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Abstract

The Key-Value (KV) cache is central to the
efficiency of transformer-based large lan-
guage models (LLMs), storing previously
computed vectors to accelerate inference.
Yet, as sequence length and batch size
grow, the cache becomes a major mem-
ory bottleneck. Prior compression meth-
ods typically apply low-rank decomposition
to keys alone or attempt to jointly em-
bed queries and keys, but both approaches
neglect that attention fundamentally de-
pends on their inner products. In this
work, we prove that such strategies are
sub-optimal for approximating the atten-
tion matrix. We introduce KQ-SVD, a sim-
ple and computationally efficient method
that directly performs an optimal low-rank
decomposition of the attention matrix via a
closed-form solution. By targeting the true
source of redundancy, KQ-SVD preserves
attention outputs with higher fidelity un-
der compression. Extensive evaluations on
LLaMA and Mistral models demonstrate
that our approach consistently delivers su-
perior projection quality.

1 INTRODUCTION

The rise of Large Language Models (LLMs) [Tou-
vron et all [2023] |[Chaplot] |2023| |Achiam et al.|
2023l |Guo et al., 2025] has expanded AI capabili-
ties beyond earlier models. Transformers [Vaswani
et al |2017] replace recurrence with self-attention,
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enabling parallelism and improved sequence model-
ing, but their quadratic memory and computation
costs limit long-sequence scalability.

Key-Value (KV) caches are introduced to acceler-
ate autoregressive generation by storing intermedi-
ate attention KV vectors, avoiding redundant com-
putation of shared prefixes for each generated to-
ken. Although KV caching reduces computational
overhead, it substantially increases memory con-
sumption, as the cache size grows linearly with
both sequence length and batch size. This trade-
off motivates the development of KV cache com-
pression techniques, which are crucial for enabling
efficient and cost-effective deployment of LLMs
across diverse hardware platforms [Ful [2024, [Shi
et all 2024]. Variants like Multi-Query Attention
(MQA) [Shazeer| 2019] and Grouped-Query Atten-
tion (GQA) [Ainslie et al., 2023] reduce KV cache
size by sharing or grouping query vectors while
maintaining performance comparable to full Multi-
Head Attention (MHA). However, they may intro-
duce accuracy trade-offs and hardware sensitivity,
which can affect performance generalization. Ad-
ditional approaches, including sparse [Zhang et al.,
2021] and linearized |[Katharopoulos et al. [2020] at-
tention, further reduce computational and memory
costs, shaping KV cache optimization strategies.

Another promising line of research exploits the low-
rank structure of KV caches to reduce memory over-
head. Multi-Head Latent Attention (MLA) [Liu
et all 2024, |Guo et al.) [2025] maps tokens into
the low-rank latent space and stores these com-
pressed representations in place of the original key
and value states. However, using MLA necessitates
training the model from the ground up. In con-
trast, ASVD [Yuan et al.;|2024], LoRC [Zhang et al.|
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build low-rank projection modules. A key limita-
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tion of these approaches is that they often compress
only the keys, neglecting the query-key interaction
that underlies attention. EigenAttention [Saxena
et all |2024] and Zack |Zhang and Shen| 2024] at-
tempt to address this by incorporating both queries
and keys in low-rank decompositions, yet their be-
havior largely resembles that of SVD-based methods
that compress keys alone.

In this work, we address these limitations by in-
troducing KQ-SVD, a compression method that
achieves optimal low-rank approximation of the at-
tention matrix efficiently and in closed form. Our
method explicitly captures the interactions between
queries and keys through their inner products, pre-
serving the fundamental structure of attention. Be-
yond key-query interactions, we also consider the
corresponding interactions between values and the
output projection, enhancing the fidelity of the ap-
proximation. By leveraging the inherent low-rank
structure of KV caches [Yu et al) [2024, |Saxena
et al., [2024], we formulate attention matrix approxi-
mation as a principled low-rank decomposition prob-
lem. Our theoretical analysis quantifies the error be-
tween prior key-only SVD approaches and our opti-
mal method, and shows that methods incorporating
both queries and keys can degrade when keys and
queries are rescaled by the same factor, effectively
behaving like key-only SVD methods. Our contri-
butions can be summarized as follows:

e We introduce KQ-SVD, an optimal low-rank
approximation of the attention matrix captur-
ing key-query interactions.

e We theoretically quantify the advantages of
KQ-SVD over methods based on key low-
rank decomposition and SVD on concatenated
queries and keys.

e We show that KQ-SVD is compatible with and
also optimal in the Grouped-Query Attention
setting.

e We provide extensive empirical evaluations with
LLaMA2-7B, LLaMA2-13B, LLama3-8B and
Mistral-7B models on the C4 dataset demon-
strating significant advantages of KQ-SVD over
existing low rank projection methods.

