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Abstract

We study the estimation of causal estimand
involving the joint distribution of treatment
and control outcomes for a single unit. In
typical causal inference settings, it is im-
possible to observe both outcomes simulta-
neously, which places our estimation within
the domain of partial identification (PI). Pre-
treatment covariates can substantially re-
duce estimation uncertainty by shrinking the
partially identified set. Recently, it was
shown that covariate-assisted PI sets can
be characterized through conditional opti-
mal transport (COT) problems. However,
finite-sample estimation of COT poses signif-
icant challenges, primarily because the COT
functional is discontinuous under the weak
topology, rendering the direct plug-in esti-
mator inconsistent. To circumvent this, ex-
isting literature relies on relaxations or in-
direct methods involving the estimation of
non-parametric nuisance statistics. In this
work, we demonstrate continuity of the COT
problem under a stronger topology induced
by the adapted Wasserstein distance. Lever-
aging this result, we propose a direct, con-
sistent, non-parametric estimator for COT
that avoids nuisance parameter estimation.
We derive the convergence rate for our esti-
mator and validate its effectiveness through
comprehensive experiments, demonstrating
its improved performance compared to exist-
ing techniques.
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1 INTRODUCTION

The potential outcome model (Rubin, |1974; Imbens
and Rubin), 2015 is prevalent in causal inference,
where each unit is associated with two potential out-
comes: one under treatment and one under control.
Since the two potential outcomes are never observed
simultaneously, their joint distribution is not identi-
fied, making the causal estimands that depend on the
joint distribution only partially identifiable. Optimal
transport (Villani et al., [2009), which minimizes an
expected cost over joint distributions respecting the
marginals, has been used to recover partial identifica-
tion (PI) sets of causal estimands (Gao et al. 2025)).
When pre-treatment covariates are available, they can
often be used to reduce uncertainty about the joint dis-
tribution of potential outcomes, and produce smaller,
more informative PI sets. Conditional optimal trans-
port (COT) has been used to characterize covariate-
assisted PI sets (Ji et al., 2023} [Fan et al., 2025} |Lin
et al., [2025; Balakrishnan et al. 2025a) by finding
the optimal joint distribution preserving the outcome-
covariate distributions.

Despite the potential to yield more meaningful
covariate-assisted PI sets, COT poses more substan-
tial statistical challenges compared to OT, especially
with continuous covariates. First, it is rare to observe
a shared continuous covariate value in both treatment
and control groups, leaving the conditional marginal
distribution ill-defined at that value for at least one
group. Specifically, when conditioning on an exact
covariate value, there will typically be only a sin-
gle unit in the sample that attains that value, with
matched or repeated observations being unlikely. Sec-
ond, even if each covariate value is associated with
both a treated and a control unit (such as in twin
studies), there is typically only one observation per
covariate value in each group. The plug-in estimator
of COT value, which uses point masses to estimate
the conditional marginal distributions, may not con-
verge to the true COT value as the sample size goes to
infinity ((Chemseddine et all, [2025) and Example [2).
This issue suggests that the COT functional may not
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be continuous under the weak topology, rendering the
COT value estimation more challenging than standard
OT problems.

In this paper, we demonstrate the continuity of the
COT functional under a stronger topology induced by
the adapted Wasserstein distance, which requires uni-
form convergence of the outcome’s conditional distri-
bution at each covariate value. Leveraging the con-
tinuity result, we propose a direct, consistent, non-
parametric estimator for the COT value. Our esti-
mator is constructed using an adapted empirical dis-
tribution, which discretizes the covariate space by as-
signing observed covariates to a finite number of cells.
The convergence of the adapted empirical distribution
under the adapted Wasserstein distance ensures the
consistency of our estimator, and we further establish
its finite-sample error bounds. Compared to existing
estimators for COT value that rely on relaxations of
the original COT formulation (Manupriya et al., [2024;
Lin et al.| [2025]), or utilize indirect approaches that re-
quire estimating nuisance functions (Ji et al., 2023)), or
resort to heuristic procedures without statistical guar-
antees (Tabak et al.l 2021} Bunne et al.,|2022; |Hosseini
et al., 12025, our proposed COT value estimator is di-
rect and statistically consistent.

Contributions.

1. We establish the COT formulation for the
covariate-assisted PI sets of a class of causal esti-
mands (Theorem . We prove the continuity of
the COT functional under the topology induced
by the adapted Wasserstein distance (Theorem .

2. Building on (a), under Bernoulli design, we pro-
pose a direct nonparametric estimator for the
covariate-assisted PI set, prove its consistency
(Theorem [3), and further establish the finite-
sample convergence rate (Theorem together
with a robustness guarantee under covariate’s dis-
tributional shift (Theorem [5). We then extend
the result to unconfounded designs with covariate-
dependent treatment assignment (Theorem@. In
addition to its relevance for causal inference, our
work advances the literature on COT by provid-
ing a consistent non-parametric estimator for the
COT value with provable convergence rate.

3. We validate the estimator’s effectiveness through
comprehensive empirical studies (Section .

Organization. The rest of the paper is structured as
follows. Section [2]introduces the problem setting. Sec-
tion [3| provides basic properties of COT values, which
serve as building blocks for our proposal. Section [4
presents the construction of our COT value estimator

and the main theoretical results on its finite-sample
performance. In Section[5] we provide simulation stud-
ies comparing our method with existing approaches.
Technical proofs are deferred to the appendix.

Notation. We use Z(w) to denote the variable Z
observed within the control (w = 0) and treatment
(w = 1) groups. We denote [n] = {1,...,n},n Am =
min(n,m),n V- m = max(n,m). We denote by P()
the set of probability measures on 2. We use py,z to
denote the probability distribution (and its associated
measure on Y x Z) of (Y, Z) under y, with 1z denoting
the marginal distribution of Z, and 13- the conditional
distribution of Y given Z = z. By p = uz ® /,632/7 we
mean that for any measurable function g, [gdp =
Iz J5 9(2,9)dpi (y)dpz(2). We denote the set of the
joint couplings 7 with marginals u, v € P(X) (X may
be Y, Z or Y x Z) by

O(p,v) 2 {r e P(X?) inx =p, nx =v}. (1)

2 PROBLEM FORMULATION

2.1 Potential Outcome Model

We consider the potential outcome model with a bi-
nary treatment (Rubinl [1974). Suppose there are N
units. Each unit is associated with two potential out-
comes, Y;(0) and Y;(1) € Y CR¥ i € [N],dy > 1,
a convex closed set. Here Y;(0) is the outcome under
control and Y;(1) is the outcome under treatment]
Each unit receives a binary treatment W; € {0,1},
where W, = 1 indicates treatment and W, = 0 indi-
cates control. For unit ¢, only the outcome Y;(W;) is
observed.

Often, each unit is also associated with a covariate
vector Z; € Z C R%, d; > 1, Z a convex closed
set. Covariates may often include continuous compo-
nents, such as age or lab measurements. We denote
the probability of receiving treatment conditional on
the covariate value, typically referred to as propensity
score, by e(z) :=P(W; =1]| Z; = 2).

We impose the following standard assumptions (Im-
bens and Rubin, [2015) for the potential outcome
model.

Assumption 1 (Stable Unit Treatment Value As-
sumption (SUTVA)). Unit i’s potential outcomes only
depend on Wy but not W, j # 1.

Assumption 2 (Unconfoundedness). Treatment as-
signment is independent of potential outcomes given
covariates, that is Y;(w) L W; | Z;, w=0,1.

1We allow the potential outcomes to be multivariate to
accommodate trials with multiple endpoints, experiments
with a primary and secondary outcome, or policy evalua-
tions involving effectiveness and cost.
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Assumption 3 (Overlap). There ezists 6 > 0 such
that for any possible covariate value z, the propensity
score satisfies 0 < e(z) <1 — 0.

To enable the asymptotic analysis, we adopt the super-
population model (Imbens and Rubin, [2015) justified

by Assp.

i.i.d.
(Y:(0),Yi(1), Z;) "~ ,Ué Ky (0),Y(1),25

where p is the unknown joint distribution. The fol-
lowing result shows that, under the super-population
model with unconfounded treatment assignment,
the outcome-covariate distributions (Y;(1),Z;) and
(Y;(0), Z;) are identifiable from the observed data. The
outcome-covariate distributions will be later used in
the COT formulation of the PI sets.

Proposition 1 (Identifiable marginals). Under Assp.
[@-[3 forw=0,1,

P(Yi(w) =y, Z; = 2)
=eu(2) P(Yi(Wi) =y, Zi =2 | Wi =w), (2)

where €,(2) = (ﬁ;)%(i), e = [e(z)dus(z).

2.2 PI Sets of Causal Estimands
In this paper, we focus on causal estimands of the form
V' 2B, [A(Y(0), Y (1))

Here, h : 2 — R is a pre-specified objective function.

A fundamental challenge in causal inference is that
Y;(0) and Y;(1) cannot be observed simultaneously for
the same unit, making the joint distribution py (0),v (1)
inherently unidentifiable. As a result, for causal esti-
mands depending on the joint distribution, their values
are not identifiable from observed data?l This issue is
commonly known as partial identification.

Example 1 (Variance of treatment effects). For
h(yo,v1) = (yo—w1)?, the corresponding estimand rep-
resents the variance of the treatment effect, which can
be used to construct a confidence interval for the aver-
age treatment effect E[Y (1) —Y (0)] in the classic Ney-
manian framework (Splawa-Neyman,|1925). This esti-
mand is only partially identifiable and has been studied
in (Aronow et al., |2014; |Balakrishnan et all, |2025b).

For partially identifiable causal estimands, point esti-
mation is infeasible. The object of interest becomes
the partial identification (PI) set, that is, the set of

2Non-identifiability refers to the fact that two different
joint distributions can yield different values of the causal
estimand while producing the same distribution over ob-
servable quantities.

values consistent with the marginal distributions of
(Y:(1),Z;) and (Y;(0),Z;). Mathematically, PI set
problems can be formulated under the OT framework
(Section . First, define the coupling set as

HC e {Tr S P(Jﬂ X Z) MY (w),Z = ,uy(w)yzw = 0,1} .
Then, the PI set is given by
{Ex[n(Y(0),Y(1)]: m € e} = [Ve, Ve (3)

Here, we use the fact that the set Il. is convex, the

resulting PI set is a convex subset of R, and thus

an interval. To construct this interval, it suffices to

compute its lower and upper bounds, starting with
Ve = min E-[h(Y (0),Y(1))], (4)

welle
and analogously the upper bound V. via a maximiza-
tion over the same coupling set.

Note that, for certain objective functions h (includ-
ing Example 7 Hoeffding—type results yield a closed-
form optimizer for (see, e.g., (Tchen) 1980)). In
contrast, we develop estimators for that apply to
broad classes of smooth functions h.

2.3 Conditional Optimal Transport

We first review optimal transport (OT), followed by a
discussion of conditional optimal transport (COT).

OT has a rich literature (Villani et al.l [2009) with
broad applications in machine learning and statistics.
In particular, OT has recently emerged as a powerful
tool in causal inference (Black et al.,|2020; Charpentier
et al., [2023; |De Lara et al. 2024} [Torous et al., [2024).
In an OT problem, the goal is to couple two distribu-
tions in a way that minimizes a specified cost function
(e.g., h) while preserving their marginal distributions.
The OT distance is defined as

WV}L(/,L,Z/)é min Ew[h(XaX/)]v

mell(p,v)
where II(u,v) is defined in Eq. (I). When h(z,2’) =
lx — ||z, the OT distance is called Wasserstein 1-
distance and denoted by W;. As discussed in Sec-
tion[2:2] OT naturally connects to the PI set problem,
where Wy, (11y (o), iy (1)) can be interpreted as a lower
bound of V*.

