible and aperiodic.

Under Assumption 2.1} the chain has a unique station-
ary distribution m# = (ﬂ'f)i‘i‘l satisfying 7+ P* =
T with m' > 0 for every i € S (Levin and Peres,
2017). Under the same assumption, one can further
show that the average-reward is independent of the
initial state (Bertsekas and Tsitsiklis, [1996); that is,
wh(s) = ek Vs € S. Unlike its discounted coun-
terpart, the average-reward criterion carries no infor-
mation about the relative desirability of individual
states. To quantify long-run, state-dependent perfor-
mance under a stationary policy u, we introduce the
basic differential value function v* : S — R,

v (s) = B {i (Rl — wh) ] Sh = s} ,

t=0

which measures the relative advantage (or disadvan-
tage) of starting in state s € S. Accordingly, the
quantities of interest are the 1) average reward: w* and
2) pairwise contrast: v#(s) — v#(s’) for any s,s’ € S
which captures the comparative long-run performance
of states 5,5’ € S.

In high-dimensional or continuous state spaces, a com-
mon strategy is to use linear function approximation,
where we model the pairwise difference as

vi(s) — v (s) = {$(s) — B(s')} O

with a user-chosen feature map ¢(s) € R? and weights
0 € RY. Because adding a constant to v#(s) leaves all
differences unchanged, it suffices to learn v*(s) up to
an additive constant. Let ® € RISIX4 be the feature
matrix whose i*" row is ¢(i)T and M := diag(w").
Writing v# := [v#(1),...,v"(|S])]T, one has the series
representation v* = Y ° (P")! (r* —wte), where

e is the all-ones vector. With the weighted norm
lz||pr = (x" Mx)'/2, our second goal translates to
finding 8" such that the weighted discrepancy

inf || ®6" — (v + ce

ceR )HM

is small. This quantity is zero when the feature space
contains a constant shift of the basic differential value
function (i.e., the differential value function). When
the weighted discrepancy is small, it indicates that
@(s) 0" approximates v*(s) up to an additive con-
stant, so the estimation of the contrasts v*(s) — v#(s’)
is correspondingly accurate, improving as the discrep-
ancy decreases.

Average-Reward TD()\) with Linear Approx-
imation. The average-reward TD(A) algorithm
(Tsitsiklis and Van Royl [1999) is a widely used
stochastic-approximation method to achieve the afore-
mentioned goals. At the t*" iteration, the average-
reward TD(A) algorithm maintains both @;, an esti-
mate of the average-reward w*, and an estimate @ of
the optimal weight 8*. With non-increasing positive
step-sizes a4, B¢ and exponential weighting parameter
A € [0,1), the update rules are given by

Orp1 =W + oy (RY — @),

~ ~ (1)
0.1 =0, + Bidize,

where the eligibility trace z; and TD error §; are

t

zt = Z Nl (SE),

=0
- ~T
=Rl - +0, {o(S) -0 (S},

each respectively representing the geometrically
weighted average of past feature vectors at visited
states and the one-step TD error, which measures
how the reward (after subtracting the current average-
reward estimate @;) plus the estimated value of the
next state differs from the current value estimate. We
restrict our attention to a single-time-scale average-
reward TD()) algorithm by assuming a; = ¢,f; with
fixed ¢, > 0 (Tsitsiklis and Van Roy, [1999; |Zhang
et al., 2021a). Exploring distinct decay rates, an in-
stance of the two-time-scale stochastic approximation
framework (Borkar, 2008]), is interesting but outside
our scope.

Step-Size Sensitivity. Despite its foundational role
in RL, standard average-reward TD(A) suffers from
numerical sensitivity to step-size selection. To illus-
trate this issue, we present a simple numerical exam-
ple. We consider a Markov reward process (MRP)
with |S] = 100 states and evaluate the performance
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of average-reward TD()) learning with hyperparame-
ter configuration (cq, A) = (1.0,0.25) with a predeter-
mined constant step-size 8; = Sy € (0,2), V¢t € N. The
objective is to estimate both the optimal weight 8* and
the average-reward w#. Detailed descriptions of the
evaluation criterion (loss function) and experimental
setting are provided in Sections [4 and [6] respectively.

Figure [1] illustrates the instability induced by step-
size choices. The left panel shows a non-monotonic
trend in performance: overly small step-sizes (e.g.,
Bo < 0.20) lead to slow convergence, while a mod-
est increase in step-size causes the loss function values
to grow rapidly. The right panel presents the result
for a moderately large step-size (8p = 1.8), where the
average-reward TD(A) iterates exhibit oscillatory be-
havior. These empirical findings highlight the sensitiv-
ity of the TD learning to step-size selection and mo-
tivate the need for algorithms that are robust to such
choices. In the following sections, we propose and an-
alyze one such approach.

Figure 1: Sensitivity of average-reward TD()\) to the
choice of step-size with exponential weighting parameter
A = 0.25 and step-size ratio ¢, = 1.0. The solid line de-
notes the mean, and the shaded region indicates the 95%
confidence interval.
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(a) Performance of average- (b) Performance over itera-
reward TD(\) for step-sizes tions with step-size By = 1.8,
Bo ranging from 0.1 to 2.0. showing no improvement.

3 AVERAGE-REWARD IMPLICIT
TD())

As we have seen in the previous section, average-
reward TD(\) demands carefully tuned step-sizes for
stability. Implicit stochastic recursions, developed for
stochastic gradient descent (Toulis et al.| [2014; Toulis
and Airoldi, [2014; |Toulis et al., 2021} |Chee et al., 2023)
and more recently extended to discounted-reward on-
and off-policy TD (Kim et al.l [2025)), rewrite each up-
date as a fixed-point equation by allowing the gradient
or TD error to depend on the new iterate. This refor-
mulation automatically induces an adaptive shrinkage
in the effective step-size, vastly improving numerical
stability without increasing computational complexity.
Building on this idea, we introduce the average-reward

implicit TD(A), which retains the simplicity and effi-
ciency of standard average-reward TD(A) while sup-
porting more flexible step-size choices with finite-time
error guarantees. In this section, we propose a novel
average-reward TD()) algorithm that incorporates im-
plicit updates into its recursive structure.

To derive implicit average-reward TD(A) updates, re-
call the update rule for 8,1 given in (T)):

041 =00+ B (Rff — Dt + Py 0: — ﬁb:at) 2z
= §t + B {Rf — W + ¢):+15t —(z¢ — Aztfl)-r/a\t} Zt
= /o\t + /Bt (R# — @t + d)lrlat + )\Z;ll/a\t — Z;r/ét) Zt,

where we have used the identity ¢, = z; — Az;—1 in
the second equality. At time ¢, we update W; and 6,
using a rule that depends on both the current iterate
(@, 0;) and their updated values (@W¢11,0:41):
Bry1 = Ot + cafr(RY — Dry1), (2)
§t+1 = at + Be(RY — @ + ¢;r+1at + )‘zt—r—l/e\t - z;r/éhLl)zt-
(3)
Solving the above recursions and admits the
update rule for the average-reward implicit TD(X) al-
gorithm. Lemma [3.1) below characterizes the average-
reward implicit TD()) algorithm, and its proof is given
in the supplementary materials.

Lemma 3.1. Average-reward implicit TD(\) updates
given in and can be expressed as

~ ~ CaBt ~

Wiyl = we + I Caﬂt( P — W)

G =00+ D (RY =00+ 6,00 - 60,) =0
1+ Bellzll3

The update rule in Lemma 3.1 highlights a key mecha-
nism underlying the robustness of the average-reward
implicit TD(A) learning. Unlike the standard average-
reward TD(A) methods, at each step ¢ € N, the im-
plicit updates dynamically rescale the step-size based
on the magnitude of the eligibility trace as well as
the step-size ratio parameter. Such shrinkage arises
naturally from the implicit update mechanism, reduc-
ing the burden of laborious tuning. Importantly, the
implicit algorithm has the same space and time com-
plexity as the standard method in the average-reward
setting, making it a practical replacement without ad-
ditional computational burden or implementation dif-
ficulty. The benefits of this mechanism will be further
clarified in the forthcoming theoretical analysis and
subsequently illustrated through a suite of numerical
examples.

To further enhance the numerical stability and facili-
tate the theoretical analysis of the average-reward im-
plicit TD(A) algorithm, we introduce a projection step
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that forces each iterate ©; := [@t,gt]T to lie within
the Euclidean ball of radius Re by enforcing the con-
straints ||®]2 < Re. Such projection-based stabiliza-
tion is well-studied in both the stochastic optimization
and reinforcement learning literatures, and numerous
theoretical results have been established (Nemirovski
et al 2009; [Bubeck, 2015} [Bhandari et all [2018; [Xu
et al, 2019; |Zou et al., 2019; Zhang et al., [2023). In
practice, one can choose Reg sufficiently large to ensure
the limit point of ®; is contained in the Euclidean ball
of radius Rg. A complete algorithmic description of
the average-reward implicit TD(A) is provided in Al-
gorithm

Algorithm 1 Average-reward implicit TD(A) (with
projection)

1: Input: exponential weighting parameter A €
[0,1), basis functions {¢,}¢_,, step-size {B;}ien,
step-size ratio parameter c,, projection radius Re

2: Initialize: @g, Oy, S and eligibility trace z_; = 0.

3: for t=0,1,2,... do
4:  Receive data: (Sf', R{', S} )
5. Get TD error:
0= Ry =By + ¢(S1,1) "0, — B(S) 76,

6:  Update eligibility trace: z; = Az;—1 + @(SL)
7:  Update parameters:

~ ~ Caﬂt ~
— _CaPt  pn
Wi41 Wt+1+caﬁt( P — W),
i B
0t+1 = 0t + 75tzt
1+ Bllz:ll3

8:  For projected average-reward implicit TD(A): if
(@e41)? + 104111 > RS,

Re

W1 = —
\/@tﬂ)z + 110241113
Re

011 = =
V@) + 1843

W41,

9t+1

9: end for

4 THEORETICAL ANALYSIS

In this section, we provide a theoretical analysis of
the average-reward implicit TD()\) algorithm incorpo-
rating a projection step. We first assume that the
columns of ® are linearly independent, which implies
that the basis functions span a d-dimensional feature
space. Such an assumption ensures that redundant
basis functions can be removed without loss of expres-
siveness. Hereafter, we use ||-|| to denote the Euclidean

norm for vectors and operator norm for matrices. We
assume that the feature vectors are normalized so that
lo(i)]] < 1 for all i € S. Lastly, E* denotes expecta-
tion with respect to the Markov chain {S}'};en under
policy u with a fixed Sf, and E™ denotes expecta-
tion with respect to the stationary distribution of this
chain.

