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Abstract

The transformer’s remarkable ability to per-
form in-context learning (ICL) has sparked
a wide range of studies designed to under-
stand its strengths and limitations. However,
a theoretical understanding of when ICL can
and cannot generalize beyond its pre-training
data still remains unclear. This paper puts
forth a minimal mathematical model that
provably identifies when ICL can generalize
out-of-distribution (OOD). By studying lin-
ear regression tasks parameterized with low-
rank covariance matrices, we model distri-
bution shifts as varying angles between sub-
spaces and derive conditions under which a
single-layer linear attention model interpo-
lates across all angles. We show that if pre-
training task vectors are drawn from a union
of subspaces, transformers can generalize to
all angle shifts—enabling ICL even in regions
with zero probability mass in the training
distribution. On the other hand, if the pre-
training tasks are drawn from a single Gaus-
sian, the test risk shows a non-negligible de-
pendence on the angle, implying that ICL
cannot generalize OOD. We empirically show
that our results also hold for models such as
GPT-2, and present experiments on how our
results extend to nonlinear function classes.
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1 INTRODUCTION

Transformer-based large language models (LLMs)
(Vaswani et al., 2017) have revolutionized natural lan-
guage processing and driven significant progress across
a wide range of domains, including logical reason-
ing (Wei et al., 2022b), sentiment classification (Chen
et al., 2024; Wang et al., 2024c; Xu et al., 2024), ma-
chine translation (Vilar et al., 2022; Agrawal et al.,
2023), and code generation (Li et al., 2023; Patel et al.,
2024). Their success is largely attributed to scal-
ing up model size, which has been shown to improve
both performance and sample efficiency (Kaplan et al.,
2020). Interestingly, large-scale transformers also ex-
hibit emergent capabilities—abilities that arise only
beyond a certain scale (Wei et al., 2022a). One striking
example is in-context learning (ICL), where a model
can perform a task simply by being prompted with
a few input–output examples, without any gradient-
based updates. This has sparked a variety of research
aimed at understanding the underlying mechanism be-
hind ICL, along with its strengths and limitations.

While there is an abundance of work on ICL, includ-
ing studies on test-time training (Gozeten et al., 2025)
and how specific prompts affect performance (Chang
et al., 2025; Fang et al., 2025), the literature can be
broadly divided into two categories: (i) empirical in-
vestigations into the extent to which ICL can solve
novel tasks (Garg et al., 2022; Raventós et al., 2023;
Yadlowsky et al., 2023; Wang et al., 2025; Ahuja and
Lopez-Paz, 2023; Zhang et al., 2024; Li et al., 2024a;
Pan et al., 2023; Kossen et al., 2024), and (ii) theoreti-
cal analyses of the mechanisms underlying ICL (Zhang
et al., 2024; Huang et al., 2024; Li et al., 2024a;
Akyürek et al., 2023; Von Oswald et al., 2023; Ahn
et al., 2023; Li et al., 2024b). Interestingly, both lines
of work share a common observation: ICL often gen-
eralizes out of distribution (OOD) beyond its training
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Figure 1: Overview of the setup for the pre-training task vectors in this paper. We consider two models: one with
task vectors drawn from a union of subspaces and one trained with task vectors drawn from a single subspace.
At inference, we test both models using a task vector at an angle between two subspaces. The union of subspace
model generalizes across all angles, while the latter fails to generalize under distribution shifts.

data. For ICL, there are a few types of distribution
shift: covariate shifts (i.e., shifts in the inputs), task-
function shifts (i.e., shifts in the function that gener-
ates outputs), and query shifts (i.e., the query input
differs from the inputs in the test prompts). Zhang
et al. (2024) showed that while a single-layer linear
attention model cannot tolerate input shifts, it can
handle shifts in the regression weights (task vectors)
well. Garg et al. (2022) reached a similar conclusion,
empirically showing that ICL is relatively robust to
distribution shifts in several settings, as transformer
performance closely matched that of the least-squares
estimator on linear regression tasks. However, Wang
et al. (2025) recently challenged these views on lan-
guage data, empirically demonstrating that ICL can
generally solve only in-distribution tasks. To resolve
these contrasting perspectives, the concurrent work of
Goddard et al. (2025) investigates task-function shifts
and attributes ICL OOD capabilities to pre-training
task diversity. Yet, the complex nature of their defini-
tion of the task vector made theoretical analysis diffi-
cult, restricting their study to empirical results. Taken
together, these works highlight the lack of a theoreti-
cal framework that clearly explains when ICL can and
cannot generalize OOD.

In this work, we present a mathematical model to de-
mystify and quantify the OOD generalization capabil-
ities of ICL. We primarily focus on task distribution
shifts by studying ICL in a single-layer linear attention
model performing linear regression, where the weight
(or task) vectors are sampled from low-dimensional
subspaces. This allows us to quantify the distribution

shift in the task vector via the principal angles be-
tween subspaces, and characterize the OOD test risk
as a function of these angles (see Figure 1 for an illus-
tration). Unlike Goddard et al. (2025), we then pro-
vide theoretical guarantees by proving conditions on
the pre-training task vectors under which OOD gen-
eralization is possible. Furthermore, we empirically
show that our findings extend beyond linear settings,
in that (i) our results hold for nonlinear transformers
such as GPT-2; and (ii) our results apply to nonlin-
ear function classes. Overall, our contributions can be
summarized as follows:

• OOD Generalization When Trained on a
Union of Subspaces. We prove that when the
pre-training task vectors are sampled from a union
of subspaces, a linear attention model can generalize
across all principal angles between the training sub-
spaces. This result implies that ICL can generalize
to subspaces within the span of the training sub-
spaces, including regions with zero probability den-
sity under the training distribution. We hypothesize
that this explains the apparent OOD capabilities of
ICL observed in the literature: the testing task vec-
tor lies within the span of the training tasks.

• No OOD Generalization When Trained on a
Single Subspace. On the other hand, we prove
that when the training task vectors are drawn from
a single r-dimensional subspace, ICL applied to a
task vector whose subspace is shifted away from the
training subspace by an angle θ incurs a test risk
that depends on θ. This implies that ICL cannot
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uniformly and draw the prompt from span({ψC
k }). In

this case, the test risk is negligible in all regions, even
in those with zero probability density under the pre-
training distribution. This implies transformers gen-
eralizes to OOD tasks in this setting. We hypothesize
that this may explain why ICL achieves OOD general-
ization: the test data actually lies within the span of
the training data. These observations motivate us to
formalize this notion with a tractable analytical set-
ting. To facilitate such analysis, we study a single-
layer linear attention model and linear regression data.

2.3 Single-Layer Linear Attention

We now introduce the linear attention architecture.
Ahn et al. (2024) empirically demonstrated that many
phenomena observed in vanilla transformers can also
be replicated in transformers with linear attention.
These results motivated subsequent works (Ahn et al.,
2023; Zhang et al., 2024; Li et al., 2024b) to adopt lin-
ear attention as a testbed for studying ICL, which we
also adopt for analysis.

For linear attention, we employ a causal mask to the
input prompts to ensure that they cannot attend to
their own labels (Ahn et al., 2023; Mahankali et al.,
2024):

ZM =
[
z1 . . . zn 0

]⊤
and zn+1 =

[
xn+1

0

]
.

Given the input sequence ZM and query zn+1, a
single-layer linear attention model sets gATT as follows
to make the prediction ŷn+1:

ŷn+1 = gATT(zn+1,ZM) (2)

=
1

n

(
z⊤n+1WQW

⊤
KZ⊤

M
)
ZMWV p, (3)

where p = [0d 1]⊤ and WK ,WQ,WV ∈ R(d+1)×(d+1)

are the key, query, and value weight matrices, respec-
tively. This sets W = {WK ,WQ,WV } as the collec-
tion of trainable weights corresponding to the linear
attention model. Then, let W⋆ = {W⋆

K ,W
⋆
Q,W

⋆
V } be

the optimal weights obtained by minimizing the loss
in Equation (1). During inference time, we test the
optimal linear attention model g⋆ATT using the m + 1
paired examples:

ŷm+1 = g⋆ATT(z̃m+1, Z̃M)

=
1

m

(
z̃⊤m+1W

⋆
QW

⋆⊤
K Z̃⊤

M

)
Z̃MW⋆

V p.

Notice at inference time, we normalize by a factor of
m instead of n.

