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Abstract

The transformer’s remarkable ability to per-
form in-context learning (ICL) has sparked
a wide range of studies designed to under-
stand its strengths and limitations. However,
a theoretical understanding of when ICL can
and cannot generalize beyond its pre-training
data still remains unclear. This paper puts
forth a minimal mathematical model that
provably identifies when ICL can generalize
out-of-distribution (OOD). By studying lin-
ear regression tasks parameterized with low-
rank covariance matrices, we model distri-
bution shifts as varying angles between sub-
spaces and derive conditions under which a
single-layer linear attention model interpo-
lates across all angles. We show that if pre-
training task vectors are drawn from a union
of subspaces, transformers can generalize to
all angle shifts—enabling ICL even in regions
with zero probability mass in the training
distribution. On the other hand, if the pre-
training tasks are drawn from a single Gaus-
sian, the test risk shows a non-negligible de-
pendence on the angle, implying that ICL
cannot generalize OOD. We empirically show
that our results also hold for models such as
GPT-2, and present experiments on how our
results extend to nonlinear function classes.
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1 INTRODUCTION

Transformer-based large language models (LLMs)
(Vaswani et al., 2017) have revolutionized natural lan-
guage processing and driven significant progress across
a wide range of domains, including logical reason-
ing (Wei et al., 2022b), sentiment classification (Chen
et al., 2024; Wang et al., 2024¢; Xu et al., 2024), ma-
chine translation (Vilar et al., 2022; Agrawal et al.,
2023), and code generation (Li et al., 2023; Patel et al.,
2024). Their success is largely attributed to scal-
ing up model size, which has been shown to improve
both performance and sample efficiency (I<aplan et al.,
2020). Interestingly, large-scale transformers also ex-
hibit emergent capabilities—abilities that arise only
beyond a certain scale (Wei et al., 2022a). One striking
example is in-context learning (ICL), where a model
can perform a task simply by being prompted with
a few input—output examples, without any gradient-
based updates. This has sparked a variety of research
aimed at understanding the underlying mechanism be-
hind ICL, along with its strengths and limitations.

While there is an abundance of work on ICL, includ-
ing studies on test-time training (Gozeten et al., 2025)
and how specific prompts affect performance (Chang
et al., 2025; Fang et al., 2025), the literature can be
broadly divided into two categories: (i) empirical in-
vestigations into the extent to which ICL can solve
novel tasks (Garg et al., 2022; Raventos et al., 2023;
Yadlowsky et al., 2023; Wang et al., 2025; Ahuja and
Lopez-Paz, 2023; Zhang et al., 2024; Li et al., 2024a;
Pan et al., 2023; Kossen et al., 2024), and (ii) theoreti-
cal analyses of the mechanisms underlying ICL (Zhang
et al.,, 2024; Huang et al., 2024; Li et al., 2024a;
Akyiirek et al., 2023; Von Oswald et al., 2023; Ahn
et al., 2023; Li et al., 2024b). Interestingly, both lines
of work share a common observation: ICL often gen-
eralizes out of distribution (OOD) beyond its training
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Figure 1: Overview of the setup for the pre-training task vectors in this paper. We consider two models: one with
task vectors drawn from a union of subspaces and one trained with task vectors drawn from a single subspace.
At inference, we test both models using a task vector at an angle between two subspaces. The union of subspace
model generalizes across all angles, while the latter fails to generalize under distribution shifts.

data. For ICL, there are a few types of distribution
shift: covariate shifts (i.e., shifts in the inputs), task-
function shifts (i.e., shifts in the function that gener-
ates outputs), and query shifts (i.e., the query input
differs from the inputs in the test prompts). Zhang
et al. (2024) showed that while a single-layer linear
attention model cannot tolerate input shifts, it can
handle shifts in the regression weights (task vectors)
well. Garg et al. (2022) reached a similar conclusion,
empirically showing that ICL is relatively robust to
distribution shifts in several settings, as transformer
performance closely matched that of the least-squares
estimator on linear regression tasks. However, Wang
et al. (2025) recently challenged these views on lan-
guage data, empirically demonstrating that ICL can
generally solve only in-distribution tasks. To resolve
these contrasting perspectives, the concurrent work of
Goddard et al. (2025) investigates task-function shifts
and attributes ICL OOD capabilities to pre-training
task diversity. Yet, the complex nature of their defini-
tion of the task vector made theoretical analysis diffi-
cult, restricting their study to empirical results. Taken
together, these works highlight the lack of a theoreti-
cal framework that clearly explains when ICL can and
cannot generalize OOD.

In this work, we present a mathematical model to de-
mystify and quantify the OOD generalization capabil-
ities of ICL. We primarily focus on task distribution
shifts by studying ICL in a single-layer linear attention
model performing linear regression, where the weight
(or task) vectors are sampled from low-dimensional
subspaces. This allows us to quantify the distribution

shift in the task vector via the principal angles be-
tween subspaces, and characterize the OOD test risk
as a function of these angles (see Figure 1 for an illus-
tration). Unlike Goddard et al. (2025), we then pro-
vide theoretical guarantees by proving conditions on
the pre-training task vectors under which OOD gen-
eralization is possible. Furthermore, we empirically
show that our findings extend beyond linear settings,
in that (i) our results hold for nonlinear transformers
such as GPT-2; and (ii) our results apply to nonlin-
ear function classes. Overall, our contributions can be
summarized as follows:

¢ OOD Generalization When Trained on a
Union of Subspaces. We prove that when the
pre-training task vectors are sampled from a union
of subspaces, a linear attention model can generalize
across all principal angles between the training sub-
spaces. This result implies that ICL can generalize
to subspaces within the span of the training sub-
spaces, including regions with zero probability den-
sity under the training distribution. We hypothesize
that this explains the apparent OOD capabilities of
ICL observed in the literature: the testing task vec-
tor lies within the span of the training tasks.

e No OOD Generalization When Trained on a
Single Subspace. On the other hand, we prove
that when the training task vectors are drawn from
a single r-dimensional subspace, ICL applied to a
task vector whose subspace is shifted away from the
training subspace by an angle 6 incurs a test risk
that depends on 6. This implies that ICL cannot
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generalize beyond the span of the training subspace.

Consequently, our results complement those of God-
dard et al. (2025) and advocate for task diversity in
the pre-training data, since training on a union of sub-
spaces can be viewed as a form of task diversity, with
each subspace spanning different directions. Given
that large-scale transformers are typically trained on
vast corpora and thus exposed to diverse pre-training
data, we attribute their OOD generalization in ICL to
this diversity.

2 PROBLEM SETUP

In this section, we present the basic setup for ICL,
together with a motivating example that illustrates
how OOD generalization arises depending on the pre-
training data. We then describe the analysis setup,
which involves both linear attention and linear regres-
sion task vectors.

2.1 Preliminaries

Notation. We denote scalars with unbolded letters
(e.g., m, M), vectors with bold lower-case letters (e.g.,
x) and matrices with bold upper-case letters (e.g., X).
We use I, to denote an identity matrix of size n € N.
We use R(X) to denote the range or the column space
of the matrix X. Lastly, given any n € N, we use [n]
to denote the index set {1,...,n}.

ICL Setup. Given a sequence of n input-output ex-
ample pairs {x;,y;}"; C R? x R, the objective of ICL
is to predict the output y,+1 € R corresponding to an
unseen query x,4; € R?. Following prior works (Carg
et al., 2022), we assume each output is generated via
y; = f(x;) for some function f(-), where f € F is sam-
pled from a distribution over a function class F. By
convention, a transformer takes in these n + 1 pairs as
an input prompt Z € R(+D*(d+1) congstructed in the
following form:

T
Z:[Zl S Zp Zn+1]T: 211 Z: X%H
where z; := [XZT yi]T and z,, 11 := [XILH O]T

Then, a transformer g,rr, parameterized by weights
W, takes these prompts as input and is trained by
minimizing the following expected squared loss with
respect to W:

mv%/n Lyrr(W) :=E | (Yn+1 — QATT(Zn+1»Z))2} - (1)

During inference time, we test the trained model, de-

noted as gxrr, using m+1 paired examples {x;, g; };”:11
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Figure 2: Visualization of the generalization behav-
ior of transformers for learning cosine functions in-
context. Each corner of a triangle represents a one-
dimensional subspace spanned by ¥¢ (bottom left),
¥§ (bottom right), or 1§ (top), with all possible con-
vex combinations given by the interior. Left: Test risk
when trained on span({1{'}). Right: Test risk when

trained on span({y{'}) Uspan({1$'}) Uspan({¢{}).

