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Abstract

Identifying the effects of causes and causes
of effects is vital in virtually every scientific
field. Often, however, the needed probabil-
ities may not be fully identifiable from the
available data sources. This paper shows how
approximate identifiability is still possible for
several probabilities of causation. We term
this e-identifiability and demonstrate its use-
fulness in cases where the behavior of certain
subpopulations can be restricted within suffi-
ciently narrow bounds. In particular, we show
how unidentifiable causal effects and counter-
factual probabilities can be e-identified when
such allowances are made. Often, these al-
lowances are easily measured and reasonably
assumed. Finally, e-identifiability is applied
to the unit selection problem.

1 INTRODUCTION

Both Effects of Causes (EoC) and Causes of Effects
(CoE) play an important role in many fields, such
as health science, social science, and business. This
is due, in part, to several features of EoC and CoE
analysis. First, causal effects identified by the adjust-
ment formula (Pearl, [1993) help decision-makers avoid
randomized controlled trials and use purely observa-
tional data. Second, probabilities of causation have
been proven critical in policy-making and personalized
decision-making (Mueller and Pearl, [2022). Third, a
linear combination of probabilities of causation has
been used to solve the unit selection problem defined
by |[Li and Pearl (2019, |2022b, 2024b)). Additionally,
causal quantities can increase the accuracy of machine
learning models by combining causal quantities with
the model’s label (Li et al., 2020).

Proceedings of the 29*" International Conference on Arti-
ficial Intelligence and Statistics (AISTATS) 2026, Tangier,
Morocco. PMLR: Volume 300. Copyright 2026 by the au-
thor(s).

Xin Shu
Florida State University

Judea Pearl
UCLA

The identification of causal quantities has been studied
for decades. Pearl first defined causal quantities such
as causal effects (Pearl, [1993)), probability of neces-
sity and sufficiency (PNS), probability of sufficiency
(PS), and probability of necessity (PN) (Pearl, [1999))
and their identifiability (Pearl, 2009)) using the struc-
tural causal model (SCM) (Galles and Pearl, [1998;
Halpern, |2000). Pearl also developed identification con-
ditions of causal effects, such as back-door and front-
door criteria (Pearl, [1993), along with the do-calculus
mathematically complete axiomatic identification sys-
tem (Pearl, |1994). Pearl, Shpitser, and Bareinboim
have studied more conditions for identifying causal ef-
fects (Shpitser and Pearl, |2009a; Bareinboim and Pearl,
2012). If causal effects are not identifiable, informa-
tive bounds can be obtained. Balke and Pearl (1997a)
bounded causal effects from a randomized controlled
trial (RCT) with imperfect compliance. |Li and Pearl
(2022a)) bounded causal effects when adjustment vari-
ables are partially observed. [Tian and Pearl (2000)
proposed monotonicity as an identification condition
of the binary probabilities of causation. [Tian and
Pearl| (2000)) additionally derived tight bounds, using
linear programming, when probabilities of causation
are not identifiable (Balke and Pearl, [1997b)). Mueller
et al.| (2022)), as well as Dawid et al.| (2017, narrowed
those bounds using additional covariate information
and the corresponding causal structure. Recently, |Li
and Pearl| (2024al) proposed theoretical work for non-
binary probabilities of causation. [Zhang et al.| (2022)
proposed numerical bounds for non-binary probabili-
ties of causation and named it “Partial identification”
(the difference between partial identification and the
proposed e-Identifiability will be discussed in the conclu-
sion section). Furthermore, Shpitser and Pearll (2009Db)
introduced another essential causal measure, known as
the effect of treatment on the treated (ETT), within
the SCM framework and extensively investigated its
identification.

In real-world applications, decision-makers are more
willing to work with identifiable cases (i.e., the causal
quantities have point estimations) because the bounds
under unidentifiable cases may be less informative (e.g.,
0.1 < PNS < 0.9). Besides, estimating the bounds
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often requires a combination of experimental and ob-
servational data. However, the identifiability is often
hard to achieve, so we wonder if something is sitting
between the identifiable and the bounds. Inspired by
the idea of the confidence interval, in this paper, we
proposed the definition of e-identifiability, in which
more conditions of e-identifiability can be found while
the estimations of the causal quantities are still near
point estimations.

2 PRELIMINARIES

Here, we review the definition of ETT, PNS, PS, and
PN defined by Pearl (Pearl, [1999; [Shpitser and Pearl,
2009a)), as well as the definition of identifiability and the
conditions for identifying ETT, PNS, PS, and PN (Tian
and Pearll 2000; Shpitser and Pearl, 2009b). Besides,
we review the tight bounds of PNS, PS, and PN when
they are unidentifiable (Tian and Pearl, [2000). Readers
who are familiar with the above knowledge may skip
this section.

Similarly to any works mentioned above, we used the
causal language of the SCM (Galles and Pearl, | 1998;
Halpern, [2000). The introductory counterfactual sen-
tence “Variable Y would have the value y, had X been
2” in this language is denoted by Y, = y, and shorted
as y,. We have two types of data: experimental data,
which is in the form of causal effects (denoted as P(y.)),
and observational data, which is in the form of a joint
probability function (denoted as P(z,y)). Besides, in
the absence of further specification, let X and Y be
two binary variables in a causal model M, let x and
y stand for the propositions X = true and Y = true,
respectively, and 2’ and y’ for their complements. For
notational simplicity, we limit the discussion to binary
treatments and effects; extensions to multi-valued vari-
ables are discussed by Pearl (see (Pearl, [2009) p. 286,
footnote 5).