Compared to OT, COT aligns conditional measures
across values of the covariates, which has seen vari-
ous applications, such as conditional sampling (Wang
et all) 2025 |Hosseini et all [2025; [Baptista et al.
2024]), domain adaptation (Rakotomamonjy et al.,
2022)), and Bayesian flow matching (Kerrigan et al.,
2024} |(Chemseddine et al., [2025). In this paper, we fo-
cus on the natural connection between COT and the
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PI problem when covariates are available. Particularly,
recall that in the PI set problem with Z;, it becomes
essential to preserve the outcome-covariate distribu-
tions of (Y;(0), Z;) and (Y;(1), Z;), where Z; is shared
across both marginals. The corresponding covariate-
assisted lower bound is defined in Eq. , which, as
shown below, is the optimal objective value of a COT
problem.

Proposition 2 (Recursive formulation). For a mea-
surable function h: Y x Y — R, we have

V= [ W (k5 0 i) dnz (o)

2.4 Adapted Wasserstein Distance and Its
Topology

We conclude this section by introducing the topology
that is natural for the COT functional and that moti-
vates our finite-sample estimator in Section [4

As we will demonstrate in Section [ a key distinction
between OT and COT as functionals lies in their topo-
logical properties. While the classical OT functional
is continuous with respect to the outcome marginals
under the weak topology (metrized by W), the COT
functional V is generally discontinuous with respect to
the joint outcome—covariate marginals under the weak
topology. This discrepancy arises because COT is in-
herently a conditional transport problem: its geome-
try is driven by transition kernels rather than full joint
distributions.

A natural way to formalize this structure is to re-
strict the set of admissible couplings to those that re-
spect the conditional structure of the marginals, i.e., to
(bi-)causal or adapted couplings; see, e.g., (Pflug and
Pichler;, 2012} [Lassalle), 2018} |Backhoff-Veraguas et al.|
2020)). From this perspective, the adapted Wasser-
stein distance can be understood as the optimal trans-
port distance obtained when couplings are constrained
to match conditional distributions. This interpreta-
tion is particularly natural in causal inference settings,
where one aims to compare conditional outcome laws
given covariates rather than arbitrary joint couplings
of (Y,Z) and (Y',Z').

We therefore equip P(Y x Z) with the topology in-
duced by the adapted Wasserstein distance.

Definition 1 (Adapted Wasserstein distance). For
w,v € P(Y x Z), the adapted Wasserstein distance
between p and v is defined as

Wa(ﬂ, V)

= min
w€ll(pz,vz)

[l = 2l Wil ) de, ),

Compared to the conventional Wasserstein distance,
which measures proximity between full joint distribu-
tions of (Y, Z) and (Y’,Z’), the adapted Wasserstein
distance quantifies discrepancies at the level of transi-
tion kernels. It therefore captures the transportation
cost of conditional outcome laws while optimally align-
ing covariate marginals. As we show in Theorem
under mild regularity conditions, V. becomes continu-
ous with respect to this stronger, causally structured
topology.

3 BASIC PROPERTIES OF COT
VALUE

The following assumption enables our analysis.

Assumption 4 (Compact covariate domain). Assume
that Z C [0,1]92, and Y C R is compact.

Assumption 5 (Continuous objective). Assume that
h:Y xY — R is a continuous function.

Here, we assume that the outcome Y and the covari-
ate Z are supported on a compact set, which is often
satisfied in practice—for example, when the outcome
includes test scores, earnings, or health indicators and
the covariate includes bounded physical measurements
like age, height, or weight.

3.1 Optimal Covariate-Assisted PI Sets

In this section, we show that if we only have access
to i.i.d. samples drawn from py (g),z and py(1),z, re-
spectively and no additional side information, then the
interval [V, V.] defined in (3] is the optimal PI set for
V* that can be identified. Note that, in the remaining
parts of this work, we will use ((Y;(w), Z;(w)) to de-
note the outcome and covariate values collected from
the sample ¢ within the control group (w = 0) and
treatment group (w = 1). Note that in this work,
Z;(w) only contains pre-treatment covariates, and the
w in Z;(w) is the group index of the observed pre-
treatment covariates.

Theorem 1 (Optimal PI bounds). Under Assp.
[, suppose that the sample ((Y;(w),Z;(w)),i € [n])
i.i.d. follows py(w),z for w = 0,1. Then, we have
(i) Ve, Ve are identifiable from the given sample, (ii)
[Ve, Ve is the interval that exactly contains all pos-
sible wvalues of E [h(Y(0),Y(1))], where m satisfies:
Ty (0),Zz = MY (0),2:TY(1),Z = Ky (1),Z-

3.2 Stronger Topology for COT Functional

As indicated by Proposition the estimation of
V. requires estimating the conditional distributions
uf,(o), ,uf,(l). Thus, a direct plug-in estimator does not
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yield consistent estimates of V;, a fact also observed in
(Chemseddine et al., [2025). To further illustrate this
issue, we consider an idealized case where the i-th co-
variate in the treated group is identical to that in the
control group, i.e., Z;(1) = Z;(0) Vi (e.g. a twin study),
presenting an example adapted from (Chemseddine
et al., [2025, Example 9).

Example 2 (Inconsistent estimator). Let ng = ny and
h =|yo—wy1|. Suppose that under u, Y (0), Y (1), Z are
independent, and [y (0),z = Hy(1),z, thus Vo = 0. Let
flw = i o Ovi(w),zi (w)s W = 0,1. Further, assume
that (i) Z;(1) = Z;(0) Vi, and (i) the distribution py
has a density. Then,

lim min E;[A(Y(0),Y(1))]

noe,n1—o0 TI'EHC

“E,[Y(0O)-Y(W)]>0=V. as,

where HC = {7T Ty (0),Z2 = ,ELOa’/TY(l),Z = ﬂl} This
is because we aim for a perfect match in Z while
almost surely the values of covariates in the treated
group are distinct, i.e., Z;j(1) # Z;(1) for i #
j.  Therefore, Il only contains a single coupling:
n%zl 0y,(0),v:(1),2:(0)- Thus, the objective simplifies
to % > 1Yi(1) = Yi(0)|, which converges to the popu-
lation quantity E,, [|Y (1) — Y (0)]].

From a topological perspective, if V. is viewed as a
functional of wy (0),z and py(1),z, Example 2] implies
that V. is discontinuous under the weak topology.
However, under mild assumptions, V. becomes con-
tinuous at p under the stronger topology induced by
the adapted Wasserstein distance (see Definition [1]).

Theorem 2 (Continuity under W,). Let (v, =
Yy (0),Y(1),Zns T > 1) be a sequence in P(V?*x Z). Sup-
pose gy (2) = 1 () w = 0,1 are continuous under the
weak topology and h is a continuous function. Under

ASSP' E Zf hmn%oo Wa(VY(w),Z,nvliY(w),Z) =0 fO’f‘
w=0,1, then

lim [ W, (Vf,(o)m, Vf/(l),n) dvz ()

n—o0

:/Wh (fo(o),ﬂffa)) dpz(z) = Ve.

In the next section, we construct an adapted empirical
distribution that converges under W,, which serves as
the foundation for our adapted COT value estimator.

4 ESTIMATOR OF COT VALUE

4.1 Bernoulli Design

4.1.1 Adapted COT Value Estimator

In this section, we introduce our adapted COT value
estimator in the setting where the treatment is in-

dependent of both the observed outcome and covari-
ates. This setting is related to a scenario referred
to as the Bernoulli design (and also the randomized
controlled trial) in causal inference, where W; are
i.i.d. Bernoulli with a constant probability parame-
ter. In this setting, the sample from the control group,
((Y;(0), Z;(0)), i € [no]), can be viewed as an i.i.d. sam-
ple drawn from py (gy,z, with an analogous interpreta-
tion for the treated group.

Assumption 6 (Bernoulli design). Assume that
((Yi(w), Zi(w)),i € [nw]) are drawn i.i.d. from py (), 7
forw=20,1.

Inspired by (Backhoff et al.l |2022), we introduce the
adapted empirical distribution for constructing our
COT value estimator. First, we introduce the map
below for discretization.

Definition 2 (Cell-center projection). Let r > 0. For
n > 1, partition the cube [0, 1]92 into a disjoint union
of n"¥# smaller cubes, each with edge length n=". De-
fine ¢ : [0,1]%2 — [0, 1]%2 as the mapping that assigns
each point to the center of the small cube it resides in.
Definition 3 (Adapted empirical distribution). The
adapted empirical distributions are defined as

X 1 &
By (). 20w e = = D vy ere ziwy) (5
woi=1

for w = 0,1, where ¢” is defined in Definition

Compared to (Backhoff et al., |2022), our construction
of f1 has a key distinction: we discretize only the co-
variate Z, not the outcome Y, since discretization is
required only for the variables being conditioned on.

If 2z — ,uf,(w) is continuous under the weak topol-
ogy, the adapted empirical distributions provide
consistent approximations to the conditional distribu-
tions ,uf,(w),w = 0,1, thereby mitigating the issue
that each sample of Z(0) or Z(1) is associated with
only a single observed outcome Y when pz has a den-
sity. Further, (Backhoff et all [2022) suggests that
(Y (w),Z(w),n > W = 0,1) converges to their weak lim-
its under W,, which is aligned with the conditions
introduced in Theorem 2

Note that larger discretization cells contain more ob-
servations, and the resulting local distribution estima-
tor is associated with smaller variance but larger bias.
We can choose the cell size to balance the bias-variance
trade-off, where the optimal cell size depends on fac-
tors including the sample size. As the sample size may
differ between treatment and control groups, for ex-
ample, when units are assigned to treatment with rel-
atively low probability, we discretize each group sepa-
rately to allow for distinct optimal cell sizes. In addi-
tion, in typical causal inference datasets, the covariate
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data for the treatment and control groups are not per-
fectly matched, also leading to a potential mismatch
in the supports of the adapted empirical distributions
in . To address this issue, we match the discretized
covariates Z(0) and Z(1) that may differ in value. This
matching is formalized as a coupling with marginals
2(0),n, and flz(1),,- Based on this coupling, we de-
fine our adapted COT value estimator as follows.

Definition 4 (Adapted COT value estimator). Given
a coupling 7 n, € (fz(0)n0s B2(1)n, ), the COT
value estimator is defined as

Viony £ /Wh(ﬂffo(o)’nwﬂ?(l),m)dﬁno’m (20, 21)-

The COT value estimator achieves consistency as the
sample size grows, provided that the coupling @y, n,
converges to a joint distribution that exactly matches
the limiting marginals.

Theorem 3 (Consistency). Under Assp. |46, if as
Mo, N1 — 00, Tpy,n, Weakly converges to (id,id)wuz al-
most surely, then V,,, n, converges to V. almost surely.

4.1.2 Convergence Rate Analysis

Next, we provide the finite-sample convergence rate
for the adapted COT value estimator. We introduce
the following assumptions.

Assumption 7 (Smooth objective). Assume that h is
Ly-Lipschitz continuous: for Yyo, yh, y1,y1 € V,

|h(yo, y1) — h(yo, ¥1)| < L (llyo — wolls + llyr — %ill5) -

Assumption 8 (Lipschitz kernel). Assume that there
is a constant Ly > 0 such that for pz-a.e. 20,21 € Z,

Wi (“?(w)’ﬂzyl(w)) <Lzlz—2ll, w=0,1.

Assp. are aligned with standard regularity con-
ditions in nonparametric estimation theory (e.g.,

(Wassermanl, [2006, Theorem 5.65)).

Assumption 9 (Coupling gap). Assume that Vng,nq :
E[[ [|20 — 21y dftng,n, (20, 21)] < Ca(noAn1)~", where
Ci s a constant independent of ng,ny.

Assp. [0] enables quantifying the discrepancy between
the estimated coupling ., and the identity cou-
pling (id,id)gpz, and to ensure that this error aligns
with the granularity of the discretization, as controlled
by the parameter 7 in the map ¢}.

Theorem 4 (Finite-sample complexity). Under

Assp. E with r = m, we have

E [ Vaguns = Vel] < Cay iz (mo Ama),

where

N~ Ty log(N) if dy # 2,
if dy = 2.