The input prompts are constructed in the same man-
ner:

T
5 X X, X
7 — ~1 n n—+1

Xm+1
i - Un 0 '

and 'zvm+1:{ 0

In this work, we are interested in ICL’s OOD general-
ization abilities under distribution shifts in the under-
lying task function, i.e., the labels are generated via
y; = f(x;), where f € F # F.

2.2 Case Study: When Can In-Context
Learning Generalize Out-of-Distribution?

Now, we present a case study on how the pre-training
distribution affects OOD generalization of ICL. Specif-
ically, we train a GPT-2 model' by constructing input
prompts with inputs x ~ U([0,1]) (and hence d = 1)
and generate labels via cosine bases, which model rich
sets of signals in real-world data:

v (z) = 1 cos(kmx)

V2

In Figure 2 (left), we show the test risk when train-
ing on prompts drawn from span({¢/{'}) and testing
on prompts drawn from span({{, %S, 9§}). As the
test prompts shift away from the pre-training distri-
bution span({¢{'}), the test risk increases, indicating
that transformers are not robust to distribution shifts
in this case. This raises the question: under what con-
ditions on the pre-training data does generalization to
such regions become possible?

for k € N.

In Figure 2 (right), we present the test risk when train-
ing on the union of rank-one subspaces span({y{'}) U

span({¥§'})Uspan({¢{}), i.e., we sample k € {1,2,3}

"We defer the experimental details to Section 4.
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uniformly and draw the prompt from span({y$'}). In
this case, the test risk is negligible in all regions, even
in those with zero probability density under the pre-
training distribution. This implies transformers gen-
eralizes to OOD tasks in this setting. We hypothesize
that this may explain why ICL achieves OOD general-
ization: the test data actually lies within the span of
the training data. These observations motivate us to
formalize this notion with a tractable analytical set-
ting. To facilitate such analysis, we study a single-
layer linear attention model and linear regression data.

2.3 Single-Layer Linear Attention

We now introduce the linear attention architecture.
Ahn et al. (2024) empirically demonstrated that many
phenomena observed in vanilla transformers can also
be replicated in transformers with linear attention.
These results motivated subsequent works (Ahn et al.,
2023; Zhang et al.; 2024; Li et al., 2024b) to adopt lin-
ear attention as a testbed for studying ICL, which we
also adopt for analysis.

For linear attention, we employ a causal mask to the
input prompts to ensure that they cannot attend to
their own labels (Ahn et al., 2023; Mahankali et al.,
2024):

-
Zy, 0] and  z,41 = {XTSH] )
Given the input sequence Zjyq and query z,yi, a
single-layer linear attention model sets gyrr as follows
to make the prediction ¥, 1:

Zyp = [Zl

Z/J\n-s-l = gATT(Zn—i-h ZM) (2)
1
= (zh  WQWLZ) ZMWyp,  (3)

where p = [04 1]T and W, W, Wy, € RUEFDXx(d+1)
are the key, query, and value weight matrices, respec-
tively. This sets W = {W g, W, Wy } as the collec-
tion of trainable weights corresponding to the linear
attention model. Then, let W* = {WF,, W5, Wy, } be
the optimal weights obtained by minimizing the loss
in Equation (1). During inference time, we test the
optimal linear attention model g;;; using the m + 1
paired examples:

Ym+1 = Garr(Zm+1, Zpm)
1 /. - -
= (z;+1w*Qw;JzL) ZrWhp.
Notice at inference time, we normalize by a factor of
m instead of n.

2.4 ICL with Linear Regression

The most commonly studied ICL task is linear re-
gression, which specifies f(x) = w'x for some input

x € R? and weight (or task) vector w € R?%. In this
work, we also adopt the linear regression setting, but
assign particular forms to the task vectors to mimic
the setup of Section 2.2 using low-dimensional sub-
spaces. Below, we specify the corresponding training
and testing distributions.

Training Distribution. Recall that in Figure 2
(left), we trained on prompts drawn from a single co-
sine basis, while in Figure 2 (right), we trained on
prompts drawn from a union of cosine bases. To this
end, suppose that d > 2r and let U, € R¥*" and
U, € R be two r-dimensional orthonormal bases
in R?. Consider the following two covariance matrices:

2, =UU] +¢. 1,
S =U, U] | +e-14,

where € > 0 is a small constant included to ensure a
non-degenerate distribution. For training, we consider
two separate models trained on two different task vec-
tor distributions. Specifically, each feature and label
pair (x;,y;) is generated as follows. For all i € [n+ 1],
let x; ~ N(0,1;) and

yi =w'x; +m;, (4)
where 1; ~ N(0,0?) is iid noise with variance o%. Fi-

nally, we consider the following distributions for the
task vector w:

w ~ N(0,Xy), (Single Subspace)
or
W~ N(O,%,) — wp. (Union of Subs.)
N(O0,2;1) wp. 1—7,

where 0 < v < 1 denotes the mixture probability. Un-
der these two distributions, we show that the trained
models exhibit different OOD generalization behaviors
with respect to the testing distribution defined in the
following section. Finally, in the union of subspaces
distribution, while we focus on K = 2 bases for ease of
exposition, we also generalize our results to consider a
union of K > 2 bases.

Testing Distribution. Recall that in Section 2.2,
we tested the transformer with all possible convex
combinations of the cosine bases. Similarly, we aim to
define a testing subspace U, € R?*" such that it repre-
sents a region between the training subspaces. To this
end, we parameterize U; as such (Absil et al., 2004,
Section 3.8):

U, = U, cos(®) + U, | -sin(0), (5)
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Figure 3: Plot of the test risk as a function of the prompt length for a linear transformer (left) and a GPT-2
model (right). When the prompt length at test time is large enough, the test risk goes nearly to zero for all
S [O ’T], corroborating Theorem 1 in that both linear and nonlinear transformers can generalize to the span

’ 2
of the training task vectors at test-time.

where ® € R"™ " is a diagonal matrix with elements
0; € [0,%] for all i € [r], while cos(-) and sin(-) are
only applied to the diagonal elements of ®. Here, 6;
represents the i-th principal angle between U, and Uj.
For simplicity, we will assume all principal angles are
equal, i.e., for all i € [r], §; = 6 for some 6 € [07 %]
so that ® = # - I,.. Notice when 8 = 0, U; = Uy, and
when 0 = 7, Uy = U, ;. Hence, for varying values
of 6, U; can be viewed as a “slice” between U, and
U, | . Finally, we parameterize 3, as

2 =U, U/ +e- 14, (6)
and generate each testing pair (x;,y;) independent of
the training data in a similar fashion: for all j € [m +
1], let x; ~ N(0,1;) and

where w ~ N(0,3X,)

(7)

g =W x5+,

and n; ~ N(0,0?) is again iid noise.

3 MAIN RESULTS

3.1 Transformers Can Generalize to the Span
When Trained on a Union of Subspaces

In this section, we derive the test risk of the optimal
linear attention model trained with prompts whose
task vectors are drawn from a union of two subspaces,
and tested on a task vector from subspace U, at any
angle 6 € [0, 5]. The following result shows that for
sufficiently large prompt lengths, the test risk can be
arbitrarily close to the optimal test risk (the label noise
variance) independent of . This implies that linear at-
tention is robust to such subspace shifts in this setting.