First, the definition of identifiable for any causal quan-
tities defined using SCM is as follows:

Definition 1 (Identifiability). Let Q(M) be any com-
putable quantity of a class of SCM M that is compat-
ible with graph G. We say that Q is identifiable in
M if, for any pairs of models My and My from M,
Q(My) = Q(Ms) whenever Py, (v) = Py, (v), where
P(v) is the statistical distribution over the set V of
observed variables. If our observations are limited and
permit only a partial set Fyy of features (of Pp(v)) to
be estimated, we define Q to be identifiable from Fy; if
Q(My) = Q(Ms) whenever Fpy, = Far,. (Pearl, |2009)

Second, the definitions of four binary probabilities of
causation defined using SCM are as follows (Pearl, [1999;
Shpitser and Pearl, |2009a):

Definition 2 (Effect of treatment on the treated
(ETT)). Let X and Y be two binary variables in a
causal model M, let © and y stand for the propositions
X = true and Y = true, respectively, and x’ and vy’
for their complements. The effect of treatment on the
treated is defined as the expression

ETT 2 P(y,|z)

Definition 3 (Probability of necessity (PN)). Let X
and 'Y be two binary variables in a causal model M, let
x and y stand for the propositions X = true and Y =
true, respectively, and ' and vy’ for their complements.
The probability of necessity is defined as the expression

P(y|z,y)

Definition 4 (Probability of sufficiency (PS)). Let
X and 'Y be two binary variables in a causal model
M, let x and y stand for the propositions X = true
and Y = true, respectively, and x' and vy for their
complements. The probability of sufficiency is defined
as the expression

PN 2

PS £ Pyla'.y)

Definition 5 (Probability of necessity and sufficiency
(PNS)). Let X and Y be two binary variables in a
causal model M, let © and y stand for the propositions
X = true and Y = true, respectively, and ' and 3’
for their complements. The probability of necessity and
sufficiency is defined as the expression

PNS 2 P(y,yl)

Third, we review the identification conditions for causal
effects (Pearl, 1993 1995)).

Definition 6 (Back-door criterion). Given an ordered
pair of variables (X,Y) in a directed acyclic graph G,
a set of variables Z satisfies the back-door criterion
relative to (X,Y), if no node in Z is a descendant of
X, and Z blocks every path between X and Y that
contains an arrow into X.

If a set of variables Z satisfies the back-door criterion for
X and Y, the causal effects of X on Y are identifiable
and given by the adjustment formula:

P(y,) =Y _ Plylz.z)P(2). (1)

Definition 7 (Front-door criterion). A set of variables
Z is said to satisfy the front-door criterion relative to
an ordered pair of variables (X,Y) if 1) Z intercepts
all directed paths from X to'Y'; 2) there is no back-door
path from X to Z; and 3) all back-door paths from Z
toY are blocked by X.
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If a set of variables Z satisfies the front-door criterion
for X and Y, and P(x,Z) > 0, then the causal effects
of X on Y are identifiable and given by the adjustment
formula:

(y2) = Y P(zl2) Y Plyla', 2) P(2').

If causal effects are not identifiable, [Tian and Pearl
(2000) provided the following bounds for the causal
effects.

Fourth, we review the identification conditions for ETT
(Shpitser and Pearl, 2009b)).

Theorem 8. If a set of variables Z satisfies the back-
door criterion for X and Y, the ETT of X on'Y are
identifiable and given by the following formula:

= 5 Pl )Pl (3)

Theorem 9. The ETT of X on Y are identifiable
if P(Yx) are identifiable and given by the following
formula:

P(yz|z")

P(yz) —P(z,y).

P(yz|2') =

Finally, we review the identification conditions for PNS,
PS, and PN (Tian and Pearl, 2000).

Definition 10. (Monotonicity) A Variable Y is said
to be monotonic relative to variable X in a causal model

M iff
yh Ay = false.

Theorem 11. IfY is monotonic relative to X, then
PNS, PN, and PS are all identifiable, and

PNS = P(yx)_P(ya:/)v
_ P(y) — P(yar)
PN T ey
~ P(yz) — P(y)
Pe = P(z',y)

If PNS, PN, and PS are not identifiable, informative
bounds are given by [Tian and Pearl (2000).

07
P(yz) — P(yar),
P(y) - P(yw’)a
P(y.) — P(y)
P(ys),
P<y/z’)7
min{ P(z,y) + P(2',y'),
P(yac) - P(yx/)+
P(z,y') + P(2',y)

max

< PNS (5)

> PNS (6)

IN

maX{ P(y) P(ym PN (7)

min { yl)— p 2’ y') }
N y)

max{ P(y) P Py')—-P(y,)

P(z’,y’)

Y

PN (8)

9)

min{ P(ya)— P(x v) }>PS (10)

P(z',y")

The identification conditions mentioned above (i.e.,
back-door and front-door criteria and monotonicity)
are robust. However, it may still be hard to achieve
in real-world applications. In this work, we extend the
definition of identifiability, in which a sufficiently small
interval is allowed. By the new definition, the estimates
of causal quantities are still near point estimations, and
more conditions for identifiability could be discovered.
Again, if nothing is specified, the discussion in this
paper will be restricted to binary treatment and effect
(i.e., X and Y are binary).

3 MAIN RESULTS

First, we extend the definition of identifiability, which
we call e-identifiability.

Definition 12 (e-Identifiability). Let Q(M) be any
computable quantity of a class of SCM M that is com-
patible with graph G. We say that Q is e-identifiable in
M (and e-identified to q) if for every P(v), there exists
q s.t. for any model M from M, Q(M) € [q — €,q + €]
whenever the statistical data Pp(v) = P(v), where
P(v) is the statistical distribution over the set V of
observed variables. If our observations are limited and
permit only a partial set Fyy of features (of Pp(v)) to
be estimated, we define @ to be e-identifiable from Fyy
if Q(m) € [q — €, q + €] with statistical data Fyy.