2.4 ICL with Linear Regression

The most commonly studied ICL task is linear re-
gression, which specifies f(x) = w⊤x for some input

x ∈ Rd and weight (or task) vector w ∈ Rd. In this
work, we also adopt the linear regression setting, but
assign particular forms to the task vectors to mimic
the setup of Section 2.2 using low-dimensional sub-
spaces. Below, we specify the corresponding training
and testing distributions.

Training Distribution. Recall that in Figure 2
(left), we trained on prompts drawn from a single co-
sine basis, while in Figure 2 (right), we trained on
prompts drawn from a union of cosine bases. To this
end, suppose that d ≥ 2r and let Us ∈ Rd×r and
Us,⊥ ∈ Rd×r be two r-dimensional orthonormal bases
in Rd. Consider the following two covariance matrices:

Σs = UsU
⊤
s + ϵ · Id

Σs,⊥ = Us,⊥U
⊤
s,⊥ + ϵ · Id,

where ϵ > 0 is a small constant included to ensure a
non-degenerate distribution. For training, we consider
two separate models trained on two different task vec-
tor distributions. Specifically, each feature and label
pair (xi, yi) is generated as follows. For all i ∈ [n+ 1],
let xi ∼ N (0, Id) and

yi = w⊤xi + ηi, (4)

where ηi ∼ N (0, σ2) is iid noise with variance σ2. Fi-
nally, we consider the following distributions for the
task vector w:

w ∼ N (0,Σs), (Single Subspace)

or

w ∼

{
N (0,Σs) w.p. γ,

N (0,Σs,⊥) w.p. 1 − γ,
(Union of Subs.)

where 0 < γ < 1 denotes the mixture probability. Un-
der these two distributions, we show that the trained
models exhibit different OOD generalization behaviors
with respect to the testing distribution defined in the
following section. Finally, in the union of subspaces
distribution, while we focus on K = 2 bases for ease of
exposition, we also generalize our results to consider a
union of K > 2 bases.

Testing Distribution. Recall that in Section 2.2,
we tested the transformer with all possible convex
combinations of the cosine bases. Similarly, we aim to
define a testing subspace Ut ∈ Rd×r such that it repre-
sents a region between the training subspaces. To this
end, we parameterize Ut as such (Absil et al., 2004,
Section 3.8):

Ut = Us · cos
(
Θ
)

+ Us,⊥ · sin
(
Θ
)
, (5)
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We provide some intuition behind the proof of The-
orem 1, deferring the full proof to Section B.1.2. At
the optimal linear attention weights under the loss in
Equation (1), the model reduces to a single step of pro-
jected gradient descent (PGD) (Li et al., 2024b; Ahn
et al., 2023; Von Oswald et al., 2023; Mahankali et al.,
2024). Denoting A ∈ Rd×d as the PGD projection
matrix that arises from the optimal weights, we sketch
how the dependence on θ is mitigated (assuming σ = 0
and δ → 0 for simplicity):

ŷm+1 = g⋆ATT(z̃m+1, Z̃M) =
1

m
x⊤
m+1AX⊤ Xw̃︸︷︷︸

=y

→ x⊤
m+1U2rU

⊤
2rw̃ (m,n→ ∞ and ϵ→ 0)

= x⊤
m+1U2rU

⊤
2rUtg, (w̃ = Utg)

where g ∼ N (0, Ir), and we have defined the following:

X :=
[
x1 . . . xm

]⊤ ∈ Rm×d

y :=
[
ỹ1 . . . ỹm

]⊤ ∈ Rm

U2r :=
[
Us Us,⊥

]
∈ Rd×2r.

Since R(Ut) ⊂ R(U2r) for all θ ∈
[
0, π2

]
, the trained

model perfectly recovers ỹm+1. Lastly, we set γ =
0.5 to simplify constants in the test risk, though our
results hold for any γ ∈ (0, 1).

Beyond a Mixture of Two Gaussians. We now
generalize the above result to consider a mixture of
K > 2 Gaussians. This model has been extensively
studied in machine learning (Vidal, 2011) and has re-
cently gained attention in deep learning (Wang et al.,
2024b; Xu et al., 2025; Wang et al., 2024a). Specifi-
cally, assume d ≥ Kr, and let U =

[
u1 . . . ud

]
∈

Rd×d be an orthonormal basis for Rd. For all k ∈ [K],
we define Us,k =

[
u(k−1)·r+1 . . . ukr

]
∈ Rd×r.

Note that U⊤
s,kUs,l = 0r×r for all k ̸= l. Then, we

assume the training task w ∈ Rd is sampled as such:

w ∼
K∑

k=1

γk · N (0,Σs,k), (8)

where Σs,k = Us,kU
⊤
s,k + ϵ · Id and

K∑
k=1

γk = 1. At

inference time, we define an orthonormal basis Ut ∈
Rd×r that lies within the span of {Us,k}Kk=1:

Ut =

K∑
k=1

αkUs,k, for {αk}Kk=1 s.t.

K∑
k=1

α2
k = 1, (9)

where the constraint on {αk}Kk=1 ensures Ut ∈ Rd×r is
an orthonormal basis. Then, similar to Theorem 1, we
consider testing on task vectors w̃ ∼ N

(
0,Σt

)
with

Σt = UtU
⊤
t + ϵ · Id. We again emphasize Ut is unseen

during training, but lies within the span of the training
subspaces.

Theorem 2. Let g⋆ATT denote the optimal linear
attention model corresponding to the indepen-
dent data setting in Equation (4), where the
task vector is drawn from Equation (8) with
γk = 1

K for all k ∈ [K]. For all j ∈ [m + 1],
suppose that the test prompts are constructed
with features xj ∼ N (0, Id) and labels whose
task vectors are constructed with subspaces de-
fined in Equation (9). For any {αk}Kk=1 s.t.
K∑

k=1

α2
k = 1 and δ ∈ (0, r), if

m ≥ n >
(K(r + σ2) + 1)r

δ
− (K(r + σ2) + 1),

then we have

lim
ϵ→0

E
[(
ỹ − g⋆ATT(z̃m+1, Z̃M)

)2]
< σ2 + δ.

The proof is deferred to Section B.1.2. Similar to The-
orem 1, if the linear attention model is trained on task
vectors that lie in a union of K subspaces, it can gen-
eralize well to any region within the span of the K
subspaces, even if those regions have zero probability
density during training. Lastly, note that by setting
K = 2, α1 = cos(θ), and α2 = sin(θ), we exactly
recover Theorem 1.

3.2 Transformers Cannot Generalize When
Trained on a Single Subspace

Previously, we saw that task vectors drawn from a
union of subspaces—which can be viewed as a form of
task diversity—can enable OOD generalization. Sim-
ilar to Section 2.2, we now aim to identify a setting
in which generalization beyond the pre-training data
is not possible. The following result shows that if the
task vectors are drawn from a Gaussian whose covari-
ance matrix spans only a single subspace Us ∈ Rd×r,
then testing a linear attention model on a task vector
shifted away from the training subspace by an angle θ
yields a test risk with a non-negligible dependence on
θ, even as the prompt length tends to infinity.
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Checklist

1. For all models and algorithms presented, check if
you include:

(a) A clear description of the mathematical set-
ting, assumptions, algorithm, and/or model.
[Yes/No/Not Applicable]

(b) An analysis of the properties and complexity
(time, space, sample size) of any algorithm.
[Yes/No/Not Applicable]

(c) (Optional) Anonymized source code, with
specification of all dependencies, including
external libraries. [Yes/No/Not Applicable]

2. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of
all theoretical results. [Yes/No/Not Appli-
cable]

(b) Complete proofs of all theoretical results.
[Yes/No/Not Applicable]

(c) Clear explanations of any assumptions.
[Yes/No/Not Applicable]

3. For all figures and tables that present empirical
results, check if you include:

(a) The code, data, and instructions needed to
reproduce the main experimental results (ei-
ther in the supplemental material or as a
URL). [Yes/No/Not Applicable] We will
release the code upon the completion
of the review process for anonymity.