Theorem 1 (Test Risk Under a Union of Sub-
spaces). Let girr denote the optimal linear at-
tention model corresponding to the independent
data setting in Equation (4), where the task
vector is drawn from Equation (Union of Subs.)
with v = 0.5. For all j € [m + 1], suppose that
the prompts at test time are constructed with
features x; ~ N(0,14) and labels whose task
vectors are drawn from Equation (6). For any
6 € [0,Z] and § € (0,7), if
(2(r+o0?)+1)r

m>n >
- )

— (2(7’+02) + 1) ,

then we have

~ 2
ity B | (Tt~ GimBner, Zan)) | <45

\. J

In Theorem 1, we take ¢ — 0 for two reasons: (i)
to eliminate any dependence on € and isolate its ef-
fect on test risk as it is assumed to be a small con-
stant, and (ii) analyze the test risk when the covari-
ance matrices are exactly low-rank. In this limit, task
vectors sampled from the test subspace U; have zero
probability density in the training task distribution.
Hence, Theorem 1 implies ICL generalizes well to this
OOD task. We hypothesize this can explain why ICL
achieves OOD generalization: the test data actually
lies within the span of the training data. In Figure 3,
we corroborate this theory on both linear attention
and a GPT-2 model, showing that for sufficiently large
prompt lengths, the test risk indeed tends to zero. Ex-
perimental details are deferred to Section 4.
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We provide some intuition behind the proof of The-
orem 1, deferring the full proof to Section B.1.2. At
the optimal linear attention weights under the loss in
Equation (1), the model reduces to a single step of pro-
jected gradient descent (PGD) (Li et al., 2024b; Ahn
et al., 2023; Von Oswald et al., 2023; Mahankali et al.,
2024). Denoting A € R4 as the PGD projection
matrix that arises from the optimal weights, we sketch
how the dependence on 6 is mitigated (assuming o = 0
and § — 0 for simplicity):

~ 1
Uil = Gir(Z Zav) = —x JAXT XW
Ym+1 = Garr(Zm+1, Zm) mmerl W
=y
(m,n — oo and € — 0)
(w = Uyg)

T T
— X102, Uy W

T T
= Xm+1U2rU2rUtg7

where g ~ A(0,1,.), and we have defined the following;:
Xm] T c Rmxd

y = [i Jm] €R™
Uy, = [Uy U, 1] € R

X = [xl

Since R(U;) C R(Uy,) for all § € [0, %], the trained
model perfectly recovers y,,+1. Lastly, we set v =
0.5 to simplify constants in the test risk, though our

results hold for any v € (0, 1).

Beyond a Mixture of Two Gaussians. We now
generalize the above result to consider a mixture of
K > 2 Gaussians. This model has been extensively
studied in machine learning (Vidal, 2011) and has re-
cently gained attention in deep learning (Wang et al.,
2024b; Xu et al., 2025; Wang et al., 2024a). Specifi-
cally, assume d > Kr, and let U = [ul ud} IS
R4 be an orthonormal basis for R%. For all k € [K],
we define U, = [u(k—1)~r+1 ukr] € Réxr,
Note that U], Us; = 0,x, for all k # I. Then, we
assume the training task w € R? is sampled as such:

K
W~ Yy N(0,20), (8)
k=1
K
where g = Us,kUZ’k +e-Igyand > v = 1. At
k=1

inference time, we define an orthonormal basis U, €
RX" that lies within the span of {Uj ,}5 ;:

K K
U, = ZakUs,ka for {a}ie, s.t. Zai =1 (9
k=1 k=1

where the constraint on {ay, }1_, ensures Uy € R*7 is
an orthonormal basis. Then, similar to Theorem 1, we
consider testing on task vectors w ~ A (O, Et) with

— — T —
3 = U, U, +e€-1;. We again emphasize U, is unseen
during training, but lies within the span of the training
subspaces.

Theorem 2. Let g3 denote the optimal linear
attention model corresponding to the indepen-
dent data setting in Equation (4), where the
task vector is drawn from FEquation (8) with
Y = & for all k € [K]. For all j € [m+ 1],
suppose that the test prompts are constructed
with features x; ~ N(0,I4) and labels whose
task vectors are constructed with subspaces de-
fined in Equation (9). For any {ay}5 | s.t.

K
>ai=1andé e (0,r), if
k=1

(K(r+0?) +1)r
)

m>n> — (K(r+0%) +1),

then we have

. 2
IE%E [(g_ Garr(Zm+1, ZM)) ] <o+

The proof is deferred to Section B.1.2. Similar to The-
orem 1, if the linear attention model is trained on task
vectors that lie in a union of K subspaces, it can gen-
eralize well to any region within the span of the K
subspaces, even if those regions have zero probability
density during training. Lastly, note that by setting
K = 2, a1 = cos(f), and as = sin(f), we exactly
recover Theorem 1.

3.2 Transformers Cannot Generalize When
Trained on a Single Subspace

Previously, we saw that task vectors drawn from a
union of subspaces—which can be viewed as a form of
task diversity—can enable OOD generalization. Sim-
ilar to Section 2.2, we now aim to identify a setting
in which generalization beyond the pre-training data
is not possible. The following result shows that if the
task vectors are drawn from a Gaussian whose covari-
ance matrix spans only a single subspace U, € R¥*",
then testing a linear attention model on a task vector
shifted away from the training subspace by an angle
yields a test risk with a non-negligible dependence on
0, even as the prompt length tends to infinity.
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Figure 4: Plot of the normalized test risk as a function of the prompt length for a linear transformer (left) and
a GPT-2 model (right) under covariance shifts. As the covariance at test time shifts away from the covariance
used at training time as a function of 6, the test risk exhibits a non-negligible dependence on 6 for both the
linear and nonlinear transformer. Moreover, for both models, the test risk exactly matches the predicted risk

from Proposition 1.

Proposition 1 (Test Risk Under a Single Sub-
space). Let girr denote the optimal linear at-
tention model corresponding to the independent
data setting in Equation (4), where the task
vector is drawn from FEquation (Single Sub-
space). For all j € [m + 1], suppose that the
prompts at test time are constructed with fea-
tures xj ~ N(0,14) and labels whose task vec-
tors are drawn from Equation (6). Then, we
have

- 2
lim lim lim E {(gjmﬂ — GrrrFmir, Z M)) }

m—00 n—o00 e—0
= rsin®() + o2,

where 0 € [0,Z] are the r principal angles be-

tween Uy € R*" and U, € REXT.

The proof is provided in Appendix B.1.3. In the
asymptotic regime, our result reveals the following:
when 6 = 0, the sin(-) term vanishes, allowing perfect
recovery up to the label noise variance. However, as
increases from 0 to 3, the test risk increases with re-
spect to 0. At 6 = 7, the test risk becomes exactly the
rank of the covariance matrix. Notably, this represents
the largest possible error in this setting, as a low-rank
covariance matrix induces an error dependent on the
rank rather than the ambient dimension, as observed
in related work (Garg et al., 2022; Oko et al., 2025).

The proof technique is similar to that of Theorem 1:
Ym+1 = Garr(Zm+1, Zm)
— %y U Ul W
=x,,.1UsU] Usg,

(m,n — oo and € — 0)
(w=Ug)

By taking appropriate limits, it is easy to see that the
dependence on @ arises from U] Uy, which reflects a
rotation by an angle 6 between the subspaces. Since
A — U,U! in the asymptotic regime, PGD projects
the data onto an “incorrect” subspace, thereby induc-
ing an error proportional to 6 in the test risk.

In Figure 4, we present experiments corroborating
Proposition 1 on linear attention and a GPT-2 model.
Interestingly, our experiments show that both models
incur the same test risk under the distribution shift
when given enough in-context examples. This implies
that the linear attention model can adequately capture
the behavior in this setting, and that the observed er-
ror is not merely an artifact of using a linear model.
Lastly, we assumed equal principal angles between the
subspaces for simplicity, and defer the more general
result to Proposition 2 in Appendix A.1.