With the above definition, the causal quantity is at a
maximum distance of ¢ from its true value. We will use
the infix operator symbol ~. to represent its left-hand
side being within e of its right-hand side:

rRcq <= reEfg—eq+e. (11)

The following sections explicate conditions for e-
identifiability of causal effects, ETT, PNS, PS, and
PN. The proofs of all the following theorems are pro-
vided in the appendix.
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3.1 e-Identifiability of Causal Effects

The causal effect P(Yx) can be e-identified with in-
formation about the observational joint distribution
P(X,Y). This can be seen by rewriting Equation
as:

P(z,y) < P(y;) < P(z,y) + P(2).  (12)

Here, P(y,) is e-identified to P(z,y) + € when P(2') <
2¢. This e-identification indicates a lower bound of
P(x,y) and an upper bound of P(z,y) + 2¢. Since
P(a') < 2, these bounds are equivalent to ((12). No-
tably, only P(z,y) and an upper bound on P(z’) are
necessary to e-identify P(y,). This is generalized in
Theorem without any assumptions of the causal
structure.

Theorem 13. The causal effect P(Yx) is e-identified
as follows:

P(ya) ~e P(x,y) + € if P(a') <2 (13)
P(y,) ~e P(z,y') e if P(a') <2 (14)
Plys) me P(a',y) +e  if Plx) <2, (15)
P(yl) ~. P(z',y') + ¢ if P(z) < 2e. (16)

When the complete distribution P(X,Y) is known,
Theorem [I3] provides no extra precision over Equation
(12). Its power comes from when only part of the
distribution is known and only an upper bound on
P(X) is available or able to be assumed.

Knowledge of a causal structure can aid in
e-identification, such as the structures shown in Fig-
ures and (We will use Figure as the two
figures are actually equivalent; see Definition 6 in [Li
and Pearl| (2022a)) for the detailed proof of their equiv-
alence.) If the full joint distribution P(X,Y,U) were
available, the causal effect P(Yx) could be computed
directly via the backdoor adjustment formula. In the
absence of the full joint distribution, Theorem [14] al-
lows for e-identification of P(y,) using only P(z), the
conditional probability P(y|z), and an upper bound
on P(u).

Theorem 14. Given the causal graph in Figure [Id

and P(u) < P(z) — ¢ for some constant ¢, where 0 <
¢ < P(x),
N P(z)—c¢
i P) < 5 ) a7)

2¢cP(x )—I—P(ﬂc)—l—c.6

Specifically, if P(z) > 0.5 and P(u) < min{0.1, 7€},
then the causal effect P(y,) is e-identified to P(y|x) +

13°

Note that =z € {z,2'}, y € {y,y'} (i.e., * may be re-
placed by ', and similarly for y), and u € U, where U

denotes the (potentially multi-valued) domain of U, in
Theorem [14] (e.g., you may substitute  with 2’ or y
with ', and vice versa). The constant ¢ should be max-
imized subject to the constraints ¢ < P(x) — P(u) and
the condition specified in Equation for a given e. A
larger ¢ implies that P(y,) is more closely e-identified
with P(y|z), but this must be balanced against mini-
mizing e. Importantly, when U takes on more values
(i.e., when there are more potential confounders), it
becomes more likely that one can find a value u € U
satisfying the conditions of the theorem.

As an example, if P(z) > 0.5 and P(u) < 0.1, then
the causal effect P(y,) is e-identified to P(y|z) + 13 if
P(u) < e

Essentially, P(y.) is e-identified as P(y|z) plus some
fraction of € when there exists a P(u) that is sufficiently
small. Therefore, the causal effect P(y,) is close to
P(y|z) if P(U) is specific (i.e., there exists a P(u)
that is sufficiently small). In this case, Theorem
can be advantageous over the backdoor adjustment
formula to compute P(y,), even when data on X, Y,
and U are available, because P(Y|X,U), required for
the adjustment formula, is impractical to estimate with
any P(u) close to 0.

/\

X o—3>e Y

( ) Single confounder U.

TL

\WX/

b) Multiple confounders Uy, ..., Uy.

Figure 1: Causal graphs with confounders.

3.2 e-Identifiability of ETT

The effect of treatment on the treated (ETT) is a cru-
cial quantity in the field of causal inference, as defined
in Definition Pl ETT has been shown to be valuable
for detecting latent heterogeneity (Pearl, |2015). Sh-
pitser and Pearl proposed the identification of ETT
through backdoor criteria, as outlined in Theorem
Furthermore, Shpitser and Pearl demonstrated the re-
lationship between the ETT and both experimental
and observational data as shown in Theorem [91 There-
fore, Theorem [T4] can be extended to incorporate ETT
accordingly.

Theorem 15. Given the causal graph in Figure
and P(u) < P(x) — ¢ for some constant ¢, where 0 <
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c< P(z) <1,
Plylz) — P(z,y)
P(z')
P(z)—c .
2¢P(z) + P(z) +c
, 2¢P(z)P(x")
if P(u) < 2eP(@) + Pla) 7o €. (18)

Specifically, if P(z) = 0.5 and P(u) < m{O 1, Ze},
then the P(y.|x') is e-identified to P(y|x) +

+

P(y.|2") =

Note that P(x) cannot equal 1, as this would make the
conditional space z’ in P(y, | ') undefined. Addition-
ally, it should be noted that = € z,2’, y € y,y’, and
u € U, where U denotes the (potentially multi-valued)
domain of U. It is also worth mentioning that both
Theorems [[4] and [I5] apply to the multi-confounder case
shown in Figure[ID] by using the equivalent transforma-
tion method described in Theorem 7 of (Li and Pearl,
2022a)), making these two theorems quite general.