(b) All the training details (e.g., data splits,
hyperparameters, how they were chosen).
[Yes/No/Not Applicable]

(c) A clear definition of the specific measure or
statistics and error bars (e.g., with respect to
the random seed after running experiments
multiple times). [Yes/No/Not Applicable]

(d) A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster, or
cloud provider). [Yes/No/Not Applicable]

4. If you are using existing assets (e.g., code, data,
models) or curating/releasing new assets, check if
you include:

(a) Citations of the creator If your work uses ex-
isting assets. [Yes/No/Not Applicable]

(b) The license information of the assets, if ap-
plicable. [Yes/No/Not Applicable]

(c) New assets either in the supplemental mate-
rial or as a URL, if applicable. [Yes/No/Not
Applicable]

(d) Information about consent from data
providers/curators. [Yes/No/Not Applica-
ble]

(e) Discussion of sensible content if applicable,
e.g., personally identifiable information or of-
fensive content. [Yes/No/Not Applicable]

5. If you used crowdsourcing or conducted research
with human subjects, check if you include:

(a) The full text of instructions given to partic-
ipants and screenshots. [Yes/No/Not Ap-
plicable

(b) Descriptions of potential participant risks,
with links to Institutional Review Board
(IRB) approvals if applicable. [Yes/No/Not
Applicable]

(c) The estimated hourly wage paid to partici-
pants and the total amount spent on partici-
pant compensation. [Yes/No/Not Applica-
ble]
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A Additional Results

In this section, we present additional theoretical and experimental results to supplement those in the main text.
In Section A.1, we generalize the result in Proposition 1 to the case of r distinct principal angles. In Section A.2,
we explore how our framework can be used to analyze the effect of feature shifts between training and testing
prompts.

A.1 Result with Different Principal Angles

In Proposition 1, we assumed that all of the r principal angles between the subspaces Us ∈ Rd×r and Ut ∈ Rd×r

were all the same, i.e., θi = θ ∈ [0, π2 ], for simplicity. In Proposition 2, we relax this requirement and present a
result where the angles are not necessarily the same.

Proposition 2 (Task Distribution Shift with Different Angles). Let g⋆ATT denote the optimal linear at-
tention model corresponding to the independent data setting in Equation (4) with where the task vector is
drawn from a single subspace. For all j ∈ [m+ 1], suppose that the prompts at test time are constructed
with features xj ∼ N (0, Id) and labels

ỹj = w̃⊤xj + ηj , where w̃ ∼ N (0,Σt) and ηj ∼ N (0, σ2),

with covariance matrix Σt ∈ Rd×d from Equation (6), but now with θ1 ̸= θ2 ̸= . . . ̸= θr. Then, we have

lim
m→∞

lim
n→∞

lim
ϵ→0

E
[(
ỹm+1 − g⋆ATT(z̃q, Z̃M)

)2]
=

r∑
i=1

sin2(θi) + σ2, (10)

where θi ∈ [0, π2 ] is the i-th principal angle between the train subspace Us ∈ Rd×r and the test subspace
Ut ∈ Rd×r.

The proof is a direct extension of the proof for Proposition 1 and is left in Section B.1.3. Recall that the test
risk presented in Proposition 1 was r sin2(θ) + σ2. It is easy to see that if we set θi = θ, then the test risk in
Proposition 2 recovers the risk in Proposition 1, i.e.,

∑r
i=1 sin2(θi) = r sin2(θ).

A.2 Can Transformers Tolerate Feature Shifts?

Thus far, we studied how changes in the task vector affect the test risk of ICL. In this section, we explore how
distribution shifts in the features (in both the prompts and the query) affect the test risk. Recent work by Zhang
et al. (2024) demonstrated that Transformers are not robust to feature shifts, showing that ICL fails to remain
robust when features are scaled by a constant. We share a similar observation that feature shifts can be much
more detrimental to the test risk than task shifts, by considering the mathematical framework used thus far.
Consider training a Transformer using prompts whose labels are constructed by a task vector w ∼ N (0, Id):

yi = w⊤xi + ηi, where xi ∼ N (0,Σs) and ηi ∼ N (0, σ2). (11)

During testing, we construct labels using the task vectors drawn from the same distribution but with shifted
features: ỹj = w⊤x̃j + ηj , where x̃j ∼ N (0,Σt). Before presenting our theoretical result, we illustrate in
Figure 7 how shifts in the features affect the test risk, in contrast to shifts in the task vector. Interestingly, for
both linear and nonlinear Transformer models, when the feature shift is small (i.e., θ > π

4 ), the test risk changes
only minimally, whereas it increases sharply for θ < π

4 . The following result captures this behavior, which arises
as an artifact of using a degenerate distribution for the features.
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where A =
(
n+1
n Id + Ms

n Σs

)−1
. By plugging this into the risk and linearity of expectation,

E
[(
w̃⊤xq + ηq − ŵ⊤xq

)2]
= E

[(
w̃⊤xq + ηq

)2]︸ ︷︷ ︸
(a)

−2E
[(
w̃⊤xq + ηq

) (
x⊤
q ŵ
)]︸ ︷︷ ︸

(b)

+E
[(
ŵ⊤xq

)2]︸ ︷︷ ︸
(c)

. (13)

It suffices to analyze each individual term.

Analyzing (a). We first evaluate E
[(
w̃⊤xq + ηq

)2]
. First, we note

E
[(
w̃⊤xq + ηq

)2]
= E

[(
w̃⊤xq

)2]
+ 2E

[
ηqw̃

⊤xq

]
+ E

[
η2q
]

= E
[(
w̃⊤xq

)2]
+ σ2,

so it suffices to analyze E
[(
w̃⊤xq

)2]
. By law of total expectation and the fact that w̃,xq are independent,

E
[(
w̃⊤xq

)2]
= Ew̃

[
Exq

[ (
w̃⊤xq

)2 ∣∣ w̃]] .
Conditioned on w̃, w̃⊤xq ∼ N (0, ∥w̃∥2), so E

[(
w̃⊤xq

)2 ∣∣ w̃] = Var
(
w̃⊤xq | w̃

)
= ∥w̃∥2. Therefore,

Ew̃

[
Ex

[ (
w̃⊤xq

)2 ∣∣ w̃]] = E
[
∥w̃∥2

]
= Tr

(
E
[
w̃w̃⊤]) = Tr (Σt) .

Therefore,

E
[(
w̃⊤xq + ηq

)2]
= Tr(Σt) + σ2.

Analyzing (b). Next, we analyze E
[(
w̃⊤xq + ηq

) (
x⊤
q ŵ
)]

. We first note

E
[(
w̃⊤xq + ηq

) (
x⊤
q ŵ
)]

= E
[(
w̃⊤xq

) (
x⊤
q ŵ
)]

+ E
[
ηqx

⊤
q ŵ
]︸ ︷︷ ︸

=0

= E
[(
w̃⊤xq

) (
x⊤
q ŵ
)]
,

so it suffices to analyze E
[(
w̃⊤xq

) (
x⊤
q ŵ
)]

. Substituting ŵ := 1
mAX⊤

teyte = 1
mAX⊤

te(Xtew̃ + ηte) yields

E
[(
w̃⊤xq

) (
x⊤
q ŵ
)]

=
1

m
E
[
w̃⊤xqx

⊤
q AX⊤

te(Xtew̃ + ηte)
]

=
1

m

(
E
[
w̃⊤xqx

⊤
q AX⊤

teXtew̃
]

+ E
[
w̃⊤xqx

⊤
q AX⊤

teηte

] )
=

1

m

(
E
[
w̃⊤xqx

⊤
q AX⊤

teXtew̃
]

+ E
[
w̃⊤xqx

⊤
q AX⊤

te

]
E [ηte]︸ ︷︷ ︸

=0

)
=

1

m
E
[
w̃⊤xqx

⊤
q AX⊤

teXtew̃
]

=
1

m
E
[

Tr
(
w̃w̃⊤xqx

⊤
q AX⊤

teXte

) ]
=

1

m
Tr
(
E
[
w̃w̃⊤xqx

⊤
q AX⊤

teXte

] )
=

1

m
Tr
(
E
[
w̃w̃⊤]︸ ︷︷ ︸
Σt

E
[
xqx

⊤
q

]︸ ︷︷ ︸
Id

AE
[
X⊤

teXte

]︸ ︷︷ ︸
m·Id

)
= Tr

(
ΣtA

)
.