4 EXPERIMENTAL RESULTS

Experimental Setup. Unless otherwise stated, the
experimental setup is as follows: for both the linear
and nonlinear Transformer, we consider the noiseless
case, and set d = 20, r = 5, and € = 107°. To con-
struct the train and test subspaces, we sample an or-
thogonal matrix U € R?*¢ uniformly at random, set
U, to be the first r columns of U, and set U | to
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Figure 5: Left: Phase plot of the test risk as we vary the angle between 3, and 3; and the prompt length with
m = n for a linear attention model trained with a mixture of Gaussians. The test risk is low across all angle
shifts, and decreases further as the prompt length increases. Right: Plot of the test risk as a function of the
prompt length for a case in which X # 3; but with § = 0, following the OOD example in Gatmiry et al. (2024).
This serves to explain why ICL can seemingly do OOD generalization as observed in the literature.

be the second r columns. Given this setup, we typi-
cally consider a mixture of K = 2 subspaces for the
experiments.

For the experiments with the linear transformer, we
plug in the optimal weights according to their respec-
tive settings (e.g., optimal weights using a single sub-
space or a mixture of subspaces) and set m = n = 200.
For the nonlinear transformer, following Garg et al.
(2022), we use a small GPT-2 model with 6 layers, 4
heads, and a 128-dimensional embedding space. We
append a learnable linear transformation to map the
vector predicted by the model to a scalar. We use
a learning rate of n = 10™%, batch size 128, prompt
lengths m = n = 150, and train for 100K iterations.
We run all experiments on a single A100 GPU.

4.1 More Results on Linear Function Classes

Previously, we presented results on the test risk as
a function of the prompt length. In Figure 5 (left),
we present a phase plot of the test risk as a function
of Tr(X] ;) / Tr(X,) (which measures the angle be-
tween two covariance matrices) and the prompt length
on linear attention with task vectors drawn from a
mixture of two Gaussians. Similar to Figure 3, the
test risk is low for all values of m = n, and it de-
creases further as the prompt length increases. Note
that the largest possible normalized test risk in this
setting is r/d = 0.25, so the test risk is still considered
low even when the prompt length is small.

In Section 3, we discussed how apparent abilities of
ICL to perform OOD generalization arises when the
test task lies within the span of the training task

vectors. Here, we present an extra experiment to

support this claim, using the example from Gatmiry
et al. (2024), with ¥, = Iy and X; = VA VT,
where V € R%*5 is a random orthogonal matrix and
A; = Diag(1,1,1/2,1/4,1). In Figure 5 (right), we ob-
serve that the test risk approaches zero given enough
samples. This implies that our result may help explain
many observations of OOD generalization in ICL and
offers a unifying perspective on findings reported in
the literature.

4.2 More Results on Nonlinear Function
Classes

In this section, we present an additional result us-

ing a nonlinear function class to complement both

our theory and Section 2.2. We look at the function
2 —2?/2 : :

space L*(R,e /V2mdz), ie., square-integrable

functions under the Gaussian measure, and construct

an orthonormal basis via Hermite polynomials:

(1 e pde=1?)
VE! dzk

Vi (z) = for k € N.

In Figure 6, we observe the same pattern as in Fig-
ure 2: training on a single polynomial does not allow
OOD generalization beyond that basis, whereas train-
ing on a union of bases enables generalization to all
points in the interior. This demonstrates that our the-
ory and setup extend beyond linear settings and hold
with greater generality.
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Figure 6: Visualization of the generalization behav-
ior of transformers for learning Hermite polynomials
functions in-context. Similar to Figure 2, each cor-
ner of a triangle represents a one-dimensional sub-
space spanned by 1. Left: Test risk when trained
on span({y}). Right: Test risk when trained on

span({1{'}) U span({¥3'}) U span({§}).

5 CONCLUSION

In this work, we proposed a mathematical framework
to analyze the OOD capabilities of ICL. Unlike prior
studies, our framework provides theoretical guarantees
for when linear transformers can or cannot generalize
OOD, based on their pre-training data, which we pa-
rameterize using low-dimensional subspaces. We show
that pre-training task diversity, defined as a union
of subspaces, enables generalization to regions with
zero probability density in the training distribution,
whereas tasks drawn from a single subspace do not
have this property. We further demonstrate that our
theoretical results extend empirically to transformer
models such as GPT-2, and we present experiments
showing that the findings also apply to nonlinear func-
tion classes.
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A Additional Results

In this section, we present additional theoretical and experimental results to supplement those in the main text.
In Section A.1, we generalize the result in Proposition 1 to the case of r distinct principal angles. In Section A.2,
we explore how our framework can be used to analyze the effect of feature shifts between training and testing
prompts.

A.1 Result with Different Principal Angles

In Proposition 1, we assumed that all of the 7 principal angles between the subspaces Uy € R4*" and U, € R¥*"
were all the same, i.e., §; = 0 € [0, 5], for simplicity. In Proposition 2, we relax this requirement and present a
result where the angles are not necessarily the same.

Proposition 2 (Task Distribution Shift with Different Angles). Let g, denote the optimal linear at-
tention model corresponding to the independent data setting in Equation (4) with where the task vector is
drawn from a single subspace. For all j € [m + 1], suppose that the prompts at test time are constructed
with features x; ~ N(0,14) and labels

Ui =w'x;+n, where W~N(0,%;) and n; ~N(0,0%),

with covariance matriz X, € R¥*? from Equation (6), but now with 01 # 65 # ... # 0,.. Then, we have

~ 2 r
A BTl [(@mﬂ ~ Girn(Zq, Zan) ) ] = Z sin?(6;) + 0%, (10)
=
where 6; € [0, 5] is the i-th principal angle between the train subspace Uy € RX" and the test subspace
U, € R4xT,

The proof is a direct extension of the proof for Proposition 1 and is left in Section B.1.3. Recall that the test
risk presented in Proposition 1 was rsinz(ﬁ) + 02, Tt is easy to see that if we set 6; = 6, then the test risk in
Proposition 2 recovers the risk in Proposition 1, i.e., >./_, sin?(6;) = rsin*(6).

A.2 Can Transformers Tolerate Feature Shifts?

Thus far, we studied how changes in the task vector affect the test risk of ICL. In this section, we explore how
distribution shifts in the features (in both the prompts and the query) affect the test risk. Recent work by Zhang
et al. (2024) demonstrated that Transformers are not robust to feature shifts, showing that ICL fails to remain
robust when features are scaled by a constant. We share a similar observation that feature shifts can be much
more detrimental to the test risk than task shifts, by considering the mathematical framework used thus far.
Consider training a Transformer using prompts whose labels are constructed by a task vector w ~ N(0,1,):

yi =w ' x;+n;, where x;~N(0,3;) and n; ~ N(0,0%). (11)

During testing, we construct labels using the task vectors drawn from the same distribution but with shifted
features: §; = w'X; + 1;, where X; ~ N(0,%,). Before presenting our theoretical result, we illustrate in
Figure 7 how shifts in the features affect the test risk, in contrast to shifts in the task vector. Interestingly, for
both linear and nonlinear Transformer models, when the feature shift is small (i.e., # > 7), the test risk changes
only minimally, whereas it increases sharply for < 7. The following result captures this behavior, which arises
as an artifact of using a degenerate distribution for the features.
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Figure 7: Plot of the test risk as the covariance matrix of the features shift as a function of ¢ on a linear (left)
and a nonlinear Transformer (right). When ¢ > 0.5, the test risk does not increase as much as it does for ¢t < 0.5,
which contrasts with the behavior observed under covariance shifts in the task vector.

Proposition 3 (Feature Distribution Shift). Let g}y denote the optimal linear attention model corre-
sponding to the independent data setting in Equation (11). For all j € [m + 1], suppose that the prompts
at test time are constructed with task vectors w ~ N(0,1;) and labels

U — WTij +mnj, where X; ~N(0,%,;), n; ~N(0,0%),

and Xy € R¥*4 is from Equation (6). Then, we have

lim lim E [(gmﬂ —gZTT(Zq,ZM))2:| - (M) 1 cos?(0)

m—00 Nn—00 (1 + 6)2

+ (T) -rsin®() +r + o2 + O(e),

where ¢ = ((1+2€)(1+€) + €2) and cz = 2(1 +¢).