3.3 e-Identifiability of PNS

Even though Tian and Pearl derived tight bounds on
PNS (Tian and Pearl, 2000)), the PNS can potentially
be sufficiently narrow when taking into account par-
ticular upper-bound assumptions on causal effects or
observational probabilities. This can be seen by an-
alyzing the bounds of PNS in Equations and @
Picking any of the arguments of the max function of
the lower bound and any of the arguments to the min
function of the upper bound, we can make a condition
that the range of those two values is less than 2e. For
example, let us pick the second argument of the max
function, P(y.)— P(y.), and the first argument of the
min function, P(y,):

P(yzr) = P(ys) — [P(yz) — P(yar)] < 2e. (19)
Equation is the assumption and the PNS is the
e-identified to € above the lower bound or € below the
upper bound:

PNS =, P(y,) — P(y.) + ¢, or (20)
PNS ~, P(y.) — €. (21)
Since it is assumed that P(y,) < 2¢, Equation
is equivalent to Equation . The complete set of

e-identifications and associated conditions are stated
in Theorem

Theorem 16. The PNS is e-identified as follows:

PNS =~ € if P(ysz) < 2e, (22)
PNS~.¢  if P(y.)< (23)
PNS =, € if P(z,y) + P(a: y') < 2, (24)
PNS=~ce  if P(ys) — P(ys )+

P(x,y") + P(2',y) < 2, (25)

PNS =, P(y.) —€ if P(ys) < 2, (26)
PNS ¢ P(y,) —¢ if P(y,) < 2, (27)
PNS =~ P(y,)—

P(y.) +e if P(z,y') + P(2',y) < 2¢, (28)
PNS=~c P(ys)—  if P(yer) — P(ya)+

P(ys) + € P(z,y) + P(2',y) < 2¢, (29)
PNS=~c P(x,y)+  if P(yer) — P(ya)+

P(a',y) —e P(z,y) + P(',y') < 2¢, (30)
PNS =, P(y.,) —e if P(y") < 2, (31)
PNS = P(y,) —e if P(yz) + P(yar)—

P(y) < 2, (32)
PNS~c P(y)— if P(yz) + P(yar)—

P(ys) +e€ P(y) < 2, (33)
PNS =, P(xz,y)+ if P(2',y) + P(ys)—

P, y') — ¢ P(x',y) < 2, (34)
PNS ~, P(y)— if P(2',y') + P(yw)—

P(ys) + ¢ P(x',y) < 2, (35)
PNS =, P(y)_ ZfP(xvy/)+P(yar)_

Py, ) +e P(z,y) < 2, (36)
PNS =, P(y,) —e if P(y) < 2, (37)
PNS = P(yy) — e if P(yy) — P(yz)+

P(y) < 2, (38)
PNS=c P(yz)—  if P(yy) — P(yz)+

Py)+e P(y) < 2, (39)
PNS = P(z,y)+  if P(z,y) + P(y,)—

P(',y') — ¢ P(z,y') < 2, (40)
PNS=e P(ys)—  if P(a,y) + Plys)—

P(y) +e P(z,y) < 2, (41)
PNS~c P(y:)—  if P(a',y) + P(y,)—

P(y)+e P2, y') < 2e. (42)

Note that in the above theorem, eight conditions con-
sist solely of experimental probabilities or solely of
observational probabilities. This potentially eliminates
the need for some types of studies, at least partially,
even when estimating a counterfactual quantity such as
PNS. For example, if a decision-maker knows that P(y)
is large (P(y) > 0.95), they can immediately conclude
PNS ~0.025 P(y'/) — 0.025 (Equation (31))), without
knowing the specific value of P(y). Thus, only a control
group study would be sufficient to estimate PNS.

There are real-world cases that exhibit near mono-
tonicity, though not strictly so. For example, consider
a scenario where a car is offered at a large discount
(e.g., 50%). The proportion of customers who would
have purchased the car at the original price but choose
not to buy it when the discount is applied is likely
small—indicating approximate monotonicity. In such
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cases, the PNS is not identifiable under the traditional
definition. However, it becomes e-identifiable under
the following theorem.

Theorem 17. The PNS is e-identified to P(y,) —
P(y.) + € if Y is nearly monotonic relative to X, such
that, P(y..,y.) < 2e.

Note that monotonicity is defined in terms of coun-
terfactuals; however, as discussed above, in some real-
world cases, this probability can be estimated from
experience or through other tests, as illustrated in
(Mueller and Pearl, [2023).

3.4 e-ldentifiability of PN and PS

Tian and Pearl derived tight bounds on PN and PS, in
addition to PNS. Similar to the derivation in Theorem
116l we can potentially obtain sufficiently narrow bounds
by assuming upper bounds on causal effects or obser-
vational probabilities. The sets of e-identifications and
their associated conditions are presented in Theorems
and Moreover, similar to Theorem in cases
of near monotonicity, the e-identifications of PN and
PS are provided in Theorems [20] and

Theorem 18. The PN is e-identified as follows:

PN=~, ¢ if P(y,) — P(z',y)
< 2eP(z,y),  (43)
PN~ 1—e if P(yar) — P(2',y)
<2eP(z,y),  (44)
_ Py) — Pyw) , '
PN~ — =) +e if P(yer) — P(2,y)

<2eP(z,y),  (45)

PNr’?Se P(.’Ly) — € ifP(gg’yl)
< 2eP(z,y),  (46)

P - P x! . /

PN =, (y])D m,y()y ) +e if P(z,y")

< 2eP(z,y).  (47)

Theorem 19. The PS is e-identified as follows:

PS~. ¢ if P(ys) — P(z,y)

< 2eP(2',y), (48)
PS~.1—¢ if P(y..) — P(x,y")

< 2eP(2',y), (49)

if P(z',y)
<2P(2)y), (51)
+e if P(2'y)
<2P,y).  (52)

Theorem 20. The PN is e-identified to % +
e if Y is nearly monotonic relative to X, such that,

Py, yar) < 2¢P(2,y).

Theorem 21. The PS is e-identified to ZW W)
e if Y is nearly monotonic relative to X, such that,

P(Ys yar) < 2¢P(2'y).

4 EXAMPLES

Here, we illustrate how to apply e-Identifiability in real
applications by two simulated examples.