To facilitate our analysis, we formulate the average-
reward TD(A) update into a matrix notation form,
given by

§t+1 _ Qt —Ca 0 ‘Et CaRf
o] =Bl ea [ el -] 5]+ [R52)
which can be succinctly written as

©r1 =0, + B {AX)O +b(X)} (1)
and its implicit version is given by

(:)t+1 =0+ Dt{A(Xt)@t +b(X )} (5)

where
~ LAdt —Cq 0
@ = | B A X = 9
t M (X2) {—zt (i — &) )}
ca R —1l 0
b(X¢) = | ult|, Dy= [Tl
( t) [szt:| ' [ 1+5t|1|zt||21d

with X := (S}, Sii1, 2t).

Under suitable technical conditions, if A :=
E™ [A(X )] is negative definite, results from stochas-
tic approximation (Benveniste et al. [2012) imply that
the iterate @t converges almost surely to @* =
[w",0%]T, which solves A®* + b = 0 with b :=
E™ [b(X,)]. Earlier work (Tsitsiklis and Van Roy)
1999)) established almost sure convergence (:)t to ©F
by assuming A is negative definite (up to left mul-
tiplication by a diagonal matrix). However, such an
assumption excludes cases where the feature matrix ®
can yield value predictions that are constant across all
states, i.e., when e lies in the column space of ®.

To relax aforementioned assumption, (Zhang et al.|
2021b) considered an auxiliary iterate [@;, H@at]T,
where IIg denotes projection onto @, defined as the
orthogonal complement of Sg ¢ := span{6 : ®0 = e}.
Projecting onto @ thus removes the constant-shift di-
rection, i.e., the component of ®0 aligned with the all-
one vector direction. Such component adds the same
constant to every state’s value prediction and does not
affect estimates of value contrasts v*(s) — v#(s’). Ac-
cordingly, it is natural to assess performance using the
projected iterate Ilp#; since any change in 8, along
span{e} is not identifiable in the average-reward set-
ting and can be ignored. Furthermore, on R x @, one
can restore strict negative definiteness of the matrix
A, formalized as Lemma [£.1] below.
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Lemma 4.1 (Lemma 2 of (Zhang et al.,2021b))). For
A€ (0,1), let M = diag (ﬂ,-.- ,w(gl) and PY —
(1= N> A™(PHYmTL Under Assumption

m=0

we have A > 0 where

A := min

0Td M (I - P@)) 0.
[|@||=1,0€0

In addition, for cq, > A+ \/A2( 1

1
—0%T — 1-N2»

A
0746 < —5|\@||2, for any ® € R x Q.

With the negative definiteness of the matrix A, the
limit point @™ is assured to be unique and one can
then ask how far the auxiliary iterates are from the
limit point. Specifically non-asymptotic bounds on

. 2
(@ — wh)? + HH@ <0t — 0*) H were established both
for constant and decreasing step-size schedules (Zhang
et al) |2021b)). In addition to the finite-time error
bounds, the approximation quality of 8* within the

chosen feature class is captured by the M-weighted
discrepancy

infeem:d, ccR | 26— (v"+ce)llm

Vi-e}

with ¢y € [0,1) and ¢y — 0 as A — 1 (Zhang et al.|
2021b). Note that the right-hand term involves the
best error achievable within the feature class. Thus
0" is optimal up to a multiplicative factor, which ap-
proaches 1 as A — 1. In particular, if the feature
class is rich enough to represent any one differential
value function, the best achievable error is zero; that
is, infeer | @O — (V¥ + ce =0.

inf | ®0" — (v +ce)||pr <
ceR

e

Non-asymptotic Analysis of Average-Reward
Implicit TD()\). We are now ready to present
finite-time error bounds for average-reward implicit
TD(A) with the projection step, formally stated in
Theorems [4.4] and Results are provided for both
constant and decreasing step-sizes. The bounds are
expressed in terms of the negative-definiteness margin
A from Lemma the step-size parameters ¢, (ra-
tio: a¢/Bt), Bo (initial step-size), and s (decay rate)
and the mixing time of the underlying Markov process
{54'}+en whose formal definition is given below.

Definition 4.2 (Mixing Time). Let {S;}ten C S be a
Markov chain with stationary distribution 7. For € €
(0,1), its mixing time is the smallest positive integer
7e € N such that for all t > 7,

sug dpy {P(St =-| So =s),7()} <k,
s€

where dry denotes the total variation distance.

Remark 4.3. Under Assumption the Markov
chain {S!'}ten is uniformly geometrically ergodic:
there exist m > 0 and p € (0,1) such that
sup,es drv {p"(St' = | S§ = s), 7} < mp'. Conse-
quently, its mixing time 7, is of order O (log %)

Theorem 4.4. Suppose the Markov chain {S'}en is
uniformly geometrically ergodic with a rate parameter
p € (0,1), the step-size ratio parameter is chosen to
satisfy cq > A+ \/A2(117)\)4 _ (171)\)2 and the optimal
parameter ||©*|| < Re. With A € [0,1) and constant
step-size By = B, the iterates of the projected average-

reward implicit TD(X\) algorithm satisfy the following
finite-time error bound

o {4 1o 001} [}

S -8y {@f - o)+ [ - 0

}

} and h = max{l —

+ O (B + B + Brgth’), t>0

(1-))°

: 1
where Y = min {m, m

BYA, p, A}
Theorem 4.5. Suppose the Markov chain {S}' }en is

uniformly geometrically ergodic with a rate parameter
p € (0,1), the step-size ratio parameter is chosen to

satisfy cq > A+ \/A2(117A)4 _ (1}A)2 and the optimal

parameter ||@|| < Re. With A\ € [0,1) and decreas-
ing step-sizes By = (tfig)s, s € (0,1), the iterates of

the projected average-reward implicit TD(X) algorithm
satisfy the following finite-time error bound

o {60 -+ 1o 01 )}

Avo o

1—s

< exp [*

+ O {Tgttexp (—ctlfs) + 75,87 + ¢ } ,

w0 = n]{@t -+ -0}
£>0

for some constant ¢ > 0, ¢ = max{p, A} and o =
. 1 1-2)?

mimn { T+caBo’ (1—>\)2+Bo} :

Remark 4.6. Our two theorems substantially relax the

restrictive conditions required in (Zhang et al.,|2021b).

e For constant step-sizes, we establish a finite-time
bound without any initial step-size requirements.
By contrast, previous analysis ties the initial step-
size to a problem dependent quantity (e.g., AS <
2) and further imposes restrictive upper bounds
on the step-size as well as the mixing time (Zhang
et al., |2021b).

e For decaying step-sizes, our theorem accommo-
dates the polynomial schedule of the form g; =
Bo/(t+1)° for any s € (0,1), not just the 1/t rate
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covered in (Zhang et al., |2021b)). In addition, the
bounds in (Zhang et al.| 2021b)) hold only under
extra restrictions, for example, there must exist
an index t* € N with bounded cumulative step-
size up to t*, and all subsequent step-sizes must
stay below a problem-dependent threshold.

These relaxations remove delicate initial step-size con-
ditions and broaden the range of admissible step-size
schedules, while still providing finite-time error guar-
antees.

5 RELATED WORKS

Our work is motivated by the literature on implicit
stochastic gradient methods, which recast standard
gradient based recursions as fixed-point equations to
improve numerical stability. This includes the im-
plicit SGD line of works (Toulis et al.l 2014} [Toulis
and Airoldi, 2014} (Chee et all 2023]) as well as Tamar
et al.| (2014), who first proposed applying implicit up-
dates to TD(A) under the restrictive zero-reward as-
sumption. |[Kim et al.| (2025) extended this direction
to the discounted-reward setting, establishing asymp-
totic convergence for implicit TD(0), TD()), and oft-
policy TD along with finite-time error bounds for their
projected variants. This idea has since been further
extended to control settings, including implicit vari-
ants of Q-learning and SARSA (Kim and Laber], [2026)).
Building on these works, we develop an implicit TD(\)
algorithm for the more challenging average-reward set-
ting, where TD lacks a unique limit point, as the
value function is only determined up to an additive
constant, causing the TD iterates to converge to an
initialization-dependent limit and complicating both
algorithm design and analysis (Tsitsiklis and Van Roy,
1999; |Zhang et al., |2021b). By incorporating a pro-
jection step on the parameter iterates and employing
information-theoretic techniques, we establish all-time
finite-time error guarantees while eliminating problem-
dependent constraints on step-size choices, and further
demonstrate strong empirical performance of the pro-
posed algorithm.

While building upon these foundational contributions,
our work also addresses critical limitations in prior
finite-time analyses of average-reward TD. |Tsitsiklis
and Van Roy| (1999) introduced average-reward TD())
and established asymptotic convergence, but under the
unrealistic assumption that the all-ones vector e does
not lie in the span of the feature basis. [Zhang et al.
(2021Db)) relaxed this assumption and proposed evalu-
ating performance via the projected distance onto the
subspace orthogonal to the constant direction, a met-
ric we adopt as it enables finite-time analysis without
unrealistic assumptions. However, their bounds hold

only for ¢ > T*, where T* is a problem-dependent
threshold depending on mixing time and step-size, of-
fering no insight into early-time behavior. Further-
more, their step-size must satisfy stringent problem-
dependent conditions that make practical calibration
difficult. By contrast, our approach yields bounds that
hold for all ¢ € N and completely eliminates problem-
dependent constraints on step-size selection. In partic-
ular, our results establish that implicit average-reward
TD exhibits no divergent behavior for any step-size
choice, a stark contrast to the vanilla formulation, re-
solving the practical calibration burden that hampers
prior methods.

6 NUMERICAL EXPERIMENTS

In this section, we demonstrate the effectiveness of
the proposed average-reward implicit TD(A) relative
to standard average-reward TD()\) on both policy eval-
uation and control tasks. All experiments were carried
out on Intel(R) Xeon(R) Gold 6152 CPUs at 2.10 GHz
with 32 GB RAM.

6.1 Policy Evaluation

For policy evaluation, we use MRP and the Boyan
chain examples; for policy learning, we consider the
access-control and pendulum problems. Performance
is quantified by the loss function given by (@t —w“)2 +
HH@(@ - 0*)H2. A detailed description of how the
loss value is computed is provided in the supplemen-
tary materials. We consider both constant and de-
caying step-size schedules. For decaying schedules,
the step-size is held fixed for the first 150 iterations
to promote exploration and then decreased thereafter.
Each ConﬁguEation is run for T" = 2000 steps with
©f = 0 and 6y ~ Unif([-1,1]¢), and results are av-
eraged over 50 independent trials. We fix the step-size
ratio ¢, = 1 and the exponential weighting parameter
A = 0.25. We compare four methods: (i) average-
reward standard TD(\); (ii) average-reward implicit
TD(A) without projection; and (iii-iv) average-reward
implicit TD(A) with projection, using projection ra-
dius Reg € {1000, 5000}. Full implementation details
and additional experimental results are provided in the
supplementary materials.