2 RELATED WORKS

Low-rank structure of the KV-cache. Several
methods exploit the inherent low-rank structure of
cached key-value (KV) matrices to reduce memory

footprint. ECKVH [Yu et all 2024] compresses the
cache by grouping attention heads, performing sin-
gular value decomposition (SVD) within each group,
and retaining only the dominant singular compo-
nents. EigenAttention [Saxena et al., 2024] gener-
alizes this idea by constructing low-rank bases that
jointly approximate queries, keys, and values, effec-
tively lowering the dimensionality of KV representa-
tions. Q-Filters |Godey et al.] introduces a training-
free variant, projecting keys into a low-rank sub-
space via SVD to approximate attention scores effi-
ciently with minimal accuracy loss. Moreover, [Yu
et al) [2024] investigates the intrinsic low-rank na-
ture of KV caches and compresses KV heads through
careful grouping and SVD-based decomposition. In
contrast, Loki [Singhania et al., 2024] adopts a two-
stage strategy: it first estimates approximate atten-
tion scores in a lower-dimensional space to rank and
select the most relevant keys, and then computes
exact attention scores using only the selected keys,
reducing both memory and computational cost.

KV Weights Compression. An alternative ap-
proach targets the KV weight matrices themselves
rather than the cached matrices. LoRC [Zhang
et al) 2024] applies low-rank approximations di-
rectly to the key and value weight matrices, achiev-
ing compression at the parameter level. Palu [Chang
et al., 2025b] follows a similar strategy, jointly com-
pressing key and value weight matrices via SVD.
ShadowKV [Sun et all [2024] introduces a distinct
perspective by performing SVD on pre-RoPE key
matrices to reduce their dimensionality, demonstrat-
ing the versatility of low-rank methods in optimizing
KV representations.

Positioning of KQ-SVD. Although prior meth-
ods have made significant strides in compressing KV
caches and their weight matrices, they often treat
keys and values independently or approximate atten-
tion only indirectly, leaving the core query-key inter-
actions underrepresented and leading to sub-optimal
low rank approximation of attention matrices. KQ-
SVD addresses these limitations by formulating a
principled, closed-form low-rank approximation of
the full attention matrix.

3 PRELIMINARY

In this section, we introduce our notations and
present the necessary background on Multi-Head At-
tention (MHA).
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3.1 Notations

We use lower case bold letters for vectors (e.g., a, b),
upper case bold letters for matrices (e.g., A,B).
AT denotes the Moore-Penrose pseudo-inverse of A.
Throughout the paper, the singular value decompo-
sition (SVD) of a matrix S € R™*™ is presented by
S = UXV', with U € R™*", V € R™ ™ matrices
with orthonormal columns and ¥ € R"*" a diag-
onal matrix with positive diagonal entries {o;}} ;.
The columns of U and V are called respectively the
left and right singular vectors of S, and the o;’s the
singular values of S, noted ¢;(S). The optimal rank-
R approximation of S with respect to the Frobenius
norm can be obtained via the SVD by truncating it
to keep only the first R singular vectors and singu-
lar values: S ~ USV T with U € R™<R vV ¢ RnxR
and 3 € REXE_ The column space of S is noted
R(S).

3.2 Background

In transformer architectures, self-attention assigns
relative importance to tokens, enabling the model to
selectively focus on different segments of the input
sequence. For a sequence of token embeddings X €

RT*P multi-head attention is computed as
MHA(X) = [Hy,...,H,]WO,
where T
H, = Softmax(QiKi )VZ-,
Vd

with WE WE WY e RP*d ¢ = D/h, Q; =
XWE K; = XWE, VvV, = XWV, and WO ¢
RP*P In masked attention, the upper-diagonal en-
tries of the attention matrix Q;K, are set to —oc to

prevent a token from attending to future positions.

This computation scales quadratically with the se-
quence length 7. In auto-regressive decoding, pre-
viously computed key and value vectors are cached
to avoid redundant computation, reducing the per-
token cost. Specifically at time T, for each head,
new key-value pairs are concatenated to the caches
K and V, followed by an attention computation:

K +Concat(K,kr), V + Concat(V,vr),

h7 = Softmax ( qi/gT )V

where kr = xp W, vy = xp WV, qr = xrWQ,
While caching mitigates redundant computation,

generating the T-th token still incurs O(T) cost,
and the memory footprint of stored keys and values

grows linearly with sequence length. For sufficiently
long contexts, this memory requirement becomes a
dominant bottleneck, as the cumulative size of the
KV cache can surpass the model parameters by sev-
eral orders of magnitude.