4.1 Causal Effects of Medicine

Consider a medicine manufacturer who wants to know
the causal effect of a new medicine on a disease. They
conducted an observational study where 1500 patients
were given access to the medicine; the results of the
study are summarized in Table [[] In addition, the
expert from the medicine manufacturer acknowledged
that family history is the only confounder of taking
medicine and recovery, and the family history of the
disease is extremely rare; only 1% of the people have
the family history.

Let X = x denote that a patient chose to take the
medicine, and X = 2’ denote that a patient chose not
to take the medicine. Let Y = y denote that a patient
recovered, and Y = ¢’ denote that a patient did not
recover. Let U = u denote that a patient has the family
history, and U = u’ denote that a patient has no family
history.

The simulated data in Table [1| provides the estimates

1260
(x) = % = 0.84,
(') = 1255 = 0-16.
Pylz) = 172% ~0.62,
P(yle’) = % — 0.875.

To obtain the causal effect of the medicine (i.e., using
adjustment formula (T))), we have to know the obser-
vational data associated with family history, which is
difficult to obtain.
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Table 1: Results of an observational study with 1500 in-
dividuals who have access to the medicine, where 1260
individuals chose to receive the medicine and 240 individu-
als chose not to.

Medicine | No medicine
Recovered 780 210
Not recovered 480 30

Fortunately, we have the prior that P(u) = 0.01. Since
0.01 = P(u) < P(x) — 0.8 (let ¢ = 0.8) and 0.01 =

P(u) < S220025P@) 0113, we can apply Theorem

2cP(z)+ P(z)+e
to obtain that P(y,) is 0.025-identified to P(y|z) +
%0.025 ~ 0.62. This means the causal

effect of the medicine is very close to 0.62 (i.e., 0.025
close), which can not be 0.025 far from 0.62.

Or even simpler, note that P(x) = 0.84 > 0.5 and
P(u) =0.01 < 0.1, P(u) = 0.01 < 75 % 0.035 ~ 0.0108.
We obtain that P(y,) is 0.035-identified to P(y|z) +
0098 ~ 0.62.

Similarly, since 0.01 = P(u) < P(z’) — 0.15 (let ¢ =
0.15) and 0.01 = P(u) < 5popid ~ 0.0134, we
can apply Theorem [14] again to obtain that P(y,/) is

0.1-identified to P(y|z’) + 201’(%’;;’)%0'1 ~ 0.878.

”

In contrast, without the concept of “e-Identifiability,
we would have to apply the general bounds in equation
(2), because the joint distribution P(X,Y,U) is not
available; therefore, the adjustment formula cannot
be applied. We have, by equation , 0.52 < P(y,) <
0.68 and 0.14 < P(y,) < 0.98, making it impossible
to reach a decision. However, by Theorem we find
P(yl) ~0.025 0.62 and P(y_L/) 0.1 0878, leading to
the conclusion that the medicine is ineffective, without
knowing the observational data associated with the
family history.

4.2 PNS of Flu Shot

Consider a newly invented flu shot. After a vaccination
company introduced a new flu shot, the number of
people infected by flu reached the lowest point in 20
years (i.e., less than 5% of people infected by flu). The
government concluded that the new flu shot is the key
to success. However, some anti-vaccination associations
believe it is because people’s physical quality increases
yearly. Therefore, they all want to know how many
percentages of people are uninfected because of the flu
shot. The PNS of the flu shot (i.e., the percentage of
individuals who would not infect by the flu if they had
taken the flu shot and would infect otherwise) is indeed
what they want.

Let X = x denote that an individual has taken the

flu shot and X = 2’ denote that an individual has not
taken the flu shot. Let Y = y denote an individual
infected by the flu and Y = ¢ denote an individual
not infected by the flu.

If they want to apply the bounds of PNS in Equations
and @, they must conduct both experimental and
observational studies. However, note that P(y) < 0.05,
one could apply Equation in Theorem [16], which
PNS is 0.025-identified to P(y,) — 0.025 (i.e., PNS is
very close to P(y,)). Thus, according to the analysis of
sample size in (Li et al., [2022), an experimental study
for the treated group with a sample size of only 385 is
adequate for estimating PNS.

5 eIDENTIFIABILITY IN UNIT
SELECTION PROBLEM

One utility of the causal quantities is the unit selection
problem (Li and Pearl, 2019, 2024b)), in which Li and
Pearl defined an objective causal function to select a set
of individuals that have the desired mode of behavior.

Let X denote the binary treatment and Y denote the
binary effect. According to Li and Pearl, individuals
were divided into four response types: Complier (i.e.,
P(yz, v ), always-taker (i.e., P(Yz,ya)), never-taker
(i.e., P(y',, v ), and defier (i.e., P(y',, ys)). Suppose
the payoff of selecting a complier, always-taker, never-
taker, and defier is 3,7, 6, d, respectively (i.e., benefit
vector). The objective function (i.e., benefit function)
that optimizes the composition of the four types over
the selected set of individuals c is as follows:

f(¢) = BPWa, Ypr|€) + VP (Yas yar|€) +
+OP(ys, Yo |€) + P (Yl yar|C).

Li and Pearl provided two types of identifiability condi-
tions for the benefit function. One is about the response
type such that there is no defier in the population (i.e.,
monotonicity). Another is about the benefits vector’s
relations, such that 8+ § = + 6 (i.e., gain equality).
These two conditions are helpful but still too specific
and challenging to satisfy in real-world applications.
If the benefit function is not identifiable, it can be
bounded using experimental and observational data.
Here in this paper, we extend the gain equality to the
e-identifiability as stated in the following theorem.