6.1.1 Markov Reward Process

Here we study an MRP with |S| = 100 states; the
transition matrix and reward vector are generated fol-
lowing [Zhang et al.| (2021b)). We first consider con-
stant step-sizes 5; = Sy with By € {0.1,...,3.0}.
Figure [2[ summarizes the results (solid line = mean,
shaded band = 95% confidence interval). As shown
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in the left panel, the average loss across 50 indepen-
dent experiments increases for all methods as 5y be-
comes larger, around §y =~ 0.3 or more. However, as
Bo — 2, standard average-reward TD(A) becomes un-
stable and its loss explodes, whereas average-reward
implicit TD(A) remains numerically stable with mod-
est loss growth. To compare all four algorithms’ be-
havior at a moderate step-size, the right panel fixes
a step-size value By = 1.0 and tracks performance
over iterations: average-reward implicit TD(\) main-
tains relatively low error throughout, while standard
average-reward TD(\) incurs substantially larger error
over the horizon.

Figure 2: MRP experiment under constant step-size, with
exponential weighting parameter and step-size ratio set to
(A ca) = (0.25,1.0). The solid line represents the mean,
and the shaded region denotes the 95% confidence interval.
(Left) Loss value from step-size 0.1 to 3.0. (Right) Loss
value over iterations with initial step-size By = 1.0;
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6.1.2 Average-Reward Boyan Chain

We next study the average-reward Boyan chain un-
der deterministic policies. As in the MRP setting, the
Boyan chain is a standard benchmark for TD learn-
ing (Boyan, 2002). Because the original formulation
is not average-reward, we use the variant proposed by
(Zhang et al., 2021a), which has 13 states and 2 ac-
tions. In each experiment, we construct a determin-
istic policy by assigning an action to each state via
independent Bernoulli(0.5) draws. As with the MRP
experiments, we assess performance using the average
loss across 50 independent runs. Figure [3| shows re-
sults on the Boyan chain example under the decay-
ing step-size schedule B; = Bo/(t + 1)%%. In the
left panel, average-reward implicit TD(A) methods re-
main stable across 3y € [0.1,3.0], whereas the stan-
dard average-reward TD()\) becomes unstable and its
loss grows rapidly as [y approaches 1.5. The right
panel displays learning curves for 3; = 1.5/(t + 1)%-99
over 2000 iterations. The loss of standard average-
reward TD()\) method consistently exceeds that of the
average-reward implicit TD(A) methods, highlighting
the latter’s improved numerical stability and superior
performance.

Figure 3: Boyan experiment with exponential weighting
parameter and step-size ratio set to (A, co) = (0.25,1.0) un-
der decaying step-size schedule 8; = Bo/(t + 1)%%°. Solid
lines denote the mean, and shaded regions represent 95%
confidence intervals. (Left) Loss value with initial step-
sizes ranging from 0.1 to 3.0. (Right) Loss value over iter-
ations with initial step-size 5o = 1.5.
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6.2 Control Experiments

In this section, we utilize the proposed average-
reward implicit TD(A) on control tasks. We use
state—action-reward-state-action (SARSA) with lin-
ear function approximation to estimate the action-
value function. Each experiment comprises 7' = 15000
time steps and is repeated over 30 independent runs.
We employ a decaying step-size schedule 8, = Bo/(t +
400)%9 holding f3; constant for the first 150 itera-
tions to encourage early exploration before gradually
reducing it thereafter.

6.2.1 Access-Control Queueing

We study the canonical access-control queuing prob-
lem (Bartol 2021)) in the average-reward setting. At
each decision epoch, an arriving customer belongs to
one of four equiprobable classes, and the agent chooses
whether to admit or reject the customer. There are ten
identical servers; if admitted, the customer yields an
immediate reward and occupies a server. Service com-
pletion occurs independently at each step with a fixed
probability, inducing stochastic transitions in server
availability. The goal is to learn an admission policy
that optimally maps the current customer class and
the number of available servers to an admit/reject de-
cision. We illustrate average-reward learning results in
the left panel of Figure[d] The average-reward implicit
TD()A) methods consistently outperform the average-
reward TD(A) method across varying initial step-sizes
in terms of average-reward. As the initial step-size in-
creases, the implicit methods show a mild performance
gain and remain stable whereas standard version de-
teriorates and fails to benefit from larger steps.
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Figure 4: Control experiment with exponential weight-
ing parameter and step-size ratio parameter (\ co) =
(0.25,1.0), under the decaying step-size schedule 3; =
Bo/(t + 400)°-9?. TInitial step-size ranges from 0.25 to 1.5.
Solid lines denote the mean, and shaded regions represent
95% confidence intervals.
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6.2.2 Pendulum Environment

We also apply the proposed average-reward implicit
TD(A) to the Pendulum-vl environment. Because
the environment is defined with episodic termina-
tions (Towers et all 2024), we modify it to match
the infinite-horizon average-reward setting. The con-
trol objective is to keep the pendulum upright. The
right panel of Figure [@] shows results for the pen-
dulum environment with (A, ¢,) = (0.25,1.0). Mir-
roring the access-control task, larger initial step-sizes
benefit the average-reward implicit TD(A) methods,
which achieve higher average reward and remain sta-
ble, whereas standard average-reward TD(A) fails to
benefit from larger step-sizes and exhibits no improve-
ment.

7 CONCLUSION

We introduced average-reward implicit TD(\), a fixed-
point variant of the average reward TD(A) that pre-
serves per iteration complexity while markedly im-
proving stability to step-size choices. Our theoreti-
cal guarantees provide explicit finite-time error bounds
under both constant and decaying step-sizes, estab-
lished via a projection-based analysis. Across pol-
icy evaluation and control examples, the implicit up-
dates deliver robust performance over a wide range
of step-sizes, demonstrating strong practical perfor-
mance consistent with the theory. Looking ahead,
promising directions include a full theoretical anal-
ysis of average-reward implicit SARSA and rigorous
two-time-scale extensions of both standard and im-
plicit average-reward TD()). A related direction is to
build implicit TD methods to estimate the asymptotic
variance of cumulative reward in the average-reward
regime.
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A List of notations

To provide rigorous details behind the established theoretical results, we provide a summary of the necessary
assumptions, notations, and facts.

o S={1,---,|S]|}: state space

{S'}ten: a sequence of states under policy p

(AY)ien: a sequence of actions under policy p with A4 := u(S)

(R})ten: a sequence of rewards under policy p with RY = r(S})', A})
o pt (SE1SE) == p {51, ]S, Al = u(S{")}: transition probabilities under policy p
S|

o P! = [Pi’;]m,:l: time-homogeneous transition probability matrix with Pj; = p* {St,=j|8=i}

S|

o i = (ml");2}: a unique stationary distribution of {S}'}ien

o vt =[r{1, (1)}, -, 7{|S],n(ISN}": a reward vector under policy p

e EF: expectation with respect to the Markov chain {S}'};en with a fixed initial state S§

e E™: expectation with respect to the stationary distribution of the Markov chain {SF}en
e || - ||: Euclidean norm for vectors and the induced operator norm for matrices

e <: inequality up to a constant

o X, = (Sélasét_phzt) v X = (S£L7S£L+1azt—7':t)

e ¢, =S, |l <1, @ ecRISX: feature matrix whose i row is ¢(i) "

_\¢ t—1 _\¢ t—1 _ 1 1 T-1 pp\) _ T
o zi =3, AN, ziru=) ., AT, wH=limp o FEF ( o B ) =mr

e Ilg: projection operator onto Q := Sz , where Sg ¢ := span{6 : #0 = e}, II:= {(1] 1_? }
’ 0

—Cq 0
~zi zi(Ply — B))

—Cq 0 }
—Zt—r:it ztf‘r:t(qb;:Ll - ¢;r)

° At = A(Xt) = |: :| , A = ET(“At

L4 At—‘r:t = A(Xt—T:t) = |:

yn
ca Ry

° bt = b(Xt) = [szt

"
] , b= Eﬂ#bu b vy = b(thT:t) = [ CaRt }

o
Rf, Zt—r:t

~ W m
¢ O, = [gt} , OF= [L;*} € R x O is the unique element satisfying A®* = b.
t
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1
—_ 0 . )2
° Dt = [1+6ﬂﬁt 1 Id‘| s Dt = ’ytIdJrh Y¢ = min (1+Claﬁt7 (1(71)\);\2|‘ﬁf)

14+B¢||z¢]]?

. G(O,X,) = ((A(X)) — A) ©%, D,(0" — ©)) + (b(X,) — b, D,(0" — ©))
¢ £(0,X,) = (0" —0)7 (A(Xt)T — AT) D, (©* - ©)

o M = diag (wf, . ,wl’g‘) ., A=minjg_10c00 @ M {I—(1- )30 A" (P*)"+1} 50

m=0
B Theoretical results

Lemma B.1. The implicit update rule is

a2 2 Bt ~ T 7 Tp
0p1=0,+ ——— (R“— 6, — 0)
t4+1 t+1+ﬂt”th2 t — W+ P10 — P01 ) z¢
~ ~ Caﬂt ~

- _Calt (R
W41 wy + 1+ Caﬁt( t Wt)

Proof. We first revisit the recursion formula in (2) and (3):

at+1 = /ét + Be(RY — &y + d)tTJrl/o\t + )\legt - Z:§t+l)zt

Opp1 = @ + ca B (RY — @ig1)

Our goal is to derive the update rule for 6 and @, which can be done by combining §t+1, Wp11-

(1) Update Rule for 6: Let us first examine the update rule for the parameter 6. Combining the rightmost
term to the left, we have

I+ ﬁtztth) §t+1 =0,+ 8 (Rf — Wy + ¢,5T+1«/9\t + /\zll@t) Zs. (6)
From the Woodbury matrix identity (I + Btztz;r)fl =1I-— H—ﬂfwztz:’ we have
i1 =0+ B (Rf — Wy + ¢;—+1§t + Azlﬁt) zZt — %Zt - ﬁt%zt + ﬁt%%
T e S 2 7 1 1
1+ Byf|ze]? L+ Bellz?
=0t (1o P ) = e (1 )
eaold (1 T2 ) s a0l d (1 2 ) = -
Ot o (R =80 00002 0201 2
= at + Hﬁft”thQ (Rf — W + ¢15T+1§t - ¢1§T§t) Z¢

(2) Update Rule for &: Similarly, for the update rule for the @, we combine the term to the left hand side,
which yields

(14 cafe)@iq1 = B¢ + caBLRY.