In the following sections, we briefly review the K-
SVD method |[Chang et all 2025bl [Yu et al., 2024,
Zhang et al. |2024], which compresses key represen-
tations using singular value decomposition (SVD),
and the Eigen approach [Saxena et al., 2024], which
jointly considers keys and queries by vertically con-
catenating them and applying SVD to the resulting
matrix.

3.3 Cache compression with SVD

Recent works [Chang et al. 2025bl [Zhang et al.l
2024}, [Chang et al., 2025a] demonstrate that singu-
lar value decomposition (SVD) is a powerful tool for
compressing the KV cache in large language mod-
els, as the cache exhibits low-rank structure. Let
K = UKEKV;( € RT*4 be the SVD of the key
matrix, and let K = ﬂKﬁ KVIT( denote its rank-
R truncated version. By the Eckart-Young-Mirsky
theorem, K is the best rank-R approximation of K
under the Frobenius norm. In other words, the op-
timization problem

min |[|[KP — K|% s.t. rank(P) < R,
PcRdxd

is solved by P = VKV;, leading to the approxi-
mation K = KVKVIT( = IAJKiK\AfIT( Applying the
same procedure to the value matrix V. = Uy EVV$,
we can approximate the attention output as

H = Softmax(QK ' /Vd)V
= Softmax(QV VLK /Vd) VVy V.

This formulation is particularly useful because it al-
lows to store only the compressed caches KV and
VVy in memory. These matrices are of size R x T
instead of d x T', resulting in significant memory sav-
ings. At runtime, queries are multiplied by VK,
while \7; can be absorbed into the output projec-
tion Wy, streamlining computation.

A key advantage of this approach is that the SVD
does not need to be computed during token gener-
ation. Instead, it can be performed once in a post-
training calibration phase. For each layer [ and at-
tention head ¢, we only need to determine a basis
Vi € R4*E guch that K, = Ki)lViJ(Vi)l)T with
an analogous construction for the values. This basis
can be learned from a calibration set of sequences.
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Specifically, we pass ng calibration sequences (e.g.,
sampled from a high-quality dataset such as C4 |Raf-
fel et al., 2020]) through the model. The kth se-
quence produces caches Kkl and Vk for every layer
[ and head ¢. These are concatenated to form large
cache matrices K;; = (Kzl7K121>~~7KZL,l)~ This
aggregated cache provides a representative sample
of the key vectors that will appear during inference.
Performing SVD on K, ; then yields the dominant
singular vectors, which form a suitable low-rank ba-
sis for compression. The cost of generating calibra-
tion caches and computing the SVDs is negligible
compared to model training, and is offset by the
runtime speedups from cache compression. In the
following, we will refer to this method as K-SVD.

Rank selection. The compression rank R is de-
termined per layer by examining the singular value
spectrum. Let {o;}; denote the singular values of a
matrix M. For a relative error tolerance e, we select
the smallest R such that

ZRU

2
IM — M3 < e|M]7 & ; >1-
J

=1

Prior studies [Yu et all 2024, [Saxena et all [2024]
have shown that KV matrices are indeed approxi-
mately low-rank, so substantial compression can be
achieved with small error budget e. The chosen rank
may differ for keys and values depending on their
spectra.

3.4 Cache compression with Eigen

Other works [Saxena et all, 2024, |Zhang and Shen|
2024] emphasize that queries should also be con-
sidered when compressing key caches. Indeed, by
projecting the key cache we also project the query
matrix: QVxVEKT = (QV V) (KVEV)T

VKVK is an idempotent matrix. Hence, it makes
sense to compute the low rank projection by solving

msin |IK - KS|% + |Q — QS|/% s.t. rank(S) < R,

which is equivalent to

K K

— S
o/ -la
so that S will approximate queries and keys simulta-

neously. As the second formulation of the optimiza-
tion problem shows, S can be computed by perform-

K} . This ap-

2

msin s.t. rank(S) < R,

F

ing an SVD on the combined matrix

Q

proach ensures that the learned projection preserves

keys and queries while reducing dimensionality. We
refer to this approach as Eigen throughout this pa-
per. The calibration process follows the same proce-
dure as K-SVD: large calibration caches are formed
by using a collection of calibration sequences. The
only difference is that query matrices from the cali-
bration set are also used in the projection computa-
tion.

4 METHODOLOGY

In this section, we introduce our proposed approach
KQ-SVD for KV cache compression. We consider
taking the interaction between queries and keys into
account. The method views the key and query ma-
trices as a single entity and applies singular value
decomposition (SVD) to KQT. We begin by outlin-
ing the motivation behind this idea, followed by a
detailed explanation of the technique.