Theorem 22. Given a causal diagram G and distribu-
tion compatible with G, let C be a set of variables that
does not contain any descendant of X in G, then the
benefit function. f(c) = BP (Y, ylr1c) + TP (yas yurle) +
OP(y.,y..|c) + OP(yur, yllc) is I’@_Wzﬂ—identiﬁed to
(v = 8)P(yalc) + 6P (yur|c) + OP(yl |c) + Z=25042

One critical use case of the above theorem is that
decision-makers usually only care about the sign (gain
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Table 2: Results of an experimental study with 1500 ran-
domly selected customers were forced to apply the discount,
and 1500 randomly selected customers were forced not to.

Discount | No discount
Bought the purchase 900 750
No purchase 600 750

or lose) of the benefit function. Decision-makers can
apply the above theorem before conducting any obser-
vational study to see if the sign of the benefit function
can be determined, as we will illustrate in the next
section.

5.1 Example: Non-immediate Profit

Consider the most common example in (Li and Pearl,
2019). A sale company proposed a discount on a pur-
chase in order to increase the total non-immediate
profit. The company assessed that the profit of offer-
ing the discount to complier, always-taker, never-taker,
and defier is $100, —$60, $0, —$140, respectively. Let
X = x denote that a customer applied the discount,
and X = x denote that a customer did not apply the
discount. Let Y = y denote that a customer bought
the purchase and Y = ¢’ denote that a customer did
not. The benefit function is then (here ¢ denote all
customers)

f(C) = 1OOP(yaca y;"c) - 60P(yac7yx’|c) +
+0P(yl, b |c) — 140P(yl,, yur|c).

The company conducted an experimental study where
1500 randomly selected customers were forced to apply
the discount, and 1500 randomly selected customers
were forced not to. The results are summarized in
Table 2l The experimental data reads P(yz|c) = 0.6
and P(y,|c) = 0.5.

Before conducting any observational study, one can
conclude that the benefit function is 10-identified to
—12 using Theorem [22] This result indicates that
the benefit function is at most 10 away from —12;
thus, the benefit function is negative regardless of the
observational data. The decision-maker then can easily
conclude that the discount should not offer to the
customers.

6 CONCLUSION

We introduced the concept of e-identifiability for causal
quantities and established corresponding conditions
for causal effects, ETT, PNS, PN, PS, and the unit
selection problem. The idea is meant to capture situ-
ations where full identifiability is too demanding, yet
“near-identifiability” within a controlled error margin is

sufficient for making sound decisions. This relaxation
is particularly valuable in applied settings, where strict
conditions for identification are rarely met but practi-
tioners still need principled ways to draw inferences.

Most of the conditions we presented, apart from The-
orems [14] and [I5] can be derived directly from obser-
vational or experimental distributions. They therefore
remain useful even when the underlying causal graph
is only partially known. This makes the results im-
mediately relevant to practice. At the same time, the
two graph-dependent theorems provide a glimpse of
how additional structural assumptions may help un-
lock e-identifiability in cases where standard approaches
would fail. A natural next step is to search for purely
graphical conditions that complement the distribution-
based ones and together give a more complete picture.

Another promising direction is the incorporation of
covariates and their causal relationships. Prior studies
(Dawid et al., 2017; |Li and Pearl, |2022b; [Mueller et al.|
2022) already suggest that appropriate use of covariates
can shrink bounds and sometimes restore identifiability,
and it is plausible that similar benefits extend to the e-
identifiable setting. Exploring this systematically could
significantly broaden the scope of the framework.

A key insight is that e-identifiability is closely related
to partial identification. While partial identification
provides bounds when exact values are inaccessible,
e-identifiability introduces explicit conditions under
which the bounds are guaranteed to be within a tol-
erable ¢ margin. In this way, it formalizes the idea
of “near-identifiability” and allows practitioners to rea-
son about causal quantities with quantified imprecision
deemed acceptable for practical purposes.

For each of the causal quantities considered, we pro-
vided several e-identifiable conditions based on differ-
ent types of data. Our theorems not only show that
bounded causal estimates exist but also give explicit
ranges, thereby turning intractable questions into in-
formative inference problems. This dual emphasis on
existence and explicitness is one of the strengths of the
approach.

Our main contribution is to lay the foundation for this
new line of research. While tightness was not the focus
here, we aimed to find minimal conditions to achieve a
specified €. Future work could explore how to define
and prove tightness for multiple overlapping conditions.

We hope this framework inspires future theoretical de-
velopments and practical applications of e-identifiability
in causal inference.
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A Technical Appendices and Supplementary Material

A.1 Proof of Theorem [13|

Proof. From Equation we have,

P(z,y) < P(yz) <1 - P(z,9).

Let 1 — P(z,y') — P(z,y) < 2¢, we obtain P(z') < 2e.
Therefore, P(y,) is e-identified to P(z,y) + € if P(z2') < 2¢, Equation holds. Similarily, we can substitute
x,y with z’, 9/, respectively. Equations to hold. O

A.2 Proof of Theorem

Proof. Let uw € U, and v’ = Uyrcy,u24t”. Then, we have,

Pys) = Pyalu)P(u) + Py |u')P(u)
= P(y|z,u)P(u) + P(y|z,u")P(u’) since u satisfied the back-door

Thus,

P(yz)

> P(ylz,u)P(u)

= P(y|lz,u)(1 — P(u))

= Pp(:’cy;))( — P

> W(l—P(u))

- P(u)  P?*(u)

= Plylo) = Plle)Plu) = 505+ 5y
_ Plu) — P(u)

> P(ylx) — P(u) P(z)

= Pylz)—(1+ ! )P(u)
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Also if P(z) > P(u) + ¢ for some constant ¢ > 0, we have,

P(y.)
< Plw)+ Plyle o')(1 - P(u))
< P+ ot pw)
< P IMGP(@)
P(z,y)
< P(u)+7p(z)fp(u)
P(z,y)
= P(u _
W b - 7)
P(z,y)(1 — 24 + P(y|z)P(u)
- P e )
— P(u) + Plylz) + m
< Plyln)+ P + B
P()