1
N~ dz+2vdy

Ydy ,dz (N) £ {

Here, C is a constant that depends on dz,dy, Ly
(Assp. @), and Lz (Assp. @)

One natural choice of 7, ,, that satisfies Assp. |§| is
an optimal coupling of fiz(0),n, and frz(1)n,:

argmin Ex[[[Z(0) = Z(1)]]2]. (6)
TEI(z(0),ngR2(1).n1)

Tno,n1 €

An additional advantage of the coupling 7, n, @ is
that it enjoys a robustness guarantee against potential
data perturbations to the covariate distributions.

Theorem 5 (Robustness). Define tny n, by (6). Sup-
pose that the sample of Z(w) is i.i.d. drawn from pl,,
satisfying Wy (uz, pl,) <€ forw=0,1. Then,

E |Vno,n1 — ‘/Cﬂ <2LpLze+ C_V’ydy’dz (’no A\ nl).

4.2 Covariate-Dependent Treatment

Unlike Bernoulli design where treatment assignment
is independent of covariates by design, observational
studies typically exhibit covariate-dependent treat-
ment assignment. This results in non-constant propen-
sity scores e(z) = P(W; = 1| Z; = z), reflecting het-
erogeneity in treatment likelihood across covariate pro-
files. In this section, we discuss how the adapted COT
value estimator can be tailored to this setting.

Under the unconfoundedness assumption (Assp. ,
the conditional distributions of potential outcomes
given covariates remain identifiable, i.e., consistent
with ,uf/(w) for w = 0,1. However, since the treat-
ment assignment probability depends on covariates,
the marginal distribution of covariates may differ be-
tween the treatment group and the control group, in-
ducing a covariate shift. To formalize this setting
with covariate shift, we consider the following super-
population model of Y (0),Y (1), Z, W following the
joint distribution H = Ky (0),Y(1),2,W-

Assumption 10 (Covariate shift). Assume that
(Zi(w),Yi(w)),i € [ng]) are drawn dii.d. from
Hziw=w @ .Uyz/(w) Jor w=0,1.

Since our estimand of interest V* relies on the
marginal covariate distribution, irrespective of treat-
ment assignment, it is essential to correct for the dis-
tributional shift induced by non-constant propensity
scores. Specifically, we reweight the samples to align
with the marginal covariate distribution. By Proposi-
tion |1, when the propensity score e(z) is known, the
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appropriate population-level weighting is given by

pz(Zi(w)) 1
pziw=w(Zi(w)) 1 —w—e(Z;(w))’

On finite samples, when the propensity score e(z) is
unknown but estimated by é(z), we adopt a group-wise
self-normalized weight: for w = 0,1, &, ¢ is defined as

(1 —w-— é(@?w (G)))_l (7)
Yal—w—eé(er(G))~"1{i: Zi(w) € G}

to ensure the weights sum to one. Here, G € O}
is a cell corresponding to projection map ¢, where
or 2 {(er) ({a}) @ € @2 ([0, 1]9)}, and @7 (G) is
the cell center of G € ®'. Note that the weight
is different from the common self-normalized weights
that are based on the sample value of Z. This is
used to adapt the construction of the adapted COT
value estimator with discretization to the setting in
Assp. Finally, our reweighted adapted empirical
distributions are defined by: for w = 0,1,

By ) zwime = Y, D EwaOviw)er (ziw)-

Gedrv i:Z; (w)eG

Swi = W; = w.

We then still employ fy (w),z(w),n,w = 0,1 along
with 7, defined in Eq. (6], to construct the adapted
COT value estimator as formulated in Definition Hl

Specifically, we implement a two-fold cross-fitting pro-
cedure to ensure the independence between the esti-
mated propensity score é and the adapted empirical
distributions fr. We randomly split the data into two
folds of approximately equal size. For each fold, we
construct é using data from the other fold, and then
construct fty (w),z(w),n, o0 the current fold with the
estimated propensity score plugged in. This yields two
estimates of the lower bound, and we further average
them to form our final estimator Vj,, ,,.

We introduce the assumptions on the estimation error
of é(-) to enable the convergence analysis of Vi, n, .
Assumption 11 (Lipschitz é). Assume that there is
a constant L., such that |é(z) — é(2')| < L ||z — /||y
for any z, 7' € Z2.

Assumption 12 (Bounds of é). Assume that there is
a constant ) € (0,31), such that n < é(z) < 1—n for
any z € Z.

Assumption 13 (Average error of propensity score).
Assume that for ng,n; > 1,

n’(ﬂ

E Nwéw,i < Cyny',

du (w0
- >>|

n
w g

where Cy, is a constant independent of ng,n, and

i (I-w—8&Zw)) "
L - w = e(Zy(w))

=0,1.

Assp. characterizes the average estimation error of
the estimated propensity score function é. Notably,
Assp. 13| uses the sample-based self-normalized weight
to be compatible with the common setting in the lit-
erature. Also, we impose a mild convergence rate re-
quirement of order O(n~"), where r will be chosen to
be less than 1/dz. The rate O(n~'/42) aligns with
typical nonparametric convergence rates for nuisance
parameter estimation. Assp. [T and[I2)impose bound-
edness and smoothness conditions on é(-). Particu-
larly, the smoothness condition is necessary because
we evaluate é at the centers of discretized cells, as dis-
cussed in the following.

Theorem 6 (Finite-sample complexity Wlth covariate

shift). Under Assp. @-@ I-. with r = then

E |:|Vn0,n1 - ‘/C|:| < CT’ydyydz (TLO A nl)v

dz +2\/dy

where CT is a constant that depends on dz,dy, &
(Assp. @, Ly, (Assp. @, Lz (Assp. @, L. (Assp. ,
n (Assp.[19) and Cy, (Assp.[15).

5 SIMULATION

5.1 Selection of Cell Size

In Definition 2] we design the discretization cells with
edge length growing in the order of n™", resulting
in O(n™¥2) small cells, in order to balance the bias-
variance tradeoff with respect to the sample size n. In
practice, the constant in O(n"?#) may also affect the
estimation accuracy. Specifically, in this section we set
the number of cells to the nearest integer of cn”%.

We conduct a sensitivity analysis of our method with
respect to ¢ under the quadratic location model (see
Section [5.2] (b)) with ng = n; = 300. As shown in Ta-
ble[T] we compute the average relative estimation error
(and their standard error), i.e., E[|Vig.n, — Ve|]/Ve for
5 choices of ¢, where E is approxnnated through 500
Monte Carlo simulation runs. Compared to the base-
line ¢ = 1, we can see that when c is relatively small,
increasing ¢ improves the estimation accuracy while its
performance tends to stabilize as ¢ grows larger.

Table 1: Sensitivity to ¢ (baseline ¢ = 1).

c Relative error A vs. baseline

0.6  0.21 (5.4e-3) +38.1%
0.8  0.17 (5.2¢-3) +13.4%
1.0 0.15 (4.9e-3) 0.0

1.2 0.14 (4.8e-3) —6.4%
1.4 0.14 (4.9¢-3) —7.8%

In practice, since the true value of V. is unknown,
we suggest the following approach to select a ¢ that
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achieves a relatively higher estimation accuracy: (i)
given a dataset with size N, generate B = 50 boot-
strap samples, each with size N, (ii) compute the av-
erage Vno,m value of the bootstrap samples for each
candidate of ¢, and plot a curve on the average values,
(iii) pick the “elbow” point of the curve (the point with
largest distance to the line connecting the start and
end point of the curve), and choose the corresponding
¢ value. An illustration is shown in Figure [I]

2.01

1.84

1.6

1.41

Average Vc estimate

1.29

1.01

0?4 OTG 0?8 ltO 1?2 114 176 1?8 2?0
Figure 1: Selection of the elbow point.

5.2 Simulation Results

Synthetic data. To evaluate the effectiveness of the
adapted COT value estimator in simulatiorﬂ we in-
troduce the following synthetic data-generating mech-
anism. For w = 0,1, Y(w) = F,(fw(Z),ew), where
Z, ey, Y (w) are independent with each other. The
model F, includes: (i) location model F} (u,v) = u+wv,
and (ii) scale model F(u,v) = (u;vj,j € [dy]). More
concretely, we consider dy =dz =1, Z,e,, ~ N(0,1),
and three models:

(a) Linear location model (m = 1) with fy(z) =
—0.6z, f1(z) = 1.62.

(b) Quadratic location model (m = 1) with fo(2) =
—0.222, f1(2) = 0.622.

(¢) Scale model (m = 2) with fo(z) = 0.5z —
0.35, fi(z) = 1.1z 4+ 0.35.

For these Gaussian models, the V.’s population value
has a closed form without referring to an optimiza-
tion problem (see appendix for a proof), and is com-
putable through a simple Monte Carlo algorithm with
parametric convergence rate. Therefore, these models
enable the evaluation of the estimation accuracy.

3The code and additional experimental results are avail-
able at github.com/siruilin1998/causalPIviaCOT.

We compare the estimation accuracy of our adapted
COT value estimator with the method in (Ji
et al., 2023)), implemented in their Python package
DualBoundsEl Their approach relies on estimating nui-
sance functions associated with the covariate—outcome
model. In our comparison, we evaluate both the ridge
regression-based and k-nearest neighbor (KNN)-based
DualBounds methods. Our implementation is based
on the Python Optimal Transport (PD”IED library (Fla-
mary et al., [2021)).

In Figure [2, we present the comparison in the setting
of: (i) Bernoulli design ((a)(b)(c)) and (ii) Covariate-
dependent treatment ((d)(e)(f)) with e(z) = (1 +
e~%)7! Vz € R, which we assume to be fully known
for all methods under evaluation. The figure shows
that: (i) For the linear location model, the ridge-based
DualBounds method performs best due to its use of
a linear nuisance estimator that aligns with the true
model structure. Nonetheless, the adapted COT value
estimator achieves comparable accuracy despite not re-
lying on model-specific assumptions (see (a)). (ii) For
the quadratic location model, the adapted COT value
estimator outperforms both versions of DualBounds
and the KNN-based outperforms the ridge-based, as
the latter cannot capture the nonlinearity in the true
model. (iii) For the scale model, the adapted COT
estimator also has the best performance.

Real data. We also consider the real-world dataset
from the Student Achievement and Retention (STAR)
Demonstration Project (Angrist et al., 2009), where
the academic performance (outcome) is measured by
the GPA recorded in the first academic year and
the baseline GPA serves as the covariate. To make
the COT value accessible at the population level, we
evaluate the methods using hypothetical data gener-
ated from a model fitted to the real data. Table
presents the accuracy on estimating the PI bounds of
the correlation between two potential outcomes, and
our adapted COT value estimator consistently outper-
forms the others.

6 CONCLUSION AND
DISCUSSION

Conclusion. In this paper, we study the optimal
covariate-assisted partial identification sets for causal
estimands by solving COT problems. Our finite-
sample COT estimator avoids nuisance function es-
timation, does not require well-specified models, and
enjoys a provable statistical convergence rate. Fur-
thermore, our adapted COT value estimator answers
the question proposed in the discussion of (Lin et al.|

“https://dualbounds.readthedocs.io
Shttps://pythonot.github.io/
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Figure 2: Estimation accuracy comparison between the adapted COT estimator and DualBounds. In the legend,
“adapt” refers to the adapted COT estimator, “ridge” refers to the ridge regression—based DualBounds, and
“knn” refers to the KNN-based DualBounds. The average relative error is computed over 500 Monte Carlo
repetitions. For the uncertainty, we compute the standard error of the mean (SEM), i.e. SD/v/500, where SD is
the standard deviation. The numerical values of SEM satisfy: (a): < 0.005; (b)(c): < 0.02; (d)(e)(f): < 0.018.

Table 2: Average relative error (SEM) over 500 Monte Carlo repetitions on the STAR-based semi-synthetic data.