4.1 Motivation

Existing compression methods based on SVD typi-
cally compress keys or jointly embed Q/K/V. The-
orem (1| (proof in Appendix inspired by |[Wang
et al., |2025] shows why that can fail: perturbations
in K are amplified by the inner products QK and
further propagated by the value multiplication.

Theorem 1. Let X € RTX¢ be a sequence of token
embeddings, K,Q,V € RT*4 and

MHA(X) = [Softmax(Q;K; /Vd) V)], W,
MHA(X) = [Softmax(QiK; /vVd)V;)] W,

where MI\-I'K(X),IZ and V; represent the approxi-
mation of MHA(X),K,; and V;, respectively. The
difference between the actual attention output and
the one produced with approximate keys and values
is upper bounded as

IMHA(X) — MHA(X)||2

h
[ViW Pl T =T
< e ZKZ - Q;K;
< ;:1 7 1Q Q (B

+ [ ViW? — VW2, (1)

The method proposed by this paper stems from the
will to minimize this upper bound on the output
approximation error. In each attention head, for a
key cache K and a calibration set of query vectors
{@}jccalibration (row vectors of size d), we want to
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minimize

> laVKT —qPKT3,

jEcalibration

over low-rank K. This objective is equivalent to
a low-rank approximation of the query-key interac-
tion matrix and admits an optimal closed-form solu-
tion via the singular value decomposition. Similarly,
to compress values we directly optimize the second
term of Eq. over low-rank V for each attention
head (see Appendix [B).

4.2 Proposed Method

In the following, we drop the head index ¢ for ease
of clarity. Our method addresses cache compression
by producing an optimal solution to

min |QK" — QK "||% s.t. rank(K) < R,
K

with Q = (q(j))jecahbmtion the collection of query
vectors from the calibration set. This formulation
jointly considers the properties of both K and Q,
while taking into account their interaction through
the inner product. The optimization problem can

be restated using a projection matrix as

mgn IKSQ" —KQ'|% s.t. rank(S) < R,

where S € R%%?, To be able to compress the key
cache during the attention computation, we write
the projection matrix S as a product of two matrices,
ie., S = AB with A,B € R, The minimization
problem tackled by KQ-SVD is thus
: TOT T2

antin  [KAB Q" —KQ [z (2)
Given A* and B* the solutions of this optimiza-
tion problem, we store the low-rank matrix KA* €
RT*E which allows for compression while maintain-
ing an accurate reconstruction of the attention ma-
trix. The same strategy also applies to the value-
output matrices (see Appendix . In the next sec-
tion, we state the main theorem which demonstrates
that the optimization problem described above ad-
mits an optimal solution which can be computed ef-
ficiently.

4.3 KQ-SVD: Optimal attention
factorization

The following theorem establishes the provably opti-
mal low-rank factorization of the key-query matrix,
which admits a simple closed-form solution.

Theorem 2. Let K,Q € RT*? be key and query
cache matrices. The optimal solution to the low rank
attention approximation problem

min  |[KAB'Q" —KQ'|F,
A BcRIxR

s given by
A=K'U, B=K'U,

where U € RT*E js the matriz having the top R left
singular vectors of KQT as columns.

Proof. Observe that KABTQT has rank at most R.
Hence,

min  |[KAB'Q" —KQ'|F,
A BcRIxR

is lower bounded by

. T
o IM—-KQ'|r s.t. rank(M) < R.
By the Eckart-Young theorem, we know the best
rank R approximation of KQT is given by its trun-
cated SVD: o
KQ' ~UxVT,
where U € RT*E 33 ¢ ]RRXRA and V e RTXR We
will show that KABTQT = UXV' from which the
optimality of A and B follows.

Let K = UXV be the full SVD of K. Observe that
we have the inclusion of (column) spans: R(U) C
R(U) = R(K). Since KK™ is the orthogonal pro-

jection onto R(K), we have KK*U = U, hence
KAB'Q" = KKTUU'KQ' = UU'KQ"
=UU'UuzvV' =03V

Therefore A = K*U and B = KT U are optimal so-
lutions to ming egaxr [KABTQT —KQ'|r. O

The Moore-Penrose pseudo inverse of K can be
expressed through the SVD of K as K =
VKE;(lU;(. The singular value decomposition of
KQ' € RT*T can be computed efficiently as its
rank is at most d. Indeed, we can first perform an
SVD on K = UKZKV[—; and Q = UQEQV%, then
on the d x d matrix XV V2o = U'S'V'T. The
SVD of KQT is then UxU'S/(VoV/)T = UEVT
with U = UgU’ € RT*4 and V = VoV’ € RT*4,
This way the optimal solution provided by Theorem
can be computed efficiently in time O(Td?).