The proof is available in Section B.2.2. Notice that we cannot immediately take ¢ — 0 in this setting, as that
would result in an underdetermined system. The problematic term is the sin(-), which reveals a few interesting
insights: when 6 = 0, the sin(-) term vanishes, allowing us to take ¢ — 0 and recover the same test risk as in
Proposition 1. However, as § moves away from zero, the risk contribution from the sin(-) term starts to dominate,
scaling with a factor of O(1/€?) and causing the test risk to diverge since € is assumed to be small. This result
shows that testing with prompts whose features are shifted toward an almost independent covariance matrix

(since € is not exactly zero) can degrade test risk more than shifting the distribution of the task vector, roughly
echoing the results of Zhang et al. (2024).

A.3 Experimental Results with Noisy Data

In the main text, we presented results for the noiseless setting (o2 = 0). Recall that our theory in Theorem 1
states that the test risk should converge to the variance of the noise given a sufficiently large prompt length.
In Figure 8, we present results for the single-layer linear attention model, showing that when the training and
testing prompt lengths are set to m = n = 500, the test risk converges roughly to the variance of the noise in
two settings, o2 = 0.01 and 0.25, corroborating our theory. Here, we set d = 20 and r = 6.

B Deferred Proofs

This section presents all deferred proofs and is organized as follows: Section B.1 contains all proofs related
to shifts in the task, Section B.2 includes all proofs related to shifts in the features, and Section B.3 provides
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Figure 8: Experimental results for the single-layer linear attention model in the noisy setting, where the model
is trained on a mixture of two low-dimensional Gaussians. Left: Test risk as a function of the prompt length
with 02 = 0.01. Right: Test risk as a function of the prompt length with o2 = 0.25. Both cases converge to the
variance of the noise, corroborating our theory in Theorem 1.

auxiliary results used to support both the task and feature shift proofs.

B.1 Proofs for Task Shifts
Here, we provide proofs of the results related to subspace shifts in the task vector.

B.1.1 Supporting Results

We first derive an expression for the test risk under a general distribution shift for the task vector.

Lemma 1 (Test Risk under General Task Distribution Shift). Let g}, denote the optimal linear attention
model corresponding to the independent data setting in Equation (4), where w follows a (mixture of ) Gaussian

distribution(s) with zero mean and covariance Xs. For all j € [m+ 1], suppose that the prompts at test time are
constructed with features x; ~ N(0,14) and labels

Ui =W 'x;+m, where W~N(0,,) and n; ~N(0,02).

Then,
- I 2 M, m+1
E |:(ym+1 - gZTT(Zm ZM)) :| = Mt —Tr (EtA) + Ht Tr (ATA) —Tr (EtA) + T Tr (AEtA) s
where My = Tr (2;) + o2.
Proof. Recall at inference time,
T X X 0 T X b4
~ s - _ 1 ... m ~ m+1| . q
Zym=|21 ... Zn O] _[?71 o O] and zq_[ 0 }.—[O}. (12)
Then, let us define
T - - 1T T
Xie = [Xl X2 .. Xm] )y Yte = [yl Y2 ... ym] y o Me = [771 2 nm] )

and 7g 1= Nm+1. Note yie = XieW + 7. By Lemma 3, we have

U 1 1
die80: Z0) = ] AX Ly =] (-AXLyi ).
N————

=w
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where A = ("HI + M. 23 ) . By plugging this into the risk and linearity of expectation,

E {(VNVqu + 1y — vAvqu)z] =E {(VVqu + nq)z} —2E [(Ww x4 + 1) (x, W)] +E [(w Xq) } . (13)
(@) (b) T

It suffices to analyze each individual term.
Analyzing (a). We first evaluate E [(VNVqu + nq)z}. First, we note
E[(% % +10)"] =E[(7x,)"] + 2B [1,% x,] + E[2] =E [(%x,)] + 0%,
so it suffices to analyze E [(Vvqu)Q}. By law of total expectation and the fact that W,x, are independent,
E|(W7x,)"] = Ex [Ex, [ (#7x,)" | #]]
Conditioned on W, W x, ~ A(0, |W|?), so E [(w x,)° |v~v} = Var (WTx, | W) = |%|2. Therefore,
Ee [Ex[ (W7x,)" [W]] = E[IW]?] = T (B [WWw]) = Tr ().

Therefore,
E {(Wqu + nq)2} = Tr(Z;) + o2

Analyzing (b). Next, we analyze E [(VTITXq + nq) ( :; )] We first note
B (5%, + ) (] 9)] = E[(57x,) ()] +E [nx ] = B [(%7x,) (x9)]
=0

so it suffices to analyze E [(W'x,) (x, W)]. Substituting w := ZAXy;c = LAX/ (XseW 4 1,,) yields

1
E[(W7x,) (6] )] = LB [ x,x] AX[ (X% 47, )]

1
= E (E [W Xq TAXteXteW] + E [W qu AXtente] )
= (B [W ] AX] X, +E [ x,x] AX]Eln, ] )
=0
| _ 1 s
= EE [waqx;rAX;';Xtew] = EE[Tr (waqu;rAX;Xte) ]

1 e T TAXT
= Tr (E [ww XgXg AXteXte} )

= %Tr (EWWTE[xx] AE[X1X0] ) = Tr (ZeA).

> I, m-Iy

Analyzing (c). Finally, we analyze E [(x, w)?]:
~ 1 ~ 2 1 2
E [, %)?] = —E |(x] AX[ (X +1,.))| = —E [ (] AX[ X1 + x] AX[ ;)]

E [(x, AX X eW)?] +2E [(x, AX[ X;eW) (x, AX/.7,.)] +E [(x; AX[ .7y, ) ])

( =0
<

E[x] AX] X, %% X[ X, ATx,] +E [x] AX] 7m0 X, AT xq])
(@) ©
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We first focus on (d):

E [x] AX X oW W X X0 ATx,] = | Tr (x,%] AX X0 W% XX AT) |

=Tr (IE [quT] AE [X;Xte"NV‘TVTXtTeXte] AT)
W—/

[T (AX] X, ww X, X, AT) } E[Tr (%% XX, ATAX] X, }

_ ( [ ] B (XX ATAXTX,] ) = B[ T (20X X0 ATAX] X, |

]E{Tr (AXTXtEZtI/ 2t/ 2X;xtepﬁ) } — E[Tr (X;Xtei;im) ]

where X[ := AX/ and X;re = 22X Note X/ = [Ax; ... Axy,]:=[X1 ... Xp] whereX;:= Ax; .
N(04,AAT), and f:e = [21}/2)(1 Ei/me} =[X1 ... Xp| whereX;:= 22%; W N (04, 2). We can

express i;ite and X;iw as such:

- m T~ m

X;Xte = Z ili;r and Xtexte = iji;r
Therefore,

E [Tr (XteXteXteXte) ] _ (E [metexmxte} )
< S E R %, )
< Y E [xx %] ) Ty (ZE =TT >
i

i=1

>
>

We first consider the case when ¢ # j. In this setting, x; and x; are independent, so

E[xX %% | =E[xX/ |E[XX ]| =AE[xx/ | S E[x;x/ ] AT = AS,AT.
14 I

Therefore,

Ir (i > E[Rix %%/ ) —m-(m—1)-Tr (AZ,AT).

i=1 j#i

We now consider the case where i = j:

m m

Tr <ZE (%%, %X, | ) = ZE {Tr (%% %%, ) }
E [i;r;(ii:ii] = iE [(X,LTATAXZ')(XZTE,:X,L‘)}

i=1

Qo (ﬂy (AZAT) +Tr (ATA) T (zt))

|
&MS P
I

@
Il
-

=

where (i) is because for a ~ N(04,14) and fixed Q,R € R™? E[(a’Qa)(a’Ra)] = Tr (QR+RT")) +
Tr (Q) Tr (R) (see Section 8.2.4 in Petersen et al. (2008)).
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We now focus on (e):
E[x] AX]. 7,0 XA x,] = E [Tr (k%] AX 0, 10 X1 AT) }
_ (E [xox] ] AE [X1n,0m0 Xee] AT) _ (IE: [AX] 7,0l X1 AT] )
I
d

— e (& [rl] )

where 7, := AX/[ n,, = )NCtTente. Note the columns of X; are iid Gaussian with covariance AA". By Corollary
6 in Mattei (2017), By, ~ GALq(202AAT,04,m/2), where GAL,(X, p1, s) denotes a p-dimensional multivari-
ate generalized asymmetric Laplace distribution with mean sy and covariance s(X + pup') (Definition 1 and
Proposition 2 in Mattei (2017)). Therefore,

Tr (E [?;feﬁ;} ) =Tr (Cov(ﬁte)> =mo?Tr (AAT>.