Now, dividing with (1 + ¢, ;) we have
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~ 1 ~ Caﬂt “w ~ caﬂt ~
Dy = W + =W + ———— (R — &y).
S T e T Trca - O T 5
This completes the whole update rules. O

B.1 Proof of Main Theorems

In this section, we provide a proof of the finite-time error bounds of the projected average-reward TD()) algo-
rithm. To this end, recall that the implicit average-reward TD()\) update rule is given by

o~ o~ C(Y/Bt /’L_’\

Wiyl = we + 15c B Y cuf (R — @)

a a2 Bt ~ T 5 T

01 =0, + -t (R”— 9, — o) .
t+1 =0¢ + EA ARG Wi + Gpy100 — @y 01 ) 24

To gain numerical stability as well as to facilitate theoretical analysis, we impose additional projection steps to
both the primary iterate ; and the reward iterate &;. Recall that the projection operator with a radius R > 0

is given by
u if Jlul| <R
IIg(u) = ;
r(w) {lau otherwise.

Then the projected average-reward TD()\) update is as follows

~ ~ Caﬂt o~
=11 2 (RM—
wt+1 R, {wt 1 Caﬂt ( t wt)} 5

B

0,01 =Ty {6, + ————
t+1 Re{ t+ 1+5t||zt||2

(Rf — W + ¢15T+1at - ¢:§t) Zt} ;

where R, > 0 and Rg > 0 are large enough such that R, > ||w"|| and Ry > ||0*||. Following the analysis of the
average-reward TD()) in (Zhang et al., |2021b)), we consider the following auxiliary iterates

o~ o ~ Caﬁt no~
Wit = g, {wt + T+ B, (Ry wt)} ; (7)
§t+1 =1Ilp [HRg {at + H—ﬁﬂtﬁzﬂz (Rff — 0 + ¢tT+1§t - ¢:§t> ZtH ; (8)

to facilitate finite-time error analysis. Here, the space Q is the orthogonal complement of the space generated by
0. where ®0, = e. In short, when considering the primary iterate, any deviance in the direction of 8, will be
ignored under Ilg. Using the matrix notations we introduced, we can now succinctly write both and as

Oy =11 [HR@ {(:)t + B Dy (Atét + bt) }] )
~ ~1T ~ -~
where IIgg (©) := HRW(@),HRB(G)} for ® = [@,0)", Re = \/R2 + R3. Since ©* = II (I, ©*), we have

|~ &1 = 111170 ©7) - 11|11, {8, + 5D (4.8, + 1) ]|

~ ~ 2
< |Mre®" ~ g {©: + 4:D: (40, +b,) }|
< ||@* — [@t + B Dy (At(:)t + btﬂ H2
< e —@&,| —25 (D (4,6, + bt)}T (0"~ ©.)+5 | Di (A48, +b,) )

() (%)
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where the first inequality is due to non-expansiveness of the operator IT and the second inequality is due to
non-expansiveness of the projection operator IIg,. We first obtain an upper bound of the expression in (). To
this end, note that

(¥) = —28; {Dt (At(:)t _A,0* + A,©0* — AO* + AO* + bt) }T (@* — @t)
=230~ ©8,)TA/ D, (0"~ 8,) — 23 {(A, ~ 4)©" + (b, ~ b)} D,(©" - &)
= 23,(0* — ©,)TA D, (@* - ét) — 28, {(A; — A)©* + (b, — b)} | D,(©* — ©,)

+26,(0" - )T Al (D, — D)) (0"~ ©,) ~ 28, {(A: — A)©* + (b~ b)} (D, ~ D,)(©" - &)

where the second equality follows from A®* = b. We bound each term in the last expression separately. For
the first term, note that

(©"-8,)74/D, (0"~ 6,) = (© -8, (4] -AT)D, (6"~ 8,) +(©"-6,)"A"D, (6" - 8,)
< (08, (4] -a)p,(07-6.) - Trje - b,

where the first inequality is the direct consequence of Lemma 4.1, i.e.,

N N A N N
© —0,)7A" (@* - @t) <-3le -8, (e -8)ckxo,

as long as ¢, > A+ \/A2(11_/\)4 — (1_1/\)2. Therefore, we obtain the following bound for the first term

26,0~ ©,)T A Dy (0"~ ©,) < 26:(81, X,) — Al |0 - & (10)

which holds almost surely. For the second term, notice that

—26, {(A; — A) ©* + (b, — b)} | D(©* — ©,) = —25,(:(©1, X). (11)
For the last two terms, applying Cauchy-Schwarz inequality with |[D; — D,| < (tf_c‘j\;f L (see Lemma ) gives
us
~ ~ 8RZ Amax (1 + co ) B?
* T AT * ©“max )Mt
260"~ )T Al (D - D) (07 - 8,) < ==, (12)
N Amax bmax 1 « 2
20 {(Ar — )8" + (b, - b)) (D~ Dy)(©" - &) < elBmnle T LI gy
where Apax = 4/c2 + ﬁ and bpax := 4 /2 + ﬁ7 which respectively serves as a uniform bound on || A¢||
and [|b;|. Combining (10)), (1)), and (L3), we get
(x) < —BmA[ O — 64 + 28,681, X1) — 28:6(O1, X 1) + G187, (14)
where G1 = {8Re (2AmaxRe + bmax)(1 + co)}/(1 — )2
Next, we obtain an upper bound of the expression in (xx). Thanks to the fact | Dy| < 1, we get
(%) < BFI|AeO¢ + be|* < 267 (A7, Re + Vo) =2 Gab. (15)

Combining and , we have

1©* — O 11> < (1 - BiA)||O* — B4 + 26:£(©y, X1) — 28:6:(Oy, X ) + G2,
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with G = G1 + G,. Taking expectations of both sides, we have

EF|@* — O, 1] < (1 — By A)EH||©* — Oy + 28E (O, X1) — 28 ¢ (O, X,) + G2
< (1= B A)EF|©* — O, + 28, [ 6,(©y, X1)| + 28, |[EX¢ (O, X )| + GB?

t
{H 1 - Bimd }||®*—(?)0|2
=0
t t
*22{ H 1/8k7kA)}6i{’]E“&(@i,Xi) + }
k=1+1

+GZ{ 11 1ﬁmA)}ﬁZ (16)

k=i+1

B85, X)

where we have used the identity 1 — ;1A € (0,1) for all ¢ € N, which is true by the assumption ¢, >
1 1
A+ \/AZ(I—)\)4 EREESVER
Theorem B.2. Suppose the Markov chain {S}'}ien is uniformly geometrically ergodic with a rate parameter
€ (0,1) and the step-size ratio parameter is chosen to satisfy co > A+ \/Az(ll_/\)4 — (1_1/\)2. With A € 0,1)

and constant step-size By = B, the iterates of the projected average-reward implicit TD(\) algorithm satisfy the
following finite-time error bound

E*||©@* — @t+1H2 < (1= ByA) T e — (:30||2 + O (B1s + h™ + Btrgh'), t>0
— mi 1 a-»? _
where v = min § 17—, g5 ¢ ond h = max {1 — ByA, p, A\}.
Proof. Starting from , we have
EF[[©% — ©,1]* < (1 - ByA) T [[©% — 60|

+2BZ 1— ByA) {‘E“gl 0,, X))

t

+GBY (1—ByA)

+ BG83, X )

j

1=0
< (1= ByA)H©* — 6
273 273
B> (1= ByA)' ™+ Brg Y (1 - ByA) g’
1=0 . 1=0 )
+BBTs+a) Y, (1=ByA) BT Y (1-ByA) T
i=275+1 i=275+1

t

+B2) (1 ByA)

=0

- 5 +q7"
S (1= ByA) T @ - 6ol + Bﬁ+f)’ MTQJrﬂmthwvﬁA

where in the second inequality, we used Lemma and Lemma with ¢ = max{p, A}. In the last inequality,
we used h = max {1 — SvA, p, A}. Summarizing the terms, we get

E@* — ©41[% < (1— yA)H|©* — | + O (875 + h™ + Brath?) .
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Theorem B.3. Suppose the Markov chain {S}'}ien is uniformly geometrically ergodic with a rate parameter
p € (0,1) and the step-size ratio parameter is chosen to satisfy co, > A+ \/A2(117)\)4 _ (1JA)2. With X € 0,1)

and decreasing step-sizes Py = (tfiol)s, s € (0,1), the iterates of the projected average-reward implicit TD(\)

algorithm satisfy the following finite-time error bound, fort > 0,

~ A ~
EY[|©% = ©1]|* S exp [—17_060{(1 ) - 1}} |©* = B0|* + O {rg,texp (—ct'™*) + 75t +¢7 },

2
for some constant ¢ > 0, ~y = min { 1+61060, (1(71;)2‘1% } and ¢ = max{p, A}.

Proof. Starting from with the identity 1 — 8;7;A < exp(—8;v:A) for all ¢ € N, we have

t
EX|©* — O < exp (AZM) |©* - 8
1=0

¢ ¢
—|—22exp (—A Z ﬂk%) Bi
i=0

k=i+1

t t
+G exp (—A > Bwk> 5
=0

k=i+1

t
< exp <—A70 Z&) 1©* — Ol

=0

t t
+2) exp (-A’Yo > ﬁ/c) Bi
i=0

k=i+1

t t
+GD exp (-A% > 5k> 57
i=0

k=i+1

E”fi((:)i»Xi) + ]E”Cz'(@i,Xi)

E”fi((:)m X,) +Er¢ (O, X;)

where the second inequality follows from the fact that ; is increasing. The final expression can be re-expressed
as

t 1 R
{203 2 e - e am
t t
+2) exp {_Moﬂo 2. ﬁ } B [E€(©4, X1) + B (O, X ) (18)
=0 k=i+1
t t 1
+G exp{—A’y A s}ﬁf. (19)
2P 2

The first term in admits the following bound

t

1 ~ A ~
exp {—A%ﬁoz W} 1©* — O] < exp {—17_0’20{(1 +1)17° =1} | @ = ©]*. (20)
i=0
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For the second term in , we first note that

t t 1
X —-A Y i
2;6 p{ Y00 Z (k+1)s}5

k=i+1

EFE (04, X;) + EFG (04, X )

273,

s ZO P {A%BO > (k+11)5} Bi (78,80 +1iq')

k=i+1

t t
1 .
+ Z exp {A’Yoﬂo Z M} Bi (Tﬁtﬁi—zfﬂt + 7’ﬁf,qZ + qTﬁt)

’i:QT[-jt+l k=i+1

27, t
1
< 78 5o Z €xXp {_A’YOBO Z (k—|—1)3} Bi (21)

=0 k=i+1

+ 73, Z exp {A’Yoﬂo Z (k_’_ll)s} Biq' (22)
=0

k=i+1

t t
+ 73, Z exp{A’)’oﬂo Z (ki_il)s}ﬂiﬁi—%—ﬁt (23)

i:legtJrl k=i+1
t

gy exp{—A%ﬁo > (1434—11}9}& (24)

i=275,+1 k=i+1

where we used Lemma and Lemma in the first inequality. We first establish an upper bound on
using Lemma,