A similar approach is used by KQ-SVD to derive
optimal projections for the low rank approximation
of the product of the value cache with the output
matrix (see Appendix .
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5 THEORETICAL ANALYSIS

In this section, we focus on the minimization prob-
lem in Eq. ; the same reasoning applies to value
and output matrices (see Appendix. We first pro-
vide an exact formula quantifying the accuracy dif-
ference between K-SVD and KQ-SVD. We then ex-
hibit a failure mode of Eigen method [Saxena et al.|
2024) which KQ-SVD circumvent by design. Fi-
nally, we show how KQ-SVD also obtains optimal
low rank approximation in the Grouped Query At-
tention (GQA) framework.

5.1 Comparing K-SVD and KQ-SVD

In this section, we characterize the optimality gap
between KQ-SVD and K-SVD (Section [3.3) and de-
rive a closed form expression of their accuracy dif-
ference.

Theorem 3. Let opt = ming geraxr IKABTQT —
KQT||2 be the optimal error for the low rank atten-
tion approximation problem (achieved by KQ-SVD),
and let errg.gyvp = ||KVKV QT — KQT||% be the
error of K-SVD. We have

R

eIT g syp—Opt =
=1

with equality only if the top R left singular vectors of
K and the top R of KQT span the same subspace.

Proof. Let K ~ IAJKZA]KV} be the rank R truncated
SVD of K and KQT ~ UEVT be the one of KQ.

By Theorem [J opt = [[UUTKQT — KQ||} =
d
Zi:R—i—l g; (KQT)Z

On the one hand we have

HKQTHF—Zm KQ")? Zm KQ")? + opt.

=1 =1
On the other hand,

IKQ"|% = IKQT
=[|I-UxUOKQ |7 + [UxULKQ" |3,

since (I — UgUg) and UgUj
orthogonal subspaces.
Since K\A/'K\A/'I—'; = IAJ'KIAJ};K, the left term is ex-

actly eITK-SVD and thf) segond term can be reduced
to UKU};KQT = KVKVIT(QT.

are projections on

> ol(KQT) KV VEQ" | >0,

~UxULKQT + UxULKQT|%

Putting everything together, we get

R

ZO’L KQT) +opt—errKSVD+||KVKV QTHF7
=1

which shows the equality in the theorem.

To show that errk.gsyp — opt > 0, first observe that
errg.syp —opt = [UUTKQ'|| — [UxULKQ'|.

A direct consequence of the Eckart-Young theorem
is that, for any matrix M € R”*T and any R < T,
the solution of
max || XX M| st. X'X =1
XeERTXR

is obtained by setting the columns of X to the top R
left singular vectors of M. Hence, [UUTKQT| >
|UxULKQT|| and thus errg.syp — opt > 0, with
equality only if UUT = UKUK7 i.e., when the top
R left singular vectors of K and the top Rof KQT
span the same subspace. O

It is worth observing that equality between errk_syvp
and opt happens only when the projection onto Vi
captures all of the energy (Frobenius norm) in the
top R singular values of KQT. Since the best rank-
R approximation in the Frobenius norm is unique,
this holds precisely when the subspace spanned by
the top R left singular vectors of K coincides with
that spanned by the top R left singular vectors of
KQT. In other words, equality holds precisely when
these two subspaces match.

5.2 Comparing Eigen and KQ-SVD

We now compare Eigen [Saxena et all [2024]
with KQ-SVD. Although we do not derive an exact
value for the optimality gap of Eigen, we identify
a critical limitation of Eigen: the method is highly
sensitive to unbalance between the norms of K and
Q. Eigen’s performance can be degraded simply by
multiplying K by a constant 8 and dividing Q by the
same constant. While this rescaling leaves the at-
tention computation unchanged and does not affect
KQ-SVD, it causes Eigen method to behave increas-
ingly like K-SVD as the unbalance between the two
norms grows. Theorem [4] formalizes this intuition.

Theorem 4. Let K,Q € RT*? et o = H%‘Ii and

let ertgigen = |KV gigenV FigenQ' — KQT| be the
error of Eigen. If there is a non-trivial gap be-
tween the Rth and (R + 1)th singular values of K,
i.e. or(K) > opy1(K), then limy o eITpigen, =
eITK-SVD-
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Proof. Recall that Eigen approximate KQT with
KVEWVEWQT where VEZg is the matrix with the

Q

tends to 0, the concatenated

. . K
top R right singular vectors of [ ] as columns. In

the limit where IHQHF

IKlr

matrix tends to K . Since or(K) > or+1(K),

g tio
it follows from the Davis-Kahan theorem [Davis
and Kahan| 1970] that, as « tends to 0, the space

a
converges to the one of [Ig] , and thus of K. Hence

spanned by the top R right singular vectors of {K

lim,_q VEingig = VKV[T( and erTgigen tends to
CeITK_-SVD- ]