Adding (a), (b), and (c¢). Adding the expressions for (a), (b), and (c), where (¢) = (d) + (e), yields and
combining like terms yields the following expression:

I [(VVTXq + 1 — VAVTXq)Q} =Tr(S) + 02 —2Tr (T,A)
N—————
=(a) =(b)
+ %(m(m — 1) Tr (AS,AT) +2mTr (AS,AT) +m Tr(S,) Tr (ATA) + mo® Tr (ATA) ) .
=@ (@)
=()

Combining like terms yields

E [(Vvqu g — v?szq)2] - (:n Tr (ATA) + 1) (Tr (3) + 02) —2Tr (3:A) + mTH Tr (AX,AT)

M, 1
= M, —Tr (SiA) + L Tr (ATA) - Tr (SA) + 2 T (ADLA)
m m
which is exactly Equation (13). This completes the proof. O

B.1.2 Proof of Theorems 1 and 2

We now provide a proof of Theorems 1 and 2. We specifically focus on the setting of Theorem 2. However, we
also emphasize that the proof reduces down to a proof of Theorem 1 when K = 2, a; = sin(f), and ay = cos(6)
for any 6 € [0,7/2].

Proof. Let ¥ := ymy1. By Lemmas 1 and 4, we have

E {(g Gin(2g, ZM))2] = (% Tr (ATA) +1) (T () +02) —2Tx (SiA) + mTH Tr (AS,AT),  (14)

—_ K
where A = (25T, + Mes=1) 7 A = Te(D) + 02, and B = 3 7 - Sy
k=1

Let U := [U&l Uso ... Ugg UL], where U | € R4 (d—KT) completes the orthonormal basis for R, By
Lemma 6,

1 M, -t
A= <”+ I, + 2—1> —UAUT,
n n
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where

VKIT
v la—kr

with v, = % for all k € [K], and vg41 =

Simplifying Tr(X;). We can write Tr(X;) as such:
Te(S,) = (T, U, ) + ¢ Tr(Ly) = r + ed.
Simplifying Tr(A) and Tr(ATA). We can write Tr(A) and Tr(ATA) as such:

K K
Tr(A)=71Y vp+(d— Kr)vgp and Tr(ATA) =Tr(A%) =1 1+ (d— Kr)vi,,.
k=1 k=1

Simplifying Tr(X;A) and Tr(AX;AT). Note Tr(AX;AT) = Tr(XZ;A2). We first focus on Tr(Z;A):
SA = (ﬁtﬁ: + eId) UAUT =T,U, UAUT +cUAUT
— Tr(SA) =Tr (ﬁ: UAUTE) +eTr(A).

K K

Recall Uy = 3 U, ; where Y. a2 = 1, and so we have
k=1 k=1
K T alI'r
—T
U, U= (ZakUk> Ui ... Uoxg U]=
k=1 agl,
0(d—Kr)x(d—Kr)
Thus,
04%1/11,«
K
Tr (ﬁ:UAUTﬁt) ="Tr =r Z a%yk
ajvkl, k=1
0(d—Kr)yx(d—Kr)
Using a similar argument,
K
Tr (f;rA2> =r Z a%uz + eTr (A2) .
k=1

Simplifying the test risk. Substituting the expressions for the Tr(-) terms into Equation (14) yields

~ 2 1 K
E |:(§_gXTT<anzM)) } = <m (er/,z + (d—Kr)l/%(_H) + 1> (r+ed+o?)
k=1
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Taking € — 0 results in the following expression for the test risk:

. ~ x (7 2 2 (T+02>T - Ve ?

Ye(n+1)+r+ o

K
3 27"2 azvgn n (m+1)r Z QaEYEN 2
vkn—i—l )+r+02 m. = Ye(n+1)4+r+ o2

Substituting v; = & for all k € [K] and combining like terms yields

m+1+ K(r +0?) rn? B 2rn
m (n+1+K(r+02)? n+l+K(r+o?)

~ 2
lim [(’y“— Gire (7, Znn) } =r+o?+

Now suppose n < m. Then, we have

Tn2

n+1+K(r+o?)

~ 2
lim [(g— Gire (70, Znn) ] <ro?-
e—0

Upper bounding this by o2 + & for some § € (0,r), then solving for n, yields the following result. For any
0 € (0,r), if
(K(r+o%) +1)r

5 —(K(r+o% +1),

m>n >

~ 2
then lirr(l)E [(i]— arr(Zg, ZM)) } < 0% + 4, which completes the proof. O
e—

B.1.3 Proof of Propositions 1 and 2

We now provide the proof of Proposition 1, which discusses how the proof can be generalized to the setting of
Proposition 2.

Proof. For simplicity, we denote y := ¥,,+1. Recall U := [US U, . U2T7Lj| € R¥¥4 where Uy, U, € Raxr
and Uy, | € R4*(d=27) 4]] have orthonormal columns, while UIUJ_,S = 0,«, and UIUJ_ = U;F,J_UQT)J_ =
0, (d—2r)- We re-write 3, as such:

ES:USU§+eId=U[IT }UT—&-EI:U[(H%)IT }UT.
O(4—r)x (d—r) ely
Note this is a valid eigendecomposition of 3. Thus, by Lemma 6, we have
1. M, !
A= <”+ I+ 2;) — UAUT, (15)
n n

where

(1+e)

A= |Gner T = [UIIT ] :
7(n+1’)f+Ms B volg—r

and M, = Tr(Z,) + 0.

By Lemma 1 (and omitting the subscripts in the expectation),
~ s o7 ) 1 T 2 m+1 T
E|(7 - gim(20:Z0) | = (T (ATA) +1) (Tr () +0?) —2Tr (BiA) + = —Tr (AZAT) . (16)

We simplify the remaining Tr(-) terms using Equation (15).
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Simplifying Tr(A) and Tr(ATA). Directly from Equation (15):
Tr(A)=r- 11+ (d—7r)-vy and Tr(ATA) = Tr(A?) =r-v? + (d—7r) - V2,
where A2 = UA2UT.

Simplifying Tr(2;A) and Tr(AX;AT). First note Tr(AX;AT) = Tr(X;A?). We first focus on Tr(X;A):

3A = (U, U] +el;) UAUT = U, U/ UAUT + UAUT
= Tr(Z;A) = Tr (U/ UAU'U,) + € Tr(A).

Recall we defined Uy in Equation (5) as follows:
U, = U, cos(®) + U, | sin(O).

Therefore:
U/ U = (U, cos(®) + Uy sin(®)) ' [Uy Uy Uy] = [cos(®) sin(®) Ogxa—2v],
and thus,
L, cos(O®)
Tr (UtTUAUTUt) =Tr | [cos(®) sin(®) 0gy(g—2] oL, sin(@®)
voly or| |Oa—2r)xd
v1 cos?(O)
=Tr vy sin? (@) =7r-vy-cos?(0) + 7 - vy - sin?(6),

O(d—2r)x (d—2r)
where we used the fact that the principal angles are all equal to 6. Using a similar argument,
Tr (E:A2) =7r-vi-cos’(f) +r-v:-sin®(0) + e Tr(A?)
Simplifying the Test Risk. Substituting the expressions for the Tr(-) terms into Equation (16) yields
. s N2 1
E [(y — garr(Zgs ZM)) } =<E(Tl/12 + (d— T)l/%) + 1) (T +ed + 02)
— 2 (rvy cos®(6) + rvasin®(0) + (rvg + (d — 7)i)e)

1
+ + (rvf cos?(0) + rvg sin®(0) + (rvf + (d —r)v3 )e)

Substituting the expressions for v; and v» and taking € — 0 results in the following:

7“7’12

~ 2
. ~ g% fd = ’
EI_I%E [(y gATT<Zq7ZM)) } (m(n+1+?"+02)2 +1) (r+a)
_ 2rncos*(6) (m + 1)rn? cos?(6)
ntl+r+o®  mn+l+r+o?)?