< Plylz) + P(u) +

= Plyle) + P)(1+ ;)

Therefore, we have,

(ylz) + ( +%)P(u) > P(y,)
Let
(14 P + (14 5P < 2
We have,
P(u)
2 .
2+ % + P(la:)
_ 2¢P(x)
~ 2c¢P(z)+ P(z) +
Then we know that if P(u) < ﬁ%)_‘_c €,
P(ylz) — (1+ P(lx))QCP(J;Q)Cf(;c()x) T CE < P(ys),
P(ylz) + (1 + i)QCP(;)CPSf()I) = Pw)
2¢P(x) + 2¢
P(ylz) — 20P() 1 P(a) 7 ¢ < P(ya),
Plyle) + L@ L2P@) o p

2¢P(z)+ P(x) + ¢
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Therefore, P(y,) is e-identified to P(y|z) — sacb@H2¢ ¢ 4 ¢ — P(y|z) 4+ pit)=C

2¢P(xz)+P(x)+c 20P(ac)+P(a:)+c€'
Besides, if P(x) > 0.5 and P(u) < 0.1, let ¢ = 0.4, we have
1
P — (14 —=—=)P(u) <P
(vr) = (14 55 P(W) < Plys).

Plyla) + (1+ )P(u) 2 Pys).

P(yla) — (1+ ==)P(u) < P(u),

Plyla) + (14 5 P(u) > Pye).
P(y|z) — 3P(u) < P(y.) < P(ylz) + 3.5P(u).

Let 3.5P(u) 4+ 3P(u) < 2¢, we have P(u) < ;5¢, and
14

12
P(ylr) — —e < P(y.) < P(ylr)+ 3¢

13
Therefore, P(y,) is e-identified to P(y|z) — 2e + € = P(ylz) + 5.
A.3 Proof of Theorem [15]

Proof. Similar to the proof of Theorem let u e U and o' = Uyrepyrur£4u”, we have,

Pylz) — (1 + JP(u) < P(yz),

P(z)
Plyle) + (14 5)P(u) 2 P(s).

then we obtain,

1;(5,;3) S P(lx) ) zjj((;)) = 1;((?;)),
P(ylx) 1, P(w) _ P(ya)
P(:E’) + (1 + C)P(Z”) > P(x’)
Let
RPN TN
We have,
P(u)
2P(z")
B 2¢P(z)P(x") .
2¢P(z) + P(x) + ¢
Then we know that if P(u) < %ﬂ;g;)ﬂ@
P(ylx) 1 2cP(x) "
P(z') -+ P(m))QcP(x) + P(x) + o€ < 11‘;((,75/))7
P(y|z) 1 2cP(x) )
P(l") + (1 + C)QCP(I‘) ¥ P(l‘) T Pz’

P(ylz)  2cP(z) +2c co B
P(z')  2cP(x) + P(x) +c — P&’
€=

P(y|z) 2cP(z) +2P(x) -
P(z')  2cP(z)+ P(z) +c¢ P(a)”
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By Theorem [9] we have,

Plygla’) = 2%2)
Wel) = Py ~ P@)
Therefore, P(y,|z') is e-identified to I;(g’zlig) - };((‘Tm’,y)) — 2c1§?5)(3j£i§+c6 +e= FI;((?’J,I)) - I;(g:;y)) + QCP(%?;&HCG.

Besides, if P(z) = 0.5 and P(u) < 0.1, let ¢ = 0.4, similarly to the proof of Theorem [14] we have,

P(ylz) — (1+ —)P(u) < P(y),

0.5
P(yle) + (1 + 5 P(w) 2 Plua).
2P(ylr) — 201 + 52)P(u) < 2P(s),

2P(yls) +2(1 + 5 )Plu) > 2P(y).
2P(yla) — 6P(u) < 2P(y.) < 2P(yla) + TP(w).

By Theorem [9 and P(z) = P(z') = 0.5, we have,

Plysla’) = -

P(z) P(z)
_ Ply.) Plz,y)
0.5 P(x)

Let 7P(u) + 6P(u) < 2¢, we have P(u) < Ze, and

12 14
Plyle) = s < Plule!) < Plylr) + e

Therefore, P(y,|z') is e-identified to P(y|z) — 12€ + € = P(y|z) + 5.

A.4 Proof of Theorem [16]

Proof. From the bounds of PNS in Equations and (@ is as follows:

Oa
P(ys) — P(yar),
P(y) - P(?Jz’)? < PNS
P(yz) — P(y)

max

min<{  P(x,y) + P, y), > PNS.
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Let P(y.) — 0 < 2¢, we obtain that PNS is e-identified to € if P(y,) < 2¢, Equation holds.
Similarly, the rest of 20 equations can be obtained by letting

Py ) =0 < 2

P(z,y) + P(z",y') =0 < 2,

P(ys) — P(yxr) + P(z,y) + P(2',y) =0 < 2,

P(yz) = (P(yz) = P(yer)) < 2

P(yy) — (P(yz) — P(yar)) < 2

P(z,y) + P(z",y) = (P(yz) — P(yw)) < 2
P(yz) — P(yar) + P(z,y') + P(2,y)—

(P(yz) — P(yar)) < 26

P(y:) — (P(y) = P(yxr)) < 26

P(yy) — (P(y) — P(yzr)) < 2

P(z,y) + P(z",y') — (P(y) — P(yar)) < 2
P(ys) — P(ysr) + P(z,y') + P(2,y)—

(P(y) — P(yar)) < 2,

P(yz) — (P(yz) — P(y)) < 2

P(y,) — (P(y:) — P(y)) < 2

P(z,y) + P(z',y') — (P(y:) = P(y)) < 2
P(yz) = P(ysr) + P(z,y") + P(2',y)—

(P(yz) — P(y)) < 2e

A.5 Proof of Thereom

Proof. First, we have,

P Ypr) = P(Yar s )
P (s Yyrs ) + P(Yars s @) = P(Yar, Yoo, ) — P(yar, Yy, ')
= P(y,yp,®) + P(ys,y',2") = P(yar, v/, 2) — P(y, Yy, @)
= P(,yp,r) = P(ya,y's ) + P(ye, ¥, ") — P(y, ¥y, @)
= P(z,y) = P(4, Yo, ) = P(Yor, ¥/, 2) + P(Ye, v/, 2") + P(y, Yz, ") — P(2',y)
= P(z,y) = P(yor, ) + P(yz,2") — P(2,y)
= P(z,y) = P(yer) + P(yar, 2") + P(yz) — P(ya, ) — P2, y)
= P(z,y) — P(yr) + P(y,2') + P(ys) — P(y,z) — P(z',y)
= P(yz) — P(yx)