27’5t t
1 73, Boe 21050 AroBo 1—s 1—s
_ = L IheFOE _ = 10F0 _
AT

S |- T8 {1401 - (1420

Next, we obtain an upper bound on . To this end, consider

! t Lt/2] ¢
1 i 1 i
8, ;exp {—A%ﬁo Z (]H_l)s} Biq* = 75, ; exp {—A%ﬁo Z CESIE } Biq (25)

k=i+1 k=i+1
t t 1 ‘
+ 73, ' Z exp {—A’Yoﬁo Z 7(]{ 1) } Biq". (26)
i=[t/2]+1 k=i+1
The term in admits the following bound
[t/2] t 1
< 78,50 Z exp § —Av006o Z CEDE
i=0 k=[t/2]+1
Since .
1 ‘ s — (t/2+ 1)
> gz, e T —a ),
itz EH D) [t/2)+1 1=s
we have

(25) < 7, texp (—ctl_s) ,
for some constant ¢ > 0. For the term in , we have

t

t
i Bo i 7B
E) <7 > Bd'<m D gand S
i=[t/2]+1 i=[t/2]+1
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And hence, we get the bound for , given by

¢ t
! @ 1—s T3,
TB: Zexp {A’Yoﬂo Z W} Biq" S T, texp (—ct' %) + T
=0 k=i+1
Next, we obtain an upper bound on . From Lemma

t t

S exp{moﬂo 3 (,le)s}@iﬁi_zm <75, (eXp [m«tﬂysu] +5t_2%).

i=275,+1 k=i+1

The only remaining term is the one in , whose bound is given by

t t
1
g Z exp {—A%ﬁo Z W} Bi Sq7°,

i=275,+1 k=i+1

where we have used . Combining altogether to obtain a bound of , we get

A70ﬁ0 1-s _ T 1-s
T {0 - (1 2m) Y
T84

+ 73,t exp (—ctl_s) + o
A'YOBO 1— -

I (e’“’ [‘M {007 =1} + Broany, | +a™

S T8, texp (—ctl_s) +78,t7° + ¢, (27)

" S T8, €XP |:_

for some constant ¢ > 0.

Lastly, from Lemma, the last term in is upper bounded by

t t 1 Ay t 1
GZexp{A’Yoﬂo > M} fﬁexp{ 206ok20<k+1)8}+5t

1=0 k=i+1

A
Sew [-T00 {0+ 1)+ (28)
Combining , and , we have
N A N
B10" - GunalP Sexp | -T2 (1401 - 1)] 07 - G

+ 7, texp (—ct' %) + 15t 75 4+ ¢

+ exp [_Alzoio{u Lyl 1}} + B,
which can be further succinctly written as
B10" - Graal < exp |- TR (14 0170 = 1)] 07 - Bl + O {rtenp (~et! ) it 7}
for some constant ¢ > 0. O

C Supporting lemmas

Our goal is to establish a finite-time error bound on [|@* — ©,]|. To this end, we state the preliminary lemmas
and provide their proofs. The first lemma establishes a norm bound on the eligibility trace.
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Lemma C.1. Given an exponential weighting parameter A € [0,1), ||z;|| < X5 for all t € N.

Proof. From the definition of the eligibility trace, z; = Y.'_, A" “¢p;, we observe [z;| = HZE,O A=l
E P < 1= The first inequality comes from the triangle inequality, given ||¢;|| < 1. The latter is true by
the sum of a geometrlc series. O

Next lemma provides explicit bounds on the error incurred by replacing the true, steady-state eligibility trace
with its 7-step truncated version.

Lemma C.2. Given an initial state sy € S, suppose {St'}ien is uniformly geometrically ergodic with a rate

parameter p € (0,1). For allt € N, let 7 € {0,--- ,t}, then

1. HEWH (Zt) — E* (zt—T:t)H S th + AT
2. HE”M <2t¢:) — E# (zt—‘r:tqs;r) H /S th + AT

3. HE”M (Zt(ﬁ;:_l) — E# (zt—T:td);—l) H Sx th + AT

where ¢ := max{\, p}.

Proof. We leverage the steady-state expression of the eligibility trace z; = Zfzfoo A~l¢, whenever the
expectation is with respect to the stationary distribution induced by the policy pu.

Proof of the first statement:

t
E™ (z¢) =B (24—72t) =E™ ( Z A l¢z> — E* ( Z )\t_l¢1>
l=t—7

l=—o00
t

t
= > NTET () - D NTEM (¢n)
l=t—7

l=—o00
t t—7—1
= > N HE (0) - EF (o)} + 2 NET @)
l=t—r
t t—1—1
= A Thp(s) — p"(S]' = s[Sh = s0) ATIE™ ()
2N { = slS6 3
I=t—r seS l=—o0

Note that sup,cg [ — p*(S)' = 8|S = s0)| < p! for some p € (0, 1) follows from the geometric ergodicity of the
Markov chain {S}'};en. From the finiteness of S and normalized features, we have

t t—7r—1
HE7rH (z¢) —E* (zt_T;t)H S YA Z At
t—7—1
Z q + Z M= where ¢ = max{\, p} € (0,1)
I=t—T1 l=—o0

<Tqt + N
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Proof of the second statement:

E™ (ztgb;r) _Er (zt_m@) =E™ ( Zt: At—lqblgzﬂ) —E* ( zt: At‘l¢l¢3>

l=—00 l=t—1

3 e (o100 ) - S At (e107)
l=—o0 I=t—7

t t—7—1

S N B (0067 ) B (9107} + 30 NE (910
)

l=t—7

t
> o |3 ot (o715 -
l=t—T1 sES

t—1—1

+ 30 NTE (419
l=—00

By the same logic as in the first statement, we have

l=—00

PH(SI = IS} = so)(s)E" (@] S} = 5) }]

t t—7—1
HEn—u <2t¢;r) —_E* (thmdltT) H S Z )\tflpl + Z At 5 th + AT,
l=t—T1 l=—0o0
where ¢ = max{\, p} € (0,1).

Proof of the third statement:
t

¢
E™ (Zt¢tT+1) —E* (zt77:t¢;r+1) =E™ ( Z )\t_l¢z¢tT+1> - E* ( Z )\t_ld’zfls;ﬂ)

I=—00 I=t—71

55 e ) 322 )

[—— I=t—r
= Zt: A {Eﬂ” (¢l¢:+1) —E# <¢z¢:+1)} + t_fl AR (¢z¢tT+1)
I=t—7 l=—o00
B Z . [Z {meo(B" (@18 =) = p (5] = IS} = 50) S(s)E* (/1]S} = 5) }]
I=t—r s€S
+ t_fl AR (¢1¢L1) ;
=0

where in the last equality, we use the law of iterated expectations. Following the proof of the first statement, we

have
t—7—1

t
HEW“ (zt(f)j+1) — [E~ (th‘r:tq&;rJrl)H f, Z )\t_lpl 4 Z )\t—l g th + )\7—’

l=t—T1 l=—o0

where ¢ = max{)\, p} € (0,1). O
Subsequent lemma provides explicit bounds on the error incurred by replacing the steady-state reward expectation
with its non steady-state version.

Lemma C.3. Given an initial state so € S, suppose {St'}ien is uniformly geometrically ergodic with a rate
parameter p € (0,1). For T € {0,--- ,t},

1. [E™(RY) — E*(RY)| < o'
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2. |E™ (R z0) — BX(RY zi—ra) | S 7¢" + A7
where ¢ := max{\, p}.
Proof. For the first statement, notice that

E™ (RY) —B*(RY) = > ris, p(s)} {mt — p* (St = s[S§ = s0)} = [E™ (RY) — E*(RY)| S p¥,
seS

where the last inequality follows from the uniform geometric ergodicity of the Markov chain {S}'};en. For the
second statement, we again leverage the steady-state expression of the eligibility trace z; = Zf:_oo A=l
whenever the expectation is with respect to the steady-state distribution induced by the policy p.

t t
E™ (Rfz) — B*(Rl'z;_rq) = E™ (Ré‘ > Ww) - (Rf > AH@)
l=—00 lI=t—7

t

t
= Z NTIE™ (Rl ¢y) — Z AR (R )

l=—00 lI=t—7
t t—7—1
= > NHET (REg) — B (REe) f+ D NTIET (RIg)
l=t—1 l=—00
t
= > A lZ{w;‘ PRSI = 5|S! = s0) V() EH(REISE = 3)]
l=t—T1 seS
t—7—1
Y A (R,
l=—00

Taking the norm on both sides with the uniform geometric ergodicity of the Markov chain {S!};cn, we have

t t—7—1
HE‘K“ (szt) - ]EH(Réth—T:t)H 5 Z )\t_lpl + Z )\t_l
l=t—T1 l=—00
STq AT,
where the last inequality follows from ¢ = max{\, p}. O

Lemma below establishes uniform bounds on the norm of A; and b;, which will appear in the finite-time error
bounds.

Lemma C.4. For allt € N, ||A¢]| < Amax and ||be]| < bmax for some constants Amax, bmax € Rso

Proof.
5
A < Az < A+ lzd® + [zl b — D17 <+ RS Ao
1
bl <2+ ——5 = b2
|| t” S e+ (1 — )\)2 max >
where in the equality for ||b;||?, we used the fact |R}| <1 for all t € N. O

Lemma C.5. For allt € N, |D; — Dy < (Hfi;’ff

Proof. By the definition of the operator norm, we know

1

el —
HNFENAPAR

-Vt

)

D~ Dy < max {|

b

1+ cofs
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Note that
1 1 (1 - {1 —(1=X)2ca}Be| _ (14ca)Bs
— | < - 2 < 2 -
1+ caft 1+caffy (11— + Bt -A) (1-=X)
Since
1 1 Cca Bt — z||? 1
JE T T . .Y Y S
1+ Bl 24| 1+caﬁt (L4 Bellze]*)(1 + caBt) (1-X)
’ 1 = ‘{1 — (1= 2)?|l=? }ﬁt Bt
T+ Bellze]]2 (1 —=X) +/Bt —A)? B (1_>\)2
we have ) a 3
+ Co t
- - < =
‘1 A R B CRpVE
which yields the desired bound. O

The following lemma establishes a uniform bound on the norm of the function (.
Lemma C.6. Forallte N, ® € {E: ||E|| < Re}, [|:(©, X)|| < C¢ for some constant C; > 0.

Proof. Note that || D] <1, [|A¢]] < Amax and ||b¢|| < bmax,

1€:(©, X )|l < | A¢ — A |[©*|| || De|| [©* — O] + [[b: — b]| || D ]| [©* — O]
<2[|A; - A| Rg +2|/b; - b|| Re
< 4AmaxR%-) + 4bmaxR® = CC

O

Two lemmas below respectively establish Lipschitzness of the function ¢ with respect to ® component and the
deviance bound with respect to X component.

Lemma C.7. Forallt €N, ©1,02 € {E: ||E| < Re},
G(©1, Xt) — G(O2, X¢)| < L¢[|©1 — Oz,

for some constant L > 0.