Method (N = ng +ny = 2ng) | N =400

4.0e—2 (1.3¢-3)
5.1e—2 (1.6e-3)
3.6e-2 (1.2e-3)

N =800
3.2e—2 (1.0e-3)
4.5e—2 (1.3¢-3)
2.9e-2 (1.0e-3)

N = 1200
2.9¢—2 (0.9¢-3)
4.5e—2 (1.1e-3)
2.6e-2 (0.8¢-3)

N = 1600
2.7e—2 (0.8¢-3)
4.4e—2 (1.0e-3)
2.5¢-2 (0.8e-3)

ridge regression—based DualBounds
KNN-based DualBounds
Our method

2025|) on how to combine the adapted Wasserstein dis-
tance into the COT value estimation. Specifically,
our adapted estimator is their Veausa1(n) when n ap-
proached infinity.

Triangular transport maps. We next discuss the
connection between our COT framework and trian-
gular transport maps. When the transport cost is
quadratic and the conditional outcome distributions
admit densities, the optimal coupling can be repre-
sented by a triangular transport map
[2010, 2016} Hosseini et al. 2025). Such maps arise
from a sequential alignment of conditional distribu-
tions and coincide, in the one-dimensional outcome
case, with the classical Knothe-Rosenblatt rearrange-
ment (Rosenblatt, [1952; [Knothel |1957)).

Triangular transport has been used in several causal

et all 2023} [De Lara et all 2024} [Balakrishnan et al.
202bal), where it is often interpreted as a structural

mechanism for generating counterfactual outcomes.
Our perspective is complementary. Rather than mod-
eling unit-level counterfactuals via an estimated trans-
port map, we use the induced causal coupling structure
to define and estimate a distributional functional. In
particular, our estimator targets the COT value di-
rectly, without requiring explicit construction of the
underlying triangular map.

Nevertheless, we conjecture that our discretization ap-
proach (Section could be adapted to recover a
triangular transport map in a manner analogous to
plug-in constructions in the unconditional setting with
a similar order of the estimation error; see, for ex-
ample, the one-nearest-neighbor estimator in

et all 2024 Section 4.2).

modeling and inference frameworks (Charpentier
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reproduce the main experimental results (ei-
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URL). [Yes]
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cloud provider). [Yes]
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Organization. The appendix is organized as follows. Section [A] presents the details of the real data experiment
discussed in Section Section [C] presents supplementary experiments to show the robustness and effectiveness
of our method. Section [D] reviews technical background knowledge. Section [E] provides proofs for the results in
Section 2] Section [F] provides proofs for the results in Section [3] Section [G] provides proofs for the results in
Section @ Section [[] collects proofs for supporting lemmas.

A More Details on the Real Data Experiment

Spline/GAM Regression

4.0 Observed Data

—— Spline/GAM Estimate
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Figure 3: Cubic spline regression of the outcome variable Y (GPA) versus the covariate Z (baseline GPA) for the
treatment group. The distribution of Z is modeled using Gaussian kernel density estimation (KDE), while the
relationship between the outcome Y and Z is modeled using cubic spline regression. The Wasserstein distance
between the empirical and KDE-generated distributions of Z is less than 0.2. The Wasserstein distance between
the observed and model-generated distributions of Y is less than 0.07 for the treatment group and less than 0.09
for the control group.

In this section, we present more details of the real data experiment in Section [5.2] which is based on the Student
Achievement and Retention (STAR) Demonstration Project |Angrist et al.| (2009), an initiative designed to assess

the impact of scholarship incentive programs on academic performance. Experiments were run on a MacBook
Air (Apple M3, 8-core CPU, 16 GB RAM), without GPU acceleration.

In the STAR study, the treatment is access to a scholarship incentive and was randomly assigned. Academic
performance is measured by the GPA recorded at the end of the first academic year. In addition to the treatment
indicator and outcome variable, the dataset includes baseline GPA (measured prior to treatment assignment),
which serves as a key covariate due to its strong predictive influence on academic outcomes.

We are interested in the correlation between two potential outcomes of each unit ¢, which is defined as
» E¥i(1)Yi(0)] — E[Yi(D]E[Y:(0)]
v/ Var(Y;(0)) Var(Y;(1))

The unidentifiable part of p arises from the estimand E[Y;(1)Y;(0)]. Then, to obtain the corresponding V, value
for p, we could utilize the cost function h(yo,y1) = (yo + y1)?. To ensure the PI bounds are accessible at the

p
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population level, we generate hypothetical data from a model fitted to the real data. Particularly, we fit the
real data using the model Y (w) = f,,(Z(w)) + N(0,02) w = 0,1, and subsequently generate data based on the
estimated functions f,, and noise level oy,.

To ensure the true (population-level) PI bounds are accessible, we generate hypothetical data from a model fitted
to the real data. Particularly, we fit the real data using the model

Y (k) = fe(Z(k)) + N(0,07) k=0,1.

and subsequently generate data based on the estimated functions fj, and noise level o for k = 0,1 (see Figure [3).
In addition, we model the distribution of baseline GPA (Z) using Gaussian kernel density estimation. Specifically,
we consider

6
fe(Z2) = Brjoi(Z2)  k=0,1,
j=1

where (¢;,7 = 1,...,6) are cubic spline basis functions. The regression coefficients (3kj,j =1,.,6,k =0,1)
are estimated via ridge regression applied to the real data, with the regularization parameter selected through
cross-validation.

B More Discussion

Multiple treatment levels. We discuss here the possibilities of an extension to settings with multiple treat-
ment levels. Suppose the treatment variable takes more than two levels. A natural extension of our framework
is to consider multi-marginal optimal transport, which constructs a joint coupling across all conditional outcome
distributions given the covariates. This provides a geometric framework for jointly aligning multiple potential
outcome distributions. The unconditional multi-treatment setting has been studied in (Gao et al., [2025]).

At the same time, the use of transport maps in counterfactual modeling has important limitations. Recent
work (Dance and Bloem-Reddyl [2025; De Lara and Ganassali, |2025|) shows that optimal transport maps gener-
ally cannot serve as structural models for counterfactual assignments when more than two treatment levels are
present. We emphasize that our methodology does not interpret OT maps as structural counterfactual mech-
anisms. Instead, OT and COT are employed as distributional comparison tools: they measure discrepancies
between conditional outcome laws and construct PI intervals via geometric constraints on admissible couplings.
Consequently, conditional OT remains meaningful in multi-treatment settings for constructing PI intervals and
bounding functionals of potential outcomes.
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C Supplementary Experiments

C.1 Robustness to Covariate Distributional Shift
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Figure 4: Robustness of our method to covariate mismatch. The average relative error is defined as
E [|estimator — V,|] /V., where the expectation E is approximated by averaging over 500 Monte Carlo repeti-
tions. To quantify the uncertainty, we compute the standard error of the mean (SEM) as SD/1/500, where SD
denotes the standard deviation of the relative errors across repetitions. The maximum SEM values are less than
0.006 in this setting.

In this section, we consider a setting in which the covariates of the treatment group are shifted. Let pzo), piz(1)
denote the (marginal) generating distribution of Z(0), Z(1). Specifically, we set pz = pz@) = N(0,1) and
perturb the treatment covariate distribution as pzqy = N(0,1) + ne, where € is an independent N (0, 1) noise
and 7 controls the magnitude of the perturbation. Using the same three models described in Section [5.2] we
evaluate the estimation accuracy of the adapted COT value estimator under varying levels of . The results are
reported in Figure[d] We observe that the adapted COT value estimator remains stable across small perturbation
levels (n € [0,0.1]), illustrating its robustness to covariate distribution shift (see also Theorem[f]). Intuitively, this
robustness stems from the projection of covariates onto a finite set of representative values: small perturbations
in the covariates are often absorbed during coarsening, as they rarely alter cell assignments. Moreover, the use
of optimal coupling to match the discretized marginals helps mitigate the impact of systematic perturbations
such as location shifts.

C.2 Comparison with a Fréchet—Hoeffding-Type Approach

When the outcomes are one-dimensional, the copula models Nelsen| (2006), and the Fréchet—Hoeffding bounds
Heckman et al.| (1997); Manski| (1997); |[Fan and Park (2010)); [Kawakami and Tian| (2025) can provide partial
identification bounds in closed forms without solving an OT-type optimization problem. Particularly, for the
case dy =1 and h(yo,y1) = (yo — y1)?, Hoeffding-type results yield a closed-form optimizer for ({d). (Note that
Hoeffding-type bounds do not provide consistent partial identification sets for dy > 1, whereas our procedure
does.)

Proposition 3 (Fréchet-Hoeffding bounds for h(yo,y1) = (yo — v1)?). Let Fy,(:]2) w = 0,1 be the marginal
CDFs of Yy, conditioned on Z = z on R with finite second moments, and denote their quantile functions by
F 1 (ulz) = inf{x : F,(x]2) > u} for w=0,1. Then, for any coupling = of (Yo, Y1, Z) with these marginals,

! 2 ! 2
/ / (Fy ' (ulz) — Fy N (ulz))” dudz < Eq[(Yo —Y1)?] < / / (Fy ' (ulz) — Fy (1 — ul2))” dude.
zJo zJo

Conditioned on Z = z, the lower bound is attained by the comonotone coupling Yo = Fy *(U|z2), Y1 = Fy *(U2),
and the upper bound by the countermonotone coupling Yo = Fy '(Ul|z), Y1 = Fy'(1 — Ul|z), where U ~
Uniform(0, 1).
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Based on the above result, a Fréchet-Hoeffding-Type approach |Aronow et al.| (2014); Balakrishnan et al.| (2025a))
for estimating V. proceeds as follows:

(i) Quantile regression: Within the control and treatment groups, estimate the conditional quantile functions
by running quantile regressions. For example, in the following, we use a non-parametric quantile regression
method, random forest quantile regression (python package: quantile_ forest |Johnson (2024)@.

(ii) Fréchet—Hoeffding bound: For ecach covariate value (in either the control or treatment group), use the
estimated conditional quantiles to compute the squared loss.

(iii) Aggregation: Approximate the overall value by taking the sample average of the values of the conditional
squared loss derived in (ii) over the distinct covariate values.

To compare our adapted COT value estimator and the above Fréchet—Hoeffding—based approach, we consider
the scale model (Section (c)) with the same model parameter as there. We run a Monte Carlo simulation
with 200 repetitions. The mean absolute error (standard error) results are collected in Table |3| (In this setting
we could compute the oracle true value (=1.92) of the PI bounds with high accuracy). The results show that
our method is comparable with the Fréchet—Hoeffding—based method in this special one-dimensional outcome
setting.

Table 3: Comparison of our method and Fréchet—Hoeffding—based method using the scale model.

N =100 N = 500 N = 1000 N = 1500

Our Method 0.356 (0.025) 0.176 (0.011) 0.138 (0.007) 0.122 (0.007)
F-H Based 0.276 (0.019)  0.180 (0.009) 0.156 (0.007)  0.148 (0.006)

D Technical Background

D.1 Regular Kernel

In this paper, we always assume that joint distribution like uy,z that can be written as py,z = uz ® ,u3z,, i.e. for
any measurable function g, [ g(y,z)du = [ [}, 9(y, 2)dus (y)duz(2), with a regular kernel 4i§.. The definition
of a regular kernel is stated as follows.

Definition 5 (Regular kernel). A kernel p3 is regular if (i) for any z € Z, [1(y € -)du (y) is a probability
measure, and (ii) for any measurable set B C Y, z — [1(y € B)dui (y) is a measurable function.
We can always assume that p has a regular kernel due to the following result.

Proposition 4 (Disintegration (Kallenberg, 2002, Theorem 5.3, 5.4)). If ¥ C R and is equipped with the
Borel o-algebra, then for a measure py,z € P(Y x Z), there is a reqular kernel pi such that [ g(y,z)dp =
= fyg(y, 2)dpf (y)dpz(z) for any measurable function g. Further, pu% is unique pz-a.e.