Analyzing (c). Finally, we analyze E
[
(x⊤

q ŵ)2
]
:

E
[
(x⊤

q ŵ)2
]

=
1

m2
E
[(
x⊤
q AX⊤

te(Xtew̃ + ηte)
)2]

=
1

m2
E
[(
x⊤
q AX⊤

teXtew̃ + x⊤
q AX⊤

teηte

)2]
=

1

m2

(
E
[
(x⊤

q AX⊤
teXtew̃)2

]
+ 2E

[
(x⊤

q AX⊤
teXtew̃)(x⊤

q AX⊤
teηte)

]︸ ︷︷ ︸
=0

+E
[
(x⊤

q AX⊤
teηte)

2
] )

=
1

m2

(
E
[
x⊤
q AX⊤

teXtew̃w̃⊤X⊤
teXteA

⊤xq

]︸ ︷︷ ︸
(d)

+E
[
x⊤
q AX⊤

teηteη
⊤
teXteA

⊤xq

]︸ ︷︷ ︸
(e)

)
.
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We first focus on (d):

E
[
x⊤
q AX⊤

teXtew̃w̃⊤X⊤
teXteA

⊤xq

]
= E

[
Tr
(
xqx

⊤
q AX⊤

teXtew̃w̃⊤X⊤
teXteA

⊤) ]
= Tr

(
E
[
xqx

⊤
q

]︸ ︷︷ ︸
Id

AE
[
X⊤

teXtew̃w̃⊤X⊤
teXte

]
A⊤
)

= E
[

Tr
(
AX⊤

teXtew̃w̃⊤X⊤
teXteA

⊤) ] = E
[

Tr
(
w̃w̃⊤X⊤

teXteA
⊤AX⊤

teXte

) ]
= Tr

(
E
[
w̃w̃⊤]︸ ︷︷ ︸
Σt

E
[
X⊤

teXteA
⊤AX⊤

teXte

] )
= E

[
Tr
(
ΣtX

⊤
teXteA

⊤AX⊤
teXte

) ]
= E

[
Tr
(
AX⊤

teXteΣ
1/2
t Σ

1/2
t X⊤

teXteA
⊤
) ]

:= E
[

Tr
(
X̃⊤

teXteX
⊤
teX̃te

) ]
,

where X̃⊤
te := AX⊤

te and X
⊤
te := Σ

1/2
t X⊤

te. Note X̃⊤
te =

[
Ax1 . . . Axm

]
:=
[
x̃1 . . . x̃m

]
where x̃i := Axi

iid∼
N (0d,AA⊤), and X

⊤
te =

[
Σ

1/2
t x1 . . . Σ

1/2
t xm

]
:=
[
x1 . . . xm

]
where xi := Σ

1/2
t xi

iid∼ N (0d,Σt). We can

express X̃⊤
teXte and X

⊤
teX̃te as such:

X̃⊤
teXte =

m∑
i=1

x̃ix
⊤
i and X

⊤
teX̃te =

m∑
j=1

xjx̃
⊤
j .

Therefore,

E
[

Tr
(
X̃⊤

teXteX
⊤
teX̃te

) ]
= Tr

(
E
[
X̃⊤

teXteX
⊤
teX̃te

] )
= Tr

( m∑
i=1

m∑
j=1

E
[
x̃ix

⊤
i xjx̃

⊤
j

])

= Tr

( m∑
i=1

∑
j ̸=i

E
[
x̃ix

⊤
i xjx̃

⊤
j

])
+ Tr

( m∑
i=1

E
[
x̃ix

⊤
i xix̃

⊤
i

])

We first consider the case when i ̸= j. In this setting, xi and xj are independent, so

E
[
x̃ix

⊤
i xjx̃

⊤
j

]
= E

[
x̃ix

⊤
i

]
E
[
xjx̃

⊤
j

]
= AE

[
xix

⊤
i

]︸ ︷︷ ︸
Id

Σt E
[
xjx

⊤
j

]︸ ︷︷ ︸
Id

A⊤ = AΣtA
⊤.

Therefore,

Tr

( m∑
i=1

∑
j ̸=i

E
[
x̃ix

⊤
i xjx̃

⊤
j

])
= m · (m− 1) · Tr

(
AΣtA

⊤) .
We now consider the case where i = j:

Tr

( m∑
i=1

E
[
x̃ix

⊤
i xix̃

⊤
i

])
=

m∑
i=1

E
[

Tr
(
x̃ix

⊤
i xix̃

⊤
i

) ]
=

m∑
i=1

E
[
x̃⊤
i x̃ix

⊤
i xi

]
=

m∑
i=1

E
[
(x⊤

i A
⊤Axi)(x

⊤
i Σtxi)

]
(i)
= m ·

(
2 Tr

(
AΣtA

⊤
)

+ Tr
(
A⊤A

)
Tr
(
Σt

))
,

where (i) is because for a ∼ N (0d, Id) and fixed Q,R ∈ Rd×d, E
[
(a⊤Qa)(a⊤Ra)

]
= Tr

(
Q(R + R⊤)

)
+

Tr (Q) Tr (R) (see Section 8.2.4 in Petersen et al. (2008)).



Soo Min Kwon, Alec S. Xu, Can Yaras, Laura Balzano, Qing Qu

We now focus on (e):

E
[
x⊤
q AX⊤

teηteη
⊤
teXteA

⊤xq

]
= E

[
Tr
(
xqx

⊤
q AX⊤

teηteη
⊤
teXteA

⊤) ]
= Tr

(
E
[
xqx

⊤
q

]︸ ︷︷ ︸
Id

AE
[
X⊤

teηteη
⊤
teXte

]
A⊤
)

= Tr
(
E
[
AX⊤

teηteη
⊤
teXteA

⊤] )
:= Tr

(
E
[
η̃teη̃

⊤
te

] )
,

where η̃te := AX⊤
teηte = X̃⊤

teηte. Note the columns of X̃⊤
te are iid Gaussian with covariance AA⊤. By Corollary

6 in Mattei (2017), η̃te ∼ GALd(2σ2AA⊤,0d,m/2), where GALp(Σ,µ, s) denotes a p-dimensional multivari-
ate generalized asymmetric Laplace distribution with mean sµ and covariance s(Σ + µµ⊤) (Definition 1 and
Proposition 2 in Mattei (2017)). Therefore,

Tr
(
E
[
η̃teη̃

⊤
te

] )
= Tr

(
Cov(η̃te)

)
= mσ2 Tr

(
AA⊤

)
.

Adding (a), (b), and (c). Adding the expressions for (a), (b), and (c), where (c) = (d) + (e), yields and
combining like terms yields the following expression:

E
[(
w̃⊤xq + ηq − ŵ⊤xq

)2]
= Tr(Σt) + σ2︸ ︷︷ ︸

=(a)

−2 Tr (ΣtA)︸ ︷︷ ︸
=(b)

+
1

m2

(
m(m− 1) Tr

(
AΣtA

⊤)+ 2mTr
(
AΣtA

⊤)+mTr(Σt) Tr
(
A⊤A

)︸ ︷︷ ︸
=(d)

+mσ2 Tr
(
A⊤A

)︸ ︷︷ ︸
=(e)

)
︸ ︷︷ ︸

=(c)

.

Combining like terms yields

E
[(
w̃⊤xq + ηq − ŵ⊤xq

)2]
=

(
1

m
Tr
(
A⊤A

)
+ 1

)(
Tr (Σt) + σ2

)
− 2 Tr (ΣtA) +

m+ 1

m
Tr
(
AΣtA

⊤)
= Mt − Tr (ΣtA) +

Mt

m
Tr
(
A⊤A

)
− Tr (ΣtA) +

m+ 1

m
Tr (AΣtA) ,

which is exactly Equation (13). This completes the proof.

B.1.2 Proof of Theorems 1 and 2

We now provide a proof of Theorems 1 and 2. We specifically focus on the setting of Theorem 2. However, we
also emphasize that the proof reduces down to a proof of Theorem 1 when K = 2, α1 = sin(θ), and α2 = cos(θ)
for any θ ∈ [0, π/2].

Proof. Let ỹ := ỹm+1. By Lemmas 1 and 4, we have

E
[(
ỹ − g⋆ATT(z̃q, Z̃M)

)2]
=
( 1

m
Tr
(
A⊤A

)
+ 1
)(

Tr
(
Σt

)
+ σ2

)
− 2 Tr

(
ΣtA

)
+
m+ 1

m
Tr
(
AΣtA

⊤) , (14)

where A =
(
n+1
n Id + Ms

n Σ−1
)−1

, Ms = Tr(Σ) + σ2, and Σ =
K∑

k=1

γk ·Σs,k.