5.3 Handling grouped query attention

Standard multi-head attention (MHA) is powerful
but slow at inference, while multi-query attention
(MQA) [Shazeer], 2019] is much faster but can hurt
model quality and requires retraining. Grouped-
query attention (GQA) |Ainslie et al.| |2023], sits in
between MHA and MQA by letting groups of query
heads share a key-value head, balancing accuracy
and performance. GQA organizes attention/query
heads into groups of size m. All query heads within
a group share the same set of keys and values, en-
abling more efficient computation without signifi-
cantly compromising model performance. We have
assumed in the presentation of our method that each
key head attends to a single query head. We show
in the following theorem that simply applying KQ-
SVD on the shared key cache and the concatenated
query caches provides the optimal approximation
with GQA.

Theorem 5. Given a (shared) key cache matriz
K € R"*? and m full column rank query cache ma-

trices Q17 e 7Qm. € RTXd, SOZUZ"Ilg
m
min > IKAB/Q —KQ/ |3
A B, B,,cRixR P ” g QZ QL ||Fa

is equivalent to solving

: KABT T K T2
apn Q Q
where Q = [Q] Q4 - Q)T € R™T*d js the

matriz obtained by stacking the m query matrices.

Proof. We first show that the solution matrices B;
can be chosen to be all equal, i.e., that solving

Z IKAB/ Q] - KQ/ ||,

ABy, -, B L ER4X

is equivalent to solving

i KAB Q' —KQ/ 2.
A,]?I,IGI%R%XR;H Qz Qz HF

Indeed, for any A and any i, since Q, is full row
rank, the minimizers of ming, |[KAB Q, -KQ, ||%
are the same as the minimizers of ming, |[KAB; —
K||%, and are thus independent of Q;. Since this is
true for any A, and in particular for the optimal one,
this shows that all the solutions B; can be taken to
be equal.

The result then directly follows from the fact that
the squared Frobenius norm of a block matrix is

equal to the sum of the squared Frobenius norms
of the blocks. O

Theorem [5] states that optimal projections can be
computed for models using GQA by stacking query
matrices in each group and using KQ-SVD as in the
non GQA case. Computing the optimal projection
for a head group costs O(mTd?), where m is the size
of the head group, leading to an amortized cost per
query head of O(Td?).

6 EXPERIMENTS

The theoretical results established in the previous
sections require further validation on real cache ma-
trices generated by state-of-the-art LLMs. In this
section, we first compare KQ-SVD with K-SVD and
Eigen, and then demonstrate the claim of Theorem
[] using real-world cache data.

6.1 Comparing methods

Setup: To validate our theoretical claims, we
run experiments on several widely used LLMs.
We test two models without grouped-query at-
tention (GQA)—Llama2-7B and Llama2-13B |[Tou-
vron et al) [2023]—and two models with GQA—
Llama3-8B |Grattafiori et al., [2024] and Mistral-7B-
v0.3 [Jiang et al., 2023]. All experiments use the C4
dataset [Raffel et al.| [2020], with projections learned
on the training split and evaluated on the validation
split.

Learning projections: Following the methodology
of [Saxena et al.| [2024], we select 128 training se-
quences of 2048 tokens each from C4. Each sequence
is passed through the model, storing the key, value,
and query caches for every layer and attention head
(queries are needed by both Eigen and KQ-SVD).



KQ-SVD: Compressing the KV Cache

Llama2-7B Llama2-13B Llama3-8B Mistral-7B-v0.3
06 0.6
= K-SVD
< 5 08 0.5 10° 10° 4 —e— Eigen
5 >o04 0.4 —e— KQ-SVD
o .
-
S+ os 0.3 M
o
5 Qo2 0.2
© 0.1 0.1 101 1071
0 10 20 30 0 10 20 30 40 0 10 20 30 0 10 20 30
10° 10° 10° 100
52 K-SVD
= g B Eigen
L
cWa == KQ-SVD
82 o 107 10-1 10-1 10714
SZ o
© O
22
o B e [ WO o BB M
K Q \" S & K Q Vv < K Q \% < X K Q \ QS X
X N N N X N X0 N
R R LR LSS
O O O O

Figure 1: Relative Frobenius approximation output error per layer (top) and mean relative errors on K, Q,
V, KQ' and attention layer output across layers (bottom) for Mistral and Llama models.

For each layer-head pair, we collect the correspond-
ing caches from all 128 sequences and concatenate
them, yielding large matrices K, Q,V € RThugexd
with Thyge = 262,144. Because model context length
is limited and attention cost scales quadratically
with sequence length, it is not feasible to build these
matrices from a single long sequence. Instead, we
construct them from multiple shorter ones. Once the
large cache matrices are formed, we perform SVD
and apply the formulas presented in previous sec-
tions to compute low-rank projections.