Proof.

Ce(O@1, X¢) — (4(O2, X¢)| = ((Ay — A) ©*, Dy(02 — ©1)) + (by — b, D;(02 — ©1))
S ||At - AH [©*[[| De[[[[©2 — 1] + [|br — b]| | D¢[[[|©2 — O1]|
< [[A: — A[| Ro[|®2 — O1] + [|br — b]| [[©2 — O4]|
(2AmaxRe + 2bmax)[|@2 — O4]|

=: L¢||©2 — O4]|

IN

where in the first inequality, we used the Cauchy-Schwarz inequality. The second and third inequalities follow
from ”&H <1, As]] € Apax and [|by]| < biax. O

Lemma C.8. Forallte N, ® € {E: ||E|| < Re}, let T € {0,--- ,t}, then we have
Ce(©, X¢) — (O, Xy ri)| S AT
Proof. Note that

|<t(®7 Xt) - Ct(@7Xt7T:t)| = <(At - Atfr:t) 9*7&(8* - ®)> + <bt - btf'r:h&(@* - ®)>
<2||Ar — Ar_ro|| R +2]|by — by_rt|| Re. (29)
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where we used ||@*|| < Re, ||®| < Re, || D:|| < 1. To obtain a bound on ||A; — A;_;.|| and ||by — by .||, note
that

t—71
20 = 2e—ra] < D ONTESAT/(1 = N).
1=0
Now consider
A=Ay = { 0 0 }
T i ze) (2 2 (B0 - 00),

whose operator norm satisfies the following bound
2
lA = Arall® < 1A = Arralld < Nz = 2l + 2 = 2ol | 000 — 07 || <5X7/1= 12 (30)
Similarly, consider

0
bt - btf‘r:t - [Rf(zt _ zt—‘r:t):| )

for which the Euclidean norm is bounded as follows
16t = b—rit|| < |l2t — Ze—ratl| < AT/(1 = A). (31)
Plugging and into , we have
(O, X¢) — G (O, Xy—ri)| S A7
O

As we did for the function (;, we next establish boundedness, Lipschitzness of the function & with respect to ©
as well as the deviance bound with respect to X component.

Lemma C.9. Forallt e N, ® € {E: ||E|| < Re}, [£&(0©, X )| < C¢ for some constant C¢ > 0.
Proof.
6(0.X)| = |0 - ©)(4, - 4) D0 - )
<|e*-o||A - Al D] e*-e|
< 8RE Amax =: Cs

where in the first inequality, we used Cauchy-Schwarz inequality and in the second inequality, we used || D.|| < 1,
A < Amax and || Al < Apax- O

Two lemmas below respectively establish Lipschitzness of the function & with respect to ® component and the
deviance bound with respect to X component.

Lemma C.10. For dllt € N, ©1,05 € {E: ||E| < Ro},
(@1, X ) — (O2, Xy)| < L[| ©1 — Oz,
for some constant Lg > 0.

Proof.

16:(©1, Xt) — &i(O2, X )]

(0" —©1)" (4~ 4)T Dy(©" 1) ~ (0"~ ©2)" (4~ A)” Dy(©" — ©2),

IN

(0"~ ©1)" (A4~ 4) D,(0" - ©1) - (0"~ )" (4, ~ A)' D,(0" - ©y)|

+](©" ~©2)7 (4~ 4)T D;(0" ~ 1) - (0"~ ©2)" (4, — 4)' D,(0" - ©2),

— (@2~ ©1)" (4 - 4)T D(O" - ©1)| + |(©" - ©3)7 (4, - 4)T Dy(O: - ©1)
< |©2 — ©4]||A; — A [ Dy [©* — O] + [©" — ©2] | A, — A | Dy |©2 — 4]
S 4R®Amax ||®2 - 91”

=: L¢ |©1 — O2|
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where in the first inequality, we used the triangle inequality. The rest of the inequalities follow from Cauchy-
Schwarz inequality, || D:|| <1, [[A¢|| < Amax and [|A]| < Apax. O

Lemma C.11. Forallt e N, ®@ € {E: |E|| < Re}, let T € {0,--- ,t}, then we have

£(©, X1) — &(©, Xy rit)| S AT
Proof. Note that

6(0, X ) — (0, X _r4)| = |(©* —©)T(A; — A) ' Dy(0* — ©) — (0" —©) (A — A) ' Dy(O* — O)|
=[(©*-0)" (A, — Ai_ry) ' D,(0* - ©)]
|©@* — O] |Ar — Ai—rt|| | De] ||©O* — O]

where the first inequality follows from the Cauchy-Schwarz. The last inequality follows from with the fact
D]l < 1.

The next two lemmas will serve as key ingredients in establishing bounds on the non-steady state expectations
of ¢; and &; terms.

Lemma C.12. For allt € N, let 7 € {0, -+ ,t}, then we have
B (Ay—rit) — All S 7¢" + A7

where q := max{\, p}.

Proof. Note that

B (Arre) A= {—Eu(zfrzt) E“{ztwﬁl - ¢>I>}] - [—E"Szzﬂ E"“{Zt@t%l -~ )}]

0 0
- [E"“ (20) = BH(21—ru) B{ze(pi1 — &) )} —E™ {zu(b),q — ¢>Z>}] '

Therefore,

|IE*(At—rt) — A
< B (As—r) — Al

< [ (2 ~ B )|+ ||B (200 — 000}~ B {20~ 0D

E HEWM (zt) - ]EH(Zt*‘r:t)

2 u 2 . 2
+2||B* (21000) —E™ (i) | +2 [E™ (2i8]) — B (209] )|

S (rg' +\7)%,
where the last line follows from Lemma O
Lemma C.13. For allt € N, let 7 € {0, -+ ,t}, then we have
[E* (be—r:e) — bl < 7q" + A7,
where ¢ = max{\, p}.
Proof. Note that

CQEM(RQL) - CaEﬂ-# (Réb)

u _ b=
]E (bt—T:t) b ]E'U'(szt_ﬂt) _ ]Eﬂ.u (Rth)
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Therefore,
B (bi—re) — bl* < & [E#(Re) ~ B (BY)] + [E#(Rezera) — B (BE20)|
<o+ (rg' + 7))
< (r¢' + /\T)2
where the second inequality follows from Lemma O

We now establish bounds on the expectation of (;.

Lemma C.14. Suppose (8;)ien is a non-increasing sequence and g = max{\, p}. Givent € N, suppose i > 27,
then,

[B¢i(8:, X)

S/ TB: ﬁi72‘rﬁt + 78, qi + qTBt .
Otherwise,

‘E“Ci(@m X;)| < 78,80 + iq".

Proof. We begin by considering the case ¢ > 275,. From the triangle inequality, we have

6 (01 X0)| < B0 X) ~ E*G(Binar,, X)) (32)
+ ‘E“Ci(@i—zTﬁﬂXi) - E#G(@i—27gt7Xi—~rgt:i) (33)
+ ‘E#Ci(éi—2rgtvxi—7'5t i) (34)
To obtain an upper bound of , note that
[BCi(®3, X 1) — B“Gi(8yr,, . X)
< ‘]E#Ci(éiaxi) —EfG(©i—1, X)) |+ + ’E#Ci(@i—ZTBt—&-laXi) - E“Ci(@i—QTgtv-Xi)
i—1
<L > |68 (35)
1=i—27g,
where we used Lemma in the second inequality. For (:)l+1 — @l H, we observe the following inequality
0061 - 111 81+ 421 (48, -1 .00
< HHR@ {@l + 8D (Az@z + bz)} - HR@@lH
< H@l + 51&{141(:)1 + bz} - (:)lH
< B HAI(:)I + blH
< Bi(AmaxRe + bmax). (36)

The first and second inequalities follow from the non-expansiveness of the projection operators, while the third
inequality follows from the bound || D;|| < 1. Plugging back to (35), we have

<Y 5 (37)

l=i—27g,

E“G(©;, X;) — E'¢(©;_ar, , X)
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Next, by applying Lemma together with Jensen’s inequality, we immediately observe the upper bound of
the term in , namely,

‘]E”Ci((:)i—%gt,xi) _E#Ci(@i—}rgtaXz i) | S AP (38)
We now obtain an upper bound of the term in . To this end, let us set
fi(®i7275t,Yi7'rgt i) = Ci(®i72'rgtaXi77‘5t:i)v

where Y, .i = (S’“ , S e St Xi). We further define ®’; 5., and Y’; -, .; as random variables

i—Tg, 7.—7'5t+1’

drawn independently from the marginal distributions of éi_g-,—ﬁt and Yir,i respectively. Since

©, 2, — 5! =St St X = (S8 )

11— 27’5 1—TBy

forms a Markov chain, an application of Lemma 9 in (Bhandari et al., 2018) results in

E“fi((:)i—zrgt,Yi—rﬁt:z‘)

5 |Efi(®,’i—27'5t 3 Y,i—Tgt :i)| + pmt s
for all i > 275,. Since ®’;_2,, and Y’; ., .; are independent to each other, we get

Efi(® -2, Y iory i) = O E* (Aip, i — A) D,EF (0% — @ _s,,)
+EF (byry,i — b) DEF (O — O, 5., ).
From the Cauchy-Schwarz inequality coupled with the Jensen’s inequality, we get
[Efi(®i-2r,,, Y iory, )| < 2[[E* (A A)|| R +2||E* (b b)|| Re < 75,q" + A

i—Tg, i—Tg,

where the second inequality is due to Lemma and Lemma Therefore, we get
‘E“fi(@i—zfﬁt Yiors i)

with ¢ = max{\, p}. Combining , and , we get

ST d + NP+ pT S Ta.0" T (39)

i—1
‘E”Ci(@n Xi)‘ S Y BitTsd + a0 S78,Biars, + 78,4+ 7

l=i—27g,
Next we consider the case i < 27,. From the triangle inequality, we have
‘E”Q(ei, X;)

From Lemma combined with , we have

< ‘E”Ci((:)i,Xi) — E"Gi(©g, X

+ ‘E“Q(@O,Xi) .

[BG(1, X.) — B*Gi(0, X)

1—1
< B S 78,80 (40)
=0

For the second term, since @0 is deterministic,
E*Gi(O0, X;) = (B (4; — A) O, Dy(©" — 8y) ) + (B* (b~ b)), Di(©" ~ 8y)),

and therefore

¢80, X1)| < 21/B" (A — A)|| R + 2| (b - b)|| Re S id' + \' S id’ (41)

where the second inequality follows from Lemma and the last inequality is by the definition ¢ := max{\, p} €

(0,1). Combining and , we get

‘E“Q(C:)i, X,)| < 78,80 +ig'.
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Lemma C.15. Suppose (B;)ien is a non-increasing sequence and g = max{\, p}. Givent € N, suppose i > 27,
then,

’Eufi(@ia X;)

S T8, Bi—zTBt + 73, qi + q‘rﬁt .
Otherwise,

‘E“fi(@i, X;)

< 76,80 + iq".