D.2 Wasserstein vs. Adapted Wasserstein: A Distance Metric Comparison

This section presents the two metrics employed to study the continuity of COT.
Definition 6 (Wasserstein distance). The 1-Wasserstein distance between u, v € P(X) is defined as

Wi (p,v) £ ﬁerﬁl(if,,) E-[]X(0) — X(1)[l,).

The 1-Wasserstein distances possess key properties that will be instrumental in our proof.
Lemma 1 (Triangle inequality). Wy (p, u') < Wq(p,v) + Wiy, 1).
Lemma 2 (Convexity). The map p— Wy(u, p') is conve.

Shttps://pypi.org/project /quantile-forest /
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For X = Z x ), the so-called adapted Wasserstein distance induces a topology that is typically stronger than
the weak topology, which can be metrized by the Wasserstein distances.

Definition 7 (Adapted Wasserstein distance). The adapted Wasserstein distances between u,v € P(X) is
defined as

Wa(u,v) £ min  Er[|X(0) — X(1)]ly],

eI, (1)
where X(0) = (Z(0), Y(0)), X(1) = (Z(1),Y(1)), and

(i, v) 2 {7 € I(p,v) : under 7, Z(1) 1L Y(0) conditioned on Z(0),
Z(0) 1L Y(1) conditioned on Z(1)}.

The following proposition is stated to maintain consistency with Definition [I] introduced earlier.

Proposition 5 (Reformulation of adapted Wasserstein distance; see, e.g. (Backhoff et al., 2017, Proposition
5.2)). Let p=pz ®@pé and v =vz @ vZ, we have

Wa(s,v) = min /||z—z’||2+W1(u§/,Vf//)dﬂ(z,z').

we€ll(pz,vz)

Since I, (p,v) C II(p,v), clearly Wy < W,, but the reverse may not hold. Consider an i.i.d. sample (X; =
(Zi,Y;),i € [n]) drawn from a distribution z, and let i, £ L 37" | 0, . It is well known that W (f,,, 1) converges
to zero almost surely as n goes to infinity. However, as shown in (Pflug and Pichler, [2016, Proposition 1),
Wa(fin, 1) may fail to converge to zero, and a remedy to ensure convergence is to replace fi,, with its convolution
with a suitable kernel function. The intuition behind this approach is to ensure that the kernel of the convoluted
empirical distribution becomes smooth in the variable it is conditioned on. This idea aligns with the findings
of [Blanchet et al.| (2024]), which show that for distributions with Lipschitz kernels, the weak topology and the

topology induced by the adapted Wasserstein distance are equivalent.

However, since the convolved empirical distribution is not discrete, its practical implementation requires an
additional sampling step for computation. To address this, Backhofl et al.|(2022)) propose a discrete alternative—
the adapted empirical distribution—which mitigates the convergence issue by assigning the sample (X;);c},) to
a finite number of cells, which is the approach we adopt in this paper.

D.3 Fournier and Guillin’s Result

This section provides the convergence rate of the empirical distribution under the Wasserstein distance, as
established by [Fournier and Guillin| (2015]).

Suppose that the sample (X;,i € [n]) i.i.d. follows p and denote fi, = %Z?:l 0x,. Theorem 1 in [Fournier and
Guillin| (2015) characterizes a nearly sharp convergence rate for empirical Wasserstein distances.

Theorem 7 (Empirical Wasserstein convergence rate, Theorem 1 |[Fournier and Guillin (2015)). Let p € P(R?)
and let ¢ > 0. Assume that My(p) = [ H:c||]2c dp < oo for some k > q. There exists a constant C' depending only
on q,d,k such that, for alln > 1,

n=Y2 4 p-(k=a)/k if > dj2,k# 2,
(W (fin, 1)7) < CME™ (1) $ 01/ log (1 +n) +n-F=0/% if g = d/2,k # 2q,
n*Q/d—Fn*(k*q)/k qu S (07d/2)7‘1€ #d/(d_q)a

. 1
where W, (1, v) £ Min ey, Ex[]| X (0) — X (1)]|3] 5.

In this work, we will utilize the following corollary.
Corollary 1 (k > 2). Under the same conditions of Theoremm if k> 2, then

E[W1 (fin, )] < CRa(n),
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where C is a constant that depends on k, q,d, Eu[Hng], and

n~-zva if d # 2,
Ram)={ . ®)
n-zlog(3+n) ifd=2.

Note that here we take log(3 + n) rather than log(1 + n) to make x — xR4(x) a concave function.

E Proofs of Section

E.1 Proof of Proposition

Proof of Proposition[], We prove the equality for the treatment potential outcome (k = 1); the result for the
control potential outcome (k = 0) follows analogously. In fact,

P(Yi(1) =y, Z; = 2, W; = 1)
CPYi() =y, Zi =2 | W;=1)-P(W; =1)

P(Yi(1) =y, Z; = 2) =

POW; = 1)
e(z)

where we use Assumption [2]in the second last equality. O

E.2 Proof of Proposition

Remark 1. In this proof, we will use the notions of Borel measurability, lower semianalyticity, and universal
measurability, which are discussed in detail in (Bertsekas and Shreve, [1978] Section 7.7).
Proof of Proposition[3 We first show that the right-hand side (RHS) fWh(,uf/(o), 1y (1y)dpz(2) is well-defined.

Since h is a measurable function bounded from below, then the map

Ly = (z,7) = /h(yo,yl)dv(yo,yﬂ

is a Borel (measurable) and thus lower semianalytic (1.s.a.).

Note that the maps z +— /@,(0) and z ,uf/(l) are both Borel since /@/(o)u“f/u) are regular kernels (see Sec-
tion [D.1)). Further, {(p,q,7) : v € I(p,q)} is weakly closed. Then, the set

is Borel.

As a result, Wh(ui,(o),uf,(l)) is the infimum of the function £, over the fiber of D at z. By (Bertsekas and
Shreve|, (1978, Proposition 7.47), the map z — Wh(ué(o), ,uf/(l)) is I.s.a. and in particular universally measurable.
Therefore, the RHS fWh(uf,(O), 15 (1y)dpz(2) + €. is well-defined.

Next, we prove the equation from two directions as follows.

LHS < RHS: For any € > 0 By (Bertsekas and Shreve, (1978, Proposition 7.50(b)), there is a universally
measurable e-optimizer for

inf /h(yo7y1)d7(yo,y1)~
YET(p5 (515 (1))

That is, there exists a universally measurable map z — 72 € H(uzy(o), /‘?(1)) such that

/h(yo,y1)d7§(yo7y1) < inf /h(ymyl)dv(yo,yl) + €. 9)
YE(H3 ()15 (1))
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Then, apply (Bertsekas and Shrevel [1978, Proposition 7.45), we can construct a measure . € P(J? x Z) such
that

/g(yanlvz)dﬂ'e(yanlaz) = //y2 9(yo, y1,2)dVZ (yo, y1)dpz(2)

for any measurable function g.
As a result, 7 € I, and thus

Ve= min/h(yo,yl)dﬂ < /h(yo,yl)dm < /Wh(ﬂé(o)vui/(l))dﬂZ(z) + e,

mEll

where the second inequality is due to @D
Send € — 07, we get V., < fWh(uf/(O),uf/(l))duz(z).

LHS > RHS: For any 7 € Il., it can be written as 7 = puz ® W}Z/(O) Y(1) and ﬂf,(o) vy € H(ﬂf/(o)w“é(l))
pz-almost everywhere. This is because for any measurable function g,

/ 99, 2)duy (0).2(y,7) = / oy, 2)dmy (o) 2 (4, 2) = /Z /y 90, 27 o (1) dpiz(2),

and the argument on (Y (1), Z) is similar.

As a result,

/h(y,y’)dﬂ(%y',Z) =/ duz(Z)/ h(y, ¥ A5 0y v (1) (- Y)
Z yxy
> [ Wi 45 )z 2).

Taking infimum on 7 completes this part of proof.

F Proofs of Section [3

F.1 Proof of Theorem [1

Lemma 3 (II. is compact). Il is a compact subset of P(V? x Z) under the weak topology.

Proof of Theorem[]l Given the function h, the estimand V. only depends on Ky (0),25 My (1),z, Which are identi-
fiable from the observed samples, thus (i) holds true.

For (ii), by definition of V¢, for any 7 € I, E,[h(Y (0),Y (1))] > V., indicating that V; is a valid lower bound for
V*. Further, since h is bounded and lower semicontinuous, E.[h(Y(0),Y (1))] is a lower semicontinuous function
in 7 with respect to the weak topology ((Villani et al., 2009, Lemma 4.3)). By Lemma [3| II. is compact, thus
the minimum V, can be attained.

For (iii), for any v = (1 — 0)V. + 6V, where @ € [0,1], there is a coupling 7, = (1 — 8)7 + 07, such that 7, € II.
(since II. is a convex set) and v = E., [A(Y(0),Y(1))]. Then, the PI set is convex and thus is an interval.

Since now h is continuous, then by (ii), V. is the tightest upper bound for the PI set. As a result, the PI set is
equal to [V¢, V. O

Remark 2 (Unbounded h). The results of Theorem [If can be extended to possibly unbounded function h
such that, there are functions a(y) € L'(uy(0)),b(y) € L*(uy(1y) (f € L*(p) denotes that [ |f|du < oo) and
|h(yo,1)| < a(yo) + b(y1). For the proof, we can consider b = h(yo,y1) — (a(yo) + b(y1)) for the lower bound
and b’ = a(yo) + b(y1) — h(yo, y1) for the upper bound.
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F.2 Proof of Theorem 2]

Lemma 4 (Uniformly continuous kernel). Suppose that Y, Z are both compact and g, (z) = B3y Z —
PRY) w = 0,1 are continuous under the weak topology. Then, for any § > 0, there is a constant C(8) such
that Wy (384 15y ) <8+ CO)I20 — 2112

Lemma 5 (Lipschitz continuity of Wp,). For any ¢ > 0, suppose that h : Y x Y — R satisfies that for any
v,y €,

|h(y) —h(y' )| < Lnlly— '], + €. (10)
Then, for any (p,v,pu',v") € P(Y),
(W (g, v) = Wy (e, ") < Ly, (Wq (g, 1) + Wi(v,v)) + 2e.

Proof of Theorem[3 For v = Yy (0),Y(1),z> We bound the following gap:

7/wh (o ) dva2)

= /Wh NY(O) MY(l)) dpz(z /Wh VY(O)7VY(1 )dVZ( )

< /Wh 15 (0)» MY(1 dpz(z /Wh Yoy Vv )) dvz(z)
(Term A)
‘/Wh Ny(o) Vy(l)) dvz(z /Wh VY(o)»Vyu)) dvz(z)].
(Term B)

Here, the first equation is due to Proposition [2]

By Assp. @f] & is continuous and _supported on a compact domain, then A is uniformly continuous. Therefore,
for any € > 0, there is a constant C’( ) such that for any y,y’ € Y,

h(y) = h(y)| < Cle) lly — ¥/ll, +e.
Thus, Lemma [5|is applicable and for any (u,v, 1/, v') € P()),

|Wh(/*('a V) - Wh(ulv l/)| < 6(6) (Wl(/-h M/) + Wl(ya V/)) + 2e. (11)
Similarly, by Lemma [4] we have

Wi (32 1) < Cl@)llz0 = 21ll2 + €. (12)

For (Term A): we highlight that we consider the optimal coupling 7 € P(J? x Z?) that is attained in the
adapted Wasserstein distance W, (uy (1,2, Vy(l)yz) to connect iz and vz, then for €,¢ > 0,

(Term A) ‘/Wh 15 (0): NY(1)) duz(z /Wh NY(0)7VY(1)) dvz(z)

= ‘/Wh uzy(o)’uzyu)) - Wh (u§(0>v’/§<1>> drz,2:(2,2)

S/ ’Wh (1@(0)’“?’(1)) -~ Wh (“?(0)7”@(1))‘d7Tz7z'(z,z’)
SCN'(G) /W1 (M@(o),uffl(oﬂ + W, (,uf,(l)’yf,'(l)) drg.z:(2, 2') + 2

<C) [(CENe = Lo +€) 4 Wi (1) dmz (2, ) + 26

<C(e)(C(e') V 1) Wa(py (1).2, ¥y (1).2) + 2€ + C(e)e’.
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Here, the second inequality is due to ; the third inequality is due to ; the last inequality is due to the
definition of 7, which achieves the optimality in Wa(uy 1)z, ¥y 1),2)-

For (Term B): we have

(Term B) = '/Wh (u?wo)»’/?(l)) dvz(z) - /Wh (Vfwo)a V}Z’(l)) dvz(2)
< / ‘Wh (sz(o)vVaz/u)) - Wy (Vsz/(o)a Vizfu)) ‘ dvz(2)
<C1e) [ Walii 0y v 0)vz(2) + 2,
where the last inequality is due to .
Now, we consider the optimal coupling 7 € P(¥? x Z2) that is attained in Wa(uy (0),2: ¥y (0),z), then
[ W10y v ) vz (2)
Z/Wl(/ﬁ/,(o)aV}'Z//(o))dﬁ@zl)
Z/W1(M§/,(o)aV§/(o)) —Wl(uzy,(o),uf,(o))dfr(z,z/)—|—/Wl(u‘;(o),pff(o))dﬁ'(z,z') (13)
S/Wl(fo’(o)vﬂfx(o))dﬁ(ZaZ/) +/Wl(ﬂ;(o)vﬂff(o))dﬁ(zazl)

< /Wl(V}z;(o)aﬂif(o))dﬁ(za Z') 4+ C(€) / |z = 2|, d7t (2, 2") + €
<(C(€) V1)Walpy (0),2: Vv (0),2) +€-

Here, the first inequality is due to the triangle inequality of the metric Wy; the second inequality is due to ;
the last inequality is due to the definition of 7.