Let U :=
[
Us,1 Us,2 . . . Us,K U⊥

]
, where U⊥ ∈ Rd×(d−Kr) completes the orthonormal basis for Rd. By

Lemma 6,

A =

(
n+ 1

n
Id +

Ms

n
Σ−1

)−1

= UΛU⊤,
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where

Λ =


ν1Ir

. . .

νKIr
νK+1Id−Kr


with νk = n(γk+ϵ)

(n+1)(γk+ϵ)+Ms
for all k ∈ [K], and νK+1 = nϵ

(n+1)ϵ+r+ϵd+σ2 .

Simplifying Tr(Σt). We can write Tr(Σt) as such:

Tr(Σt) = Tr(UtU
⊤
t ) + ϵTr(Id) = r + ϵd.

Simplifying Tr(A) and Tr(A⊤A). We can write Tr(A) and Tr(A⊤A) as such:

Tr(A) = r

K∑
k=1

νk + (d−Kr)νK+1 and Tr(A⊤A) = Tr(A2) = r

K∑
k=1

ν2k + (d−Kr)ν2K+1.

Simplifying Tr(ΣtA) and Tr(AΣtA
⊤). Note Tr(AΣtA

⊤) = Tr(ΣtA
2). We first focus on Tr(ΣtA):

ΣtA =
(
UtU

⊤
t + ϵId

)
UΛU⊤ = UtU

⊤
t UΛU⊤ + ϵUΛU⊤

=⇒ Tr
(
ΣtA

)
= Tr

(
U

⊤
t UΛU⊤Ut

)
+ ϵTr(A).

Recall Ut =
K∑

k=1

αkUs,k where
K∑

k=1

α2
k = 1, and so we have

U
⊤
t U =

(
K∑

k=1

αkUk

)⊤ [
Us,1 . . . Us,K U⊥

]
=


α1Ir

. . .

αKIr
0(d−Kr)×(d−Kr)


Thus,

Tr
(
U

⊤
t UΛU⊤Ut

)
= Tr



α2
1ν1Ir

. . .

α2
KνKIr

0(d−Kr)×(d−Kr)


 = r

K∑
k=1

α2
kνk

Using a similar argument,

Tr
(
Σ

⊤
t A

2
)

= r

K∑
k=1

α2
kν

2
k + ϵTr

(
A2
)
.

Simplifying the test risk. Substituting the expressions for the Tr(·) terms into Equation (14) yields

E
[(
ỹ − g⋆ATT(z̃q, Z̃M)

)2]
=

(
1

m

(
r

K∑
k=1

ν2k + (d−Kr)ν2K+1

)
+ 1

)(
r + ϵd+ σ2

)
− 2

(
r

K∑
k=1

α2
kνk +

(
r

K∑
k=1

νk + (d−Kr)νK+1

)
ϵ

)

+
m+ 1

m

(
r

K∑
k=1

α2
kν

2
k +

(
r

K∑
k=1

ν2k + (d−Kr)ν2K+1

)
ϵ

)
.
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Taking ϵ→ 0 results in the following expression for the test risk:

lim
ϵ→0

E
[(
ỹ − g⋆ATT(z̃q, Z̃M)

)2]
= r + σ2 +

(r + σ2)r

m

K∑
k=1

(
γkn

γk(n+ 1) + r + σ2

)2

− 2r

K∑
k=1

α2
kγkn

γk(n+ 1) + r + σ2
+

(m+ 1)r

m

K∑
k=1

(
αkγkn

γk(n+ 1) + r + σ2

)2

Substituting γk = 1
K for all k ∈ [K] and combining like terms yields

lim
ϵ→0

E
[(
ỹ − g⋆ATT(z̃q, Z̃M)

)2]
= r + σ2 +

m+ 1 +K(r + σ2)

m
· rn2

(n+ 1 +K(r + σ2))2
− 2rn

n+ 1 +K(r + σ2)
.

Now suppose n ≤ m. Then, we have

lim
ϵ→0

E
[(
ỹ − g⋆ATT(z̃q, Z̃M)

)2]
≤ r + σ2 − rn2

n+ 1 +K(r + σ2)
.

Upper bounding this by σ2 + δ for some δ ∈ (0, r), then solving for n, yields the following result. For any
δ ∈ (0, r), if

m ≥ n >
(K(r + σ2) + 1)r

δ
− (K(r + σ2) + 1),

then lim
ϵ→0

E
[(
ỹ − g⋆ATT(z̃q, Z̃M)

)2]
< σ2 + δ, which completes the proof.

B.1.3 Proof of Propositions 1 and 2

We now provide the proof of Proposition 1, which discusses how the proof can be generalized to the setting of
Proposition 2.

Proof. For simplicity, we denote ỹ := ỹm+1. Recall U :=
[
Us Us,⊥ U2r,⊥

]
∈ Rd×d, where Us,Us,⊥ ∈ Rd×r

and U2r,⊥ ∈ Rd×(d−2r) all have orthonormal columns, while U⊤
s U⊥,s = 0r×r and U⊤

s U⊥ = U⊤
s,⊥U2r,⊥ =

0r×(d−2r). We re-write Σs as such:

Σs = UsU
⊤
s + ϵId = U

[
Ir

0(d−r)×(d−r)

]
U⊤ + ϵI = U

[
(1 + ϵ)Ir

ϵId−r

]
U⊤.

Note this is a valid eigendecomposition of Σs. Thus, by Lemma 6, we have

A =

(
n+ 1

n
Id +

Ms

n
Σ−1

s

)−1

= UΛU⊤, (15)

where

Λ =

[
n(1+ϵ)

(n+1)ϵ+Ms
· Ir

nϵ
(n+1)ϵ+Ms

· Id−r

]
:=

[
ν1Ir

ν2Id−r

]
.

and Ms = Tr(Σs) + σ2.

By Lemma 1 (and omitting the subscripts in the expectation),

E
[(
ỹ − g⋆ATT(z̃q, Z̃M)

)2]
=

(
1

m
Tr
(
A⊤A

)
+ 1

)(
Tr (Σt) + σ2

)
− 2 Tr (ΣtA) +

m+ 1

m
Tr
(
AΣtA

⊤) . (16)

We simplify the remaining Tr(·) terms using Equation (15).
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Simplifying Tr(A) and Tr(A⊤A). Directly from Equation (15):

Tr(A) = r · ν1 + (d− r) · ν2 and Tr(A⊤A) = Tr(A2) = r · ν21 + (d− r) · ν22 ,

where A2 = UΛ2U⊤.

Simplifying Tr(ΣtA) and Tr(AΣtA
⊤). First note Tr(AΣtA

⊤) = Tr(ΣtA
2). We first focus on Tr(ΣtA):

ΣtA =
(
UtU

⊤
t + ϵId

)
UΛU⊤ = UtU

⊤
t UΛU⊤ + ϵUΛU⊤

=⇒ Tr (ΣtA) = Tr
(
U⊤

t UΛU⊤Ut

)
+ ϵTr(A).

Recall we defined Ut in Equation (5) as follows:

Ut = Us cos(Θ) + Us,⊥ sin(Θ).