Proof. We begin by considering the case ¢ > 273,. Again by the triangle inequality, we have

E“(©;, X,)| < [E'6(0;, X)) — B'6(0;_ar, , X)) (42)

+ ‘Eugi(éi727‘/3taXi) - Eugi(©i7275t7XifT/3t:i) (43)

+ ‘Eﬂgi(éi—QTgt7Xi—Tﬁt i) (44)

To obtain an upper bound of , note that
B &:(©;, X ;) — Eugi(@i72‘rﬁt7Xi) < ‘Eugi(@hXi) —EFG(©-1, X))+
+ ‘Eﬂgi(@i—275t+1; X;) - E”&(@i—th,Xﬁ)
i1
S ®
I=i—275,

where the second inequality is due to Lemma Recall from that
H@lJrl - élH S Bl(AmaxRe + bmax)-

Plugging back to , we have

<Y 5 (46)

l=i—27g,

‘E“fz‘(@mxi) - Eugi(éi72rgtaXi)

Next, by applying Lemma together with Jensen’s inequality, we immediately obtain the upper bound of
the term in , namely,

‘]Eufi((:)iﬁrﬁt , X)) — Eugi(é\)i72njt s Xizrg,:i)

< AThe, (47)
We now obtain an upper bound of the term in . To this end, let us set
gi(®i—2‘rgt ) Yi—‘rgtzi) = gi(Gi—Qﬂgt ) Xi—‘rgt:i)a

where Y, .; = (Sﬁt_mt ) Sf_mﬁl, St Xz) We further define @Ii_g-,—ﬁt and Y’i_Tﬁt:i as random variables

drawn independently from the marginal distributions of @Z—,gmt and YZ-,Tﬁt:i respectively. Since

®’L'72T[-]t — S“

Z_QTﬁt Z—Tgt

-8t St X, = (S

77

SzH-H» z;)

forms a Markov chain, an application of Lemma 9 in (Bhandari et al., 2018 results in

~

Eugi((')ifZ‘rgtaYifTBt:i) S |Egi(®,i72~r5t ) Y/ifTBt:i)| +p,
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for all i > 2r5,. Since ©'; 5, and Y’; ., .; are independent to cach other, we get
Egi(©s 27y, Y's sy ) = E [(@* — 0 5,,) (Asry . —A)| D, (0% - @',»_2%)]
— E |Trace { (A'ir,,:i — A) ' Di (0"~ @isr,,) (0"~ ©'50r,) ' }]
— Trace [E{(A'i +,.i — A) ' Di (0"~ @i s, ) (0" - ©'5.2,,) " }]
= Trace [B* { (4s_r, . — A) "} DiE*{ (0"~ 0/ 5,) (0"~ @i 5., )}

where the last equality comes from the independence between ©’ i—275, and Y’ i—rg,:i- By the Von-Neumann’s
trace inequality (see Theorem 7.4.1.1 of (Horn and Johnson [2012)) with a nuclear norm notation || - ||, we have

{Egi(Q,i*QTﬁt ’ Y,i*‘fﬁtii)| < HEM (A/i*‘fﬁt:i) - AH H&EM {(9* - 9,2'*27/&) (@* - @,i*Q”'ﬁt)T}

*

IN

B (A%, ) = AP B { (0" - @' 20, ) (0%~ ©'i2r,) T}

*

where the second inequality is due to an identity |AB||. < ||A||||B]|«. Furthermore, notice that
[ {(07 — &'an) (07 - 0 )T} <B4 {[(07 - O'icars) (€7 - ©'car) 7|}
—Er {0 - o, [’}
< 4R%
where the first inequality is due to Jensen’s inequality. Therefore, we arrive at
B/ a0y ¥y )] S [B (s ) — A S 7l + A7

where the last inequality follows from Lemma This then gives us

~

’E“gi(@i—%gt Yy, )

for ¢ = max{\, p}. Combining , and , we get

ST8,q + AP+ pP S 1"+ (48)

i—1

‘E“&'(@n Xi)‘ S Y BitTad + a0 $78,Biars, + 78,4+ 7
l=i—27g,

Next we consider the case i < 27,. From the triangle inequality, we have

‘Eﬂgi(éi; X;)

< ‘E”&(éi,xi) — E"&(©0, X,)

+ ‘E“fi(@o,Xi) .

From Lemma combined with (36]), we have

‘]E“&((:)i,Xi) — EF(©0, X ;)

i—1
<Y B S 7s.Bo- (49)
1=0

For the second term, since @0 is deterministic,
E"€(©0, X ;) = (©* — ©g) 'EF (A; — A)T&(@* — )

and therefore

[B¢(0, X,)| < 4R |EA: - A|| Sig + N S i (50)

where the second inequality follows from Lemma and in the last inequality we used the definition ¢ :=
max{A, p} € (0,1). Combining and (50), we get

‘E“Ci((:)i, X )| < 78,80 + g
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Lemma C.16. Fort e N, let 8y = (tfi‘i)s and s € (0,1). With v > 0,

¥Bo

(6*“/ Shmid1 Bk) 512 <2 (Kb67% k=0 P + 5t> 6,; )

t
i=0

7 o .
where Ky = Bye? 210 Pk for some iy € N.

Proof. Let T, = Zf;é B; and use the convention Z};:H_l Br = 0 and ZZ:H_l B% = 0. Notice that

t 3 Shoia B B, 38 t —3 Xk Br) B,
Z(e )@S <supe ){Zo(e )5:}

i>0

i=0 i
t
= (Sup egﬁi) Z (e_%(Tt+1_Ti)) Bi
20 i=0
+
< (supegﬂi)/ e~ 2(Ter1=9) gg
i>0 0
2 277"
< (supegﬁ'i) i ) (51)
i>0 Y Y

where we have used the definition of the left-Riemann sum in the first inequality. The last inequality is due to
the fact that {3;} is a non-increasing sequence. Now consider

Zt: (7 Fhmra ) B2 < sup (e~ Zieen ) {Zt: O ﬂ’}

i=0 0<is<t i=0
2@#
< sup (BZE*% Sheitt ﬂk) = 7 (52)

2

where the last inequality follows from . Note that 6167% Cimir1 Br g eventually increasing, i.e., after some

time ig € N, for all ¢ > iy, we have
- t
sup { Biexp | —5 Bi| ¢ <8
dosist { ,L ( 2 Z ) } "

k=i+1

. t
where we used the convention ), _, | B = 0. Therefore, we have

Bo
2¢ 7z
(52) < { sup (ﬂie_% Sh=it 5&) +Bt} €
0<i<io v
; 2¢72"
< {e—z Sh=ofr sup (@.e% Ez=05k> +ﬂt} e
0<i<ig v
92¢73
< (Kbeig Z?c:r) Bk +ﬁt> € ,
Y
where K, = Boe? Yo Bk _

Lemma C.17. Fort e N, let 5; = % and s € (0,1). With~y >0 and 7 € {0,--- ,t},

- [ B _2Po 1—s_ 1—s
1. Ez—:()e ¥ Xk=it1 5kﬁi < e"’TOe 172{(1"!‘0 (14+7) }

t _ t ) —780_f(p41)t-s_1 26780/2
2. Ylicars, 11 (e WZ"—"“B"BFQT/H@) < [62(1*5){( ) }Dﬁﬂ(zfﬁtﬂm‘ﬁ) +5t—2mt} —
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where Dg = exp{(v/2) Z;f:o Br}Po for some ig € N.

Proof. Let T} = Zf;é ; and use the convention Z;:t-&-l Br = 0. For the first statement,

T T T
= hmiv1 Br 3. B Y3 h—iBrg. — ,Bo v (Te41-Ti) 3.
1= 1= =

vBo
€ e~V (Ter1=Tr41)

Try1
< ¢¥Po / e~ Y(Tit1-5) 1o <
0

VB VB
= B T, /() < E

v Y

67%{(1+t)1757(1+,r)1—s}.

For the second statement, first notice that

t t t
Y X h—is1 Br 3. Bi Y3 h_i Bk R — YBo —v(Ti41-T3) 3.
2 Eee RS () ), emEetp=ah ) pi
i=275, i=27g, =273,
Tiq1 ~Bo vBo
S efyﬁo / ef’y(Tt_Fl*S)dS — € {1 _ 677(T1+17T27[3t+1) } S e ) (53)
Torg, +1 v v
Then, we have
. t
t t t
Z e Xh=in1 P8, oo B < max {e(_w?)zk:i“ Bkﬂi—Q‘rﬁt} Z el S B
i=275, +1 i€ 27, +11] i=27g,+1
92¢7B0/2

S max {e(_7/2) Z}Q:i«}»l Bk 674‘*27'/% }

(54)
i€[275,+1,t]

where the second inequality follows from . To bound the first term in , note that the sequence

{e(—'v/2) Shmit1 Br 5%27@ } o is eventually increasing. In other words, there exists ig € N such that,
3

max {e(—’Y/Q) Thmin 6kﬁi72rﬁt} N ﬁt72-rﬁt if 275, +1>1ig.
i€[275,+1,t]

If 273, + 1 < ig, then

max ] {e(_7/2) Zz=i+1 B Bi*?Tﬂt }

i€[2mg,+1,t
<  max {e(_"*/Q) 222”16"'52‘7273 }—i— max {e(_7/2) Ef@:iﬂﬁkﬁi—zm }
i€[275+1,ig] t i€lig+1,t] t

< e(—7/2) X Br max e(1/2) Zio ﬁkﬂi_gm } + Bt—QTBt
i€[275, +1,i6]

< e DE Lo Py 4 B,

—vBo 1—s_
<e2T-9) {t+) 1}D5 + Bt—2rp,

where Dg = ¢(7/2) S0 B Bo. Combining everything, we get

t

_ o —Bo_ t+1) -1
Z € 72k:1+1 ﬁkﬂi_?Tﬁ'tﬂi S |:62(1_5){( ) }DBH(273t+l<i3) + 6t_27—5t:|
i:2T[3t+1

2¢7B0/2
o
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D Additional Experimental Details

We provide detailed explanations of the experimental setups for both evaluation and control experiments in this
supplementary results section. For each run, we set the exponential weight parameter A = 0.25 and the step-size
ratio parameter ¢, = 1.0. Under this hyperparameter configuration, we evaluate four methods: (i) average-reward
TD(A), (ii) average-reward implicit TD(A) without projection, and (iii-iv) average-reward implicit TD(\) with
projection, using parameter radius Re € {1000, 5000}. For the projection of the average-reward estimate, we
fix the radius R,, = 1, which safely bounds the true average-reward since w* € [—1, 1] by construction in all our
settings.