Therefore, we get B _
(Term B) < C(e)(C(e") V 1)Walpy (1), 2, ¥y (1),z) + 2¢ + C(e)€’.

Finally, combine (Term A) and (Term B), and we get

Ve — /Wh (fo(0)»fo(1)) dvz(z)
<C(e)(C(e) V 1) (Wapty (0),.2 ¥y (0).2) + Walbiy(1).2: vy (1).2)) + 2(2¢ + C(e)€).

Replace v by the measures from the sequence of (v,,n > 1) and send €,e — 0, we get the desired result. O

G Proofs of Section [4]

Notation. In this section and the following, to simplify the notation, we will let ng = n,n; = m, and & =

w, 51 = 5
G.1 Proof of Theorem [4]

The proof of T heoremrequires several useful results from |Backhoft et al.| (2022]). Since our definition of adapted
empirical distribution is slightly different from that of [Backhoff et al.| (2022), to make the paper self-contained,

we include proofs of the lemmas in Section [[}

Remark 3 (Notation). We introduce the following notation, which is aligned with Backhoff et al.| (2022). For
notational convenience, in this proof and the proofs of the associated lemmas and corollaries, we write ,af,o(o)
to represent ﬂf})(o) ., and fl,;l(l) to represent ﬂf}(l) m- We also write 7 to represent @, ,,. The constants, if not

specified explicitly, are independent of n, m but may depend on dz,dy, Lz, L.
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Let ®” be the small cubes that partition [0,1]%% as defined in Definition [2] i.e.,
o £ {(¢) 7 ({z}) s 2 € 92([0,1]%9)} .
For the sets G C [0,1]%#, we define the conditional distribution of ;1 given G as

MG _ fG Mé(o)duz (©)
Yo pz(G)

We also define the conditional distributions of i, fx given G as

nG A
Py o) = |I | Z 0v:(0) H’Y(O) |I | Z Yi(0)s
i€lg ZEI

where I £ {i € [n] : Z;(0) € G}, Ig £ {i € [n] : ¢}'(Zi(0)) € G}.
To prove the finite-sample complexity result, we introduce the following lemmas.
Lemma 6 (Variance of Wy,). Under Assp.[7} the following holds.

[ Walus b5 )Pz (2) < 162022 [ 213z (a) + O

where C, j, s a constant that depends on pi, h.

Lemma 7 (Gap between 1 and fi). Under Assp. |4}, we have
Wiz, fizo) < Vdzn™".

Lemma 8 (Gap between fu and p). Under Assp. [{] and[8, we have

/Wl (85 0y 15 (0)) A 2(0) (2) < D frz0)(GYW1 (i ), 15 (0y) + Lz/dzn™"
Gear

= Z ﬂz(o)(G)Wl(ﬂg(o)#}G/(oﬂ+LZ dzn™".
Gear

Lemma 9 ((Backhoff et al., 2022, Lemma 3.4)). The following inequalities hold.
(i) Under Assp.[{| and[6, E]W1(fiz(0), iz)] < C1Ra,(n).

(ii) Under Assp.[{ and|[d,

Z :[I“Z(O) (G)Wl (ﬂ}q(o), H}G/(O)) < CQRdy (nlfrdz)'
Geonr

Here, Ry(-) is defined in , C1 is a constant that depends on dz, and Cs is a constant that depends on dy .

Proof of Theorem [} We start with

‘Vn,m - VC| = ‘/Wh(ﬂifo(o),ﬂi}(l))dﬁ'(ZOaZl) = Vel

(by Definition [)
For the integrand, we apply Lemma [5| and get

Wh(ﬂi,o(o), Ny( )) - Wh(ﬂi/o(o)a N?(l))‘ < Lp(Wy (ﬂi,o(o), ,U;/O(O)) + Wy (ﬁ’?(l)a Ni/l(l))) (14)
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As a result, we have

TLTYL V|

’/Wh vy Py 1)) = Wa(y0), 1y 1)) (20, 21) + /Wh(ﬂfv"(ow“?(l))dﬁ(z"’Zl) -V

S/‘Wh(ﬂ?(owﬂ?u)) *Wh(#?(owﬂ?(l))’dﬁ(zo,zl) + ‘/Wh(ﬂ?(o)v“%))dﬁ(%vzl) —Ve

SLh/W1(ﬂ§°(0)7uf})(o))dﬂz(o)(%) +/Wl(uzyl(l),ﬂ?(l))dﬂzu)(zl) (by Equation (14))

(Term A)
+'/Wh(uzy%o)’“?(l))dﬁ(%’Zl)_VC '

(Term B)

(15)

For (Term B), again, we apply Lemma [5| to the integrand and get

(W13 0ys 152 0)) = Wi (15800y 5320) | SERWA (320) 15 0)) < EnLz 120 = 21l
where the second inequality is due to Assp.[§] Therefore, we have

(Term B)

< '/Wh(#%)vﬂzylm) = Wh(uy(o), 1y (1)) d7 (20, 21) | + ‘/Wh(@(o)v“?(l))dﬁ(zmZl) —Ve

<Inlz [ a0 = aally dhCao, 1) + | [ Wl 7 iz (o) — Ve

(Term C) (Term D)

|

<E H/Wh(#ifo(o),H?a))(dﬂz(o)(zo) - dﬂZ(O)(ZO))H +E H/Wh(#zyo(o)vN?u))dﬂZ(O)(ZO) -V

For (Term D), we have

E H/Wh(ﬂifo(o),N;B(U)dﬂZ(O)(ZO) -V

|

By Lemma [5| and Assp. |8 the mapping z — Wh(u§(0),u§/(1)) is (2LyLyz)-Lipschitz continuous. Then, by
Lemma [7]

E H/Wh(u;"(o),Mff(l))(dﬂz(o)(zo) - dﬂz(o)(Zo))H < 2LpLzWi(faz0, fizeo)) < 2LnLzy/dzn™".

) <

By Assp. [f] Lemma [6] and Markov’s inequality,

1

2

( (s [ ||Z||2dMZ()+Cuh> nt
O

H/Wh My(o),ﬂy(l))dﬂz (0) (20) — Ve

IN

_ 1 1
where r = Tvay S 3

Note that, the n=2 above can be replaced by (m \V n)~2 since Z(0), Z(1) are symmetric thus can be swapped in
the derivation above.

For (Term C), we apply Assp. [9] Finally, combine (Term C) and (Term D), and we arrive at

E[(Term B)] <C'(m An)~".
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For (Term A), we present the upper bound for le(ﬂf,O(O),uf})(o))dﬂz(o)(zo) and the remaining part can be
derived similarly.

By Lemma

/Wl(ﬂff(opuzy(O))dﬂZ(o)(Z) < Y iz (@YW o), 15 0)) + Lz/dzn ™"
Gear

Then, apply Lemma [9] we get

E [/Wl(ﬂff(opH?(o))dﬂz(o)(z)} <E Z ﬂz(o)(G)Wl(ﬂg(o)yufo(o)) +Lzvdzn™"
Gedrn

SCQRdY (nlirdz) + Lz\/dzn™".

Ra, (¢) is defined in (§)), and C is a constant that depends on dy and maxycy ||y,

Therefore, we get

E[(Term A)] < C(Rgy, ((m An)*="42) + (m An)~").
Finally, combine (Term A) and (Term B), we get

E [Wn,m - VC@ < C(Ray ((m An)="92) + (m An)™").

Let r = m, which minimizes the right-hand side on the order of m A n, we get

— 1
N TdzFavdy | if d 2
lE[anm—Vcl}g (i'(m/\n)721 v log(m An) if dy # 2,
7 C(m An) dzF2viy if dy = 2.

O

Remark 4 (Choice of #,, , in @) When #,, ,, is the optimal coupling of the marginals, by Lemma [7| and the
triangle inequality (Lemma [1)),

[ 120 = zaly a0, )

=E [W1(fiz(0), Pz1))]
<E [Wi(fz(0), fiz(0))] +E [Wi(fiz), 1z)] + E[Wiliiza), nz)] +E Wiz, bzm))]
<2/dz(n™" +m™") + E [Wi(iz(0), pz)] + E [Wiliza), pz)] -

Then, by Lemma [J] (i), we get
/ 20 — 2]l d# (20, 21) < 2/dz (0" +m™") +2C1 Ra, (n A m).

Then, for r = we have

1
dz+2Vdy "’
Ry, (n Am) <C'(nA m)_zv‘ilZJr1 <C'(nAm)™".

~ . . . 1
Therefore, 7y, in @ satisfies Assp. |§|When T= oravay
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G.2 Proof of Theorem [5l

Proof of Theorem[3 If the generating distribution of Z(0),Z(1) are not equal to uz, ie., pz@e) # pz and
pz1) # pz, then for r = m, according to the derivation in Remark |4 we have

/ 20 — 21ll5 A7 (20, 21)

dz(n™" +m™") + E [Wi(iz0), n2)] +E [Wi(iza), nz)]

dz(n™"+m™") + E [Wi(fz(0), bz0)] +E [Wi(iza), nza)] + Wilpzo), 1z) + Wipzay, pz)
<C'(nAm)™" + 2e.

Plug this condition back to the derivation in the proof of Theorem specifically , we get the desired
result. O

G.3 Proof of Theorem [3
Lemma 10 (Convergence of adapted empirical distribution). Under Assp. |4] - @ then almost surely,

lim Wa(fy (0),2(0).n0 £y (0).2) = 1 Wal(fty (1), 2(1),m: By (1),2) = 0-

n—oo

Proof of Theorem[3 The proof strategy of Theorem [3|is similar to that of Theorem 4] By , we have
— Vel

/Wl n>My( ))dNZ(O) 20) /Wl ,Uy(l)aﬂy(l) )dNZ(l) (21)

(Term A)

+ ‘/Wh(#izo(o), Hi}(l))dﬁ'n,m('zm Zl) = Vel

(Term B)

For (Term A), using a similar argument for Eq. , we get

(Term A) < (Lz V 1)(Wa(fry (0),20)n> By (0),2) + Wallty (1), 2(1),m> By (1),2))-

By Lemma [10] we get (Term A) converges to zero almost surely.