Therefore:

U⊤
t U = (Us cos(Θ) + Us,⊥ sin(Θ))

⊤ [Us Us,⊥ U⊥
]

=
[
cos(Θ) sin(Θ) 0d×d−2r

]
,

and thus,

Tr
(
U⊤

t UΛU⊤Ut

)
= Tr

[cos(Θ) sin(Θ) 0d×(d−2r)

] ν1Ir ν2Ir
ν2Id−2r

 cos(Θ)
sin(Θ)

0(d−2r)×d


= Tr

ν1 cos2(Θ)
ν2 sin2(Θ)

0(d−2r)×(d−2r)

 = r · ν1 · cos2(θ) + r · ν2 · sin2(θ),

where we used the fact that the principal angles are all equal to θ. Using a similar argument,

Tr
(
Σ⊤

t A
2
)

= r · ν21 · cos2(θ) + r · ν22 · sin2(θ) + ϵTr(A2)

Simplifying the Test Risk. Substituting the expressions for the Tr(·) terms into Equation (16) yields

E
[(
ỹ − g⋆ATT(z̃q, Z̃M)

)2]
=
( 1

m

(
rν21 + (d− r)ν22

)
+ 1
)(
r + ϵd+ σ2

)
− 2

(
rν1 cos2(θ) + rν2 sin2(θ) +

(
rν1 + (d− r)ν2

)
ϵ
)

+
m+ 1

m

(
rν21 cos2(θ) + rν22 sin2(θ) +

(
rν21 + (d− r)ν22

)
ϵ
)

Substituting the expressions for ν1 and ν2 and taking ϵ→ 0 results in the following:

lim
ϵ→0

E
[(
ỹ − g⋆ATT(z̃q, Z̃M)

)2]
=

(
rn2

m(n+ 1 + r + σ2)2
+ 1

)
(r + σ2)

− 2rn cos2(θ)

n+ 1 + r + σ2
+

(m+ 1)rn2 cos2(θ)

m(n+ 1 + r + σ2)2

Subsequently taking m,n→ ∞ yields

lim
m→∞

lim
n→∞

lim
ϵ→0

E
[(
ỹ − g⋆ATT(z̃q, Z̃M)

)2]
= r + σ2 − r cos2(θ) = r sin2(θ) + σ2,

which completes the proof. To generalize this result to the case in which all of the principal angles are not the
same, i.e., θi ̸= θ for all i ∈ [r], we can replace all terms with r cos2(θ) and r sin2(θ) with

∑r
i=1 cos2(θi) and∑r

i=1 sin2(θi), respectively, due to the trace terms. This gives us an overall test risk of

lim
m→∞

lim
n→∞

lim
ϵ→0

E
[(
ỹ − g⋆ATT(z̃q, Z̃M)

)2]
= r + σ2 −

r∑
i=1

cos2(θi) =

r∑
i=1

sin2(θi) + σ2,

which gives the result in Proposition 2.
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B.2 Proofs for Feature Shifts

In this section, we provide proofs of our theoretical results on the generalization abilities of a linear attention
model when the features undergo a distribution shift.

B.2.1 Supporting Results

We first derive an expression for the test risk under a general distribution shift for the features.

Lemma 2 (Test Risk Under General Feature Distribution Shift). Let g⋆ATT denote the optimal linear attention
model corresponding to the independent data setting in Equation (11). For all j ∈ [m + 1], suppose that the
prompts at test time are constructed with task vectors w ∼ N (0, Id) and labels

ỹj = w⊤x̃j + ηj , where x̃j ∼ N (0,Σt) and ηj ∼ N (0, σ2),

Then, we have

E
[(
ỹm+1 − g⋆ATT(z̃q, Z̃M)

)2]
= Mt − 2 Tr

(
Σ2

tA
)

+
m+ 1

m
Tr
(
AΣ3

tA
)

+
1

m
Tr
(
Σ2

t

)
Tr (AΣtA) +

σ2

m
Tr
(
AΣ2

tA
)
, (17)

where Mt = Tr (Σt) + σ2.

Proof. The proof is similar to that of Lemma 1 with ỹm+1 = w⊤x̃m+1 + ηq, where x̃m+1 ∼ N (0,Σt). Recall at
inference time,

Z̃M =
[
z1 . . . zm 0

]⊤
=

[
x̃1 . . . x̃m 0
ỹ1 . . . ỹm 0

]⊤
and z̃q =

[
x̃m+1

0

]
:=

[
x̃q

0

]
.

Again we define

Xte =
[
x̃1 x̃2 . . . x̃m

]⊤
, yte =

[
ỹ1 ỹ2 . . . ỹm

]⊤
, ηte =

[
η1 η2 . . . ηm

]⊤
,

and ηq := ηm+1. By Lemma 5, we have

g⋆ATT

(
z̃q, Z̃M

)
=

1

m
x̃⊤
q AX⊤

teyte = x̃⊤
q

(
1

m
AX⊤

teyte

)
︸ ︷︷ ︸

:=ŵ

,

where A = Σ
−1/2
s ĀΣ

−1/2
s and Ā =

(
n+1
n Id + Ms

n Σ
−1/2
s

)−1

. By plugging this into the risk and linearity of

expectation,

E
[(
w⊤x̃q + ηq − ŵ⊤x̃q

)2]
= E

[(
w⊤x̃q + ηq

)2]︸ ︷︷ ︸
(a)

−2E
[(
w⊤x̃q + ηq

) (
x̃⊤
q ŵ
)]︸ ︷︷ ︸

(b)

+E
[(
ŵ⊤x̃q

)2]︸ ︷︷ ︸
(c)

, (18)

so it suffices to analyze each individual term.

Analyzing (a). We first evaluate E
[(
w⊤x̃q + ηq

)2]
. First, we note

E
[(
w⊤x̃q + ηq

)2]
= E

[(
w⊤x̃q

)2]
+ 2E

[
ηqw

⊤x̃q

]
+ E

[
η2q
]

= E
[(
w⊤x̃q

)2]
+ σ2,

so it suffices to analyze E
[(
w⊤x̃q

)2]
. By law of total expectation and the fact that w, x̃q are independent,

E
[(
w⊤x̃q

)2]
= Ex̃q

[
Ew

[(
w⊤x̃q

)2 ∣∣ x̃q

]]
.



Out-of-Distribution Generalization of In-Context Learning

Conditioned on x̃q, w⊤x̃q ∼ N (0, ∥x̃q∥2), so E
[(
w⊤x̃q

)2 ∣∣ x̃q

]
= Var

(
w⊤x̃q |w

)
= ∥x̃q∥2. Therefore,

Ew

[
Ex

[ (
w⊤x̃q

)2 ∣∣w]] = E
[
∥x̃q∥2

]
= Tr

(
E
[
x̃qx̃

⊤
q

])
= Tr (Σt) .

Therefore,

E
[(
w⊤x̃q + ηq

)2]
= Tr (Σt) + σ2.

Analyzing (b). Next, we analyze E
[(
w⊤x̃q + ηq

) (
x̃⊤
q ŵ
)]

. We first note

E
[(
w⊤x̃q + ηq

) (
x̃⊤
q ŵ
)]

= E
[(
w⊤x̃q

) (
x̃⊤
q ŵ
)]

+ E
[
ηqx̃

⊤
q ŵ
]︸ ︷︷ ︸

=0

= E
[(
w⊤x̃q

) (
x̃⊤
q ŵ
)]
,

so it suffices to analyze E
[(
w⊤x̃q

) (
x̃⊤
q ŵ
)]

. Note ŵ := 1
mAX⊤

teyte = 1
mAX⊤

te(Xtew + ηte), so

E
[(
w⊤x̃q

) (
x̃⊤
q ŵ
)]

=
1

m
E
[
w⊤x̃qx̃

⊤
q AX⊤

te(Xtew + ηte)
]

=
1

m

(
E
[
w⊤x̃qx̃

⊤
q AX⊤

teXtew
]

+ E
[
w⊤x̃qx̃

⊤
q AX⊤

teηte

] )
=

1

m

(
E
[
w⊤x̃qx̃

⊤
q AX⊤

teXtew
]

+ E
[
w⊤x̃qx̃

⊤
q AX⊤

te

]
E [ηte]︸ ︷︷ ︸

=0

)
=

1

m
E
[
w⊤x̃qx̃

⊤
q AX⊤

teXtew
]

=
1

m
E
[

Tr
(
ww⊤x̃qx̃

⊤
q AX⊤

teXte

) ]
=

1

m
Tr
(
E
[
ww⊤x̃qx̃

⊤
q AX⊤

teXte

] )
=

1

m
Tr
(
E
[
ww⊤]︸ ︷︷ ︸
Id

E
[
x̃qx̃

⊤
q

]︸ ︷︷ ︸
Σt

AE
[
X⊤

teXte

]︸ ︷︷ ︸
m·Σt

)
= Tr

(
Σ2

tA
)
,

where again A = Σ
−1/2
s ĀΣ

−1/2
s and Ā =

(
n+1
n Id + Ms

n Σ−1
s

)−1
.