D.1 Evaluation Experiments

Computing true parameters. We compute the oracle quantities used in the loss (&0; —w*)? + ||Tlg @ —0")|?
as follows. Given a transition matrix P*, reward vector #, and feature matrix ®, we first obtain the stationary
distribution 7/ satisfying 7w+ " P* = 7T and w# " e = 1. The average reward is then w* = 7v# " r#. In addition,
to compute the optimal weight vector 8%, we first solve for the basic differential value v#, which is the unique
solution to

(I — P¥)vt =rt —whe, ah Tt = 0.

Because e and v* are included as columns of ®, which is of full rank, the optimal weight vector 8* can be
obtained from solving the linear system ®0* = v*. In an analogous fashion, to compute the projection to the
space O, we solve for 0. satisfying 0, = e. Recall that 8, defines the projection direction that removes the
constant component of the error. The projection operator to the space O, can be expressed as I — %, ie.,

To(6) = (I — el ) 0.
D.1.1 MRP

Experiment setup. We describe the construction of transition probabilities, rewards, and the feature matrix
following (Zhang et al., |2021Db); details are reproduced here for completeness.

e Transition probabilities: For each state s, we generated a probability distribution over the |S| = 100
states by drawing (|S]—1) i.i.d samples from Unif[0, 1]. We then sorted them, and took successive differences.
The final entry was set to ensure the components sum to one.

o Rewards: Each state s received a reward sampled independently from Unif]0, 1].

e Feature matrix: Let d denote the feature dimension. We draw ® € RISI*(4=2) with ii.d. Bernoulli(0.5)
entries. We then appended the all-ones vector e and the basic differential value v* as columns to form

@:[éev“]

If needed, we repeated the sampling until ® had full column rank, then was row-normalized so that ||¢(s)|| <
1forall seS.

Additional results. We report additional MRP results under a decaying step-size schedule. For each schedule,
we run 50 independent trials, initialize @y by sampling each coordinate from Unif[—1,1], and set the initial
average-reward estimate Wg = 0. Complementing the constant step-size results in the main text, Figure [5| shows
performance under 3; = By/(t+1)%9 for initial step-sizes 8y € {0.1,0.2,...,3.0} using the same hyperparameters
(A =0.25, ¢, = 1.0). Solid lines denote the mean loss across runs and shaded regions indicate 95% confidence
intervals. As fy increases, average-reward implicit TD(A) methods keep the loss controlled, whereas average-
reward TD()) diverges for step-sizes larger than 2.0. For 3; = 1.8/(t+1)%9, the full loss trajectory (right panel)
further underscores the gap: average-reward TD(A) remains markedly worse than its implicit counterparts.

D.1.2 Boyan Chain

Experiment setup. We describe the construction of the transition probabilities, reward function, and feature
matrix for the average-reward Boyan chain. The original Boyan chain was introduced by (Boyan, |2002|) and later
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Figure 5: MRP experiment results under decaying step-size schedule 8; = Bo/(t + 1)°-%°, with exponential weighting
parameter and step-size ratio set to (X, ca) = (0.25,1.0). Solid lines denote the mean, and shaded regions represent 95%
confidence intervals. (Left) Loss value for initial step-sizes from 0.1 to 3.0. (Right) Full trajectory of the loss value with
initial step-size o = 1.8.
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adapted to the average-reward setting by (Zhang et al., 2021a). The chain consists of 13 states and two actions,
denoted by {sg, s1,...,s12} and {ap, a1}, respectively.

e Transition probabilities: The transition probabilities of the Boyan chain are defined as

p(5i72 | siaa()) = ]-7 p(8i71 | Sival) = 1a Vi € {2737 AR 12}7
p(so0 | s1,a0) = p(s0 | s1,01) = 1,

p(sj ‘SOuGO):p(sj |807a1):T1;),7 VJG{O717712}
e Reward: The reward function is defined as r(i,ap) = 0.5 and r(i,a;) = 1 for all i € {0,1,...,12}.

e Feature matrix: Consistent with the MRP experiment, we first construct the matrix &, and append both
the all-ones vector e and the differential value function v# as columns

®=[& e v

Following Boyan| (2002), the matrix ® is constructed by linearly interpolating between the one-hot vectors
(1,0,0,0) and (0,0,0,1) in increments of 1/4. Specifically, the representation starts with state 0 as (1,0, 0, 0),
then passes through intermediate states such as (%, i, 0,0) and (%, %, 0,0), eventually reaching (0,0,0,1).
Finally, we normalize each row to ensure ||¢(s)|| < 1 for all s € S.

Additional results. We also report extended results for the Boyan experiments. For each step-size schedule,
we conduct 50 independent runs with 7' = 2000. Each component of the parameter vector 6y is initialized as
U[-1,1], and the initial average-reward estimate is set to Wy = 0. In each experiment, we first sample actions in
each state from a Binomial(n = 13,p = 0.5) distribution. The sampled action will determine the deterministic
policy to be evaluated. For each such sampled deterministic policy, an associated transition probability matrix
P*" is induced. We provide results under the constant step-size schedule. The results as a function of the initial
step-size, with hyperparameters (), ¢, ) = (0.25,1.0), are shown in Figure @ As shown in the left panel, the loss
increases monotonically with the step-size across all methods. However, the growth is substantially reduced for
the average-reward implicit TD(A). In contrast, the average-reward TD(\) diverges under similar conditions.
The right panel further illustrates the trajectory of the loss value over training. At a moderately large initial
step-size (B = 0.5), the loss of average-reward TD(\) exceeds that of its implicit counterpart.

D.2 Control Experiments

We provide details of the control experiment setup. For each action a, we form the joint feature ¢(s,a) =
Grpr(s) ® eq, where e, is the one-hot encoding of a € A. The state-action value function is approximated by
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Figure 6: Boyan experiment results under the constant step-size, with exponential weighting parameter and
step-size ratio set to (A, ¢n) = (0.25,1.0). The solid line represents the mean, and the shaded region denotes
the 95% confidence interval. (Left) Loss value with initial step-size B, from 0.1 to 3.0. (Right) Loss value over
iterations with By = 0.5.
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@(s,a) = d)(s,a)—'—gt, where 6, denotes the weight parameter at iteration t. We adopt SARSA with e-greedy
exploration: the agent selects the greedy action with probability 1 — ¢ and a random action with probability
€. The exploration parameter € starts at 0.25, drops to 0.125 after 5000 iterations, and is set to 0 after 10000
iterations. Each experiment runs for 7' = 15000 steps, with 30 independent runs. Each component of the initial
parameter estimate 6y is initialized from U[—0.5,0.5] and the initial average-reward estimate is &y = 0. The
step-size schedule is 8; = Bo/(t+400)%% with 8y € {400 x 0.25, 400 x 0.50, ..., 400 x 1.5}. Hence, the effective
initial step-size £5y/400%%9 ranges from 0.25 to 1.5.

D.2.1 Access-Control

Experiment setup We explain the state space, action space, and the reward function of the access-control
experiment.

e States and actions: The state space is defined by the number of free servers and the class of arriving
customer. Let n € N be the total number of servers and C = {1,2,...,C} the set of customer classes. The
state at time ¢ is S} = (ki,¢) € {0,1,...,n} x C, where k; is the number of free servers and ¢; is the
class of the arriving customer. Arrivals are equiprobable, that is: P(¢; = ¢) = é for each ¢ € C, and this
distribution is unknown to the decision maker. The decision maker either accepts the customer (action ag)
and assigns a free server, or rejects the customer (action a;). Hence, the feasible action set is

{ao (accept), a1 (reject)}, ke >0,
St =
A {{a1 (reject)}, ke = 0.

e Reward: The one-step reward is R}’ = %H{at = ap}, i.e., the decision maker receives 2 /2¢ if the customer
is accepted and 0 otherwise.

e State transitions: If a; = a¢ and k; > 0, one available server is allocated. Let l~€t =kt — {a: = ap} then
by = n — ky; is the number of busy servers immediately after the action. Each occupied server completes
independently with probability p € (0,1) at the end of the period. Therefore, the number of free servers at
the next step is k11 = min{n, I~€t + Y:}, where Y; ~ Binomial(b, p). Lastly, the next arriving class ¢y is
drawn independently and uniformly from C.

The goal is to find an optimal policy p that maximizes the average-reward w*. We follow the setup in Barto
(2021), with C' = 4 customer classes, n = 10 total servers, and a service completion rate p = 0.06. Accepted
customers occupy a server until completion, at which point the server is freed. For feature representation, states
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Figure 7: Effect of the step-size ratio ¢, in both the MRP and Boyan experiments under a decaying step-size
schedule, with exponential weighting parameter A = 0.25 and initial step-size 5y = 1.0. Solid lines denote mean
values; shaded regions represent 95% confidence intervals. (Left) MRP  (Right) Boyan
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are rescaled to [0, 1] and embedded via a single-scale random Fourier feature map (Pedregosa et al. 2011} |Rahimi
and Recht|, [2008) implemented with scikit-learn’s RBFSampler. The map uses twenty randomly drawn features
and sets the inverse length-scale parameter to one, so that inner products in the resulting feature space provide
a good approximation to the RBF kernel.

D.2.2 Pendulum

Experiment Setup At each time step t, the state is S} = (cosn, sinny, 7;), where 1; is the pendulum angle
and 1), its angular velocity. The action corresponds to applying a torque to the pendulum. We discretize
the continuous action space [—2,2] into five actions (A = {—2,—1,0,1,2}). Unlike the episodic setting, this

environment has no terminal state and runs indefinitely, so we optimize the long-run average-reward. The per

2 -2 2
step reward is R}’ = —w, where the normalization factor 16.27 scales the reward into [—1,0]. We

use the Gymnasium implementation of the pendulum environment (Towers et all [2024). To approximate the
state—action value, we use random Fourier features to approximate the RBF kernel. Concretely, we create two
separate RBFSampler feature vectors—one using an inverse length-scale of 0.5 and the other 1.0, each with 150
features, and then concatenate them into a single 300-dimensional feature representation.

D.3 Effect of Step-Size Ratio

In this section, we study how the step-size ratio ¢, affects stability and performance. We revisit the policy
evaluation settings for the MRP and average-reward Boyan chain described in Sections [D.1.1] and [D.1.2] re-
spectively. As in the main experiments, we report the loss value of the form (@ — w“)2 + HH@(/O\ — 0*)”2 as
the evaluation metric. Under the decaying step-size schedule 3; = Bo/(t + 1)%%?, we vary the step-size ratio
¢q € {0.01,0.05,0.1,0.125,0.25,...,1.5} while fixing the exponential weighting parameter A = 0.25 and the ini-
tial step-size By = 1.0. Figuresummarizes the result. For small values of ¢, (e.g., ¢o < 0.1), the average-reward
implicit TD(A) method exhibits a modest increase in the loss value. However, beyond this threshold, the method
remains stable across the entire range of ¢, values.
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