For (Term B), by Assp I, l 20,21) — Wy, (:“Y(o) NY(1)) is a bounded continuous function. Indeed, by Assp.
and Lemma [5]

Wh(,uf,o(o), /1;1(1)) - Wy (,UJ;O(O): Nifl(l)) <Lp(W; (lu;?(())? N;D(o)) + W, (Ni}(l)a ﬂiflu)))
<Ln(llz0 — 2ol + ll21 — 21ll2)-
Further, by Assp. [d] we get that Wh(u;‘)(o), :“;1(1)) is bounded on Z.

Then, since 7, ,,, weakly converges to (id,id)gpz a.s., we get

lim Wp, (:uifo(o)a p§(1))dﬁn7m(zo, Zl) = Ve

n,m—00

= lim Wh(“?(o)?ﬂ?(m)dﬁ—n,m('zm Zl) - /Wh(:uff(o)vﬂif(l))dlu'z(z) =0.

n,m—00

Thus, (Term B) converges to zero almost surely. The desired result is proved. O
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G.4 Proof of Theorem

Lemma 11 (TV bound). Suppose Z,Z' € Z, and r = sup, ,icz ||z — 2'||, < oo. Then,
W1(2,7) < 7 x dev(Z, Z') /\duz — dug|.

Lemma 12 (Linear functional gap). Suppose that (Z;,1 <i < n) are i.i.d. drawn from p € P([0,1]92), and let
fiz(0)y;n = Dopy Widz,, where W; is defined as

R (1-é(Zi(0)""

b= sa-azoy

Additionally, let fiz o), = S w;i0z,(0), where w; is defined as

T (2:(0))
Z?:l d;t‘d‘z:[} (ZZ (O))

i€ n].

w; =

Under Assp. [3 and[13, we have

A i Vi, i Na;Cu _,
E[Wl(ﬂz(o),muz(o),n)]STgZ” 5 4 225 no.

Lemma 13 (Empirical Wasserstein convergence rate for reweighted empirical distribution). Under the same
condition of Lemma[13, we have

iz 4 AZCu

~ <52
E[Wl (HJZ(O),naNJZ(O),n)] = 0 CRdZ (Tl) + 253 n 25 )

where C' is a constant depending on dz.
Lemma 14 (Discretization gap). Under Assp. |11 and {14 with

-y (1—e(er(@) Hi: Zi(0) €GY o
Geay Zc (1= e(ep (@) {i: Zi(0) € G} Z O

Mz(o

and
iz 0),n — Zﬁ)lézl(o)
i=1
where W; is defined as in Lemma[I3, we have
N . L\ _.
Wl(“Z(O),naMZ(O)m) < \/CE 1+ ﬁ nT.

Lemma 15 (Gap between fi and p). Under Assp. | I and@ with fiz(0),n defined as in Lemma we have

/Wl 155 0y 15 (0)) A8 2(0)n (2) < D Bz2(0).m(GYW1 (05 0y s 165 0)) + Lz dzn ™"
Geay

Proof of Lemma[I5 The proof follows exactly the same as the proof of Lemma which holds as long as ftz(0)n
is a probability measure supported on the cell centers {¢I'(G) : G € ®7'}. O

We also introduce the following theorem adapted from (Backhoff et al., 2022, Lemma 3.3).

Lemma 16 (Conditional distribution of Y'). Under Assp. conditionally on {|{i : Z;(0) € G}|,G € @7}, for
each G, the sample (Y;(0),i: Z;(0) € G) i.i.d. follows u(-|Z(0) € G,W = 0).
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Proof of Theorem [0l Without loss of generality, due to the cross-fitting, we can assume that the random estima-
tion of propensity score function é is independent of ((Y;(0), Z;(0)),7 € [n]) and ((Y;(1), Z;(1)),j € [m]).

The proof strategy of Theorem [3]is similar to that of Theorem [4]
Recall that

i _ (1—e(pr (@)
0200 = X S TR @) A0 € Gy, Z @0

m = . 6 . m . 5
P zim = 2 S GGG 200 €aH 2, Inwerao)

Zi(1)eG

First, note that

= (1 —é(er(G)) "Ml : Zi(0) € G}
dean Zc (1 —eé(en(G))~1{i: Z:i(0) € G} Or (2:(0))»

>> (i 2,1) € G
= 2 S e (GG 2 (1) € GO

GG@‘I”
and 7, ,,, is an optimal coupling of fiz (o), and fiz (1), associated with Wi (fiz(0),n, £22(1),m). For the conditional

distributions, we have, for G € ®7, G’ € ®"

~G
o n:— dv;(0)»
For T zmean, 2

/ 1
~ G
M 5y, .
YOm0 ed, Z]Z(l)eg, o

Additionally, we let

Az(0)n = Z’wi52,;(0)7 Bzym = Zéj(szjuy

i=1

and

RAz0)n = Zwﬂzimp Az1)m = Z€j5zj(1),

=1
where for i € [n],j € [m],
e (2:(0)) . Tt (Z5(1))
w; = n " s ;= P " .
Vi e (200) T L G (Z5(1)

In the following, we adopt the same notation as in the proof of Theorem [4, omitting the dependence of n, m in
subscripts and superscripts for notational simplicity.

By , we have

Vi — Ve <Ly, (/ Wl(ﬂ§9(0)7Hfzo(o))dﬂz(o)(zo) + /Wl(ﬂi}(l)aﬂifl(l))dﬂZ(l)<Zl)>

(Term A)
+ ’/Wh(/”/;o(o)au?(l))dﬁ-(zo? Zl) — Vel

(Term B)
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For (Term B), by Eq.(16), we have

(Term B)

< '/Wh(ui,o(o),,uf}(l)) - Wh(ﬂ?(g)»#?(l))dﬁ(zov Zl)

| W0y it 8 o 20) - Ve

<Lulz [ s — 21l diao,2) + \ [ Wity 520z (20) = Ve

(Term C) (Term D)

For (Term C), similar to the derivation in Remark |4} we have

[ 120 = zaly a0, )

=E [W1(frz(0), z(1))]
<E [W1(fz(0), fiz(0))] +E[Wilfiz0), pz)] + E[Wifizay, pz)] +E[Wiliza), fzq))]

L. 6 _, y N N
<2v/dz(1+ ﬁ)(” +m ")+ E [Wi(iz), 1z)] + E[Wilizay, nz)],

where the first inequality is the triangle inequality (Lemma [l)) and the second is due to Lemma
Under Assp. [3]and [I3] by Lemma [T3] we get

E [Wi(fz(0), 1z)] < 6 2CRa,(n) +/dzCyun ™"

This is due to —%—(2) = (1 — e(2))"'P(W = 0) < 5~ (Assp. . Combine these, we get

dpjw=o

(Term C) < Cj(Ra,(n Am) + (n Am)™").

|

<E H/Wh(l‘ffo(o)’/‘?(1))((1.&2(0)(20) - dﬂZ(o)(zo))H +E H/Wh(ﬂifo(oyMf})(l))dﬂz(o)(z()) - Ve

For (Term D), we have

E H/Wh(/ﬂ?(o),N?(l))dﬂz(o)(zo) - Ve

By Lemma [5| and Assp. [8] the mapping z — Wh(uf,(o),,uf/(l)) is (2L}, Lz)-Lipschitz continuous. Then, by
Lemma [T4]

E || [ Wl i) iz o) = iz ()| | <2LnL2Waiz00, o)
L., _
<2LpLz\/dz(1+ $)n ",

On the other hand,

" H/ W50y Hy1y )iz (0) (20) = Ve

|

=P H/Wh(ﬂifo(o)’#ig(l))dﬂz(o)(zo) N /Wh(ﬂifo(o)’“i/o(l))dﬂz(o)(zo)
(Term E)

{E H [ W00 50 iz1020) — Ve

|

(Term F)
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By Lemma and the fact that the mapping z — Wy, (M§/(0)7 /@,(1)) is (2L, Lz)-Lipschitz continuous, we get

Vdz \/dZCwn_r

(Term E) < 2L, Lz (——= 553 n- 55 ).

And by Assp. 2] Lemma [6] and Markov’s inequality, we get

(Term F) < 6! <16(LhLz)2/|z§duz(z) +O“7h) nr < Chn",

3. Combine these, we get

(Term D) < C(n Am)™".

For (Term A), we present the upper bound for le(ﬂf,O(O),uff(o))dﬂz(o)(zo) and the remaining part can be
derived similarly.

Let v = pzjw=o ® ,u)Z/(O), thus by Assp. Vf,(o) = ﬂf/(o)' Then, by Lemma
/Wl(ﬂff(o)’M?(o))dﬂz(o)(z)

- / Wi (5% o), Vo) bz(0) (2)

< Z ﬂZ(O)(G)Wl(ﬂg(O)an(o))+LZ dzn™"
Gean

Z 5Y (0),Vy(0 + Lz\/dzn™".

20 € GH 2=,

Note that (fiz(0)(G),G € ®7') only depends on é and G = {[{i : Z;(0) € G}|,G € @]}, then apply Lemma
we get,

Bl & paol@W: m > o)
| Gedr : 2, (0)eG
1
:]E [1 G ]E W _— 5 . G N
G;ﬂ Mz(o)( ) 1 {i: Z;(0) € G} i:Z%;EG Y;(0)> Yy (0) |G, é

, (1= C) N ZO G, 0,
SOE| 2 ST eer@N T i) € Gy e (10 20 € 61

<G g | 3 1 200) € Y Ray (i Z(0) € G
Gedr
S | o S i Z40) € GHRay (101 4(0) € G))
G€<I>”

<Cin 'Ray (nl_rdz),

where the first inequality is also due to Lemma [16| with independence between é and the sample Z,Y, the second
is due to Assp. and the last inequality is due to = — xR, () is concave.

As a result,

JE[ [ W 0005 0 iz00(2)| <Cl™ Ry 01%) + L
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Ray (+) is defined in (§), and C} is a constant that depends on dy and maxycy ||y|l,. Therefore, we get
E[(Term A)] < C4(Rg, ((m An)'792) 4 (m An)™").

Let r = , the remaining steps follow the same as the proof of Theorem O

1
dz+2Vdy
H Proof of Section [5

Lemma 17 (V. for Gaussian noise model, (Lin et al., 2025, Lemma 6.1)). Assume that h(y,y) = ||y — §||3, and
the noise variables follow the distribution e, ~ N(0,X), k =0,1. Then,

(i) For the location model (m =1), V., =Egz [||f0(Z) - fl(Z)||§ + 5(Z0, 21).

(ii) For the scale model (m =2), Vo = Ez [S(D(fo(2))Z0D(fo(2)), D(f1(2))E1D(f1(2)))].

Here, 5(3¢,%1) = Tr (EO + 3 - Q(ZéElEé)%>, and D(v) is the matriz with v at the diagonal.

I Proofs of Supporting Lemmas

1.1 Proof of Lemma Il

Proof of Lemmal[ll Let m (7, resp.) be an optimal coupling associated with Wy (p,v) (Wi (v, '), resp.). By the
gluing lemma in Chapter 1 of |Villani et al.| (2009), there is a coupling v = y(z, y, z’) such that

VYay =T Vyz! = .
As a result, we have
W) < [ flo = o'l dr(a.p.)

< / (Ul = ll, + Iy — 2'll,)dv(z, 3, )

— [l = yladrtan) + [ Iy =/l d7(p. )
=Wi(p,v) + Wi(v, /u'/)'

1.2 Proof of Lemma [2]

Proof of Lemma[3 Let m (7, resp.) be an optimal coupling associated with Wy (u, i) (W1 (v, 1), resp.). Then,
for A € [0,1], A+ (1 — A7 is a coupling for Ap + (1 — A\)v and p'.

As a result, we have

Wi+ (1= o) < [ flo = o'l d0r + (1= 27)

2 [lle =/l dr+ (1) [ o =o', 7
= AW1(p, 1) + (1 = Wi (v, 1).