Analyzing (c). Finally, we analyze E
[
(x̃⊤

q ŵ)2
]
:

E
[
(x̃⊤

q ŵ)2
]

=
1

m2
E
[(
x̃⊤
q AX⊤

te(Xtew + ηte)
)2]

= E
[(
x̃⊤
q AX⊤

teXtew + x̃⊤
q AX⊤

teηte

)2]
=

1

m2

(
E
[
(x̃⊤

q AX⊤
teXtew)2

]
+ 2E

[
(x̃⊤

q AX⊤
teXtew)(x̃⊤

q AX⊤
teηte)

]︸ ︷︷ ︸
=0

+E
[
(x̃⊤

q AX⊤
teηte)

2
] )

=
1

m2

(
E
[
x̃⊤
q AX⊤

teXteww⊤X⊤
teXteA

⊤x̃q

]︸ ︷︷ ︸
(d)

+E
[
x̃⊤
q AX⊤

teηteη
⊤
teXteA

⊤x̃q

]︸ ︷︷ ︸
(e)

)
.

We first focus on (d):

E
[
x̃⊤
q AX⊤

teXteww⊤X⊤
teXteA

⊤x̃q

]
=

1

m2
E
[

Tr
(
ww⊤X⊤

teXteA
⊤x̃qx̃

⊤
q AX⊤

teXte

) ]
= Tr

(
E
[
ww⊤]︸ ︷︷ ︸
Id

E
[
AX⊤

teXtex̃qx̃
⊤
q X

⊤
teXteA

⊤] )
= E

[
Tr
(
AX⊤

teXtex̃qx̃
⊤
q X

⊤
teXteA

⊤) ] = E
[

Tr
(
x̃qx̃

⊤
q X

⊤
teXteA

⊤AX⊤
teXte

) ]
= Tr

(
E
[
x̃qx̃

⊤
q

]︸ ︷︷ ︸
Σt

E
[
X⊤

teXteA
⊤AX⊤

teXte

] )
= E

[
Tr
(
ΣtX

⊤
teXteA

⊤AX⊤
teXte

) ]
= E

[
Tr
(
AX⊤

teXteΣ
1/2
t Σ

1/2
t X⊤

teXteA
⊤
) ]

:= E
[

Tr
(
X̂⊤

teXteX
⊤
teX̂te

) ]
,
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where X̂⊤
te := AX⊤

te and X
⊤
te := Σ

1/2
t X⊤

te. Note X̂⊤
te =

[
Ax̃1 . . . Ax̃m

]
:=
[
x̂1 . . . x̂m

]
where x̂i := Ax̃i

iid∼
N (0d,AΣtA

⊤), and X
⊤
te =

[
Σ

1/2
t x̃1 . . . Σ

1/2
t x̃m

]
:=
[
x1 . . . xm

]
where xi := Σ

1/2
t x̃i

iid∼ N (0d,Σ
2
t ). We

can express X̂⊤
teXte and X

⊤
teX̂te as such:

X̂⊤
teXte =

m∑
i=1

x̂ix
⊤
i and X

⊤
teX̂te =

m∑
j=1

xjx̂
⊤
j .

Therefore,

E
[

Tr
(
X̂⊤

teXteX
⊤
teX̂te

) ]
= Tr

(
E
[
X̂⊤

teXteX
⊤
teX̂te

] )
= Tr

( m∑
i=1

m∑
j=1

E
[
x̂ix

⊤
i xjx̂

⊤
j

])

= Tr

( m∑
i=1

∑
j ̸=i

E
[
x̂ix

⊤
i xjx̂

⊤
j

])
+ Tr

( m∑
i=1

E
[
x̂ix

⊤
i xix̂

⊤
i

])
We first consider the case when i ̸= j. In this setting, xi and xj are independent, so

E
[
x̂ix

⊤
i xjx̂

⊤
j

]
= E

[
x̂ix

⊤
i

]
E
[
xjx̂

⊤
j

]
= AE

[
x̃ix̃

⊤
i

]︸ ︷︷ ︸
Σt

Σt E
[
x̃jx̃

⊤
j

]︸ ︷︷ ︸
Σt

A⊤ = AΣ3
tA

⊤.

Therefore,

Tr

( m∑
i=1

∑
j ̸=i

E
[
x̂ix

⊤
i xjx̂

⊤
j

])
= m · (m− 1) · Tr

(
AΣ3

tA
⊤) .

We now consider the case where i = j:

Tr

( m∑
i=1

E
[
x̂ix

⊤
i xix̂

⊤
i

])
=

m∑
i=1

E
[

Tr
(
x̂ix

⊤
i xix̂

⊤
i

) ]
=

m∑
i=1

E
[
x̂⊤
i x̂ix

⊤
i xi

]
=

m∑
i=1

E
[
(x̃⊤

i A
⊤Ax̃i)(x̃

⊤
i Σtx̃i)

]
(i)
= m ·

(
2 Tr

(
AΣ3

tA
⊤
)

+ Tr
(
AΣtA

⊤)Tr
(
Σ2

t

))
,

where (i) is because for a ∼ N (0d,Σt) and fixed Q,R ∈ Rd×d, E
[
(a⊤Qa)(a⊤Ra)

]
= Tr

(
QΣt(R + R⊤)Σt

)
+

Tr (QΣt) Tr (RΣt) (see Section 8.2.4 in Petersen et al. (2008)).

We now focus on (e):

E
[
x̃⊤
q AX⊤

teηteη
⊤
teXteA

⊤x̃q

]
= E

[
Tr
(
x̃qx̃

⊤
q AX⊤

teηteη
⊤
teXteA

⊤) ]
= Tr

(
E
[
x̃qx̃

⊤
q

]︸ ︷︷ ︸
Σt

E
[
AX⊤

teηteη
⊤
teXteA

⊤] ) = Tr
(
E
[
Σ

1/2
t AX⊤

teηteη
⊤
teXteA

⊤Σ
1/2
t

] )
:= Tr

(
E
[
η̃teη̃

⊤
te

] )
,

where η̃te := Σ
1/2
t AX⊤

teηte := X̃⊤
teηte. Note the columns of X̃⊤

te are iid Gaussian with covariance AΣ2
tA

⊤. By
Corollary 1 in Mattei (2017), η̃te ∼ GALd(2σ2AΣtA

⊤,0d,m/2), where GALp(Σ,µ, s) denotes a p-dimensional
multivariate generalized asymmetric Laplace distribution with mean sµ and covariance s(Σ + µµ⊤) (Definition
1 and Proposition 2 in Mattei (2017)). Therefore,

Tr
(
E
[
η̃teη̃

⊤
te

] )
= mσ2 Tr

(
AΣ2

tA
⊤
)
.
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Adding (a), (b), and (c). Adding the expressions for (a), (b), and (c), where (c) = (d) + (e), yields and
combining like terms yields the following expression:

E
[(
w⊤x̃q + ηq − ŵ⊤x̃q

)2]
= Tr (Σt) + σ2︸ ︷︷ ︸

=(a)

−2 Tr
(
Σ2

tA
)︸ ︷︷ ︸

=(b)

+
m(m− 1)

m2
Tr
(
AΣ3

tA
⊤)+

2

m
Tr
(
AΣ3

tA
⊤)+

1

m
Tr(Σ2

t ) Tr
(
AΣtA

⊤)︸ ︷︷ ︸
=(d)

+
σ2

m
Tr
(
AΣ2

tA
⊤)︸ ︷︷ ︸

=(e)︸ ︷︷ ︸
=(c)

.

Combining like terms and using the fact Mt = Tr (Σt) + σ2 yields

E
[(
w⊤x̃q + ηq − ŵ⊤x̃q

)2]
= Mt − 2 Tr

(
Σ2

tA
)

+
m+ 1

m
Tr
(
AΣ3

tA
)

+
1

m
Tr
(
Σ2

t

)
Tr (AΣtA) +

σ2

m
Tr
(
AΣ2

tA
)
,

which is exactly Equation (17). This completes the proof.