Subsequently taking m,n — oo yields

L N\2
lim lim limE {('yv— 9arr(Zq, ZM)) } =7+ 0% —rcos?(0) = rsin®(0) + o2,

m—00 n—00 €e—0

which completes the proof. To generalize this result to the case in which all of the principal angles are not the
same, i.e., §; # 0 for all i € [r], we can replace all terms with r cos?(#) and rsin?(#) with Sy cos?(0;) and
Sy sin?(6;), respectively, due to the trace terms. This gives us an overall test risk of

. 2 s s
lim lim limE {(ﬂ 9arr (24, ZM)> ] =r+o?— Zcosz(ei) = Zsing(ﬁi) + 02,
i=1 i=1

m—o00 n—00 e—0

which gives the result in Proposition 2. 0
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B.2 Proofs for Feature Shifts

In this section, we provide proofs of our theoretical results on the generalization abilities of a linear attention
model when the features undergo a distribution shift.

B.2.1 Supporting Results

We first derive an expression for the test risk under a general distribution shift for the features.

Lemma 2 (Test Risk Under General Feature Distribution Shift). Let gj;r denote the optimal linear attention
model corresponding to the independent data setting in Equation (11). For all j € [m + 1], suppose that the
prompts at test time are constructed with task vectors w ~ N (0,14) and labels

v = wTij +mn;, where X; ~N(0,%;) and nj ~N(0,0%),
Then, we have
E [(gmH — G2, Z M))Z} — M, —2Tr (S2A) + mT“ Tr (AX?A)
+ % Tr (=) Tr (AZ,A) + %2 Tr (AZ}A), (17)
where My = Tr (2;) + o2.

Proof. The proof is similar to that of Lemma 1 with §,,41 = W' X411 + 74, Where X1 ~ N(0,3;). Recall at
inference time,

T ~ ~
R - I el B

Again we define
-~ ~ 1T SO ~
Xie = [Xl X2 .. Xm] y Yte = [yl Y2 - Ym
and 74 := Nm+1. By Lemma 5, we have

y [~ B 1 - 1
9T (Zq, ZM) ~m JAX;I—eyte = X;— <mAX;th>a
~—_——

=w

_ 7 -1
where A = 25_1/2AES_1/2 and A = ("THId + %25_1/2) . By plugging this into the risk and linearity of
expectation,

E[(w%, 4+, - %%,)" =B [(w'%, )] 2E[(wT%, +n,) &%) +E[@7%)].  08)

(a) (®) (o)

so it suffices to analyze each individual term.

Analyzing (a). We first evaluate E [(wTiq + 7761)2] First, we note
E[(wW %+ )" ] =B [(w%)"] + 2 [n,w %] +E [n2] =E [(w'%,)"] + 0%,
so it suffices to analyze E {(wTiq)Q}. By law of total expectation and the fact that w,X, are independent,

E[(wT%,)"] = Ex, [Ew [(w7%,)" [%,]].



Out-of-Distribution Generalization of In-Context Learning

Conditioned on X,, w X, ~ N (0, [|X,/|?), so E [(w xq) | iq} = Var (w X, | w) = ||X4]|%. Therefore,

Eu [Ex[ (w7%,)" [W]] = E[I%,17] = Tr (B [R,%]]) = Tr ().
Therefore,
E [(WT;CQ + 77‘1)2} =Tr (%) +0?

Analyzing (b). Next, we analyze E [(w X, +7,) (EZVAV)] We first note

E[(w'Rq +n0) (% W)] = E [(w'Rg) (X W)] +E [n,%, W] =E[(w'%,) (%, %)],

so it suffices to analyze E [(w'X,) (X; W)]. Note W := LAX ] yie = LAX] (Xew +1,.), SO

m

~\ (~T~ 1 ~ ~
E[(w'%,) (%, w)] = mE (WX Xg AX o (Xeew + 10y, )]

%(IE (W% AX, Xow] + E [wT %, %] AX ;] )
%(E (w'%, ~TAXtPXtew] +E[w' XX, JAX/En,] )
=0
1 . 1 o~ ~
= EE [WTXq TAXteXtew} = EE[T\I (waqu;AX;Xm)}
1 ~ ~
= Tr (IE [WWTqu;—AX;Xm] )
W (E[ww'] E[%%]] AE[X]X,] ) = Tr (27A),
m N — e N———

I, > m-3y

where again A = X7 /2A%;"? and A = (mHT, + %2;1)71'

Analyzing (c). Finally, we analyze E [(X; w)?]:

e I _ -
E[(%]%)?] = —E (%] AX[(Xow +n,,))"| = E [ (%] AX[ Xoow + %] AX/m,,)’]

(%] AX] X, .w)2] +2E [(X] AX] X, w)(%] AX.n,.)] +E [(iqTAX;nte)Q])

=0

- (el
2 (Bl

1/
— (B[R] AX] X, oww XX ATR,] +E [R] AX 7,00 X1 AT %] )
m
@ ©
We first focus on (d):
E [%] AX] X, cww X[ X, AT, = { (waX;XteATiqiqTAX;Xte)}

=Ty (E [ww | E [AX] X, %, TXtexteAT )
—_———
I
= E|Tr (AX[X0X, %, X[ X AT) | = B[ Tr (%,%] X[ X ATAX/X0.) |
—Tr (E %% E [X] X, ATAX] X,.] ) - E[Tr (23X X, ATAX] X,,) }
>

- ]E{Tr (AX;XteZI/ 2l 2X;xt6AT) } = ]E[Tr (X;th;f(te) }
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where X[ := AX] and X,, := £1°X]. Note X[ = [A% ... A%,]:=[% X,| where %; := A%, %
N(04,AZ;AT), and K:e = [22/2§1 Ei/zim} = [il im] where X; := 21/2~‘ w ~ N(04,32). We

A~ JE— 7T A~
can express XtTeXte and X, X¢. as such:

m

m
XX =Y %% and X, Xpe =Y %%/
Therefore,
E[ (x;xwx Xf(,” - (IE [X;Xmitzf(m})

i=1 j=1
<ZZ]E xzx X;X > + Tr (ZE [izijiﬁj] >
i=1 j#i i=1

We first consider the case when ¢ # j. In this setting, x; and x; are independent, so

\W_/
o 3

E[xx/ %% | =E %% |E[x;%/] = AE [xX/ | 3, E[x,X] AT = AS}AT
N—_——

Therefore,

0 (5257 kT ) ) ABEAT)

i=1 j#i

We now consider the case where i = j:

Tr (Z]E [R%! %%/ ] ) =Y BT (xx%%]) |
1 i=1

m
E (%[ %% %] =) E[X ATAX) (X =%,)]
=1

I
&MS .
[

=1

%

Zom - <2 Tr (AE;?AT) +Tr (AS,AT) Tr (23)),

—~
=

where (i) is because for a ~ N (04, 3;) and fixed Q,R € R™? E [(a’Qa)(a’Ra)] = Tr (QZ,(R+R")X;) +
Tr (QX;) Tr (RX,) (see Section 8.2.4 in Petersen et al. (2008)).