1.3 Proof of Lemma [3

Proof of Lemma[3 Since II. C II(py (o), vy (1)) and II(py (o), oy (1)) is tight ((Villani et al., 2009, Lemma 4.4)),
then II. is also tight. It remains to show that Il. is closed with respect to the weak topology. Suppose that
7 € I, for k > 1 and limg, 7, = 7o, then for any bounded continuous function £ : Y x Z — R, E,_[£(Y(0), Z)] =
limy, Er, [((Y(0), Z)] = [€dpy(0),z. Similarly, E._[((Y(1),Z)] = [£dpy(1),z. Therefore, 7o € IL, thus II. is
closed. O
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I.4 Proof of Lemma [

Proof of Lemma[j On the compact space ), the weak topology can be induced by the metric Wy, thus g, (z) =
,uf/(w) w = 0,1 are continuous with respect to W;. Since Z is compact, then g, (z) w = 0,1 are uniformly
continuous with respect to Wy. As a result, we get that, for any § > 0, there is a constant C(J) such that

Wi (N;O(k)ali?(k)) <0+ C0))20 — 2ll2- O
I.5 Proof of Lemma [5]
Proof of Lemma[5 We only need to prove that
(W (p,v) = Wh(p,v)| < LyWa(v, ) + e
If this holds, then the desired result is followed by applying the triangle inequality:
Wi (1, ) — Wi, o) < (Wi, v) = Wi (1 0')] + [ Wi, ') — Wi (s, )| + 2. (17)

In the following, we use the similar technique for proving the triangle inequality of Wasserstein distances.
Let m € P(Y?) be the optimal coupling associated with Wy, (1, v), and let w5 € P()?) be the optimal coupling
associated with Wy (v,2/). By the gluing lemma in Chapter 1 of Villani et al.| (2009)), there is a coupling
73 € P(V?), where we denote Y* = {(y™1),y?) y3)) 4¥) € Y}, such that

ma(y™M,y®) = m,

7T3(y(2)7y(3)) = T2.
Therefore, by Assp. [7} we have

Wi (1) <Ex, [0y, 5®)]
<Er, [Ay",y®) + Lnlly® =y 2 + e
=Wy, (u,v) + Ly Wy (v, 1) + €.

where the first inequality is due to m3(y,y®)) € TI(z, z1); the second inequality is due to the smoothness
assumption of h ; the equation is due to the construction of 73 by gluing 7, ms.

Swapping v and v/, we can the other direction of the inequality. Jointly, we get
W, (u,v) — Wi (u, )| < LWy (v,0) + €.

Plug it back to , we get the desired result. O

1.6 Proof of Lemma

Proojéof Lemma[@ Let m, be the optimal coupling associated with Wy, (,uzy(o), uf,(l)), then we have, for a point
20 € ’

/Wh(ﬂfz(o)yﬂffu))QdMZ(z)
:/(Wh(/‘zy(oyruif(l)) - Wh(ﬂffo(o),/‘?@)) + Wh(ﬂ?(@)aﬂ?(l))fdﬂZ('z)
§2/(Wh(u§(0)7u§(1>) — Wi (15%0)s 15°0y) % + (Wi (1520)» #3%0)) diiz (2)

=2/(Wh(u§(0)7ué(1>) — Wi (15%0)s #5°0y)) 2diz (2) +C.

(Term A)
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For (Term A), by Lemma [5| and Assp. |8 we have
(Wt 012 5 1)) — W20y 138000 ))? < AERL 2?2 — 203 < STl o) (1213 + 120]).

Take it back, we get
(Term A) < 16(LhLZ)2/||z||§duZ(z) +C,

which proves the desired result. O

1.7 Proof of Lemma [Tl

Proof of Lemma[] Note that f27(0) is the push-forward measure of fiz(g) under ¢;'. Then,

W1 (i) i) < ( JAISE Gl dﬂm)(o)

< sup €= (Ol (due to Assp.
¢elo,1]4z
<v/dzn".

1.8 Proof of Lemma

Lemma 18. For any G € ®7, we have: (i) ﬂg(o) = ,&)G,(O), and (i) frz(0)(G) = fiz0)(G).

Proof of Lemma[18 Note that, due to the construction of ¢? and G € ®7, we have I = Ic. As a result, we

get ﬂg(o) = ﬂiG/(o)’ which proves (i). For (ii), note that nfiz)(G) = |Ig| = |Ig| = nfiz0)(G). O
Proof of Lemma[§ We have

/ Wi (i (0 15 (o)) dfez) (2) = Y Wit gy 15 (o) irz(0) (). (18)
ceprn([0,1]4z)

Note that, in (I8)), we have ﬂg,(o) = ﬂ)(i(o)’ and fiz(0)(C) = fiz(0)(G) for G = ()71 (¢) € @
Then, by Lemma [T8] we have

W1 (A5 ), ui(o)) <SW (5 0y, 155 0)) + Wi (15 0y ué}(o)) (by the triangle ineq.)
§W1(ﬂ$(o), ﬂ}g(o)) + Wl(/ig(o)a ug/(())). (by Lemma [I8)

By the convexity of p — W (u, ﬂg,(o)) (Lemma [2)) and Assp. for ¢ € ¢([0,1]92), we have

W, (Mg(oyui(o)) =W, </G ng(o)duz(é'),@(o))
S/GWI(Ngz(O)nug/(o))dﬂZ(C/)

S/ Lz||¢" =l duz(¢) (due to Assp.

G

<Lz sup |[|[¢ =, - (due to Assp. [)
¢’'eG

<Lzy/dzn™"
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Back to (I8), by Lemmathat fz(0)(G) = faz(0)(G), we obtain

Z Wi (ﬂgf(o)v Mg/(o))llZ(O) (C)

Cepr([0,1]92)

Gedr

< Y Bizo(G (Wl(ﬂg(o)aﬂg(O))+Lz dzn_r)

= Z ﬂZ(O)(G)Wl(ﬂ}q(o)vﬂ}g(o))+LZ dzn™"

= Hz(0) (G)Wl (ﬂ)G/(o)a Mg(o)) + Lz\/dzn™".

Plugging back to (18) proves the desired result.

1.9 Proof of Lemma [11]

(by Lemma [L8])

Proof of Lemma[T1. Note that dpy(Z,Z") = infyenqp) Ex[1(Z # Z')]. Then, since

12 =Z'll, <r xUZ # Z'),

then we get

W (Z,2') <r x dey(Z, Z)).

1.10 Proof of Lemma [12

Proof of Lemma[I2 By Lemma [T1]

Wi(fiz0y,ms fiz0),n) < Vdzdrv(fizo)mn: Bz0)n)-

Then, we have

Wi(fiz(0),ns Bz(0),n)
d
< Vdz zn: N duzﬁvﬁ:o (Zl(o))

w; —

d
S| T 2 (Z(0)

Hz

Tz (2:(0))

Vi O~ | i @i (Z(0))ii
- 2 Z Z;(0))

d
Z?Zl duz'lfxf/:o (

@ Z Y G i (Z:(0)) — n

T2 (Z:(0))

Y 32— (2:(0))

< Vdz i duiﬁ:o(zz‘(o)) -n

%

— n d
2 Zi:l szP\LVZV:o (Zz(o))

(Term A)

Here, for the last inequality, we apply > ; w; = 1 and
0|Z = z)duz(z) > 6 by Assp. 3

[ d
2 i=1 Z?:l du;j,:o(zi(o))

i - Zi 0

z; dMZ\W 0( )
(Term B)

d#ZW ~(2) = P(W = 0) Vz, where P(W

- [P(W
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For (Term A), since for x,y >4, 271 —y~! < §72|x — y|, then we have

Vi 1
E[(Term A)] = ;iZIE - = Gz (g
n Zi:l duz‘wzo( i(0))
\/dZ 1 - d,uZ
< E|— Z;i(0)) —1
T 202 n ; dpziw=o )
d d
< Yz |y, </~LZ(Z))
202y/n dpziw=o
< Viz
= 28%/n’
Here, for the last inequality, we apply duifuzzzo (2) =P(W =0)/(1 —e(2)) <51
For (Term B), we apply Assp. [L3|and get
VdzCy _
E[(Term B)] < 20w .
26
Combine (Term A) and (Term B), we get the desired result. O

1.11 Proof of Lemma [13

Proof of Lemma[13 We write Z;(0) as Z; in this proof. By the triangle inequality (Lemma [I]),

E[W1(fz0).n 1z©0)] < EWi1(220),n, Bz0)n)] +EW1L(Zz0)n #20))] -

(Term A) (Term B)

For (Term A), apply Lemma we get

Vdz _1  dzCy _,
n 2+ n .

(Term A) < 553 %

For (Term B), we follow the similar argument of the proof of (Fournier and Guillin, 2015, Theorem 1), and see
that it depends on the bound of E[|fiz(0),,(A) — pz(0)(A)|] for any subset A of R%~.

Indeed, we have,

Ellfiz(0).n(A) = pz0)(A)]

=E || widz,(A) — pz0)(A)
=1

_E >t duiﬁf/:o (Zi)(62,(A) — pz0)(A))

d
Z?:l du;uz,zo (Z:)

LY L (2)(52,(4) ~ iy (4)

3
) (Jensen’s inequality)
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In addition, we have

- - 2
E [|7i2(0)(A4) = pz0)(A)]] < E [fiz0)(A)] + pz(0)(4) < W =0) “hz(0)(A),
where we apply the inequality P(W = 0) < duiﬁff 0( Z) < 6L
Further, P(W = [P(W =0|Z = 2)duz(z) > § by Assp.
Jointly, we have
~ —2_. 1z(0)(A)
Elljiz(0)(A) = #z(0)(A)]] < 5~ min <2uz<o><A>, g;) .

This inequality is similar to the first inequality in (Fournier and Guillin| 2015, Section 3), except that instead of
072, they have 1 as the constant.

Then, following the same argument as in the proof of (Fournier and Guillin, 2015, Theorem 1), we get
(Term B) < E[W,(#,v)] < C§ 2Rq,(n),

where C' is a constant depending on dz.

Combining (Term A) and (Term B), we get the desired result. O

1.12 Proof of Lemma [14]

Proof of Lemma[14 Let

_ (= (@)~ H{i: Zi(0) € G}
el —éler(@)~M{i: Zi(0) € G}’

then by the triangle inequality (Lemma [1)), we have

Wi (£62(0)ms f12(0)n)

=Wi( Y Wabpr(z. (), Y Widz,0)

Gear i=1
SWl(ng Wadpn(z:(0)) c%;v; Mﬁ ;; 92:()
+ Wy ( G;ﬂ m Z dz7,(0)5 Z W;dz,(0))
dzn™" + Wy ( Z m 252 0),211)252

Gedn

(Term A)

where the last inequality is due to Lemma [7]
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For (Term A), by Lemma [11} we have

\/@ R
(Term A) < Z Z |{z GG}\ —W;

GedrieG

Sg Ty (1—éler (@)= (- e(Z( i(0)~"

2 ZG (= el (@) [ Z:(0) € Gl
(Term B);
. (1—é(Zi(0) " _ (1 —éZi(o))~t
S0 = 8 @) i ZO €GH S (= e(Z:(0) !
(Term C);

For (Term B);, by Assp. [11|and we have

b{

(L= e(er(@)) ™ =1 =e(Z0) 7' < —5n", D (L—eler(G)) " Hi: Zi(0) € G} = n.

" G

Thus,

h

Z Z|TermB

GedricG
For (Term C);, by the same reasoning above, we have

[ 21 (1= 6(Zi(0)) ™! = 3o (1 — é(pr (@)~ Ifi : Zi(0) € G|
(e —e(pr(@)1Hi: Z:(0) € GH)(Z, (1 - €(Z:(0))) 1)

[(Term C);| =

Lnr
n?

= o= e (G)) 114 Z:(0) € G (s (= e(Z0) D) = n P

Thus, we get

Z Z| Term C),| < —n_r.

GedrieG

Combine these, we get
. . L., _,
Wi (fz(0),ns fizo)n) < Vdz(1+ 7}; "
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