B.2.2 Proof of Proposition 3

Proof. From Lemma 2, recall that the test risk is given by

E
[(
w⊤x̃q + ηq − ŵ⊤x̃q

)2]
= Tr (Σt) + σ2 − 2 Tr

(
Σ2

tA
)

+
m+ 1

m
Tr
(
AΣ3

tA
)

+
1

m
Tr(Σ2

t ) Tr (AΣtA) +
σ2

m
Tr
(
AΣ2

tA
)

where Mt = Tr (Σt) + σ2, Ā =
(
n+1
n Id + Ms

n Σ−1
s

)−1
, and A = Σ

−1/2
s ĀΣ

−1/2
s . Since Σs = UsU

⊤
s + ϵId, we can

write its eigendecomposition as such:

Σs = UsU
⊤
s + ϵId = U

[
Ir

0(d−r)×(d−r)

]
U⊤ + ϵI = U

[
(1 + ϵ)Ir

ϵId−r

]
U⊤,

where U =
[
Us Us,⊥ U2r,⊥

]
. Then, we can write A as follows:

A = Σ−1/2
s

(
n+ 1

n
Id +

Ms

n
Σ−1

s

)−1

Σ−1/2
s =

(
n+ 1

n
Σs +

Ms

n
Id

)−1

= UΛU⊤ (19)

where

Λ =

[
n

(n+1)(1+ϵ)+Ms
· Ir

n
(n+1)ϵ+Ms

· Id−r

]
:=

[
ν1Ir

ν2Id−r

]
.

We simplify the Tr(·) terms using Equation (19). Before proceeding, note

lim
n→∞

ν1 =
1

1 + ϵ
and lim

n→∞
ν2 =

1

ϵ
, (20)

as well as

lim
m→∞

E
[(
w⊤x̃q + ηq − ŵ⊤x̃q

)2]
= Tr (Σt) + σ2 − 2 Tr

(
Σ2

tA
)

+ Tr
(
AΣ3

tA
)
, (21)

so we only focus on the Tr(Σt),Tr(Σ2
tA), and Tr(AΣ3

tA) terms. Also, recall Σt = UtU
⊤
t + ϵId, so

Σ2
t =

(
UtU

⊤
t + ϵId

) (
UtU

⊤
t + ϵId

)
= (1 + 2ϵ)UtU

⊤
t + ϵ2Id, and (22)

Σ3
t =

(
UtU

⊤
t + ϵId

) (
(1 + 2ϵ)UtU

⊤
t + ϵ2Id

)
=
(
(1 + 2ϵ)(1 + ϵ) + ϵ2

)
UtU

⊤
t + ϵ3Id. (23)
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Simplifying Tr(Σ2
tA). Using Equation (19) and Equation (22) yields

Tr
(
Σ2

tA
)

= (1 + 2ϵ) Tr
(
U⊤

t UΛU⊤Ut

)
+ ϵ2 Tr(A)

= (1 + 2ϵ)
(
rν1 cos2(θ) + rν2 sin2(θ)

)
+ ϵ2 (rν1 + (d− r)ν2) .

Simplifying Tr
(
AΣ3

tA
)
. Using Equation (19) and Equation (23) yields

Tr
(
AΣ3

tA
)

= Tr
(
Σ3

tA
2
)

=
(
(1 + 2ϵ)(1 + ϵ) + ϵ2

)
Tr
(
UtUΛ2U⊤Ut

)
+ ϵ3 Tr

(
A2
)

=
(
(1 + 2ϵ)(1 + ϵ) + ϵ2

) (
rν21 cos2(θ) + rν22 sin2(θ)

)
+ ϵ2

(
rν21 + (d− r)ν22

)
.

Simplifying the Test Risk. Combining Equation (20) and Equation (21), and then substituting the expres-
sions for the Tr(·) terms yields

lim
m→∞

lim
n→∞

E
[(
w⊤x̃q + ηq − ŵ⊤x̃q

)2]
= r + σ2 − 2(1 + 2ϵ)

(
r cos2(θ)

1 + ϵ
+
r sin2(θ)

ϵ

)
+
(
(1 + 2ϵ)(1 + ϵ) + ϵ2

)(r cos2(θ)

(1 + ϵ)2
+
r sin2(θ)

ϵ2

)
+ O(ϵ).

Letting c1 :=
(
(1 + 2ϵ)(1 + ϵ) + ϵ2

)
and c2 := 2(1 + ϵ) yields

lim
m→∞

lim
n→∞

E
[(
w⊤x̃q + ηq − ŵ⊤x̃q

)2]
= r + σ2 +

(
c1 − (1 + ϵ)c2

(1 + ϵ)2

)
r cos2(θ) +

(
c1 − ϵc2
ϵ2

)
r sin2(θ) + O(ϵ),

which completes the proof.

B.3 Auxiliary Results

Here, we provide auxiliary results to support the proofs in Sections B.1 and B.2.

B.3.1 Optimal Linear Attention Weights

We first provide results on the form of the weights matrices after training a single-layer linear attention model
on the objective Equation (1). The following results are largely inspired by Theorem 1 in Li et al. (2024b), but
are slightly different since we consider a normalization factor of 1/n in our linear attention model.

Lemma 3 (Optimal Attention Weights (Li et al., 2024b)). Consider the independent data model in Equation (4)
with w ∼ N (0,Σs), and let n ∈ N denote the in-context prompt length used at training. Then, the optimal linear
attention weights obtained by minimizing the loss in Equation (1) are given by

W⋆
K = W⋆

V = Id+1, and W⋆
Q =

[
A 0d

0⊤
d 0

]
(24)

where A =
(
n+1
n Id + Ms

n Σ−1
s

)−1
and Ms = Tr(Σs) + σ2, with empirical risk L⋆

s = Ms − Tr (ΣsA).

Proof. The proof is the same as that of Theorem 1 in Li et al. (2024b) by absorbing the 1/n factor into WQ.

Lemma 4 (Optimal Attention Weights for Mixture of K Gaussians). Consider the independent data model in

Equation (4) with w ∼
K∑

k=1

γk · N (0,Σs,k) for γk ∈ (0, 1) for all k ∈ [K] and
K∑

k=1

γk = 1. Let n ∈ N denote the

in-context prompt length used at training. Define Σ =
K∑

k=1

γk ·Σs,k. Then, the optimal linear attention weights

obtained by minimizing the loss in Equation (1) are given by

W⋆
K = W⋆

V = Id+1, and W⋆
Q =

[
A 0d

0⊤
d 0

]
, (25)

where A =
(
n+1
n Id + Ms

n Σ−1
)−1

and Ms = Tr(Σ) + σ2, with empirical risk L⋆
s = Ms − Tr (ΣA).
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Proof. It is straightforward to see that if w ∼
K∑

k=1

γkγ · N (0,Σs,k), then

Σs := Cov(w) =

K∑
k=1

γk ·Σs,k.

Then, the proof is equivalent to that of Lemma 3 under the new form of Σs.

Lemma 5 (Optimal Attention Weights for Non-Isotropic Features Li et al. (2024b)). Consider the independent
data model in Equation (11) where the features are drawn from xi ∼ N (0,Σs) for all i ∈ [n], and n ∈ N denotes
the in-context prompt length used at training. The optimal linear attention weights obtained by minimizing the
loss in Equation (1) are given by

W⋆
K = W⋆

V = Id+1, and W⋆
Q =

[
A 0d

0⊤
d 0

]
, (26)

where A = Σ
−1/2
s ĀΣ

−1/2
s , Ā =

(
n+1
n Id + Ms

n Σ−1
s

)−1
and Ms = Tr(Σs) + σ2, with empirical risk L⋆

s = Ms −
Tr(Σ⊤

s Ā).

Proof. The proof is the same as that of Lemma 3 and Theorem 1 in Li et al. (2024b).

B.3.2 Miscellaneous Results

Lemma 6. Let 0 ≺ Σ ∈ Rd×d and c, k > 0 be constants. Then,

(
c · Id + k ·Σ−1

)−1
= V


λ1

c·λ1+k 0 . . . 0

0 λ2

c·λ2+k . . . 0
...

...
. . .

...

0 0 . . . λd

c·λd+k

V⊤, (27)

where V ∈ Rd×d is an orthonormal matrix whose columns are eigenvectors of Σ, and λi is the ith largest
eigenvalue of Σ.

Proof. Since Σ ≻ 0, there exists an eigendecomposition Σ = VΛV⊤ such that V is an orthonormal matrix and
Λ is a diagonal matrix consisting of the real, positive eigenvalues of Σ, denoted as λ1, λ2, . . . , λd. Thus,

Σ−1 = VΛ−1V⊤ =⇒ c · Id + k ·Σ−1 = V


c+ k

λ1
0 . . . 0

0 c+ k
λ2

. . . 0
...

...
. . .

...
0 0 . . . c+ k

λd


︸ ︷︷ ︸

Λ̃

V⊤

=⇒
(
c · Id + k ·Σ−1

)−1
= VΛ̃−1V⊤,

which completes the proof.
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