Rank selection: All methods are evaluated at
the same rank R, determined individually for each
layer. For a given layer, we analyze the singular
value spectra of the key and value matrices, aver-
aged across heads, and choose the smallest R that
discards no more than an € = 0.1 fraction of the
spectral energy. That is, for singular values {o;}; of

R 2

K, E;:i Z; > 1 — €. This is equivalent to requiring
that the rélative Frobenius error is at most e.

Evaluation: We evaluate the learned projections
on 32 validation sequences of 2048 tokens each.
For every sequence, we extract the cache matrices
(K,Q,V) at each layer and head. Using these ma-
trices, we can simulate attention computations di-
rectly, since attention depends only on these three
components. Each cache is projected onto its cor-
responding low-rank subspace to form approxima-
tions, and we then compute the approximate Multi-
Head Attention output using the standard formulas.
For comparison, we also compute the exact (uncom-
pressed) attention output. This enables us to mea-
sure the relative error of each method across all ma-
trices of the attention pipeline. Errors are averaged

across validation sequences.

Metrics: For a matrix M and its approximation
M, we report the relative Frobenius norm error

eITFro = I This error is computed for the

Mz
key, query, and value matrices, for the attention
score matrix KQT, and for the Multi-Head Atten-

tion output MHA(X).

Results: Results are shown in Figure For each
model, the top plot reports the relative error on the
attention output across layers, while the bottom plot
reports the averaged errors on the intermediate com-
ponents. We observe that K-SVD provides the most
accurate approximation of the key matrices (as ex-
pected from the optimality of SVD), but performs
poorly on query matrices, leading to weaker approx-
imations of the attention scores and consequently
higher output errors. This effect is more pronounced
in GQA models, where sharing the key matrix across
queries in a group amplifies approximation errors.

In contrast, Eigen and KQ-SVD achieve compara-
ble accuracy on keys, queries, and values. The key
difference lies in the attention score matrix: KQ-
SVD consistently delivers higher accuracy, resulting
in lower attention errors and outperforming all other
methods on all models.

Performance on downstream tasks: We report
results only in terms of the Frobenius-norm error
of the attention matrices and outputs at each layer.
Our experiments show that for an equivalent KV-
cache compression ratio, our method consistently
yields higher-fidelity attention outputs than com-
petitors, and for a fixed error budget, our approach
can achieve greater compression. Our underlying
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assumption is that the error in the attention out-
put directly correlates with downstream task perfor-
mance. Papers such as Eigen [Saxena et al., |2024]
provide evidence of this, showing for instance that on
Llama-2-7B, perplexity increases from 5.47 to 7.48
under a 0.6x compression ratio, while accuracy de-
creases from 0.65 to 0.56. These results support the
use of fidelity-based metrics as a reliable proxy for
downstream performance, and suggest that our gains
in reconstruction error would translate to consistent
improvements on downstream tasks.

6.2 Unbalanced K and Q matrices

We verify experimentally the claims of Section
and analyze the attention approximation error under
unbalanced K and Q matrices.

Set up: We follow the same experimental setup as
in the previous section using the C4 train/validation
split to learn projections and evaluate their accuracy.
The only difference is that cache matrices are scaled
to assess the effect of unbalance. Key matrices are
multiplied by 8 and query matrices are divided by /.
This is equivalent to scaling the projection matrices
Wk.i/ Wgq,: by 8, as the operation permutes with
matrix multiplication (this does not change the out-
put since the query and key matrices are multiplied
before any non-linear activation).

Metrics: For each unbalance ratio, we plot the rel-
ative attention output error for the three methods,
averaged across all layers and validation sequences.

Results: Results are shown in Figure ] As dis-
cussed in Section K-SVD and KQ-SVD are in-
variant to scaling K by a factor 8 and dividing Q by
the same factor, which is confirmed by the constant
error observed for these methods. As predicted theo-
retically, a higher unbalance ratio brings Eigen closer
to K-SVD; for § = 10, their errors are nearly indis-
tinguishable. This confirms Theorem [4] and exposes
a limitation of Eigen, which underperforms even un-
der modest query-key unbalance.