Then, we have,

PNS

P (Y, )
= P(ys) — P(yar) + Py, Yar)

Plus if P(y.,,y.) < 2¢, we have,
P(yz) — P(yar) < PNS < P(yy) — P(yar) + 2€
and we obtain that,

PNS =~ P(y.) — P(y.) + €.
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A.6 Proof of Theorem [I8

Proof. From the bounds of PN in Equations @ and is as follows:

0, 1,
max{ P(y)—P(y,r) } <PN< min{ P(y.)—-P(z' ) }
P(z,y) P(z,y)

P(y.)—P(z'y")

Let D) — 0 < 2¢, we obtain that PN is e-identified to € if P(y.,) — P(2’,y’) < 2P(x,y)e, Equation
holds.
Similarly, the rest of 4 equations can be obtained by letting
1_P(y)_P(yw’) < 2
P(z,y)
PW,) = PEY) P - Plw) _
P(z,y) P(z,y) -

A.7 Proof of Theorem [19]

Proof. From the bounds of PS in Equations @D and is as follows:

0, . L,
maX{ P(y)—P(y,) } <PS< mm{ P(ys)—P(z.y) }
Py P@y")

Let W — 0 < 2¢, we obtain that PS is e-identified to € if P(y,) — P(z,y) < 2P(z’,y’)e, Equation .
Similarly, the rest of 4 conditions can be obtained by letting

Ply') - PW's.)
P(x',y")
P(y:) — P(z,y) Py) - Py,)

_ < 2
P(2',y") P(2',y') =

1—

IN

2e

A.8 Proof of Thereom
Proof.

PN
= P(yylz,y)
P(yy.2,y)
P(x,y)
P(y,) — P(a',y") = P(yy, =,9)
P(z,y)
P(y,) — P(a',y') = P(z,y) + P(yar, 7, 9)
P(z,y)

P(y,) = P') + P(yar, . ys)
P(z,y)

P(y) = P(yar) + P(Yar, Yz T)
P(z,y)

Plus if Py, y.) < 2eP(z,y), we have,

P(y/z, Yz :L')
P(z,y)

<
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and then,
Pl) = Plyw) _ pp o PO = Plu)
P(z,y) P(z,y)
and we obtain that,
P(y) — P(y,
PN~ PO = Ply) |
P(z,y)

A.9 Proof of Thereom [21]

Proof. The proof follows exactly the same steps as in the proof of Theorem [20]in the previous section, except
that z is replaced by z’, ' by x, y by %/, and 3’ by v. O

A.10 Proof of Theorem 22

Proof.
f(e)
= BPWaYur|c) + VP (Ya, Yar I€) +
OP(y., vl |c) + 5Py, yu|c)

= BPYur Yy le) + V[P (yzlc) = P(Ya, Yo |c)] +
[P(yzr) = Py, Yoo [€)] + P (Yl yar |c)
= YP(yzlc) + 0P (yyle) + (B — v — )Py, yulc) +
OP(Yy, Yar ). (53)

>

Note that, we have,

P Yz Yar|€) = P(yas Yorl¢) = Plyale) + P(yarlc). (54)
Substituting Equation into Equation 7 we have,
f(e)

= YP(yulc) + 0P (yylc) + (B — v — O)P(ya, Yy lc) +
6P(y;:vyoc’|c)
= YP(yzlc) + 0P (yyle) + (B — v — )Py, yulc) +
[P (Y, yylc) — P(yzlc) + P(yuc)]
(v = 0)P(yzle) + 6P (yar |c) + OP(yy|c) +
(B =7 =0+ 86)PYu,Yylc)-
Case : If f—y—60+6>0,
f(e)
(v = 8)P(yzlc) + 0P (yar|c) + OP(yylc) +
B—y—0+0 [B-—v—-0+]
2 + 2
= (v =90)P(yzlc) + 0P(yarlc) + OP(yy|c) +
B—n—0+06.

IN

and,

f(e)
(v = 6)P(yzlc) + 6P(yar|c) + OP(yy|c) +
B—y—0+56 [B—y—0+
2 2
= (7= 0)P(yalc) + 0P (yar|c) + 0P (yy|c).

v




e-Identifiability of Causal Quantities

Therefore, f(c) is 2= identified to (v — 0)P(y.|c) + OP(yar|c) + OP(yl|c) + E=25042.
Case 2: If f—~v—0+§ <0,

f(c)
(v = 6)P(yalc) + 6P(yar |c) + 0Py |c) +
B-—v—0+d [B—v-0+]
2 + 2
= (7= 0)P(yalc) + 0P (yar|c) + 0P (yg|c).

AN

and,

f(e)
(v = 8)P(yzlc) + 0P (yur|c) + 0P (yylc) +
B—y—0+6 [B—y—0+]
2 2
= (v = 90)P(yzle) + 0P (yar|c) + OP(yy|c) +
B—v—0+04.

v

Therefore, f(c) is W—iden‘ciﬁed to (v — 6)P(yxzlc) + dP(yur|c) + 0P (yL |c) + %.
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