We now focus on (e):

[ TAXtententeXteA XQ] :E|:T‘I‘(qu AXtententeXteA )i|

_ (E XX E[AX] 0,0 X AT] ) _ (]E {21/ 2AX] 0,0l X AT 2} )
PP

= v (E [y )

where 7, 1= 21/2AXte77te = Xtente Note the columns of X;e are iid Gaussian with covariance AX?AT. By
Corollary 1 in Mattei (2017), 77, ~ GAL4(202AX, AT, 04,m/2), where GAL, (X, p, s) denotes a p-dimensional

multivariate generalized asymmetric Laplace distribution with mean sp and covariance s(X + ppu ') (Definition
1 and Proposition 2 in Mattei (2017)). Therefore,

Tr (E [ﬁteﬁ:@} ) = mo? Tr (AE%AT).
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Adding (a), (b), and (c). Adding the expressions for (a), (b), and (c¢), where (¢) = (d) + (e), yields and
combining like terms yields the following expression:

E [(WTiq + 1 — \’fvT%q)z] =Tr (%) +0° —2Tr (Z7A)
=(a) =(b)
m(m —

1) 2 1 o?
o T (ADPAT) + = Tr (ADFAT) + — Tr(37) Tr (AZAT) + — Tr (AX7AT).

=(d) =(e)
=(c)

Combining like terms and using the fact M; = Tr (2;) + o2 yields

E[(wT%, 4, - WR,)"| = M, - 2T (57A) + mTH Tr (AX?A)

1 2
+—Tr (32) Tr (AX,A) + = Tr (AZ?A)
m m
which is exactly Equation (17). This completes the proof. O

B.2.2 Proof of Proposition 3
Proof. From Lemma 2, recall that the test risk is given by

E[(wT% 40— WT%,)"| =Tr (%) + 02 - 2Tr (S3A) + mTH Tr (AX3A)

1 2
+— Te(S2) Tr (AS,A) + = Tr (AX2A)
m m

where M; = Tr (£;) + 02, A = ("THId + %2;1)71, and A = 2;1/2AE;1/2. Since ¥, = U U/ + eIy, we can
write its eigendecomposition as such:

ES:USUZ+eId:U[I’” }UT—&-eI:U[(lJFG)I’" }UT,
O(d—r)x(d—r) elg_,
where U = [US U, UQT,L]. Then, we can write A as follows:
1 M, -1 1 M, \ !
A:ES—l/2 <H1d+ 528—1> 25—1/2 = (HES—I— é'Id) = UAUT (19)
n n n n
where
S S——
A= (n+1)(1+€)+M

]~ )
(T’L-‘rl;né—‘r]vfs ° Id*’r‘ ’ V2Id7r ’

We simplify the Tr(-) terms using Equation (19). Before proceeding, note

. . 1
nh_)rr;o v = T e and nlgr;o vy = Pt (20)
as well as )
lim E [(wTiq tg—WR,) } =T (3) + 02 — 2Tr (S2A) + Tr (ASPA) (21)
m— 00

so we only focus on the Tr(X;), Tr(22A), and Tr(AX3A) terms. Also, recall 3; = U U] + ely, so

27 = (U U] +ely) (UU] +ely) = (142U U/ + €1y, and (22)
22 = (U U] +ely) (1 +20)U U] +€1y) = (1 +26)(1 +€) + ) U, U/ + €1, (23)
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Simplifying Tr(X?A). Using Equation (19) and Equation (22) yields
Tr (Z2A) = (1+ 2€) Tr (UtT UAUTUt) + 2 Ti(A)
= (14 2¢) (rv1 cos®(0) + rvasin®(0)) + € (rvg + (d — r)va) .
Simplifying Tr (AX}A). Using Equation (19) and Equation (23) yields
Tr (AX?A) = Tr (B7A%) = ((1+26) (14 €) + €) Tr (U,UA’UTU,) + > Tr (A?)
= ((1+2e)(L+€) + €%) (rvf cos®(0) + rvg sin®(0)) + €* (rvf + (d —r)v3) .

Simplifying the Test Risk. Combining Equation (20) and Equation (21), and then substituting the expres-
sions for the Tr(-) terms yields

rcos?(f)  rsin®(6)
1+e€ € >

rcos®(f)  rsin®(f)

(14¢€)2 €2

lim lim E [(W Xq + 1 — waq)z] =r40?—2(1+2¢) <

m—0o0 N—r0o0

+(1+20)(1+¢) +¢€%) ( >+(9(e).

Letting 1 := ((1+ 2¢)(1 + €) + €%) and ¢ := 2(1 + €) yields

- T -1 - .
lim lim E [(Wqu + 14 — WTXq)Q} =r+4+o’+ (Cl((_|—§)62> rcos? () + (Cl 2662) rsin®(0) + O(e),

m—00 n—00 1 + 6) €

which completes the proof.

B.3 Auxiliary Results

Here, we provide auxiliary results to support the proofs in Sections B.1 and B.2.

B.3.1 Optimal Linear Attention Weights

We first provide results on the form of the weights matrices after training a single-layer linear attention model
on the objective Equation (1). The following results are largely inspired by Theorem 1 in Li et al. (2024b), but
are slightly different since we consider a normalization factor of 1/n in our linear attention model.

Lemma 3 (Optimal Attention Weights (i et al., 2024b)). Consider the independent data model in Equation (4)
with w ~ N(0,3,), and let n € N denote the in-context prompt length used at training. Then, the optimal linear
attention weights obtained by minimizing the loss in Equation (1) are given by

A Od}

o 0 (24)

=W5 =111, and W = {

where A = ("T'Hld + %2;1)71 and My = Tr(Z,) + 02, with empirical risk L = My — Tr (X,A).

Proof. The proof is the same as that of Theorem 1 in Li et al. (2024b) by absorbing the 1/n factor into Wq. O
Lemma 4 (Optimal Attention Weights for Mixture of K Gaussians). Consider the independent data model in

K K
Equation (4) with w ~ Z Ve - N (0,X5 %) for v, € (0,1) for all k € [K] and Y v, = 1. Let n € N denote the
k=1

in-context prompt length used at training. Define 3 = Z Vi - X k. Then, the optimal linear attention weights

obtained by minimizing the loss in Equation (1) are given by

(25)

Wi = Wi =1, and Wi = [A Od} :

o) O

where A = + M. an s =1r + o=, with empirical ris =M —-"Tr .
here A "“I =3 d My =Tr(X 2 h lrisk L = My, — Tr (XA
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K
Proof. 1t is straightforward to see that if w ~ > v,y - N (0, X, %), then
k=1

K
3, = Cov(w) = Z’yk DI
k=1
Then, the proof is equivalent to that of Lemma 3 under the new form of 3. O

Lemma 5 (Optimal Attention Weights for Non-Isotropic Features Li et al. (2024h)). Consider the independent
data model in Equation (11) where the features are drawn from x; ~ N (0,X;) for alli € [n], and n € N denotes
the in-context prompt length used at training. The optimal linear attention weights obtained by minimizing the
loss in Equation (1) are given by

(26)

x " . _[A 0
=W =I5, and WQ[ d},

0] O

where A = >, AR Y2 A = (21, + %2;1)71 and Ms = Tr(Z;) + o2, with empirical risk L* = Mg —
Tr(TA).

Proof. The proof is the same as that of Lemma 3 and Theorem 1 in Li et al. (2024D). O

B.3.2 Miscellaneous Results

Lemma 6. Let 0 < 3 € R¥™? gnd ¢,k > 0 be constants. Then,

S 0 0
0 2 0
(c-Ty+k- )=V cAet VT, (27)
0 0 L

cAg+k

where V. € R4 js an orthonormal matriz whose columns are eigenvectors of X, and X\; is the it" largest
etgenvalue of 3.

Proof. Since X~ 0, there exists an eigendecomposition ¥ = VAV T such that V is an orthonormal matrix and

A is a diagonal matrix consisting of the real, positive eigenvalues of X, denoted as A1, Ag, ..., Aq. Thus,
c+ ){il 0 e 0
0 c+ /\% e 0
ST=VA WV = ¢ Li+k-Z1=V , } \'al
&
0 0 c+ g
A

— (e Ly+k-2 N = VAV

which completes the proof. O
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