7 CONCLUSION

We introduced KQ-SVD, a novel approach for com-
puting low-rank projections for KV cache compres-
sion. KQ-SVD is driven by minimizing an up-
per bound on the attention output approximation
error, resulting in an optimization problem that
yields the optimal low-rank approximation of the
attention matrix. Crucially, this problem admits
a closed-form solution that can be computed effi-

0.375 e © ©
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Computation Output
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o
w
N
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Figure 2: Llama2-7B relative output approximation
error averaged across layers for varying unbalanced
factor .

ciently. We quantify the advantage of KQ-SVD over
previous methods, either through exact error for-
mulas or by highlighting failure modes of prior ap-
proaches. Experiments validate our theoretical find-
ings and demonstrate that considering the interac-
tion between queries and keys—as KQ-SVD— pro-
vides a superior alternative to performing SVD on
the key cache or on concatenated keys and queries.
Our technique is complementary to popular cache
compression methods such as GQA. An interesting
following work could be to show that KQ-SVD is
also compatible with other compression methods like
quantization or token eviction.
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A PROOF OF THEOREM [

Theorem. Let X € RT*? be a sequence of token embeddings, K, Q,V € RT*? and

MHA(X) = [Softmax(Q;K, /Vd)V;)] W€,

MIA(X) = [Softmax(QK; JNAV)] WO,

where MI\LI_K(X), IZ and \Af; represent the approzimation of MHA(X), K, and V;, respectively. The difference
between the actual attention output and the one produced with approximate keys and values is upper bounded
as

IMHA(X) — MHA (X)||2

h
[ViWP||2 T =T
< v ZK,L — sz
< ;_1 7 1Q QiKi |2

+[ViW2 — VW2, (3)

Proof. Let WO = [W¢; W9 ... : W] € RP*P where WP € R are stacked vertically. By the definition
of multi-head attention (see Section [3.2)), we can write

h h
MHA(X) = [Hy,... ,H,JW® =Y H,W?, MHA(X) = [H,,..., H,JW° =Y H,W?.
=1 =1

Therefore,
h

Z(ﬁi ~H,)WY?

=1

h
< Z I(H; — H) WP .

2 =1

I MHA(X) — MHA(X)|2 =

For each head i € {1,...,h},

|(H; — H)WO||, = || (Softmax( QK] YV, — Softmax(Qif("T )\Z)W?HZ

Vd Vd
< || (Softmax( Q%:) - Sof"trnaX(Qi/%iT ))V,»W?H2 + HSoftmauX(Qi'/fz"T Vi — \Nfz)VVZOH2

(4)

For the first term in 7 applying the submultiplicative property of the 2-norm gives

|| (Softmax( QK] ) — Softmax( QK] ))ViWZ-OH2 < ||Softmax( QK ) — Softmax( Qifjl:

LS K * SOz [ViWo

The factor |[V;W||2 acts as an amplification term, capturing how sensitivity in the value projections
may magnify small perturbations in the attention weights-this term is typically not directly controllable in
practice.

Since the Softmax function is %—Lipschitz continuous (see Appendix A.4 [Alghamdi et al., 2022]), we have

KT KT 1 o
ISoftmax (%) — Softmax(35-) |, < ﬁHQiKI — QK] ||2.



For the second term in (), note that ||Softmax(-)||; = 1, implying ||Softmax(-)||2 < 1. Therefore,

HSoftmax(Qf/f;;)(Vi — \N/})W?HQ < |V,W¢ —viW?H%

Combining the two bounds yields

[(H; — H)W?|jy <

V,W? > V
TR IQKT - Q]+ [ViWE - VWO

Summing over all heads i = 1,..., h gives the desired bound , completing the proof. O

B VALUE-OUTPUT PROJECTION

In this section, we examine the interaction between the value representations and the output projection.
While the main analysis of this paper focuses on the relationship between keys and queries, the same
reasoning naturally extends to values V; € RT*? and the output matrix W9 € R4*P. To further tighten
the upper bound established in Theorem [I} we aim to minimize the second term in the summation, which
leads to the following optimization problem:

min HVVVO — \N/'WOHi? s.t. rank(iv/') <R,
v

where for simplicity we drop the subscript. Likewise for the keys and queries case, the optimization problem
can be restated using a projection matrix S € R%*? such that

min [VSWY — VWO?||% s.t. rank(S) < R,

where S € R¥*? where we write the projection matrix S as a product of two matrices, i.e., S = ABT with
A, B € R, The minimization problem tackled by KQ-SVD for the value and output projections is

min [VAB'WY - VWO (5)
A BeRIxR

Theorem [2| applies, in a similar fashion to the case of values and outputs.

C PRACTICAL SETTINGS

Code: The code used for experiments presented in Section [f] is available at https://github.com/
DamienLesens/KQ-SVD. We used Pytorch [Paszke et al., [2019] and the Hugging Face transformers library
[Wolf et al. 2020]. For reproducibility, we fixed random seeds equals to 0.

Hardware: All experiments were conducted on NVIDIA Tesla V100-SXM2-32GB GPUs with CUDA ac-
celeration. The primary compute nodes were Intel Xeon E5-2698 v4 @ 2.20GHz (503GB RAM).
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